n b
Electr® 8biljty

Electron. J. Probab. 27 (2022), article no. 144, 1-37.
ISSN: 1083-6489 https://doi.org/10.1214/22-EJP869

The Holder continuity of the scaling limit of
three-dimensional loop-erased random walk”*

Xinyi Li Daisuke Shiraishi*

Abstract

Let 8 be the growth exponent of the loop-erased random walk (LERW) in three
dimensions. We prove that the scaling limit of 3D LERW is almost surely h-Holder
continuous for all h < 1/, but not 1/5-Hélder continuous.
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1 Introduction

Loop-erased random walk (LERW) was first introduced by Greg Lawler in [8]. It is
obtained by erasing loops from the path of simple random walk (SRW) chronologically.
Arguably LERW is the most tractable of all non-Gaussian models appearing in statistical
physics. It has been proved that the scaling limit of LERW is a Brownian motion above
four dimensions ([9]). On the other hand, the scaling limit is described by Schramm-
Loewner evolution with parameter 2 (SLE5) in two dimensions ([20], [13], [14]).

The three-dimensional case, on the contrary, remains poorly understood. Remarkably,
Kozma ([7]) proved that the scaling limit of LERW in three dimensions is well-defined as
a set. In stark contrast to the two-dimensional case, his proof does not identify what the
scaling limit is. Starting from various fine properties of LERW and Kozma’s scaling limit
result ([21], [19], [22], [16]), the authors showed ([17]) that LERW converges weakly as
a process with time parametrization, which greatly strengthens Kozma’s result. This
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improvement plays a key role in [1] to prove that the three-dimensional uniform spanning
tree (UST) converges weakly as a metric space endowed with the graph distance.

The aim of this article is to study the Holder continuity of the time parametrized
version of the scaling limit in three dimensions. Let n be the scaling limit of the three-
dimensional LERW on rescaled lattice in the unit ball started from the origin. Write
B € (1,5/3] for the growth exponent for 3D LERW as well as the a.s. Hausdorff dimension
of . See Section 2.5 (in particular (2.12) and Section 2.5.5 for the definition of 8 and 7
resp.) for precise definitions of notation.

Our main result is the following theorem.

Theorem 1.1. It holds that n is a.s. f-Hélder continuous for all h < 1/8, but not
1/p-Hélder continuous.

Remark 1.2. One may compare Theorem 1.1 with the Holder continuity of the scaling
limit of LERW in other dimensions. In two dimensions, as LERW converges to Schramm-
Loewner evolution (SLE) with parameter 2 (see [20, 13, 14]), the study of the same
question is covered by that of the SLE curves. The optimal Holder exponent of SLE,
under natural parametrization (i.e. parametrized through Minkowski content), which
best resembles our study in 3D here, is studied in [24], and it is proved that SLE, is
a-Holder continuous for any « < 4/5, but not 4/5-Holder continuous. (Recall that SLE; is
a 5/4-dimensional random curve). Note that the optimal Holder exponent for SLE under
capacity parametrization (see [15]), which is a different quantity, is less relevant here as
capacity parametrization does not capture the natural convergence of 2D LERW towards
SLEs. In four and higher dimensions, the question is less interesting since the scaling
limit of LERW is Brownian motion, whose Hoélder continuity is well known.

It is also an interesting question whether an analogue of McKean’s dimension theorem
for Brownian motion and SLE,, also holds in this case (cf. Theorem 1.3 of [24]): is it true
that for each deterministic closed set A C R™,

dimy(n(A)) = fdimy (A4)? (1.1)
Here dimy(-) stands for the Hausdorff dimension of a set.

We now give a few words about the idea of the proof and the structure of the paper.
To prove the h-Ho6lder continuity for h < 1/8, the key ingredient is the exponential tail
bound on the length of 3D LERW from [21] (see (2.14)). However, it is only available
for the beginning part of n. To circumvent this, we resort to the uniform spanning tree
through Wilson’s algorithm and apply this tail bound to a dense deterministic “net”,
such that with high probability the beginning part of LERW from each point in this net
covers the whole of n. See Section 3.2, in particular the proof of Proposition 3.7 for more
details.

For the second claim, we will first consider the event that LERW keeps moving with
no big backtracking in a small-bore “tube” in which the LERW substantially speeds up
and we have a good control on the modulus of continuity. After we give a lower bound
on the probability of this event, we will carry out an iteration argument to make this
event happen with high probability. See the beginning of Section 4 for a more detailed
explanation of the proof.

Before we finish this section, let us explain the organization of this paper here.
General notation and background on LERW will be introduced in Section 2. Then the
two claims of Theorem 1.1 will be treated in Sections 3 and 4 respectively. The proof of
Theorem 1.1 follows from Propositions 3.8 and 4.13.
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2 Notation and preliminaries

In this section, we will introduce notation and some preliminary results (mainly on
loop-erased random walk) which will be useful later.

2.1 General notation

Let R? and Z? stand for the d-dimensional Euclidean space and integer lattice
respectively. We will consider only d = 3 in this paper. For a > 0, let aZ? stand for the
rescaled lattice with mesh size a. For most of the time, we focus on the case a = 27" for
some integer n > 0.

Given a subset A C R¢, we write JA for its boundary. Set A = A U 0A for its closure.
Let |- | and || - ||~ denote the Euclidean and maximum norm in R? respectively. For
A, B C R4, we let dist(A, B) = infyea yep |7 — y| be the distance between A and B. When
A = {z}, we set dist({z}, B) = dist(x,B). Let A+ B={a+b|a€ A, b€ B}. When
A = {z}, we write x + B instead of {x} + B. We also write rA = {ra | a € A} for r > 0.
Let B(x,r) and B(r) stand for {y € R? | |z —y| < r} and {y € R? | |y| < r} resp. In
particular, write D = B(1) for the unit open ball in R.

Given a subset A C 27"Z%, we write A = {x € 27"Z\ A | 3y € A such that |z —y| =
27"} for the outer boundary of A. Take x € 27"Z% and r > 0. The discrete ball of
radius r centered at = is denoted by B (z,r) = {y € 27"Z* | |z — y| < r}. We write
B™(r)y = BM(0,7).

A sequence of points A = [A(0), \(1),--- ,A(m)] € 27"Z? lying on 27"Z is called a
path with length m if [A\(i — 1) — A(¢)] = 27" for each 1 < i < m. We denote the length
by len()\). We say A is a simple path if A(i) # A\(j) for all i # j. When we have two paths
A= [A0),A(1),--- ,A(m)] € 27"Z% and N = [N (0), N'(1),---, N (m)] C 27"Z? satisfying
A(m) = N (0), we write

Ap N = [)\(O)a )\(1)7 e, A(m), )‘/(1)7 e 7)\/(m/)]

for their concatenation.
Before we end this subsection, we state our conventions on constants and asymptotics.
When f(x) and g(x) are two positive functions, we write

fz) < g(x)

if there exists a universal constant ¢ > 0 such that c¢f(z) < g(z) < 1 f(z) for every > 0.
We also write

g9(x) =0(f(z)) and g(z)=o(f(z))

if
lg(2)] < Cf(z) and g(z)/f(x) =0,
respectively.
We use ¢,c,C,C’,... to denote positive constants which may change from place
to place and ¢;, C;, ¢y, . .. positive constants that are kept fixed throughout the paper.

Dependence on other variables or constants will be marked at the first appearance of
the constants.

2.2 Simple random walk and Green’s functions

In this subsection, we will introduce the Green’s function for simple random walk
and list some estimates on return probabilities that we will use later.

Let § = S = (S(”)(k))k>0 be a simple random walk (SRW) in 2~ "Z?. The su-
perscript (n) is omitted whenever this does not cause any confusion. To denote its
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probability law and expectation, we use P* and E” when the SRW starts from x. When
x = 0, we omit the superscript. When there is need to work with multiple random walks,
we will use other letters to represent other walks and subscripts to distinguish their
respective laws; e.g., P% is the law of the simple random walk X, etc.

Given A C 27"Z3, let T4 = inf{k > 0 | S(k) ¢ A} be the first time S exits from A
and write T} ; = T (4, for the exit time of the discrete ball with the convention that
inf ) = +00. We also write T, = Tp ... If we are working with multiple walks at the same
time, we will use superscripts to distinguish them; e.g., T\, ;X and 73 stand for the
first exit time of X from B (x,r), B™(r) and some set A respectively.

We now turn to the Green’s function and some of its properties. The Green’s function
G :27"Z3 x 2773 — [0, 0) for S is defined as

Gle.y) = (L1500 =) 2.1
k=0
for z,y € Z3. We write G(z) = G(0, z) for short.
Given a set A C Z%, the Green’s function (for S) on A is defined by

TA

Ga(z,y) = E”(Z 1{S(k) = y}> for z,y € A. (2.2)

k=0
For the case that n =0 and A = {z € Z3 | a < |2| < b} with 1 < a < b, it follows from
[9, Proposition 1.5.10] that
lz|7' = b7+ O(a™?)
- a1 _p1
for all x € A. When a = 1 and |z| < b, an easy modification shows that there exists a
universal constant ¢y > 0 such that

P*(|S;| < a) 2.3)

colz|™t — cob™t + O(|2|72)

Pr(8-=0) = G(0) —cob T ’

(2.4)

see (2.4) in [17] for more details.

2.3 Some estimates on SRW

In this subsection, we will review the Harnack principle and the gambler’s ruin
estimate.

Let O C R? be a connected open set and F be a compact subset of O. Then the
Harnack principle states that there exist C = C(F,0) < oo and N = N(F,0) < oo such
thatif n > N,

Op={xecZ'|\n'xcO}, F,={zxcZ|n'zcF}
and f: O, — [0,00) is discrete harmonic in O,,, then

f(x) <Cf(y) (2.5)

for x,y € F),. See [12, Theorem 6.3.9] for further details.

We will next recall the gambler’s ruin estimate in the following form. Let S be the
SRW in Z? (d > 2) started at z € Z? and take § € RY with || = 1 and = - § > 0, where
x - § stands for the usual inner product of z and # on R%. We write §(k) = S(k) - 6. Then
the gambler’s ruin estimate ensures that there exist universal constants 0 < ¢j,ce < 00
(which do not depend on 6 and z) such that if 7 > 1, ¢, = inf{k > 0| S(k) < 0 or S(k) > r}
and 0 <z -6 <r, then

-0+1 ~ -0+1
a0 L < pr(E(t,) 2 ) < etV (2.6)
r r
See [12, Proposition 5.1.6] for more details.
EJP 27 (2022), paper 144. https://www.imstat.org/ejp
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2.4 Metric spaces
Let C(D) denote the space of continuous curves A : [0,¢y] — D with finite time
) G

duration ¢, € [0,00). Given two continuous curves \; € C(D) (i = 1,2) where ¢, € [0,00)

stands for the time duration of \;, we then define p(A1, A2) by

p(>\1,>\2) = |t>\1 — tA2| + 01;13%(1 |)\1(5t)\1) — /\Q(St)\2)|. (27)

It is routine to check that (C(D), p) is a metric space (see Section 2.4 of [6] for this).
We next set (’H(]D), dHauS) for the space of all non-empty compact subsets of D, where
the Hausdorff distance dyays is defined by

dyaus(A, B) := max{ sup inf |z —y|, sup inf |z — y|}, (2.8)
€ AYEB yeEB TEA

for A, B € H(D). Then (H(D), dyaus) becomes a metric space (see Proposition 7.3.3 of
[5] for this).

2.5 Loop-erased random walk

2.5.1 Loop erasure

For a path A = [A(0),A(1),--- ,A(m)] C 27"Z9, we define the loop-erasure LE()\) as
follows. Let
so = max{j [ A(4) = A(0)}

and
s; =max{j | A(4) = A(s;—1 +1)} fori> 1.

Setting
ke = min{i | A(s;) = A(m)},

the loop erasure LE()) of X is given by
LE(A) = P‘(SO)aA(Sl)v 7)‘(516)]7 (2.9)

which is a simple path satisfying that LE(A) C A, LE(A)(0) = A(0) and LE(A)(k) = A(m).

Recall that S = S( stands for the SRW on 2-"Z¢. Although we will refer to
LE(S[0, 7)) as a loop-erased random walk (LERW) for any (random or non-random) time
T, in this work, we will always work with the following setup when we consider the
Holder continuity:

= LE(S[0,71]). (2.10)

We denote its law and respective expectation by P and FE respectively.

2.5.2 Domain Markov property

The LERW is not a Markov process. However, it satisfies the domain Markov property in
the following sense.

Take a finite set A ¢ 27"Z% and a point x € A and write (following the notation
in Section 2.2) v = LE(S[0,74]). Take two simple paths A = [A(0),A(1),---,A(m)] and
N = [N(0),N(1),---, N (m')] with A(m) = N (0) satisfying

P(’yzz\@/\/) > 0.

Let X be the random walk on 2-"7Z¢% started at A\(m) conditioned that X[1,75] N\ =
(. Then the domain Markov property gives the law of v[m, m + m’] conditioned that

EJP 27 (2022), paper 144. https://www.imstat.org/ejp
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~[0, m] = X via the loop-erasure of X in the following way (see [9, Proposition 7.3.1] for
this).

P (20, m+m'] = (A @ N)[0,m +

~[0,m] = /\) = P(LE(X[O,Tjﬂ) = X). (2.11)

2.5.3 Length of LERW ind =3

We will consider only the d = 3 case here and in Sections 2.5.4, 2.5.5 and 2.5.6 below.
Recall the definition of ~,, in (2.10) and write M,, = len(~,,) for its length. It is proved
in [21, Theorem 1.4] and [16, Corollary 1.3] that there exist

5
Be (1,517 (2.12)
c1 > 0and ¢c; > 0suchthatforalln >1andr > 1,
E(M,) = 2°" and (2.13)
P( My, € [r_l,r]) >1—-0c exp{ — 027‘1/2}. (2.14)
E(My,)

We call § the growth exponent for 3D LERW.

In this work, we will also need the following variants of the above bound on the
length of the beginning part of LERW. Let +/, be the loop erasure of a simple random
walk started at the origin and stopped upon first exit of D N27"Z3 such that B(0,4) C D.
It follows from [18, Corollary 4.5] that there exists some universal constant ¢ > 0 such
that if we write 7° := LE(S(™[0, c0)) for the infinite LERW and X for an arbitrary path
in B™(0,1) starting from 0, then

cP(7,[0,len(\)] = A) < P(72°[0,len(\)] = A) < ¢ LP(v,,[0,len(\)] = ). (2.15)

Set M/ = Tf; for the first time +/, exits B(")(0,1). To obtain similar estimates as
described in (2.13) and (2.14) for M, it suffices to consider the case that D = B(0,4)
thanks to (2.15). In that case, we note that M/ > a implies that M,,;2 > a for any a > 0.
(Note that, in the D = B(0,4) case, we can use the same simple random walk S to
construct 9/, and 7,42 = 2724/,.) Thus, it follows from (2.13), (2.14) and [21, Theorem
8.12] that

M, -
P<E(Mn) elr 1,r]) >1—czexp{ —csr/?} (2.16)

for some universal constants 0 < c3,c4 < co. Since E(M]) < E(M,+2) in the case that
D = B(0,4), combining (2.16) and (2.13), we have

E(M!) =< 28", (2.17)

2.5.4 Escape probability

For convenience of notation we consider the original, un-rescaled lattice Z* in (and only
in) this subsection. We will consider two independent simple random walks S' and S?
on Z? started at the origin. Let T% denote the first time that S exits from B()(N) for
1 = 1,2. The following non-intersection probability is studied in [16]. Define

Es(N) = P(LE(Sl[o,T}V]) NS2[1, T3] = (2)) for N > 1. (2.18)

EJP 27 (2022), paper 144. https://www.imstat.org/ejp
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Then [16, Corollary 1.3] proves that
Es(N) < N~(2=A), (2.19)

where [ is the growth exponent as described in (2.13).
The asymptotics of the escape probability are handy tools in estimating the multi-point
function of LERW. More precisely, [21, Proposition 8.2] can be stated as follows.

Proposition 2.1. Let zp = 0,zy,---,2, be points in D = B (N). There exists a
universal constant C' < oo such that

k
P(zl,-u 2k € LE(Sl[o,T}V])) <" > I Goleni s 2n)Es(d™) (2.20)

welly i=1
where 11, stands for the permutation group of {0,1,--- ,k} with mo = 0 for all m € Il

d™ = |zg, — Zx,_ | N |2my — Zrr | A dist(zy,, 0BO(N)) for 1<i<k—1
and d™ =|zg, — zp,_,| Adist(zg,, 9B (N)).

This bound can also be extended to the loop-erasure of conditioned random walks.
Take integers m, k, N with v/3m + &k < N. We set A,,, := [-m, m]> N Z3. We take a point z
lying in a face of A,,. We write [ for the infinite half line started at « which lies in A¢, and
is orthogonal to the face of A,, containing x (and choose one of such faces arbitrarily
if z happens to lie on an edge of A,,). We write y for the unique point which lies in [
and satisfies |z — y| = . Then we let A, (z) := y + [~k/4,k/4]> N Z3 Consider K C A,,.
Suppose that X is a random walk starting from z conditioned that X [0, Ty| N K = 0. The
role of the set A, (z) is that LE(X[0,T]) is not strongly affected by the conditioning
(on the event X[0,Ty] N K = () when it stays in A, (z). In fact, we have the following
proposition, which also follows from [21, Proposition 8.2].

Proposition 2.2. The bound (2.20) is also true if we replace v, by LE(X[0,Ty]) in the
statement of Proposition 2.1, provided that zyp = x and z1,- -+ , zx € An(x).

2.5.5 The scaling limit of LERW in d = 3

Recall the definition of +, in (2.10). We can regard 7, as an element of H(D) (see
Section 2.4 for H(E)). Kozma ([7]) shows that ~, converges in distribution to some
random compact set K € H (D). It is proved in [19] that K is a simple curve almost surely.
Moreover, in [22], it is shown that with probability one the Hausdorff dimension of K is
equal to 3.
Finally, let
M(t) = 7. (2°"t) 0 <t <27, (2.21)

be the time-rescaled version of v,,, where M,, stands for the length of ~,,. Regarding ~,
as a continuous curve with linear interpolation, we may think of 7,, as a random element
of the metric space (C(D), p) (see Section 2.4 for this metric space). It is proved in [17]
that 7, converges in distribution to some random continuous curve 7 : [0,¢,] — D with
respect to the metric p, where 0 < ¢,, < oo stands for the time duration of the scaling
limit . This greatly strengthens Kozma'’s scaling limit result derived in [7].

2.5.6 “Hittability” and Quasi-loops of LERW

In this subsection, we introduce two path properties of the LERW, which play key roles
in the analysis of the Holder continuity of the scaling limit.

EJP 27 (2022), paper 144. https://www.imstat.org/ejp
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We first discuss the “hittability” of LERW. Heuristically, this means that with high
probability, the trace of a LERW is hittable by an independent simple random walk that
starts from a neighbourhood of the LERW. To be more precise, recall the definition of
the LERW +,, in (2.10) and write R for a SRW on 2-"Z3 which is independent of +y,,. The
probability law of R is denoted by Py if we assume that R(0) = z. Finally, we let 7.7,
stand for the first time that R exits from B(x,r).

The following proposition is a slightly stronger version of [19, Theorem 3.1], adapted
to our setup.

Proposition 2.3. For anyp > 1 and 0 < s < u, there exist constants £ = £(p, s,u) > 0
and C3 = Cs(p, s,u) < oo such that for alln > 1 and 6 € (0,1),

P{P;g (R[O,T;‘GS] Ay = @) < 6%, forall z € D, with dist(z,7,) < 9“} > 1 - CabP.
(2.22)

Here we set D,, =27 "Z3 N D.

To see that Proposition 2.3 holds, it suffices to follow the proof of [19, Theorem 3.1]
and apply Lemmas 3.2 and 3.3 of [19] with suitable choice of parameters.

“Hittability” estimates such as (2.22) enable us to exclude from ~,, the existence of
“quasi-loops” which we will define immediately below.

Definition 2.4. We then say a path A C 27"Z3 has an (si, s2)-quasi-loop at z for
0 < 51 < 59 and z € 27773 if there exist two times k; < k5 such that

)\(kl) S B(I, 81) for ¢ = 1,2 and )\[kl,kg} ¢ B(I,SQ).
The set of all such «’s is denoted by QL(s1, s2; A).

The following proposition, which states that large quasi-loops are unlikely to exist for
“Yn, is a paraphrased version of [19, Theorem 6.1].

Proposition 2.5. One can fix universal constants
L>2,b>1,04 < (2.23)
such that forall0 < 0 < 1andn > 1,
P(QL(GL, 0;7,) # @) < O, (2.24)

Note that although [19, Theorem 6.1] did not specify the possible value of o (which
corresponds to b/2 here), it is not difficult to see that in its proof, one can fix « as 1/2 in
the inequality [19, (6.1)], ibid. by a gambler’s ruin type of argument.

2.6 Uniform spanning tree

We will discuss the (wired) uniform spanning tree (WUST) in this subsection. For
simplicity we will only focus on the WUST on D,, = 27 "Z* N D. We regard dD,, as a
single vertex. With slight abuse of notation, we still write 0D,, for this vertex. Let G,, be
the induced graph. A spanning tree on the graph G, is called a wired spanning tree on
D, UdD,,.

A random tree obtained by choosing uniformly random among all wired spanning
trees on G, is called the wired uniform spanning tree on GG,, which we denote by /,,. See
[4] or [12, Chapter 9] for a more thorough introduction on the model.

To generate U,,, we employ Wilson’s algorithm (see [23] for more details), which can
be described in the following way:

EJP 27 (2022), paper 144. https://www.imstat.org/ejp
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(i) Choose an ordering of D,, = {x1,z2, - ,x,,} arbitrarily.

(ii) Let R! be the SRW started at x; and write 7" for the first time that it hits 0D,,. Let
U' be the tree formed of the edges of the loop-erasure LE(R[0,T"]).

(iii) Take another SRW R’*! started from z;; for j > 1. Let 77 "! be the first time that
RI*1 hits U7. Let U+! be the tree formed of the union of the edges in LE(R/*!)
and U’

(iv) Repeat Step (iii) and stop when all vertices in D,, are contained in the tree.

In [23], it is shown that the distribution of the final output tree U/, is the same as the
WUST on G, for any ordering of D,,.

Moreover, the LERW +,, has the same distribution as 7 s where ~; o stands for the
unique simple path in U, connecting the origin and dD,,. Finally, we write dy, (-, ) for
the graph distance on U,,.

3 The upper bound of the modulus of continuity

The main goal of this section is to prove the first claim of Theorem 1.1, as paraphrased
in Proposition 3.8, where we show the h-Holder continuity of the scaling limit for all
h < 1/B. The crucial step is to derive modulus-of-continuity results on the rescaled
LERW, which we summarize in Proposition 3.7. To obtain this proposition, in Section 3.1,
we derive some regularity properties for the LERW path and then, as discussed below
Remark 1.2, in Section 3.2, we apply an epsilon-net argument with the help of results
from Section 3.1 to control the length of the whole LERW path with some tail probability
estimates which which were originally only available for the beginning part of the LERW.

A summary of notation employed in this section is offered in Table 1 at the end of this
section.

3.1 Regularity of LERW paths

In this subsection, we will prove Proposition 3.1, which summarizes various estimates
on regularity properties of a LERW path. In particular, we show that with high probability,
a LERW path

* a) can be covered by not too many small balls;
* b) can be hit by a simple random walk starting nearby;
* ¢) does not contain big “quasi-loops”.

See (3.5) for precise descriptions of these properties.
We now consider

e € (0,1/10) and 6 € (0,1/10) such that 6~</2 > 100. (3.1)

We pick the value of ¢ later according to the value of h in the proof of Proposition 3.8
and let § tend to 0 gradually in the same proof.

Recall the definition of ~,, in (2.10). We define a sequence of random times 7; created
by v, as follows. Let 7o = 0. We define

7, := inf {j > 711 ‘ [vn(J) — Yn(T1—-1)| > (5%760}, fori > 1, (3.2)
where
€o := €/100. (3.3)
We write
N:i=max{l>1]|7 <len(vy,)}. (3.4)
EJP 27 (2022), paper 144. https://www.imstat.org/ejp
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Writing x; = v,(7;), we define three events F{;) (i = 1,2,3) as follows (note that they
correspond to properties a) through c) discussed at the beginning of this subsection):

Fay={N <067},
Flo = {For all & € D,, with dist(z,~,) < r, P& (R[o, TR ] N = @) < 55}, (3.5)

Fgy = {For alll=0,1,---, N, (vn[OJl,l] Uvn[TlJrhlen(%)]) N B(xl,r%) = (Z)}

(with convention that ~,[0,7_1] =  in the event F(g)), where L is the constant in (2.23)

and
o= 5max{5/§(10,1/2,1),12L} (36)

where £(+, -, ) is the parameter defined in Proposition 2.3. The motivation of choosing
such an r will be clear later as we estimate the asymptotic probability of the events
defined above.
Let
F .= F(l) N F(Q) n F(g). (3.7)

We now claim that F' happens with very high probability.
Proposition 3.1. There exists C5 < oo and c¢g > 0 such that for alln > 0,
P(F) >1—C56%. (3.8)
Proof. The claim follows from Lemmas 3.2 through 3.4. O
We now estimate the probability of F{;)’s separately.
Lemma 3.2. There exist ¢ > 0 and C' < oo such that
P(F(l)) > l—C’exp{ —0576}. (3.9)

This lemma is in essence a coarse version of Holder continuity result we seek for in
this work, and although in principle we can give much more precise bounds than this
one here, this bound already suffices for the estimates to follow.

Proof. Consider S the SRW started at the origin on 27"Z3 whose loop-erasure is 7,. In
order to give a bound on NNV, we also define a sequence of stopping times 7/ for S, similar
to 7; for ~y,: set 7, = 0 and let

7 = inf {j >l ‘ 1S() — S(rf_,)| =371 5%—60}, for | > 1.

Set N’ as the largest integer satisfying that 7. < T;. Observe that there is an injective
map ¥ : {0,...,N} — {0,..., N’} such that v, € B(S(T’E(j)),fi—lé%*“), hence N < N'.
Therefore, the proof is completed once we obtain the inequality as follows.

P(N'>67%) < Cexp{—cs“}. (3.10)
To prove (3.10), let v =371 6%*60. It follows from [12, Proposition 2.4.5] that
P(Tl > -3 22") < CeXp{ — 05_%}

and
P(Tz/ — 7/, <o0F0? 22") < Cexp{ - cé_%} for each ! > 1.

EJP 27 (2022), paper 144. https://www.imstat.org/ejp
Page 10/37


https://doi.org/10.1214/22-EJP869
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Holder continuity of scaling limit of 3D LERW

Setting H; = {{ —7/_, > §7 v222"} for | > 1, we can conclude that

P(N'>63) < P(N’ >673, H,holds foralll =1, -, LJ*SD +C6Pexp{ — 05*%}
< P(Tl > 7{5-3), My holds forall [ =1,---, L(S_gj) +C5 Pexp{ — 05—%}
< P(T1 > 6”2 22”) +C63 exp{ — 05_%} < Cexp{ — 65_0},
where we used 8 > 1 in the third inequality to show that
1673 - 62 02 2% > ¢ 3HETE 20 920 > 573 92

(Here |a| stands for the greatest integer less than or equal to a.) This finishes the
proof. O

Recall the definition of C3 in Proposition 2.3.

Lemma 3.3.
P(F(g)) >1- 037"10.

Note that the choice of 10 is arbitrary.

Proof. The claim follows directly from (2.22) by letting r = 6, (p, s,u) = (10,1/2,1) and
noting that r$(19:1/2:1) < 55 by definition of 7 in (3.6). O

Lemma 3.4. There exist Cy < oo and c¢g > 0 such that
P(F(g)) >1—Cgd®.

Proof. Since |x; — x;_1| > 6%~ for each | > 1, the event F(Cg) implies that

QL(r'/3,6570;y,) 10,

where QL(-, ;) is defined as in Section 2.5.6. The claim then holds by applying (2.24)
with 6 = 73z . By the definition of 7 in (3.6), it follows that r < §'2L and

0 <5t <§vc,
where we used 8 > 1 in the last inequality. Thus, QL(rl/g,é%_eo; Yn) € QL(6%,6;7,). O

3.2 The epsilon-net argument

In this subsection, we carry out the epsilon-net argument announced at the beginning
of this section. To be more specific, we first use Wilson’s algorithm as described in
Section 2.6 to generate the uniform spanning tree U/, on the graph G,, that contains ~,,
then consider the LERW paths on this tree started from points in an epsilon-net and
finally show that with high probability the beginning parts of these paths are sufficiently
regular and these beginning parts can already cover v,,.

We start with the setup of epsilon-net. Recall the choice of r in (3.6). We consider a
net G = {y’}}1, C D, in the sense that

for all = € D,, there exists j = 1,2,--- , M such that z € B(y’,r) and M < 3. (3.11)

For each [ = 0,1,--- , N, let y; := y/* € G be one of the nearest points from z; := 7, ()
among G so that |y/! —x;| < r, where 7, and N are defined in (3.2) and (3.4) resp. and | - |
stands for the Euclidean norm. Recall the definition of Wilson’s algorithm in Section 2.6.

EJP 27 (2022), paper 144. https://www.imstat.org/ejp
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As the order of vertices from which LERW'’s start are arbitrary, we can perform Wilson'’s

algorithm with a specific order of vertices as follows:

(i) SetU’ =n,;

(i) Foreach!=0,1,---,N, consider a SRW R' started at y;, let t' > 0 be the first time
that R’ hits /' UdD,, and set U'*! = ' ULE(R'(0,#']);

(iii) Perform Wilson’s algorithm for all points in D,, \ U N+Lin an arbitrary order,

(3.12)

and note that the resulting tree ¢/ has the distribution of a WUST on D,, U dD,,. See
Figure 1 below for an illustration.

Wi+1

. Yi+1
)

LE(R'[0, ]

Ui

Figure 1: Illustration for the step (ii) of Wilson’s algorithm

In the rest of this subsection, it is convenient to think of +,, as a deterministic set
and condition ~, on the event F' = F(;y N F(y N F(3y. We denote the endpoint of R! by
w; := R'(t'). We define the event H by

H = {Rl[O,tl] C B(y,v/r) and w; € vp[1i—1, T141] 5.13)
foralll = 0,1,--- , N s.t. dist(y;, dD) 24\/7«}, '

with the convention that 7_; = 0 and 7x4+1 = len(~,,). The event H controls the diameter
of R! and the location of its endpoint w; for every [ for which y; is not too close to dD.
We will now show that on the event F, the conditional probability of the event H is close
to 1.

Lemma 3.5. There exists C' < oo such that
P(H|F) >1- 04 (3.14)
Proof. The event F,) ensures that for all [ such that dist(y;, 0D) > 4/7,
P (R0, ¢ Bluvi) | F) < Pl (RI0.TR 4] 0yu =0 | F) <%,
Since N < 63 by the event F1y, we see that
P(Rl[o,tl] C By, v/r) foralll = 0,1,--- , N s.t. dist(y;, 9D) > 4/7 ’ F) >1—C62.
We now note that on the event

H' = {R'0,#'] C B(y;,v/r) foralll=0,1, -+, N s.t. dist(y;, 0D) > 4y/r},

EJP 27 (2022), paper 144. https://www.imstat.org/ejp
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by the definition of the event Fs), |x; — ;1] > 677 and |z — yi| < r, it holds neces-
sarily that w; = R'(t') € yu[ri_1,7141] C Y, in other words, R' must not hit branches
LE(R'[0,¢]) (i =0,1,--- ,l — 1) generated earlier in (3.12) (ii).

Now assume that on the event H' N F, w; ¢ vu[r—1,7+1]. This implies that w; €
Ynl0, T1—1] U Yn[7141, len(v,,)]. However, since |w; — y;| < +/r and |z; — y;| < r, our choice
of  (see (3.6)) ensures that w; € B(xy, r%). This contradicts the event F(3. This finishes
the proof of (3.14). O

We also need to control the length of LE(R'[0,t']). Write L; = len (LE(Rl [0, tl])) and
define the event [ as

1= {Ll <529 forall [ = 0,1,---, N s.t. dist(y, D) > 4\5}. (3.15)

Note that R![0,t'] is with high probability contained in B(y;,/r) on the event F N H.
Thus, in this case the length L; must be typically smaller than 73287, Since B € (1,5/3],
the event I must occur with high probability. More precisely, we have the following
lemma.

Lemma 3.6. There exist ¢ > 0 and C' < oo such that
P(HNIC|F) < Cr3exp{ —er 1}, (3.16)

Proof. Suppose that the event H N I¢ occurs. Then we have L; > 73287 for some . The
event H guarantees that R'[0,] is contained in B(y;, /r). With this in mind, we write
vz, for the unique simple path in ¥/, starting from z to dD,,. Then, setting

o Yx,0
Uy i=T)70 (3.17)

as the first time that v, o exits from B(z, /r), the event H N I¢ ensures that U,, > r326n
for some I. But, for each z € D, the law of v, 5 coincides with that of LE(R*[0,,])
where R* denotes a SRW started at x and ¢, stands for the first time that R* hits 0D,,.
Combining this fact with (2.16), we have

P(HNI®|F)
< P(There exists j € {1,2,---, M} such that dist(y’, 0D) > 4\/r and Uy > r%25”>
M
1 1
< Z P(ij 27“525") gC’r—‘?exp{—cr—ﬁ},
j=1, dist(y7,0D)>4/7
(3.18)

where we recall that the epsilon net consists of M =< r~3 points, the exponent 1/12
comes from the fact that E[U,,] < r?/22°" if dist(y’, D) > 4,/7, and the observation that
(B/2—1/3)/2 > 1/12 in applying (2.16). We thus finish the proof. O

3.3 Lower bound on the modulus of continuity

With all preparations complete, we can now give the lower bound of the modulus of
continuity.
Proposition 3.7. Let

L_e

0B
K, = {39:’ =n(s) and y’ = v, (t) s.t. 0 <t — 5 < 262°" and |2’/ — /| > 2}. (3.19)

Then, there exist universal constants ¢, C' € (0, 0c) such that forall § € (0,1/10), € € (0, 15)
with §~% > 100
P(KS) > 1— C5°. (3.20)

EJP 27 (2022), paper 144. https://www.imstat.org/ejp
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Proof. We want to show that the event K, is unlikely to happen. For that purpose,
suppose that the event F N H NI N K,, occurs.

Recall the notion of z/, 3/, s and ¢ in the definition of the event K, in (3.19). Find
1 < j satisfying that

Tic1 <8< T ande_l St<7'j. (3.21)
1

Since the diameter of ~,[7;—1, 7] is bounded above by § 57 for each [ and |z’ —y'| > d 52 :
it holds that j — i > 6—</2 > 100, where we recall that ¢y = 10~2¢ as defined in (3.3). The
graph distance in U, is denoted by dy,, (-, -).

We now distinguish between two cases, depending on whether y;; is close to the
boundary of D.

Suppose first that dist(y;+1,0D) > §’ := §F/10 > 4+/r. Recall that

L= len(LE(Rl [o,tl}))
as defined above (3.15). Since the event H NI N K,, occurs, it holds that

du, Yi+1,y") = du, (Yit1, wit1) + dy, (Wi, y")
= Lit1 +dy, (wi1,y') < (20 +773)2°" < 36207,

where in the second to last inequality we observe that by definition of w;11, s < 7; < w;y1,
and hence by the definition of K, dy, (wi+1,y') < du, (¥',y’) =t — s. Moreover, the event
H ensures that |y;11 —y'| > [2' —y/| = [2" — 2| — v — 21| = |[Tip1 —wia| = [wit1 —yiya| >

1 _e
5:32 — 365 — VT > ¢'/4. Consequently, we see that the first time that ,, , 5 exits

from B(yi41,0/4) (we denote this first exit time by U, , ) is smaller than 352°". Here
we recall that for each = € D,, v, stands for the unique simple path in ¥/, starting
from z to 0D,,. The law of v, 5 coincides with that of LE (R"L’ [0, tx]) where R* denotes
the SRW started at z and ¢, stands for the first time that R* hits dD,,. In this case we
can use (2.16) again as in (3.18) to show that for any y' such that dist(y!, 9D) > ¢’ there
exist ¢,C' € (0,00) such that

P(Uy <3027) < Cexp{ —co*}. (3.22)
We will next deal with the the remaining case that dist(y;+1,0D) < ¢ := 55—/,
Note that

€

jwimt = yisa| < |miy — @] + @i — wiga | + |wiss — yiga| < 205710 4 < 35570,

and thus dist(z;_1,0D) < §5~/10 4 355100 < 2675 ~/1%  Since Ti1 < s <t i =

1_.
Yu(Tio1) and |y, (s) =y (t)] > 25
of

in view of the event K, this implies that the diameter

) [T e ,Tl}

1-265

is bounded below by 271§ %_6, where we recall that 7;. stands for the first time that SRW
S(") exits from B (r). This probability is bounded above by C'6° for some universal

constants 0 < ¢, C' < co. To see this, set @ = 257 /17,

s0=T_» and g =inf {j > ‘ 1S (5) = S™ ()| = 2%} fori > 1.

Let A be the largest integer such that 2Vw < 272 . 5% ¢, Note that 2V = §—1¢. The
strong Markov property ensures that there exists some universal constant ¢; > 0 such
that for 1 < < A and each path A with P(S™[0,q;_1] =) >0

P(S(n)[§i—1>§i] NBM(1)° # 0 ‘ S™M0,64] = )\) > cr.
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Iterating this and writing 1 — ¢; = 27 with ¢; > 0, we can conclude that the probability
that the diameter of S(™) [s0, 1] is bounded below by 2! .67 ¢ is smaller than (1—- cl)N =
9—e2N < 061%026, as desired.

Combining these two cases, we have

P(K,) < P(FNHNINK,)+ C§
< P(FOHNI0K, N {dist(yi1,0D) > 6'})
+ P(Fm HNINK,N/{dist(y;41,0D) < 5’}) + C6°

< P(There exists 1 = 1,2,--- , M such that dist(y', D) > & and U/, < 3525")

1o

)
+ P(The diameter of S {T1_25%3‘€/“’ ,Tl} is bigger than

) +C6¢
< éC’eXp { _ c5—“} + 08 + 06 < CM exp { _ ca—“} + ooce

<Cr3 exp{ - 65_“} + C6° < 05,
where we used

* Proposition 3.1, Lemma 3.5 and Lemma 3.6 in the first inequality to estimate
P((FNHNI));

o M =73 in the sixth inequality;

+ the fact that 72 is polynomial in 6! in the last inequality.

So, we finish the proof. O

Finally in the next proposition we show that 7 (recall its definition in Section 2.5.5),
the scaling limit of {n, },>1, is h-Ho6lder continuous for any h < 1/5, which constitutes
the first part of Theorem 1.1.

Proposition 3.8. The random curve 7 is almost surely h-Hélder continuous for any
h < 1/8. Namely, with probability one we have for any h < 1/
n(s) —n(t)]

sup 5 <00, (3.23)
0<s<t<t, |s—1]

Here t,, stands for the time duration of 7).

Proof. Skorokhod’s representation theorem asserts that we can couple {7, },>1 and 7 in
the same probability space such that p(7,,n) — 0 almost surely. Here we recall that the
metric p is defined as in Section 2.4. From now on, we assume this coupling. We note
that the inequality (2.14) guarantees that ¢, € (0, c0) almost surely.

Without loss of generality, pick

€ 1—1 L (3.24)
51003) |

€= % — h. (3.25)

Define the event 2(5) (and note that it is measurable in the Borel o-algebra generated
by the metric p) by

and set

A(8) = {There exist s,t with 0 < s <t <t, such thatt —s < § and |n(s) —n(t)| > 5h}.
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Recall the definition of K, in (3.19). Since 7, (t) = v, (25"t) and 7, converges to 7 in
distribution in p-metric, we have that

P(A(5)) < C6°. (3.26)

Now we are ready to prove (3.23). Applying the inequality (3.26) to the case that
§ = 2™ with 2% > 100 and in view of the Borel-Cantelli lemma, it holds that with
probability one, there exists m; < co such that the event 2(2_’") holds for all m > m;.
Take 0 < s <t <t,. Ift—s>27"™, we see that

OG-
|S _ t|h —

On the other hand, ifv() <t—s< 2™ we can find some m > m; such that 271 <
t—s < 27™. Since A(27™) holds for this m, we have that there exist C' = C(h) and
C’ = C'(h) such that

() =nt) _

n(s) = (0] <27 <O =g and R

Taking supremum, we see that (3.23) holds for h defined in (3.24). To see that it holds
simultaneously for all h < 1/, take h = 1/3 — 2% for integer k > 4 and let k — co. 0O

Table 1: List of notation used in Section 3.

Symbol \ Definition and first appearance

Yn Loop-erased random walk on 2773 in D defined in (2.10)
Uy, Wired uniform spanning tree on G,, = D, UdD,, from Section 2.6
dy, (-, ) Graph distance on U,, defined in Section 2.6

{Tl}l]\il Sequence of random times as defined in (3.2) and (3.4)

T vn (1) defined below (3.4)

F(i) Events defined in (3.5)

G={y}L Epsilon-net of mesh size r satisfying (3.11)

Yy =y One of the nearest points from z; among G defined below (3.11)
R! SRW started at y; considered in (3.12)

Uﬁ*l Subtree generated in Wilson’s algorithm as described in (3.12)
t! First time that R’ hits ¢/}'=1 U dD,, defined in (3.12)

w; R!(t) defined above (3.13)

H, I and K, Events as defined in (3.13), (3.15) and (3.19) resp.

Va0 Unique simple path in ¢/, from x to 9D,, defined above (3.17)
U, = T;”ar First time that v, 5 exits from B(z, /r) defined in (3.17)

4 The critical case

In this section, we prove the second half of Theorem 1.1, namely that almost surely
the scaling limit of {7, },,>1 is not 1/5-Hélder continuous. See Proposition 4.13 below.

We give a brief explanation of the proof here. As illustrated in Figure 2, we consider
a sequence of cubes {Q;}M of side length 27™. The center of the first cube () is the
origin from which the LERW ~,, starts. We are then interested in the type of event (which
we refer to as “the event A”) on which, heuristically speaking, the following conditions
are fulfilled:
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* The LERW ~,, keeps going to the right until it exits from the union of Q); (we call
this union a “tube”) with no big backtracking as described in Figure 2;

+ The number of points in @; N2~ "Z3 hit by v, is bounded above by C2~7"25" for
al0 < < M.

See (4.35) for the precise definition of the actual event A we will be working with in
this section. Choosing the constant C' < co appropriately, we will give a lower bound
on the probability of such events in Proposition 4.7. Note that if the event A occurs, 7,
exits from B(M2~™) within CM2~#™26" steps, which is much smaller than the typical
number of steps for v, to exit from that ball (the typical number of steps is comparable to
MPB2-8m2Bn)  Consequently, we have a desired upper bound on modulus of continuity of
v, restricted in the the tube on the event A; see Proposition 4.9 for precise statements.

To conclude with an a.s. statement, we will employ the following iteration argument
to which is similar to that used in [3, Proposition 6.6] and [21, Proposition 8.11]. Namely,
as illustrated in Figure 3, we prepare a sequence of concentric boxes {Bl}{‘ﬁ ,1 with some
large M’ and check whether for each [ the LERW +,, restricted in a tube () contained in
the annulus B!\ B!~! travels a long distance in a short time as discussed in the previous
paragraph, which can be described by a translate of the event A. Conditioning ~,, up
to the first time that it exits from B!~ !, we will give a lower bound on the (conditional)
probability that ~,, restricted in () speeds up as above (see Proposition 4.12 below for
this). Taking M’ (the number of concentric boxes) sufficiently large and iterate the
argument above, we can show that the scaling limit 7 is not 1/3-H6lder continuous in
Proposition 4.13 at the end of this section.

Throughout this section, we often omit the superscript (n) when we write the discrete
ball B (z,r).

Qo 1 Q2 Qum Yn

Figure 2: Illustration for the event A.

4.1 Tube-crossing estimates

In this subsection, we establish estimates on the probability that a LERW stays in a
tube and travels atypically fast in Proposition 4.7 and show that with positive probability
a LERW is not 1/8-Hélder continuous, which is summarized in Proposition 4.9.

We begin with our setup. Let

m € N such that mg := m™ € [10,00) N IN. (4.1)
Definition 4.1. Define a collection of cubes {Q;};>0 = {Q7*}i>0 by
QI'={zeR®| |z —zill.o <27} where z;=(i-27"",0,0) for i>0. (4.2)

Namely, Q" stands for the cube of side length 2=™*! centered at z;.
For a < b, we write

Hla,b] = {z = (2", 2%,2°) e R® |a <2’ <b, =277 <2?, 2® <277},
H(a,b) = {z = (2',2%,2%) € R® la< gt <b, 27" < 2% 2? <27
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Bl

Bl—l n

B! — /\l/

B2

B4

Figure 3: Ilustration for an iteration argument. The LERW -,, speeds up in the tube @
for each I.

We define H(a,b] and H]a,b) similarly. Also, we set
H(a) = {x = (21,22, 2%) € R3 ‘ zl=a, =27 <2? 23 < 2_’"},
G(a) = {x = (2, 2%, 2%) € R? | zlt=a, =27 <22 23 < 2_"”_1}. (4.3)

We regard H(a) as a “partition” of H(—oo, c0). By construction, we have G(a) C H(a).

We also note that writing
a; =2""(2i —1), (4.4)

it holds that Q" = Hla;,a;+1]. Thus, H(a;) (resp. H(a;+1)) coincides with the left (resp.
right) face of Q".
Recall that S = S(™ stands for the SRW on 2-"Z? started at the origin. Assume that

27" < exp{ — QmIOO}.

By linear interpolation, we may assume that S(k) is defined for every non-negative real
k and that S[0, c0) is a continuous curve.
For a continuous curve A lying in R?, we define a family of hitting times {t,(a)}.cr by

ta(a) =inf {k > 0| A(k) € H(a)}, (4.5)
with the convention that inf ) = +oo. Let
g=2""""0. (4.6)
We then define the events A; as follows
A = {tg(al) < 00, S(ts(ar)) € Glar), S[0,ts(a1)] C QT
Sfts(ar —q),ts(an)] 0 H (a1 —2g) = 0},
and for: > 1, 4.7)
A; = {ts(a:) < ts(airr) < o0, S(ts(ain) € Glair),
S(ts(ai), ts(aiv1)] C H(ai — g, aiva], S[ts(aivs — ), ts(air1)] C H a1 — 2q,ai41) }
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In other words, the event A, ensures that the SRW exits Q' from G(a;) and excludes
excessive backtracking of S near time tg(a;). Similarly, the event A; also guarantees
that the SRW hits H(a;11) in G(a;+1) and excludes excessive backtracking of S, near
both the beginning and the end of the time interval [ts(a;),ts(a;+1)]. We note that the
event A; is measurable with respect to S|ts(a;), ts(ai41)] for i > 1, while Ay is an event
measurable with respect to [0, ts(a1)]. We set

F =) A (4.8)
k=0

We observe that on the event F; it holds that 0 < tg(a) < ts(a’) < tg(ai+1) < oo for all
0<a<d <ag.

Given a path \ : [0,t\] — 27"Z3, a time t € [0,t,] N Z is called a cut time for ), if
A0, 8] N At + 1,¢5] = (. In this case, A(t) is called a cut point for A.

We next consider a special type of cut time defined on the event A;.

Definition 4.2. Suppose that A; defined in (4.7) occurs. For each i > 1, we say k is
a nice cut time or S has a nice cut point in Q" if the following four conditions are
fulfilled:

@) ts(a;i+2) <k <ts(a; +q),

(i) Sts(as), k] NS[k+1,ts(ait1)] =0,
(iit) S(k) € H[a; + %,a; +q],
(iv) S[k,ts(ai+1)] n H(CLl) = 0.

See Figure 4.

H{(a;)— ~—H(a; + q) ~—H(a;1)

~—S(ts(air1))

Figure 4: Illustration for a nice cut point S(k) in Q7". The vertical line between H (a;)

and H (a; + ¢) stands for H(a; + %).

The event B; is then defined as

B; = {S has a nice cut point in Q" } for i > 1. (4.9)
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We note that the event B; is measurable with respect to S[ts(a;),ts(a;+1)]. We define

Gi= () B (4.10)
k

We set

& =LE(S[0,ts(ai+1)]), A =LE(S[ts(ai), ts(ais1)]) for i >0,
and =& =M@ @) for i>1. (4.11)

Note that &/ is not necessarily a simple curve, and thus ; # & in general. However, in
the next lemma, we show that one can bound the length of ¢; by that of £/ on the event
F; N G; defined in (4.8) and (4.10) respectively.

Lemma 4.3. Leti > 1. Suppose that the event F; N G; occurs. Then, we have

len(&;) < 1en(§0)+z {len()\l)—|—

=1

&GNH (ai—q, ai+4q] ‘}7
(4.12)

&NH (ai—q, ai+q] ‘} = len(fg)—i—i: {
=1

where for D C R? we write | D| for the number of points in D N2~ "Z3.

Proof. The equality in the claim follows from definition, hence we only prove the inequal-
ity.

To compare &; and &/ on the event F; N G;, we will first consider the case that i = 1.
Suppose that the event F; N G occurs. By definition of the loop-erasing procedure, &; is
generated in the following way. Let

51 = mf{k Z 0 ‘ fo(k) € S[ts(al),ts(ag)]}

and
t1 = sup{k € [ts(a1),ts(az)] ‘ S(k) = 50(81)}.

Then it follows that
& = 50[0, 81] (&) LE(S[h, ts(ag)]).

Since S|ts(a1),ts(az)] N H(ay — q) = 0 by the event A;, we have that
&o(s1) € H(a1 — q,al] and g, (a1 — q) < 51 <ty (an).

Let k; be a nice cut time in Q}". By Definition 4.2(iv), it follows that ¢; < k; (because
otherwise S(t1) € S[k1,ts(az)|NQE and thus S[ki1,ts(az)]NH (a1) # 0, which contradicts
Definition 4.2(iv) above). As a cut point of a path must belong to its loop-erasure, one
can decompose LE(S[t1,ts(az)]) as follows:

LE(S[tl, ts(ag)]) = LE(S[tl, kl}) D LE(S [kl, ts(ag)}).
Similarly, it follows that
A =LE(S[ts(a1),k1]) ® LE(S[k1,ts(az)]).

Definition 4.2(i) guarantees that k1 < tg(a; + ¢). Combining this with the condition
S[ts(ar),ts(az)] N H(ay — q) = 0 in the event A;, we see that

St1,k1] € H(ay —q,a1 + q].
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Consequently, it follows that

61 = 50 [05 81] ® LE (S [tla tS(GQ)])
= 50[0, Sl] D LE(S[tl, kl]) D LE(S [kl, ts(ag)])
C & ULE(S[t1, k1]) U
C&U (G NH (a1 —q,a1 +q]) U (4.13)
We next deal with the case of general i’'s. On the event F; N G;, let
si=1inf {k > 0| &_1(k) € S[ts(a:), ts(ais1)]}
and
t; = sup {k S [ts(ai),tg(aiﬂ)] ’ S(k) = gi_l(Si)}.
A similar argument as above shows that on the event F; N G; we have
& = &-1[0, 5] @ LE(S[ty, ki] ) © LE(S [ki, ts(ais1)]),
A= LE(S[ts(ai), kz]) D LE(S[]C“ ts(ai+1)]) and S[ti, kz] C ];I[ClZ —q,a; + q], (4.14)

where k; is a nice cut time such that S(k;) € Q.

Now we are ready to show (4.12) by induction. When ¢ = 1, the inequality (4.12)
immediately follows from (4.13). Suppose that the inequality (4.12) holds for : — 1 and
that the event F; N G; occurs. Using this assumption and (4.14), we see that

& C&G1U(&NH(ai —q,a: 4+ q]) U,
hence,

len(&;) <len(&—1) +

& N H(a; — g,a; + q | + len(X)

i—1
<len(&) + Z {len()\l) +
=1

§i71ﬁH(al—q7al+q]’}+

&N H(ai —q,a; + q]‘ + len(A;).

(4.15)

However, we claim that foreach 1 <[ <i-—1,

fi—lﬂH(al*q,al+Q]‘:

&N H (@ — q,a0+q]. (4.16)

The reason is that by the fourth condition of A;, we see that S|[t;, ts(a;+1)] N H (a; — q,a; +
q} =@ forl1<!l<i—1 (notethata; 1 + ¢ < a; — q since mg > 10). Using (4.16) and the
first equation in (4.14), we have that
&GNH(a—qa+q] =&-100,s] NVH(a; — g, a1+ ql. (4.17)
On the other hand, since &;_1(s;) = S(t;) € H(ai —q, ai], we claim that
&i—1[silen(&1)] C Ha; — 2q, a;). (4.18)

We will prove (4.18) by contradiction. Suppose that (4.18) does not hold. This implies
that &, hits H(a; — 2q) # 0 after time s;. However, because &_1(s;) € H[a; — q,a;],
we conclude that S[ts(a; — ¢),ts(a;)] N H(a; — 2q) # (. But this contradicts the last
condition of the event A;_;. So (4.18) must hold. It follows from mg > 10 again that
Hla; —2q,a;) NH[a; — q,a; +q] =0 forall 1 <[ <i— 1. Consequently, we have

&G NH[a —q a0+ q] = &-1[0, 8] N H [a; — q, a1 + q]

foreach 1 <! < i—1. Combining this with (4.17), we get (4.16). Then the inequality (4.12)
for ¢ follows from (4.15) and (4.16). O
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We will next deal with the length of each \; defined as in (4.11). For C > 1, define
the event D;(C) by

Do = Dy(C) = {len(&) < C27°m2°"} and D; = D;(C) = {len();) < C27Fm2°"}
(4.19)
for ¢ > 1, where & is as defined in (4.11). We also recall that G(a) is defined as in (4.3).
The next lemma gives a lower bound on the probability of A; N B; N D;(C) choosing C'
sufficiently large, where the event A; and B; are given as in (4.7) and (4.9).

Lemma 4.4. There exist universal constants 0 < ¢, C, < oo such that

P(Ao n Do(C*)) Z Cx and Il’él(n )PJc (Az N B,L n DZ(C*)) Z C*Q_m’(’ Vi Z 1. (420)
rxeG(a;

Note that if we assume S(0) = z € G(a;), we must have tg(a;) = 0.

Before giving the proof of this lemma, we make a quick detour to recall a result of
Lawler on the existence of local cut points of 3D SRW.

Definition 4.5. We say £ is a local nice cut time or S has a local nice cut point in Q7" if
the following four conditions (i’) - (iv’) are fulfilled:

(@) ts(ar + ) <k <ts(ai +q),
(i) S[ts(ar),k] NS[k+1,ts(a1 +2¢)] =0 and S[ts(a1),k] N H(ay —q) =0,
(iii") S(k) € H[a1 + %,a1 +q],

(iv") S|k, ts(ar + 2q)] N H(ay) = 0 and S[ts(a1), ts(ar + 2q)] B(S(ts(al)),4q).

Compare this with a nice cut time as defined in Definition 4.2. The difference between
them comes from the second and fourth conditions. We write

B} := {S has a local nice cut point in Q7" }.

Note that if S has a local cut point in Q7" and S[ts(a1 + 2¢),ts(az)] is contained in
H(a; + g,as9), then S has a nice cut point in Q7*.

By adapting the argument of [10, Corollary 5.2], in which an essentially similar result
is proved, it is possible to check that the probability S has a local nice cut point in Q7" is
uniformly bounded from below. More precisely,

P*(B}) > ¢4 uniformly in z € G(ay), (4.21)
for some universal constant 0 < ¢ < 0.

Proof. The first assertion of (4.20) is proved as follows. It follows from easy estimates on
harmonic measures (to do this, one can for example further require that S(ts(a; —q)) €
G(ay — ¢) and then apply strong Markov property) that P(Ap) > ¢/ > 0. Moreover, we
already know (see [21, Theorem 8.4] and [16, Corollary 1.3]) that F(len(&)) = 27/m26n,
Thus, taking C, sufficiently large and using Markov’s inequality, we have P [(DO(C*))C] <
%/. This implies the first assertion of (4.20) with ¢, = %/

We will next consider the second assertion of (4.20). Thanks to translation invariance,
it suffices to consider the case that ¢ = 1 for the second assertion of (4.20). Take
x € G(a1). We first estimate the probability of A;. Using the gambler’s ruin estimate
(see (2.6) for this), it holds that

1270 < P*(A;) < ¢227™°  uniformly in 2 € G(a1),
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for some universal constants 0 < ¢;, ca < co. Thus, in order to prove the second assertion
of (4.20), it suffices to show that

P*(BiNDy(C) | A1) > ¢ uniformly in z € G(ay), (4.22)

for some universal constants 0 < ¢, C < oco.

However, using the strong Markov property at time ts(a; + 2¢), the gambler’s ruin
estimate (see (2.6) for this), properties of local nice cut time and cut points (see Defini-
tion 4.5), and (4.21), it follows that

P¥(A1NBy) > P* (Al, By, S[ts(a1 +2q),ts(az)] C H(ay +q, ag])

> P*(B, pe (ts(az) < o0, S(ts(az)) € Glaz),

min
z€H (a1+2q)NB(x,4q)
S[0,ts(a2)] C H(ar + q,az], S[ts(az —q),ts(az2)] C Hlaz — 21]7(12])

> c3PP(Ay) uniformly in x € G(ay),

for some universal constant 0 < c3 < co. Here we used the gambler’s ruin estimate in
the last inequality above to show that

P=(S[0,ts(a2)] © H(ar + g, az]) = 2
uniformly in z € H(a; + 2q) N B(x,4q) and z € G(ay). Thus, we have
P*(By | A1) > c3

uniformly in z € G(a1).
The proof of the lemma is completed once we show that choosing the constant C; < oo
appropriately,
Pgﬂ((Dl(Cl))c | 41) < %3 uniformly in x € G(ay). (4.23)

To prove this, we consider a conditioned random walk Y in 27”73 on the event A, which
starts from x € G(a;). We denote its law and respective expectation by P* and E”
respectively. Let . = LE(Y [0, ¢y (a2)]). We will give an upper bound on E*(len(:)). To do
it, let (recall the definition of ¢ in (4.6))

dy = |z —y| Adist(y,0H[a1 — q,a2]) for y € Hlay — q, as).
Then Proposition 2.2 ensures that
P*(y € 1) < CGHlay—qyas) (2, y;Y)Es(2"dy) for y € Hlay — q,az],
where

ty(ag)
GH[alfq,aQ] (JU’Z%Y) = ET( Z 1{y € Y(])})

7=0
stands for the Green’s function of Y in H[a; —q, as] and Es(-) is as defined in Section 2.5.4.
Note that by (2.19) we have Es(r) < r~(2=6) Thus, we need to give a bound on the
Green’s function of Y. To do it, we set H* := {(a,y% y%) € H(a) | (|y?| —27™) (|y®| —
27™) = 0} for the union of four edges of the square H(a), and let

1, = dist(y, HY) (4.24)

for y = (y*,y?%,4%) € Hla; — q,as]. We first consider the following two cases for the
location of y.
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eCase 1:a; <y' <a; +2™and0< ], <27™73,
In this case, using (2.3), (2.4) and the gambler’s ruin estimate (see (2.6) for this) we
have

Giifor—qa (7,9 Y) < C22m27"1, and Es(2"d,) = Es(2"1,) < C(2"1,)” ¢™7.

eCase2:a; <y'<a;+2™and2 "3 < ly, <27,
In this case, using (2.3), (2.4) and the gambler’s ruin estimate again we have

Chlar—gan (1,3:Y) < C(y' +27™—1,)27" and Es(2"d,) < C{(y'+27"—1,)2"} 7.
Combining these estimates, it holds that
Z Py € 1) < C27Pmobn,
yeH [a1,a1+2-m]
A similar estimate shows that
> Plyey <22 and > P(y €.) < C27Pmabn,
ver [or—g.an] yer [art2-m as)
Thus, we conclude that
E”(len(1)) < C277™20" uniformly in x € G(a1)

for some universal constant C' < co. The inequality (4.23) then follows from Markov’s
inequality. This finishes the proof of the lemma. O

Recall that T, := T? = inf{j > 0| |S(j)| > r} stands for the first exit time from B(r).
Write

Y = LE(S[0, Tig.pmg 2] ). (4.25)

Note that H [ag, azm,| C B(10 - mg2~™) by our construction. Take w = (w',w? w?) €
B(10 - mg2~™). We write

Hw = {y = (ylny,yS) ’ |y1 - wl‘ < q, |y] - wjl < 2= fij = 273} (426)
for a “thin” cuboid centered at w, and set
Nw = ‘Hw m’yn,m’v

where we recall that |A| stands for the cardinality of A N27"Z3. The next lemma gives
an upper bound on N,, uniformly in w € B(10m - 2~™) with dist(0, H,,) > 27"~
Lemma 4.6. There exist universal constants 0 < ¢,C' < oo such that

P(N, >279m2fn) < Cexp { — c2F=Hmo} (4.27)
uniformly inw € B(10 - mo2~™) with dist (0, H,,) > 271,

Proof. Take w € B(lOmo . 2"") with dist(0, H,,) > 27™~!. For simplicity, we write
B := B(40 - my2~™) throughout the proof of the lemma. We apply Proposition 2.1 to
show that for x € H,,

P(x € Yn.m) < CGg(0,z; S) Es(2"|z|),

where G 4(z,w;S) stands for the Green’s function of S in A and Es() is as defined
in Section 2.5.4. Since 27"~ ! < |z| < 20 - mp2~™, we can use (2.4) to obtain that
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Gp(0,2;8) < C(2"|z|)~! < C2™2~™. Furthermore, using Es(r) < r~ (2~ (see (2.19) for

this), it follows that the probability of  lying on v,, ,, is bounded above by C(2”2*m) I

Note that |H,,| < C27m0273m23n Thus, we have

E(Ny)= > P(z € ynm)
x€EH,,

< 27027 Fm2P" yniformly in w € B(10 - mg 2~™) with dist (0, H,,) > 27",

for some universal constant C' € (0, c0).
We also need a similar bound on E(NVy). To make it, we consider a collection of cubes
{D; };7:0 of side length 2¢ for which the following conditions are satisfied.

. Dj:{gceIR?’!||x—xj||oogq}forogjgrandxozo.
o o —xjllee > B if i £ 5.

S\ 2
* HoC Uy Djandr = <2T) = 22mo,

Using Proposition 2.1 again, we have that

q2"
E(|DO mn}m|) =Y Pa€vum) <C Y Gp0,2;5)Es(2"|z]) = 31710 = (27,
x€Dg x€Dg =1

where we used the fact that Es(r) < r—(2-5) (see (2.19) for this) in the third equation.
Take j # 0. Note that ||z;|lcc > %. Thus, we can choose an integer k& > 1 such that
kq < ||zj|ls < (k4 1)g. It then follows that

E(|Dj N %,m|) =Y Ple€yum) <C Y Gp(0,2:$)Es(2"|z]) = k345 (q2")7,

z€D; z€D;

where we used the fact that G(0,z; S)Es(2"|z|) < (kg2")~3*# for € D; in the last
equation. Since the number of j € {0,1,---,r} satisfying kg < ||z;]|oc < (kK + 1)g is
comparable to k£, we conclude that

20

B(No) <37 B(|D;0nm|) < Ca2")+C Y k™0 (2")7 < c27mo2~m9Pn, (4.28)
j:() k=1

Take an integer ¥ > 2. We will next give an upper bound on E(N?) for w € B(lOmo .
2*’”) with dist(0, H,,) > 2~™~1. We use Proposition 2.1 (see also the sixth line of the
proof of [21, Theorem 8.4]) to show that

9
E(N:Z) S Cﬂﬁ' Z Z s Z HGB(Zifl, 235 S)ES(Qndl)
21€Hw 220€Hy, z9€H, i=1
for some universal constant C' € (0, o), where we set zp = 0 and define d; by
di:\zi—zi_l\/\|zi—zi+1| for 1§Z§19—1 and dﬂ:|219—219_1|.

Write

9
L19: Z Z Z HGB(ZZ_l,ZZ,S)ES(Qndz)

z1€Hy 22€Hy zy€Hy 1=1

We will first deal with the terms containing zy. Since

ES(2"d19,1) < ES(27L|219,1 — 2’19,2|) + ES(2”‘279,1 — 219|),
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we can decompose Ly as follows.

9—2

Lo= > > - > JIGszi1,2:9Es(2"d) - Gpl(29-2,29-1;5)
21€Hy z2€H,, z9_1E€EH, =1

X Y Gp(zg-1,29;5)Es(2"dy)Es(2"dy_1)
29 € Hy

9—2

< Z Z Z H GB(zi—1,2;S)Es(2"d;) - Gp(z9—2, 29-1; )
21€Hy 22€Hy, z9_1€EH,, i=1

X Z GB(Zﬁ_l, 29} S)ES(Qndﬁ){ES(2n|Zﬂ_1 — 2’19_2‘) + ES(2n|219_1 — 219‘)}
29 € Hy

9—2

= Z Z Z HGB(zi—l’Zi;S)ES(Qndi)'GB(Zﬂ—%Zﬂ—l;S)

21€Hy 220€H,, z9—1€H, i=1

x Bs(2"|z9-1 — z9—2]) Z Gp(z9—1,29;5)Es(2"dy)
z9EHy
v—2

£33 o Y TIGsior 5 B2 d:) - Grlz-2,20-1:5)

21€EH,, z0€H,, z9y—1€H,, i=1

x> Gpl(zo-1,29;5)Es(2"dy)* =: Ly + Ly ». (4.29)

29 €EHy

For each z = (2!, 22, 2%), we write

H; = {y - (y17y2ay3) | ‘yl 7w1| S QQ7 ‘yj 7wj‘ S 27m+1 fOI'j = 2>3}7

which is an enlargement of H., see (4.26). Notice that if zy_, € H, then H,, C H, .
Thus, by the translation invariance, a similar calculation as in (4.28) shows that

> Gp(zo-1,20;9)Es(2"dy) < Y Gpl(2o-1,29: S)Es(2"dy)

z9€EHy, ZﬂEH;ﬂ—l
= Y Gp(0,2 5)Es(2"|z]) < C27mog~Fmafn,
z€H|

This implies that Ly ; defined as in (4.29) is bounded above by

Cmmomfmpn Ny (4.30)

z1€EH,, zy_1€Hy,

9—2
H GB(zi—1,2i;S)Es(2"d;) Gp(z9—2, 29—1; S)Es(2" |z9—1 — 29—2])-
i=1
(4.31)
We will consider Ly 5. For each zy_; € H,, we have
> Gp(z9-1,20;8)Es(2"dy)> < Y Gplzg—1,20;5)Es(2"dy)>.
29€Hy zg€HL,
EJP 27 (2022), paper 144. https://www.imstat.org/ejp
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Using the translation invariance again, a similar argument used in (4.28) gives that

> Gplzo-1,20:S)Es(2"dy)? = Y Gp(0,2; S)Es(2"|2])?

z9€H. | z€H|

< > Gp(0,25)Es(2"]z])* + > Gp(0,2; S)Es(2"|2])?
llzlloe <2¢ z€H}, ||zl >2q
q2" 2m0
SO IR C(g2m) TRy TR (4.32)
=1 k=1

Since 3 > 1, we see that the first term of (4.32) is bounded above by C(g2")~2+2%. We
need to be careful with the second term of (4.32) since we cannot exclude the case
that —4 + 28 = —1 (which is the case that 8 = 3/2). If —4 4+ 28 > —1 the sum in the
second term of (4.32) is smaller than C(2™0)~3%28, while it is bounded above by Cmy if
—4 + 28 < —1. Thus, we have

(4.32) < Cmo(q2")_2+2ﬂ + C(QQn)—2+2B(2mo)—3+2ﬁ+E_
We note that (¢2")~%+2% is bounded above by
027 2(B=Dmog=Bmghnpgono=m) < 2 2(B=Dmog=BmoBnEg (9 |2y | — z9_5])

whenever zy_o,29_1 € H, since |z9_1 — 2z9_2| < 27™T3. Furthermore, the quantity
(q27)~2+28(2m0)=3+26 ig ]ess than

C(2mo)=3+289=2(B=Vmog—fmofingg(gno=m) < 2 =m02=AMmIBNES (2" 2y | — 29_o|)
uniformly in zy_o, 291 € H,. Combined with (4.30),This implies that

Ly=Lgy+Lyy < C2 (F-mog=fmafn R~ R= .. N~

z1€Hy 220€Hy, zyg_1€H
-2
H GB(zi—1,2;5)Es(2"d;) Gp(z9—2, 29—1; S)Es(2"|29—1 — z9—2]),

i=1

where we used the fact that m2~2(9=Dmo -2=m0 < 02 (8=Dmo since B € (1, 3]. Iterating
this ¢ — 1 times, it follows that

E(NY) < ¢P91{2- (3= mog—fmapn1?

which implies that

cNy,
B {eXp { 9—(B—TD)mog—Bmopn H <C

uniformly in w € B(10 - mo2~™) with dist (0, H,,) > 2~™"*, for some universal constant

0 < ¢,C < oo. By Markov’s inequality, this implies (4.27). O
Set .
Ji =[] Dr(C.) (4.33)
k=0

where the event D (C) and the constant C, are as defined in (4.19) and (4.20) respec-
tively. We also define fori > 1

w; = (a;,0,0) = (27™(2i — 1),0,0), L; = {\le n&|<27Pm2% foralll <1< %}
and Uy, = {S(T4O.m0 Qfm) € {(yl,yQ,y?’) eR? | yt > 8myg - 2_’”},
S[ts(a2mo+1)7T40‘mo 2_’"] N B(a%mo) = @}, (434)
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see (4.26) and (4.11) for H, and ¢; (we recall that |A| stands for the cardinality of
AN27nZ3).
We write
A™ = FQmO n GQmO N JQmU N UQmO N LQmO (4.35)

for the intersection of all events which have been defined. Here we recall that F;, G;, J;,
Uom, and L; are as defined in (4.8), (4.10), (4.33) and (4.34) respectively.
The next proposition then gives a lower bound of the probability of this event A™.

Proposition 4.7. There exists a universal constant ¢ > 0 such that
P(Am) > (273m4, (4.36)

where A™ is defined as in (4.35).

Proof. Note that by the strong Markov property and (2.3), there exists a universal
constant ¢ > 0 such that

P(U27rbo ’ F2mo N GQmo N J27n0) Z C. (437)
Furthermore, using (4.20) and the strong Markov property again, it holds that
P(Famy N Gamg N Jamg) = 2702720 > 2755,

where if necessary we change myg so that the last inequality above holds. Combining this
with (4.37), we have

P(Faomy N Gomy N Jamg N Uz ) > 27370, (4.38)
Suppose that the event Fyp,, N Gamg N Jam, N Uam, Occurs. Since
S[ts(azmo+1)s Tao-my 2-m | does not hit B(a%,mo)
and &, has no big backtracking in the sense that
Eamo [team, (a%mO) ,len (&2, )] does not hit B(amg+1),

we see that

€2mo [0, tearny (@3.mo )] = nm [0, 8y, 1 (050, )]
and thus H,, N &y = Hy, Nyn,m forall 1 <1 <my. (4.39)

Therefore, if the event Ls,,, does not occur, there exists 1 <[ < mg such that |le ﬁyn,m|
is bounded below by 272", Since w; € B(10 - m2~™) and dist(0, H,,) > 271, we
may use (4.27) to show that

P<F2’m0 N GQ’mo N J2m0 N UQmO N (LZTVLO)C)
< P(1<31<mo st [Hy, 0| = 277727
< Cmy exp{ — 02(671)7”“}.

Combining this with (4.38) (and the fact that 8 > 1), we conclude that

P(FQmO A Gamg N Jomg N Uy N LQmO) > 2= 3mi, (4.40)
which finishes the proof. O
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We will extract a necessary property of v, ., from the event A™ in the next lemma.

Lemma 4.8. On the event A™ defined as in (4.35), it holds that

t’Yn,m (amo) < émo 2*:3771 26” and

Yo (b (m) )| 2 027, (4.41)

for some universal constant C < oo. Here recall that Yn,m and ty(a) were given as
in (4.25) and (4.5).

Proof. It is routine to show that on the event A™ the following six assertions hold:

(1) Eamy [0, tesny (@3.0m0)] = Y [0, 8y, (03.00,)] DY (4.39).

(2) §m0 [07 tEmO (amg+1 - Q)] = §2m0 [07 tfzmo (a’ngrl - Q)] SlnCe S[tS (am0+1)7 tS (a2m0)]
does not hit H(am,+1 — ¢) by the event F,,, .

(B) Hy, N &amy = Hy, N &m, forall 1 < < mp thanks to (2) and the fact that
S[ts(amg+1 — q), ts(azm,)] does not hit H,,, .

@) len(Em,) < len(€o) + 0 {len()\l) n ‘le N Eomg
le :H[al 7Qaal+q])~

(5) len(&) < C,278m267 and len();) < C.27°m2°" for all 1 < i < 2mg by (4.19)
and (4.33).

(6) ‘le N §2m0‘ < 27Pm2hn forall 1 < I < my by the event Ly, .

} by (4.12) and (3) (notice that

Combining these facts, it holds that

b (Amg) = teany (Amg) = e, (amp) < len(€my) < Cmg 277m 257 (4.42)

on the event A™. Note that by definition |7, ., (t%)m (am0)> ’ > my2~ ™. So the proof is
completed. O

Finally, we reach our goal of this subsection in the next proposition. Write
N (t) = Yo,m (2°7t)  for 0 <t < 27" len(vy,m) (4.43)
for the time-rescaled version of v, ,, (recall that -, ., is defined as in (4.25))

Proposition 4.9. There exist a universal constant ¢ > 0 a such that on the event A™
defined as in (4.35)

n,m — Mn,m(t -5
sup [n,m (5) . ®)] >emi 7, (4.44)
0<s<t<ty, m |s —t|?
where 0, ., is defined as in (4.43).
Proof. By (4.42),
n,m — Nn,m (T Tnm (tfyn’m (am )> —
wp () = @] UL s ey ? (4.45)
0<s<t< —t|B N
<5<t |s — ¢ {2*5” t%’m(amo)}

on the event A™. Here we considered the case that s =0 and ¢t = 277" ¢, (as,) in the
first inequality of (4.45). O
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4.2 The iteration argument

In the previous subsection, we have shown that LERW is not 1/4-Hoélder continuous
under the event A™ defined in (4.35) which occurs with probability bounded from below
by a constant. We want to boost this result by finding an event A’ where we have a
good control of modulus of continuity as in (4.44) but with probability close 1. For that
purpose, we will make use of iteration arguments in a multi-scale analysis similar to
those in [3, Proposition 6.6] and [21, Proposition 8.11].

We start with our setup. Recall the definition of m and mg from (4.1). Note that we
have assumed 27" is smaller than exp { — gm!™ ).

Figure 5: Setup in Definition 4.10.

Definition 4.10. Take an integer M > 0 and write B = {z € R? | ||z||c < M -27™} for
the cube of side length M - 27! centered at the origin. We assume that B C % -D.

Consider a simple path A C 27"Z3 such that A\(0) = 0, A[0,len(\) — 1] C B and
A(len(X)) € 9B. Set z = A(len())). By symmetry, without loss of generality, we may
assume that z lies in the right face of B. We write ¢ for the half line starting from z
with £ N B = {z} which is perpendicular to a face of B containing the point z (by our
assumption, ¢ is parallel to z-axis). Set w € { for the point in the half line such that
|z — w| = 100mg - 27™. Let

Q = w+ H[ag, agm,) (4.46)

be a translated version of the tube H [ao, agmo] (recall that H]a,b] and a; are defined as
in Definition 4.1 and (4.4)). See Figure 5 for the setting.

Finally, we write X for the random walk in 27 "Z? started at z which is conditioned
that X[1,7*] N A = 0, where T¥ := T} stands for the first time that X exits from D.

Recall that ~,, is defined as in (2.10). We remark that by the domain Markov property
(see Section 2.5.2 for this), conditioned on the event 7,[0,U] = A, the conditional
distribution of ~,[U,len(y,)] the remaining part of v, is given by the loop-erasure of
X[0,7%]. Here U := 75" is the first time that v, exits from B.

We will prove that modulus of continuity of LE(X[0,7*]) restricted in @ satisfies

a similar inequality as described in (4.44) with probability at least 02*4’”3, where the
constant ¢ > 0 is universal which does not depend on M and . This uniform estimate
enables us to proceed the iteration argument.
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To be more precise, we make the following definitions

erg=inf {j > 0| [ X(j) = 2[lec > (100mg — 1) -27™}.
ey =inf{j >0 | X(j) € w+ H(a1)} (see Definition 4.1 and (4.4) for H(a) and a,);
Ty :inf{j >0 ‘ X(@5) Ew—i—H(angH)};
ey =inf{j > | X(j) ¢ B(X(r1),40mq-27")};
e call k € [r1,73] a good cut time for X if

() X[, kN X[k +1,713] =0,

- (il) X[, k] Cw+ H[0,a2 +q], X(k) € w+ Hlaz + ¢/2, a2 + q]

and X[k, 2] Cw+ H[GQ,GQWLO_A,_l],

— (i) X |72, 7] N B(z, 103mg - 2—’”) — 0,

- (¥) X(r3) € B(w,4lmo - 27") 1 (2 + {(v", 4%, ") € R | 4 = 138mo - 27"} );
(4.47)
and call X (k) a good cut point;
¢ if X has a good cut time in |7, 73] let k, be the smallest good cut time and set
§ =LE(X[k.,73]) and Uy =inf{j >0|&(j) € w+ H(am,)}, (4.48)

and then define the events V; as follows:
m:{x@ﬁew+m%%muumm¢@ngWﬂ
(G(a) and ¢ are defined in (4.3) and Definition 4.10 resp.);
Vo = {X[To,Tﬂ Cw+ H[ao - Z_m,al], X(m) ew+ G(al)};
V3 = {X has a good cut time in |7y, 73]}; (4.49)
Vi= {Ul < ém02’5m25"} (the constant C is defined as in Lemma 4.8);
Vi = {X[Tg,TX] N B(z,110mq - 2—m) =0}

See Figures 6 and 7 for sketches of the event V;, : = 1,2,3. (All constants above are
chosen so that Lemma 4.11 and Proposition 4.12 below hold.)
Write
k= LE(X[0, T*])

for the loop-erasure of X [0, 7°%].
The next lemma shows that on the event

Vi=VinVen---NVs, (4.50)

we can control the modulus of continuity of the loop-erasure of «.
Let
nx(t) = LEx(2°"t) 0 <t <27P".len(k)

be the time rescaled version of k. Write
UX =inf {t >0 |nx(t) — X(0)] > 150mq - 27" }.

Lemma 4.11. On the event V, one has

Inx(s) —nx(t)] 1-4
sup T > Cy My, B,
0<s<t<UX |s —t|?
for some universal constant ¢, > 0.
EJP 27 (2022), paper 144. https://www.imstat.org/ejp
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(100mg — 1) - 27

X[07 7—0]

Figure 6: Illustration for the event V7. X (79) is located at the left face of ). The height
of the long (left) tube is 2mg - 27™.

Y

/

X () Y X

27m+1

Figure 7: Illustration for the events V5 and V3. X (k.) is a good cut point.

Proof. On the event V, it is easy to check that X[0, k. N X[k, + 1,7%] = () where
k. € [r1, 73] is the smallest good cut time. (All constants used in the definition of V; are
chosen to force k. to become a global cut time.) Decomposing the path X [0, 7%] at the
cut point X (k.), we see that x = LE(X|[0, k,]) ® LE(X [k, TX]). Letting

s1=min{j > 0| &(j) € X[rs, T*]} and sy =max {75 <j <T¥ | X(j) = &(s1)},
(recall that £ is defined as in (4.48)) it holds that
LE (X [k, T™]) = €[0, 1] & LE(X[s2, T¥]).

Write
U® =inf {j > 0| |k(j) — 2| > 150mq - 27},

We will prove that on the event V'

¢0,Uh] C k[0, U"). (4.51)
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To prove this, since X [k, 7] C w+H [a2, azmy+1] and X [r2, 73] N B(z,103mg-27™) =0
by (ii) and (iii) of (4.47), we see that £[0, U] C X[k, 2] C w+H[a2, a2m0+1]. In particular,
£[0,Uh] N X [r3,TX] = 0 because X[r3,T~] does not return to B(z,110mg - 27™) by the
event Vs and B(z, 110mg-2=™)N <w+H [az, a2m0+1]> = () by our construction. This implies
that U; < s; and £[0,U;] C k. However, since our construction ensures that X[0, 3] C
B(z,145mg - 27™), it follows that LE(X |0, k.]) @ £[0,s1] € X[0,73] C B(z,145mg - 27™),
and thus

len(LE (X[O,k*])) + s < U".

This gives £[0, s1] C k[0, U”]. Combining this with the fact that U; < s;, we get (4.51).

The event V; (see (4.49)) guarantees that U; < Cmy2~#™25", while 1€(0) — £(UY)| =
| X (k) —&(UL)| > (2mo—1)-27™ =5-27™ > m2~"™ by the condition (ii) of (4.47) for the
location of X (k,) and our choice of U; as in (4.48) (we also used the fact that my > 10 in
the last inequality, see (4.1) for this). Therefore, writing

nx(t) = k(2°"t) 0 <t <27 "len(k) (4.52)
for the time-rescaled version of x = LE(X[0,7%]) and letting
UX =inf {t >0 | [nx(t) — 2| > 150mq - 27 ™} = 27°"U",

we have that

[nx(s) = nx (t)] > ’5(0) _ g(Ul)’ > c, mé_% on the event V, (4.53)

sup T > 5
0<s<t<UX |s —t|? {Q—ﬂnUl} B

where the constant ¢, is defined by
¢, =07, (4.54)
This finishes the proof. O
Now the remaining task is therefore to give a lower bound on P(V).
Proposition 4.12. There exists a universal constant ¢ > 0 such that
P(V) > c274ms. (4.55)
Proof. We first note that

14 is measurable with respect to X [0, 7o);

V4 is measurable with respect to X[y, 71];

* V3 and Vj are measurable with respect to X |7y, 73);
* V5 is measurable with respect to X [r3, T¥].

With this in mind, we will give a lower bound on P(V) by making use of the strong
Markov property as follows.
Using the strong Markov property at 73, we have

P(Vs | VinVaNVaN V) > min P (X[0,7%]0 B(2110m - 27") =0),  (4.56)

where D' = B(w,41lmg - 27™) N (z +{W" %) € R |yt > 138my - 2—M}), see (iv)
of (4.47) for the location of X (73). The right-hand side of (4.56) is bounded below by a
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universal constant ¢ > 0, as can be checked similarly to the inequality described in line
—8, page 763 of [21] for this. Thus, we have

P(V) > cP(VinVan V5N V). (4.57)

We will next deal with the conditional probability of V3 NV, on the event V; N V5. We
note that, by the Harnack principle (see (2.5) for this), it holds that if # is a finite path in
27773 satisfying that « = 0(0) € w + G(a1) and 0[0, len(d)] C B(x,40mg - 2~™) then

cP%(S[0,05] = 0) < P%(X[0,73] = 0) < ¢ ' PE(5[0,05] = 0) (4.58)

for some universal constant ¢ > 0, where P{ stands for the probability law of the
random walk R with R(0) = x and o3 := Tgﬁ 40mg.2—m Stands for the first time that S
exits from B(z,40mg - 27™). Note that if 2 € w + G(a;) and X (0) = z then 7; = 0 and
X[O,Tg] = X[Tl,Tg].
With (4.58) in mind, we can use Proposition 4.7 to prove that
P(VsNVy |VinVe) > min  P*(VzNVy) > 27370, (4.59)
zew+G(a1)

where we applied Proposition 4.7 to X [0, 73] = X[y, 73] with X(0) = 2 € w + G(aq) in the
following way. Combining (4.58), Proposition 4.7 and the translation invariance for S, if
x € w+ G(ay), we have

PL(V3NVy) > cPYA™) > c273m8,

where the event A™ is as defined in (4.35). This gives (4.59) since the first inequality
of (4.59) follows from the strong Markov property. From this and (4.57), we have

P(V) > 273 P(Vi N VA). (4.60)
Proving
P(Vo | V1) > min P%(V2) >c¢ (4.61)
zew+G(ar)

is easy. In fact, the first inequality of (4.61) follows from the strong Markov property,
while the second inequality is obtained by comparing X and S through the Harnack
principle as in (4.58). From this and (4.60), the proof of the proposition is completed if
we show that

P(V}) > emg 2. (4.62)

We cannot use a similar application of the Harnack principle as in (4.58) to compare
X and S when X is close to z = X (0). However, [19, Claim 3.4] guarantees that
P(x (X

z,2mg-2—™

Jew)=c (4.63)

where we recall that ijr stands for the first time that X exits from B(z,r), and we define
W as follows.
W = B(z,2mo - 27™) N B(zx ? : 2""), 2 =z + (2mg-27™,0,0).
Note that 2’ lies on the half line ¢ satisfying |z — 2’| = 2mg - 27™.
Once the event of (4.63) occurs, X[TX + -] then has a reasonable distance

z,2mg-2—™

from the box B and we can make use of the Harnack principle as in (4.58) to show that

min P*(V;) > cmEQ. (4.64)
zeW
Here we used the fact that
P(S(rqm) € F(9)) = cé?, (4.65)
in (4.64) where
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* 74 stands for the first time that S exits from A,
* Q(r) = [-r,r]? is the cube of side length 2r centered at the origin,
* y=(r,0,0), e (0,1) and F(e) = Q(r) N B(y, er).

Combining (4.63) and (4.64), we get (4.62) and finish the proof. O

Finally, as discussed at the beginning of this subsection, we now use an iteration
argument similar to those as in [3, Proposition 6.6] and [21, Proposition 8.11] to show
that ¢ is not 1/3-Holder continuous in the next proposition, which constitutes the second
half of Theorem 1.1. Recall the definition of n in Section 2.5.5.

Proposition 4.13. Almost surely, 7 is not 1/8-Hélder continuous. Namely, with proba-
bility one we have
—n(t
N ORYI0]

0<s<t<t, \3 — t|%

= 00. (4.66)

Note that the event as described in (4.66) is measurable in the Borel c-algebra
generated by the metric p.
We introduce some notation before giving the proof. Set

my =m2, (4.67)
which is an integer by our assumption. Define
M;=12"" [=1,2,---,q, where ¢, = sup{q € Z"|M, < 2/3}.
Note that ¢; =< 2™!. Using this, we define a sequence of cubes { B! i, by
B' = {2 € B | ] < My}

Since

Nf=

dist(0B',0B'"1) =27™ =27 > 200mg - 27", (4.68)

there is enough space in each B'*!\ B! to insert a translation of @ as in (4.46) in the
annulus. See Figure 3 for illustration. Let

vy = T;;L = lnf{] Z 0 ‘ PY’I’L(J) € aBl}

be the first time that v, = LE(S™[0,7(™)]) exits from B'. Recall that 7, (t) = v, (2°"t)
stands for the time-rescaled version of v,,. We set

v] = inf{t > 0| n,(t) € 9B'} =27 v and wy = inf {t > v} | |1, (£) =0 (v])] > 150me-2"™}.
Note that v; < w; < v;_; thanks to (4.68).

Proof. Define the event W' by

— _1
Wl — { Sup ‘nrb(s) 77n(t)| < Cy mé B }7 (469)

v} <s<t<w |S —t|%*

where c, is the constant as in Lemma 4.11. Applying Lemma 4.11 and Proposition 4.12 to
the case that A = v,[0, v;] and using the domain Markov property, it follows from (4.55)
that there exists some universal constant ¢ > 0 such that

P(Wl ‘ Mn [0,1}1’]) <1-— ¢2~4m§
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for each 1 <1 < ¢;. Iterating this and recalling that ¢; < 2™ = 2™
have

q1— q1—

) (‘A w) < (1) o) )

=1 =1 =1

P( h Wl) - P(W‘h

1
om?2 L1
§o~§{1702*4mg}c SCexp{fc’Tmz},

where we used the fact that the event ﬂf;l W' is measurable with respect to 7, [0, v}, ]
in the second inequality thanks to wg, 1 < vy, . Therefore, if we write

a(8) = Mt 1
Am,n = { sup M > Cy m[l) P }, (4.70)
0<s<t<ty, |s — t|§
it holds that .
P(Am,n> 2 1- CeXp{ - C/ 2c'7n§ } (471)

Since n,, converges to n with respect to the metric p (see Section 2.4 for p), it follows
from (4.71) that

— n(t _1 ;L
Pl swp In(s) nl()l > Sl B] Zl_cexp{_wcmz}.
0<s<t<t, |s—t|7 2

Using the Borel-Cantelli lemma, it holds that with probability one there exists m’ such

that
—n(t
wp 1) =00 e
0<s<t<t, |[s—t|? 2

11
0~ 18 forall m>m'.

Since S € (1, g] letting m — oo, the proof is completed. O
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