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On non-extinction in a Fleming-Viot-type particle
model with Bessel drift
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Abstract

Motivated by the work [6] of Mariusz Bieniek, Krzysztof Burdzy and Soumik Pal we
study a Fleming-Viot-type particle system consisting of independently moving particles
each driven by generalized Bessel processes on the positive real line. Upon hitting the
boundary {0} this particle is killed and an uniformly chosen different one branches
into two particles. Using the symmetry of the model and the self similarity property
of Bessel processes, we obtain a criterion to decide whether the particles converge
to the origin at a finite time. This addresses open problem 1.4 in [6]. Specifically,
inspired by [6, Open Problem 1.5], we investigate the case of three moving particles
and refine the general result of [6, Theorem 1.1(ii)] extending the regime of drift
parameters, where convergence does not occur - even to values, where it does occur
when considering the case of only two particles.

Keywords: Fleming-Viot particle system; extinction.
MSC2020 subject classifications: 60G17.
Submitted to EJP on October 22, 2020, final version accepted on October 17, 2022.

1 Introduction

In [9], the authors analyzed the following particle system which was introduced
earlier in [10]: Consider a fixed open connected subset D of the Euclidean space as
domain and a system of particles starting at some deterministic point. As long as no
particle hits the boundary 0D of the domain they move independently according to
Brownian motion. If a particle does hit the boundary, it jumps to the position of some
independently uniformly randomly chosen other one keeping the number of particles
constant. Then, they again move independently according to Brownian motion, and so
on. In [9] different limit theorems are proven, one of them shows, that the empirical
distribution at a fixed finite time converges to the law of Brownian motion conditioned to
stay inside the domain as the number of particles goes to infinity. These results have
been later improved and generalized to processes other than Brownian motion (e.g. [18],
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[1], [2], [21]) and also refined limit theorems such as theorems of central limit type have
been obtained. Interesting recent work include: [13], [24], [14], [12], [22], [4] and [26].

It turned out, that proving the non-extinction of the particle system, i.e. proving that
with probability one only finitely many jumps occur in finite time, is much more subtle
than initially thought. Under suitable regularity assumptions this property was proved in
[5, Theorem 5.4] and [20, Theorem 1] as well as in [28, Theorem 2.1]. In [6] the authors
demonstrated that extinction of the particle system can actually occur. In this paper the
authors in particular proved, that in the case of D = (0, o0) and two particles driven by
Bessel processes there is a phase transition. In fact in [6, Theorem 1.1(i)] it is shown,
that the two particle process goes extinct if and only if the parameter v of the Bessel
process (in the parametrization (2.1)) is negative. Furthermore the authors are able
to prove the non-extinction of a N-particle system driven by Bessel processes, if the
parameter v is greater or equal to 2/N.

In this work we are interested in the case of N > 3 particles. We give sufficient
conditions ensuring the extinction and non-extinctions of the particle system in terms
of an integral test, which involves a probability measure, which seems difficult to
calculate explicitly. Still we demonstrate that the criterion can be applied efficiently
to establish non-extinction of the particle system. In particular, we in some sense
give an affirmative answer to a converse of [6, Open Problem 1.5] in Theorem 5.4:
There exists a Fleming-Viot-type process with extinction almost surely, for the 2-particle
system, but non-extinction with probability one for the 3-particle system. This illustrates
that generally speaking adding another particle to the system potentially does cause
non-extinction.

The rest of the paper is organized as follows: Section 2 is used to formalize the
problem and to rigorously formulate the notion of the model’s inherent symmetry.
Brownian Scaling for generalized Bessel processes is put to use in order for Corollary 2.7
to entail an alternative description of the law in question. In the subsequent section
a few calculations of some density functions are carried out to be used later on. In
Section 4, aspects of the theory of Markov chains in uncountable state spaces is utilized
to see, that the underlying Hidden Markov Model behaves well implying the criterion 4.5
as result. As an application, in the succeeding section the case of three particles is
considered and the result 5.4 is achieved.

Finally, in the closing sections we briefly discuss two possible directions of related
further research and append some formulas used from external sources and prove two
integral formulas we use in Section 3.

2 Notation and basic properties

This section follows the notion, that we only need to know the particles’ positions at
jumping times and how long it took for the next jump to occur. Without loss of generality
the positive positions of the particles not jumping may be indexed in ascending order.
Next, by a scaling property of generalized Bessel processes, we may transform the
problem to polar coordinates and see that the next position only depends on the angles
of the old positions. The dependency structure is expressible as Hidden Markov Model
and entails us to give an alternative expression for the extinction probability. This will
imply an abstract criterion in Section 4.

2.1 Problem formulation

Let us start by giving a more formal description of the problem under investigation:
We consider a system (X;);>0 = (X},..., X{¥)i>0 of N € N, N > 2 particles starting in
Xo = z0 € (0,00)N. We will generally use the superindex to distinguish components
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and denote the time in the subindex. P,,(-) and E, [-] represent probabilities and
expectations regarding events and functionals of X; starting in x(. As long as no particle
reaches 0, they move independently according to the generalized Bessel processes with
parametrization

. . —-1)/2
ng :ng—l—%dt, j=1,...,N. (2.1)
t

Here, Bg are independent Brownian motions. The stopping time

T = nfi/ninf{t >0:lim X7 =0}
7j=1 st

denotes the first time any of the particles would hit 0. Note, that P,,(m < co) =1 if and
only if ¥ < 2 and in that case there is some unique j with 7, = inf{t > 0 : lims; X7 = 0}
almost surely. This particle with superindex j will be set independently and uniformly
to the position of one of the other V — 1 particles at time 7. Therefore, the system
stays in the state space (0, oo)N and the jump is implemented in a fashion, the paths
of all particles being cadlag. After the jump the particles again move as independent
generalized Bessel processes until time 7, where 7,, .= 7,1 + 700, , forn > 2 and 0,
denotes the time shift 05((X;):>0) = (Xs+¢)¢>0. The mechanism is repeated inductively;
the system (X;) is a Markovian process in continuous time 0 < ¢t < lim,,_,, 7, and state
space (0,00)"V with cadlag paths. Since there is no natural way to define the process for
time points t > lim,, , ., T, = To the question arises if that limit in fact diverges (i.e. no
extinction occurs) almost surely. Without loss of generality we may assume v < 2.

2.2 Symmetry of the model

Let X;_ = limyy; X, denote the limit from the left. To simplify notation we formally
define
N
Xo- =xo- € H =[] (0,00)" x {0} x (0,00)" (2.2)
j=1

meaning that with xé_ =0foralll e {1,...,N}\ {j} it holds

P, (Xo = (zg_y--- ,xg:l,xé_,xéfl, e ,xév_)> =1/(N-1).
Upon setting 79 := 0 we may consider the jump time chain ()O(n)ne]NO = (X;,— )nen, as
discrete time Markov chain on state space H.

For z € H and a permutation 7 € Sy on {1,..., N} let us introduce the notation
a7 = (2™ ... x7™N)) and for subsets A C H let us define A™ := {a™ : a € A}. Observe,
that for starting values zy € H, permutations m € Sy, measurable sets A € B(H) and
time indices n € INy:

Py, (Xu € A) =Py (X7 € 4) =Py (X € a7).

For z,y € H let the equivalence relation z«wy hold, if and only if y = 2™ for some
m € Sy. Let [z] .= {a™ : 7 € S,,} the equivalence class of x € H. For subsets A C H let
A/e~s :={[a] : a € A} the corresponding set of equivalence classes. The set B(H)/«w =
{A/e~ A€ B(H)} is ao-field. Note, that A/«~ = B/« implies J, ¢ A" = U, cs, B”
and that [z] = [y] implies r(z,|U, cg, A™) = £(Y, Ures, A™) where

woH o (BN = [0,1), s, 4) = Py (Xa)uen, € 4)
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o

denotes the distribution of the jumping time chain (X,,)nen,-
We can therefore define the Markov chain (Z,)nen, = (Xn/4~)nen, On state space
H/«~ with probability measures (Q.),c /.. Via

Quua) (Zn € Afew) = Py, (ﬁne U A”).

TESN
For x € H let 2+ the uniquely determined representative of [x] with
gl>a?2>... >N =0

and for A C H let At := {a* : a € A}. Using this notation it holds

O (e ) =2 (S U o) =my (S ).

TESN

We might as well consider the Markov chain (X}),en, on {z € (0,00)¥ =1 x {0} : 2! >
22> .. 2N = 0}. This suggests to neglect the redundant 0 in the last N-th component.
Finally, we may define

Qpeo) (Zn € Afo) = Qs n-1 9 (Zn € {[(a',...,a¥"1,0)] : a € A})

= ]P(zg,...tzév—l,())()o(n e{(a,...,a" 10" :ae A,me Sy})
1 N—-1
“N_1 DoPli v (X - €{(as...,a¥ T 0)T ra € Aw € Sy)).
=1
This leads to

Definition 2.1. Let (V},)nen, = ((Xinf)l, ce (Xin,)N_l)nelNo denote the Markov chain

on the state space (0, 00)N 1",

2.3 Self-similarity of generalized Bessel processes

In what follows we substantially want to exploit the scaling property of generalized

2\ 1/2
Bessel processes. Let ||z|| = (Z] (z3)2) denote the Euclidean norm. Let again

H = U;V:1 (0,00)7 71 x {0} x (0,00)¥ =7 as in (2.2) denote the subspace of [0, 00)" where
exactly one component equals 0 and let m : H — {1,..., N}, m(z) := arg{j : 27 = 0} the
mapping picking that component. Moreover, forx € H and [ € {1,...,N}\ {m(x)} define

y(x, ) = («',... SO L LU COR S ,zV) € (0,00)V.

We now describe given N € IN, N > 2, a “normed” Fleming-Viot N-particle process
(X¢)i>0 to the parameter v < 2 on the state space (0,00)". In a nutshell, ahead each
jumping time, we normalize the (N — 1) positive particles by dividing by their norm
| X%, _||. Just after the jump, their norm will then be strictly larger than 1.

Definition 2.2. Let (V,,).cn, a family of independent random variables uniformly dis-
tributed on {1, ..., N —1} independently from anything else. Forn € Ny let 7,, = 7,((X)),
ie.

N — i
7o =0, Tn = HllIlllIlf{t >Tpo1:X,_ =0} forn € N.

]:
The components (Y{), j=1,..., N move during time points t € (7,,_1,7,) independently
from (V,,) and independently from each other according to a Bessel process starting in
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Yin,l and global parameter v < 2 in the sense of (2.1). Denoting b,, : {1,...,N — 1} —

{1,...,N}\ {m(X+, )} for the unique order preserving bijection we set
— X7,
X?n =1y (”71)”(‘/’”)) y n e ]NO.
[REA|

In order to facilitate an alternative problem formulation we must relate the normed
Fleming-Viot process X; with the original process X;, i.e. we must be able to properly
scale it back so we have no loss of information:

Definition 2.3. We define for n € INy the backscaled (series of) jumping times
n k
=Y XA 1P (=T
k=1j=1

and the backscaled process

o0 n
bs .__ B'g B _
X = A oy O | [T - X e %,
n=1 j=1

Proposition 2.4 (cf. the alternative construction of the Fleming-Viot process in the
beginning of the proof of [6, Theorem 1.1 (i)].). Let Xy_ := xg_ € H arbitrary and set
Xo_ = xo_. Then the processes (X;) and (X?) are identically distributed.

Proof. We will use the following scaling invariance: If ¢ > 0 and X; a generalized Bessel
process stopped at the origin starting in zg > 0 and Y; an independent generalized Bessel
process stopped at the origin starting in zy/c, the processes (1o int{s:x,—0})(t) X¢) and
(L[0,c2-int{s:v.=0})(t) ¢ - Y c2) are identically distributed.

To this end, let us inductively show for M € IN:

M M
bs d

PORIEIER D D IARENE ¢

n=1 n=1

Start of induction (M = 1): Firstly, by assumption
d
X% = llwo- |l - y (zo—/l[zo- I, b0 (Vo)) = y(zo—,bo(Vo)) = Xo.
By the scaling property

b ~ d
e ) X7 = Lo o 127 [0 1|+ Xopo— 12 = Lpro,m) X

Inductive step (M — M + 1): By induction hypothesis, 7% < 5, and X 4 X
M
Hence

M+1
X% = [TIXr o Xy = IXR Ny (K= /X7, =[] 0 (Vi)
j=1

b b b b d
— Xy (X /IXE 1 a(Va)) =y (X2 bw(Ua)) £ X,
and again by scaling
bs __ bs 5a d
Ut o X = Moo 1XG  Xrucmmiey, 12 = UerwiXo - 0
EJP 27 (2022), paper 146. https://www.imstat.org/ejp
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Remark 2.5. Definition 2.2 and Definition 2.3 may be regarded to as generalization of
the construction given in the beginning of the proof of [6, Theoream 1.1 (i)] where the
scaling invariance of generalized Bessel processes was used as well. Here, for N > 2 the
sequence of random variables (X Xt _/||XTW _IDnen, is not deterministic.

We are now ready to consider the normed process written with descending ordering
and introduce some new letters for sequences of random variables to be used later on.

Definition 2.6. Let us change to polar coordinates upon defining
S Va 4 - 1\ — _
(Y’ﬂ7 Tn)’ﬂE]No = (((X?,L7)17 ceey (X?,Lf)N 1)7 Tn — T(nfl)\/O)WE]NU

Y. =
~ ( = YnHaTn) = (UnaRn>Tn)n€1N0'
1Y n]] neN,

The following picture illustrates the dependency structure implied by Proposition 2.4:
Given the direction U, of the particles immediately ahead a jump, there is a Markovian
transition kernel to the direction U, immediately ahead the next jump, the factor R,
by which the magnitude will change and the time 7,,;; it will take. The marginals of
(Un+1, Rn+1, Tny1) given U, are not independent.

%00

In other words: (M,,)nen, = (Un, Un+1), (Rn+1, Tn+1))nen, is @ hidden Markov model
(HMM) with hidden chain (U, Un+1) and observed chain (R,,+1,T,+1) on the product
space S? x (0,00)? where

S = {x:(x17...,$N_1)€(0,00N BE szl = 1} (2.3)

Corollary 2.7. Under the assumptions of Proposition 2.4 it holds

oo k—1 oo k—1
Too*”fo [ ZH|\X77~—||2 Th — Thk—1) Zl_[R2 Ty.
k=1j=1 k=1 j=1

3 Densities

In this section we calculate several density functions for later usage. Some of the
technical aspects are outsourced to the appendix.

Lemma 3.1. The Markov chain (Y,,) from Definition 2.1 admits a density function h,, (y)
of the form

hy, (y Z > / 9y (&) fe(yd, y™ ™) Hlf(yo Ly ) dt,

jk? 1 m€SN_1 s
(k) <7 (j) s7k

where
go(t) =P (inf{t > 0: X! =0} € dt) (3.1)
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is the density function of the hitting time of 0 of a generalized Bessel process and
fi(z,y) = P (X} € dy,min{X, : s <t} > 0) (3.2)

is the transition density of a generalized Bessel process stopped in the origin starting at
x > 0 and moving toy > 0 at time t > 0.

Proof. Let yy € ((),oo)N*ll and A € B ((O,m)N*”> arbitrary. By independence the
transition density of ((X})!, ..., (X})N~1) up to the first jump is given by

N—
P,, (Y € A) Z it gy (Xrm € {(a!, "L 0)T ra € Aw € Sy})
1 -1 0o N-1
== 2/ / fe(yo,y°) dy g, (t) dt
N -1 ; ( 0 U AT s=1 o
TESN 1
N-1 .0 ‘ N-1
+ Z/ / £l t®) TT £, v°) dy g, (1) dt)-
k=170 U Ar s=1
k#j TESN -1 s#k
5 N1 oo N—1
:/AN—12< Z / Hftym gyq (1) dt
j=1 \m€SNn_1 0

k=1 €es
KT (k)< ())

+Z > / Fe(wd, y™ ™) Hft 5y ) g(?ﬁ)dt)dy
s;ék

N—-1
/N—1 Z Z / Felwg,y™™) Hft(ygayﬂ(s))gyg(t)dtdy.
1

k=1 weS s=
M <R sk

In the second equation we have first considered both cases where the dying particle
starts from the doubly occupied position. In the third equation we have used that for
1 # Ty € SN—l it holds

A™NA™ C (O,oo)N*1¢ N (O,oo)N*li e U {a € (0,00)N"!:ad = aF}
j,k=1
J#k
which is a Lebesgue null set. O

Remark 3.2. Accounting for the time length and using polar coordinates the Markov
transition from (U,,) to (Uy+1, Rnt1,Tn+1) as in Definition 2.6 is thereby given by the
density

r
hua (0,7, 8) = 1 D D0 gup () fulh, 7w H il - um)

Sn-1
0 Zh
for ug,u € S as in Definition 2.3 and r,¢ € (0, c0) with the factor »¥~2 accounting for the
functional determinant of the coordinate transformation.

Definition 3.3. Let 0 < w := 1 —v/2 an alternative representation of the drift parameter
in the generalized Bessel processes.
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Lemma 3.4 (cf. [27, Theorem 8 (ii)].). Using the parameterization with w > 0 the density
function h,,(y) in Lemma 3.1 may be computed to

hyo(y)
() ISy & (N —1+2291 S)Nl
- (N —1)T'(w) kl,..‘,kZN,lzo TS (ks +w + D)k o

m(i)<m(4) s#m 1 (j)
(w+1)N—1423 N1

X

N—1 ( )2“’2 ZwesN ) l(%)zkwlm HN—S1:1 (yg(s))2ks]]

S ()25 [+ w])

Proof. According to [7, Appenix 1.21] for w > 0 the transition density of a generalized
Bessel process stopped in the origin starting at x > 0 and moving to y > 0 at time ¢ > 0
is given by

P.(X} € dy,min{X!:s <t} >0)

2w

%y x? —|—y —y)% (3.3)
f (Z‘ y) Qwiw+1 Xp( >Z kll" 2 )

and according to [25, Proposition 2.9] or to [19, Expression (15)] which is true for v < 0
also, the density of the hitting time of 0 is given by

1 wa .’L'2

Using monotone convergence theorem we generally rearrange expressions of the
form [, ij:_ll ft (27, 97) g~ (t) dt with all variables positive and apply Lemma A.1:

oo N—1
/ IT £ @, 97) gon (t) dt
0 i
(H;\[lej)zw Hi‘vz_llyj 00 N-1 (a:j2y.)2k‘
Ly > ><
INT () L 0[( (K +w+1))

oo N i\ 2 N-1 i\ 2
X/ f~N(w+1) -2 5N exp< Y= () 43500 () ) dt]
0

2t

_ N N 2w N—-1 5
oN-1 (szlxj) 1y
X

T'(w)
© F<—1+N(w+1)+2 ZN:lk) H;V;ll (wjyj)%j 1
) - w N-lp |
1, kn—1=0 H] v Tk + 0+ D! (Z;'Vzl(xj)2+2;'v:_11 (yj)2) LN (w2350

In view of Lemma 3.1 this implies for the density function

N—
(9 Z 3 / AR lj (sy™ ) g, (1) dt
=

i1,j=1 mESN_1

m(4)<m(5)
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_ 20 NZ1 (s
2N -1 (3/0 Hs 1 3/0) [L= v (=)
I'(w)

N—-1
i,j=1 m€SN_1
()< ()
o ()N -1+ 22 )
DY N1k Dkl
E1yekin—1=0 [T=1 [P(ks +w + 1)ks!]
2k
(yy)*" H%ﬁ (ysy™™)
s#j

()" + 05 e + (yw<s>)2})(w+1>N—1+225::1 ks]

() TSy & [r0w+u ~12%0 )N]

(N = DI'(w) kl,...%;l:o IS D (ks + w + 1k

X

s=1

2w N2kt TIN-1 m(s)) 2k
N—-1 ( ) Z Z TESN_1 [(yO) @ H s=1 (yO( )> ]
% m(i)<m(j) s#m 1 (d)

= () 2 )+ (y‘f‘ﬂ)(wﬂ)muzzg; " ]

Definition 3.5. Let 0 := ¢V ~2 the (N — 2)-dimensional Riemannian measure on the
sphere as (N — 2)-dimensional manifold in RNV ~!,

Lemma 3.6. The density function of the chain (U, )nen, from Definition 2.6 with respect
to the Riemannian measure ¢ may be expressed as

p(ug, u) =Py, (U1 € du)/do(up) = / / iNLuo (u,r,t)dtdr = / N2y, (1 - u) dr
0o Jo 0
2w -
2V (M5 wg) ™ I e
(N = 1DI'(w)

= F(Zivz_llks-i-Nw)(Zs 1k+N_2) N—
g l 15 [Tk +w + 1))

X

ki,....,kn—1=0 s=1
2w V2K, 1() TTN-1 a(s)) 2ks
N-1 ( ) Z ZweSN 1 [(uo) @ [T =1 (Uo(s)) }
% m (1)< (4) T (j) 1
N-—-1 .
¢ 92 >eey ks+Nw
= (1+ (uh)?)

Proof. By applying Lemma A.5 in the Appendix we attain
2w
/oo N2 Ry (r - u) dr = 2" (Hi\;—ll ué) Hivz_ll v
0 (N - DI'(w )
o0 [F((w—l—l)N—l—f—QZ
N-1
0 s

)N
T D (ks + w + 1k 1;[

><N 1[ NE? Z [(“6)%11(” Aﬁl (ug(s))%s]x

i=1 j=1 weSNn_1 s=}
m(4)<m(4) s#ETT(7)
0 P2N=3+2 3 kg
></ 1 dr
0 9 (w+)N—-14+2 N1k,
((ug) +1+r2>
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2w
N-—-1 N-1_s N-1 s
2 (Hs:l uO) Hs:l u

- (N — )(w) )
< T (SN ke + Nw) (SN kg + N —2)1 N1
X Z [ <25* er1 ) (Zéf * )
ki,....,kn_1=0 Hs:l [F(ks +w + 1)k8|] s=1

P

(i)<m()
X ‘ o\ Zety! ket Nw H
= (1+ (ui)?)
Remark 3.7. By construction, the index i € {1,..., N — 1} indicates which particle

replicates and from the position ué one (out of at most two) particle dies. Particularly,
the mappings
2w
_ N-1 N-1
2N ! (Hs:l US) Hs:l u®

p': (ug,u) — P, (U € do(u), particle i replicates)/do(u) = (N=1T(w)
- w

o (SN R Nw) (05 ke N 2) A
> l 125" [0 (ks +w + D] 1]

ki,...,kn—-1=0

Cp ohie ZWGSN 1)[(%)%”1”) e, (u;;(s))%h

X

(1) <m( s#m 1 (4)
o\ NS ket Nw
(1+ (wh)?)

define transition densities to subkernels with total mass 1/(N — 1).
Example 3.8. In the case of N = 3 the expression in Lemma 3.6 reads

B 2 (u1)2w (ul)gw ulu?
P, u) = (EN - 1)Or(w)

2k 2k
« Z T (k1 + ko + 3w) - (k1 + ko + 1)! (ul) ! (u2) 2 o
Ky Fge0 kl +’LU—|—1) (k2—|—w+1) kl' kg'

(08" )™ ()4 ()™ ()™ ()™ ()"

X 2 k1+k2+3w
(14 @d)?)

(ug)zw [(ué)%l (u%)%z + (ug)%l (u}))%Z n (u%>2k1 (u%)zkﬂ
+ R ﬂ
’)

(1+ ()

Those six summands with their plus sign bold faced correspond to the following

cases:

0 u? u}  [0,00)
ii/_\
0 ’ug utl] (0,00)
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0 u3 ud [0, 00)
i\i)/—o

0 ud ud [0,00)
v‘)/—o

0 ud ud [0, 00)
=

0 u2 ul [0, 00)

The figures in the first line illustrate ¢ = j = 1 where in the left one the surviving
particles preserve their order and on the right they switch. The figure in the second line
of the display shows the situation : = 1, j = 2. In the third line, the particle from position
u3 replicated (i = 2) and also one of the two particles starting in u3 dies (j = 2). Finally,
in last figure, 1 =2, j = 1.

4 (Non-)extinction criterion

The main result of this section is Theorem 4.5 which may be seen as simplification of
the original problem in question. It would be highly desirable to compute or approximate
the invariant probability measure 7 in Definition 4.3 in order to state more precise
results.

4.1 Markov chain analysis

We work in the framework of Markov chains in uncountable state space as laid out in
[15, Chapter 5, 9-11, 15]. The basic proof idea for Proposition 4.1 is that in the critical
regime of the state space in question, at least one component is small. But then by the
model under consideration the time-continuous moving has only a small amount of time
to emerge and the process is dominated by the jump mechanism. This allows at least
for a positive probability 1/(N — 1) to make one small particle large by jumping to the
largest of the (N — 1) others, which is at least 1/4/N — 1. Iterating this N — 2 times
ensures all particles to be sufficiently large even at a geometric rate.

Technically, the transition function p of the chain of directions U,, on S may be written

in terms of Lauricella series (cf. Definition A.8 in the Appendix). Starting at ug € S
with uév ~1 close to zero means the particles are scarcely given time to evolve and
the discontinuous jump mechanism dominates. The density p(ug, -) becoming singular
corresponds to the arguments of the Lauricella series approaching the boundary of the
domain of convergence.
Proposition 4.1. The Markov chain (U, is irreducible with the (N — 2)-dimensional
spherical measure o as maximal irreducibility measure, strongly aperiodic, positive
Harris and uniformly geometrically ergodic. The unique invariant probability measure
admits a density with respect to ¢ which is strictly positive c- a.e.

Proof. In view of Lemma 3.6 the density function p : S — (0, 00) is a positive continuous
mapping and therefore has a positive minimum on the compact set

Co = {ueS:uN‘1 > (&)N_Q/m};
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i.e.

i =0>0.
oty Pl

Consequently, Cy is an (1,£)-small set for the kernel of the Markov chain (U,,) in the
sense of [15, Definition 9.1.1] where

€:B(S) = [0,00), &(A) = (AN Cy).

Due to £(Cy) = 00(Cy) > 0 we further see, that Cj is strongly aperiodic in the sense
of [15, Definition 9.1.2]. Moreover, any set A € B(S) with o(A4) > 0 is accessible
in the sense of [15, Definition 3.5.1] since for arbitrary ug € S for the return time
o4 =inf{n e N: U, € A}

Pu,(0a <o00)>P, (U € A) = / p(ug,w) do(u) > 0.
A
Particularly, the set Cj is accessible and the kernel of (U,,) is seen to be irreducible by
means of [15, Definition 9.2.1]. The argument also exhibits ¢ to be an irreducibility
measure in the sense of [15, Definition 9.2.2]. Conversely, consider a set A € B(S) with
o0(A) = 0. Then,

Py, (04 <00) <Y Py (Un € A) <> sup Py (Uy € A)
n=1 n:luoes
=" sup [ plun, w)dotu) =0
n—1 ugESJ A

for uy € S. This shows that ¢ is a maximal irreducibility measure, that is, the set of
accessible sets is given by {A € B(S) : ¢(A) > 0}. Following [15, Definition 9.3.5] not
only the set C but also the kernel of (U,,) is strongly aperiodic.

We now turn to Harris recurrence and positivity properties of (U,,). Observe, that for
compact sets K C S, it holds

ian P,,(U; € Cy) = min / p(ug, u) do(u) > 0, 4.1)
Co

U € upeK

since the mapping S — (0,1],uy — fCO p(ug,u) do(u) is continuous and p is strictly
positive. The space K := S is not compact, but still we will show

Jnf P, (UN-7{U, € Co}) > 0.

For this to end, define given an index j € {1,..., N — 1}, a permutation = € Sy_; and
ug € S the symbol ug, ; = U, j(uo) by

~s {ug(S)v S 7é 7-‘-_1(,7‘)5

UQr 5 = .
W w s=a),

and additionally given u € S define z, ; = z ;(uo, u) by

s ()

™5 2’ (%fr,j)z'

L+ ()

Further, for k € {0,..., N — 2} we consider the sets

C = {u €Sl h > (2\1/§>N_H /\/ﬁ}.

EJP 27 (2022), paper 146. https://www.imstat.org/ejp
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We will now show, that forall j € {1,...,N—1}, 7 € Sy_;and k € {1,..., N — 2} it holds

N-1
sup Y (a,) 7 < L (4.2)
welr
uES\Ck,1

Proof of (4.2): Let (z,y) = Zi\;l x® - y® denote the scalar product on the Euclidean
space RY~!. By the classical rearrangement inequality [23, Theorem 368]

N-1 11 =1 g+l N-1
N-1 s \1/2 N1/ (ug,ug, . ud uht o uy )
max max (z3 ;)" = max U
Jj=1 m€SN_1 ’ j=1 112

s=1 1+ (ug)

In the case j < N — 1 — k we find using (z,y) < ||z - ||y]|

9 N2\ 1/2
11 j—1  j+1 N-1 1+ (uwp)” — (u{))
sup (ug, ug, - -, wy™ W, g ),u < sup \ <1
ug€Cy 1+ (Ué)2 ug€Cy 1+ (U(l))
and in the case j > N — k we find using (z,y) = (||z]|®> + |y||* — ||z — y||?)/2
1,1 =1 j+1 N-1
sup <(u0,u0,...,u0 JUYT e, U ),u>
u N 2
ueg\ecc'j;j;l 1 + (u(l))
2
yN—k—1
<1- inf o —uV R <1
ug€Cl 2 2
w€S\Cr—_1 \/1 + (ud)” — (u{))
This finishes the proof of (4.2). [ |
Let further denote (a),, :=I'(a + n)/I'(a) the Pochhammer symbol,
(n) .- (ks totbn Okt bl ki
Fo/(a,byer, .o cny 2,0, 20) .—k zk;_o (Cl)kl~--(Cn)knk1!"'kn!$1 x,

the C-type Lauricella hypergeometric series [17, (2.1.3)] convergent on {|z;|'/? + ... +
|z,|'/? < 1} and the abbreviation

Flz)=F(z',...,a" ) = FY Y (Nw,N - 1Lw+ Lw+1,...,w+1; )N,

s=1
With this notation by hand, (4.2) implies: For all j € {1,...,.N —1}, 7 € Sy_1, k €
{1,...,N — 2} it holds
sup  F(zr j(uo,u)) < oo. (4.3)
uo €EC

uwe€S\Cl—1
For k € {1,...,N — 2} and § > 0 let us introduce the sets

O ={ueCp:uN"t<d}).
With ¢,, v some constant depending on the Bessel parameter w and the number of
particles N only, if follows by (4.3) with the notation from Remark 3.7:

sup/ pl(UO,u)da(u)go(Ck_l) sup pl(uo,u)
Cr_1

uoECg UQGC;:
ueS\Cl—1
N-1 (4.4)
2
< 0(Ck—1) Cyy,n 67 Z Z sup  F(xr;(uo,u)) — 0.
=1 weS uo €C 640
J N-1 weS\Cr_1
m(1)<m ()
EJP 27 (2022), paper 146. https://www.imstat.org/ejp
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Provided by (4.4) let § > 0 such that

1
1
sup / P (uo,u) do(u) < /2.
S\Cr1 N-1

uoECi

If we then split

inf IPug(Ul S Ck 1) inf Puo(Ul S Ckfl) A inf Puo(Ul € Ck 1)
ug€Cl uoéck\ci uoEC

we see that the first infimum is positive since Cj, \ C,f, is compact and we may apply (4.1).
As for the second infimum, recalling Remark 3.7,

inf P, (U1 €Cio1) > inf / P! (g, ) dor(w)
Cr-1

uo€Cy uo€C}
L / (g, w) dor(u) > —
= — sup P (ug,u) do(u) >
N -1 S\Cho_1 N —

uoECJ

Therefore, for k € {1,..., N — 2} it holds

inf Puo(Ul e Ch_ 1) > 0. (4.5)

ug€Cl

We are now ready to prove for k € {1,..., N — 2}:

f P < 4.
u(}IGICk uo (0, < k) > 0. (4.6)
Proof of (4.6): Let us show the claim by induction over k € {1,..., N —2}. The base case
k = 11is a consequence of Claim 4. Assuming the assertion for k — 1 € {1,...,N — 3}
implies
inf IPuU(UCU <k)> inf ]PUO(Ul € Ck_1) - 122 Py, (oc, | U1 € Cr—1)
k

uo€C uo €C

> 1nf IPUO(Ul € Cro1)- inf Py log, <k-1),

ug €C uo€CK 1

where the first factor is positive by (4.5) and the second factor is positive by induction
hypothesis. This finishes the proof of (4.6). |

As a consequence of (4.6), i.e. specifying to the case of k = N — 2,

k= inf ]PUO(UC0 <N —-2)>0;
uo €
for each trial of N — 2 consecutive transitions, there is at least probability « > 0 to return
to Cp during this time period. In other words, for G ~ Geo(k) geometrically distributed
supported on IN with success parameter x, i.e. P(G =1) = x(1 — x)!~! for I € IN, it holds

sup Ey [oc,] SE[(N —-2)-G] = (N —2)/k < 0. 4.7)
ug €S

Following [15, Proposition 10.2.4], we deduce that (U,,) is Harris recurrent and in view
of [15, Corollary 11.2.9] is further positive. Therefore, by [15, Theorem 9.2.15] the
unique invariant probability measure is a maximal irreducibility measure. We infer, that
it admits a positive density function. By [15, Lemma 9.4.8 (ii)], (4.7) shows that the state
space S is petite. Since our kernel is irreducible and aperiodic, every petite set is small.
Hence, also S is small and according to [15, Theorem 15.3.1] the kernel is uniformly
geometrically ergodic in the sense of [15, Definition 15.2.1]. O
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We use the formalism to transfer Proposition 4.1 to the enlarged state space applica-
ble to the HMM.
Proposition 4.2. The Markov kernel K of the HMM M = (U, Up41), (Rn+t1, Tnt1) ) neNo
is irreducible with maximal irreducibility measure U|§25)®Leb |§(2(0 o))’ aperiodic, positive
Harris and uniformly geometrically ergodic. The invariant probability has positive density
hu1 (u2,70,t0) Py(u1) with h from Remark 3.2 and pn the invariant density of (U,,).

Proof. Let 0,(x) denote the Dirac-Delta distribution and do(u;,us) = do(us) do(uy) for
u = (uy,uz) € S%. The Markov kernel Q of the hidden chain (U,,, U, 11)nen, on (5%, B(S?))
is given by

Qu, V) = /V By (02) pluiz, v2) dor(v),

where u € S? and V € B(S?). The transition is independent of u;. Consider the kernel G
from (S?, B(S?)) to ((0,00)%, B((0,00)?)):

Ja by (a7 ) d(ryt) [ hay (ug, ) d(r, t).

G((u1,u2),A) = -
((u1 uz) ) f(o,oo)2 hul(uz,ﬂt)d(r,t) p(u1, usz)

The Markov kernel of the HMM M = (U, Upn+1); (Rn+1, Th+1))nen, is given by

K (w1, us), (10, o)) /G o1, 02), d(r, £)) Q(us, us), dv)
= fruy (V2,7 8) d(r, ) v Ug, V) do(v) = Vo, T r v1)do(v
- [ R DD s ) plun,) do(e) = [ o000 00) dr(0)

asin [11, Equation (2.14)] and is independent of uy, g, tg.
We have seen in the proof of Proposition 4.1 that the set

Co = {u €S:uN "t > (%)Nz/m}

is small for (U,,) because § := miny, vwec, p(uo,u) > 0 is positive. The measure
u(p) =5 [ (2. p,8) d(p, ) do(uwn, ws)
DN (CoxSx(0,00)2)
on B(S? x (0,0)?) is nonzero as

1(Co x S x (0,00)%) =6 p(wy, we)do(wy,ws) =0 | do(wy) =3d0(Cp) >0
CQXS CO

and the set S x Cy x (0,00)? is (2, u)-small with respect to K: For arbitrary r =
(’U,l,UQ,’I“o,to) €S x(Cy x (0,00)2 and D € 6(52 X (O,OO)Q):

K%(z,D) > K*(x, DN (Cy x S x (0,00)?))

- / s (w3, p, ) d(p, ) pluiz,wr) dor(wr, w5) > p(D).
DN (CoxSx%(0,00)2)

Next, we show, that sets D € B(S? x (0,00)?) with [, d(p,s)do(wi,wz) > 0 are
accessible: Let z = (uy, ua,70,%9) € S? x (0, 00)? arbitrary. Then

P.(op < ) > P,(op € {1,2}) > K*(z, D)

EJP 27 (2022), paper 146. https://www.imstat.org/ejp
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:/ huw, (w2, p, 8) d(p, s) p(uz, w1) do(wy, wz) > 0.
D

This shows ¢ is an irreducibility measure and particularly, the small set S x Cj x (0, 00)?
is accessible since

#(S x Cy x (0,00)%) = o(S) - 0(Cp) - Leb((0,00))? = 0o > 0.

Therefore K is seen to be irreducible. Let us now consider a set D € B(S? x (0,00)?)
with ¢(D) = 0. From Fubini’s theorem it follows with D,, ,; .= {vs € S: (v1,v2,7,t) € D}

0= /(0700)2 /S (Do) dor(vy) d(r 1),

There must exist uy € S,79,t9 € (0,00) such that o(Dy, o) = 0. Then for z =
(u1,us,10,to) with uy € S arbitrary

o0

P.(mp < o0) < K(z,D) + Z sup  K?*(x,D).
n—o T€5%x(0,00)2

Both summands vanish because for the first one

K (2, D) = /(Om)z | hutenrtdote) e

wg,ryt

where the inner integral is equal to zero since o(D,, ;) = 0 and for the second summand

sp K@ D)= sup [y (wm ) pluz,wn) dip, ) dor(un, wa) =0
2€52 % (0,00)2 2€52%(0,00)2 J D

since ¢(D) = 0. In summary, we have computed ¢ to be a maximal irreducibility measure
for K. What is more, K is aperiodic since inf, sy, (0,00)2 K (2, S % Cy x (0,00)?) > 0.
Writing
op((My)) =inf{n e N: M,, € D}

for D € B(S? x (0,00)?) to emphasize that op is a return time for the process (M, )nen,
the random values s, ¢, x (0,002 ((My)) and o¢, ((Uy,)) relate in an easy way:

IP(;LMUM’TOJO) o USxCox(O,oo)z((Mn)) = Iijol,z o UCU((Un))‘

This then enables us to use the same machinery as in the proof of Proposition 4.1
to deduce the HMM M to be positive Harris, uniformly geometrically ergodic with
the invariant probability having positive density with respect to J|§(25) ® Leb ?(2(0 o))’
Moreover, if  denotes the invariant probability measure of (U,,) and p,, its density such
that n(du) = p,(u) do(u) for u € S, the invariant probability measure for K has density

B, (uz2, 70, to) py(u1), since for D € B(S? x (0, 00)?)
/ K(((u1,u2), (ro,to)), D) hu, (u2, 70, to) py(u1) d(ro, to) do(u, us)
25 (0,00)2
= / ho, (v2,7,t) pp(v1) d(r, t) do (v, v2). O
D

Definition 4.3. Let n denote the invariant probability of U, on S and i denote the
invariant probability of M,, on S? x (0, 00)?2.
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4.2 Application of Birkhoff’s ergodic theorem

Definition 4.4. Let P,,, denote the probability measure associated to the density ﬁuc
from Remark 3.2 and E,,, the corresponding expectation. Let IE, [ fs uo -] M(dug).

First assume that In Ry and max{0,InT;} are elements of Ll( ) which w111 be proved
later on (cf. Lemma 4.6 and Lemma 4.8). Then the following Theorem holds.

Theorem 4.5 (for the second part cf. [8, Theorem 9.1.11.). IfE, [In R;] > 0 then 7o = oo
a.s. and if E, [In R;] < 0 then 7, < o0 a.s.

Proof. In view of Corollary 2.7 it is desirable to use Cauchy’s root test on the series. By
Proposition 4.1 combined with [15, Theorem 5.2.6], Lemma 4.6 and Lemma 4.8 below
tell us, that we may apply Birkhoff’s theorem for Markov chains [15, Theorem 5.2.9] on
the the HMM M to deduce for p-almost all z = (uy,uz,7,t) € S? x (0, 00)?

k
> InR; = EyflnRy] = E,[In Ry
=1

| =
<

P,-a.s. Similarly,
1k
%ZhﬁT iﬂE LIt T < o0

Thus, if E;[In R;] < 0 then a.s.

1/k

k-1
limsup | 7; R <ex hrnsu ln+T - ln+T+ In R; <1,
o (1] 28) <o (e 101 S5

which by Cauchy’s root test implies 7., < oo a.s.

On the other hand, [15, Corollary 5.2.13] implies that for p-almost all z € S% x (0, 00)?,
P.-almost surely, for A := {l € IN: T} > 1} it holds |A| = oo. In other words, there exists
an increasing subsequence (k;);cn such that {k; : I € N} = A and we infer in the case
En [ln Rl] >0

1/k

k-1 ki—1
2
limsup | Tk H R2 >exp | limsup | — Z In R; > 1.
k— o0 j=1 l—o0 j=1
This finishes the proof. O

4.3 Integrability of the ergodic elements

We use some calculation techniques already used before to show some quantities
under consideration are in L'(u). Together with Lemma 4.8 this can be seen as prepara-
tion in order to use Birkhoff’s ergodic theorem in the proof of this section’s main result
Theorem 4.5.

Lemma 4.6. The expectation E,[|In R;|] < oo is finite and for arbitrary u, € S the
expectation E,, [| In R;|] < oo is finite.

Proof. Define the interval I := [1/2,2+/2] and I¢ := (0,00) \ I = (0,1/2) U (2/2,00). Then

2v2
IEM[|lnR1H:/ / \lnr\rN_QhuO(r-u)drpn(uo)da(uo,u)
S2J1/2 (48)

—|—/ / |1nr|TN_2huO(r~u)d7°pn(u0)do(u0,u).
SZ c

EJP 27 (2022), paper 146. https://www.imstat.org/ejp
Page 17/28


https://doi.org/10.1214/22-EJP866
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

(Non-)extinction in a Fleming-Viot-type particle model

The first summand in Equation (4.8) is finite since

V2
/ / |In 7| 7V 72 hyy (r - w) dr py(uo) do(ug,u) < max |Inr| < oco.
s2 J1 1/2<r<2v2

Let us turn to the second summand in Equation (4.8). For wg,u € S, r > 0 by
Lemma 3.4,

FN-19N (Hiv 11 Uo) Hiv 11 u
P (1 - 1) = RES) X
0 [F((w+1) 71+2Z ()Nl

105 Dk + w + 1

s=1

N-1 (u )QMZ 'S resy s l(ué)zkﬂlm HN_slz1(.) (ug(s)>2ks]]

(1) <7 (j) sET L
X N— 1
‘ .2 (w+1)N=1+42>3 7" ks
i=1 ((ug) +1+r )
Given indices i,j € {1,...,N — 1}, a permutation 7 € Sy_; and ug € S, we define the

symbol u, ; ; = Uor j;(uo) by

e g s £ x(),
UOr 5,5 — ul

0; s=m"1(j),

and additionally given » > 0 and u € S define  j;, = &x j,i,r (o, u) by
—s s \2
s 2rug, i, u
Trgir = | 7 N2 . o
LR (%)2 142

+)N -1 (w+1)N
2 2

and let

F ((xs)évz_ll) = FéN_l) ((w w1, w41, (scs)iv__ll)

the corresponding Lauricella series to write using the Legendre duplication formula for
the Gamma function

2w
oY (I35 g) I v () ()

ha, -u) =
o (- w) VAN =1)T(w )r(w+1)N—1 .
N—-1 (UO)Qw
X T (wF1)N—1 Z Z (@njir (U0, u)) -
i=1 (uz) +1+7r2 j=1 weSn_1
0 (i) <m()

With some constant C,, y we bound the second summand in Equation (4.8) according to

/2/ \lnr|rN_2hu0(r~u)drpn(uo)da(uo, w)
S c

|ln7‘| 2N—-3 N—-1N-1
<CwN/2/ N T Z F(xx jir(uo,u))drpy(uo) do(ug, ).
S c

i=1 j=1 we€Sn_1
m(i)<m(4)
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Note,

N-1
SUP{Z (xi,j,i,r(u()vu))l/z PUup,u € Svﬂ- € SNflvT € Icaivj = ]-7"'7N_ 1}

s=1

2ry/1+ € . 2r 2v/2r
< —_— 0,1 I°: < —_— 1
_sup{nglJrr2 £el0,1],re }_max{fg£1+r2,rsgr12+ﬂ <

Turning back to the integral, we finally achieve using the same argument used to deduce
assertion (4.3) in the proof of Proposition 4.1

|1nr| 2N—3 —1N-1
Cuw.N /52/ N TN Z Z Z (@ j,i,r (U0, w)) dr py(ug) do(ug, u)

i=1 j=1 we&€Sn_1

(1) <7 (j)
N-1N-1 || 2N -3
< const-Cy N Z / / ———— =17~ 4 Py(uo) do(ug, u) < oco.
i=1 j:l sz J1e (14 72)Y

<7T(]

This shows the finiteness of the second summand in Equation (4.8) also, and there-
fore finishes the proof of the first assertion E,[|In R;|] < co. The second assertion
E,,[|In Rq|] < oo for ug € S arbitrary, follows along the lines. O

Definition 4.7. Let us denote the mapping

0, r <1,

In™ : (0,00) = [0,00), 2z~ In"(z):=max{0,lnz} =
Inz, xz>1,

as positive part of the natural logarithm.
Lemma 4.8. The expectation I, [In* T3] < o is finite.

Proof. According to [6, Equation (2.1)], the hitting time of the origin of a Bessel process
started at x > 0 is distributed as f where G ~ Gamma(w) is Gamma-distributed, that is

1
P(G € dt) = mt“f*le*tdt, t > 0.

Letting (G, G, . ..,Gn_1) independent and I'(w)-distributed we bound

—~ T [ V-1
E,[ln*t 7] < /lnJr min Y0 Yo 0 n(dug) < [lnJr ZIG]
S

2Gy’ 2G, 7 2G N

o 1 1 1 e
=/ In" ——t" e dt = / : —s-w—e%/2)d . O
/0 n <2t> Tw) ST (w) J, s-exp(—s-w—e*/2) ds < 00

4.4 Computation of the integrand In R; in Theorem 4.5

With the intention to use Theorem 4.5 more explicitly, let us give an explicit formula
for E,,[In R;]. We will then rederive [6, Theorem 1.1 (ii)] and in Section 5 we will show
that for v > —0.03 the particle system does almost surely not extinct in Theorem 5.4.

Lemma 4.9. The integrand in Theorem 4.5 is given by

S (14 (1))

Euo[lan] = Q(Nfl)

+
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+

2 (Hleuo)m o r(wN + X055
(N -1V -1 (w) Zl 0[1‘[ (ks +w+1)><

ki,....kn

N-1 (UO)QU) N-1

; 2k,
X Y”@fISZ?EZ ()"0 L ()]

i=1 ((U6)2+1 =1 m€Sn_1

s=1
m(§)<m(5) s#n 1 (j)
o (N =1+ 205 k) - v (wN + 25 k) ]
X .

2

Proof. Applying Lemma 3.4 and Fubini’s theorem results in

Euo [ln Rl]
oN (11 us>2w o I ((w+1)N-1+25V ) N-
s=1 %0 Z l / H 21@ +1 dO' )
- —1
N=Dhw) . = | TI- Hk+w+D i
N-1 . N-1 o N-1 ok,
x 3 (uh) ool T (w®) |~
i=1 j=1 we€SNn_1 s=1
m(i)<m(4) s#m 1 (d)
S P2N=3+2 05 ks 1y e
X / v dr|.
0 2 (wH+1)N—-142> """ ks
((uﬁ)) +1+ 7"2)
4.9)
By the constructed symmetry and [3, Equation (8)]
N-1
k!
/ H Qk +1 U) — He 1 ( ) ~ ) (410)
2N=2(N —1)I(N =24+ > ko)!
By Lemma A.7 in the Appendix
S P2N=3+2 05 ks 1 e
/ T dr
0 9 (wH1)N—142 3 N1k,
((ug) +14+r )
In ((u3)2+1> 0 F2N-3+2 5Nk,
<(“0) +1+T> (4.11)
o (N=1+ 205 k) - v (wN + 2 k)
+ X
2
PN =14 205 %) T (0N + 225 )
x 9 wN+Y 20 ke ’
2 ((uh)® +1) T (N 128 )
Plugging (4.10) and (4.11) into (4.9), recalling Remark 3.7, this implies
2N(1‘[N 1u’)2w 0 I‘((w+1)N—1+2Z
e X /H ot
(N=DF(w) 4= 1 TG [T(ks 4w+ Dk
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N-—1 9 N—-1 ok N-—1 ok
i\2w i\ 2ka-1(5) m(s)\ "
<3 (ub) o) e I (w6 x
i=1 j=1 m€SN_1 s=1
w(i)<m(j) s#m " (J)
00 P2N=3+2 10 ke
X T dr

o )(w+1)N 142N kg

((uf))2 +1+4+r2
I (R A (i) R [r (o + S5 6)

2(N 1) NN - 1)T(w), - 2 i s ery

N-1 <u0>2w N-1

_ 2k,
% wN+3 00 ks Z Z (ué)QkFl(j) H (ug(8)> %

i=1 i\2 ) j=1 nes s=1
<(“0) +1 (D)< () )

" (N 14N k) — (wN T i k;) ]

X

2

As first application, we immediately obtain
Corollary 4.10. For v > 2/N the particle system does almost surely not extinct.
Proof. In view of Theorem 4.5 it suffices to show E, [In Ry] > 0 uniformly for all ug € S.

This is the case by Lemma 4.9: Since the digamma function restricted to (0, 00) is strictly
monotonously increasing, for v > 2/N < w < (N — 1)/N the difference

" (N R k) — (wN N k)
>0
5 >
is non negative and it holds
N— 512
25:11 In (1 + (u5) ) In2

if i Ry] > inf - . O
Jnf B [In Fa] 2 Inf 2(N —1) sv_1) "

Remark 4.11. Corollary 4.10 recovers [6, Theorem 1.1 (ii)]. There, the argumentation
suffices if each particle is only reflected upon hitting 0 instead of performing an actual
jump. The basic idea is to use the fact that for Z = (Z!,..., Z") consisting of N — 1
independent Bessel processes of parameter v, the process || Z|| is a Bessel process with
parameter N -v. Setting v := 2/N leading to a Bessel process with parameter N-2/N = 2
has the law of ||(B!, B?)|| with two independent Brownian motions and thereby never
hits 0. Observe, also by Lemma 4.9 for v := 2/N it holds with notation Xy_ = ug

EynRy] = —— Z || (ug, .- us,ud, s ud " = By, [In]| Xo||] > 0

as expected since by the explanation above In|| X, || - In||(BY, B?)|| for v = 2/N is a local
martingale.

If the particles actually do jump (and therefore interact) this generally may be taken
into account by considering inf,, es E,, [In R;1] instead where the contributions of different
p*’s might outweigh each other. This approach still neglects the ratios of the particles
infinitesimally ahead the jumping times 7,, so we do not need to know the stationary
distribution 7 any more explicit.

EJP 27 (2022), paper 146. https://www.imstat.org/ejp
Page 21/28


https://doi.org/10.1214/22-EJP866
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

(Non-)extinction in a Fleming-Viot-type particle model

5 Three particles

In this section we fix N := 3 and in the same fashion as in the proof of Corollary 4.10
we want to find regimes of parameter values v with inf, es E, [ln R1] > 0. Then Cri-
terion 4.5 implies non-extinction. For this purpose we may without loss of generality
assume w > 2/3 in what follows. Lemma 4.9 specifies for N = 3 using the angle
parametrization cos g = u$ and sin ¢y = u3 to

In(1 4 cos? g) + In(1 + sin? ) N
4

(cos g sin pg)2* Z T'(3w + k1 + ko) "
2T (w) Pki +w+ DI(ke + w4+ 1)

E%’o [ln Rl] =

k1,k2=0

0s”" (o) V(24 1+ k2) — (3w + ki +ka)

X A .
((1 + cos? 900)5w+k1+k2 2

. (2 cos?k1 ©o sin2k2 wo + cos?k1 Yo cos?k2 <p0) +

> (o) Y2+ k1t ko) —YBwA ki + k)
(14 sin® <P0)3w+kl+k2 2

sin

+

. (2 cos?k1 g sin?*2 @ 4 sin?* @ sin?*2 <p0)> .
Let us recall Example 3.8; e.g. the summand with 2 cos?*t sin?*2 (p in it corresponds
to the situation i = j = 1, the one with cos?*' g cos?*2 ¢y to i = 1 and j = 2.
Since the first term 20+cos” “"O)Zln(l+5i“2 £0) > is non-negative which corresponds
to the particle system performing a jump, we can allow the remainder to be slightly
negative accordingly which corresponds to the continuous drift to be more negative.

Lemma 5.1. For v > 0.2404 the particle system does almost surely not extinct.

Proof. Because the derivative of the digamma function, the trigamma function, is strictly
decreasing when restricted to (0, o), the difference ¢'(3w + k) — ¢/(2 + k) is negative
for all £ > 0. Thereby the function k — ¥ (3w + k) — ¥ (2 + k) is recognized to be strictly
decreasing yielding the uniform bound

(24 k1 + ko) — V(3w + k1 + ko) > ¢(2) — ¢ (3w)
whence
In(2 + sin? 52 2) — In2 2) —
B (10 R > inf RS R0 €0 g0) | $(2) ~Y(Bu) L 2 6(2) — Y(3u)
%0 4 2 4 2
Here, in spirit of Remark 3.7, we have used that

(cos gpo sin <p0 Z I'(3w + k1 + k2)
Tk +

oo w+1) (ko +w+1)

0 .
: <(1 + cos? @0()3w)-"-k1+k2 ’ (2 COS2k1 %0 Sln2k2 %0 + COSle %o COS2k2 SDO))

2w

_ (cos cpo sin goo Z I'Bw + k1 + k2)
el F (k1 +

X
w+U(b+w+U

sin? . . . 1
X (ﬁ?u)+kl+k2 : (2 cos?F1 g sin*2 g 4 sin?1 g sin?k2 900) =3
(1 + sin? Lpo)
This shows the assertion for w < 0.8798, respectively v = 2 - (1 — w) > 0.2404. O
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In order to achieve finer estimates we split the domain of summation (ky, k2) € IN2
into {(0,0)} and INZ \ {(0,0)}. With the following definition we measure the contribution
B(w,sin” ) induced by the term with k; = ky = 0.

Definition 5.2. Let

B :(0,00) x [0,1/2] = [0,1];

50 = s €00 (a=g7) + (wen) ).

Lemma 5.3. For v > 0 the particle system does almost surely not extinct.

Proof. Firstly according to Definition 5.2 and by using ¥(2 + k1 + ko) — ¥ (3w + k1 + ko) >
¥(3) —¢(Bw + 1) for k1 + k2 > 1 and for the equality the identity ¥(z + 1) — ¢(z) = 1/x
for positive z > 0:

In(2 2 g sin?
E,,[In R?] = 2E,, [In R] > n(2 + cos® o sin” py) N

2
+ B(w,sin’ go) - (¥(2) = ¥(3w)) + (1 — B(w,sin® o)) - (¥(3) =¥ (3w +1))  (5.1)
In(2 4 cos? g sin? @) . 1 1
= 5 0 0 +w(3)—¢(3w+1)+B(w,51n2gpo)-(3w—2>.

By introducing the abbreviation ¢ = sin? o and by using the generalized Bernoulli’s
inequality (1+z)" <1+7r- -z forz > —1,0 < r <1 it follows writing ¢ == (1 -¢) - £ =
cos? g sin? @:

) (- 3) =2 s (55) + (5555) ) o2

I'(3w) 14 10¢ — 2¢2
>—(3w—2)~m <2—2w+w~(~(2+o3>.
Whence
E,, [In R?] > @ +9(3) = (Bw +1)—
(5.3)
T _ 2
_(3w_2)'zﬂ‘(1(03?1)3 (2—2w+w-§-w> =: h(Q).

In the relevant domain w € [0.8798,1],( € [0,1/4] differentiating with respect to ¢
computes to

d, 1 (o TBw)  (—11(¢+2)?+63(C+2) - 81))
dCh(C) S 202+9) (1 (Buw=2)-w Iw+1)3 ( (C+2) :
(5.4)
It holds
0<@Bw-2)-w<1 (5.5)
and by
d T(Bw) _ 3T(3w) -
%F(w +1)3 - T(w+1)3 (Y(Bw) —¢p(w+1)) >0
also
I'(3w) INCER VI
Fw+ 1P STUF1p > (5.6)
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Furthermore, due to

d —11(¢ +2)> +63(C+2)—81 11 (5_
¢ (¢+2)? S ¢+t 11

we get the estimate

C)(7—O>0

—11(¢+2)* +63(¢+2) —81 _ —11-(9/4)* +63-9/4 81

C+2 : /17 S 6
Using (5.5), (5.6) and (5.7) in (5.4) we deduce
o> -1 1-2.49) >0
d¢ = 2(24¢)
and therefore by recalling the bound given in (5.3)
2 I'(3w)

Because the gamma function T'(z) is strictly increasing for values larger than x >
1.46163.., the unique positive root of the digamma function, it holds I'(3w) /(2 (w+1)3) <
['(1.8798)~3 and we may further estimate:

Ey,[In R?] > In(2)/2 4+ 1%(3) — (3w + 1) — (3w — 2) - (1 — w) /T'(1.8798)* = a(w).

Differentiating with respect to w leads to

, ow—5/3
a(w):?)(mﬂ)é)g—z/)(?)w—i-l)).

Differentiating once again

" o 2 "

because ¢ | (o) is a strictly negative function.

Due to o/(0.8798) ~ —0.627691 < 0 < 0.296638 ~ /(1) in the interval w € [0.8798, 1]
there is an unique global minimum of « in the interior (0.8798,1). By «&/(0.9611) =~
—0.000299177 < 0 < 0.000466669 ~ «’(0.9612) we can narrow down more and estimate

a(w) > n(2)/2 +%(3) — (3 0.9612) — (3-0.9612 — 2) - (1 — 0.9611) /T(1.8798)>
~ 0.00736878 > 0.

We have now shown E,, [In R}] > 0 uniformly in (w, @) € [0.8798,1] x [0,7/4], which
shows the assertion. O

In the case of N = 2 particles there is a critical parameter value v = 0 (cf. [5,
Theorem 1.1 (i)]). This is not longer true for N = 3 particles as the following main result
shows. The assumption v > 0 in the preceding lemma was of technical nature only; we
may replace Bernoulli’s inequality adequately by the estimate z* + y* < (z + y)* valid
forw>1and z,y > 0.

Theorem 5.4. For v > —0.03 the particle system does almost surely not extinct.
Proof. We want to recycle a few computations from the proof of Lemma 5.3 and again

write & = sin g and ¢ == ¢ - (1 —€).
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Firstly, again by (5.1) and (5.2)

In(2 + cos? g sin’
By 10 ] = Byl B 2 TS POSE0) g 4

I'(3w) (1-92%\" (-9
-2 ety () +(55er) )
For w > 1 we may now apply the inequality * + y* < (z + y)" for z,y > 0 and attain
(1-9%\" | [a-9e\" 1+10¢ - 2¢*\"
(et) (o) <(cTavg)

Due to ( - 14—(12(144—)342 < i . 1(;8;? = 7/64 < 1 we further estimate

1+10¢ —2¢2\" 1+ 10¢ — 2¢2
e

14 10¢ — 2¢2
w . C ——
2+¢)?

and altogether

In(2+¢)

ELPO [ln R%] Z 2

+9(3) —¢Bw+1)—

T'(3w)

1+ 10¢ — 2¢2
4T (w +1)3

2+0)?

This expression read with respect to ( is the same as the already analyzed bound (5.3)
up to some additive constant; we can directly transfer, that the minimum is attained in

¢=0:

- (Bw—2) w- ¢

E,,[ln R3] > In(2)/2 + $(3) — ¥(3w + 1).
The unique root is located at w = 1.01565264025354.... O

6 Open problems

It is clear that the bound of Theorem 5.4 can not be sharp. With the same method
of requiring In R to be positive uniformly for all ¢y € [0, 7/4], numerical approximations
suggest that the critical value is at w ~ 1.20360229090196 which corresponds to v ~
—0.40720458180392; there, the minimum is attained for ¢y = 7/4. The authors believe
that in the case N = 3 there is v, sufficiently small, such that the particle system extincts
almost surely for all v < v,. For the criterion Theorem 4.5 to be useful in proving so,
since the integrand In R; will be negative only in some regime of S near (1,0) and positive
near (1/v/2,1/1/2), it seems to be a reasonable strategy to partition S = ltJ; S; properly
and to show bounds for In Ry with ug € S; and for n(S;). The later might be achieved
even in considering only one-step transition probabilities.

Another concern addresses asymptotics for N — oco: The result Theorem 5.4 shows
that adding particles potentially really enlarges the domain of parameter values where
non-extinction occurs almost surely. It would be very interesting to know, whether for
all v € R there exists N,, such that for all N > N, the particle system does not extinct
almost surely.

A Properties of hypergeometric functions

In this Appendix we collect some explicit properties of special functions which are
used during the paper.
The Gamma function I'(z) for z > 0 may be represented by the integral I'(z) =

J;° e~tt*~! dt. This implies the following integral formula:
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Lemma A.1l. Fora > 0, b > 1 it holds
/ t=be vt dt =T(b—1)/ab"".
0

Proof. Substituting s := a/t, we derive

/OO t=be ot dt = /Oo(s/a)b e *a/s?’ds=T(b—1)/a""H
0 0

Definition A.2. We denote by

k—1
(@)= [ @@+ 1), k € Ny

§=0
the Pochhammer symbol (rising factorial).
Definition A.3. The Gausian hypergeometric function is defined for |z| < 1 as

(@) (b)r 2

2F1(a,b;¢; 2)
k=0

Lemma A.4. The hypergeometric function obeys for a,b > 0 and x < 1 the identity
oFy(a,b;a;x) = (1 —x)~° (A1)
and according to [16, 2.12 (5)] has the following integral representation:

F(C) >~ b—1 a—c —a
)/0 sS"THL 4+ 8)4 (1 + s2) "% ds,

Fi(abel—2) = ——2
2Pi(a bl =2) = Fpre

(A.2)
Rec> Reb>0,|argz| <.

Lemma A.5. Fora,c,3 > 0,7 > %5 > 0 it holds

> é s () (y— 12
/0 (c+3~2ﬁ)7 yzﬁ_lcﬂ(g) o (6 )F(’(y) ﬁ)
Proof. By (A.2) and (A.1)
- y° Pl e o
/o (cta-y?) Y75 s (1+%~z)vdz
_ 1+6 146
Cﬂﬁ(ﬂ);f(y) ﬂ)”Fl(”’l;é” )
AT ()T (- 2 145
:% <ﬂ)F(’<y) ﬁ)(Z) 0

Definition A.6. Let ¢ = (InoI')) = I"/T" denote the Digamma function.
Lemma A.7. Fora,c,f > 0,7 > %5 >0

* 3y’ -Iny
7 dy
o (c+a-yP)

a r 15} B
c 146 ) _ _ 146
e+ (542) —y(y 5)/00 y
B o (c+a-y?)
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Proof. Recalling Lemma A.5,

/°° 5 ‘Iny / i
o (c+a-ys) ~ 9 c—|—a yﬁ) Y
145 F(M)p ,yfli5>
2 4 (C\TF B8 B c 1+6 _ _1+5
=7 Q) () <1“a“”< g ) Y05 ) F
Definition A.8. Let
(n) . = (@) kst 4k (O ey 4. 4 b k1 k
F = vk
& (@0, ) Kt ;:0 (€0)kr - (o) -l 1T

denote the C'-type Lauricella hypergeometric series as can be found e.g. in [17, Equa-
tion (2.1.3)].

Proposition A.9. The C-type Lauricella series converges absolutely on
{12 + .+ |22 < 1),

Proof. A discussion with proof can be found in [17, Section 2.2] and is omitted here; cf.
also [17, Section 2.9] for a general theory of convergence of multiple hypergeometric
series. O
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