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Local survival of spread of infection among biased
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Abstract

We study infection spread among biased random walks on Z?. The random walks move
independently and an infected particle is placed at the origin at time zero. Infection
spreads instantaneously when particles share the same site and there is no recovery.
If the initial density of particles is small enough, the infected cloud travels in the
direction of the bias of the random walks, implying that the infection does not survive
locally. When the density is large, the infection spreads to the whole Z®. The proofs
rely on two different techniques. For the small density case, we use a description of
the infected cloud through genealogical paths, while the large density case relies on a
renormalization scheme.
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1 Introduction

We consider here an infection process that evolves on the d-dimensional integer
lattice, where each individual performs a biased nearest-neighbor random walk. Let
p(-) be a nearest-neighbor probability distribution on Z¢. We assume without loss of
generality, that, for each i € [d], 0 < p(e;) < p(—e;) < 1, where {e;}% is the canonical
basis of Z4, and write ¥ = Y_,_, p(z)¥ for the d-dimensional drift of the distribution p(-).

We consider a “Poissonian cloud” of independent continuous-time random walks with
jump distribution p(-). More formally, at time zero, each site x € Z? receives an i.i.d.
number of particles ny(z) ~ Poisson(p), where p > 0 is a given parameter which we call
density. Then, each particle evolves as an independent continuous-time random walk
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Local survival of infection

that jumps with rate one and whose increments have distribution p(-). Denote by 7;(x)
the number of particles at position x at time ¢.

We now define the infection process we will consider. Particles will be of two types:
either healthy or infected. At time zero, we add an additional particle at the origin that is
declared infected. A given particle is infected at time ¢ if there exists some time s € [0, ¢]
such that it shared a site with a previously infected particle. Alternatively, one might say
that a healthy particle becomes immediately infected if it shares a site with an already
infected particle.

Let & (x) denote the number of infected particles at « € Z% at time t. Notice that,
at any given time ¢ and site = € Z¢, either all particles at site = are healthy or all are
infected.

Our interest lies in understanding the behavior of the process { = (&)i>0. We
will focus on directions where the drift is negative, more precisely, we assume that
p(e1) < p(—ey1) and examine the projection of the infected cloud in this direction®. There
are two forces here that are in opposition to each other: while each individual particle
has a drift away from the origin, in order for the infection to travel towards the same
direction, it is necessary that each site is visited only finitely many times by infected
particles, which puts a strain on the system. The strength of this opposing force, though,
is controlled by the density parameter p. This hints at the existence of different behaviors
for the model, as the density parameter p changes.

We first consider the case when the density is small. Here, the time it takes for each
infected location to be emptied is not enough to sustain the infection process locally, and
the infection cloud travels towards v. To precisely detect this phenomena, consider the
quantity

ry = sup{(x, e1) : &(x) > 0}, (1.1)
the maximum displacement “towards the right” in the e; direction.

Theorem 1.1. Assume that p(e;) < p(—ey) and set v; = p(e1) — p(—ey). For any § > 0,
there exists a positive density p_ > 0 such that, for all p € (0, p_), there exists a positive
constant ¢, such that, for allt > 0,

P,ry > (vi +0)t] < cle_ﬁ. (1.2)

As a corollary of the theorem above, we conclude that, provided the density p is
sufficiently small, every finite subset is eventually free of the infection, since it travels
towards negative directions with positive speed.

Corollary 1.2. If p(e;) < p(—e;1) and p is small enough, then each fixed site is visited
finitely many times by infected particles, almost surely.

When the density is large, the picture is different from Corollary 1.2. Even though
each particle travels towards the direction ¥, the time it takes for all particles in a given
site to move allows the infection to actually spread in the opposite direction. Our next
theorem states that, provided the density is large enough, r; actually grows with positive
speed with large probability.

Theorem 1.3. Given p(-) such that p(e;) > 0, there exist a positive constant A =
A(p(-)) > 0 and density p+ = p+(p(:)) > 0 such that, for all p > p,, there exist positive
constants ¢, = ¢,(p(+), p), ¢s = ¢&5(p(+), p), and to = to(p(-), p) such that

P,[re < c;t] < e 20080 forallt > t,. (1.3)

IThis is not a restrictive assumption. In fact all our results remain valid if one assumes that v; = p(e;) —
p(—e;i) # 0, for some ¢ € [d]. In order to simplify the statements, we assume without loss of generality that
v1 < 0. This can be achieved, for example, by permuting the coordinates.
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According to Theorems 1.1 and 1.3, we have r; < —ct, if p < p_, and r; > ¢t, for
p > p+. An interesting open problem would be to prove whether there is a critical point
pc such that, for p < p., the infection travels to the left, and, for p > p., the infection
travels to the right.

Although the heuristics for the theorems above can be easily understood, turning
them into proofs is not straightforward. Verifying such statements for similar models,
such as in Kesten and Sidoravicius [10], relies on developing intricate renormalization
schemes. In Baldasso and Teixeira [4], the authors consider another model, where
particles evolve as a one-dimensional zero-range process without drift and also rely on
multiscale renormalization to derive their results.

Proof overview The proof of Theorem 1.1 follows by path-counting arguments. This
proof has two distinct parts that rely on the fact that every site that is infected at time ¢
can be reached by a concatenation of trajectories of random walks, with the first one
starting at the origin. We will call such a concatenation of random walk trajectories as a
genealogical path, but defer the formal definition to Section 2. The overall goal of the
proof is to show that, for all times ¢, there exists no genealogical path that could bring
the infection far from ¢v.

The first part of the proof is similar to the analogous statement from Kesten and
Sidoravicius [10], that consider the case when the random walks are balanced. In this
part, we simply prove that, with sufficiently high probability, there exists no genealogical
path starting at the origin that performs too many jumps. This will allow us to reduce
the number of genealogical paths we need to consider in the rest of the proof.

The second part requires a more refined analysis, as we need to account for the
contribution that each particle in a genealogical path could have to “move” the infection
away from the drift. For this, we first verify that each particle that is followed by a
genealogical path gives a contribution towards this displacement away from the drift
that has good concentration. From this, we infer that, in order for a genealogical path to
move too much away from the drift, it needs to follow too many different particles.

Theorem 1.3 has a much more intricate proof. Here we rely on multiscale renor-
malization by considering events where the infection does not travel fast enough in the
positive direction. We prove that, provided the density is large enough, the probability of
such events is small, by relating events of different scales. A central piece of the proof
that allows us to establish such relation is the decoupling for biased random walks.

Decoupling A decoupling is an estimate on the correlation decay of functions of the
space-time configurations with supports that are sufficiently far away. They are powerful
tools that replace the use of mixing properties for models that lack such estimates. We
here prove a decoupling for the particle system composed of independent continuous-
time biased random walks.

We regard the collection of space-time configurations as a subset of and
consider monotone functions of such configurations, which we assume are defined in
this larger space.

We say that a function f :

ne(x) = 7 (z), for all (x,t) € B implies f(n) = f(7). (1.4)
The function f is said decreasing if < 72 implies f(n) > (7).
Given two space-time supports B; and B,, their time distance is the quantity

there exist z,y € Z¢ such that
(I,t) S Bl and (y,S) S BQ

74 xR
ING ,

]NOZd *B _ R has support on the space-time box B C Z¢ xR if

dv(Bl,Bg):in{|t—S| : (15)

2Given two space time configurations 7 and 7, we say that n < 7 if n:(z) < 7(z), forallz € Z and t € R.
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We will prove a correlation estimate for decreasing functions of the space time with
bounded supports that have sufficiently large time distances.

Theorem 1.4. There exist positive constants c, and c; such that the following holds. Let
By and By denote two space-time cubes of side-length n > 0 satisfying
dy =dv(B1,B2) > ¢, (1.6)

and assume, without loss of generality that the time coordinates in the box B, are smaller

than the ones in By. For any two decreasing functions of the space-time configurations
d

fi, fo: ]Ng xR, [0, 1] with respective supports in By and By, we have, for any p > 1,

N
o

Ey[fifo] < Ep[AIEyf2] + p* 2 (n + dp)t e dr” (1.7)

d
where p* = p(1+d;. "7 ).
Remark 1.5. Notice that the estimate above is not a correlation estimate, since it relates
expectations for different density parameters p and p*. A natural question is whether
it is possible to obtain such estimates without the use of the so-called sprinkling in the
density. This is not the case, as verified in [8] for a very similar model, composed of
discrete-time balanced random walks on Z. In this case, they exhibit an example where

_1
correlations decay as d.* (see Equation (2.11) from [8]).

Remark 1.6. We remark that the statement of the theorem above can be extended to
allow for the case when the function f; depends not only on the configuration inside the
box Bj, but actually on the whole past of the process up to the upper time limit given by
the ball B;.

Proof overview of the decoupling The proof of Theorem 1.4 relies on a construction
of a coupling between two systems 7 and n* with respective densities p and p* such that,
for a given subset of H € Z?, we have n;(x) < n;(z), for all x € H with large probability,
provided t is large enough. With this coupling in hands, Theorem 1.4 follows easily.

The construction of the coupling is more intricate. Its nature resembles that of
Baldasso and Teixeira [3, 4]. We start with two independent collections of particles g
and 7;. Inside a large set containing H, we match particles of 7y to particles of ;. We
then let the random walks evolve. Whenever a pair of matched particles meet, they
evolve together. Standard heat kernel estimates provide the bounds on the probability of
this happening before some given time s. As those bounds are not strong enough for the
estimates we need, we do a rematching of the particles a polynomial number of times to
boost the aforementioned estimates to yield our desired stretched exponential bounds.
We remark that this coupling is more robust than that of [7, 14, 15], since it does not
require such a refined control of heat-kernel estimates.

Related works There are many different works that treat models for infection spread.
Perhaps the most similar to ours is considered by Kesten and Sidoravicius [10]. In
their case, particles evolve as continuous-time unbiased simple random walks and all
particles placed initially at the origin begin infected. Once again, infection spreads
through contact and there is no recovery. They consider the set V (¢) of sites visited by
an infected particle up to time ¢ and prove that there exist positive constants C; and Cy
such that, with large probability, B(Cit) C V(t) C B(Cat), where B(k) = [k, k]¢. In[12],
Kesten and Sidoravicius strenghen the results of [10] and conclude that the set V (¢)
satisfies a shape theorem, while in [11] they studied the case with recovery.

The proof in [10] shares some similarities with ours. The upper bound is also
obtained through path-counting arguments while the lower bound revolves around
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the construction of a delicate renormalization structure. As we mentioned in the proof
overview of our Theorems 1.1 and 1.3, the first part of our proof follows the path-counting
argument for the upper bound in [10], but we need to proceed one step further to control
that the infection does not move too much away from the bias of the random walks.
With regard to the lower bound, we focus this discussion on the one-dimensional case to
highlight the main differences between our proof and that in [10]. First, [10] observes
that the infection front (say, the rightmost infected particle) behaves as a symmetric
random walk when there is only one infected particle at the front, whereas the front has
a drift to the right when there is more than one particle. This implies that, in order to
prove that the infection grows linearly, it suffices to prove that the infection front has at
least two particles a positive fraction of time, which they obtain via a renormalization
scheme. In our case, where particles have a drift to the left, this strategy fails precisely
because of two reasons. First, having two particles at the front may not be enough to
overcome the drift to the left of the random walks, so one needs a sufficiently large
number of particles. Second, even if two particles were enough to overcome the drift,
just having a positive density of times with two particles at the front may not be enough
to compensate for the drift to the left that the front undertake when it has just one
particle. Our strategy is then to develop a multiscale renormalization scheme different
from that of [10], with a target of controlling instances where the infection does not
travel with a minimal positive speed to the right, and prove that events of this form have
very small probability.

Regarding other works, Gracar and Stauffer [7, 6] analyzed a more general situation
where the random walks move on top of the random conductance model. They prove
the existence of a percolation structure (which they call Lipschitz surface) and use this
to conclude that the infection spreads with positive speed for d > 2. A less structured
percolating argument was obtained by Stauffer [19] in continuous space, where particles
move as independent Brownian motions.

A simpler model that can be viewed as an infection process is the so-called frog
model. Here, infected particles perform discrete-time simple random walks, while
healthy particles do not move until an infected particle jumps onto their position. A
thorough discussion about this model can be found in the survey paper by Popov [16].
We just remark that, under some minor conditions on the initial location of the particles,
Alves, Machado, and Popov [1], and, independently, Ramirez and Sidoravicius [17], prove
a shape theorem similar to the one in [12]. This was further strengthened by Alves,
Machado, Popov and Ravishankar [2].

Let us now briefly review models where particles do not move independently. Baldasso
and Teixeira [4] consider particles that move according to a one-dimensional zero-range
process. Under mild conditions that garantee the existence of invariant measures for
the process, they provide lower and upper bounds for the speed with which the front of
the infection grows. Jara, Moreno, and Ramirez [9] consider an infection evolving on top
of one-dimensional exclusion process and rely on regeneration arguments to prove a law
of large numbers and central limit theorem for the infection front.

Regarding decoupling estimates (as in our Theorem 1.4), sprinkling ideas were
first introduced in the context of random interlacements by Sznitman [20] and in the
context of independent Brownian motions by Sinclair and Stauffer [18] (see also [14]).
These types of inequalities were used to study several conservative particle systems.
Peres, Sinclair, Sousi, and Stauffer [14], Benjamini and Stauffer [5], and Stauffer [19]
considered independent Brownian motions. Hilario, den Hollander, Sidoravicius, dos
Santos, and Teixeira [8] treated discrete-time balanced random walks and built on
the strategy from Popov and Teixeira [15] to provide decouplings for this system. The
random conductance model was considered in [7], while Baldasso and Teixeira developed
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a decoupling inequality for the one-dimensional zero-range process [4] and the one-
dimensional simple exclusion process [3].

2 Basic definitions

Let us now precisely construct the particle systems and infection process we consider.
Recall that p(-) denotes a nearest-neighbor probability distribution on Z< such that,

for each i € [d],
0 < ple;) < p(—e;) <1, (2.1)

where {e;}¢, is the canonical basis of Z?. The vector ¥ = > _,p(x)Z is the d-
dimensional drift of the distribution p(:). Due to (2.1), every coordinate of ¥ is non-
positive. Furthermore, we assume that p(e;) < p(—e;), so that vy, the first coordinate of
U, is negative.

For each v € Z% and n € IN, let S™" = (S{"™),>¢ denote an independent copy of a
rate-one continuous-time random walk with transition probability p(-) and S5 = z, for
all n € IN. Denote this collection by S.

Given a non-negative parameter p > 0, consider, for each z € Z¢, an independent
random variable 7 (z) with distribution Poisson(p). For each positive time ¢ > 0, let

(@) = Z 21{53'“:w}1{n3no<y)} (2.2)

yeZdn=1

denote the number of particles at position x at time ¢. We write IP, for the distribution of
the process n = (1;),~-

We see particles in a given space-time point as ordered in a pile. This ordering can be
arbitrarily chosen, and we will use it to talk about the k-th particle in a site. Furthermore,
notice that it also makes sense to talk about the k-th particle that jumps into a site =
after time ¢t and that this does not depend on this ordering of particles in each site.

The product measure with marginals Poisson(p) is invariant for the process, and we
call the quantity p the density of the system. Besides, if p’ < p, it is possible to define an
order preserving coupling between two processes np/ and 7)” with respective densities p’
and p such that ,

nf (z) < g (@), (2.3)
forall ¢t > 0 and x € Z“: one simply uses the same collection of walks S to evolve both
processes and consider the initial conditions ng/ and 7 that satisfy ng/ (z) < nf(x), for all
x €74

We now proceed to define the infection process (§):>o. Recall we add an infected
particle at the origin at time zero. At any given time ¢ > 0, (z) denotes the number
of infected particles at = € Z?. At time zero, only particles at the origin are infected,
which means that §(x) = (10(0) + 1)1;,—0y. As for the evolution, each time an infected
particle jumps to a site with healthy particles, all particles at that given site become
infected. Furthermore, if a healthy particle jumps towards a site with infected particles,
it immediately becomes infected. This in particular implies that in every site and non-
negative time, either all particles are healthy or all are infected.

2.1 Genealogical infected paths

We can see the infection mechanism through genealogical paths. In order to define
these paths, we introduce a notation for the trajectory of a particle. If X denotes a
particle present at time zero, we denote by (X (s))s>o the path that it performs. We say
that a particle X becomes infected at time ¢ if it is healthy before time ¢ and infected
after time ¢, i.e., t is the first time it shares a site with another infected particle.
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Figure 1: An example of a genealogical infected path. Different colors stand for different
particles followed. Following the representation of the path via the quantities introduced
above, we have n = 4 and (kq, ko, k3, k4) = (2,0,3,0). Furthermore, notice that the
transition from the first (blue) particle to the second (red) particle happens with an index
j1 < 0. Since the second particle does not jump, we have jo < 0 as well. In the last
transition, from a green to a purple particle, the index j3 is positive.

We say that v : [0,t] — 74 is a genealogical infected path up to time ¢ (GIP(¢)) if
~(0) = 0 and there exist a sequence of times 0 =ty < t; < --- < t,, < t and a sequence of
particles X;,... X, such that X;(0) = 0, X; becomes infected at time ¢;_;, and, for all
s € [t;—1,t;] we have v(s) = X;(s), for all i € [n]; for convenience of notation, we assume
that ¢,,+1 = t. Of course, & (x) > 0 if and only if there exists a GIP(¢) v with (¢) = z. See
Figure 1 for a representation of a GIP(t).

We will identify a GIP(¢) by the following: the number n of particles it follows, a
vector (ki,...,k,) with non-negative entries that counts the number of jumps each
particle performs while it is being followed, and a vector with non-zero integer entries
(jo, j1, - - - jn—1) that identifies which is the next particle to be followed (j, identifies the
first particle that is followed and starts at the origin). If j; > 0, then when X; makes
its last jump we take X;;; to be the j;-th healthy particle that was present at the site
where X; jumped to (and thus became infected via X;). Whenever j; < 0, we wait X; to
perform all its k; jumps, and only at this moment wait for |j;| healthy particles to jump
on the site where X is (and thus becomes infected for the first time when it meets X;),
taking the |j;|-th such particle as X;, .

This identification has some particularities we need to address. First, observe that,
if k;, = 0, we demand that j; < 0, i.e., after following a particle that does not jump, we
need to follow a particle that is not yet in the site we are considering. Moreover, we
will denote by k£ = Z:Lzl k., the total number of jumps of a GIP. Finally, it is not always
the case that all possible choices for these vectors will yield a GIP, but all GIP can be
obtained by some choice of such values.

3 The small density case: proof of Theorem 1.1

We now consider the case when the density is very small. Using a first moment
computation, we will prove that there exists a small density p > 0 such that, with large
probability, the infection travels towards the negative direction in the first coordinate
axis.

We will control how infection spreads by using genealogical paths. The first propo-
sition we prove states that it is unlikely to exist a GIP that jumps many times. This
is a general statement that does not depend on the probability distribution p(-). This
transition kernel will be important when we consider finer properties of the model.
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Proposition 3.1. For any p € (0, 1), there exists a positive constant ¢, = ¢s(p), which
might be taken to be monotone non-decreasing as a function of p, such that, for allt > 0,

there exists a GIP(t) that

< emcettl 3.1
jumps more than cgt times € 3.1

As a byproduct of the proposition above, we immediately obtain the following result.

Proposition 3.2. For any densities p € (0,1), there exists ¢, > 0 and « > 0 such that, for
allt > 0,

P, [||z|| > at, for some x € Z* such that & (z) > 0] < e (3.2)

Proof of Proposition 3.1. The proof of this statement relies on a first moment calculation.
We will bound the expectation of the number of GIPs that jump more than cst times
before time t.

The discussion gets simplified when we use the identification of GIP introduced in
Subsection 2.1. A GIP is identified by the number of jumps k, the number n of particles it
follows, a vector (k1, ..., k,) with non-negative entries that counts the number of jumps
each particle performs and a vector with non-zero integer entries (jo, j1,. .. jn—1) that
identifies which is the next particle to be followed. As in Subsection 2.1, we will denote
by Xi,... X, the collection of particles followed by the GIP.

If k; > 0, then the time it takes to follow particle X; until its last jump is equal in
distribution to the sum of k; independent Exponential(1) random variables. We will call
these exponential times 7;. Besides, if j; < 0, we gain a time contribution that comes
from the fact that, after particle X; does its k;-th jump, it has to wait until j; healthy
particles jump into its site from one of its neighboring sites. We will call such times
as W, ¢, where ¢ ranges from 1 to |j;|. Note that the number of healthy particles in a
given such neighboring site is distributed according to a Poisson random variable of
intensity p times the probability that a particle moving as a biased random walk did
not touch other infected particles in the past; this follows from the thinning of Poisson
point processes. We simply bound this probability by one. Moreover, we still need to
account for the possibility that X; jumps, which happens with rate one. Hence, (W; ()¢ is
stochastically dominated by a sequence of |j;| independent exp(1 + p) random variables.
Notice furthermore that the probability that X; jumps before a healthy particle arrives
from a neighboring site is at least ﬁp In the case when the particle we are following
jumps before all the |j;| new particles arrived, we disregard the path. From the above
consideration, the probability that the path is not disregarded as described above is

at most the probability that G; > |j;|, T
Markov property, it follows that the random variables 7;, W, ¢, and G; are independent.

Let G; denote the number of GIPs that jump more than ¢t times before time ¢, where
¢ is a constant that will be chosen later. The discussion above allows us to bound

where G; ~ Geometric ( ) From the strong

BGI<E, | 2. > > X S T, o S W<t}

=[cet] n=1 veokn): (JoseGn—
k=Tcet] (Xk:l” kn): (jo,---Jn—1) (3.3)

i=1 "=

I Cwvisinlgen + Yeshnlyc—y) Lnkesy | »
=1

where N; counts the number of particles present at the site onto which X; makes its last
jump.
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Let us now estimate the expectation above. Notice first that the possible choices for
the partitions (k1,...k,) such that Y .-, k; = k is bounded by

<n +k— 1> < gtk (3.4)

n—1

Write J =37, . |J:| and notice that the random variables ST+ Y ji<0 Z‘;: |1 W,
stochastically dominate a sum of k¥ + .J i.i.d. Exponential(1 + p) random variables. This
allows us to bound

7l

ZT+ZZW“<t <PX >k+J], (3.5)

1:7,<0 £=1

where X ~ Poisson ((1 + p)t). Notice also that the number of walks we follow n is upper
bounded by & + J, since, whenever i € [n] is such that k; = 0, we have j; < 0.

To bound the expectation, we first divide the sum according to which subset of indices
A C [n—1] is such that j; < 0 for i € A. Notice that, for a fixed choice of set A, using
that N; has Poisson distribution with parameter p,

J
Z Z E, H Lini>iey H l{Gz>|jz|} < <1ip> pn_l_lAl(p+ 1), (3.6)

(A je>1 i¢A lcA

where the term p + 1 comes from the number of particles at the origin at time zero.
From the discussion above we obtain the bound

oo e} J
> Y X X ez k() s Dy

k=[cet] n=1 AC[n—1] ji:i€A
(3.7)

We now observe that that the number of choices of indices j; with ¢ € A such that

J =3",c4ljil is bounded by (‘ A ',). This allows us to bound the quantity above by

> 2 X S (G e (1) e s

k=[cet] n=1 AC[n—1] J=|A]|
(3.8)

Second, we bound the number of choices for A according to its size. This yields the
bound

o0 oo n—1 oo

2:: E::O > ( ) ( )2”““]?[)( >k +J] (J)Jp"—l—f(ﬁ Dlgnckisy- (3.9)

p

We now change the order of summations, and conclude that the r.h.s. of (3.7) is
bounded by

i i XJ: ’ij (Z) (}D 2 HRPX > k4 J] (#)Jp"‘l‘“ﬁ 1)

< >0 D (k4 D)8MPIX > k]
k‘:’—CGt-l J=1

(3.10)

We now use the estimates from Proposition A.1. By choosing ¢, > 2(p + 1), we obtain

< k+ J)8k+/ —cio(k 4 J)log —— 5. 3.11
Gl< Y Z( D)8 exp | —e(k 4 ) log (3.11)
k=[cet] J=1
EJP 27 (2022), paper 135. https://www.imstat.org/ejp
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y = vt

y=(v—et

Figure 2: The random variable R. in dimension one. Notice that the random walk is
completely contained in the gray area.

To conclude, we set L = max{k, J} < k+ J < 2L in the equation above to obtain that
the r.h.s. of (3.7) is bounded by

oo

L
Z 4L%8%*L exp {—clﬁL log }
Pl (1+p)t

o0
< Z etlebl exp {clsL log
L=[cet]

< i exp{L <Cwl°g (1ip)10)}

L= (Cet]

(1 +p)t} (3.12)

—cet+1
<e ,

if ¢y = co(p) = 1275 (1 + p) > 0.
Combining the bound above with (3.7), we obtain that

E, G < e~ cottl (3.13)
To conclude the proof, simply apply Markov’s inequality to obtain

P,[G: > 1] < E, Gy < e 1, (3.14)
O

We now proceed to conclude the proof of Theorem 1.1. In view of Proposition 3.1,
we may restrict ourselves to paths that do not jump many times until time ¢. Before
presenting the proof, we provide some basic facts about biased random walks that will
be used in the proof, since GIPs are constructed by concatenating such objects.

Lemma 3.3. Let (X;);>0 be a random walk starting from the origin, and let ¢ denote its
drift. For any € > 0, there exist a positive random variable R. and a positive constant
¢y = ¢5(p(+),d, €) € (0,1) such that, almost surely

|| X: — t0]| < max{R.,et}, forallt>0, (3.15)

and, for every u > 0,
P[R. > u] <c, te v (3.16)

log cg
Cg 4

In particular, R. is stochastically dominated by C—ng — where Y ~ Exponential(1).
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Proof. Begin by using Lemma A.4 to bound, for T > %
P[||X; — t]| > et, for some t > T
<Y P[||X; — ti]| > ekT, for some t € (KT, (k + 1)T]
k=1

> . € (3.17)
<Yp [||Xt — 3] = S(k+1)T, for some t € [k (k + 1)T]}

=
Il
—

0177167617(k+1)T é Cflechj

o

=
Il
-

for some suitable positive constant ¢ > 0.
Due to Borel-Cantelli Lemma, the random variable

_ 2
R = inf {u e [,oo) NIN: || X — V]| <et, forallt > u} (3.18)
€
is almost surely finite. Define now
Rezsup{HXt—tUH te [0,7‘36]}, (3.19)

so that (3.15) clearly holds. Finally, observe that, as an immediate consequence of (3.17)
and Lemma A.4, one obtains that, for all v > 0,

P[Re>u] <P [Re>u]+P[sup{||X,—td]|:t €0

R} > u, Re < ul
<ctem 4 P sup {||X; — t0]] : t € [0,u]} > u]

< (3.20)
S Cg—le—Cgu’
concluding the proof. O

Remark 3.4. Note that the whole argument in the proof above crucially relies on the
fact that in a GIP we start following a given particle only at the very moment when it
gets infected. This implies that a particle is followed at most once, and a particle that
we start to follow at some time ¢ has never intersected the GIP before time ¢, reducing
dependences.

We are now in position to prove Theorem 1.1. The proof is also based on the first
moment method by bounding the expected number of GIPs that do not behave as
expected. In view of Proposition 3.1, we may consider only GIPs that do not jump many
times.

Proof of Thereom 1.1. We assume that p < % By possibly increasing the value of ¢;, we
can assume ¢t > 1. Furthermore, by monotonicity, we may assume that § < %|v1\ and
denote by H; the number of GIPs that jump at most ¢;¢ times and are such that their
endpoint x satisfy (x — t¥, e;) > 0t, where ¢, is the constant from Proposition 3.1.

We first apply Lemma 3.3. Using the fact that § < |v1| and that v; < 0, the maximum
displacement of a given particle towards the positive direction in the axis e; can be
bounded by

sup (X, e1) = sup {(Xs — Us,e1) + v1s}

< max {sup {v15+§5},sup{1)15+725}} (3.21)

SR&
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since v; < 0 and v; + 0 < 0. In particular, the maximum displacement towards the
positive direction of a GIP can be bounded by a sum of i.i.d. random variables with
distribution R4, one for each followed particle in the path. Notice that independence of
the random variables comes from the fact that we only follow newly infected particles. In
particular, if the path follows at most at particles, its maximum displacement is bounded
by a sum of ot i.i.d. random variables (R%)®, with distribution Rs. This implies that
the probability that a given fixed GIP? has displacement to the right bigger than 6t is
bounded by

at at
S REZ6t| <P D V) >ted +atloge, | =P[Z < af], (3.22)
j=1 j=1

where Y; are i.i.d. Exponential(1) random variables and Z ~ Poisson (tc,0 + atlogc,).
Choose now « small enough such that ¢;0 + alog ¢, > « and observe that there exists a
positive constant ¢, = ¢,(, §, ¢;) such that

at
an >6t| <P[Z < at] <e (3.23)
j=1

We are now in position to bound the expectation of H;. Reasoning similarly as in (3.3)
(and the paragraph preceding this equation), with the same notation, we can obtain the
bound

Z Z Z 1{2;;17232&}
n=1(k;)7_ :3°7 1 ki<cet (jose--Jn—1) (3.24)

n—1

IT Qs gz + Lespnlue)
1=0

where n denotes the number of particles followed in a given path, the vector (k;),
counts how many jumps each of the particles performs and ( ji)?;ol controls transitions
between particles.

Proceeding as in the proof of Proposition 3.1 (in particular, Equation (3.6)) we obtain

n—1
no1(1+p)? e
Ef’ Z H (l{Ni>j'i}1{ji21} + l{Gi>|ji\}1{jiS—1}) < (3/7) ! 1—p < 6(3p) L
(jOv-"jnfl) =0
(3.25)
Combining the above with the bound in (3.23) yields
E,[H] <6 Z Z (Linsary + Lncanye ™) (3p)" 7L (3.26)

n=1 (k;)7"_ 1 ki<cst

To estimate the number of vectors (k;)!; such that > ., k; < ¢;t, we bound this
quantity by the number of vectors (k;)/f]' such that Z"H k; = ¢st and apply the bound

3Here we mean that a family of parameters k, n, (k1,...,kn), and (jo, ... jn—1 is fixed and consider the GIP
associated to it, if it exists.
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in (3.4). We now combine this bound with (3.26) to obtain, for o < ¢,

3 —c n— Gt +n
Eo[He] <6 (Lnzar + Lngarye™") (3p)" 7 (L 6 31 )
n=1

at n
_ 2 _ 6pcste
< 12 . 206t 6 n—1 - cot (3.27)
< D6 2y (=
n>at n=1
(6p) !

< 06t
- 1—-6p

+ ;Oéte—@teﬁpcst7

where the bound in the last summation is obtained by maximizing the expression (%)n
in n.
From (3.27), one easily obtains that, provided p is small enough, there exists a
positive constant ¢, such that
E,[H] < ¢ e, (3.28)

for all t > 1. Markov’s inequality concludes the proof. O

4 Decoupling

This section contains the proof of Theorem 1.4, the main step towards the proof of
Theorem 1.3. We first prove this theorem with the aid of an auxiliary proposition, whose
proof can be found in Subsection 4.1.

In the following, we say that a process n = (n:);>0 has density p > 0 if the initial
distribution of the process is a product of i.i.d. Poisson(p) random variables.

The proof of the decoupling relies on the construction of a coupling between two
processes with different densities such that the process with higher density dominates
the less dense one inside a box with large probability.

Proposition 4.1. There exists a positive constant c¢,, = ¢,,(d) > 0 such that the following
holds. For any time T > c,,, density p > 1, and box H = [1,n]? C Z¢, there exists a
coupling P between two processes n = (1;)s>0 and n* = (n%)s>o such that

1. n has density p and n* has density p* = p(1 + T_Wi“));
2. n is independent of n;;
3.
P [nr(z) > ni(z), for some z € H] < p®*(n + T)d“e*‘:“Tﬁ, (4.1)

where ¢;; = ¢;,(d) > 0.

We defer the proof of Proposition 4.1 to Subsection 4.1. For now, we use this
proposition to conclude the proof of Theorem 1.4.

Proof of Theorem 1.4. Via a simple change of coordinates, we may assume, without loss
of generality, that

By = [a,a +n]? x [-n,0] and By = [1,n]? x [T, T + n). (4.2)

In particular, dy = T'. In fact, using this coordinates, we can allow f; to depend on the
half-plane 7% x (—00,0] (see Remark 1.6).
Set H = [-2n — pT,3n + pT]¢ and consider the event

= { some particle that is outside H at time T } . (4.3)

has a trajectory that intersects By
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We now use the coupling from Proposition 4.1 for H (here we need to choose dpr =T
large enough). Denote by P the probability measure of the coupling and by EE the
expectation with respect to P. We obtain two processes 1 = (15)s>0 and n* = (7})s>0
with 7 independent of 7 such that

1

P [nr(x) > npin(x), for some z € H] < p®*1(2pT + 5n 4 T)4 ! exp { CUTT}
< p 1 (5 + 3pT)H exp {—CMT% 4.4)

1
S 5d+1p2d+2 (n + T)d+167011T 12

3

if T is taken large enough. Notice that above we used the hypothesis that p > 1.
Observe now that, whenever nr <y 05 (we write nn <y £ if n(z) < (), for all x € H)
and n ¢ A, we have f2(n*) < f2(n). This allows us to estimate

Ep- [fl(ﬁ*)f2(77*)] = Ep- [ (") E[f2(n")(n%) s<0]]
E - [f1(n")E[f2(n*) 5]
")

< E[fl (") ELf2(17)1 (g 4y
+ P [nr(z) > nyp(x), for some z € H]

< E[fl(”*)E[fz(n)lnéﬂ + Py e Al + p*2(n+ T)d+1e_cu:r%
E, [fi]E,[fa] + Pln € A] + p>**+2(n 4 T)4H1e—enT™

1] +Plne A
4.5)

It remains to estimate the probability of the event A. We split this probability
according to the position of the particles at time 7. For k£ > 1, let

H(k) ={z € Z%: doo(x, H) = k}, (4.6)
and notice that there exists a positive constant ¢ = ¢(d) such that
|H (k)| < c(n+ pT + k)L (4.7)

Besides, in order for a particle that is at H (k) at time T to reach Bs, it needs to perform
at least 2n + k 4 pT steps. Consider the event

A(k) = { (4.8)

some particle that is in H (k) at time T
has a trajectory that intersects B, '

We will bound the probability of A(k) by considering the number of particles in H (k) at
time T'. We obtain, by applying Lemma A.3 twice,

Polne AR <P, | Y nr(z) >2ep(n+pl+ k)" +T+k

+ [2cp(n + pT + k)t 4T+ k] PP [Poisson(n) > 2n + k + pT] (4.9)
<e TRt [2ep(n+ pT + k)4 + T + k] e T F
< e+ T+ ke Tk,

by further increasing the value of T if necessary.
In particular,

olne A< ZIP ne Ak)] < e(n? +Te 7. (4.10)
Combining the equation above w1th (4.5) concludes the proof. O
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Remark 4.2. Using the notation of the proof, notice that we can allow for f; to depend
on the whole past (1})s<o. In this case, one only needs to observe that (4.5) still
remains valid, which follows easily from properties of the conditional expectation. This
in particular establishes the extension of Theorem 1.4 as stated in Remark 1.6.

4.1 Coupling

In this subsection we present the proof of Proposition 4.1. The proof follows the same
general steps from [4] and [3]. For this reason, we omit some simple computations.

The idea for constructing the coupling is to start with two independent configurations
1o and nj and evolve them simultaneously in order to obtain the domination at time 7'.
We first observe that we can restrict ourselves to a larger box H* around H and assume
that all particles that end up inside H at time T never leave H*. Now, to obtain the
domination, we fix a deterministic sequence of times (s;);>o and, in each of these times,
we construct a pairing between particles of n and of n* that are inside H*. The evolution
is then set in a way that, if a pair of matched particles meets, they continue evolving
together. In particular, the probability that there is no domination at time 7" is bounded
by the probability that there exists a particle of n that never meets a pair. This will be
easily bounded with the aid of Proposition B.3.

We now proceed to prove Proposition 4.1.

Proof of Proposition 4.1. Fix T large enough so that Proposition B.3 applies. The cou-
pling will use independent initial configurations 79 and 7§ with respective densities
p and p*. Besides, we consider two independent copies S and &’ of the graphical
construction presented in Section 2.

The process 1 = (n;):>0 will follow the walks from S, while the process n* = (7}).>0
will alternate between the two constructions. This implies that 7 is independent of 7.

Consider the sequence of times s, = k777, for k = 0, . .. LT%J, and fix the set
d
H* = [—3pT,n+3pT} . 4.11)

Proceeding as in (4.9), we can bound the probability of the event

there exists a particle of n
A= that is outside H* for some time s;, (4.12)
and is inside H at time T

by
P[A] < T2 (nt + T e T < T2 (n + T4)e 7. (4.13)

Let L = {%TW&%J, and, for i € Z¢, write

H(i) =iL +[0,L)% (4.14)

Set I = {i € Z% : H(i) N H* # ()}, and notice that

d
I < <R6PT+L"H>1> < ept(n+T). (4.15)

Observe that H* C | J,.; H(i). If necessary, we increase H* to coincide with the union
User H).

We will perform the pairing inside each box H (i) with ¢ € I. Concentration bounds
(via exponential Markov inequality together with the inequality log(1 + z) < x — %azQ, for
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x € [0, 1]) on the number of particles yields, for each i € VAS

* 1, a_
P> nt(x)z%ﬂ <exp{—8T 4<dd+2>Ld}7 (4.16)
and
Pl i) < PP | < exp - Lt g (4.17)
) - 24 ’
x€H (%)
In particular, if
Bi=14 > ni(x)< > m(x), forsomeicly, (4.18)
€ H(4) x€H (i)

then we can use (4.16) and (4.17) to obtain
1
P [By] §2|]|exp{4T4<rfi+2)Ld}_ (4.19)

Here it is important to notice that the bound above does not require 7; and 7; to be
independent, only that they have the correct marginal distributions.

We now construct the evolution of the process n* = (n})s>¢. If we are in the event
A U By, then n* evolves using the graphical construction given by the paths S’ and,
consequently, 7 and n* have independent evolutions. Assume we are in A° N B§. We
perform a pairing between particles of 7y and 7 inside each set H (i), for i € I. This
pairing is deterministic and follows the following steps.

1. First pair as many particles as possible of 7, to particles of 7; that are in the same
site.

2. Pair the remaining particles of 7, to particles of 7} that are in the same sub-box
H(3).

Observe that this pairing is always possible in the event B5j.

This pairing between particles will be used to construct the evolution of the process n*.
Particles of this process will use the trajectories of the construction S’ until the time they
share a site with their corresponding pair. When this happens, thedglarticle will follow
the trajectory from S that its pair from 7 uses. At the times (sk)]g:“ J, these pairings
are remade, following the rules mentioned above (in particular from first step in the
construction of the pairings, it is possible to retain pairs of particles that meet before
this rearrangement). These rules imply that the number of particles that meet a pair
cannot decrease when the pairings are remade.

In view of Proposition B.3, the probability that a particle meets its couple between
times s and s41 is at least czszm > 0. Furthermore, each particle has LT%j >
|T% | attempts to find a pair. We obtain the bound

a given particle does not find any of its pairs 4 2
TR 1 < (1 — e, e )12
in any of its allowed attempts, A¢,N,;_, B,
. _d+8 . 1
A GRIPIEE S

(4.20)
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In particular, we can use union bounds to obtain

P [nr(x) > nyp(x), forsome z € H| <P[A]+ Y P[B,]
i=0
a given particle does not find any of its pairs

+ p(6pT +n +1)P dr1
A

in any of its allowed attempts, A°¢

Si

- 2 c 1
T (n 4+ T e T 4 2753 | 1T "L L p(6pT +n 4 1)%e FT°

IN

1
S pd+1(n 4 T)d+1e—c11Tl2

)

concluding the proof. O

5 The large density case

We now focus on the proof of Theorem 1.3. Here, we develop a renormalization
structure for the infection front. We start by providing elementary bounds for the
probability that the environment behaves exceptionally bad, and for events where the
infection act abnormally. In Subsection 5.2, we establish the main notations used for the
renormalization scheme presented in Subsection 5.3. Finally, Subsection 5.4 contains
the proof of Theorem 1.3.

5.1 Elementary bounds

In this subsection, we present some rough initial estimates that will be used to bound
the events where the infection process behaves exceptionally bad. These estimates
are not sharp and rely mostly on union bounds and large deviations for the number of
particles or jumps in a given time interval.

Our first lemma bounds the probability that a given vertex has many particles at
some moment before a given time.

Lemma 5.1. There exists a positive constant c,, such that, for all L > 1 and density
p < L2
77t(0) > Ld+47 —c L
P < 12 7 5.1

r [ for somet € [0,I] | = ¢ 5-1)
Proof. Notice that, in order for the origin to have many particles before time L, it is
necessary that a large ball around it starts with many particles, or there exists a particle
that performs many jumps before time L. Proceeding as in (4.9), we can bound

Tt (0) Z Ld+4a

<
P for some ¢t € [0, L] } =P GB%:%L)

,',IO (.T) Z Ld+4

there exists some particle that (5.2)
+P, starts outside B(0,3L)
and reaches the origin before time L

< Clze_cilLv
by choosing c,, appropriately. O

The next lemma bounds the probability that the infection process travels abnormally
fast during a given time interval.
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Lemma 5.2. There exists a positive constant c,; such that, for all L > 2 and density
p<L?
there exists an infected particle —
, [ Xi i parti ] <eeei't (5.3)

outside [~ L*6, [4+6]9 before time L

Proof. We can bound the probability of the event above by the probability that some
vertex inside [~ L6 [9+6]¢ has many particles at some moment before time L or the
infection process travels fast through a field of vertices that are typical. Let A denote
the event in the statement of the lemma, and define the events

B ne(z) > L4H*, for some
b= { t €[0,L] and x € [~ L4+, La+6]d |- (54)

and

there exists a path of size L4160 =25 ~ 2y ~ -+ ~ Zpate
and a sequence of particles Xy, X1,..., X a+6_; such that . (5.5)
X; jumps from z; to x;, after X;_; arrives at x; and before time L

Q
|

Notice that
P,[A] <P,[B]+P,[CNB. (5.6)

Lemma 5.1 gives a bound on the probability of B. As for the probability of C' N B¢, we
use a union bound on the possible choices for the path. Notice that, since the number of
particles that are at position x; is bounded by Lt4, the probability of having particles
realize a given fixed path can be bounded by the probability that a Poisson process of
intensity L%+* has more than L% ticks up to time L. This yields the bound

P,[C N B < (2d)*""°P [Poisson(L%7) > L4+6]

(5.7)
()" ¢ ere 08 £

IN

The proof is completed by combining the bounds above and choosing the constants
appropriately. O

Recall that we defined the front of the infection towards the direction e; as
ry = sup{(x, e1) : &(x) > 0}. (5.8)

The next lemma states that, provided the density is large enough depending on the time
parameter, there is a big probability that r; is large.

Lemma 5.3. There exists a positive constant c,, > 0 such that, for any positive integer
L>1

P [ < 8L] < ¢, Le L2 (5.9)

1
L2
Proof. Consider the event A;, ; defined as

between times k + £ and k + “£%, there exists a particle at position
Ak =14 (k+1i)e; that jumps to position (k + ¢ + 1)e;, and there exists particles
at positions (k +i)e; and (k + i+ 1)e; that do not jump
(5.10)
and notice that, in ﬂﬁ;ol 01‘7:0 Ayi, we have r; > 8L. This is due to the fact that, between
times k and k + 1, in the intersection N;._)} N’_, A ; the infection spreads from 8ke; to

8(k + 1)e; and thus, at time L, there exists an infected particle at position 8L.
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Furthermore, we can bound the probability

IPL%[ ki <P [Poisson((l — e 5)p(er)L?) = 0} +2P [Poisson(e_éL%) =0 5.41)
_ ef(lfe*%)p(el)L% +2€767%L%.
Combining this with union bound yields
L—-1 7
P y[r <8L) < Z Z L3[4 < 27Le’cl4L2, (5.12)
for some positive constant c¢,,, and concludes the proof. O

5.2 The box notation
Let us now introduce the notation in order to develop our renormalization analysis.
We first fix a sequence of scales by setting

Lo=L>2% and Ly = L. (5.13)

The initial value Ly will be chosen later to be a large enough integer.
For each k € N, define the space-time box

By = [-L{6, Li+0)" x [0, L), (5.14)
and for m € Z% x L;INy, let By(m) denote the translated box By(m) = m + Bj,.
Define also the sequence of velocities

19028 and ﬁk—&-l :ﬂk_m' (5.15)
Notice that lim ¥, = 7.

Our goal is to bound the probability that the infection process travels very slowly
towards the e; direction. The continuous time nature of the process implies that events
of this form do not have a bounded support. For this reason, we introduce events that
approximate these and have support contained in the box B;,. For each k € INy, define

Ry = {(2,t) € By, : ||2]|oc = L{*® or 2y > 9Ly, and t = Ly } (5.16)

and, for m € Z x L;INg, let R (m) denote the translated set Rx(m) = m + Rj. Figure 3
contains a representation of the sets By and Ry, ford = 1.

/‘m:ﬁkt

Rk Rk

Figure 3: A representation for the sets By and R;. We represent the event Ej by
considered the shaded area as the infection process.

For m = (z,t) € Z x Ny, we denote by (£")s>, for the infection process starting with
initial configuration 7; and initial collection of infected particles the ones in z.
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Consider the events
Ei(m) ={¢"(xz) =0, for all (z,t) € Rg(m)}. (5.17)

See Figure 3 for a representation of the event above for d = 1. Observe that the events
Ej(m) are non-increasing and have support inside By (m). When m = (0,0), we omit this
in the definition and denote Fi(0,0) simply by F\.

We introduce the sequence of densities

po=+vLo and pri1=pr(l+ L;d/s(d+2)), (5.18)

and notice that, for each k, we have py1 < Li, since Ly > 2. Furthermore the sequence
(pr)ken, is monotone increasing and p., = lim pj, exists and is finite. For each k, define
also

Pk = ]Ppk [Ek(m)} 5 (519)

which does not depend on m, by translation invariance of the process.
Finally, let M} denote the set of indices m in scale k in the box By, namely

My, = (Z* x LyNg) N By, (5.20)
and observe that
| My < LY. (5.21)

5.3 Estimates on p;

In this subsection, we provide estimates on p;, by proving that, provided Ly is large
enough, the sequence (pi)ren, decays quickly.

The first lemma we prove here states a recursive inequality that relates py to pg41.
Lemma 5.4. There exist positive constants ¢/, and A such that, if Ly > ¢, is an integer,
then, for all k € INg,

1
Prr1 < Lity (pi*s + e‘C“Lk”) : (5.22)

Proof. Choose {j is large enough such that, if Ly > ¢y, then

2
Li> 8%(201 +14)(k+ 1)2, forall k € N, (5.23)

Consider, for each m = (y,jLy) € M,

(5.24)

Di(m) = Da(y,jLi) = { &M (z) > 0, for some (x,t) with } 7

|z = ylloo = LT, (t = jLi) < Ly

the event where the infection £ travels abnormally fast before time Lj.
We first claim that, on Ej1, one of the following two conditions hold:

1. For some m € My, the event Dy (m) holds;

2. There are 2d + 15 values (m;)?41'% in M, with different time coordinates such that
E}(m;) holds for all 7 < 2d + 15.

In order to verify the claim, suppose we are in the event E}, 1, that the first condition
does not hold, and that the second one holds for at most 2d + 14 values of m with different
time coordinates.

For each m = (z,t) € M}, such that n,(z) > 0, let X(m) denote a point in Z% such that

(X(m),e1) = max {(z,e1) : £ (z) > 0} . (5.25)

EJP 27 (2022), paper 135. https://www.imstat.org/ejp
Page 20/28


https://doi.org/10.1214/22-EJP861
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Local survival of infection

Figure 4: The first application of the decoupling estimate. Small boxes represent
the supports of the events Fi(m,;) and the bold boxes are the supports of the events
considered when applying the decoupling.

By assuming that the first condition above does not hold, we have
— Lit® < (X(m) —m,er) < Li*C. (5.26)

Furthermore, using that the second condition does not hold, the lower bound can be
improved to
(X(m) —m,er) > 9y Ly, (5.27)

for all but at most 2d + 14 different time coordinates of m.
Define the sequence of sites in Z? as

Yo=0 and Yy = X((Ye,lLy)). (5.28)
Notice that
S (YLk+1> > 0. (5.29)
Ly
We now estimate
L+
L
TLiyt = <YL§+1 ,e1) = (Yo —Yo_1,e1)
k =1

> Ox L (Lz:l —2d — 14) — (2d + 14) L4+6
(5.30)

> 1Ly + 5 L1 — (2d + 14) (0 Ly + L)

6
m2(k+1)
6

WL’C+1 - 8(2d + 14)([/]9 + Lg+6)

> Vpg1Lpr +

> VUpp1Lpga,

which is a contradiction with the fact that we are in the event Ej;.

We just concluded that, on Fj;, there are two possible outcomes: either Dy (m)
holds for some m € M, or there exists a choice of indices (mi)?f{w in M, with different
time coordinates such that Ej(m;) holds for all ¢ < 2d + 15.

Suppose we are in the last case described above, and fix one possible choice of
indices (m; = (z;, si))fiTw. Observe that, for all 7, we have Ly < s;19 — 8; < Lgi1.

By possibly further increasing the value of ¢;, we can apply Theorem 1.4 a few times
(see Figure 4) to conclude that

2d+15 2d+13
IPPk-+1 ﬂ Ek<mz) < IPPk+1 m Ek(ml) IPPk [Ek(m15)]
1=1 =1
1
+ Li(d‘i'l)((QLerG + 1)d + Lg+1)6_c4 1L1c12
1
< Py, [B) ™+ (d+ 8)L V(LI + 1) 4 L e B
(5.31)
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Union bounds, Lemma 5.2 and a change of constants yields

Ppea Buia] < M7 (B [+ (04 8124+ 1) 4 £ et 1)
+ [ M| Py, ., [Di]
< L (pi*g deetd ) :
(5.32)
concluding the proof. O

In the next lemma, we prove that, provided L is large enough, the probabilities py
decay fast.

Lemma 5.5. There exist constants {1 > ¢y and A > 0 such that, if Ly > ¢, then

)1+A

pr < e~ os L for all k € IN,. (5.33)

Proof. Fix A such that (d + 7)'*2 < d + 8. Choose ¢; > {, large enough such that, for all
L Z EOI
LA (47 (log L) (e‘(“S)(logL)”“ + e‘“sm> <1, (5.34)

where A and ¢,; are given by Lemma 5.4. By further increasing ¢;, Lemma 5.3 implies
Do < e—(logLo)l+A. (535)

Assume now that (5.33) holds for some value of k. Let us verify that it remains true
for k + 1.
By Lemma 5.4, we have

A A i
ellog Lis1)'™ Drt+1 < L?ﬂ@(logLHl)H (p;?s 4+ e~asLy?
1
< L o@D A g 1 A <6<d+s><1ong>1+A + 6615%2) (5.36)

<1

— )

concluding the proof. O

5.4 Proof of Theorem 1.3

In this subsection, we combine the lemmas provided so far to conclude the proof of
Theorem 1.3.

Since the event in (1.3) is non-increasing, it suffices to verify the statement for one
value of p.

Define Ej(m) analogously to Ex(m), but with Ry(m) replaced by Rj(m), an m-
translation of

Ry ={(2,t) € By, : ||2]|oc = L{*® or 2y > 7L, and t = Ly}, (5.37)

and notice that this is a non-increasing sequence of events. In particular, for m = (z,t),
we have N
_ .
P, [Ex(m)] <P, [Ex(m)] < pj < e losb ™, (5.38)

for all £ > 0 and all m € My, provided L is large enough. We can now proceed with the
proof of Theorem 1.3.
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Proof of Theorem 1.3. Choose kg large enough such that p,, < Lio, and set ¢ty = Lg,.

Fort > ty, let k > kg be the only value such that

L <t< Lk+1, (5.39)
and choose ( € [1, Lz“} such that
k
Ly <t < (£+1)Ly. (5.40)
Define the event B
Ae=|J  Exlm)nDi(m), (5.41)
m=(x,t)EMj

where Dy (m) is given by (5.24). Notice that

— A
Py [Ar] < L (P [Bi] + P [Dy]) < 2000 e o800, (5.42)

On Aj, by applying the same concatenation argument of (5.30), we can easily obtain
that

L
rep, > T0Ly, foralll< /(< z—zl (5.43)

In particular, if the above holds simultaneously with r; < ¢, then all particles that are at
a position that realizes ry;, at time ¢L;, must jump at least 7¢L;, —t > 6Ly, times between
times /L and ¢. This can be easily bound with concentration on the number of jumps of
any given particle. In conclusion, we obtain

P, [re <t,mo(0) > 0] <P, _[Ar] + P [Poisson(Ly) > 6K}]

6d+1_—(log L)' t4 —Ly,
<2ryle (log Li)™™= 4 oL (5.44)

1

A
< (AHTOd+1) gy {_ (logt%w)u— } bt
which concludes the proof by possibly changing constants. O

A Concentration

We collect here some basic facts about concentration of Poisson random variables
and biased random walks we use in the text.

Proposition A.1. There exists ¢,; > 0 such that, for any p > 0 and A > 2p integer, if
X ~ Poisson(p) then

P[X > A <exp{—clsAlog1;1}. (A.1)
Remark A.2. In particular we obtain the bound
P[X > A] < exp {—cisAl {4510,y log 10}, (A.2)
for any positive integer A > 0.
Proof. Use Markov’s inequality with A = log % to obtain
P[X > Al =P [M > eM]
<exp{-A+p (6)\ -1)}

A A
Sexp{—Alog—i—p(—l)} (A.3)
p p
A
< exp {—chA log } .
P O
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The following lemma provides another concentration bound for Poisson random
variables.

Lemma A.3. Forp > 0, if X ~ Poisson(p) then
P[X > A] < e?Pe 4, (A.4)
for any A > 0.
Proof. Proceeding as in (A.3), we have
PX>A=P[eX >e?] <exp{-A+ple—1)} <e*e (A.5)
concluding the proof. O

Our next lemma regards linear deviations of the biased random walk from its mean.

Lemma A.4. For any ¢ > 0, there exists a positive constant c,; = ¢,,(p(-), d, €) such that,
for any u > 0,
P[||X; — #t|| > eu, for somet € [0,u]] < ¢, e ™. (A.6)

1

Proof. First notice that union bound allows us to write

d
P[||X: — 0t|| > eu, for some t € [0,u]] < ZIP {\X} —vit| > 2“7 for some ¢ € [0, u]|,
= (A7)
where (X}) +>0 1s a continuous time random walk in Z that jumps to the right with rate
p(e;) and to the left with rate p(—e;), and v; = p(e;) — p(—e;). Alternatively, we can
construct X* from a standard biased random walk (Y;);>( that jumps with rate one and
with distribution ¢(1) = 1 — ¢(-1) = %. Even though the values ¢(1), ¢(—1)
(and, by consequence, (Y;):>0) depend on i € [d], we omit this dependence. With this
construction, if 7; = ¢(1) — ¢(—1), we obtain, for all i € [d],

P [|X§ —vit| > gu, for some t € [O,u]}

(A.8)
=P [\Yt — Uit| > gu, for some ¢ € [0, (p(e;) + p(—e;))u]| .
We now work with the last quantity. We will prove that
P [|Y; — v;t| > eu, for some t € [0,u]] < ¢ te ™, (A.9)

for some suitable choice of ¢ > 0 that depends only on p(:) and € > 0. Combining this
with (A.7) and (A.8) concludes the proof of the lemma.

In order to prove (A.9), notice first that ¢ — Yti — 9;t is a continuous time martingale.
Hence, Doob’s maximal Inequality allows us to conclude that, for any A > 0,

P [|Y; — 9;t| > eu, for some ¢ € [0,u]] < E [exp {\|Y, — ;ul}] e

A.10
<e (E [exp {A(Yy — Diu) }] + E [exp { =AYy — viu)}] ) o

By writing Y, as the sum of a Poissonian number of Bernoulli random variables, one
obtains, for every A € R,

E [ ] = exp {u (q(1)e* + q(~1)e ™ — 1)} (A-11)
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Combining (A.10) and (A.11), we can bound

P [|Y: — 0;t| > eu, for some ¢ € [0, u]]
< e A (B [exp {\(Yy — 55u)}] + E [exp {=A(Y, — 55u)}])

<exp{u(qgl)e* + q(—=1)e ™ =1 = Xv; — Ae) }) (A.12)
+exp {u(g(l)e > +g(—1)e* =1+ Av; — Xe) })
< Qe Cu

)

if A > 0 is taken small enough, depending of the values of ¢(1), ¢(—1) and e. This
yields (A.9) and, together with (A.7) and (A.8), concludes the proof. O

B Sampling of random walks

In this section, we provide bounds for transition probabilities for biased random
walks and collect some consequences of these bounds.

We first consider zero-mean random walks. The following lemma is a consequence of
an analogous result for discrete time balanced random walks.

Lemma B.1. Let (X;);>¢ denote a nearest-neighbor continuous-time random walk with
transition probability that has mean zero. There exists a positive constant c,; > 0 such
that, ifallt > 1 and = € Z¢ satisfying ||z|| < V/t, then

Po[X: =] > rers (B.1)
Proof. First notice that (X;);>0 may be realized as a discrete-time zero-mean lazy
random walk (Xn)nZO together with a Poisson process (P;),>o in R with intensity 2 that
controls the jump times.
According to the remark after Proposition 2.1.2 from [13], there exists a constant
¢ > 0 such that, if ||z|| < y/n, then

Py (X, =2] > — (B.2)
We now bound
PXi =012 Y PIR=KP[f=a]> Y PIR=k.;
k: |k—2t|<t k: |k—2t|<t (B.3)
> td%IP[\Pt —2t) <t] > ;%
concluding the proof. O

Our next goal is to obtain an analogous result to Lemma B.1 for biased random walks.

Lemma B.2. Let (X;)s>0 denote a biased nearest-neighbor random walk with transition
probability p(-). Assume p(e;) > 0 and p(—e;) > 0, for alli € [d], and set

v=(v1,...,vq) = Zp(y)y € R% (B.4)
y~0

There exist positive constants c,,, ¢, and c,, such that, ift > ¢,, and = € Z% is such that
|z — vt|| < cy/t, then

]PO[Xt _ x] > Cyy

> (B.5)

The proof in based in writing the biased random walk as the sum of drift terms and a

zero-mean continuous time random walk, and using the estimate provided by Lemma B.1.
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Proof. For each i € [d], let
pi = min{p(e;), p(—ei)}, (B.6)

and write Z = 2 Zle p;. Let (X,)s>0 be a continuous-time random walk with transition
probability ¢(-) given by g(e;) = q(—e;) = %.

We can write
d

Xy =Y Sign(v;)Y/e; + Xt(l—zf=1 i) (B.7)
=1

where Y} ~ Poisson(t|v;|) are independent.

Split the probability of X; = x according to the value of the sum Zle Sign(v;)Ye;.
This yields

d
Z Sign(v;)Y/Se; =y

i=1

Po[X, =] = Z P

yeZ

Set ¢,y = %\/1 — Zle |v;|, and observe that, if ||y — vt|| < c,pV/%, then
d
> |vi|>, (B.9)

Po X1 sty =7-v]. B8

|z = yll < [lz = vt|| + [y — vt]| <

so that Lemma B.1 implies

Po[X, = 2] > > P

y: [ly—vt||<caovt  Li=1 (B.10)
d
z ;%IP Z Sign(vi)Ytiei —vt|| < Czoﬁ] .
=1

The central limit theorem implies that, if ¢ is large enough, the last probability above is
uniformly bounded from below by some positive constant. This concludes the proof. [

The following proposition states that, provided two random walks do not start very
far away, the probability that they meet at a given time ¢ does not decay very fast.
Proposition B.3. Let p(-) be a transition probability satisfying all hypotheses from
Lemma B.2. There exists a positive constant c,, > 0 such that, for allt > ¢,, and z,y € Z%
such that ||z — y|| < %O\/f, the following holds. If (X;)s>0 and (Ys)s>o are independent
random walks with jump distribution p(-) and initial positions X, = x and Yy = y, then

Co

P[X, =Y > o7 (B.11)
Proof. Recall Lemma B.2 and fix § > 0 such that
Cxn Co d’
< 2 =0
6< B(vu : t) nzdl, (B.12)

where B(a,r) denotes the L>-ball of R? with center a and radius r. Using that there

exists ¢ > 0 such that |B (vt, & /t) N Z?| > ct*/?, for all t > c,,, we obtain that § can be

chosen uniformly positive, for all ¢ large enough.
By Lemma B.2, we have

Cn

(B.13)
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for all z € B (z + vt, 2+/t) N Z*. The same holds for the random walk Y. From this, we
conclude

Cy Cy d Ca
PX; =Y > Z PX; = 2]P[Y; = 2] > WW(;Cth /2= 1ap (B.14)
zEB(w-&-vt,%ﬁ)ﬂZd
which concludes the proof. O
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