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A full discretization of the rough fractional linear heat
equation
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Abstract

We study a full discretization scheme for the stochastic linear heat equation

aT=A?+B, tel0,1], zeR,
?0207

when B is a very rough space-time fractional noise.

The discretization procedure is divised into three steps: (¢) regularization of the
noise through a mollifying-type approach; (i¢) discretization of the (smoothened) noise
as a finite sum of Gaussian variables over rectangles in [0, 1] x R; (ii4) discretization
of the heat operator on the (non-compact) domain [0, 1] x R, along the principles of
Galerkin finite elements method.

We establish the convergence of the resulting approximation to {, which, in such a
specific rough framework, can only hold in a space of distributions. We also provide
some partial simulations of the algorithm.
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1 Introduction and main result

1.1 Introduction

The main objective of this study is to provide a full discretization scheme for the
solution ¢ of the stochastic heat equation

{at?:A?+B, tel0,1), z €R, a1

?0:0,

where B is a stochastic space-time noise, defined on a complete probability space
(Q, F,P). In fact, the specificity of our analysis will lie in the consideration of a rough
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fractional noise. Namely, given a fractional sheet {B; ., (t,7) € R?} of Hurst indexes
Hy, H, € (0,1) (see Definition 2.1 for details), we set

. 0’B
T otz
where the derivatives are understood in the sense of distributions.

Due to its great flexibility, the fractional noise model has now been widely recognized
as one of the most relevant alternatives to the standard white noise situation, whether
for finite-dimensional systems or in SPDE settings. The fractional setting is also known
to provide a convenient framework to study the influence of the noise roughness on the
dynamics. In brief, when letting the parameters H,, H; progressively decrease from 1
to 0, the regularity of B decreases as well, and the analysis becomes more and more
intricate.

In this context, let us recall that the space-time white noise setting precisely corre-
sponds to the case where Hy = H; = % In this specific situation, the approximation
issue for the stochastic heat model (1.1) or its extensions (whether with a multiplicative
noise, or a non-linear drift) has been the source of a huge amount of papers since the
late nineties and the pioneering works by Gyongy, Nualart and others (see for instance
[12, 13, 14, 15], or [1] and its bibliography). A few fractional situations (that is, situa-
tions where (Ho, H1) # (3, 3)) have also been recently considered in the approximation
literature: let us quote for instance [2] for a white-in-time fractional-in-space noise (that
is, Hy = %, H, # %), or [29] for a fractional-in-time white-in-space noise (more precisely,
Hy > § and Hy = 1).

Our objective in the present study is to go beyond all these previous studies and
consider a space-time fractional noise of overall lower regularity. Indeed, we will here
focus on the case of a fractional noise B with indexes Hy, H; satisfying the condition

(1.2)

0<2Hy+H; <1. (1.3)

Our essential motivation for considering such a rough situation is actually easy to
formulate: one can indeed show that as soon as 2H, + H; < 1, the solution ¢ of (1.1) is
no longer a function in space, but only a general distribution (see Proposition 2.2 for
details). Accordingly, the associated approximation issue cannot be examined through
function norms either, and negative-order Sobolev topologies must come into the picture.
This strongly contrasts with most of the existing statements in the white-noise literature
(typically, convergence is therein established using the L?-norm in space), and we
thus consider our handling of negative-order Sobolev norms in the analysis as a new
contribution in the understanding of the stochastic linear heat problem.

In this regard, the assumption (1.3), leading to a distributional-valued ¢, can be
compared with the behaviour of the corresponding two-dimensional heat equation driven
by a space-time white noise (that is, the equation on [0, 1] x R? or [0, 1] x T?). Indeed,
it turns out that the solution of such two-dimensional white-noise equation cannot be
treated as a process with values in L?(IR?), but only as a process with values in the
Sobolev space H ‘E(IR2) for any € > 0 (see for instance [5, 6]). The consideration of
a rough fractional noise thus allows us to face a similar challenge, but in the one-
dimensional setting, for which discretization methods are naturally more convenient to
set up.

Another important motivation behind our interest for the linear solution { lies in the
central role played by this process in many recent developments about the pathwise
approach to general stochastic PDEs. For instance, in the study of the celebrated
white-noise-driven ®*-model

P =AD -3¢ te0,T], zeT? de {23}, (1.4)
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the corresponding linear solution ¢ (i.e., ;7 = AT+ &) can be regarded as some first-order
approximation of ¢, and the analysis then consists in the control of the more regular
path ¥ := & — ? (see [6] for details when d = 2, [16, Section 9.2], [17, Section 6] when
d = 3, and let us also stress the fundamental role of ¢ in the renormalization procedures
associated with such singular models). Similar phenomena have recently been exhibited
in the fractional situation for the quadratic counterpart of (1.4) (see [24] for d = 2, and
[27] for d > 1), and the strategy happens to be equally fruitful in wave and Schrodinger
settings (see e.g. [8, 9] and [10], respectively).

With these various works in mind, we consider the present investigations about the
discretization (and possibly the simulation) of { as an important first step toward the
discretization of more general singular stochastic PDEs.

Before we present our approximation strategy, let us emphasize the following three
major difficulties raised by the model.

(¢) First, it is well-known that the flexibility of fractional noises (i.e., the fact that one can
control the overall roughness of the noise through the parameters Hy, H1) comes at a
cost: indeed, as soon as H; # % sophisticated fractional kernels must be involved in the
analysis of any construction related to the field, which rules out the drastic simplifications
offered by Ito-type isometry properties. These additional technicalities can be observed
right from the proof of Proposition 2.2, that is right from the interpretation phase of the
model, and they will also have a major impact on the subsequent steps.

(1) In the rough regime (1.3), and as we mentioned earlier, the solution { is no longer a
well-defined Gaussian process on [0,1] x R, and it can only be handled as a distribution
in space (see Section 2 for more details). We are thus forced to deal with negative-order
Sobolev norms (represented by fractional weights in the Fourier mode) throughout the
study, which naturally adds another level of technicality to our computations.

(7i1) As it can be seen from (1.1), we intend to handle the equation on the whole Euclidean
space R, which, as far as we know, is not the most common setting in the approximation
literature (bounded domains appear to be much more frequently considered). In fact,
our objective in this regard is to make a first possible step toward some of the most
recent developments on parabolic models driven by fractional noises, and which are
all concerned with equations on the non-compact domain [0, 7] x R? (see for instance
[3, 4, 7,18, 20, 21]). Let us also point out that the definition of a space-time fractional
noise on the Euclidean space is quite obvious (along (1.2)), whereas there is no consensus
about the definition of such an object on a torus.

Of course, the consideration of a non-compact space domain is not costless either.
As a particular consequence, our discretization scheme for (1.1) shall appeal to a finite
grid growing to R (see details in Section (1.2)), which requires a careful control of the
approximation process on the growing boundary (see for instance the bound derived
from the Galerkin approximation of the heat operator in Proposition 4.2). Besides, due
to the asymptotic behaviour of the fractional sheet, convergence estimates for { and its
approximation can only be analyzed by means of weighted topologies in space, which
eventually echoes in the statement of our main result (Theorem 1.3), as can be seen
from the involvement of the arbitrary cut-off function p in our final bound (1.20).

Thus, even though the overall linear dynamics of (1.1) may look quite basic at first
sight, we think that the above-described features (i)-(ii)-(ii¢) turn the analysis and
discretization of the problem into a highly non-trivial question, and to the best of our
knowledge, there exists no previous approximation study taking those specificities into
account.

Let us now briefly describe the successive steps that will punctuate our discretization
procedure.

(1) Interpretation of the solution through a smoothening procedure. The high

EJP 27 (2022), paper 122. https://www.imstat.org/ejp
Page 3/41


https://doi.org/10.1214/22-EJP839
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

A full discretization of the rough fractional linear heat equation

roughness of the noise B under consideration (as induced by Assumption (1.3)) immedi-
ately gives rise to a first basic question before one can think about discretization, namely:
how to interpret the solution ¢ of (1.1) in this setting? If B were to be more regular, then
this solution would be explicitly given by the space-time convolution ¢ = G * B, where G
stands for the heat kernel

2

1 T
Gt(x) = mexp < — E) 1{t>0}, te [071_‘]7 reR.

Unfortunately, when switching to the rough regime, the meaning of the convolution of B
with the singular kernel G is no longer clear.

In order to reach such an interpretation, we will rely on a standard regularization
procedure, and thus follow the strategy used in most recent pathwise approaches to
SPDEs (regularity structures, paracontrolled calculus). In other words, starting from a
smooth approximation B" of B, we intend to define 7 as the (potential) limit, in a suitable
Sobolev space, of the sequence G * 9,0, B™ of approximated solutions.

For further reference, let us specify right now our choice for the approximation of B
(we will comment further on this choice in Section 2, see Remark 2.4 and Remark 2.5):
namely, for every parameter x > 0, we consider the sequence (B""),,>1 defined for every

n > 1 as

, — Gl 1 eme 1
B (z) = cu,cn / / W(d¢, dn) —————, (1.5)
' o |g]<22rm Jn|<2nrn |f|HO+% |77‘H1+%

where W stands for the Fourier transform of a space-time white noise, and

1 /°° 1—0055)1/2 .
cH, = - de —— 8988 i=0,1.
2 ( 0 |§[2Hitt

It is easy to check that for every fixed n > 1, the process B"" is (a.s.) smooth on R?,
due to the “frequency” cut-off {|¢| < 225" |n| < 2*"} in the representation (1.5). Besides,
using standard results about the harmonizable representation of fractional sheets (see
e.g. [26]), it can be shown that B"™ converges (a.s.) to a fractional sheet B of Hurst
indexes Hy, H;.

With this approximation in hand, we will prove (Proposition 2.2) the existence of a
threshold value g g > 0 such that for every o > a4 g, the sequence (?H’n)nz 1 of classical
solutions to

{at?'“” =AY 4 8,0,B5", tel0,1], v €R, 1.6)

Kymo
0 707

converges in the scale C([0, T], W~ *?) for every p > 1, where the notation W~*? refers
to the fractional Bessel-potential space in R (see (2.3)). Along the above considerations,
we henceforth define { as the limit of this sequence.

(2) Discretization of the noise. We can now turn to the discretization procedure itself
(note indeed that the previous smoothened solution " is clearly not sufficient in this
regard). In fact, our general objective can be loosely summed up as follows: find a way
to approximate the solution { through a discrete iterative algorithm involving (a finite
number of) Gaussian increments.

At a basic level, this challenge somehow corresponds to the search for an extension,
in the heat setting, of the discretization methods used for the elementary linear standard
differential equation

dU, = B,, Uy =0, (1.7)

where B is a standard one-parameter fractional Brownian motion. The solution of (1.7)
is of course given by the process B itself, but when it comes to discretization, the
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standard linear interpolation of ¥ can be regarded as the result of a two-step scheme:
(i) discretize the noise B through increments of B

|
—

Bn =n (Bti+1 - sz)]‘[t

%

7
itit1) ti = n’

Il
o

(i) define U™ as the convolution of B™ with the Heaviside kernel 1gr,, i.e. set, for
€ [t tig1),

t
g = / ds B = By, + n(t — t;)(By,,, — By,) (1.8)
0
which indeed leads us to an aproximation of ¥ based on a Gaussian vector
(X(), - 7Xn71) = (Btl — B(), Bt2 — Btl’ ey Btn — Btn—l) .

Let us transpose the above steps in the present heat situation, and more precisely
to the equation (1.6) (as a reminiscence of our interpretation of ¢ as the limit of ™,
Accordingly, we first discretize the noise in (1.6) by means of rectangular increments of
B"" along the (growing) dyadic grid

tii=— (i=0,...,2"), z;:= > (j=-22" .. 2%, (1.9)
2n 2n

that is we consider the approximation of 9;0, B™™ on [0,1] x R given by

2'7:._1 22n_1
0,0, B = Z Z (22"5;53.3“7")1%, (1.10)
i=0 j=—22n

where 10y (s, @) := L, 1,,,)(5) L[z, 2,,,) (%), and for every two-parameter path b : [0, 1] x
R - R,
DZJb = bti+1 (‘Tj-Fl) - bti+1 (1’]) - btq‘, (:Ej-‘rl) =+ bti (xj) . (1.11)

Then, following the one-parameter pattern in (1.8), we define the approximation ?@,n as
the solution related to 0,0, B" ", that is as the (well-defined) convolution

(@) == (G * 0,0, B, (). (1.12)

Just as in (1.8), and for every (¢, z) € [0,7] x R, the value ofzf:’n(x) can thus be expressed
as a combination of the values of the Gaussian vector

{O7,B*", i=0,...,2" =1, j = -2>" ... 2" — 1}.

1,

This natural noise-discretization step will be fully justified in Section 3: we will therein

prove that, at least if the “frequency” parameter « in (1.5) is small enough, i.e. if the

ratio between the smoothening speed (27") and the discretization speed (2") is small
~K, M

enough, then the sequence ( ),>: does converge to the actual solution 7, as n — cc.
(3) Space-time discretization of the heat operator. Let us go back to the interpre-

tation of the process ?mn in (1.12) as the solution of the heat equation

gé?n =AY +00,B"™, te]0,1], z€R, (1.13)
?0 :Oa

and note that, for every fixed n > 1, 8t6$§"7" now stands for a (random) bounded
function on [0, 1] X R, as it can immediately be seen from (1.10).
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In order to achieve our full-discretization objective, we still need to propose an
approximation scheme for the heat dynamics. In fact, when dealing with a well-defined
perturbation function (such as &ﬁmg’“”, for fixed n > 1), space-time discretizations of
the heat operator can be derived from standard (deterministic) finite element methods,
which ultimately generate basic linear iterative systems (see e.g. [22, 28]).

Our purpose in the third (and final) step of the study will thus be to carefully examine
how these deterministic methods can be applied in our setting, and above all how the
resulting approximation of (1.13) can be controlled in terms of the perturbation 5&8;,/@"‘*”
(seen as an element of L>°(]0, 1] x R)). To implement this strategy, we will focus on the
combination of a - space — Galerkin-type projection and a - time — implicit Euler scheme,
a standard choice in the heat-approximation literature (see Section 4 for a complete
description).

Of course, the involvement of the L°°-norm of atazéﬁv" in the corresponding esti-
mates can only come at a price as far as n is concerned (recall that atazém is only
expected to be uniformly bounded in n as a negative-order distribution). In light of
our controls (see Proposition 4.6), a possible way to counterbalance this n-loss will
consist in the application of the Galerkin procedure on a finer grid than the one used
to discretize B®". Let us slightly anticipate the next section and point out that this
balancing phenomenon can be easily observed on the description (1.18) of our discretiza-
tion scheme, by comparing the (2*4”, 2*2”) space-time mesh in (1.14)-(1.18) with the
(27",27™) discretization mesh used for B*" in (1.15) (see also Remark 1.1).

1.2 Main discretization scheme

Let us now be more explicit about the algorithm resulting from the three above-
described discretization steps, and also about our calibration of it (as far as grids are
concerned). We recall first that for all kK > 0 and n > 0, the notation B""™ refers to the
smoothened version of B defined by (1.5), and at the core of our interpretation of ¢
(along Proposition 2.2).

From now on, we consider the parabolic-type grid (note the change of scaling with
respect to (1.9))

=0,...,2" z;=a2" =L je. (1.14)

_oqmn . _
b =10 3= o

- 2477,’Z

Given i =0, ..., 2*", we will denote by i the (only) integer such that 2% <t < ’;—1 In the
same way, given j € Z, we denote by? the (only) integer such that Qj—n <xz; < %11
With this notation, the noise increments § B®" involved in the scheme are defined as

follows: foralli =0,...,2*" and j € Z,

SB" =1~ OB +1

1 1
- ! 0% B*" 4+ -OB™"|, (1.15)
{z;>5} ©J 1,J

{ j:;} 2 g1 2
where we recall that the notation [J for the rectangular increments has been introduced
in (1.11).
Finally, we introduce the set of functions <I>;P : R — R (j € Z) defined along the
formula
22 (x —xj_q) ifx € [zj_1,7]
O () = { 2" (w41 — 7) if @ € [, 254] (1.16)
0 otherwise,

and consider the related mass, resp. stiffness, matrix

Mn = (<(b?7(PZ>)—23"+1+1§j,kf23"+1—17 resp. A’I’L = (<V‘~I)?,V@Z})_23n+1+1§j,kg23n+1_1.
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We are now in a position to describe our approximation process. Namely, for all
i=0,...,2*" and z € R, we set

23n+1 -1

@)= > NN, (1.17)

j:,23n+1 +1

where the points f{ (i =0,...,2%, 5 = =23t 11, . 23+ _ 1) are given by the
iteration procedure - -

(2" M, + A B,y = 2 M, Y, + 6B (1.18)
with 8, = (1)) and 6B := (§BS™)

—23n+141<;5j<23n+1 1 —23n+141<Lj<23n+1 1"

Remark 1.1. Observe that following (1.15) (and recalling the notation 5, 5), the above
scheme only involves the rectangular increments of B*" over the sub-grid (QL7 %)U of
(ti, ;)i

Remark 1.2. The above specific calibration of the scheme (i.e. the choice of the specific
grid (¢;, ;) in (1.14)) is naturally derived from the subsequent theoretical convergence
results. Note however that we do not expect this calibration to be optimal. In other
words, the convergence property in the forthcoming Theorem 1.3 certainly remains true
for coarser grids ¢, = 2% T = 25% with 1 < A <4 and 1 < 8 < 2 (possibly depending
on (Hy, Hy)). See Proposition 4.6 and the related Remarks 4.8 and 4.9 for further details
about this choice of calibration.

1.3 Main convergence statement

Let us present the main theoretical result of the paper, proving suitability of the
discretization scheme (1.17)-(1.18).

Theorem 1.3. Fix (Hy, Hy) € (0,1)? such that 0 < 2H, + H; < 1, and set
(o)) ::1—(2H0+H1)>0. (1.19)

Then, for every a > «, and for every smooth compactly-supported function p : R — [0, 1],
there exist a deterministic constant v = v((Hy, Hy),«) > 0, as well as a random constant
C = C(p,(Ho, Hy),a) > 0, such that for all 0 < x < ¢ and n > 1, one has almost surely

sup Hp {?f” — ?ti}HHw(R) <Cc27", (1.20)
i=0,...,247

The above result stems from the combination of the estimates obtained in Proposi-
tion 2.2 (noise smoothening), Proposition 3.1 (noise discretization) and Proposition 4.6
(space-time discretization of the heat operator). The retriction on «, namely 0 < k < %
can be seen as a consequence of some balance strategy between the noise-smoothening
step (B — B"™) and the noise-discretization step (9;0,B"" 8t8x§“’"), as it will be
detailed in Section 3.

Let us complete the statement of Theorem 1.3 with a few additional remarks.

Remark 1.4. The involvement of a (arbitrary) space cut-off function p in (1.20) must be
understood as a way to express “local convergence” in the space H~%*(R) of negative-
order distributions. Observe indeed that if & = 0, that is if one considers H %(R) =
L?(R), then by taking p : R — [0, 1] equal to 1 on any given compact set K C R, one has
of course ||f|r2(x) < |lp- fllL2r) for any f € L} (R), and accordingly estimates such
as (1.20) would entail L?-convergence on compact sets. Note also that the convergence
results and its proof would certainly remain true for a more general class of weights p

on R, with support possibly non compact (e.g., for a Gaussian weight p(z) := e_c”z).
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Remark 1.5. Some possible explicit value for v can be derived from the statements of
Proposition 2.2, Proposition 3.1 and Proposition 4.6. For instance, with the notation «ag
introduced in (1.19), we can take
. (2@0H0 O[()Hl ao(a — Oéo) Cko)
v := min .

1— =0
5 ) 5 ) 5 ) Qo, 5

In any case, we do not expect the subsequent analysis to provide us with an “optimal”
speed of convergence for the proposed scheme (1.18) (say for fixed a > «g in the
left-hand side of (1.20)), due to our consideration of a deterministic strategy and a L?(R)-
norm in the space-time heat discretization step (see Proposition 4.6 and the related
Remark 4.9 for further details).

Remark 1.6. As we evoked it earlier, our results can somehow be seen as an extension
of the results in [2, 29] to the rough regime (1.3). The overall discretization method used
in [2, 29] is indeed (partially) similar to ours, even if the latter references are concerned
with more regular situations, where solutions can be treated as well-defined functions.

Besides, in both [2] and [29], the fact that one of the parameters H; is assumed to be
% allows the authors to rely on some Ito-type isometry property (see [2, Theorem 2.1]
and [29, Equation (2.13)]), which is not a tool at our disposal in the present space-time
fractional setting.

Let us complete this brief comparison by mentioning the fact that both works [2] and
[29] focus on the equation on a torus. The latter framework slightly deviates from the
unbounded situation prevailing in the standard “fractional SPDE” literature (see e.g.
[18, 20, 21]), which motivated our additional efforts to handle the problem on the whole
Euclidean space.

The rest of the paper is organized as follows. In Section 2, we examine the noise-
smoothening procedure toward a proper definition of ¢. Then, in Section 3, we initiate the
discretization scheme through the transition from 0;9,B"" to 6t8x§’“". The theoretical
analysis is completed in Section 4, with the space-time discretization of the heat operator.
Finally, we have provided, in Section 5, a few results and comments about the (partial)
simulation of the algorithm (1.17)-(1.18).

From a technical point of view, the subsequent analysis relies on the combination
of fractional calculus with (relatively) standard discretization techniques. For peda-
gogical purposes, we have endeavored to provide many details at every step of these
investigations, which hopefully can make the study accessible to a large audience.

2 Definition of the solution

For the sake of completeness, let us first recall the definition of the fractional sheet,
that is the field at the core of this study.

Definition 2.1. On a complete probability space (2, F,P), we call a fractional sheet of
Hurst indexes Hy, H; € (0,1) on [0, 1] xR any centered Gaussian field B : Qx ([0, 1] xR) —
R with covariance function given by the formula: for all s,t € [0,1] and z,y € R,

1
E[Bs(m)Bt(y)] = RH0(87t)RH1 (l',y) ) where RH(aab) = §{|a‘2H + |b|2H - ‘(l - b‘2H} .

When Hy = H, = % the above definition of the fractional sheet is known to coincide
with the one of a standard Brownian field. In any case, that is for every (Hy, H;) € (0,1)?,
it can be shown that B is not a differentiable field, and accordingly the definition of
the noise B in (1.2) can only be understood as a general distribution. Owing to this
lack of regularity, the interpretation of { as the convolution of B with the (singular)
heat kernel G is clearly not a trivial issue, and we propose to address this question
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through a regularization procedure. Thus, for all fixed x > 0 and n > 0, we consider the
smooth approximation B™" of B provided by (1.5). Using the so-called harmonizable
representation of B, i.e.

ezft —1emr —1
€A A

Bt(x):cHocHl/ / W (d¢, dn) (2.1)
RJR

it can indeed be shown that for every « > 0, one has almost surely

n—,oo

B*" — B inC([0,1] x R;R).

Our objective now is to study the convergence of the sequence of (classical) solutions
associated with (B®™"),,>1, that is the sequence of well-defined processes

P (@) = (G % 0,0, B ™)y () . (2.2)

To do so, we will appeal to the following scale of fractional Sobolev spaces.

Notation. For all s € R and 1 < p < oo, let the notation W#%P refer the Bessel-potential

WP = WHP(R) == {f € S'(R) : [fIW*P(RY)| = |F {1+ | P}EFNILP(R)]] < oo}
(2.3)
Also we will consider the spaces

HE=W?*2, foreveryseR. (2.4)

Using the above notation, the result at the basis of our interpretation of (1.1) can be
stated as follows.

Proposition 2.2. Fix (Hy, H;) € (0,1)? such that 0 < 2H, + H; < 1, and set
ap:=1— (2H0+H1) >0. (2.5)

Then the following assertions hold true:
(¢) Forallk >0 andt > 0,

R AT n—o0o
B9 22 0. ] "= o0 (2.6)

(#4) For every k > 0 and for every cut-off function p € C2°(R) (i.e., smooth and compactly-
supported), the sequence (p - §"").>0 converges in the space
L?(Q;C([0,1]; W—*2P(R))), for all @« > ag and p > 1. Moreover, the limit, that we
denote by p - 9, does not depend on k.

(¢i1) For all @« > o, k >0, p > 1, n > 1 and ¢ > 0 such that

0 < ¢ < min (2Hy, H1, a — ay), (2.7)
one has almost surely
sup o0 =0 Ul ey S 27, (2.8)
te[0.1] H i t”?—[ (R)

where the (random) proportional constant does not depend on n.

The proof of Proposition 2.2 will be developed in Sections 2.1, 2.2 and 2.3 below.

Note that even if the result of item (i) will not serve us as such in the sequel, it
emphasizes the fact that the object ¢ at the center of this work could not be handled
as a function in space (at least not a function in L _(R)), which is certainly the main
specificity of our setting.
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Besides, observe that the convergence result in item (ii) actually gives birth to a
family of processes

{p-Te L(C([0, ;W (R))), p € C*(R)} .

For the sake of completeness, we can then patch together those local solutions into
a single distribution 9. The details of this canonical procedure can be found in [10,
Section 2.5], and we will only sum up the result in the following Proposition-Definition
(to simplify the presentation, we fix p > 2 and o > ay, and we denote by F([0, 1]; D'(R))
the set of distributional-valued functions on [0, 1]).

Proposition-Definition 2.3. Let P stand for the set of sequences o = (0})>1, Where,
foreach k > 1, 05, : R — R is a smooth function such that

oy = 1 if |z| <k,
Y7 0 ifla] > k41,

Then, for every o € P, there exists a subspace Q) < QO of full measure 1 and an element
1700 = (0.1, D'(R)

such that the following assertions hold true:
(i) For any (space) cut-off function p € C>*(R) and for any x > 0, one has, on Q(°),
p- " = o8 i C((0, ;W (RY).
(ii) If o, € P, then one has 2@ — 9 on Q@) [ QM.
Owing to these two properties, we define { as { := ?(U) for some fixed (arbitrary)

sequence o € P, and we call this random element in F([0,1]; D’(R)) the mild solution
of (1.1).

Thanks to the above result, we are now endowed with a globally defined solution ,
which locally coincides with the limits exhibited in Proposition 2.2. This being said, in
our subsequent investigations, we will only focus on Iocal convergence to {, as it can be
seen from our main estimate (1.20).

Before we turn to the proof of Proposition 2.2, let us complete the statement with
two remarks.

Remark 2.4. The consideration of the “Fourier-type” approximation B*"™ of B is quite
natural in our fractional Sobolev setting, and it will indeed readily provide us with a
convenient covariance formula for the process ™" (see Proposition 2.6).

Another usual choice for the approximation of B is the one derived from a mollifying
procedure, that is one takes B#"" := ¢, ,, * B, where ¢, ,(s,z) := 23" (22" g 25ny),
for some mollifier ¢ : R? — R. In fact, our approximation B*" can somehow be regarded
as a particular case of this general mollifying procedure. Indeed, starting from the
representation (2.1) of B, one can write (at least formally)

(0,0, B2 ™) (t,2) = (0 + 905 B)(t, 7)
(t—3) gmla—y)
_CHOCH1//dey<pKn 5y / W (dé, dn) (- 577)|£|H+ P
zEt evnT
—cuen, [ [ Widg, e (-0 oy

€103 ||t

z&t evnT

2kn KN
— cmycn, [ Wde.dn) 3(227e, 27~ N T T
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and thus, picking ¢ such that ¢(£,7) = 1j¢<1}1{5 <1}, ONe recovers the approximation
0:0,B™" of the noise. We think that, at the price of a few technical modifications, it is
certainly possible to extend the whole subsequent analysis to a more general class of
mollifying approximations B# "™,

Remark 2.5. The above construction procedure of the solution ¢, based on the specific
approximation B*™ of B, has already been implemented in [8, 9] for the fractional wave
equation, and in [10] for the Schrodinger fractional equation. To be more specific, in
the three references [8, 9, 10], the authors’ analysis only relies on the consideration of
BY7, ie. B®" with k = 1. Letting » vary (in Section 3) will here give us the possibility to
maintain a certain balance within the two-step transformation process of the noise (see
Remark 3.2).

2.1 Preliminary considerations
Observe first that the approximated noise 0,0, B"™" derived from the representa-

tion (1.5) could be equivalently defined as the centered (real) Gaussian field with covari-
ance given by the formula: for all x,x’ > 0, n,m > 1, s,t > 0 and =,y € R?,

K, I{/m dé— dn 5(S— wnr—
B|(0:0,B"")s(x) (0,0, B"™)u(y)| = /(UDD e e e

where cy := cpy,cy, and where we have set, forall Kk >0and n > 1,
Dn,n = {(6777) c ]R2 . |§‘ S 22&71, |77| S an}_ (2‘9)

Based on this expression, we can readily compute

B2 @)% " )]

-/ " du [ | E [ dwGste = Gy = w)E[010,5). ()00, 5 ), (w)]

_ 2 d§ dn
=CH 2Ho—1 | [2H1—1
(e.meDrmapsm [§[FH0L [p|2H

s t

/ du/ dz/ dv/ deS_u(Jc—Z)Gt_v(y—w)elg(“_”)em(‘z_“’)
0 R 0 R

de dn

2
= CH/ = =
(&;meDrnnps m [0t [n[2Hi—1

s t
[/ due’f(s_")/ dze_’”ZGu(z)} [/ dve‘zf(t_”)/ dwe”’va(w)],
0 R 0 R

(2.10)

wm(z—y)

which leads us to the following assertion.
Proposition 2.6. The family of random variables
{95™(x), k>0,n>1,5s>0,z€R}
defines a centered (real) Gaussian field with covariance given by the formula: for all
K,k >0,n,m>1,st>0andzycR?

K, k' ,m d& dn e 1N n(z—
Bl w] = [ e e s © e,

(2.11)
where the notation D*™ has been introduced in (2.9), and where the quantity v.(§,r) is
defined for allt > 0, £ € R andr > 0 by

¢ ¢
(&, 7) :=/ ds e =G (r) = ezgt/ e=s{r i} g (2.12)
0 0
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Notation 2.7. For any function f on R, and for all times 0 < s <t, we set fs; := fi — fs.

The following elementary bound on v, ; will turn out to be the key estimate in the
proof of Proposition 2.2.

Lemma 2.8. Fix0 < H < 1. Then foralln e R,e € (0,H) and 0 < s <t < 1, one has

hec& D _ 16— sl
/Rdg EPAT S T e (213)

Proof. By the definition (2.12) of (&, |n|), one has

t t
Youl&,Inl) = {e€ — €} / dr e T (e 4 s / dr e,
0

S

from which we immediately deduce, for all €1,¢9, A € [0, 1],

L N Ll
[nf> 428> {Inf> + 28]t —=

Based on this estimate, we have on the one hand, for any ¢ € (0, H),

|75t(£7‘77|)|2 2 [/ df / df :| 2
de 22U T < g — )% - 4 — | S |t—s]. (2.15)
e gt s et [P T s, T | 3107

On the other hand, thanks to (2.14), one has for all |n| > 1 and ¢ € (0, H/2),
[ gelee )
G

<|t—8|25[1 / e 1 / i }< It s
. T Jr AT 20 J g, P TE20-773 |  Tyfit—22)
(2.16)

15t (& ImD)| S (2.14)

Combining (2.15) and (2.16) clearly yields (2.13). O

The following - independent - technical lemma, borrowed from [10, Lemma 2.6], will
also prove useful in the estimates of the next section.

Lemma 2.9. Let p: R — R be a test function and fix o € R. Then, for every p > 1 and
for all 1, ...,n, € RY, it holds that

P dNid)\; S T
dx / GZ z _ eZ(J‘)\ >\> )\ — )P 5 7
’/R U e PO = m)px e PT

where the proportional constant only depends on p and o.

Remark 2.10. The above preliminary material, as well as the subsequent proof, can be
seen as the “heat” counterpart of the analysis carried out in [8, Section 2] for the wave
model, and in [10, Section 2.1] for the Schrodinger case.

2.2 Proof of Proposition 2.2, item (i)

Using the covariance formula (2.11), we can immediately write the second moment
under consideration as

: ' 5, dg dn
E[H?fn|‘i2([071])} :/0 de“?t n(x)’ﬂ = C% /(f DR W"W(Ea |77D‘2
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Using elementary changes of variable, we obtain that

d¢ dn ,
/(f neDmn W\%(& 1)

_ d€ dn 2
_ 92kn(3—(2Ho+H1)) 2kn Kn
—2 0 . /§<1 ‘n‘<1 |§|2H0—1|77|2H1—1|7t(2 5?2 |77|)|

> ¢ 22“"(3‘(2H0+H1))/ dédn |y (227 ¢, 25 )|
1<lgl<1,1<nl<1

for some constant ¢; > 0. Then observe that forall § < [{| <land 5 < [g| <1,

=22l +8) |2
_ __92kn 2 2
| > 0y 27401 — 2 I )|

1—e
| (22nn§ 2nn|n|)} 74nn|
lln[2 + 2]

for some constant c; > 0. Thus we have shown the existence of a constant ¢z > 0 such
that

E{H??nHQZ } > (g 226n(1=(2Ho+H1)) dédn |1 — o= 27" t(Inl*+1€) |2
LAoan 1<lgl<1, 2 <lnl<t

Finally, since ¢t > 0, we can use the dominated convergence theorem to assert that
/ d&dn |1 e Rl e o 1,
<lgI<1,3<nI<1

which, due to the condition 2H, + H; < 1, leads us to the desired divergence statement
in (2.6).

2.3 Proof of Proposition 2.2, items (ii) and (i:7)

Following the statement of the proposition, we fix a > «p, where «y is the quantity
defined by (2.5). Besides, recall that the notation f,; for time increments has been
introduced in Notation 2.7.

Step 1: A moment estimate. We show that forallp > 1,1 <n < m, 0 < k < ¥/,
0 <s<t<1andc¢ >0 satisfying (2.7), we can find £ > 0 small enough such that

Q Ii/ m K, 2p —
[ask |l (e 1py i - g @] sreele- e, @an
R
where the proportional constant only depends on p, a and p.

One can first notice that the random variable under consideration is clearly Gaussian,
and so, for every p > 1, one has

2
|7 (4 Ly 2 7 e 57 - 7)Y
o 4 2 p
< ¢ (Eﬂf‘l({l +LPYEF (e [0 —?S:?]))(x)\ D : (2.18)
where the constant c, only depends on p. Let us then write
LRG0 @)
= [ e s R - (1 - 2O

- [axurpeys W</dﬁm B)F (I8 —?S;?])(ﬁ)),

EJP 27 (2022), paper 122. https://www.imstat.org/ejp
Page 13/41


https://doi.org/10.1214/22-EJP839
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

A full discretization of the rough fractional linear heat equation

and hence
of|7 (0 1y 25 1 57D 0|

- LT L R0 0B (8.5), 219
where we have set

Q8. B) 1= B[ F ([T = ) (B)F (227" — %7 ]) (B)]
Based on the covariance formula (2.11), one has now

B2 () - T )] (757 @) - 957 3)]

=Cy d§ dn o
2 5 Z
’ / Ho— 7 Vst (& [n])[Fe e Y
(€;meD=m\pron [§[2H0~ 1 21 s 5

which allows us to recast the above quantity into

d§ dn
2Ho—1 |p|2H1 -1 Vst (&, 1)) P0p=005_, - (2.20)

nmst(ﬁ 5)—CH/

(emeD~"m\Drm [§

Thanks to (2.18), (2.19) and (2.20), we get that
«@ Kl m K.n 2])
[E[l7 (e 1prar me -] a
R

dg§ dn 2
< J U@ et e (G it et D)

d\d\ e NP
/W 1+ P2E{L+ 25 PN = mp(A ~ n))

p
d§ dn _
: </<£ yeDx!m\ prn [€]2Ho—1 |77|2H1’1{1+|n|2} “haslt; |n|)2d§dn> ’
m)E DR\ DRon

where the last inequality is a consequence of Lemma 2.9.
Observe now that 1DN/J"\DV~," < 1{(§,n)€R2: |€|>22rn) + 1{(E,n)€]R2: [n|>2rn1, and thus

df d?’] 21—« 2 3
(&mepwm\prn [§[2H0~1 |77|2H171{1+|77| } s, (€ Inl)|? dédn
;7)€DR'm\ Dron

p
< H H 7 /s, é 2d d
~ (\/|5|222"" |£‘2 o 1/ |’l7|2 1= 1{ | ‘ } | t( |77D| f n)

d p
</ |§‘2H0 1/>2 2 a7 L+ s (&, |77|)2d§d77>
In|>2%n
=: (I™"(s,t))P + (IM™"(s,t))P. (2.21)

Let us estimate the quantity I*"(s, ) first. To do so, pick ¢ > 0 satisfying (2.7), which
yields

K,n —2nk d'f d77 —a
1" (s, 1) <2 ? g/]R |£|2(H0—S)—1 n ‘2H1—1{1+ |77‘2} 75,6 (&, |77|)|2

—2nkg > dr |'78t &, )|
<2 /0 r2Hi=1{] 4 2} (/ £|§|2HO)1> .
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We are here in a position to apply Lemma 2.8 with H := H — 5, which entails that for all
0<e< Hy— %,

57 (s, 1) < 2—2nn§‘t_s|6 /oo dr 1
1) S o rPHi1] 42 e 4 pA(Ho—5—9)
1 oo
dr 1
< —2nKS |4 _ o|€ . - -
S 2 [t — s (/o 72H; -1 Jr/1 r2(a—ao—<)+1—4€dr> ' (2.22)

Owing to Assumption (2.7), we can pick € > 0 small enough such that a — ag — ¢ > 2¢,
and for this choice, it is readily checked that the integrals in brackets in (2.22) are both
finite. We have thus established that

%7 (s, ) < 272n%S|t — s|° |

The estimation of IT"™"(s,t) can then be done along similar arguments. Namely, one
has, for all 0 < £ < Hy,

dg dn —a
> [€]2Ho—1 |p|2(H1—¢)-1 {1+ ‘77|2} |Vs,(&5 |77|)|2

" (s, 1) < 2727 /

R

< 272rm§ > dr df |73,t(£7r)|2
~ 0 r2(H1—<)—1{1 + T2}a R |€|2H0—1

< 272rm§‘t7 |5 > dr 1
~ S o 7,2(H1—§)—1{1+T2}a1_|_T4(H0—5)

1 0o
dr 1
—2nKS |4 |
S2 It — s (/0 F2(H—o)—1 Jr/1 r2((x—a0—§)+1—4edr> :

Again, we can pick € > 0 so that a — g — ¢ > 2¢, which leads us to

II%" (s, t) < 2725t — s|°.

Going back to (2.21), we obtain the expected estimate (2.17).

Step 2: Conclusion. Estimate (2.17) can be equivalently formulated as
K ,m ~,n7 |2 —2nkK
Bllo- (85" = 0 om0 | S 2720t = 527, (2.23)

forallp>1,1<n<m,0<k<k,0<s<t<1,c>0satisfying (2.7), and £ > 0 small
enough. In particular, it holds that

B|llp- (85" = 25| S 27250l = 57, 2.24)
and , )
B[lo- (85" = 8T p-oan| S 27201t = s (2.25)

By picking p > 1 large enough in (2.24), we get, by the Kolmogorov criterion, that
P [?K’m - ?K’n} € C([0,1]; W~*2P(R%)) almost surely. We can then apply the classical
Garsia-Rodemich-Rumsey estimate and assert that a.s, forallp > 1,¢ >0,0<t <1,
one has

- [0 =" om </ (T2 o e dudy
Pl t lw-aze S 0,1]2 [ — 2P +2 :

for some (deterministic) proportional constant that only depends on ¢’ and p.
As a consequence, using (2.23) again, we obtain that for any 0 < &’ < ¢,

K ok, (2 onk dudv Conk
E[HP . [? _? }HCI()[O,H;W*O‘QP)} 5 2 2nksp /[O . ‘u — ,U|—2(E—E’)p+2 5 2 2 §P7
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for any p > po, where py > 1 is such that —2(¢ — &')pg +2 < 1.
Note that for 1 < p < pg, one has, since p is compactly-supported,

L 1
E|:Hp . [ Km _ ?rc n] HC( - 2p)j| 2p < E[Hp [?n,m . ?K, n} HZPFO o a_gpo):| 2po ’

and so we can conclude that for any p > 1,

o= [75 =] HLZP (C([0,1];W—e:2p)) ~ S2T (2.26)

In particular, (p-9""),>1 is a Cauchy sequence in L (;C([0, 1]; W~*?P(R%))), and thus
it converges in this space. Let us (temporarily) denote by p - ¢" the limit of this sequence,
for fixed x > 0.

The fact that p - b actually does not depend on « can be readily deduced from (2.25).
Indeed, if 0 < k </, one has, forall¢t € [0,1] and n > 1,

Ello-5 = o5 pcn] SE[l0- 8 =08 " 700
FE[lo " = o 8| T E [l 8 0 B

and it is clear that those three quantities tend to 0 as n tends to co. Therefore, we can
henceforth write p - { instead of p - ".

The bound (2.8) can finally be derived from an application of the Borel-Cantelli lemma.
Indeed, by letting m tend to infinity in (2.26) (for fixed n > 1 and p = 2), we get that

2—271){{

E[llp " = o o o) S

and accordingly, forall0 < ¢ <¢andn > 1,
IP(HP . ?&n —p- ?HC([O,l];H*u) > 2—nn5) 5 2—27z,n(§—§) )

3 Noise discretization

Let us now initiate our discretization procedure, starting with the treatment of the
noise. To be more specific, and as we announced it in the introduction, we are here
interested in the discretization of the smoothened version 9,0, B"™ of B, at the basis of
our interpretation of { (along (2.2) and Proposition 2.2).

For this section (and this section only), we will rely on the time-space grid introduced
in (1.9), that is we set

(A _J . 2 2
t,L:tZl:2—n (’L:O,...,2n—1)7 .’Ej_l'j 2n (J:_2n7’2n_1)
Note in particular that the set of points (.’E?)nZL_QZn <j<o2n.1 is dense in R. With this grid
in hand, we now define the discretized noise 8t8m§">” as

22nD2jBﬁ’n ift e [ti7ti+1) and x € [l‘j,(Ej+1),

(3.1)
0 otherwise,

(8,0, B"™)(t,z) := {
where we recall the notation L}’;b := b;
parameter path b.
Observe that the so-defined approximation 8t8x§“>" indeed corresponds to the space-
time derivative of some (piecewise) smooth approximation B*" of B: consider for
instance the continuous sheet given for all ¢ € [t;,t;41) and x € [z}, 2,41) by

T btm’wj — bti’wjﬂ + bti@j for any two-

By = Bl + 20t~ 6)(BET, ., — BI%)
+ 2% —ay) (B, — B, + 220 (t = ty) (@ — xy) 07, BR (3.2)
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The corresponding approximation of { can then be written, for every (¢,z) € [0,1] X R,
as

on—1 2271
% () = (G x 010, B™")y(x) =22 > > GP(t,x)Of,B ", (3.3)
i=0 j=-—22n

where we have set

tit1 Tj+1
x) = (/ ds/ dyGts(x—y)>.
t; Zj

Our main control regarding the above noise discretization procedure can now be
stated as follows (we recall that the notation ¢™" refers to the solution associated with
0:0,B™™, i.e. to the process considered in Proposition 2.2).

Proposition 3.1. Fix (Hy, H) € (0,1)? such that 2Hy+ Hy < 1, and let a > 0 be defined
as in (2.5).

Then, foralla > ap, 0 <Kk < %, 0<¢ < min(1 — 5k, g — 4k), p > 1 and for every test
function p : R — R (i.e., smooth and compactly-supported), one has almost surely

forn _gn < g-n 3.4
o0 o 45" T Moy 277 oo

where the proportional constant does not depend on n.

Remark 3.2. The restriction on the “frequency” parameter s, that is the condition
0 < k < %, can be interpreted as the result of some interesting competition phe-
nomenon between the 2""-approximation scaling in step 1 (see (1.5)) and the size of the
discretization grid in the present step 2. From a technical point of view, this competition
can be observed through the chain of estimates (3.9), (3.10) and (3.11) in the proof of
Proposition 3.1. At this point, it is not completely clear to us whether some finer esti-
mates or the use of alternative Besov topologies could lead to a less stringent condition
on k, or even to the extension of the estimate (3.4) to any x > 0. Also, we do not know
whether a similar bound could be established when replacing the approximation B*"™
with the original sheet B in the right-hand side of (3.1) (this would morally corresponds
to taking k = o).

Remark 3.3. Let us briefly go back to the basic comparison sketched out in the in-
troduction between the one parameter process ¥" (defined by (1.8)) and the above
approximation process ? . Along this analogy, the result of Proposition 3.4 (morally)
corresponds to the parabolic counterpart of the convergence of ¥” to B. Now recall
that a natural strategy to show that ¥ — B in the Sobolev scale " (or more generally
W?7P) consists in the use of the continuous embedding (see e.g. [25]): for all v € (0,1)
and ¢ > 0 small enough,

SYTEP - WP

where S*? («a € (0, 1)) refers to the so-called Slobodeckij space

={r: //d dt v rep |ff |1+ap < oo}

In this way, the convergence of U™ to B in W"P (for v < H) can be easily derived from
the well-known (pathwise) Holder regularity of B.

Unfortunately, due to the negative-order Sobolev regularity of the solution process ¢
(as seen in Proposition 2.2), such a simplification through an embedding strategy does
not seem available in the present rough heat situation, and thus computations cannot be
reduced to a pathwise control of spatial increments.
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3.1 Proof of Proposition 3.1

We rely on a similar two-step strategy as in the proof of Proposition 2.2.

Step 1: A moment estimate. The first (and main) objective is to establish the following
bound:

[ (el (0127 B i) @] ]) s2el-spr, @9

for all p > 1 and «,¢,e > 0 small enough, and where the proportional constant does not
depend on n.

With the notation introduced in (3.3) and with representation (1.5) in mind, one has
(at least formally)

2" —1 227

=2y ZG (t,2) OF, B

i=0 j=-—22n
§ n

= —CH/ W(df’dﬁ) — T
(le|<225n n<2mn) || Ho+3 |y itz

2n_1 22n

tit Tjt1
Z Z G?(s,ty) (22”/ du/ dze’guemz)
t; z;

i=0 j=-227

where we have set cyy 1= cy,cn, and G} (s, t;y) == GT;(t,y) — G7;(s,v).

o
As a result, the difference ?37’,s — ?s,t can now be (formally) recast into

~K,M

Qot W) =% (y) = —cu ¢ U

W (dg, dn) ——— ——— X0, (y:€,1)
/{5|<22~",|n|<2~"} €[ Hots [ Hats ™!

with
X3¢ (v &m)

2n—1 2271 i1 Tj41
[Z Z Gi (s, t;y) (22"/ du/ dz e e Wﬂ — ey, (& nl) -

i=0 j=-22n

This easily leads us to the following identity (proved along the same lines as in (2.10))

E[[f. - %W -1 @)]
d&dn T
zcg/ T —iea T Xet W & mXL (Y € m)-
T T R

Thus, setting
T5MEm, ) = /Rdyp(y)e_”y%?,t(y;f,n%
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one has

B[|7 (1222 (o [ - 27]) ) @]
v (e 1 1
= [ L A e
[ vt [ dip@e B [E7 - wE %06
dgd < am(Aed 1 1
:/{ﬁgz%mlnlgzw} R /R’”/Rd“ TR O e
TEE N T € m )

dedn . 1 1
:/ ny [§[2Ho=1 |n|2H1 = 1/&/(&6 {1+| +A2}2 1 X218
{le|<22mn |y <2nn} n n {1+ In+ A2}

SE L+ NT Emn + N

Based on the latter expression, we get

/dx (EHJf—l({1+|.|2}‘3f(p- ﬁjf—??,’f]))(x)ﬂ)

1
_pH / dgid;
{|€:]< 225 ;| <2mm )} |§l|2H071|7h|2H171

p

d\; d\; £ =

79 ’La’L‘FA / N o¢‘7s7 79 ’Laz+)\z

/R{HmHI 2}5 s " € A0 o T L 3 e Gt A
dé,pdn, / dX, n

wTat (EpyNpsp + Ap)

/{|§p<22~n,|np<2~"} |&p [P0, [PHI=1 Jg {1+ [, + Ap[2}2 700 P TR

1
{1+ |77p (/\ _5‘p71+)\p71_- R Al)‘Q}%

(Tf / dqdn;
{|€:1<225m || <27} |€i |2 Ho= L, [2Ha =1
T e+ A / .
/{1+|"7L+)‘|2 | ot | {1+|771+)‘|}

dfpdr]p / d/\p Xn
— Tt Epsnpr e +20)|7
(/{wpszm,nmszm PR e wacl A ARl
(3.6)

jxtm(gp’nm np+()\p_5\p—1 +)\p_1—. R )\1))

5t (61’77177714')‘ )|>

where the latter inequality is deduced from the Cauchy-Schwarz inequality (applied to
the A, variable).

We are now in a position to introduce our main technical estimate toward (3.5) (for
the sake of clarity, we have postponed the proof of this result to Section 3.2):

Proposition 3.4. With the above notation, one has, for all (¢,17) € R? and 0 < ¢ <

min(g, ),
/wﬁ”,! "G+ N S l=slf 2 2 2o @)
and
/]R{1+,,7dj\,)\|2}a’ S Emn+ N S —S|2E[2‘"|€I+2‘”+2"“’°|n|r. (3.8)
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Injecting (3.7) and (3.8) into (3.6), we obtain that

/}Rda: (EHf—l({HI-F}‘gf(p- ﬁ;‘,’?—?:’é‘]>)<w>\2})

dédn - - N
SHSWPQ/ ’2"K|+2”+2”%mw)
(€] <22mm || <arny [P0 p|2H—t

S 2—2n<p|t _ S|26p_

ddn (- ST S S T LA
(e ey S 2700 2} o)
< ﬁn’niwn

p

Now picking ¢ such that 0 < ¢ < min(1 — 5k, ag — 4k), one has, for any (£, ) such that
|§| S 22577, and |’I’}‘ S 2/@71’
max (27" ¢Pn|, 27 ¢, 270 g |n?)

5 max (27n(17§75/{)7 2771(17§731<a)7 2771(0407{74&)) S 1 \

and so

11
L+ (€[ 1+ n]

‘27n(17§)‘€|+27n(17§)_|_27n(040*§)|,r]“ 5 , (3.10)

which entails that

dédn

sup / T2 Hn—11a12H, —1
n>0 J{jg|<o2en y|<anny [€2H0H 20—t

d¢ dn
- </1R|§|2H°1{1+|£2})</RIT72H11{1+In2}) <o G

Going back to (3.9), this immediately provides us with the final estimate, namely: for all
p>1,0<¢<min(l — 5k,a9 — 4x) and € > 0 small enough,

’2—nﬂ—f”§|+_2—n0f<)ﬁ_g—nﬁm—cnnMQ

~K

o ’n .1 2 p -
[ae (BflF (0 1y 27 (7 - 50) @] ]) 2 oe-sp, @2
R
for some proportional constant that does not depend on n.

Step 2: Conclusion. The arguments to conclude are essentially the same as those of the

proof of Proposition 2.2 (Step 2). First, one has, for every p > 1,
~K,M ,n 2 _ _a ~K,M Kom 2p
Ello- Fur =250 lpess | = /R dwB[|F ({14125 F (o [ - D)) @) ]
o ST KM 2 P
< /]Rda: (IEH]—"l ({1 +12EF(p- [?S,t -y ]))(m)‘ D ,

where the latter inequality is derived from Gaussian hypercontractivity property.
Thus, thanks to (3.12), we get that forallp > 1, 0 < ¢ < min(1 — 5k, a9 —4x) and e > 0
small enough,

B[l {00~ 87T ] S 272501t — 5.

We can here apply the Garsia-Rodemich-Rumsey estimate and assert that for € > 0,

ST K,m7 |2 % —n dudv ﬁ
E[Hp [? -1 ]HCI()[O,l];W*a?P)} 52 g(/[0 12 |uv|22p(65)> '

The almost sure bound (3.4) can then be deduced from the same Borel-Cantelli argument
as in the proof of Proposition 2.2, and this completes the proof of Proposition 3.1.
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3.2 Proof of Proposition 3.4
Let us first recast th’”(f, n,m+ ) as

TEMEmn + )
r” 1 2271

tit1 ZTjt1
Z Z (/ dy p(y _1(7’“‘ Gyl (s t;y) ) (22"/ du/ dz e*te ”’z)]
t

i=0 j=-22n
= PN st (& Inl) -

Then, since

tit1 Tj41
G (s, 1) = / dr / dw { G (y — ) — Goerly —w)}
ts

it1 Tj41
/ dr/ dw/dﬁ{GtT —~ (8)}ePv=w)

one can write, for all ¢, j,

tiv1 Tj41
([ vt ([ [ asesoen)
R t; T

_22n/ dy p(y ) —y(n+A)

1+1 Tj+1 tit1 Tj41
/ / dw/ d,B{Gt ~(B) — }e’ﬁ(y “’)/ ettt du/ e dz
t; T
tit1 o tit1
:/dﬁ|:/ dyp(y)ezy(ﬂ+>\ﬁ)] |:2n/ dr {Gt T _Gs—r(ﬁ)}/ etéu du]
R R 14 t;
Tj+1 Tj+1
{2”/ dw/ dz e_"@wemz]
tit1 it+1
= / dﬁ{ / dyp(y)e‘w“‘ﬁ)} {2" / dr {Gi—w(n+B8) — Go_o(n+ B)} / Zf“du]
R R t;

Tjt1
{2"/ dw/ dz e’(”+ﬁ)wemz}
2m—1 22" tiga T
S 3 ([ o var i) (20 [ [0 dosen)
i z;j

i=0 j=-—22n

and so

- /R B PN — BYy (€ + BYS" (.1 + B)

with
t —_— 21 ti+1
FY?(§7B) ::/ dr Gt—?“(ﬁ)( Z 1{ti<’f‘<ti+1}2n/ ezfu du) (313)
0 i=0 ti
and
92n _1 o
6"(n, B) ::/dwe_“"ﬁ( Z 1{:1:j<w<:1:j+1}2n/ dze"’z>. (3.14)
R . , T
j=—22n J

We have thus derived the representation

TEE o+ ) = [/dﬁm BN (En+ B)5 (1 n+ﬁ>]—ﬁ<xm,t(f,|n>, (3.15)

which will help us to prove the following intermediate estimate:
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Lemma 3.5. For all (£,7,\) € R®, £ > 1, 01,002,053 € [0,1] and 0 < ¢ < %, it holds that

T (& + M)

fo o o —Nno: (ox t
< [PO[It = sl {1+ Py ggee 4 =80

14+ |A|

27 27 ]+ 27 ], (3.16)

where the proportional constant does not depend on n,&,n, A

Before we prove this technical lemma, let us see how it allows us to derive the
estimates in Proposition 3.4. In fact, applying (3.16) with £ = 1, 01 = ¢, 05 = 1 and
o3 = ap, we deduce that for every 0 < ¢ < 1,

dA i 2610 PN
g E N S -l e [ P
/R{Hlnﬂl} = B {1+1[n+ A2}
d\
+ t_ g 2—7L+2—7L +2—no¢0 / .
=t 2] | e )
(3.17)
At this point, one easily checks that for every 5 > 0,
P 1
< . (3.18)
/R {1+ n+AP2ye ~ 1+ nl?

Also, since 0 < oy < min(1, «), it is not hard to see that

d\
Sup/ - — 0,
ner Jr {1+ [0+ A[*HL + [A[l720}
and therefore (3.17) leads us to
2 T U - - }
- n +)\ _SE|:27L +2 n+2 noo
| T e S =l e i

which, if 0 < £ < min(% 1, 5 ), immediately yields (3.7).
We can then derive (3.8) with similar arguments. Namely, applying again (3.16) with
{=1,01=c¢, 09 =1and o3 = ag, we get first that for every 0 < ¢ < L

dX 9 A 2
Jr e O En e A S e[+ a2 e /dA{H’lI)nJAP}a

2 dA
+ |t —s|* [2*" + 27 |p| 4 270 } .
e K A e S S RNy

(3.19)

For the same elementary reasons as in (3.18) (write |/3(/\)’2 = |[(p*p)(\)]), one has

/ el 1
R ALE AR T 14 e
and again, since 0 < oy < min(1, ), it is easy to check that

dX

< 0.
nen Jr {1+ 1+ AP+ AP0}
Therefore, we end up with
d)\ x 2 B 1+ |,r]|2€ 2
j,n .1, +)\ St—82€2n +2n 2nao
/]R, {1 4 |77+>\|2}a’ s,t (6 n,m )| | | |§| 1+ |77|a ‘77|
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and by picking 0 < ¢ < min(%7 $), we obtain (3.8), which achieves the proof of Proposi-
tion 3.4.

Thus, it only remains us to provide the details behind Lemma 3.5.

Proof of Lemma 3.5. Going back to the definition (3.14) of 4™, one has

22n g

Tj4+1
6”(77’77 - B) - / o e_zwﬁ( Z 1{90_7‘<w<m_7‘+1}2n/ dz em(z_w)>
R j=—22n zj
_1 Tit1
:Ej ]R

j_722n

so that, according to (3.15), we can write

T5Emn+ )

- U dw</ dﬁemﬁﬁ(k—ﬂ)vit(ﬁ,wrﬂ))
R R
gy Tjt+1
( Z l{xj<w<ggj+1}2n/ dz {em(sz) _ 1}>:|

j=—22n Tj

/ QL <o) / dBe PPN — L& m + B) — BNt (€ )

_ [ / dw< / dﬂelwﬁmmv;t(s,mm)
R R

2271,_1
( Z 1{:17j<w<(17j+1}2n/ dz {em(sz) . 1}>:|

j==—2>" i
i [/ au [ a5em 50 e nw)} [ BN (E0m) — PO €, n|>]
|w|>2n R
=17 (&, m, A) +IIT L (€,m, A) 4+ LT (€, 7, \) . (3.20)

Let us estimate these three quantities separately.
Treatment of I} ,(§,n, A). We have

/]R dB e BN = B)yL, (€ + B) = e / dB "B (En+ A = B)
=e M (wi&m, N, (3.21)
with
fo(wi&n, A) = {p * F (%th(é, n+A— ))} (w). (3.22)
Using the additional notation
) Tjt1
h"™ (w;n) = 2”/ dz {e”’(z_w) -1},
we can rewrite I, (£, 7, \) as

22n_1

(EmN = Y /m e f (ws &, R (w; )

]__22n
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On the one hand, it is clear that |h™/(w;n)| < 27"|n| for any w € [z, z;4+1], which
immediately yields

“Igb,t(f? m, )‘)| S 2_n|77‘ Hf;ft(a ga m, )\)HLI . (323)
On the other hand, one has for every j,

Tjt1 )
/ dw e f7 (s €1, AV (s )

-1 —\z; n n,j —AT;j fn n,j
K |:e ’ J+1f5,t(mj+1;§7n7)‘)h 7](xJAJrl;T]) —€ A st,t(xﬁfﬂ% )‘>h J(xj;n)

Tjt+1 ;
— / dw e_Mw(awat)(UJ;fﬂ?a )‘)th (’U),?’])

T

Tjt1 )
- / dw e f7 (w; €, )@ h™) (w5 )

-1 , . , '
— |+ ) (3.24)
with '
I = e £ (mi; &, A) — e N9 1 (255 6,m, A) PR (2413 m)
) Tjt1 ]
I}y = —/ dw e*’)‘w(awf;ft)(w; &, V™ (wyn),

J

. Tj+1 .
IH:%] = / dw {e_w\mj ;t(xj; 57 , A) - e_l)\w :t(wa ga 7, A)}((9711hn7j)(u}7 77) .

J

First, since h™ (zj41;7) = 2" forn dz {e="* — 1} does not depend on j, we get that

22n_1 4
> L
j:722"
2°" N .
= ‘ (271/ dz {e—lnz _ 1}) {6_1)‘2 gt(Qn;&n’ )\) _ ez>\2 Srtt(_2n; 5, n, )\)}
0
S22 6m )| o - (3.25)
Then
21 ) 2 Tjt1
> ompsthl Y[ del@arzoten )
j=—22n j=—22n Y%j
S 270l [P f2 ) & m N[ - (3.26)
Finally, since |(9,h™7)(w;n)| = |(—up)2" f;:“ dzem==")| < |n|, we have for any
oe[0,1] '
1./

T
< n / dw [|fgt(xj;£an7>‘) - f‘:ft(w§§a777>‘)| + |€7l/\m7’ — eﬂ)‘wa:t(w;f,n,/\)u

Tjt1 w Tjt1
<tall [ aw [T aol@uszsen 4 ez [T w2 |

J
s

Zj+1 7
<tallz [T avl@ur)wis ) + e

J

+1
dw ‘fsrft(w7€7n7)‘)‘:| ’

z
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which immediately entails

22n 1

>

‘77 22n
Injecting (3.25)-(3.26)-(3.27) into (3.24), and then combining the result with (3.23),
we obtain that

12, (&, A

[2‘”In| 1@ f20) G &m M| o + 27" Il (|24 (5 € m, A)HD} . (327

1
< 2= 0| + 2777 |[|A }
NS T 27+ 27l

72 €m N e + 172G &N+ [Guf2) GEm N |- (3:28)

In order to go further, note that by the definition of f{;, and since p € C2°(R), one has

7206 m M #1520 6m D+ 0 2) G 6 m N o S |77 (2 m+A—) |
(3.

L
Then observe that

F(men+2— 1)) w)

t 2" —1 tit1
= ) / dr { Gy (w) - [ Z Lipcretn, )2 / du elf“] . (3.30)
0 ti
and so, forany 0 < ¢ < 1,
H]-" (v(en+r=2) H /dw/ dr |Gy p(w) — Gop(w)| S |t—slF.  (3.31)
Injecting (3.29)-(3.31) into (3.28), we get that forany o € [0,1] and 0 < e < i,
|t —s|®
1 27" 27" n||IX 3.32
2 (&m M] S o 277+ 27l (3.32)

for some proportional constant that does not depend on &, 1, A
Treatment of Iy , (&, 7, \). Following (3.21), we can write

]I]I?,t(gana)‘) = _/ dw e—U\w . (w § m, )
|w|>2m

with f”t defined by (3.22), and so

7, (&, A !—’/ we M fr L (wi €, )‘
Jw|>27

Smll’l(/ dw’fsnt(w,&na)\)‘,
|w]|>2m '

1
IA L ) >2n [ >2n
(3.33)

Remember that f7', = p+ F~!(y7,(£,n+ A —.)), and so, since supp p C [-A, A] for some
A > 0, it is readily checked that

/ dw |y (ws € m V)| + sup | f7(ws €0, 0)] + / dw (B 7)) (w: €17, V)|
jw|>2n juw|>2n o] >2n

)

S Cren s a )| [l e )i
(3.34)
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for any n large enough. Then, using the representation (3.30), we deduce that for all
£21and0<5<%,

/|'w|22"1 dw’f_l (v(&m+A— ~))(w)‘

t
< / dw/ 0 |Gy (w) — Goey(w)| 27"t — 5|7 (3.35)
|w|>27—1 0
Combining (3.34)-(3.35) with (3.33), we obtain that
’]I]Int(f’nvA” N |t_ S|€2*TLZ7 (336)
5 ~ 14N

forall > 1and 0 <e< 1.
Treatment of I , (&, 71, \). We need to control the difference vy, (€,1) — 7s.¢(§, [n]). In
fact, with expression (2.12) in mind, one has

Yer(&n)

2" —1

t — — Lit1
= / dr {Gy—(n) Gs_r(m}em[ > Lpcrcrn 2" / due%(“”]
0 i=0 ti
= st,t(é‘a |T’D
t — — 2"-1 ti+l
+/U dr {Gt—r(’fl) - G‘Q_T(n)}62£r|: Z l{ti<’l‘<ti+1}2n/ du {625(U7T) o 1}:| '
i=0 ti

Now it is clear that for any 04,02 € [0, 1],

t — — 271 tita
‘ / dr {Gt—7'(77) - Gs—r(n)}ezgr{ Z 1{ti<7“<ti+1}2n/ du {€2§(U7T) - 1}:| ’
0 i=0 ti
s t
< g-norg[on U dr [e= (=" _ g=Gs=ninf| +/ dre<”>lnl2]
0 s
S 27 ol (14 o).

Therefore, we can conclude that

T (€, m, A)| S [P [27 ™€) [t — 5172 {1 + [n]**2} . (3.37)
Injecting (3.32), (3.36) and (3.37) into (3.20), we finally get the desired estimate (3.16).
O

4 Space-time discretization of the heat operator

At this point of the analysis, we are endowed with the approximation ?R’n of the
solution, derived from the discretization 8,9, B™" of the noise (see (3.1)). Otherwise
stated, for all fixed xk > 0 and n > 1, ?mn corresponds to the classical solution of the
standard heat equation

{a}z?:’” = AP+ 9,0,B5", telo,1], z €R, @)
o =0.

This section is devoted to the third and final step of our discretization procedure,
namely the space-time discretization of the heat operator in (4.1), for fixed k > 0,n > 1
(which implies that Btaxé'“” is here regarded as a well-defined bounded function).

To this end, we will rely on a Galerkin-type approximation strategy. Let us start with
a general description of the method and an associated estimate (Section 4.1), which we
will then apply to our stochastic problem (Section 4.2).
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4.1 Description of the algorithm and a general estimate

For every mesh size h > 0, we consider the basis of functions (@?) jez given by

FHa—wjm1) ifxelzj_1, )
(I);Z(l') = %(Ij_i_l - 1‘) ifx e [Ij,l‘j+1] (42)
0 otherwise,

where the subdivision points (z;);cz are here merely defined as z; := jh. Also, we set
S"L) .= Span(®", -N+1<j<N-1). (4.3)

For all h, L > 0 such that N := % € IN, and for all m > 1, let us now introduce the
Galerkin approximation operator g,# ) associated with the basis ®" = ((I)?)jez, the

domain €, := [~L, L] and the uniform subdivision D,, := {t; =t]" := 55z, i =0,...,2™}
of [0, 1].

Namely, for every u € Hllo’f([m 1] x R), we define @ := Q%I’L)(u) as the sequence of
functions (@, )i=o, .. 2m characterized by the three conditions: (i) 4y = 0; (i%) s, € Sh.L),

(i3) forall i = 1,...,2™ and ¢ € S"1),

ti
2™ (g, — Uy, ) + (Viig, Vo) = Qm/ ds [{(Du)s, @) + (Vus, V)] - (4.4)

ti—1

Denoting the mass, resp. stiffness, matrix by

Mip = ((®F, ®1)) _ni1cipen1e TesP-Anr = (VI VL) oy ), (4.5)
one can easily rephrase (4.4) as follows: if 4, (z) = Z?f:—_lN 41 ﬁi Cbz? (z), then
ti
2" My, (U, — Oy, ,) + Ap L0y, = 2m/ ds ((Opu)s — Aug, @), (4.6)
ti—1

where @, := (ﬁgi)fNHSjSNfl and for every function f € L} (R),

(f, ‘I)h> = ((f, ¢?>)7N+1SJSN—1-

Formula (4.6) thus offers a convenient way to compute the matrix @ := (Qy, )i=o,... 2m,
and accordingly to compute u.

Remark 4.1. To be more specific in the terminology, the above-defined operation gf# L)

corresponds in fact to the combination of a (space) Galerkin projection and a (time)
implicit Euler scheme.

Let us now state the important estimate (for the difference u — g4k (u)) that will
serve us in this third discretization step of our problem.
Proposition 4.2. Fix a smooth compactly-supported function p : R — [0,1]. Then, for
allu € H"?([0,1] x R) such that ug = 0, all h, L > 0 such that N := L eN, allm>1 and

loc

e > 0, it holds that

. _gh,L)
sup_ o+ {ur =GP (e H| 2y

.....

< 2—m(1-¢) agq sup [[(Osu)t|| 2 (r) + 2meh2 ess sup Aut||Lz(]R)]
tel0,1] te[0,1]

+ sup sup {|ut(:c)\ +L1/2‘(8tu)t(as)’}, (4.7)
te[0,1] x€0QL

for some proportional constant that does not depend on h, L. and m.
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The above estimate corresponds to a generalization — to arbitrary functions « in the
space H }(;3([0, 1] x R) - of a well-known control for functions « vanishing on the boundary
(see for instance [22, Theorem 8.2]).

For the sake of clarity, we have postponed the proof of this (purely deterministic)
property to Section A.2 of the appendix, and we will rather focus here on its application
to our stochastic problem.

4.2 Application to the stochastic problem
We now intend to apply the result of Proposition 4.2 to our problem (4.1), that is to

~K,M

u=9 =G=x 8t8r§"”“7”. For this application to be relevant, we naturally need, first, to
find suitable bounds on the terms involved in the right-hand side of (4.7). This is the
purpose of the next three lemmas.

Lemma 4.3. Let f € L*°([0,1] x R) be a function of the form

K—1
fs(z) = Z af Vg iz (7),

k=—K

for some K > 1, some coefficients a* € L>°([0,1]) and some points z_x < ... < zg.
Setting

-1
M = ( sup |Txs1 — $k|)
k=—K,. K—1

and assuming that M > 1, one has for every e > 0

sup ||8t(G*f)f||Lz(]R)+ sup ||A(G*f)f||L2(]R)/S
te[0,1]

—5—esssup || fillL~mw), (4.8)
te[0,1] 0,1]

M3—¢ te]
where the proportional constant does not depend on K and M.
Proof. Using the Plancherel theorem, we can write

|2

8@ Niliagy = ¢ [ @Il IF (G« )@

t
_y /]R de ¢! /0 ds =€) (F1,)(€)

< [acter( [ 2

2

(ﬂ%)(é)\)z .

Then one has, for every A € [0, 1],

K-1 Tr41

Z a?/ dx e™""¢
k=K Tk

K-1 Tr+41

Z |a®| / dx "¢
E=—K T

1 K—1
k
S W Z |ag]
k=—K

[(Ff:)©)]

A 1-XA

IN

Th+1
/ da e %8
Tk

and so

2
2 1 . 1 d¢
HA(G*f)tuLz(IR) S (K etses[(s)li]p”ft”Lw(]R)) |:M2 /|§|<1 d§|£‘ + Ml,zg /£|>1 |£|1+€:| )
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which gives the desired bound for sup,¢( 1 || A(G * f)tHLQ(R).
As for 0;(G * f):, recall that 0;(G * f): = A(G * f): + fi, and

2K\ /2 K
sup || fillz < < ) esssup || fellpemr) S esssup || ft|l e (m)- O
te[0,1] 172l M te[0,1] 72l (K) M3—¢ tefo,1] 172l (K)

Lemma 4.4. Let f € L*([0,1] x R) be a function such that ¢, ;) supp fi C [-2",2"],
for some n > 1. Then for all 3 > 0 and L > 2", it holds that
L1/2
sup sup {|(G«f)i(@)|+ LV2[@(Gx @)} S —ﬂ(esssup 1filleqe ) > 4.9)
tel0,1] z€0Q |L 2" |

where the proportional constant does not depend onn and L.

Proof. Forxz € {—L,L}, and for alle € (0,1), 8 > 0, one has

|(0:(G = f) /ds/ dy | fi—s(y)le” Gou? {13—#(:6_53/)2}

S2

ele=w)” y)

ds
S (s Al ) [ /
telo, HiE= 2n |$_y‘5
<¥(esssup||f | )/ /dye (T4y)
YL =22\ g0, HIL(R)

1
N m(esssup ||ftHL°°(1R))

The quantity |(G * f):(x)| can then be estimated along similar arguments. O

Based on the estimates (4.7) and (4.8)-(4.9), it remains us to exhibit a bound for the
supremum norm of the approximated fractional noise.

Lemma 4.5. Fix (Hy, H;) € (0,1)? and forall k > 0, n > 1, let 9,0, B"™ be the approxi-
mated fractional noise given by (3.1). Then almost surely, and for every ¢ > 0, it holds

that

Sup [(000: B | e gy S 273 074 (4.10)

tefo,1]

)

for some (random) proportional constant that does not depend on ~ and n.

Proof. It is essentially a direct consequence of the (almost sure) regularity of the space-
time fractional sheet. To be more specific, observe that for all (s,z), (¢t,y) € [0,1] X R,
and for every p > 1,

B[|BE"(4) - BE(y) - By"(2) + B (@)

B[ (y) - BEn(y) — B (@) + B:%)ﬂ”

_ 61{5 ey _ e 29p
= S | W) |
|¢|<225n Jin|<2nn ‘§|H0+ |7’]‘H1+§
|e7,§t _ 1Es|2 ‘emy_ mm|2>
S d&dn
(// \§|2H0+1 [t
|e7,£t s) 71|2 |6177(y z) 1|2 p - -
(/ J, dein g ) S syl
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where the proportional constants do not depend on (s, x), (¢,y), x and n. Therefore, we
can apply for instance [19, Theorem 3.1] to assert that almost surely, and for all n > 1,
1, €Z,>0,

‘Dn B n| < 2—11(H0+H1—E)

for some (random) proportional constant that does not depend on n and ¢, j. The claimed
estimate (4.10) is then an immediate consequence of the definition (3.1) of 0,0, B"™. O

With the representation
_ 221, 2m-1
(0:0:B™")s(x) = Z ( Z 22”(D;CL,ZBK’H)1[;”,%[(301[;,@;}[(%) (4.11)
f=—22n N k=0

in mind, we can inject the estimates of Lemma 4.3, Lemma 4.4 and Lemma 4.5 into the
result of Proposition 4.2, which gives successively (for (h, L) such that % eN)

s o {8 =90 @), e
<2707 sup 138 illzzmy + 277 sup [|AT, |12
te[0,1] te[0,1]

+ swp sup {[7 @)+ 27208 )@}

te[0,1] x€0QL,

L1/2
< {2’”“E>2"<3“>+2mfh2gn<%+s>+ﬂ] oup 100.B" ")~
IL—=2"P ] teon
5 5 L/?
< |:2m(1€)2n(2+8) +2m€h22n(§+5) + ‘ |ﬁ:| .2n(27H07H1+E) (4 12)
~ L—2n ’ '

which corresponds to the main estimate of this section.

Proposition 4.6. Fix (Hy, H,) € (0,1)? and for all k > 0, n > 1, let ?mn be the solution
to the equation (4.1), driven by the approximated fractional noise 8t6m§"“’”. Also, fix a
smooth compactly-supported function p : R — [0, 1].

Then for all h > 0, L > 2" such that £ € N, forall k > 0, n > 1, m > 1, and for all
B >0,¢e€(0,1), one has almost surely

~K,n

0sup ||p {? —gr(r};’L)( ) }HLZ(R)

L1/2

< 9—m(l—e¢) n(Z—Ho—Hy+¢) meq 2on(L—Ho—H;+€)
<2 on(3 + gmep2gn(3 I

271(2—H0—H1+€) , (413)

where the proportjonal constant does not depend on k, n, h, L and m.
In particular, if "™ stands for the approximation defined by (1.17), then for every
(Ho, Hy) € (0,1)%, one has almost surely

Sup Hp {?t ?Z7n}||L2(R) g 27% ) (4.14)

where the proportional constant does not depend on k and n.

Remark 4.7. The estimate (4.13) emphasizes a standard feature of the finite-element
method (when applied in a parabolic setting), namely the fact that the time mesh size
(i.e. 27™) must somehow be considered at the same level as the square of the spatial
mesh size (i.e. h?) in the discretization procedure.
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Proof of Proposition 4.6. The estimate (4.13) corresponds to (4.12). As for (4.14), it

suffices to observe that ™" is nothing but g\ (? ) for the specific calibration A :=
2727 [ := 271 and m := 4n (which yields the rate 2~ % in (4.14)). This identification
can be immediately deduced from the comparison between (4.1)-(4.6) and (1.16)—(1.18),
combined with the identity

tita -
21n / ds ((0:0.B""™)s, %) = 0B};" (4.15)
ti
where 5ij’” is the quantity defined by (1.15).

~ The proof of (4.15) follows from straightforward computations. Using the convention

5,3 introduced in Section 1.2, and with expression (4.11) in mind, one can write, for
everyj=—N+1,...,N —1,

tit1 _
/ ds ((0:0: B™")s, @}L>
t

3

22n_1 271 tit1 Tj41
= Z Z 22”(DZ,ZBN’H)/ ds 1[2%_@;1[(5)/ dx 1[%/2-21[(:17)(1)?(‘%)
(=—22n k=0 ti Tj-1
22m 1
__ 0o—2n n K,M
=2 Z D%,eB
(=—22n
[ ()2 (2) ()2 (2)
1 z/ drl; ¢ ex1(2)P%(x) +1 z/ dr 1, o er1(x)P% ()] .
{z;>50} - [57,5m [ J {zj=5x} P 57, 3n [ J
(4.16)
Now
2271,71 Ti11
Z DZA,ZB ) 1{w>z}/ dx 1[%’224%1[(.’5)(1%- (l’)
¢=—92n J2m Tj—1
ZTj+1
=1 ~ O%B™ "/ dz @7 (z)
{Ij> 2J1L } ©,J i1
=1 ~ 2—2n|:]n B n
{z;>5m} 4,J
while
227»_1 Ti1
Z Dn B n]_ = / dr1l Lﬂ#[($)¢)?($)
g__22n ZZL} Tj—1 '
zj Tjt1
=1 ~ (O% B™" dz ®" (x) + D?QB"’"/ dx ®" (x
{$J_2J7}|: 7,j—1 /zj1 ]( ) i o ]( ):|
1
=1 ~ D” B+ —[O"<B™"| .
{wjzﬁ} 2 ij-1 2 g
Going back to (4.16), we have obtained that
tita -
/t ds (9,0, B™), ®7)
An—n K,n —4n 1 n Ky 1 n K,n
=1 ~ 27°'O"B"" +1 ~ 2 % B®"+ -'<B™"|,
{z;>5} 1,3 {z;=5} 2 dj-1 2 Qg
which precisely corresponds to (4.15). O
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Let us conclude this theoretical analysis with two remarks about our calibration
choice (h,L,_m) in (4.14) (and therefore in the scheme of Section 1.2, leading to the
definition of ¢™").

Remark 4.8. Observe that in light of (4.13), the calibration (h, L, m) := (2727 27+ 4n)
ensures the convergence of the scheme for all possible values of (Hy, H;) € (0,1)?,
which, for the sake of clarity, motivated our choice in the scheme proposed in Section 1.2.
However, for fixed (Hy, H1), one could naturally choose more optimal values for (h, L, m),
which would possibly reduce the number of computations in the associated system (1.18).

Remark 4.9. Due to our use of a Galerkin-type approximation procedure (and Galerkin-
type bounding arguments), the estimate result in Proposition 4.6 is stated in terms of
L?(R)-topology in space, in contrast with the weaker %~ %(RR)-norm used in Proposi-
tion 2.2 and Proposition 3.1, and which is more natural in this rough setting (remember
that the solution 7 is a path with values in H#~%*(R)). By considering the H~“(R)-norm
in the left-hand side of (4.13), it might be possible to improve the latter estimate with
respect to the parameters h, m or n (without changing the topology in our main con-
trol (1.20)). In turn, this could allow us to relax the current (h, L, m)-calibration of the
scheme in Section 1.2. Nevertheless, at this point, it is not clear to us how one could
adapt the successive arguments of Section 4 in order to - sharply — take negative-order
Sobolev norms into account.

5 Numerical results and possible improvements

We devote this last section to a few details and comments related to the numerical
implementation of the algorithm (1.17)-(1.18).

5.1 Simulation of the scheme

As described in Section 1.2, the simulation of our discretized process " boils
down to the computation of the values ?Ji, along the iterative formula (1.18). As far as
randomness is concerned, we are thus left with the implementation of the quantities

§B", i=0,...,2"", j==N+1,...,N—1, N:=2""+1 (5.1)

To this end, let us briefly recall that any Gaussian sheet can be easily simulated
through its mean and covariance formulas. To be more specific, let us fix t; < ... <t,,
z1 < ... < x4 p,q > 1, and consider a centered Gaussian field {X,(z), t,2 € R} with
covariance given by

E[X(2)X¢(y)] = Co(s, 1)C1(2,y) -
Then define the matrices Cy, C; along the formulas
CO(iai/) = CO(tiati’)7 Cl(jvj/) = Cl(xjaxj’)a
and consider auxiliary symmetric matrices Do,D; such that Do?> = Co and D;2 = C;
(in the subsequent implementations, Dy,D; are computed with the help of the sqrtm
function). Now, if W stands for a random matrix in M,.,(R) with independent and

N(0,1)-distributed entries, we set

X :=Dp * WDy, (5.2)
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so that, forall 1 < 4,9 <pand1<yj,j <gq,

E[X(i, )X, 5] = Y D Doli, k)Do(¢', k')D1 (¢, )Do (€', ' )E[W(k, OW(K', )]

bk =16.0=1
P q

= ZDO(i’ k)DO(kai/) ZDl(ja é)DO(&j/) = Co(i’il)cl(jvj/) = E[th‘ (xj)Xti’ (xj’)] :
k=1 (=1

With this general strategy in mind, let us go back to our approximation B*" of the
fractional sheet B, for fixed Hurst indexes Hy, H; € (0,1). According to the representa-
tion (1.5), B®™ corresponds indeed to a centered Gaussian field with covariance of the
form

E[Bg"(:r)Bf”(y)] =C5"(s,0) 07" (x,y), (5.3)
with ( » ’ . )
i€ 1)(emis — 1
CH™(s,t) := 2 / de 6 ,
0 ( ) Ho ‘g‘SQZNn § |§|2H0+1
e 1)(emimn — 1)
CP™(x,y) == 2 / d (e .
1 ( y) H, il <ann n ‘77|2H1+1

Note that the latter integrals can be more conveniently expanded as

CEm (s, 1) =c2, /|5|<2m ge (&= 9)) —|§<|:;>Z<O£f1> — cos(€s) + 1

2 oldtgen [ e COS(22ME(L — s)) — cos(225nEt) — cos(227Es) + 1
:CHU 2 o dé‘ ‘€|2H0+1 5

with a similar expression for C;""(z,y), which in turn allows us to approximate Cy"", C7""
through a standard Riemann-sum procedure, i.e. as

ol—4Hokn Mo cos(22"”Mﬂ0(t —3)) — cos(22“"Mﬂot) - cos(22""Mﬂos) +1

M, [ 2oL :

Co " (s,t) = ¢,

m=1

9l—2H kn M1 cos(2”"]va'l(3c —y)) — cos(2”"%x) — cos(2“"]%y) +1
M,y

|ﬂ|2H1+1 ’
My

Cy" (z,y) = chy,
m=1
with My, M; large enough.

As a consequence of decomposition (5.3), the values of B’;"(Qi) can now be eas-
ily simulated through the above-described method, i.e. using2(5.2), which immedialy
provides us with the set of increments

i=0,...,2" j=-2% . 2°" (5.4)

)

03B~
involved in the scheme. Observe that, following (1.15), each quantity (SBZ;-" in (1.18)isin

fact computed from the pair (07 B"", 0" 1an), where 7 := [i27%"| and j := [j27"].
i, 1,5~
Once endowed with the (renormalized) quantities 3(j, ) := 22,%(53'7’” the simulation

i, 7
of (1.18) merely relies on the consideration of the two matrices

5 1
4 -2 0 - 0 1 10 0
5 . 1
Ar=1 ¢ 0 and Ay := | 0
.4 -8 o1 4
0 0o -3 0 0o 1 1
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B Solution

Figure 1: Hy = H; = 1

Namely, setting ¢(j,7) := ?ji, formula (1.18) can be more efficiently recast into the
iterative scheme

A1¢(71) :B(71)7 A1¢(77’+1) :A2¢(7Z)+ﬂ(7l) for all ¢ > 17 (55)

the implementation of which becomes an easy task (see for instance Figure 1 for a
simulation with n = 3, kK = 1, My = 10000, M; = 1000 and Hy = H; = i).

Remark 5.1. We cannot hide the fact that, due to our consideration of a grid with
extremely fine mesh (namely 274" in time, 273"*! in space) and growing support (in
space), the simulation of the above scheme soon reveals to be highly demanding as n
increases, and we have actually not been able to implement the algorithm for n > 4.
As a consequence of this computational restriction, the process B*", with x > 0 small
enough (following the result of Theorem 1.3) and 1 < n < 3, can only be seen as a coarse
approximation of B, which explains the relative smoothness of the simulated sheets in
Figure 1.

5.2 Open issues

Let us conclude the study with two natural open questions raised by the above
simulation procedure, and which could motivate possible future improvements of our
theoretical results.

Replacing B""™ with B. As we emphasized it in Remark 3.2, our restriction on the
parameter x (in B™") plays an important technical role in the proof of the convergence
property (3.4), but we cannot firmly assert that the result of Theorem 1.3 (or some
similar convergence statement toward ) would fail for larger values of x > 0, or even
for k = oo, which corresponds to replacing B®™ with B in the algorithm.

Figure 2 corresponds to a simulation of such a modified scheme (where x = oo,
Hy=H, = i and n = 3), and thus the resulting sheet might represent a more faithful
approximation of 9.

Grid synchronization. Another natural question arising from our scheme is to know
whether the convergence in Theorem 1.3 (or some similar property) would hold if one
discretized the noise and the heat operator over the same grid (say t; = 5, 7; = 2%).

Recall that the strong discrepancy between the “Galerkin grid” in (5.1) and the “noise
grid” in (5.4) is — at least partially — due to our treatment of B®™ as a L°°-function
throughout Section 4. As we mentioned in Remark 4.9, we expect some more direct
analysis in H~ to provide sharper estimates with respect to the stochastic perturbation,
which in turn could allow us to - at least partially - fill the gap between the two grids.
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B~ Solution

Figure 2: Hy = H; = 1

B Solution

-~ % & A D o N s O

Figure 3: Hy = Hy = }

In this setting, Figure 3 (where n = 5, Hy = H; = %) accounts for the simulation

of the corresponding “synchronized” scheme over the common grid ¢; = 5, Ty = o

We have also provided a simulation of this scheme in a more regular situation for
which 2Hy + H; > 1 (see Figure 4, where Hy = H; = % and n = 5): the two figures 3
and 4 thus offer a clear contrast between the regular “functional” case, and the rough
“distributional” regime.

A Galerkin estimates

The ultimate goal of this section is to provide the details behind the estimate of
Proposition 4.2. As we mentioned in Section 4.1, the latter result can in fact be regarded
as a generalization of a well-known control for functions vanishing on the boundary
(see for instance [22, Theorem 8.2], or [23, Chapter 3] and [28, Chapter 1] for similar
bounds).

For the reader’s convenience, we propose to briefly review the main preliminary steps
toward such Galerkin estimates (Section A.1), before we turn to the extension itself (Sec-
tion A.2). We will also seize this opportunity to insist on the dependence/independence of
each intermediate bound with respect to the length L of the domain under consideration,
as this question happens to be crucial in our unbounded setting (in contrast with the
situation in [22, 23, 28]).
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B Solution

Figure 4: Hy = H, = 3

A.1 Preliminary considerations

We go back here to the setting and notation introduced in Section 4.1. In particular,
St.L) is the space defined in (4.3), while My, 1, resp. A;, 1, stands for the mass, resp.
stiffness, matrix defined in (4.5).

It is easy to check that My, 1, is a symmetric positive definite matrix, and accordingly
it can be decomposed as M), = & | Ep,1, for some lower triangular matrix &, =
((gth)jk) _N-1<jr<n_1 With positive diagonal entries.

With these matrices in hand, we can rely on the following representation result for
the elements derived from identities such as (4.4).

Lemma A.1. Fix (h, L) such that N := £ € N. Let 0, € S®) (i = 0,...,2™) be such
thatfp =0 and foralli=1,...,2", ¢ € S"1),

2m<9t7‘, - 9t1ﬁ—1v¢> + <vatmv90> = 2m<fi7 90> ’

for some functions f; € L?. (R).

loc ) )
Then, if 0;.(z) = Z;y;_lNH 0; @ (x), the vector 8;, = (8],)_ni1<j<n—1 is explicitly

given by

8., =&t > [I+27" My )Y T ER L) T e, @), where My, = (€, 1) AnsEpt -
k=1
(A.1)

Let us recall a few important bounds related to the matrices &, ., Mj, . To this
end, for all vectors u = (u/)_ny1<j<n-1,vV = (V/)_nti1<j<n—1, and for every matrix
M = (Mjk)-N+1<jk<N-1, We set

M)

[v]l2

N-1
(u,v)s = Z w'v’ ) ||VH§ = (v, V)2, HM”2;2 ‘= sup
J=—N+1 v#0

Lemma A.2. Fix the pair (h, L) in such a way that N := £ € IN.
(i) Ifv == Z;VQJNH vl ®" for some real-valued vector (v7), then one has

h
§||V||§ < [[vllEemy < hlIVI3- (A2)
(¢) It holds that
12 3
th,}ZHQ;z = he (A.3)
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(¢i1) The matrix My, 1 introduced in (A.1) is positive, and so, for every h > 0, one has

—m 14
sup sup H [(I—i— 27" ML) 1} H2~2 <1. (A.4)
L>0: £eN €20 ’
(iv) For all vectors vy, ...,Vi,., alli=1,...,2™ and ¢ > 0, it holds that
= k k41
—m _11k _m _17k+
sup Z “(I—i— 27" My, 1) 1] — [(I—i— 27" My, 1) 1] :|Vti—k
L>0: £eN |l x5 2

<2™ sup ||vedle, (A.5)
2117.

yeeey

where the proportional constant does not depend on h and i.

Let us finally evoke an intermediate result for functions vanishing on the boundary
{~L, L} of Q. For every w € H} (1), we recall that the Ritz projection R (w) of w
is defined as the orthogonal projection of w on S"%) with respect to the product

<<w1, w2>> = <Vw1, VHJQ> .
Then we define the operator L) along the formula: for all u € L*°([0, 1]; H}(Q1,)) with
up =0,

m

t;
AP () =0 and 2D (u),, = zm/ dsRM B (uy) fori=1,...,2™. (A.6)
ti—1
The following related control (the proof of which can be derived for instance from
[28, Theorem 1.1]) turns out to be a central ingredient toward the subsequent Galerkin
estimates.

Lemma A.3. Fix h,L > 0 such that N := £ € IN. For all u € H®2([0,1] x Q) N
L=([0,1); HY () N H?(Qyg)) withug = 0,3 = 1,...,2™ and ¢ € S, it holds that

tq
(VLD @), Vo) =27 [ ds (Vu., V) A7)
ti—1
and
sup  ||ug, — B (u)y, || S 27™ esssup ||(Bsu)i|| + h? esssup ||Aug| (A.8)
1=1,...,2™m te[0,1] te[0,1]

where the proportional constant does not depend on h, L and m.

A.2 Proof of Proposition 4.2

We now have the tools in hand to estimate the difference between u and its Galerkin
approximation Q,S?"L)(u) (as defined in (4.1)).

For the sake of clarity, let us first consider the situation where u vanishes on the
boundary {—L, L} of Q. In this case, a possible estimate for u— gi1) (u) goes as follows.

Lemma A.4. For all h,L > 0 such that N := £ € N, all u € H3?([0,1] x Q) N

Leo([0,1]; HY Q) N H?(Qr)) withug = 0, allm > 1 and € > 0, one has

sup [l — G ),

om

L2(Qr)

i=1,...,

< 2—m(1-€) ggq sup [[(O¢w) ¢l 220,y + 2mh2 esssup | A2,y (A.9)
te[0,1] te[0,1]

where the proportional constant does not depend on h, L and m.
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Proof. For every i =0,...,2™, let us decompose the difference u;, — Q,(,f”L)(u)ti as
u, = G (W), = [us, — 207 ()] + [2507 ()i, — G (w)y,]
= (e + (05 (A.10)
where .@ (h.L) 5 is the operator introduced in (A.6). Thanks to (A.8), we already know that
sup H (h,L)y, ©@z) < 27™ esssup ||(Osu)e|| + h* esssup || Aug| (A.11)
i te[0,1] te[0,1]

for some proportional constant that does not depend on h, L and m.

Let us now turn to the estimate for (G(h L))tL (i =1,...,2™), and to alleviate the
notation, let us write from now on v, 6, #Z, G instead of y(h L Gr(,ff ’L),%r(,f ’L), Qr(f ’L), respec-
tively.

Given ¢ € SL), observe that for every i = 1,...,2",

2m<6ti - 9t'i—17g0> + <V9ti7v<p>
= [2™(Z(u)e; = B(u)t,_y, 0) + (V(Z(V)1,), V)]
= [2™(G(W)e, — G(u)e,_rr ) + (V(G(W)e,), Vo)

— (2GR~ B + (T T =27 [ s [(0)n) — (T T
= 2" [(R(w)r, — B(w)e, ) — (ur, — up,_y, p)]
+ [ v -2 [ ds (i)
and so, using identity (A.7), we end up with the relation

2m<9ti - 9ti—17go> + <vetivv90> = _2m<7ti - 'Vti717<p> . (A.12)

Now recall that for every i = 1,...,2™, 6,, € S"1), and therefore this element can
be expanded 6;,(z) = Zj.\f:ilNH 0% ®"(x) for some vector (Gii)fN+1gj3N71- With this
notation in hand, and since 6y = 0, we can apply Lemma A.1 to the relation (A.12) and
assert that for every: =1,...,2™,

_ ‘ —m _q7i—k+1l, o
B = &t > [T +27"Mu )™ T E L) T e — e, )

k=1
==& [T +27"Mu L) M (Er ) e, @)
i—1 - .
+ELS I+ 2 My, )] T = [T+ 27 M) T E L) T (e, 1)
k=1

where the second identity is derived from a discrete integration by parts, and the fact
that Yo = 0.
Using (A.3) and (A.4), we can first assert that

Emb [T + 27" Mu2) ™ (€)™ e @, S 311 2]

Then, using (A.3) and (A.5), one gets for every ¢ > 0,

i—1
_ _ _q17i—k _ _q1i—k+1 . —

\%Z{[UH " M) T = [ 27 M ) T T E ) T o 1)
k=1 2
me 1 } 27718 }

< - * O\~ g I L

S e, 1(€5,) " v @), S = L [y, @™, -
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Therefore, we obtain that

me

1012 S sup (v, @M, -
k=1,...,2m
It is now readily checked that
N—-1 T 2
[ @l = 3 |/ den@@)| Skl
j=—N+1'%i-1

for proportional constants independent of h and L, and so, using (A.2),

102\l 22y < h'/2) 6,

.....

2 52™ sup |vellzeay) - (A.13)
2’771

Going back to the decomposition (A.10), the desired estimate (A.9) follows from the

combination of (A.11) and (A.13). O

We are finally in a position to prove Proposition 4.2, by extending the previous
estimate to situations where u does not necessarily vanish on the boundary.

Proof of Proposition 4.2. First, let us introduce a function «* € H;*([0,1] x R) such that

loc

ul(—L) = u(L) = 0 and Au’ = Au,. To be more specific, we take
1 1
ul(z) := uy(x) — ﬁ(us(L) —us(—L))x — i(us(fL) +us(L)). (A.14)

Also, in the sequel, we always consider L large enough so that supp p C €. Then one
has

_sup - {ue, = G5Y) (Wei }| oy

yeeny

< sup ||u£—g,(,?’L)(uL)ti
1 2"7L

2@yt t;ﬁf’l] o {ue — utL}HL2(]R)

+ sup [|GRE (u —ub),

i=1,...,2m

(A.15)

i

L2(Qz)°

and we can estimate each of these three quantities separately.

To handle the first quantity, observe that the function u” satisfies the conditions of
Lemma A.4, and therefore, thanks to this result, one has for every € > 0 and every L > 0
large enough

sup Huf — QT(#’L) (uL)ti
i=1,...,2m

L2(Qr)

< g—m(1-¢€) ess sup ||(atuL)tHL2(QL) +2™¢h2 esssup HAutLHLz(QL)
te[0,1] t€[0,1]

< 2= m(1-€) ogq sup [|(Osu)tl| L2 (r) + 2mMeh? esssup | Ayl L2 ()
tefo,1] t€[0,1]
+ sup sup L1/2|(8tu)t(x)| , (A.16)
te[0,1] €0
where the proportional constants do not depend on h, L and m.
For the second quantity in (A.15), and with the explicit expression (A.14) in mind, it
is clear that

Ay — uf < A17
i o fue =i dlam S sup sup ful@)l, (A.17)

where the proportional constant only depends on p.
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As for the third quantity in (A.15), one has, owing to (4.4) and Lemma A.1:
N—1 4
g'r(r}LLL) (U - uL)tz‘ = Z 611(1)]1
j=—N+1
with
i—k+1 b
6, =& [T+27"Mp)™'] Enp)" / ds (0y(u — u")s, ),
k=1 tr—1

where we have used the fact that (V(us — uX), V) = 0 forall s € [0,1] and ¢ € S"E),
Using (A.2), (A.3) and (A.4), we deduce that

1G5 (u — u )y, ©@z) < W28y, 0l2 S h1/2 bup]||<8t(u—uL) ")z (A.18)
Then we can observe that
2 N-1 2
(0w — >s,<1>h>||2<]2 {@a)u(D) = @), (D)} Y /Rdm?m
j=—N+1

[3{@0.(0) + @a0.(-1)

/dx(bh
N+1
5( sup ’(8Su)s(aj)|2) (/dm|¢'h )

€00, “N+1

< h®N sup |(asu)s(x)|
€0y,

Now remember that Nh = L, and therefore, going back to (A.18), we deduce

bup ||g<th> (u— uL)ti

i=1,...,2™m "

sup sup L1/2 |(0su)s ()] . (A.19)

O <
() ~ s€[0,1] z€AQL O
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