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Fluctuations of two-dimensional stochastic heat
equation and KPZ equation in subcritical regime for
general initial conditions®
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Abstract

The Kardar-Parisi-Zhang equation (KPZ equation) is solved via Cole-Hopf transfor-
mation h = logu, where u is the solution of the multiplicative stochastic heat equa-
tion(SHE). In [CD20, CSZ20, G20], they consider the solution of two dimensional KPZ

equation via the solution u. of SHE with the flat initial condition and with noise which

27

o—, and
— loge

is mollified in space on scale in € and its strength is weakened as . = B

they prove that when j € (0,1), B—ls(log ue — E[log uc]) converges in distribution as a
random field to a solution of Edwards-Wilkinson equation.

In this paper, we consider a stochastic heat equation u. with a general initial
condition uo and its transformation F'(u.) for F in a class of functions §, which
contains F(z) = zf (0 < p < 1) and F(z) = log z. Then, we prove that i(F(us (t,)—
E[F(us(t,-))]) converges in distribution as a random field to a centered Gaussian field
jointly in finitely many F' € §, ¢, and uo. In particular, we show the fluctuations of
solutions of stochastic heat equations and KPZ equations jointly converge to solutions
of SPDEs which depend on ug.

Our main tools are It6’s formula, the martingale central limit theorem, and the
homogenization argument as in [CNN22]. To this end, we also prove a local limit
theorem for the partition function of intermediate disorder 2d directed polymers.
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Fluc. of 2d SHE and KPZ eq. in subcritical regime for general initial cond.

1 Introduction and main result
The KPZ equation is an SPDE formally given by

D it x) = SAR(L2) + LA D) + BE(t ), (1.1)
ot 2 2
where ¢ is space-time white noise on [0,00) x R¢. This SPDE is ill-posed since Vh is no
longer a function and the non-linear term |VA|? cannot make sense.

For d = 1, Bertini and Giacomin formulated the solution of (1.1) via Cole-Hopf
transformation h = logu [BG97], where u is the solution of stochastic heat equation

1
au(t, x) = §Au(t,x) + Bu(t,z)&(t, x). (1.2)
When we consider a space-regularized multiplicative stochastic heat equation for
d = 2, we will scale the disorder strength as
Oou., 1

5% = §Au5 + Beucle, ue(0,z) = up(x), (1.3)

where 3. = B 7%;;5 with B > 0, and &. is a mollification in space of ¢ such that £ = &

ase — 0, i.e.,

£t x) = (E(t, )  62)(x) = / b (x — pE(t 1)y,

with ¢.(z) = e 2¢(¢~'x) and ¢ being a smooth, non-negative, compactly supported
function on R?, such that [ ¢(z)dz =1 and ¢(—z) = ¢(z). Let h. = logu.. Then, we find
by 1t0’s formula that /. satisfies the SPDE

oh.

1 1 2 _
W iAhs + |:2|Vhs| - Cs:| +Bs€s ) hs(oax) - hO(x)a (14)

where C. is the constant depending on ¢ given by:

2V (0
Ce = 562525 ), (1.5)

where V(z) = fR2 ¢(x —y)o(y)dy. Caravenna, Sun, and Zygouras proved that if the initial
condition is flat, i.e., h.(0,z) = ho(z) =0, and 3 € (0,1), then 5 (h. — E[h.]) converges
in distribution as a random field to the solution of Edwards-Wilkinson equation [CSZ20].
We remark that Chatterjee and Dunlap addressed the tightness of 5! (h. — E[h.]) [CD20]
and Gu obtained Edwards-Wilkinson limit in 3 € (0, Bo) for some 5y < 1 [G20].

In this paper, we will look at the fluctuations of u. for general initial conditions and
its composition with functions in a certain class. Let € be a set of continuous functions
satisfying

0 < inf up(z) < sup up(z) < oo, or equivalently || log ug|leo < cc. (1.6)
z€R? 2€R2

Let § be a set of functions F' € C3((0, 00)) such that there exists a constant C = Cr > 0
such that for any = € (0, c0),

[F'(2)] < Ca™" +1), |[F"(2)] <C™+1), [F"(2)] <C™?+1). (1.7)

We note that § contains P (0 < p < 1), logz, sinz, cosz, e~*. In this paper, we focus on
the fluctuation of u{f” := F(ue).
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We remark that u. is a process indexed by uy and B so we should write u. = ugﬁ o)
and ugF) = uf;F’B ’u"). However, we omit B and ug for simplicity of notation when it is clear

from the context.

We denote by C2° the set of infinitely differentiable, compactly supported functions
on R2.

Moreover, we introduce a family of centered Gaussian fields

(%, F.8,u0):t20,f € C2 F € §, 8¢ (0.1),u € €} (1.8)
with covariance
E |[%(f, F, B, uo) % (', F', B, up)]

1 tAt’
- | a0 [ @yt f @1@I0) [ dzpale, ot 2at - o2l - 0.2,
- 0
(1.9)
=12
where p:(z) = (27rt)_1e_% is the heat kernel, pi(z,y) = pi(z — y), and u(t,z) =
[ pe(z,y)uo(y)dy. Also, I(x) = [BFFw)(z) is given in (1.11) below andl’(z) =
I(t/’F/)B/’ug)(x)'
Theorem 1.1. Suppose uél),m ,u(()") ee, pW ... B0 c(0,1) and Fy,--- , F, € 3. For
t1,---,tn, > 0and fi,---, fn € C°, the following convergence holds jointly as € — 0

1 ENON10! ENONIO)
S o 10 () o)) 4
e JR?

d N i
Q) %1(flaF’LvB(z)vu(())) }

where {%, (fi, Fi, B, ugi)) :i=1,...,n} are centered Gaussian random fields defined
in (1.8).

We have discussed so far the fluctuation of the random fields. On the other hand, the
one-point distribution h. (¢, z) is also studied well. The following convergence is proved
in [CSZ17b, Theorem 2.15]: for any ¢ > 0 and = € R?,

he(t,z) =

{fﬁ =0(8)Z - 30%(f) O0<B<I, (1.10)

if > 1,

where 7 is a standard Gaussian random variable and U(B) = ,/log 1—162'

Then, the function I(z) appears in Theorem 1.1 is given by
I(z) = [EFBu0) () = | [F’ (eXBﬂ(t, x)) eXB} . [F’ (eXwoz(@)a(t, x))] . (111
where XB isasin (1.10).

Remark 1.2. The centered Gaussian fields defined in (1.8) can be constructed explicitly

as follows. Let {(7/(5’“0)(t,x)) . Be(0,1), up € 6} be solutions of the
(t,z)€[0,00) xR?

following Edwards-Wilkinson type equations: # (B’“O)(O, x) =0 and

0y o) (¢, ) = %A”I/(B'“O)(t,:c) +at, )5t 2), (1.12)
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where §B(t, x) = ZZOZO(B)" €™ (t,z) with an independent sequence of space-time white

noises {¢(™(t,2)},>0 for B € (0,1). We remark that {; is space-time white noise with

B [g5 (6, 2)8 (#,27)] = 5

—1ﬁ"ﬁ 0t,+/0¢,o. Then, by Duhamel’s principle, ¥ Biug) is given by

(z) ()
y (B )(t / / pr—s(x,y)u (s,y)fﬁi(ds,dy), (1.13)
]RZ
and the centered Gaussian field given by
()
W BB’ = [ st fapy i) 1,2) (1.14)
R2

has the covariance structure (1.9).

Example 1.3. For some typical choice of F € §, u”) = F(u.) and #(F) are the solutions
of SPDEs:

o If F(z) =2P (0 <p <1), then ugF)(O, x) = up(x)? and ul™ satisfies

(0= 1) [VulP B2V (O)pp— 1u”
2p ul) 2¢2

drul = %Au&“ - + Baule..

Also, we consider the solution % Fu0:) (¢, ) of % (0,2) = 0 and

pu(t, z)

U = EA% Jr]M\VlogﬁF% +(1—-pVlogu- -V + ———&(t, o).
2 2 (1-p2)=

o If F(z) = logz (the KPZ equation), then ugF)(O, x) = log ug(z) and

174
o) = LA + 2wt - 2 EVO | e

Also, we consider the solution %(F’“OVB)(t, x) of % (0,z) =0 and

WU = fA?/ +Viegu-VU + (t;)é“(t,x).

Then, it is easy to see from (1.12) and (1.14) that % (f, F, uo, 3) 2 [ f(@)% FwoP)(t, z)dx,
where %; is a Gaussian process introduced in (1.8).
From the above remark, we have the following.

Corollary 1.4. Suppose 3<1. Asp — 0, p YU (f, 2P, B, ug) converges to % (f,log x, B8, up)
in distribution.

Remark 1.5. In [DGRZ20], they study the fluctuations of the transformation F(u.) for
higher dimensional case d > 3 with F, its derivative and second derivative growing
at most 77 + zP. They proved that there exists a constant 3, such that the Gaussian
fluctuation holds for 3 € (0, 3,). Our assumption on F is slightly different from theirs.

To analyze u., we use the Feynman-Kac representation given in [BC95, Section 2]
where they considered the case d = 1 but it is easily modified for d > 2:

u(t, @) = x{exp@s /0 / 6-(B, — y)E(t — 5,y)dsdy — W;Vg(m)uo(&)],
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where we denote by P, and E, the law and the expectation with respect to two dimen-
sional Brownian motion B = {B,;};> starting from x.

Due to the time-reversal invariance and the scaling invariance of space-time white
noise and the scale invariance of Brownian motion, e B, < B, {uc(t,z) : € R%} has
the same distribution as

oo (5. [ [ 0B wpets.nasa - EEY Y uo )

exp (55/0:2 /]RQ¢ (BS — g) &(s,y)dsdy — 652;6‘/2(0)> Ug (EBE%)

In particular, for the flat initial condition, u. has the same distribution as the partition
function Z . (g) of continuum directed polymers, where Z;(z) is given by

—F. (1.15)

o8

2[ (@) = B, o],
and fort >0, 8 € (0,00)

‘ 2
(Pf _ @5(375) 1= exp (ﬂ/o - ¢(y - Bs) f(dS,dy) - 5t2‘/(0>) .

Thus, we can reduce the problem on the law of u. to the partition function of continuum
directed polymers. Such connections between SHE (and KPZ equation) and directed
polymers have been already pointed out in [KPZ86] and used in a number of studies on
SHE and KPZ equation [BC95, BG97, MSZ16, GRZ18, MU17, DGRZ20, CSZ17a, CSZ17b,
CSZ19a, CSZ19b, CSZ20, CSZ21, CCM20, CCM19, CNN22, CN21, LZ20, CC22].

Remark 1.6. Edwards-Wilkinson type fluctuations for the KPZ equation for d = 2 have
been obtained in [CSZ20] and [G20] with the flat initial condition. In [CSZ20], the
problem was reduced to the SHE via approximating log u. by “u. —1” and the authors
obtained the Gaussian fluctuation by combining the Wiener chaos expansion and the
fourth moment theorem. In [G20], Gaussian fluctuation was obtained by Malliavin
calculus and the second order Poincaré inequality.

In Theorem 1.1, we obtain the Gaussian fluctuations for the general initial conditions
and multi-dimensional parameters. Our proof uses a martingale CLT (see Theorem 3.3)
via It0’s lemma and homogenization.

Remark 1.7. The Gaussian fluctuations for partition functions of discrete directed
polymers [LZ20] and solutions of the SHE [MSZ16, GRZ18, DGRZ18b, CNN22] and the
KPZ equation [MU17, DGRZ20, CNN22] in d > 3 have been proved, where the disorder
strength is given by Bs% for d > 3. The fluctuations of and around the stationary
solutions u(e) of KPZ equation in d > 3 was proved in [CCM19]. The space-time stationary
solution was constructed in [DS80]. In [CCM20], they also proved the point-wise and
space-time fluctuation results for F(% — 1) with general F.

The Gaussian fluctuations for a nonlinear stochastic heat equation with Gaussian
multiplicative noise that is white in time and smooth in space [GL20] and the counterpart

for d = 2 is stated in [DG20] and [T22].

Remark 1.8. For the critical case (B = 1), it is proved that one-point distribution w. (¢, z)
converges to 0 in [CSZ17b] but is tight and has non-trivial subsequential limit in the
sense of random field in [GQT19, CSZ19b]. Recently, it was proved that u. converges to
the unique random field in [CSZ21].
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Note: Throughout the paper and if clear from the context, the constant C' that
appears in successive upper-bounds may take different values.

Organization of the article The main idea of Gaussian fluctuation is the same as
in [CNN22]. Section 2 is devoted to proving key properties of partition functions of
directed polymers, L?-boundedness, boundedness of negative moments, and local limit
theorem. Section 3 is dedicated to the proof of Theorem 1.1. In subsection 3.1, we give
a rough proof strategy and explain a heuristic idea of Gaussian fluctuation. The rigorous
proof starts from subsection 3.2.

2 Some estimates for partition functions

In this section, we discuss some properties of partition functions of continuum
directed polymers in random environment.
Hereafter, we set

T=T. =c72,
4n
B=pe:= 6\/log€ T = \/1ogT and 2.1)

o _ 47
7= =9 1og5 1 logT"

Throughout the paper, we write the subscript ¢ in 7. and (. in each statement to
emphasize its dependence but we often omit the subscript ¢ in the proofs for simplicity.

2.1 [LP-bound of partition functions

First, we remark that for z,y € R?,

E [, [@},]E, [},

o0
:1+Zﬁn,yn/ / ( fx Vpsi—s;_1 (Tic1, @ )) dsdx, (2.2)
n=1 <51< <5y, <tT

0 =1

where [E and P denote the expectation and the probability with respect to the white noise
¢ and we set xg = 2 , So =0 and ds =ds; - --ds,, dx = dx; - - - dx,. This representation
is obtained from the general property of the white noise:

E {exp (/Ot . f(t,z)g(ds,dx)ﬂ = exp <; /Ot . f(t,x)zdsdz) (2.3)

Indeed, we have
E [E, (0], ]E, [0]]]

~E, ®F, {e"p (/Ot(ﬂaﬁ(Bs —y) +79(Bs — y))*dsdy — W)]

t
=E,®E, {exp (m V (B, — Bs)dsﬂ
0

= Buy {exp (67/OtV(\/§Bs)ds>] , (2.4)

and the Taylor expansion e” = fozo % gives (2.2)
For simplicity, we write E = E, for the expectation of a Brownian motion starting at
0.

EJP 28 (2023), paper 1. https://www.imstat.org/ejp
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Lemma 2.1. Suppose 3,4 € (0,1) and fix t > 0. Then,

1
lim E E[®% |E[®): ]| = ———, 2.5
1m [ [ tTE] [ tTJ] - 55 (2.5)
sup sup [ {Egg [@Bﬂ ] < 00, (2.6)

e<l s<tT.

where PBZ and EBZ denote the probability measure and the expectation of the Brownian
bridge from (0, x) to (t,y) in R2.

Remark 2.2. [CSZ17b, Theorem 2.15] proved (2.5) when B = %, by reducing the
problem to directed polymers in random environments, which can be easily modified for
B # 4, but we give a direct proof in this paper.

Notation 2.3. We call

the point-to-point partition function of continuum directed polymers.

Proof of (2.5). We have from (2.2)
E [k o) B[or

14 ZBM"/ / [T (V(V2ri)pe s (imr,mi)) dsdx,  (2.7)
n=1 0<s1 < <sp <tT J(R2)™ ;3

with z¢g = 0. We first consider the upper bound:

1
T I [E[(I) ]E[cbgT]} <.
1—py
Let us consider the function
Ty = Sup V(V2y)ps(z,y)dy > 0. (2.8)

z€R? JR2

Since [ ps(x,y)dy = 1, sup,-¢ |rs| < ||Vl Moreover, using [ V(z)dz = 1, we obtain

1 x— y
ry = —— Sup / Viy)e™ legul® dy < — sup / Viy (2.9)
R2

41s rE€R2 4ms r€R?2

Hence, (2.7) is bounded from above by

1—|—Zﬁ" ”(/tTrsds>

n=1

n ((log(tT) " = logt + 47|V ]|oo \ "
<1+ ﬁ”v”( PVl ) =143 A (14 22T e
; dr IVl 7;1 log T

- (B = — =
n=0

By

as € — 0, where the convergence is absolute since B’y < 1.
Next, we consider the lower bound. Let

T, ={(s1,-,8n) € (0,tT)" : 81 <+ < 8y, 8 — -1 > 1L, Vie {1,--- ,n}t}

EJP 28 (2023), paper 1. https://www.imstat.org/ejp
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Then, since each term is non-negative, it is enough to show for fixed L € NN,

lim (HZ@" ”/ /IWH V(V23)ps, s, (211, 32)) dsdx) > Z . (2.10)

e—0 n—0

For fixed n € IN, we have

/ /Rz)n ﬁ (V(ﬁxi)p‘%—szq(ifz'—l,xi)) dsdx
/ /]Rz)n H ( — 5i_1) V(V2w:) - rsi_sil(xi—laxi)> dsdx

d AP 2.11
/nZH]_47T i — Si— 1) S+ €’ ( )
where
) 1 1 ly — =|?
Fo(@,y) = 5—V(V2y) = V(V29)ps(a,y) = 5— (1~ exp —T V(v2y) >0
A" — (P i—1, )dsdx.
) ; 1< Z / /Rz H 47T (si—si— 1) H .TJ -1 (51, w5)dsdx
<g1<go<-<jrp<n =J1, 5 Jk

Let Dy = {x € R?: V(1/22) # 0} be the support of V with scale 1/1/2, which is compact.
Note that

2
sup / 7s(z,y)dy = (27s) ™" sup / (1 — exp <_|yx>> V(V2y)dy
z€Dy JR2 z€Dy JR2 2s

2
< (2ms)"YDy| sup (1 — exp <—M>)

z,yeDv 28
<C(s72A1),

with some C = C(V) > 1V ||V|lo, where |Dy | is the volume of Dy . Therefore, we have

|An| = CnJrl Z Z / / Si ilS‘:ifl
Jk

2
k=1j1<j2<-<jr R2)™

< O™S 0 (log (1))
k=1

< (Cn)" " (log (¢T))" 1,

and hence we have for any fixed L > 0

L L n
A 47
AT AT — namn A" — 2.12
;ﬁv . ;ﬁv <1OgT) T =0, (2.12)
as ¢ — 0. Also,
tT n
| log (tT "
/H dsz(/ ds) - (lsleriny”
T, i 147r i — Si—1) 1 4ms 4
and hence we have
L
lim n ”/ ds >N gram, (2.13)
EHOZB nzl_[1477 i Si— 1 n:1ﬁ’7
Then, (2.11), (2.12) and (2.13) yield (2.10). O
EJP 28 (2023), paper 1. https://www.imstat.org/ejp
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Proof of (2.6). We obtain by the same manner as in (2.2) that

exp (ﬂQ /OtT V(\@BJdu)]

PtT—s (xn)
- 62”/ / V(V20)ps, s,y (wim1, i) | == dsdx,
7; 0<s1< <5 <tT H v 21 per(0)
(2.14)

tT,0 B tT,0
E [E @] } — B

where we use the orthogonal transformation invariance of Brownian bridges in the first
equation. We have for s,¢ > 0, by the Markov property of Brownian motion,

/ps(ﬂc,y)pt(y)V(\@y)dyS ||V||oo/ ps(z,9)pe(y)dy < [V ]loops+e(z),
R R
and by [ V(v2y)dy =1/2,

Jurlen V= g / V(v2y) exp (_Jf—yIQ e )

2s 2t
(5 + )y + **
s d
= pott(T ( 95t Y
s+t s+t
< ps+t(T) ot /]RV(\@y)dy = mﬁsﬂ@) (2.15)

Putting things together with C' = 47 ||V ||, we have

[ ose v anar < - (0n =5 e

Using this successively, we can bound each term of (2.14) as

5271/ /
0<s1< <8, <tT J(R2)™
2\ T
<(%) /
dm 0<s1< <5, <tT ;

=

V(\/ixi)ps,y—si,l (ZZ?i_l, xz)> wdsdx

1 per(0)

tT — Si—1
CA ds
N ( (si —si—1)(tT — Sz‘))

2\" 1 1
7)) (Y P
A ) Jocsi<o<sa<tT 1y 8i—8i1 T —s;
1 _ tT—s;—1

where we set sp = 0 and s,+1 = t7 and we have used fT 5 T s T Giss T
in the last line. We write log, (x) = log(z Vv 1) and C; = 2C. We use the following integral
estimate: for s < ¢tT"and k£ > 0,

/:T(c1 +log, (tT —u))* <C/\ (uis + tTl_u)> du

tT—1 . 1 1
(Cy +log, (1T — u)) (u—s + tT—u) du

<.
Il

=

7

s

< 20(Cy + log, (tT — s))* —l—/
s+1

<C1(Cy +log, (tT — s))*
tT—1

+(CH—%k%+(ﬁT——Q)k/P - Sdu—»u»+1)-1Kca4-mg+(ﬂr-u»k+ﬂiﬁjl
s+1 - ’

< C1(Cy +log, (tT — s))*

+ (Cy +log, (tT — s))*log, (tT — s) + (k + 1)71(Cy + log, (tT — s))**!
EJP 28 (2023), paper 1. https://www.imstat.org/ejp
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k42 -
= 777 (Cr +log, (1T —s)*H.

Using this, (2.16) can be successively bounded from above as

n

1 1
/ H(CA( + )>d5<(n+1)(01 + log tT)".
0<s1< - <sn <tT ;_y $i —si—1 tT —s;

Together with (2.14) and (2.16), using 8 = B 104g”T with B < 1, we have

oo

2 oo 2 n
T tT,0 B < Tim Bf n _ A2n
;%IE[E&O [%} } < Ty _0(47T> (n+1)(Cy + logtT) Z:O(nHm < .

(2.17)
O

Remark 2.4. The right most summation in (2.17) is actually the limit of the second
moment of point-to-point partition functions Zé%y It is a consequence from the local
limit theorem (Theorem 2.10) and (2.5).

The following lemma is a consequence of Lemma 2.1 combining hypercontractivity of
chaos expansion:

Lemma 2.5. [CSZ20, (5.11)] Fix 3 € (0,1). There exists ps > 2 such that for any
2§p<p3 and fort >0

ImE [E, [0% ]

T [E. [#7] ] <o

Remark 2.6. Recently, it has been proved that the limit exists for any p > 2 and any
Be (0,1) in [CZ21, LZ21] for the discrete setting. If the same holds for the continuous
setting, one may make the condition of §, (1.9), mild so that F' has a polynomial growth
at infinity.

Lemma 2.7. Suppose 3 € (0,1) and fixt > 0. Then,

sup sup sup Ej7j {exp <B€2/ V(\/iBu)du)] < 0. (2.18)
: 0

e<1 zeR2 s<tT.

Proof. By (2.6), (2.14), for s < tT,
s

] A BN ICH)

< BESO[@F)2) = Bjf |7 Jo V(vama]

e<1

< sup [exp <ﬁ3 o V(\/iBu)du>] < 00,
0

where in the first inequality, we have used the remark below and the Cauchy-Schwarz
inequality. O

Remark 2.8. By the shear invariance of environment, we have
t, Bl (d) ~to [ %8
Eo}i [(I)t] = Eo,o {(I)t} )
forany t > 0 and z,y € R?.

EJP 28 (2023), paper 1. https://www.imstat.org/ejp
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We end this subsection by presenting the boundedness of negative moments of
partition functions:

Lemma 2.9. [CSZ20, (5.12), (5.13), (5.14)] LetB € (0,1) and fixt > 0. For any p > 0
and z € R2,

—p
sup [E {(Zfi(x)) } < 00.
s€l0,t]

2.2 Local limit theorem

In this subsection, we give an estimate of the local limit theorem for partition
functions. To descgbe the statement, we introduce the time-reversed partition function
of time horizon ¢, Z% o(2):

B =ne oo {s [ [ o —veasan - 2],

Theorem 2.10 (Local limit theorem for polymers). Fix t > 0.Then, for all B < 1 there
exists a positive constant C = C’ such thatfor4 < L <tT.,1<¢< % 7 and for all x € RY,

B (BEg 100 - 200 2 ()

x| lo 1‘2
Ot +CB2(logh + st + BELY | < VITogL
- o |z| > +/Llog L

Remark 2.11. The theorem states that the point-to-point partition function from (0, z) to
(L(T),y) is approximated by the product of the partition function from (0, z) with length
¢ and the time-reversed partition function from (L(T),y) with length ¢ in L?-sense. In
the proof of Theorem 1.1, L appears as a length of partition function and ¢ will be chosen
appropriately such that / < L. For d > 3, the reader may refer to [CNN22, S95, V06].
Also, a similar result was independently obtained for directed polymers in random
environment in d = 2 by Gabriel [G21].

Notation 2.12. Fix Ry > 0 such that supp V' C B(0, Ry).
The proof is composed of three lemmas (Lemma 2.13, 2.14, 2.15).

Lemma 2.13. Fix t > 0. There exists a positive constant C' = CB such that for 4 < L <
tT.and1 </ < %

sup B | (B8 0] - E§1070]_,,])°| < 0stion .
z€R2

where
ol =e (5 [ [ ot Bostanay - SHOE=)

Proof. Since B‘gl) — B§2> (i) \/§Bs for two independent Brownian motions, by 1 —e ™ <z

for x > 0, we have

2
L(T),x
| (57197 - #f0]_,,]) |

— L0 [52f0 V(VZBJ)ds _ B [ V(V2B.)ds B [, V(V2B:)ds }

0,0

EJP 28 (2023), paper 1. https://www.imstat.org/ejp
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L—¢
< E ﬁQ.IO V(fB )dSBQ/ V(\/ﬁBs)dS

14

The last expectation equals

52/ V(\/iz) Ps(Z)PL—s(Z) ES’S [e/a2 fOSV(ﬂBu)du} Eé;s’o |:eﬁ2 JET7° V(V2B,)du dzds
[6,L— €] x R2 pr(0) ’ ’

Lt
<p <bup sup Eg’g [ B g V(IB“)d“ > / / (2)pr—s(z )dsdz
RQ

s<L|z|<Rv pr(0)

where the supremum in the last line is finite by Lemma 2.7. Finally, by (2.15),

L—¢ L—¢
ps(z PL s ) 1 L
< — —
/ /11{2 (\/iz) dsdz i /e o 5 ds

€<lo L
A

< 1
_27r0g Y4

and the statement of the lemma follows. O

By the shear invariance of Brownian bridge, Brownian motion, and noise, we have

L,z
EbS [000] 1] - 2027 (x)

L (L—s)x B2V (0)¢
exp (ﬁ [ o (B B2y etasan - 2)] ,

where B. — % is a Brownian motion with drift —%.
Define

A =Egy {cbfcbf_é L} [

)

B
£.0(0);

J

Lemma 2.14. There exists a positive constant C = CB such that for4 < L < ¢T, and
1<e<i,

} Z
Bro. = Eq [@ﬂ E, [qﬁ (B — % )

B [(42.7] 5 07
Proof. Since
B4t - (B[E6 [afel_ ]| - B [E5S [afea] B [8]] £..00)])
+ (B [Bo [0] Z1.0000?] - B [EGS [0 01 01| Bo [#]] Z1.000)))
=: A + A,

it is enough to prove the absolute value of each term is bounded by C' %
(2.3) yields that

B [t [ore]_,.]

L0 o L0
=Egp ®@Egp

L—¢

¥/ _ L N
exp <52/0 V(Bs — By)ds + V(B — Bs)dsﬂ

EJP 28 (2023), paper 1. https://www.imstat.org/ejp
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_ - - pr—20(y — ) dwon(£) oo (1w pr—20(z —w)
= [ ardy o 2 [ dedup (o) )

¢ ¢
exp <62/0 V(Bs — Es)ds> exp (62/0 V(Bs — ést)] ,

E [Egbo [@f@L,Z,L} Eo [@,ﬂ %L,E(O)]

)

= / dzdy pe(z)pe(y) W / dzdwpe(z)pe(w)
R2xRR? R2 xRR2

pr(0
ex 2 [ — B,)ds ex 2 [ — B,)ds
p<ff /0 V(B, Bs>d> p</3 /O V(B. Bs)dﬂ,

where B = {B; : 0 < s </} and B = {ES : 0 < s < (} are independent Brownian bridges
with the law Pé’fg (u = z,y, 2z, w). Then, it is easy to see that

Eg 0® Eo 0 Eglz(l) ® Eé’fé}

and

x Egh @ By

Ly £, w
Eqo ® Eg)

Ay
2 ototo]- o[58 on o] ] 510

- vy po(a)pe(y) P=2tW =) cdwpe(2)po(w) (L=2E =)
_/13,2x1112d dy pe()pe(y) 2(0) /}szmd dwpe(2) pe( )( 1 (0) 1)

ex 2 [ — B,)ds ex 2 [ — B,)ds
p<ﬂ /0 V(B Bs)d> p(ﬁ /O V(B — B.)d )1

Combining with (2.18) gives

Yo £, Lw
x Eyo® Eo 0 Eyb ® Egg

prL—20(z —w)
pr(0)

L |z — w|? 20
=C dzdwpe(2)pe(w ’ (exp (— ) — 1) + ’
R? xR? ( )L—% L—22 L—-2

2L 20 ¢
< < (C—
_C<(L2€)2 +L2€) SSA

A <C dzduwpy ()pe(w)
R2xR2

-1

where we have used 1 — e¢™® < x for x > 0 in the third line. Also, the same argument
holds for |As|. O

Lemma 2.15. Fixt > 0. For all 3 < 1 there exists a positive constant C' = CB such that
fora <L <tT., 1<¢<%andallzeR?

- olis; (‘””“Og‘ + lal ‘) 2| < I log L,
(Bl ta) <
C |z| > v/Llog L.

Proof. For |x| > /Llog L, it is trivial from (2.5). We assume |z| < /Llog L. Combin-
ing (2.3) and transformation of Brownian motions yield that

exp <,82 /OEV(\/iBs)ds> _ exp (ﬂQ /OKV (\/EBS - %) dsﬂ

:22/@271/ /( : dsdxHV(\/ixi)
n=1 R2)n i=1

0<t1 <<t <¥

E [Bgm] =9F
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n n
x(s; — Si—1
x (H Psi—si1 (Tim1,Ti) — l_Il)si—s,-,1 (fi — Ti-1 — 7( : I - )>> )
i=1 i=1

where we set o = 0. When we use the relation

HaZHblz<Hbz> (ajfbj) H ap ;
i=1 i=1 k

=1 \i=1 =j+1

and recall the notation r, from (2.8), we have

]E [B%,Z,z}
5 [ xs
<2 sup S / / V(V2y) ps(y—Z)—ps(y—z—f)‘dyds
2€B(0,Ry) 0 JR2
o n Y n—1
X p2n—2 sup/ / V(V2y)ps(y — z)dyds
22 (zER ] Ve - 2)

n—1

0o VA )
§2Zn62(”_1) </ rsds> sup 52// V(V2y)
—_ 0 2€B(0,Rv) 0 JR2
¢
<cg sw [ [ vivay
)J0 JR2

ZGB(O,RV

ps(y —2)—ps (y —z —%) ’ dyds

s
ps(y —2) — ps (y—z——)‘dyds, (2.19)

where we have used the estimate (2.9) in the last line. Also, we have for y, 2 € B(0, Ry)
and for s > 0

L
(y—2z,2) |z|*s
= ps(y — 2) 1—eXp( 7 Y
Ry |z| 2Ry |z|  |x|*s Rylz|  |z|%s
< _ _
< psly = 2) < L “PUTL oz )V L o

x .T2$
<cnt-o(F+ 5.

where we denote by (x,y) the inner product of » and y € R? and we use e — 1 < ze? if
z>0and1—e” < —zif z <0 in the last line. For |z| < /LlogL,

|z|logl  |x|?¢
E [B%,é,x] SCﬁQ < L + L(T)Z :

Putting things together, we conclude the proof of Theorem 2.10.
We also use the following lemma later.

Lemma 2.16. For fixedt > 0 andB € (0,1), there exists a positive constant C' such that
forx € R? and for1 < ¢ < tT.

E[(E [ap] — o {q,éas})?] . {gﬂ?ﬂﬂﬁ) z:ig 2.20)

Proof. For |z| > /log/, it is trivial from (2.5). We suppose |z| < v/log f. Using the same
argument as in (2.19), with the convention zy = 0,

| (8. [27] - [o])]
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exp (52 Az V(\@Bs)ds> — exp <52 /Oe \% (x + \/iBs> ds)]

=

i n
_ 3 e / / dsdx [V (v2z;)
n=1 0<t1 <<t <l JR2" it
(H Poimsics (Ti = imt) = pamaicy (1~ 7) HpSi*SFl (i — Hfil))
=2
<CH (1 o // V(V2y) lps(y — 2) = psly Z+x)dyds>.
2€B(0,Ry)

Also, we have that for y,z € B(0,Ry) and s > 1,

2y — z, ) + |x|?
lps(y = 2) = ps(y — 2+ @) = ps(y — 2) 1—exp(— g 25> i )‘
C R2
< sy —2) (eXp (s‘/) + || + |x2>
C
< ;Ps(yfz) (14 |z*).
Since
/ V(v2y) Ps(—zdyds<// V(V2y)dyds < 1,
1 JR2 R2
we have
2
B (B [o7] ~Eo[87])| <08 (14 o) g

3 Proofs of Theorem 1.1

For fixed ¢ > 0 and for ug € €, let us define the martingale

5o Wa(z) = WETBuo) (3) — |, {@E(B) U (%%)]

with respect to the filtration {F; : 0 < s < tT'} associated to the white noise £. Then, it
follows from the Feynman-Kac formula (see (1.15)) that for each (¢,z) € [0,00) x R?

T (¢, ) @ W10 (T, (3.1)

We omit some superscripts ¢, T, ,B and ug to make notations simple when they are easily
understood from the contexts.

Since both |luy ' ||e and ||Ju||« are finite,
lug 115 25 (x) < Wi(2) < [luo]| o Z5(2)-

Hereafter, we use this without any comment.
Itd’s formula yields that for each = € R?,

WETBw) (1) = a(t, z) + / AW T0m0) (1), (3.2)
0
WS(LT’%”O)(m) = o(t, x) +/ dWﬁ“T’&’”O)(x), (3.3)
0
EJP 28 (2023), paper 1. https://www.imstat.org/ejp
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with

W @) W) ), = [ pyE, o, du,
0

V(B BB 21 (ﬁf)

(3.4)

for each z,y € R?, where E,®E, denotes the expectation of two independent Brownian
motions B and B starting from x and y.

Then, using It6’s formula, we see that for F' € §, F(W,(z)) has the following semi-
martingale representation

FOVP (@) = Flatn)) + [ OV (@)awf ) (o)

+§A””M¢MMm«w@Wu»“ (3.5)

and we denote by
GUTFBu) (1) = G (x) = /O " W) (2))d B (), (3.6)
H{ETFAw0) (5) = H, () = /O F W) (2))d (W) (), (3.7)

First, we will prove the fluctuations of the martingale parts converge to centered
Gaussian random variables.

Proposition 3.1. Suppose uél), o ,u(()") e¢, W ... p0 c(0,1) and Fy,--- ,F, € 3.
For any test functions fi,--- , f, € C°*(R?) andt >0, ase — 0

1 T, F;, B0 uf?) o

p ) i=1,,n
i=1,---,n

(3.8)
where {%(t, fi, F, B(i), ug’))} are centered Gaussian random variables with co-

=1, ,n
variance given by (1.9) att; =t; =1.

Then, we will prove that the It6 correction terms are negligible in the limit:
Proposition 3.2. For anyt > 0, Be (0,1), uype €and F €F, ase — 0,

1 1

?/ f(z) (H:(FZ)(\/TEx) —E {H;ft)(\/:rsx)}) Lo (3.9)
e JR2

Proposition 3.1 and Proposition 3.2 combined with (3.1) and (3.5) imply Theorem 1.1

for 1-dimensional in time. Thus, Gaussian limit comes from the martingale part of

[ f(@)FWy(VTzz))dz.

3.1 Proof of Proposition 3.1 and heuristics

First, we introduce the key theorem to prove the convergence of martingale to
Gaussian process in this paper:

Theorem 3.3. [JS87, Theorem 3.11 in Chap. 8], [EK86, Theorem 1.4 in Chap. 7]

For eachn > 1, let F* = {F : t > 0} be a filtration and let X(™ = (x\™% ... x™¥)
be an R%-valued continuous F"-martingale with Xé") = 0. Suppose that there exists
a d x d positive definite matrix-valued continuous function c = {cij(t)};ij:l such that

for each t > 0, (X9 X(3)), — ¢;:(t) in probability. Then, X ™ D X, where X =

(XM, -. X is an R%-valued Gaussian process with (X (), X0, = ¢;;(t).

EJP 28 (2023), paper 1. https://www.imstat.org/ejp
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Remark 3.4. Theorem 3.3 is simplified from the original one for our convenience.

Thus, it suffices to focus our analysis on the cross-variation of martingales.

In the following, we give a heuristic idea of the proof of Proposition 3.1 and we will
discuss only the quadratic variation because it is easy to modify the following argument
to the cross-variation. Also, we fix B € (0,1) and omit the superscript B in notations
when it is clear from the context.

We fix § € (0, ﬁ) arbitrary. By the local limit theorem (Theorem 2.10), we may expect
that for large s,

wion o (5]
_ /R palz — 2B [0,)E. [uo (B\t/TT)] d: (3.10)
~ [ 01t =) 20 0) Bt [uO (Bffﬂ -,

where we set
((T)zexp( (logT)%f ) (3.11)

Here, we choose ¢(T') such that the last integrals in (3.37) in the proof of Lemma 3.16
tends to 0.

Moreover, one may expect that the last term of (3.10) is approximated in some sense
by

Zoyr) () /}R2 ps(z — ) {ES,SK(T)(Z)} E. [UO <B\tTfT_S)] dz = Zyyry(@)alt, T~ % z),

(3.12)

= o
since E [ngg)(z)} =1 and Lemma 2.16 may imply that (2 s (7)(7)),cr> are asymp-
totically independent and homogenization occurs.
Therefore, one may observe for F' € § that for large s

F'(Ws(x))d

Wi(
= BF'(W, /gds db)E [qb(B b)®, uo(it%)]

= BF' (Ws(z))[ &(ds,db) | ps(z—x)p(2—b)EG [@,] E. {Uo (BtT—s>:|dZ
R?2 R2
~ BE'(Zgr) (w)ult, T3 x)) 2500y ()

. &(ds, db) /]R2 ps(z—x)qb(z—b)%&se@)(z) E, [uo (B%S)] dz, (3.13)

where we have used (3.12) and the local limit theorem in the third line. We denote by

10 () = 1805500 (@) = B (25, 0 (VT2)u(t, @) ) 2L, (V).

Thus, we may approximate the cross variation of F’'(W,(z))dW(x) as

F'(We(2)) F' (Ws(y)d(W(z), W(y))

S

= WFFOEF W) [ dndeap e )2V (o= B 0B (0

EJP 28 (2023), paper 1. https://www.imstat.org/ejp
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e[ (7)o [ ()

z;dwﬁﬁ“(ZZMTﬂxﬁK@7F%“ﬁ)PV(Z ) (e, T3 D‘Z o) (@) Zs00r) ()
x /(R2)2 dz1dzeps(z, 21)ps(y, 22)V (21 — 22) s sZ(T)(Zlfgs we(r) (22)
Bir—s Bir_,
o (B (5]

where we have used (3.13) in the approximation. Changing the variables as s = T'o,
x =Tz, and y = T/, this is equal to

Ao 1@ [ dedupa (@22 = T hu)V(w)
(R?)?
%
X ZTU,TUZ(T)(\/TZ)ZTU Tol(T (\/>Z - )a(t -0, Z)ft(t — 0,2 — T_%w)
Also, neglecting 7~'/2w, we may approximate it by

%
dop?I T)( N§D (y')/( ” dedwp, (2, 2)po (', 2)V (W) Z 1o 100y (VT2)%a(t — 0, 2)*.
R

= =
Roughly speaking, Z(v/Tz) and Z(v/T2') are independent if the distance between
z and 2’ is sufficiently large. So integrating with respect to z, the law of large num-

bers can be applied and %2 would be replaced by E [%2} so that the cross variation
F'(Wg(x))dW(z) would be approximated by

= _
oIy, (') Iz, (') / 200 (@' 2)ps (4 2)E | Zo,ronr) (VTP |t = 0, 2)2.
R

Thus, the quadratic variation of fR2 (z)dz would be approximated as

sT
/ /(Wf(x)f(y)F%wu(ﬁx))F'(wu<ﬁy>>d<w<ﬁx>,w<ﬁy>>u,
~ ] st @)@ )
sT J(R2)2
x/ dzps (2, 2)po (¥, 2)E %TU’TGZ(T)(z)ﬂ a(t — o, 2)2.
]RQ

Moreover, F'(Zu)Z terms in IS(T)(~) would be replaced by its expectations in the same
manner.

Due to (1.10) and (2.5), we have

sT
L/ /;2 y)F' W (VTx))F' W, (VTy)) dW(VTz), W(VTy)),

E{F (X7 Dt ) X537 O B [P (X537 Dt y))e X170

1f52
<[ “do /( ) | @spato ottt - 0,0" (3.14)

and Theorem 3.3 implies that the limit process is a Gaussian process with covariance
function (3.14).
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To make this rough idea rigorous, we introduce a martingale increment dMgt’T’F’ﬁ uo)
(z) for fixed t >0,z € R?, B € (0,1), F€F, and uyp € € as
dM,(z) = dMETFAu0)

= BF/ (2L, (@)a(t, T~ % 2)) 25,4 (x)

£(ds, db) /}R ps(z — 2)p(z — D) Z ? ey (?) Ex [uo (B\t/TT‘)] dz, (3.15)

R2
and set

dMy(z s > tT.0(T.)),
M,(z) = Mgt’T’F’B’uo)(l‘) — /tTEZ(TE) (2) ( (T:))

0 (0 < s < tT0(T)).

Heuristically, dM,(x) is an approximation of dG(x) following (3.13).
The following proposition computes the covariances of M,:

Proposition 3.5. Suppose u" - . u{ e ¢, BV ... ™ c(0,1) and Fy,--- ,F, € 3.
For any test function fi,--- , fn € C°(R?), ase — 0
1 i d (i )
o / fi(@) MY, (VTew)de D 2, £, Fi B9, ). (3.16)
. IR

The following proposition states that dG4(xz) can be replaced by dM(z), which
concludes the proof of Proposition 3.1:

Proposition 3.6. For any test function f and s > 0,

3 E[ J@) (GEEEP (o) = MGTEP (o)) dx} -0,
€

The proof of Proposition 3.5 is given in the following subsection and the proof of
Proposition 3.6 is given in Subsection 3.3.

ase — 0.

3.2 Proof of Proposition 3.5

We will focus only on the quadratic variation of GST(x\/T) to make our arguments
simple. Readers can easily replace the quadratic variation by the cross variation.
To prove Proposition 3.5, we will show the following two lemmas:

Lemma 3.7. Let0 < 179 <7 <t. Then, ase — 0,
/ dadyf(x) (1) (M(wr,), M(yr.)),
E T-7o ]RQ)2

ds

dady (@) ()1 @)1) | dzpa(o = 2)pnly = (e = 0,2
(3.17)

]Rz)z

where we set x7. = z+/T. forx € R? and I(z) = I(t’F’B’“(’)(z) is defined by (1.11).
Lemma 3.7 with Theorem 3.3 implies that the centered martingale ( fR2 % flx)

(Mrpr(z7) — Mpr (7)) dx)TU<T<t converges in distribution to a Gaussian process with
covariance given by the RHS of (3.17).

2
(/f MTETO(mTE)dJ:) ] =0. (3.18)

Letting 79 — 0 and 7 = ¢, the RHS of (3.17) is exactly the covariance function of the
Gaussian process % (f, F, 3,up). Combining it with Lemma 3.8 implies Proposition 3.5.

Lemma 3.8.

lim lim E
T0—0e—0
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3.2.1 Proof of Lemma 3.7

The proof of Lemma 3.7 is divided into several steps.
Recall that x7 = VT z. We can write by the Markov property and (3.4) that

[ /W dadyf(2)(y)d (M(wr), M(yr)), dody
/ ds / dadyf(2) f(y) 17 ()17 (y)
TTo (R?2)?

x/ dz1dzeps(z1 — 27)ps(22 — yr)V (21 — 22)

XZ@ gé(T)(Zl)ge,sé(T)(Z?)Ez1 [“0 (B\t/TTSﬂ B [uo (Bf/TTSﬂ
:T/ do/(R2)2 dedyf(x) f(y) I ()15 (y)

X / dzdwp,(z — z)pe (w — y)V (2r — wr)
(1112)2

X ZTO’ Tae(T)(ZT)ZTa Tou(r) (Wr)u(t — 0, 2)u(t — o, w).

We define for r,y € R?and 7o < o0 < 7

WEGag) =1 [ dsdupa (s~ a)polw = 9V (er - wr)
(R2)2
- -
X Z 14 1700(T)(217) Z T, rour)(wr)u(t — 0, 2)u(t — o, w).
Lemma 3.9. For each z,y € R?, o € [0, 7],

lim IE H\IJTE(:E y) — \Il(,(x,y)H =0,

e—0
where
1
1— 32

Combining this with Lemma 2.9 and (1.7), we can see by the dominated convergence
theorem that

£\ 9 [,
/ da/Rz)Q |1E[

Lemma 3.10. For any test function f € C2°(R?),

W, (z,y) = /R dupy(w— 7)o (w0~ y)ilt — 7, 2)"

F@) 17 @157 )] |97 (@) = Yo ()|

P@IP )| B[V @) = o, y)]] > 0.

/ da/ dadyf(z) f (y) 1% ()I(Ta( )0, (2,1)
R2)2
~r /TO da/(]Rz)2 dedy f(z)f(W)I(x)I(y)Vs(z,y),

as ¢ — 0, where the ~1» sign means that the difference between the left and the right
sides goes to 0 in LP-sense.
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Proof of Lemma 3.9. (Step 1) We first prove that for each x,y € R? and o € [, 7],

—
\I’Z(Ia y) Xt / dwdv po(w - J?),Oo-(’w - y)V(U)ZTU7Z(TU) (wT)Qa(t — 0, UJ)2 (319)
R2

= _
— [ dwpow = 2)pu(w — 1) Eroare (wrPalt - 0.0
R

Letting z = w + #
T = _
Vi) = [ awdops(w = V) Z o rorn ()it — o)
R

v = - v
X po(w + . ) Z 10, 1ou(r) (W + V)U (t —owt ﬁ)
We note that
v

(w—i——x)ZTT T(wT—l—v)u(t—ow—&—v)
o g gt )
P T Tot(T) /T

%
— po(W — ) Z 74 1oer)(wr)u(t — o, w)

<

(w—l—v—m)— (w—x)% (w —i—v)u(t—ow—i—v)
Po JT Po To,Tot(T)\WT ) JT

v =
+ po(w — ) ’ZTU,TU[(T) (wr +v) — ZTJ,TUZ(T)(IUT)’ u(t — o, w)

7 <t +— > u(t )
ult—ow+— | —ult—o,w
vT
all of which converge to 0 as T' — oo uniformly for v € supp(V) in L' by Lemma 2.16 and
continuity of p,(-) and @(t — o,-). Since @ and p,, is bounded for o € [y, 7], using (2.5)

and f V(v)dv = 1, we have (3.19) by the dominated convergence theorem.

e
+ po (W = 2) Z 76, 700(T) (WT)

)

%
Since we have Z, ,1)(w) . secry(w) for each w € R? and s > 0, it is enough
from (2.5) to show that for each o € [rp, 7] and z,y € R?,

[ dwpotw = 2)pa(w = ) Zroacry (wr)alt - o.0)"
R

ST / dwp, (w — x)pe(w — y)E [ZT,,Z(T) (wT)Q} a(t — o, w)?. (3.20)
]R2

(Step 2) We prove that for each o € [rg, 7] and w € R?,

2 ~ 2 _1
E [(ZTae<T>(wT)) - ((ZToaT),e'(mT) (wT)) A (U(T)) )] -0, (3.21)
where we define fort >0, r > 0, z € R2,
Z1r(2) = 2],(2) = E. |9](B) :Fi(B.2) (3.22)

and F; (B, z) is the event that Brownian motion B does not escape from the open ball
B(z,r) ={z € R?: |z — y| < r} up to time ¢;

Fir(B,z) = {Bs € B(z,r) for any s € [0, 1]},
and we set

0(0,T) = VTol(T)x. (3.23)
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- 2
Also, we denote by Vj’é’g(w) = (Z(ﬁTaé(T),Z’(a,T))(wT)) A (K(T))fé for simplicity. The

cut-off in the definition of Z is introduced so that Z, ,.(z) and Z; .(z’) are independent if
|z —2'| > 2r +2R,;. We find

E [(ZTJZ(T) (wr))? — VZQ,U(U))}
9 - 2
<E |:(ZTUZ(T) (wr))” — (ZTae(T),e'(o,T) (wT)> ]
2

~ 2, .,
+ I |:(ZTUZ(T),€’(J,T)(wT)) : (ZTJE(T),E’(J,T) (wT)) > (1)) "l )

and the last term tends to 0 as T — oo and thus ¢(7") — 0 by Lemma 2.5. Furthermore,
the Cauchy-Schwarz inequality gives

2 ~ 2
E |:(ZT<7€(T) (wr))” — (ZTJZ(T),Z’(U,T) (wT)> ]
< 4E {(ZTUZ(T)(U)T))Q} E [EwT [®70e(r)(B) : Frour) e (o,r) (B, wr)°] 2} :

and this is bounded from above due to a similiar computation to (2.4) and Lemma 2.1 by

CEw, ®Eu,

Tot(T)
exp (62/ V(BS — Bg)ds) : FTJZ(T)I/(QT)(B,U)T)C‘| . (3.24)
0

Also, it is easy to see from Holder’s inequality for p,q > 1 with % + % = 1 that (3.24) is
bounded from above by

CE,, @ Ey,,

Tot(T) 1/p e
exp | 5% / VB~ Bds || Puy (Froury.oom (Bowr)?)
0

1/q

< CPuy (Froor) o) (B, wr)) " =0,

where in the last line we have used the fact that there exists a constant p > 1 such that

L Tol(T)
Jim B, ® E, |exp <ﬁ2p/ V(B — B;)dsﬂ < 0. (3.25)
—00 0

Thus, (3.21) follows.
Then, (3.21) implies that

| dupnw = 2)on(w =) (Zroacr)wr)) alt = o)
SIE) /]R2 dwps(w — x)ps(w — y)Vg’a(w)ﬂ(t —o,w)?, (3.26)
and
/W dwpo (w — 2)po(w — y)E [Vﬁﬂ(w)} a(t — o,w)? ~z1 RHS of (3.20). (3.27)
(Step 3) We end the proof by showing that the right hand side in (3.26) is approxi-
mated by the left hand side in (3.27) in the L'-sense.

First, we remark that if |wp — /| > 2(¢/(0,T) + Ry), then

Cov (V] (wr), V], (wh)) =0,
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where Ry is a constant with supp¢ C B(0, Ry).
Therefore,

E ( /R dwpy (w—a)ps(w —y) (Vi (wr) —E [V}, (wr)] ) alt - o, w)?) ]

- /( R T T (e TR
% Cov (Vﬁva(wT), v@yo(w;)) a(t — o, w)2a(t — o, w')?

< dwdw’ po(w — ) po (W — y) po (W' — ) po(w' —y)

/wTw'T<2(Z’(0,T)+Rv)
x E [VQU(O)?} a(t — o, w)%a(t — o, w')?

< CUT)E {vﬁﬁ(oﬂ .
Thus, it is enough to show that

lim ((T)}E [Vﬁ,U(O)Q} —0,

T—o0

which follows from Lemma 2.5 and the following:

Lemma 3.11. [CN21, Lemma 3.3] Let (X )ren be a non-negative, uniformly integrable
family of random variables. Then, for any sequence aj, — oo, a;, ‘E[(X) A ax)?] — 0 as
k — . O
Proof of Lemma 3.10. The proof is essentially the same as in Lemma 3.9. Indeed, we can
approximate gp) (z) by E [F’ (ZTUZ(T))ZT‘,@(T)] due to the same arguments as in (Step

2) and (Step 3) in the proof of Lemma 3.9 and (1.7). In particular, we remark that its
expectation converges to I(x) due to (1.10) and (1.7). We omit the detail. O

3.2.2 Proof of Lemma 3.8
Proof of Lemma 3.8. By (1.7) and (2.5), for s < tT,,

E [(1<T>(x))2] < CE [(1 n zsg(T)(xT))Q] <,

with some constant C' = C; > 0 independent of z, s,c. Hence, we have

3 ([ s@0r or)ae) ]

= [ @ [ araur e (100 )
X /]R2 dw /]R‘2 dvp, (w + % — a:) po(w —y)V(v)

= = _ v _
< {Zg“a,Tof(T)(wT + v)zg“a,Toé(T)(wT)] u (t —o,w+ ﬁ) u(t — o,w)

= t(T) e /<1R2)2 ddy| @) ) /m dw /Rz dvpo (w T x) po(w —y)V (v)
< O (rg — tU(T)),

E
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@)

where we have used %TU’TUE(T) () = 216100y (x) With (2.5) and [|up||e < oo in the

second line, and

/(W asty @) 1) [ dw [ aup, (w+T x) pol — )V (V)

= /(R2)2 dxde(U)|f(y)|/R2 dz|f(x)|p2s (y —x+ \/T) < £l f llso

in the last line. O
3.3 Proof of Proposition 3.6
For s > tT.¢(T;), writing

Gs(7) = Ms(2) = Giroer) (2) + (Gs(2) — Giroery (v) — Ms(2)), (3.28)

the last term is a martingale which is equal to 0 at time s = tT.¢(T¢).
The time tT¢(T.) is much smaller than ¢7 so that the first term is negligible.

(/f )G o (o1, )dxﬂ 0.

Then, we will prove that the second term in (3.28) converges to 0 in the following
sense:

Lemma 3.12.

lim —
e—0 ﬁz

Lemma 3.13.

lim —
e—0 /82

2
(/f ((Ger. (z1.) = Gerooqr) (21.)) — Mur, (21,)) dff) ] =0.
Lemma 3.12 and Lemma 3.13 conclude Proposition 3.6.

3.3.1 Proof of Lemma 3.12

To prove Lemma 3.12, we will introduce a new martingale: let

) = VAT = exp = log )

and

— B
We(z) = E, {QS(B)UO <\;%> :FtTZ(T)’\/m(B,z)} , (3.29)

where recall the notation F from (3.22). Ws(m) is the partition function in which the
underlying Brownian motion is constrained to a tube up to time tT¢(T). This enables us
to use the independence of W (x) and W (y) if the distance between x and y is sufficiently

large.
Lemma 3.12 is concluded by the following two lemmas.
] o
] _o.

Lemma 3.14. Forany f € C>°(R?), t > 0, z € R%, and {3 € (0,1),
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tT l(T:) _
G oz (@) — / F/(Wa () dW, (x)
e—0 ﬁ 0

Lemma 3.15. Forany f € C>°(R2), t > 0, and 3 € (0,1),

1
lim —IE
e—0 65

LT 4(Tx) _
/ da f(z) / F' Wy (xr,))dWy(21,)
R? 0
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Proof of Lemma 3.14. We have

¢TO(T) s 2
E ‘GtTé(T)(x)—/ F'(Wy(2))dW, ()
0
tTL(T) tTL(T) — 2
_E < /0 F' Wa(2)) AW (z) — /O F (Wu(x))qu(x)) ]
tTe(T) / , .
_E /0 F W) d (W) = W)

Then, the last expectation is written by

tTe(T)
E / duF’ (W, (z))*
0

xE, ® E,

V(By — By)®y(By)®s(By)ug (it%) o (BtT> : Ar(B, B, z)

where we set

Ar(B, B,x) := FtTE(T),\/m(B’ )N FtTﬁ(T),\/m(B7 z)

By using |V (B, — B,)| < ||V||s and (1.7), (3.30) is bounded from above by

Voo

tTe(T)
/0 AuF" (W, (2))? Wa(z) — Wu(fc>)2]

tTe(T) 1 2 ~ ,
T o [ (@) = Wa(x) W W
< C/ dylR | 2227 7w/
SR . Wal@) (
It is easy to see that

B [(Wu(a:) _ Vv’uu))z]

<CE

=E,®E, exp </u ﬂzV(BS — ég)ds) Ug <‘\B/t%> UQ <§t%> : AT(B,E,I')
0
< CE, ® B, [exp (/u B*V(B, — Es)ds> . Ap(B, E,x)} : (3.32)
0

Then, Holder’s inequality yields that

E, ®E, [exp </Ou BV (Bs — Es)ds> : Ap(B, E,x)]

u % 2
<E,®E, {exp (/ pB*V (B, — Bs)ds)] P, (FtTZ(T)y\/m(B,x)C) . (3.33)

0

where p,q > 1 with % + % = 1 are chosen such that

. Tt
im E, ®FE,
T— o0

exp (pﬁ2 V(B — Eu)du>] < oo.

0
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Hence, (3.32) tends to 0 as T' — oo since we know

¢ n(T)
Po (Fypyry gy (Boo)°) < Coxp <—4€(T)) , (3.34)
which decays faster than any polynomial of T'. By using the Cauchy-Schwarz inequality
with Lemma 2.9, we can see that (3.31) converges to 0 as T' — oc. O

Proof of Lemma 3.15. It is enough to show that

tTe(T) .
lg ( /R () / F’(Wsm))dws(m)

2
ﬂ2

1

= @ dzdyf(z)f(y)E
R2xR2

tTe(T) __ —
/0 F/(Ws(xT))F/(WS(yT))CKW(mT)vW(?JT»S] — 0,

as T — oco. Since Wj(z) and W;(y) are independent and hence d(W(z), W(y)), = 0 if
|z —y| > 2(y/tTn(T) + Ry), we have

TU(T) s 2
E (/W dxf(x)/o F (Ws(xT))dWs($T)>
tTE(T) N
/O F’<ws<w>>2d<w<m>>s]

/OW(T) (W + 1) d(W(m)}S] . (3.35)

By construction of W, (z), we have
+T(T) 1 . +T(T) 1
- 11 s —+1 s| >
[ (e t) 0¥ [ (e t) coveen ]

and furthermore, by applying Itd’s lemma to log W(z) and W(z)?, it is bounded by

< Cn(TE

< Cn(T)E

Cn(T)E <Cn(T)E

Cn(T)E [logu(t, z) — log Wire(ry + Wirery(z)?] < Cn(T).

Thus, Lemma 3.15 is concluded. O

3.3.2 Proof of Lemma 3.13

Define
AL,(2) = B2y () [ dze(ds,db) [ pulz— )0z = )L o () Eu fuo (2=
s(x) = B Z gy (@ - z€(ds, R2psz z)o(z sse()(2) Bz |10 T .
Then, we can see that
dM,(27) = F' (ng(T)a(t,x)) AL, (z7), (3.36)
for s > tT¢(T) and z € R2.
Recalling the definition of G from (3.6), we know that
Gir. (z) = Geroor. (x) — Ms(x)
_ / F' (W, (2))dW, (2) — / F/(25, o ult, )AL (@),
tT(T) tT(T) :
Lemma 3.13 follows from the next two lemmas.
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Lemma 3.16. Fort > 0,

1
lim —IE

e—0 Bs

F/(Ws (T, ))dﬁs (CUTE)

TE‘e(TE)

[ass@) ( /t;?;(g')(wsm))dwswn)— / - ) H 0.

Lemma 3.17. Fort > 0,

1
lim —IE
=0 [

7.
/ de f () / FW.(er.))dLa(2r.) — Mer,(zr) ||| = 0.
tTe(Te)

Proof of Lemma 3.16. By the Burkholder-Davis-Gundy inequality and the trivial bound
for martingale | M| < maxo<;<7 |M;|, we have

[ darta) ( /Tj F'(Wa(er)aW.(er) - [ .

F’(Ws(xT))dES(xT)> H

(1) tTe(T)

C tT

<5 [aslf@E | [ POver)Pa e - L),
B T0(T)

By using the Cauchy-Schwarz inequality, the right hand side is bounded from above by

g/dxf(x)ﬂE[ sup ZS(O)Q+1FE

1
B]E

[N

0<s<tT

" }
/ ad(W(er) - z(xT»s]
+TO(T)

tT 2
/ d(War) - c(a:T>>S]
tT0(T)

where we have used Doob’s inequality and Lemma 2.9 in the inequality.
By boundedness of &, we can see from the definitions of W and £ that for z € R?,

1 tT
/t g, L0V z(xT»S]

< % dz|f(2)|E

)

—E

T
/ ds/ dz1dzaps(21)ps(22)V (21 — z2)u(tT — s, 21)a(tT — s, 22)
+TO(T) (R2)2

x I {(Eg’,él (@] — ZSZ(T)(O)ES,SZ(T)(21)> (ES’Z2

%
00 [Ps] — Zse(r) (O)Zs,sE(T)(:Q))}
tT
<o a5 [ dudapen (V- )
ey J(R2)?
S,21 =
x { Ego' [®s] — ZSZ(T)(O)ZS,SZ(T)(ZI)‘

s -
Eoo [@s] — Zee(r) (O)ZS,SE(T)(Zz)H .

x%zry? , the right hand side is bounded by

By the Cauchy-Schwarz inequality and |zy| <
C t

v
_ da/ dwd’l)pg(w)pg(w + 7)‘/(’0)
2 Jir) (R2)? VT

X (]E [(E;{O’ " ®76] = Z50(1)(0) Z 16, 1700(T) (wT)> ]

o,wr~+v = 2
+E |:(Eg:0’ T+ [(I)Ta} - ZTU@(T) (O)ZTU,TJE(T) (U}T —+ 1))) :|) .

By changing variables w + ﬁ = ' for the second term and the symmetry of V, it is
equal to
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/ dwdvpy (w)pe (W+ —=)V (v)E [(EOT%’W [®76] = Zr00(T) (O)ETU Tot(T) (wT)) 2] ;
te(r) J(® VT ' '

2)2

and furthermore Lemma 2.10 allows us to bound it from above by

t
c / do / SN
te(T) J|wr|<y/oT log(cT) g

" <€(T) log (T + V0og(oT)log(cTl(T + LT log(aT)>

logT VoTlogT logT

-I-C'/ da/ de
te(T) |wr|>+/cT log(cT) o

¢ \/1 (tT) log(¢tT
< C’/ dal (E(T) log ¢(T og(tT) log(tT¢(T + LT) log(tT))

- Jury 0 log T VoTlogT log T
! 1
+C do. (3.37)
te(T) Vo3T
Since both terms in the last line tend to 0 as 7' — oo from the definition of /(7"), Lemma
3.16 is concluded. O

Proof of Lemma 3.17. We have from (3.36),
tT

/f(x) (/ F' Ws(xr))dLs(xr) — MtT(xT)> dx 1
tTe(T)

]dx
1
2

tT
/ (F'Ws(wr)) = F' (Zary (@r)it, 2)) d(£($T)>s] :

1
—E
g

<3 [l

1
<3 / dur|f () [

/ F'OV,(a0))dLs (1) — Moz ()
TU(T)

tTe(T)

and

E

tT
/ (F'Ws(wr)) = F' (Zary(@r)it, z)) d<ﬁ(xT)>s]

tTe(T)

i e i gvons o (257 e o (2577
XB[(F'(Wr, (1))~ F' (Zrper) (w7t )

- =
X Z10007) (1) Z 10, 100(T) (27) Z 10, T00(T) (27 ‘H))} :

By (1.7), Lemma 2.5 and Lemma 2.9, we can choose p,q > 1 with % + % =1 such that

E [|FWro(@r)) - F(Zroeery@oyit.)[*]

D=

- -
x I [ZTJK(T) (27)* Z 10 100ty (21)° Z 1o o0 (21 + ’U)p}
<C,

for some constant C' > 0 uniformly in t/(T) <o <t,z € R?and 0 < ¢ < 3.
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Zreocry(zT)U(t,x)

Since we have |F’(WTU (xT)) - F/(ZT(,g(T)( ‘IWTU er) F”(w)

(1.7) and Holder’s inequality yield

B [\F’(WTU(xT)) — F'(Zroury(wr)tt, )]

2g—1
1 q

WTU(CUT) ZTUK(T)(xT) u(t,z)

sup
t(T)<o<t

X ’WTU(J:T> — Z70u(T) (xr)ul(t, .Z')’ ‘| .

<CE +1

|F'Wro (1)) = F'(Z100) (z1)u(t, 33))|]

1 1 2q—1
+

< CE +1
Zro(rr)  Zro0cr)(TT)

1
+ +1
Zre(27)?  Zrer)(T)? ‘ }

Moreover, Doob’s inequality, the Cauchy-Schwarz inequality, and Lemma 2.9 allow us to
bound the right most term from above by

~ 211/2
CE [(WTa(xT) — Zrour (zr)u(t, v)) ] .
We have
= _
Wro(27) =12 Zro0ry(7T) | Po(2:Y) Z 10, 100(T) (Y)U(t — 0,y)dy
< _ _

~r2 Zreory () [ Po(z,y)E {ZTU,TUZ(T)(y)} u(t —o,y)dy = Zreeery(zr)u(t, v),
where we have used Theorem 2.10 in the first approximation and a homogenization
argument as in Lemma 3.9 in the second approximation. Thus, Lemma 3.17 follows by

the dominated convergence theorem. O

3.4 Proof of Proposition 3.2
Our goal is to prove that

0

1 tTE 144
= / d f(x >< / F' (W, (er,))dW(ar, )s—E

tT. L
/ F"<ws<xT5>>d<w<xT5>>sDi>o.

0
(3.38)
For simplicity of notation, we set t = 1 hereafter.
The proof is composed of four steps. In the first step, we will investigate that the
influence at large time is negligible in the following sense:

Lemma 3.18 (Step 1).

1
lim —E
e—0 ﬁs

T:
/ dz f(x) / F”(Ws(xTE))d<W(xTE)>S] _o. (3.39)
Rz

T L(T:)

__ In the second step, we will see that the contributions of “large” WW(z) and “small”
W(zx) are negligible. To do this, we introduce a stopping time:

1

= z):=inf<{s>0:W,(z +VNV5:E*1>71
= ) = {2 0 W)+ (o) > oy

} ATLA(T,).
Lemma 3.19 (Step 2). For any z € R?,

1
lim —IE

T (%)

T.0(T.)
/ IFU%®DMWMM]=O
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In Lemma 3.22 below, we will see that the probability 7. < T.¢(T;) is much smaller
than 51 .

In the third step, we will prove that the contributions from W(z) and W(z) are
asymptotically identified.

Lemma 3.20 (Step 3). For any = € R?,

1
lim —E

e—0 D¢

71, (%) 71, (%) N
/ P (W4 ()0 (), — / FOWa(2))d (W ().
0 0

In the last, we will prove the remainder is also negligible.
Lemma 3.21 (Step 4).

(

/dxf(x) (/TTf?”(Wu(m))d<V~V(xTE)>u EVOT%N(W"@TE))d@(m»"ﬂ)21

R2 0

1
@E

€

lim
e—0

=0.
Putting these lemmas together, Proposition 3.2 is concluded.

Proof of Lemma 3.18. With ¢ from (3.11), for C > (||uo/|eo + ||ug |leo)?,

el wwmewwa
TU(T)
T
<CE| sw (1427 [ Mﬂwm]
TU(T)<s<T T¢(T)
T
<2CE sup Zs(x)zl{ sup  Zy(x)"t > (10gT)5/4}/ d(Z(xT)>S]
TUT)

TU(T)<s<T TU(T)<s<T

+2C(log T)°*E

T
1 sup Zs(:c)fl < (logT)‘;/4 / d(Z(z71))s| -
TT)<s<T T¢(T)

By the Burkholder-Davis-Gundy inequality, Doob’s inequality, and Holder’s inequality,

the first expectation is bounded from above by
54 & 1 % T 73
cP sup  Zg(z)7' > (logT E [] E / d(Z(z
TT)<s<T () ( ) Zr ()% To(T) (Z(zr))s

1

< Cmm [20(@)#] ™ B [2r() ] B [20()]

< C(log T)_z,

where p,q > 1 with % + é =1 and sup,, E [Z7, (2)??] < oo from Lemma 2.5. On the
other hand, the second expectation can be bounded from above by

/ «%mq
Te(T)

= (log T)*/* /T B*Eq [V(\@Bs)exp (/O 52V(\/§Bu)du)] ds

TU(T)

(log T)%/?E

= (logT)%/? /T:(T) 52 /11{2 de(ﬁz)ps(x)Eg‘;g {exp </OS 62V(\@Bu)du>] ds

< B%(log T)*/*(log(T') — log(T¥(T)))
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< —B*(logT)*/*log ((T),

where we have used Lemma 2.7 in the third line and 5%(log 7)%/?log ¢(T) — 0 as € — 0
as desired. O

Let us define the event
Az, (@) = {rr. (@) = TLT)} = {Wa(@) + Wy(2) ™ < (T) " forall s < TLUT) }.

Before the proof of Lemma 3.19, we give an estimate of the probability of (Ar(z))c.
Lemma 3.22. There exists a constant C > 0 such that fore € (0,1) and = € R?,
P (Ar, (x)°) < CU(T.).
Proof. We have
P (Ar(x)%)
< P(W,(z) > (20(T))", 3s € [0, TUT)]) + POV, () < 20(T)=, s € [0, TU(T)]).

The first term is bounded from above by 2||ug||-¢(T") using Doob’s inequality and
E [Wrory(z)] < |luollc. Using the fact that B < z implies A < 2z or A— B > x
for A > EV> 0 and = > 0, by Doob’s inequality with (sub-)martingales WS({L‘)_QO and
Ws(x) — Ws(z), the second term is bounded from above by

P(W,(z) < 40(T), 3s € [0, TU(T)]) + PWs(z) — W(z) > 20(T), 3s € [0, T¢(T)))
< 22U TYEWreer) ()2 + U(T) " EWrecr) (x) — Wreer) (x)] < CUT). O

Proof of Lemma 3.19. By Holder’s inequality and Minkowski’s inequality, the expectation
is bounded from above by

/Tjem (W + 1> d(W(x»s]

/OTZ(T) <W + 1) AW (z))s; Ar(z)°
(/OT[(T) (W + 1) d<W(x)>s>p ' P (Ap(z)°)
</ow) %) 7 (/OTZ(T)d<W<x>>S>

p
+

where p, g > 1 with ]% + % = 1 are constants with 2p < Pa- Then, by the Burkholder-Davis-

Gundy inequality, we obtain

CE

<CE

< CE

Py

Q=

<C|E P (Ar(z)) 7,

E

T4(T) P
</0 d<W(£U)>S> ] <CE [(WTg(T) (x) — Wo(x))%)} <cC.

Applying It6’s lemma to log Wi (x), we have

* AW, (x) 1[%

0 Wu(x) 2 Wu(fr)

= logii(t,x) + G, (z) — %H;(x),

logWs(z) = logu(t, z) +
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with
(G (2)), = H.(x).
In particular, we have
E [H](x)%] <12 (loga(t, z))* + 12E [G}(2)?] + 12E [ log W, (x }
=12 (log u(t, z))* + 24E [H' (z)] + 12E [(log W (2))?] < C,
for some constant C' > 0. Putting things together with Lemma 3.22, we have

C

! <SP (4r(a))

Be

Proof of Lemma 3.20. Recall the notation F, +(B, z) from (3.23). Since W ()4 W (z) L <
¢(T)~= for s < 7p(x), we have

/oTT F'(Wy(2))d(WV (2))s — /OTT F'(We(2)dV (2)).

[ rrovienam@). - [ Fov@yaov),
0 0

Q=

—

TU(T)
[ IOV,

T(2)

<

+

| (Frovn - rov@)) a0¥ia).
<0p? (1 + E(T)—%)
x /0 Vash, o E, V(B=B)O(B)B) Fyyp) s (Be2) UE gy (B
w0 [ as|Pron ) - POV | B,oE, [VIB, - B (m)0.(5)].

Using Holder’s inequality, there exists p > 2 such that the first term is bounded from
above by

T4(T) _ _
E /0 AsE, @E, [V(B,—B)®y(B)®y(B):F g rmcy(Boa) UF Tn(T)(B,x)C”

< 2|V " [E {cb (B)®,(B) : F (B x)CH
> 3 o T s s * 1T\ /Tn(T) )

1

TU(T) A2
gcnvnw/o asP. (Fpyiry iy (Boo)°)

For the second term, we first note that for each s < 7,

— Ws () 5 —
|[F"(Ws(x)) = F"(Ws(2))| = /N F"(r)dr| < C(1+6(T)”20)(Ws(x) — Ws(x)),
W (x)
and M < B2Vl Ws ()% < ||V ||oot(T)~ 5. Hence,
B[ [7 100 - P 0V, ]
) TI(T) ~
< OVl +4(T) T’/O Wi(a) - Wi (o) as
. . Te(T)

= ||V [loo (1 + €(T) = )6(T) "0 / (Faecry gy (B:2)°) d.
By (3.34), the statement holds. O
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Proof of Lemma 3.21. We define
() = [ POV @)V (@)).
0
We remark that for |z — y| > 3/Tn(T)

Cov (fITg(T) (), Hryr) (Z/)) =0,

so that

E (/]R2 dzf(x) (fITT(xT) -E {fITT (xT)D>21

- /Ia;—ygzam dzdy f(z)f(y)Cov (ﬁfrT (w7), Hey (yT)>

= /lwy<3\/m dedy|f()f(y)| E {ﬁTT(Qj‘T)Q}EE [I}TT(yT)Qr
Since

_ T _ s T
(@) C [+ Wa(o) 20, < 1+ 0D) ) [ api).
0 0
by the Burkholder-Davis-Gundy inequality, we have

E [HrTT(x)?] < C’(1+£(T)110)2E[ sup  (Wi() ﬂ(l,x))ﬂ < C(1+4(T)"10)2UT) 5.

0<s<7r

Putting things together, we have

([ aes ([ FroMaryaiin. & | [ F”(V”vs<xT>>d<W<xT>>s])ﬂ

n(T)
B26(T)3

1

E]E

<C

3.5 Multidimensional convergence in the EW limits

We have proved the Gaussian fluctuations for F'(u.) in one dimensional time ¢. In this
section, we complete the proof of Theorem 1.1 by proving the Gaussian fluctuations for
F(u.) in multidimensional times.

To ease the presentation, we restrict ourselves to the case where F(z) = z, and
/3’ € (0,1) is fixed, although a repetition of the argument would lead to the result for the
general initial conditions and the functions F’ that we have been considering.

Also, we note that for all 0 < ¢; < --- < t, = t, uél), e ,ué") € Cy(R?), and
f17"' 7fn € CEO(R2)

(ug") )
Ug (t17f1)7 , Ue (t’ﬂ’fn>

w(=D

(d) t,T,ul t,T, t,Tul™
= (W’l("(t—tlo) ) (Tt’ f1)7 U 7W1(“(t_t:71) ) (Tt, f’rb—l): WO< ’ ) (Tt, fn) s
where for fixed ¢ > 0 we define that for u,s > 0, € R?, and f € C°(R?),

ul" (s, f) = [ fla)ul)(s,z)dz
R2
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IN
IS
IN
»

Bthu
Ez (I)u s B = ’
Wu(57l') — qut,T,uO)(S7x) — |: 5 ( )UO ( T ):|

uo(x),

o o
IA
®
IA
S

and
Wals, f) = WETW) (s, ) = [ fa)WET) (s, 27)da.
R2

Thus, to complete the proof of Theorem 1.1, it suffices to show that jointly for finitely
many u € [0,t], ug € C4(R?), and f € C°(R?), as ¢ — 0,

ﬁi / 7(@) (WEI @r) = alt = w,0) ) dz <D 21, f), (3.40)

where {?/u(t’“")(s,f)  f € C(R?),up € Cp(R?),0<u<s< t} is a family of centered
Gaussian fields with covariance
Cov (%) (s, ), %™ (5. 1))
1
1— 2

Following the same strategy as in Subsection 3.1, we are reduced to showing that

/:VM da/dxdyf(x)f/(y) /dzpo—u(m,z)p,,_u/ (y,2)u(t — o, 2)d' (t — 0, 2).

LM (7, 1) Dy (w0 (7, ) ointly inu € [0,7], f € €, (3.41)

€

where (see (3.15))

TT
/ f(x)/ dAMETm) (s, op)de, T > u+ (E—u)l(T),
]R2

Tu+T(t—u)l(T)
0, T<u+ (t—u)(T),

METO (7 f) =

and
dAMTm0) (s, 2) 1=

ﬁEZTuTqu(szu)é(T) ($)/§(d$,db)/ps_Tu($, Z)(b(z_b)%s,(szu)Z(T) (Z)Ez l:UO (B\ZZT:S ):l dz.

Then, for all u > 0 and f € C*(R?), 7 — Mff’T)(T, f) is a continuous martingale.
In view of the desired convergence (3.40), we have again in mind the functional CLT
for martingales Theorem 3.3, so we are interested in the limit of the cross-bracket
(MED ), MEDC f2)) -

Proposition 3.23. For all test functions f and f' in C°, ug,uf € Cp(R?), 0 < uy <ug < t,

andT >0,
1 +, T,
E<M7(.Lt17T7u0)('7f1)a ;L2T 0>('7f2)>"’
g
Lt 1 T _ _
— 1 Bz / do / dxdyfl (x)fQ(y) /deo-,ul (337 Z)pafuz (3/7 Z)U(t — 0, Z)ul(t — 0, Z)a
- ULNT
(3.42)
ase — 0.
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Proof. We first remark that for 7 < u;, the cross variation vanishes. For 7 > u;, we have
T > uy + (t —up)l(T) if € > 0 is sufficiently small. Hence,

1 t,T,ul
@<M7(fl7T,UO)('7fl)> LzT 0)('7f2)>7'
Tt
:/ d:rdyfl(x)fQ(y)/ ASZ7u, Tur +(s—Tu)(T) (TT) ZTug, Tus+(s—Tus)e(T) (YT)
R2xR?2 Tu1+T(t7u1)€(T)

= v
X / dz1d22ps—1u, (21 =27) psun (22 —y1)V (21— 22) Z 5 (sTur)o(1) (21) Z s, (sTuz)e(T) (22)
R

2% R2

e o () s ()

By a repetition of the arguments that lead to (3.17), we have that

1
B2
o / f1(2) o (y)ddy

(MG 1), M fo)

X / AdoE [Z7u 7us (o —u)e(m) (@7)] B [ 27wy Tus+(s—Tus)e(r) (7)) O1(2,Y)
u1+(t7u1)l(T)
~ [ i@ patwany doO7(z,y),

1+ (t—u1)l(T)

where

@T(‘T,y)
v = =

:/dZd’Upaful(Z_x)pafuz(z_i_y)V(U)E [ZU,(Uful)Z(T)(ZT)Za,(afuz)Z(T)(ZT""v)
VT
BTtTa)] [ / <BTtTJ>:|
XE, |ug| —=— || Ezptov |y | —=—
T |: 0 < \/T T+ 0 \/T

— /dzp(,.,u1 (T = 2)po—u,(y — 2)Uu(t — 0, 2)T (t — 0, 2). 0

1
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