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Abstract

We consider a class of stochastic reaction-diffusion equations on the three dimensional
torus. The non-linearities are odd polynomials in the weakly non-linear regime, and the
smoothing mechanisms are very general higher order perturbations of the Laplacian.
The randomness is the space-time white noise without regularisation. We show that
these processes converge to the dynamical ®3()\) model, where the coupling constant
A has an explicit expression involving non-trivial interactions between all details of
the smoothing mechanism and the non-linearity, even though they all formally vanish
in the limit.
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1 Introduction

1.1 Statement of the main result

The dynamical ®3()\) model (\ > 0) is the equation formally given by
0= A¢ —A$® + €, (1.1)

where ¢ is the space-time white noise on the three dimensional torus T?® = (R/Z)3.
There are two principle reasons that sparked interest in the equation. Firstly, the formal
equilibrium measure of the dynamics (1.1) is the measure on Schwartz distributions
associated to Bosonic Euclidean quantum field theory. The construction of this measure
was one of the main achievements of constructive field theory in the seventies; see for
instance the articles [EO71, Fel74, FO76, G]73, Gli68] and references therein.

Secondly, the solution to (1.1) is expected to describe the 3D Ising model with
Glauber dynamics and Kac interactions near critical temperature (see [GLP99]). The one
dimensional version of this result was shown in [BPRS93]. The two dimensional situation
requires a renormalisation to the equation. It was shown in [MW17a] that the 2D
dynamical Kac-Ising model does rescale to (1.1) in 2 dimensions, and the renormalisation
constant has a beautiful interpretation as a shift of the temperature from its mean field
value. The 3D case is expected to be much more involved.

The problem with (1.1) for d > 2 is that the equation is not well posed. Indeed, the
roughness of the noise ¢ forces the solutions to (1.1) to be distrubitions rather than
functions. Therefore, the cubic term lacks any interpretation. The 2D case was resolved
by Da Prato and Debussche [DPD03] using a first order expansion around the solution
to the corresponding linear equation. This type of “global expansion” breaks down
for dimension three, and the problem stayed open until Hairer in his breakthrough
paper [Hail4] developed the theory of regularity structures allowing expanding the
solution around each space-time point systematically. The local well-posedness of
the 3D problem comes as an application. The theory has now been developed into a
blackbox machinary that allows to solve essentially all subcritical SPDEs automatically
([BHZ19, CH16, BCCH20]), including the “4 — §” dimensional case. The theory of
para-controlled distributions developed in [GIP15] also allows to tackle a large class of
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singular SPDEs, and the well-posedness of (1.1) in 3D was also shown in [CC18] using
paracontrolled distributions. Kupiainen also developed renormalisation group arguments
in [Kup15]. The local well-posedness of (1.1) can be loosely stated as follows.

Theorem 1.1. Given a smooth approximation £, of the space-time white noise &, there
exists a sequence of constants C. — +oo as ¢ — 0 such that the solution ¢. to the
regularised equation

at¢5 = A¢8 - >\¢>§ + ge + C&¢s

converges in probability as ¢ — 0. C. has the form C. = < + cyloge + O(1). The family
of limits parametrised by the O(1) quantity is the family of solutions to ®3(\).

We will give a characterisation of one particular element in the limiting family in
Appendix B.2. In the case A > 0, global well-posedness and quantitative bounds on large
scale behaviour of the solution for (1.1) and more singular equations of the same form
have been established in [MW17b, MW18, CMW19].

In this article, we study the ¢ — 0 limit of the family of processes ®. satisfying the
equation

Oy®. = LoD, —e 2V (Vb)) + £+ Cedo, (t,2) eRT x T3, (1.2)

where ¢ is the space-time white noise on R x T3, V is an even polynomial of degree at
least 4, and the differential operator is of the form £. = —e~2Q(icV) in the sense that
its Fourier transform is given by Z; (k) = —e~2Q(2mek). Here Q is a function satisfying
Assumption 1.1 below. Finally, C. is a constant depending on ¢ and its precise form will
be determined in the sequel.

Assumption 1.1. Q is radially symmetric, and its radial version (also denoted by Q)
Q:RT — R has five continuous derivatives and satisfies the following:

1. Q(0) = 0 and 1Q"(0) = 1. In particular, for every A > 0 there exists C > 0 such
that
|Q(z) — 2% < C2*, Vz € [0,4]. (1.3)

2. Q(z) >0 forall z > 0.
3. There exists ¢ > 0 and n > 0 such that
Q(z) > ez3t Vz>1. (1.4)

4. Forevery ¢ € (0,1), there exists Cs > 0 such that
max_|2"Q" (2)| < C5|Q(2)|*T0, Vz>1. (1.5)

0<n<5
Note that the first three conditions together imply Q(z) > cz3*" for all z. Our main
theorem is the following.

Theorem 1.2. Suppose Q satisfies Assumption 1.1, and V is an even polynomial of
degree 2n with n > 2, and let ®. be the solution to (1.2). Let

, 1 1
== ——do. 1.6
2 Jos O2710]) (1.6)

Suppose also that the initial conditions {®.(0,-)} converges as ¢ — 0 in a suitable space
to some ®(0,-). Then, there exist ¢;, c2 depending on Q as well as on V such that for
C. =<4 + ¢cyloge 4+ O(1), the processes {®P. }.~o converge in probability locally in time

€

as ¢ — 0 to the ®3()\) family of solutions with initial data ®(0,-) with

g

A= éE[V“) (X)], (1.7)

where X ~ N(0,0?) with o2 given as above.
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The precise notion of convergence (of the initial data and the solution) and a proof
(assuming Theorems 3.3 and 4.1) will be given in Section 1.3 below. We first give some
remarks on the statement of the theorem as well as the assumptions on Q.

Remark 1.3. The expressions (1.6) and (1.7) suggest that all details of Q (and hence
L.) contribute to the limiting coupling constant A\. A typical function O satisfying
Assumption 1.1 is the even polynomial

q
Qz) = ) v;z"
j=1

with ¢ > 2, v; = 1 and such that Q(z) > 0 for all z # 0. In this case, the differential
operator L. takes the form

q
Lo=—eQ(>ieV) =Y (~1)'ye?U D AJ

j=1

We see that all higher powers of the Laplacian vanish as € — 0, but their coefficients
v; still contribute to the coupling constant X of the limiting equation (even though the
smoothing operator of the limiting equation is just the Laplacian with coefficient v, = 1).
The same is true for V', where all its coefficients also contribute to .

Example 1.4. In the simplest nontrivial case where £, = A — ve?A? for some v > 0, and
V' consists of the sixth power only, the equation for ®. is

0P = (A —ve? AHD, —ae®2 + ¢+ C. .,  on RT xT3.

In this situation, with the proper choice of C., we have that ®. converges to ®3(\) with

5a 1
= de.
A 472 /Rs |0)2(1 4 472v|0)?)

We see that A depends on both v and a (even though V” itself does not have a cubic term),
and that A would not be defined if v < 0.

Remark 1.5. We now briefly comment on the assumptions on Q. Further discussions
can be found in [EX21].

1. The first assumption ensures that £. approximates the Laplacian at low frequencies.

2. The positivity assumption says that £. should be “smoothing” at all scales. It is
almost necessary in the sense that if 9Q(zy) < 0 for some 2y # 0, then even the
deterministic linear evolution e'“< f does not converge to ¢/ f in L? unless one
imposes very restrictive assumptions on the decay of f

3. Since we consider the equation with the space-time white noise (not its regularised
version), L. should have a sufficient smoothing effect in order for ®. to make sense
even for fixed . This requires Q to grow sufficiently fast at infinity so that é is
integrable (as can be seen from the expression (1.6)).

On the other hand, if in (1.2), the noise £ is replaced by its Fourier truncated version
& as é(t7 k) = p(elk|) g(t, k) with some nice cutoff function p, then Theorem 1.2
holds with )\ in the same form as (1.7), but the variance o2 of the Gaussian is given
by
o L[ 20D,
2 Jrs Q(2n(0])

In this case with the presence of the approximation to the noise, the growth
assumption on Q can be removed since p? is integrable at large scales.
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4. Finally, the assumption (1.5) ensures that the perturbed heat kernel e*“< has the
right smoothing properties with a J-loss at ¢t = 0 (see Lemma A.6). We do not
know if this d-loss indeed happens or can be removed by improving our estimates.
Note that even though one requires (1.5) to hold for every § > 0, this already
includes a large class of functions with no restriction on their growth. What this
condition prevents is the situation that the derivative oscillates much faster than
the function grows. On the other hand, if we require (1.5) to hold for § = 0 with
a finite proportionality constant, then this would restrict to functions bounded by
polynomial growth. We finally note that this condition is only used in the PDE part
of the proof, and is not needed for the convergence of the stochastic objects.

1.2 Motivation and related works

1.2.1 Hairer-Quastel universality

Our work is not the first one in which the non-linearity of a singular SPDE is generalised.
To the best of our knowledge, motivated by the weak universality conjecture of the KPZ
equation, the first work in that context is by Hairer and Quastel [HQ18], who considered
an approximation to the KPZ equation of the form

Othe = 02h. + e 'F(Ved,h) + & — C. (1.8)

for some even polynomial F. They observed that as ¢ tends to zero one recovers the
usual KPZ equation. Yet, the crux is that powers larger than two of F' do not simply
vanish but they produce additional quadratic non-linearities. They therefore alter the
coupling constant in front of the non-linearity which is a mean to regulate the strength
of the asymmetry inherent to the equation. The Hairer-Quastel result has been extended
to non-Gaussian noise ([HS17]) and general non-linearities ([HX19]). See also [GP16]
for similar results when the processes are at stationarity.

As for the ®i-equation, a similar universality result has been established in [HX18]
where the approximations (1.2) with £. = A and mollified noise £, was studied. It has
been again observed that the non-linearity collapses into a cubic non-linearity with an
altered coupling constant A. These results have been extended to more general non-
linearities and noises ([SX18, FG19, ZZ18]), and the same phenomena was observed.

It was therefore a curiosity to investigate the effect of higher smoothing mechanisms.
Do they simply vanish as € converges to zero, do they alter the strength of the final
smoothing by producing a constant in front of the Laplacian, or is the effect different?
Indeed, it was already expected in [HQ18, Section 1.3] that these smoothing mechanisms
should contribute to the limiting equation, and such effects was shown in [Hail2] in a
simpler situation. Theorem 1.2 shows in the current case that the coupling constant is a
function of @ and therefore confirms that the last guess is the correct one, i.e., higher
powers of the Laplacian produce additional non-linearities.

1.2.2 Derivation from microscopic phase coexistence model

The equation (1.2) can be derived as macroscopic processes for microscopic phase
coexistence models as follows. Consider the microscopic process ¢(¢) defined by

8,0 = £Ep) — V) () 46 | onRY x [0,1/¢]
with periodic boundary condition. Here, £(¢) is the space-time white noise on (T/¢)?,

{Vp} is a family of even polynomial potentials parametrised by #, and £(*) = —Q(iV) is a

differential operator on functions on (T/¢)? such that £()(n) = —Q(27n) for n € (¢Z)3.
Vp can be viewed as a perturbation of V' = V|, by a small parameter 6.
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Consider the macroscopic process . defined by
O_(t, ) :=e 24 (t/e2,x/e) .
Then ®. satisfies the equation
0. = LoD, — e V) (ed) + £, (t,z) e RT x T?

where £, = —2Q(ieV) and £(t,2) = e 2£() (¢/2, 2 /¢) is the space-time white noise on
T3,

Let i be the centered Gaussian measure on R with variance ¢? given in (1.6). Define
the averaged potential (Vp) to be

(Vo) () = /R Vol + y)uldy) -

Now, if (V') : (0, u) — Vp(u) satisfies the pitchfork bifurcation at the origin in the sense

et 0*(V) *(V) *(V)
——F(0,0) >0 =0, ——=(0,0)<0
Out (0,0) T Ou? ’ 898$2( '0) ’
then the choice of ¢; in Theorem 1.2 is necessarily 0, and for small 6, the non-linearity

behaves like

—e IV (VD) ~ —e 2V (VeB) + e 1D, .

With proper choice of §(¢) = O(eloge), we are then in the form of (1.2). This says that
when {Vp} is “critical” in that it satisfies the pitchfork bifurcation, then the equation (1.2)
can be derived as the macroscopic process for phase coexistence model near criticality
(with a small shift of §(¢) = O(eloge) from its critical value).

1.3 Proof of Theorem 1.2

The precise notion of convergence is as follows. The solutions ®. to (1.2) and ¢
to (1.1) can be decomposed as

. =% -2 +v.tw., O=1-AT+ov+w, (1.9)

where !, and T are the stationary solutions to the linearised equations in (2.2), and TE
and " are stochastic objects specified in Section 2.2. (v.,w.) and (v, w) are remainders
that satisfy the systems (3.10) and (3.6). Here we have replaced L. and A by £. — 1 and
A — 1. The precise statement of Theorem 1.2 is that if there exists a (possibly random)
distribution ®(0, -) such that the initial data ®.(0,-) — ?.(0,-) converges to ®(0,-) — 1(0,-)
in B" in probability, where B* is the Besov space further specified in the appendix, then
there is a random time 7" such that ||(v.,w.) — (v, w)||y,. — 0 in probability where Yr .
is given as in Definition 3.2. Together with the convergence of . to T and ¥ to " this
justifies our notion of convergencel. Furthermore, if A\ in (1.7) is positive, then the time
T can be taken to be any (deterministic) positive number. We refer to Theorem 3.3 for
convergence statement, in particular being up to time 7'.

Proof of Theorem 1.2. We give a quick proof of the main theorem assuming Theorems 3.3
and 4.1. According to the decomposition (1.9) and the derivation in Section 2.3, (ve, w,)
and (v,w) satisfy the PDE systems (3.10) and (3.6) with initial data

UE(Oa ) + w6(07 ) = ¢)5(07 ) - TE(O’ ) =+ /\Tg(ov ) ’
v(0,-) + w(0,-) = (0,-) — 1(0,-) + AP(0,-) .

1®_ converges to ® means that each component in (1.9) converges in their corresponding space
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By Theorem 4.1, arbitrarily high moments of TE - converge in B 3%, Combined with
the assumption on the convergence of the initial condition, we deduce that the sum
ve(0,-) +w:(0, -) converges to v(0, -) +w(0, -) in B*. Hence, we can allocate the initial data
of (v, w.) and (v, w) such that the pair (v.(0, ), w.(0,-)) converges in B* x B*. Again by
the convergence of the stochastic objects in Theorem 4.1, we see that the assumptions
of Theorem 3.3 are satisfied. Hence, ||(v.,w:) — (v, w)]|y, — 0, which in turn implies the
convergence of ®. to ® in the sense described above. O

1.4 Structure of the article

According to the argument given after Theorem 1.2, the proof of the main theorem
will be complete if we prove Theorems 3.3 and 4.1. In Section 2, we give an outline
leading to the derivation of the PDE system, and in particular explains why X takes the
value in (1.7). In Section 3, we prove Theorem 3.3, establishing the well-posedness and
stability of the PDE. Section 4 is devoted to the proof of Theorem 4.1, the convergence
of all relevant stochastic objects. In the appendix, we give necessary backgrounds on
Besov spaces, paraproducts and a brief description of the stochastic objects that arise
from the standard dynamical ®2 model.

1.5 Notations

We write

(k)e =\/1+e72Q12melk]) and (k) = /1 +4n2[k|2 . (1.10)

The above definition also works for ¢ = 0, and we have (k)o = (k) in that situation.

For a € R, we write || - ||, for || - || g=, the Besov norm for functions on the torus defined
in (A.1). We refer to Appendix A for its precise definition and properties. Also, for 7' > 0,
6 € (0,1) and a € R, we use C§ and C?’a to denote the following norms on space-time
functions:
1/ () = f(s)la

ca = sup ||f(®)]ea, fllooa := sup —F———— . (1.11)
o te[w\l Ol 1flleo. S S T

I1f

We also let Z. and Z denote operators on space-time functions such that
t t
TN = [ E D e, @) = [ IS . wa2)
0 0

We further use the notations
[0, < ] (Fr9) = TV (F < g) = f < (5 g), (113

as well as
[T, < [(f,9) = Z(f < 9) — [ < Z(9). (1.14)

Here, < denotes the paraproduct introduced in Appendix A. Moreover, properties that
will be used in the sequel of the above norms and operators are provided therein as well.

We use k > 0 to denote a fixed constant that is sufficiently small which ensures that
all arguments go through.

2 Setting up the proof

In this section, we give a heuristic explanation on why one expects Theorem 1.2 to
be true. We then introduce proper setups and frameworks under which one can prove
it rigorously. Since the operator L. takes a form that is convenient to work in Fourier
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space, we adapt the theory of paracontrolled distributions introduced in [GIP15] and

its application to the ®4 equation in [CC18]. It will be interesting to work through all

relevant bounds of the convolution kernel given by (9; — £.)~! in the real space, and

then to apply the general framework in [Hail4, CH16, EH19] to prove convergence.
For technical simplicity, we consider the equation

0,®. = (Lo — 1)®. — e 2V/(\Je®.) + & + C- D, . (2.1)

Compared to (1.2), we have subtracted the constant 1 from L. to make the 0-th Fourier
mode stationary. This does not change the equation since one can add it back by changing
C.. The particular choice of C. which makes ®. converge to the limiting ¢ characterised
in Appendix B.2 will be specified in Section 2.3 below.

Let . and ! denote the space-time stationary solutions to the linearised equations

Hle=(Le—D+¢  and Hl=(A-DT+¢ (2.2)

respectively. T, is the key object from which all subsequent quantities are constructed
from.

2.1 Heuristic explanation of Theorem 1.2

We first explain why one expects Theorem 1.2 to be true, and in particular why A, the
coupling constant of the limiting equation, takes the form in (1.7), involving nontrivial
contributions both from all higher order smoothings beyond the Laplacian, and from all
higher order powers in V’ beyond the cubic term.

If ®. solves (1.2), then the remainder Z. = ®, — !, satisfies

D Ze = (Lo —1)Z. — e 3V (VEl. + VEZ.) + Ol + 22) .

The quantity 1/z'. is asymptotically distributed as N (0, o2) for o2 as in (1.6) (see Propo-
sition 4.3), and in analogy with the standard ®3 equation, we expect Z. to be uniformly
bounded. Hence, Taylor expanding V'’ near the quantity /1. yields

eV (VEl+VEZ) = e VI (VaT) + e V(VEL) - 2

1 1 1_
ﬁ‘/@)(ﬁk) ’ 252 + év(4)(\£Ts) ’ Zg + 0(52 ) :
Since . is stationary Gaussian with an explicit variance, one can perform a chaos
expansion to show that there exists a large constant C’E(l) such that for A\ given in (1.7),
the quantities

(2.3)
_|_

b
2Ve

behave like /\T:3, 3)\T;>2, 3\!. and ) respectively. Here Tjj denotes the j-th Wick power of
?.. Plugging them back into the equation for Z., we get

eTEV/(VET) — C., e lvr(VEl.) — oW, VB (VEr), év(‘*)(ﬁrg) (2.4)

Ze=(Le—1)Z =M1+ 2P+ (C. —C)(N + Z2) + R-

where the Wick product is with respect to the Gaussian structure of 1., and R. is an error
term which vanishes in a proper sense as ¢ — 0. Now the above equation for Z. is almost
the same as the remainder equation for the standard ®3(\) model (in particular, with
A multiplying the cubic “Wick” term), except that the Laplacian is replaced by £. and
that there is an error term R.. Hence, it is reasonable to expect that ®. convergences to
Di(N).
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We see that )\ arises as part of the coefficients of certain Wick powers in the expansion
of the quantities in (2.4). Since /z'. is asymptotically non-degenerate, these coefficients
come as combined effects of all terms in V' (except the linear one) and the variance of
\/€l.. The latter depends on higher order smoothing effects in £.. Together they give
the expression (1.7).

2.2 Definition of the stochastic objects

Since part of the construction and estimates we are relying on have been already
carried out and derived in [CC18] and in [MWX17], we only sketch some of the arguments
and refer to the articles just alluded to for more details.

Recall from (1.7) that A = $E[V® (N(0,0?))]. In view of the quantities appearing in
the expansion (2.3), it is natural to introduce processes 0., O, O. and ®. by setting

oGV, o 6M e V) 2.5)
o, = ivw&m o e.:= v 3/2 V'(yer) =301, .
Here, the constant C’g(l) is given by
ch = LEV”(\ETE) . (2.6)

3)e

The reason for dividing by multiples of ) is to normalise, so that 0., O. and ©. should

converge to the constant 1, the free field ! and its Wick square TOQ, while ®. should

behave like TZS, which converges only after further convolution with the heat kernel.
We now introduce two new processes ?5 and TE by setting

t t
7.(t) = / etV (r)dr,  P.(t) = / et=E=De_(r)dr . (2.7)

Note that these are different from 7. (0.) and Z. (®.) since the integration in time starts
from —oo. Therefore they are stationary in both space and time. Finally, we define %E,

%8 and %g by
%5 12?5005_05(2)’ %5 ::TEOOE_CE(B) ’

(2.8)
%, =100 — (3¢ 1 209N,
where CE(Q) and 05(3) are given by
C® =E[{.c0.], and C® =E[? c0.]. (2.9)

The C(j)’s above do not depend on (¢, z) since all the processes deﬁned above are space-
time stationary. One can see from the expressmn of (2.6) that CE diverges at order ¢ 1.
We will see from Proposition 4.9 below that C’ dlverges logarithmically while C¢ 34
uniformly bounded in .

The above definition of the stochastic objects will ensure that

stosvosaTaa% % % 1TV\?\K'M$)

as ¢ — 0 in a suitable topology. The symbols on the right hand side above are the
stochastic objects that appear in the standard ®3 model, which are described in Ap-
pendix B.1. For convenience, we have summarised our processes, their corresponding
limiting objects and their Besov regularities in Table 1.
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Table 1: List of processes, their limits and their respective regularities.

Te - L O¢ O Ts %E %a %E
o4 1 ! v DO R R

. _ 1 _1— 1 _ _ _1_
Besov reg.:. K 3K -k 35—k K K 5—K

2.3 Formal derivation of the (system of) PDEs for the remainder

We now start to formally derive a system of equations for the remainder. The solution
theory for this perturbed equation is essentially the same as that of ®3. We give a brief
description below for the sake of completeness. We follow the formulation in [MW17b].
We choose C; to be

C. =3XCWH — 920 —6X2003) | (2.10)

where C’a(l), 05(2) and CE(B) are given in (2.6) and (2.9). In view of (2.3) and that
eV (v€l.) behaves like \e®_, it is natural to add )\TE to the remainder Z. and con-
sider

uo =2+ =0, -1 +7 .

Using the definition of the processes in (2.5) and the choice of C. in (2.10), we see that
u. satisfies the equation

Ahue =(Lo — Due — 300, (ue — AY) —3X 0 (ue — A?)2 = A0 (ue — AT)3
—€ QV/(\[Ta \[(ua - T )) - (9>\205( ) + 6)\2 5(3))(Ts + Ue — )\Tg)
where s
1 . .
Vi) = Ve +5) = V00 @) o @11
j=0

denotes the Taylor remainder.

Because of the term o, (u. — )\TE) on the right hand side, the best regularity one
can hope for u, (uniformly in g) is le, which does not allow us to close the loop since
both o, - )\T and O; (ue — /\T involve products between terms that are below the
threshold of analytic well-posedness (in the limit as ¢ — 0). We first decompose these
two products into paraproducts, and combine with part of the renormalisation to get

Byus =(Le — Due — 3Mue — AT) < 0. — 3A\(ue — %) = 0. — 3\, 00,

2.12
fZFujfs V(e Ve(ue — ATL)) — 9N (u — AT)) (2.12)
7=0
where the coefficients 15]» are given by
ﬁ3:_/\Da7 ﬁ2:3)\QDET€_3/\an
Fr=-320.(2)% + 612 {TE <0+ =0+ (% o0 —C® )} ,
N————’

) (2.13)

=3 () =3 [(0) <o+ (1) -0+ (Lot o0

+2(3,00. = )Y, +2Com(Y,:9,:0:) +337(3, 00 = (3C) +2000)1. )
—_————

. .
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and the commutator operator Com is given in Proposition A.4. We see that if all the
stochastic objects live in their corresponding regularity spaces (as in Table 1) and that
if u. € C'~, then all of the above terms would be well defined except the resonance
product u. 0 O..

For this term we need to employ the structures of u. inherited by the fact that it
solves the equation (2.12), and combine it with the remaining renormalisation terms to
give a meaningful expression of this reasonance product. To employ such structures
given by the equation, we split u. into v. + w. where v, satisfies

Byve = (Lo — 1) — 3A\(ve +w. — A}) < o.. (2.14)

From the equation for v. and the regularities of the stochastic objects, it is natural to
expect that v. inherits the regularity of u. while w, is almost in B 2~ and hence O, 0 Wg
can be defined uniformly in €. To treat the only problematic term ©. o v., we use the
equation for v. so that

ve(t) = et(ﬁf_l)vs(O) — 3 (ue — )\T < Z.(0.) — 3\[Z., <](ue — )\TE7O

where we recall the operator Z. and commutator [Z., <] from (1.12) and (1.14).Plugging
this expression into O, o v. and combine it with the remaining renormalisation, we get

—3)\0. 0 v, — 9)\20(2) (ue — /\T = —3)\0, o et(ﬁfl)ve(())
+9A2 [o o [, <) (uz — AT, 0.) + Com(uz — A%.; Z.(0.); 0,
+(f.00. = C? — 0. 0“1 (0)) (ue — )\TE)] ,
—_—

.

where we have used (Z.0.)(t) = ?8(1%) — et(ﬁf_l)(fa(o), and all processes unless indicated
otherwise are evaluated at time t. If u. has a positive Holder-in-time regularity, then all
the above terms will be well defined. Hence, combining (2.12) and (2.15), we derive the
system of (v, w.) as

(2.15)

Ove = (Le — 1)ve — 3N (ve + we — )\TE) < 0 (2.16)
Oywe = (Lo — Nwe — 3)\(et(£5_1)v5(0) + we) 00, + Ge(ve + we) ’
where
3
u) = ZFjuj -3\ (u — /\TE) -0, — 6_%‘/’(\@75; Ve(u — /\TE))
§=0
+9)\? [Com(u - )\Te; Z.(0.); ) + 0. o [Z., <]( )\T o.) (2.17)
— (0. 0e®? (0) - (w=AL)]
and the coefficients F; are given by
F3:ﬁ3, FQZﬁQ, F1:ﬁ1+9)\2%5, FO:ﬁO_9A3%g.T5’ (2.18)

with fj given in (2.13).
Remark 2.1. In addition to the operator £. and the remainder term £~ 2 V’(y/z-; \/z-), the
system (2.16) is also different from that in [MW17b, CC18] in that our last term in G,
(the one involving etLe— 1)? 0)) is extra. The reason for the appearance of this additional
term is that our definition of ?E is slightly different - the integration of heat kernel starts
from —oo rather than 0, and hence both ?5 and %S are stationary.

If we define (fs to be the same as Z.(©.) so that ?E(O) = 0, then there would be no such
term, but the trade-off is that the process O\DE would not be stationary in time.
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3 Solution theory

In this section, we prove pathwise well-posedness and stability properties of the
system (2.16). It is then natural to introduce spaces that encode the pathwise ana-
lytic properties of the relevant stochastic processes. In the rest of this section, all
functions/distributions in relevant spaces are treated deterministically, and the only
information used are their relevant norms.

3.1 The fixed point equation

We start by introducing the relevant spaces for the external functions/distribution as
well as the space in which we are going to construct the solution pair (v, we).

For every T' > 0, let Xr be the space of a collection of continuous evolutions in
certain Besov spaces (to be specified in Definition 3.1) up to time 7. We denote a generic

element in X by
T:(D,O,O,T,%7%,%). (3.1)
Definition 3.1. We define the norm || - || x, by

Ml =3 sup (@)l + 176 = 2l

, (3.2)
t€[0,7) 0<s<t<T [t — s|

T

is the homogeneity of the
component 7 as specified in Table 1, and || - ||| is the Besov norm as defined in (A.1). We
also write X = X for T = 1.

The symbols in (3.1) are abstract placeholders for generic elements in X7. We do not
assume any relationship between them and the processes introduced in Section 2.2.

Let {1} and {h.} be families of space-time functions indexed by ¢ € (0,1). Let h be
another space-time function. We will specify relevant analytic bounds for these functions
later but we mention already now that they play the roles of ., et(ﬂfl)?s(o) and its
limit e/(*~D%*(0) respectively. In view of (2.17), (2.18) and (2.13), for every A € R,
€€ (0,1) and every T € X, we define a map G.(\, T, ) on the set of sufficiently regular
space-time functions by

w

(AT, ) ZFJ Tyl — 3\ (u— %) = @ — e 2V (Vere; vVe(u — AD)) -
+9)\2[Com(u—)\T;IE( );0) + 00 [I., <|(u— A},0) — (00 he) - (u—)\T)},

where the coefficients F; are given by
F3s(\,T)=-A0, FO\T)=3x20-7-3)0,
() =330 (246X (T<o+ -0+ %) + 902 %
Fo(\, 1) =)0 (T)3—3>\3[(T)2 <o+ M2=0+ToNoo0
+2% -2+ 2com(t o) +3x X 0 - 1.

By Bony’s estimate and the definition of || - || x,,, we see that the coefficients F}’s are all
well defined, and satisfy the bounds
E(Mllez~ S Il IE2(O] -y S M N2er (T4 1)

2
T

C
IO -3 S I (T 1%,) 5 [F ()] b S ST L+ 17015,
T

(3.4)
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where the dependence of A are hidden in the proportionality constants. For ¢ = 0, we
define G as

3
Go\T,u) ==Y Fy(\T)ud — 3A(u— A1) = 0+ 9N [Com(u — % 7(e);0)
— (3.5)

+0o[Z,<)(u=10)— (eoh)- (u—AN] ,

<.

and consider the systems of equations for (v, w) given by
v(t) = A~ Dp(0) - 37 /0 etnany [(v(r) + w(r) = X3) < o(r)|ar,
w(t) = eA=Dp(0) — 3 /O e [(em—%(m +w(r)) o o@«)} dr (3.6)
+ /Ot eEIA=DGH (A Y(r), v(r) + w(r))dr .

This is the natural candidate for the limiting equation. We now specify the space in which
we are seeking the solutions. Since the linear evolution allows a singularity at ¢ = 0
(even when measured as a map between the same Besov spaces), we set up e-dependent
spaces to encode this possible singularity. Recall that V' has degree 2n — 1.

Definition 3.2. We fix Jp € (0, ). Define the norms || - and || -

space-time functions up to time T by

on the space of

D

lollyg == sup (VE/e)®llv(®)lle) + sup Jlo(t)llw

t€(0,e2] te[e? 7]
t) —v(s)|l«
+oswp (Bo@lloze) + sup s IXD 0O

te[0,T] 0<s<t<T |t — 5|8
5 (3.7)
[wlly@ = sup ((VE/e)®w(®)]l«) + sup [lw(t)]l
T.e te[0,e2] te(e?,T)
t —
£ osup (Bua) + sup st 0l
te[0,7) 0<s<t<T [t — s|s
For ¢ = 0, define the norms | - ||, and | - ||,z by
T T
2 1 |jv(t) —v(s
follyg = sup (Il + o)+ sup st D=0l
T te[0,7T] 0<s<t<T |t — s|3
(3.8)
— 2 1 lw(t) —w(s)llx
lwllye@ = sup ([lw(t)llx +t3lw(t)|i42e ) + sup s7 — -
T te[0,T) 0<s<t<T [t — s|&
We define the norm on the space Vr . and YVr of pairs of space-time functions by
1@ )y = Relly + lwlye s @0y = ol + wlye.  G9)

The only difference between y;li and y(TQQ is that the spatial regularity (at fixed time) for

the former is 1 — 2k while it is 1 + 2« for the latter, and the same is true for y;” and y;”.

In the sequel, we will write Yr. for ¢ € [0,1], with ¢ = 0 corresponding to the
space Yr. The following is the main statement on the existence and convergence of the
solutions (v., we).
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Theorem 3.3. Let {9 }.c(0,1) @and {h.}.¢[o,1] be families of space-time functions such
that
sup sup 5%+”|¢5(t,x)\ < 400, sup sup (t%|‘h5(t)||1+2,{) < +00.
e€(0,1] (¢t,xz)€[0,1]xT3 e€[0,1] t[0,1]
Recall the definition of the spaces X7 and V7 in (3.2) and (3.9). Consider the fixed point
problem

ve(t) = et F== Yy (0) — 3)\5/0 e(t=m)(£L—1) [(vg(r) + w(r) — )\ETE(T)) < Og(r)} dr,

t
w.(t) = et(cg—l)ws(o) — 3)\5/ elt=r)(Le—1) {Os(r) ° (er(ca—l)vs(o) + ws(r))}dr (3.10)
0

t
+/ e(t_’")(ﬁf_l)Ge(AE,Te(r)mg(r) + we(r))dr,
0

where G, for ¢ > 0 and € = 0 are given in (3.3) and (3.5) respectively. Then for every
Ae €R, Y. € X and (v:(0),w.(0)) € B* x B, there exists 7. < 1 such that the fixed
point problem (3.10) has a unique solution (v.,w.) € Yr.. Furthermore, if A., T. and
(ve(0), w(0)) are uniformly bounded in their respective spaces, the local existence time
T. can be taken uniform in ¢ € [0, 1].

Fix arbitrary A € R, T € X and (v(0), w(0)) € X. Let (v,w) € Yr denote the unique
solution to (3.10) with € = 0 and with the above inputs. Suppose \. - A\, T, — T in &,
(v(0),w:(0)) = (v(0),w(0)) in B* x B*, and sup, (g 1 (t7||he(t) — h(t)|l1+2x) — O. Then
there exists g9 > 0 such that for every ¢ € (0, ), the solution (v, w.) € Yr to (3.10) can
be defined up to the same time 7'. Furthermore, we have ||(ve,w.) — (v, w)||y,.. — 0 as
e—0.

Remark 3.4. The solution @, to (2.1) can be written as &, = 1. — ATE + ve + w.. Hence,
the requirement on the initial condition in Theorem 1.2 is that ®.(0,-) — 1.(0, -) converges
in B* to ®(0,-) — 1(0, ) for some function ®(0, -). Then, we have that ®. converges to the
solution of the dynamical ®3())-equation with initial data (0, -).

Note that this puts restriction on the local behaviour of ®.(0,-). Ideally we would
like condition on the convergence of ®.(0, -) itself without giving reference to 1.. Then
in order to extend local solution to longer time intervals, one necessarily needs to be
able to treat initial data below B~ 2. But this will create a problem of non-integrable
singularity (even for fixed ¢) for higher powers in V' if the smoothing effect of £, is not
strong enough. One way to circumvent this without putting further assumption on L. or
V is to set up a weighted space, separating small and large scale behaviours. We choose
to put restrictions on the initial condition to avoid technical complications.

Remark 3.5. The existence of solutions to (3.10) has been proven in [MW17b, Theo-
rem 2.1] and [CC18, Theorem 3.1], at least for ¢ = 0. The existence of solutions for
€ > 0 can be proven with essentially the same arguments, except that the operator A is
replaced by L. (which satisfies all the necessary bounds), that the choice of exponents
are slightly different, and that there are two additional terms: the small remainder
£72V’(y/e:;1/2), and the one involving k. (or h). The setup here follows that in [MW17b].
In the proof below, we only give details for the small remainder term as well as terms
involving commutators. The convergence of the solutions as ¢ — 0 employs additional
bounds involving the difference of the heat semi-groups e*(£==1) — ¢t(2=1) which are
provided in the appendix.

3.2 Some preliminary bounds

We give some preliminary bounds that are needed in the proof of Theorem 3.3. We
write Y. for ¢ € [0,1], with ¢ = 0 corresponding to Yr. Also recall that ||f|lca =
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sup,.c o, 1/ (") lla-
Lemma 3.6. We have the bounds

_1
11Ze, <1, @) ()] o S 77 ¥l -w el

and

2. <13 Oy S (200 e+t @llgz-+ -

T”c%qo,r},c%-“‘(wn)
Both are uniform in € € [0,1] and r € (0,1). As a consequence, we have
_1
lo(r) o [Z, <I(u = AL, @) ("), S v~ T ITIZ, (lullyo) +1T]x,) -

Proof. It suffices to prove the first two bounds. The third follows from the first two and
the estimate of the resonance product in Proposition A.3.
For the first, we have

[Ia, K](U,O)(r) :/OT [e(r—r')(ﬁa—l)’ =< ] (U(T/),O(T/))dr/

) (3.11)
+/0 (u(r) = u(r)) < (e(r_’",)(ﬁf_l)o(r'))dr’ )

By the commutator estimate for the heat kernel (A.7) and the definition of YV in (3.7),
we can control the first term on the right hand side by

/ I [6(7"—7",)(»55_1)’ <] (u(r"),o(r")) HH_%dr’

0

$ [ =) ) 1o 1w
0

r _ 145k+8 2
< (/ (’I“ — r’) ntlo (’I“') 3dr/> ||o||C;17HHu||y£1>
0

_1_5rtdg
SrET T ool -

As for the second term on the right hand side of (3.11), using Proposition A.3 and
Lemma A.6, we have
|

)
< / la(r) — () — )
0
T -
S (/ (’I“ — r’)—%_3—;50 (r/)—zlidr/) HOHC;lfN”tu’Sl)
0

_1_3r+9dg
< o) pan fulyn

dr’

(u(r) = u(r)) < (e(r—T‘/)(CE—l)o(r,))

3r+3g
-1-3%7

Hl-‘er

o)~ 1-rdr’

Since Jp < = and x is sufficiently small, we can enlarge both bounds to r~i. This

completes the proof of the first bound.

The proof for the second one is the same - one splits the quantity into two sums as
above, and uses the Cé " and Cé’i_ﬁ norms of T respectively. Finally, one combines the
two bounds with Proposition A.3 and the fact that » < 1 to conclude the lemma. O

Remark 3.7. The commutator estimate for [Z., <] (and for [Z. — Z, <]) is the only place

that requires Holder-in-time continuity of the process T and the solution (v, w).
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We recall at this point that V' is an even polynomial of degree 2n.

Lemma 3.8. We have

2n—2

eIV (VEre VEN lreqrsy S e IAN(L+ 3l +171) 0 (3.12)
and
e 2|V (Veye VEf) = V! (Veve VET) || o (o)

1 - 1 _\2n—2 (3.13)
Sty = FI(L+e i+ 1A+ 171)

where all the norms on the right hand sides of the two bounds above are L°(T?)-norms,
and all functions are evaluated at a fixed time. Both bounds are uniform in ¢ € (0,1)
and in ., f, f € L>(T?), and the proportionality constants are also independent of the
actual time.

Proof. By the mean value theorem, there exists a g with 0 < |g| < |f| such that

1
V/(Veei Vel) = 5 VIO (Veye + Veg) - (Vef)!
Since V(®) has polynomial growth or order at most 21 — 5, we have

V' (Vee; VEF) S 21714 (1 + VElve| + ﬁ\gl)Q"_S

Using |g| < |f| and that we can choose « sufficiently small (x < 5. would be sufficient),
we get

3V (Ve VERI S XA (1 4+ Juel + 1)

Taking L*°-norm in [0, 7] x T3 yields the desired bound (3.12). As for (3.13), we notice
the identity

5*%(V’(ﬁws;\/5f) V’(ﬁ/fs’ff))*s (VB D VR =)

3 378y (e+14)) e
+5—%Z [V(Hl (Vave + vVaf) - ZM : (\@f)a]
=1 j=
and the desired bound follows from the same argument as above. O

3.3 Proof of Theorem 3.3

The statement (and hence the proof) consists of two parts: the existence of solutions
(ve, w) for each € € [0, 1], and the convergence of (v., w.) to (v, w) as € — 0.

Part 1.

Fix A\ € R, T € X, ¢. € L>([0,T] x T?), ho € C((0,1]; B*%*) and (v.(0),w(0)) €
B x B" with
l+,€ 1
e2 0| Lo (o,1xm3) + sup (E7[|he(t)[l1426) + I T2 < K,
te0,1]
and llve(0) [l + [Jwe (0)[| < M .
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For T,e € [0,1], define the mild solution map I'r . = (I‘(le)s, F(TQ)E) by
¢
T (v, w) () =e!F= =D (0) - 3) / ED ((u(r) + w(r) = AN)) < o(r) )dr ,

0
t
T3 (v, w)(t) =e"F= D (0) — 3A [ elt=m(E=D (O(r) o (e"“==Vy (0) + w(r)))dr
0

t
N / et LG (A T (r), v(r) + w(r))dr
0
(3.14)

where we recall the symbols in the generic element T € X from (3.1), and the expression
of G. in (3.3) and (3.5) for ¢ > 0 and ¢ = 0 respectively. We need to show that for suitable
T and R (depending only on A, £ and M but independent of €), I'7 . is a contraction map
from the ball in Y with radius R into itself.

Step 1.

We first check I'r . maps the ball in Vr . with radius R (centered at the origin) into
itself. For notational simplicity, we write u = v 4+ w.
We give details for three terms appearing in the definition of Fg )5= the initial data

term et£==1q_(0), the term involving the commutator [Z., <] and the remainder term
£ 3V'(\/z;\/z-). The bounds for the other terms (including those appearing in the

definition of F(Tlfg) can be obtained in the same way.

For the initial data term, we have by Lemma A.6
e DO, £ £ 1+ 2t u () S (14t Mm

Taking v = x and 1+ 2k respectively gives the corresponding bounds in spatial regularity.
As for the term with temporal Holder regularity, using the continuity estimate for the
perturbed heat semigroups in Lemma A.7 (with 0 = i and v = a = k), we have

(5D — D) u (0] S (t— 8)Fs™+ F e (0)]]
This shows that for the term with the initial data, we have

[ eV (0)]| ) S M- (3.15)

We now turn to G., focusing on the commutator term [Z., <] and the remainder
£73V'(y/e;y/2). Recall that we write u = v + w. For the commutator term, we also write
fe=00[Z.,<](u— )\T, 0) for simplicity. By Lemma 3.6, we have

o)l S 7733 (o + wllyo) +K) S rEKAR+K)

where the last inequality comes from [wl|,,0) < [Jw]|, by definition of the norms.
T,e T,e

Hence, we have

Y—kK+dg

H/te(t_r)(ﬂs_l)fg(r)drH’y5 (/t(t—r)—”2*5°r—idr)/c2(/c+7z)5ti— U K2(KAR) .
0 0

Taking v = k and 1 4 2k respectively gives the bounds for spatial regularity with a factor
bounded by Ts provided x and §p are small enough. As for the temporal regularity, we
write the difference between times s and t as

s t
/ (e“—’“)(ﬁs—l)—e<8—’")<£5—1>)f€(r)dr+/ U=r)ED) f (1)
0 3

S
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and we want to control the B* norm of these two quantities. For the first term, using
Lemma A.7 with # = } and 7 = a = « and the bound on || f.(r)||., we have

H/ (et LemD) _ (=) (LemD)) £ (1)dr

< (t— s)%(/s(s fr)féf%rfiderQ(ICJrR)
K 0

1 1 7_% 9
SsTi(t—9)s5s5 2 KK+ R) .

For the second one, by Lemma A.6, we can control its B*-norm by

/:(t — r)_%OHfE(r)HHdT < (/t(t - r)_%or_idr)lCQ(lC +R)

(t— )55

w

5T KA+ R) .

=
ol

Ss”

Hence, we obtain

H /Ot e(t=)(£e1) (O(r) o [T, <](u, o)(r))dr <STHRAK+R). (3.16)

Vi
We now turn to the remainder term V’. For simplicity, we write

Fo=e 3V (Ve Velu— D) .
Lemma 3.8 implies

(27 )50

||F€( )HL°¢(T3) <E4’F (1+K:+R)2n 1
We then have

H / e R rar| £ /OQH)

where the first inequality follows from Lemma A.6 and that || - ||o < || - ||z, which is the
content of Lemma A.2 and the second one is valid for v € (0, 2). Again, taking v = « and
1 + 2k gives the respective bounds for the two different spatial regularities.

As for the time difference, similar as before, we write

t s
/ 6(t7’”)(£571)F5(7’)dr — / e(sfr)(ﬁifl)FE(r)dr
0 0

s t
- / (et~ (Ee=D) _ gls=n(Le=DY F () dr + / =N ED E (r)dr .
0

S

2 (14 K+R)> !

=(r)]

For the first term, using Lemma A.7 with § = 1, vy = s, o = 0 and that || - [|o < || - ||, we

4’
can control it by

L_stdo

S [ o= R sy
0

Sg%s_i(t—S)ésg_%_néo(l“rlc“rR)Qn_l )

H/ (et (Ee=D) _ (s=n)(Le=DY F (r)dy

For the second one, we have

[0 m 0 ars [0 n 2 Rl nar

K489 1 (2n—1)8g

SeisTit—s) T T 1+ K+ R)?L.
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Hence, for « (and dy) small enough we obtain

3 SeiTs(1+K+R)? L.

/Ot e(tfr)(ﬁsfl (fwg( )\T )

Vi
The bounds for w o © and the nonlinear terms Fjuj are treated in detail in [MW17b], and
we omit the details here. Overall, if ||(v,w)||y,. <R, we deduce that

IP7c (0, w)llyr,. < C(M+TO(1+ M+ K+ R

for some # > 0 universal, and the constant C' depends on A only. Hence, if we take
R > 2CM and T > 0 sufficiently small such that

R
C(M +T(1+ M +IC+R)2”—1) <.

we see I'r . maps the ball in V7 . with radius R into the smaller ball in Yy with radius %

Also, the local existence time T is independent of ¢ since both 6 and C are.
Step 2.

We now show that I'r . is a contraction map between the above mentioned space
for sufficiently small 7' (independent of €). We need to get a bound for HFT,s(U, w) —
Ire(v,@ H Yy Most of the terms in I'r . are “constant” or linear, in which case the
quantities either completely cancel out, or the same bound as in Step 1 holds by replacing
R with [[(v,w) — (9,@)||y,.. The only nonlinear terms are F;u/ for j = 2,3 and the
remainder e~ 2 V’(y/z-; v/z-). In these two cases, one replaces one factor of R by ||(v, w) —
(v,w)|]y,. (see Lemma 3.8 for example). Hence, we obtain the bound

2n—2

HFT75(U7w) FTE S TOH(’U,U}) - (’Dvw)HyT,s (1 + K+ R)

0)ly,..
for some 6 > 0 independent of . One then deduces that for every ¢ € [0,1], one can
choose T, > 0 sufficiently small so that I'r, . gives a contraction in a bounded ball in V7. .
In addition, the local existence time 7. is uniform in ¢ (bounded away from 0) since the
proportionality constant in the above bound is.

Part 2.

We now turn to the second part of the theorem, namely ||(ve, w:) — (v, w)|y,.. con-
verging to 0, where T > 0 is the time up to which (v, w) is defined. By the previous part,
we know that there exists 0 < S < T such that for all sufficiently small ¢, the solution
(ve,w,) to (3.10) is defined in Vs ..

The difference (v.,w.) — (v,w) is a linear combination of the terms of the form

t t
/eufr)(ﬁfmfe(r)dr_/ =B f(p)dy
0 0

where f. and f come from the right hand sides of the equations, and can also depend on
(ve, w,) and (v, w). The difference can be split into

/te(t—r)(ﬁg—l)(fg(r) flr ))dTJr/ ( (t—=r)(Le—1) _ (t—r)(A—l))f(r)dr_ (3.17)

0 0
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By invoking the above bounds in the fixed point map as well as the bound for the
difference of the kernels e(t—")(£:=1) _ ¢(t=7)(A-1) (gee the bound (A.4) in Lemma A.6),
we can obtain the bound
H(v@wg) — (v,w)Hysys < (S+ 5)9”(@6,105) — (v,w)HyS‘E
e = Xl A = AL+ [0:(0) = 0Ol + =(0) = w(O)le + T)'  (3.18)
tHLe—1) _ _t(A=1) tLe—1) _ _t(A=1)
(D DY)+ (D A0 Yu(o)

]
CS,E

for some 6 > 0, where we have written Cg . as a shorthand for continuous evolution in 5"
such that the part ¢ € [0, <?] is weighted by (1/%/¢)% and the rest is taken in the supremum
norm in ¢ € [¢2, S]. The proportionality constant above is independent of ¢ (but depends
on the size M of the limiting solution (v, w) and the size K of the external inputs). Here,
the first five terms on the right hand side of (3.18) come from the estimates of the first
term in (3.17) (with f. being G. and polynomials of solutions), and the last three terms
come from the estimates for the second term in (3.17). We do not have a positive power
of € in the last two since we are measuring those quantities in the same space as the
initial data, but they still vanish as ¢ —+ 0 (Lemma A.8).

If S > 0 is sufficiently small (still uniform in ¢ < ¢( for some fixed small ¢y), we can
absorb the first term on the right hand side of (3.17) into its left hand side to obtain

[[(ve, we) = (v, w)]|y,, - SN e = Tlla + A = Al + [[0(0) = 0(0) [ + we (0) — w(0)]|
0 tH(Le—1) _ _t(A—1) tH(Le—1) _ _t(A=1)
+ (D) + H(e e )U(O)Hcg,g + ||(e e )w(O)Hcgf .
(3.19)
All the terms on the right hand side above vanish as € — 0 (the first four are by

assumption, while the last two follow from Lemma A.8). In particular, we will have S > £2
and that

[0e(S) s + e (e < sup (Jo(®)ll + o (@)ll) + 1= M

t€[0,T)

if £ is sufficiently small. This enables us to iterate the bound (3.19) up to time T and thus
complete the proof of the theorem.

4 Convergence of the stochastic objects

In this section, we show that the assumptions in Theorem 3.3 on the convergences of
the external inputs (Y., 1. and h.) are indeed true if they are for the stochastic objects
as defined in Section 2.2. Note that in this section we are only using the first three
conditions in Assumption 1.1, and no control on the derivative of Q is assumed. The
main statement is Theorem 4.1 below.

4.1 The main convergence theorem and a convergence criterion

For ¢ € (0,1), we define

T, = (557057057T67%87%57%5 ) )
where components of Y. are the stochastic objects defined in (2.5), (2.7) and (2.8). Also

let
Ti=(1,1%T % 3% B, (4.1)

where the components (except 1) are the standard ®3 stochastic objects described in
Appendix B.1. T, and T are defined on the same probability space (that is, constructed
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from the same space-time white noise £). We emphasize that in this section these symbols
do mean concrete stochastic processes rather than abstract placeholders representing
generic distributions as in Section 3.1.

We also fix a sufficiently small x > 0, and recall the norm X from (3.2). The main
convergence theorem for these stochastic objects is the following.

Theorem 4.1. There exists § > 0 (depending on «) such that for every p > 1, we have
the bound

P <L 1 — p _
E[Tcl[y Sp 1, Ell_I}})EllTe Tl 0.
We also have

ép 1 _ — p
PRI o zymny Sp €% 5 B sup (t1]e!ED,(0) — ATY(0)1104) S5
te0,1]
The proportionality constants are independent of ¢.

We provide a criterion for the convergence of the (stationary) stochastic objects. The
following proposition is the same as [MWX17, Proposition 3.6].

Proposition 4.2. Let N € N and let {7.}.c(0,1),7 : RT = &'(T%) be a family of random
processes which are in the first V Wiener chaos and which are also stationary in space.
Let 7-(t,-) and 7(¢, -) denote their Fourier coefficients. If

EIZ (LR S (0772, lim sup ((MT2BIZ(LE) - F(LE)2) =0, (4.2)
EHOkGZ?’

where both bounds are uniform in ¢, k, and ¢ € [0, 1], then for every 8 < a and every
p > 1, we have

E sup [7(t,)[|} < +oo, limE sup ||7-(¢,-) —7(t,)||5 =0. (4.3)
te0,1] =0 4el0,1]

If in addition to (4.2), we also have the bounds

E|7:(t, k) = 7o(s,k)|* S [t — s|” (k) 7720720

_ _ ~ ~ ) o (4.4)
E|(7:(t, k) — 72(s,k)) — (F(t, k) — 7(s,k))|" < 0t — s|° (k) ~d-20+20

for some @ € (0,1), uniformly in 0 < s, < 1 and k € Z?, then for every § < a — 6 and
every p > 1, we have

7(t) — 7(9)||% Te(t) = 72(s)) — (7(t) — 7(s) g p
B oap OO, I )-C s e
0<s,t<1 [t —s|= 0<s,t<1 [t —s|=
(4.5)
The proportionality constants depend on 3 and p.
Proof. This is [MWX17, Proposition 3.6]. O

Remark 4.1. We will apply the above result to the collection of symbols in Y. and 7.
It turns out that for all symbols but for 'SDE we are even showing more, namely there
is a rate of convergence (a positive power of ¢). If we further use the fourth item in
Assumption 1.1 then one would also obtain a rate of convergence for .\35'

EJP 27 (2022), paper 112. https://www.imstat.org/ejp
Page 21/43


https://doi.org/10.1214/22-EJP833
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Weak universality of dynamical ®3

4.2 Notations and observations

We let fa be the operator defined via

(Z-f)(t) = / t =& f(r)dr (4.6)

— 00

Note that fg is different from Z. since the integration in time starts from —oo.
For every k € Z3 and N € N, we use the notation

PN k) ={(t1,....0n) € (ZN b1+ + Uy =k} .

Recall the rescaled smooth cutoff functions x; from Appendix A. We write with a slight
abuse of notation

> F0ad =Y (F0ad Y aOxs0) =Fogl). (4.7)
i=k 0+0=Fk li—j|<1
[2324

as well as

S foad= ¥ (Foad(1- ¥ wond)). (4.8)
t4i=k I+l=k li—j|<1
Lol

Hence, the “set” {¢ ~ Z} can be viewed as complement of A where

~ 8 ~ 8 €] 9 64
— L iez? z3:(e  or |0 7) d [ 7]}
A {(,)e X ||>30r||>3 an||§é649
Note that the left hand sides of (4.7) and (4.8) are not exactly the sum over the sets

{¢ ~ £} or {{ = £}, but rather weighted by the cutoff function y. But in what follows, we
can regard them as the real sum over these sets without affecting the statements.
Remark 4.2. The above notation will come in handy in Section 4.4.3 when we need to
bound the resonance product between two stochastic objects. We note at this point the
following consequences. For k € Z3:

(1) The set {¢ € Z® : { + k ~ —(} is contained in {¢ € Z? : (¢) > ‘&1 1;
(2) The set {¢ € Z3: £ + k » —(} is contained in {¢ € Z* : (¢) < 10(k)}.

Hence, whenever one deals with sums over {¢ + k ~ —¢} or {¢{ + k ~ —(}, they can be
controlled by the sum over the larger sets as described above.

4.3 Preliminary lemmas
We start with the correlation of the free field.

Proposition 4.3. Recall that ?. and T are the stationary solutions to (2.2). Also recall
the notations (k). and (k) introduced in (1.10). Then we have

o lt—sl(k)?

E (T/;(S, k)ﬁ(t,f)) = O0p,—¢ - W . (4.9)

€

The bound holds for all ¢ > 0, where the ¢ = 0 case corresponds to f and (k). As a
consequence, for every 6 € [0, 1], we have

EIT:(st)—TAs(tJf)\2 St—sl?- (4.10)

1
<k>2_29
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uniformly over s, t € [0,1]. We also have that

2
Bl = 5 3 %i) =T to.(1). @11)
keZ3 €

where we recall that o2 is given in (1.6).

Proof. We first derive the correlation function (4.9). We have the formula

~ ~

t
Ts(ta k) — / €7<k>§(t7’r)£(,r7 k)d?" ,

o~ ~

where {&(-,k)} are independent complex white noises (in time) except that (-, k) =
€(-,—k). Hence it satisfies E(£(r, k)E(r’, £)) = 6y, ¢d(r — ). The correlation relation (4.9)
then follows. Note that it also works for e = 0 with !, and (k). replaced by T and (k). The
bound (4.10) is a direct consequence of the correlation relation in (4.9).

As for (4.11), using (4.9) and Parseval’s equality, we see that

62

B[t to))?) = 3 ElLGHP = 3 ST G (4.12)

keZ3 keZ3

Making the change of variables § = ¢k and a Riemann sum approximation we see that
the latter term is asymptotically equal to

1 1

— ———db 4.13

2e Jrs Q(27|0)) ( )
which yields (4.11). O

Remark 4.4. As a consequence of the above proof we see that the random field /¢, is
stationary and has distribution N (0, c2) at every space-time point, where

SN SRLINEE S I S (4.14)
ST 2 2T 2 2 T Qe ‘

keZ3 € keZ3

which converges to o2 as € — 0.

Lemma 4.5. Recall (1.4) which states that Q(z) > |z|>*" for |z| > 1. Forany k, (1, ..., £, €
Z3 and a € [-n, 1] we have the estimates

n n
2 o o
STz [[ns . and (k). ze = (k)= . (4.15)
j=1 j=1
Proof. The first inequality follows from the estimate
n

)2 > max ()2, (4.16
;< ]>E Nj6{1,27..-,7l}< J>E )
whereas the second one follows from the assumptions (1.3) and (1.4). O

Lemma 4.6. For every n € N and « € (0, 2), we have the bound

n

1 1
ZH (0;)3= S (ky3=na

j=1 ‘"

where the sum is taken over {/1,...,¢,} € (Z*)" such that ¢; + --- + ¢, = k € Z>. The
proportionality constant is independent of k.
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Proof. The case n = 2 is the usual convolution estimate. The case n > 3 can be obtained
by induction. O

Lemma 4.7. For 3,~ € R satisfying 8 + v > 3, we have the bound

1 1 1
2 Ty TGy S e

£14Eo=k
El Nég

uniformly over k € Z3.

Proof. This is the content of [MWX17, Lemma 4.2]. O

Before we formulate the next proposition, we recall that for n € N, the n-th Hermite
polynomial with parameter v > 0, denoted by H,(-,v), is defined via
877,

H,(z; —(—1)" z2/2v. n Y 2?20 ) 4.17
(@) = (-1 20 (o) @17)

These polynomials satisfy the relation v"/2H,,(-%; 1) = H,,(x;v). Finally, we note that if

\/>)
X ~ N(0,v), then for any nice function f : R — R, we have the identity
E[f® (X
= oHy(X;v), with ¢ = UT()] (4.18)

k>0

To derive the formula for the c¢;’s, one uses the orthogonality of the Hermite polynomials,
Lemma 1.1.1 in [Nua06] (note however at this point that our normalisation differs
from [NuaO6]), and k-times integration by parts.

Proposition 4.8. Recall the definition of O,, ©, and @, from (2.5). For each m € NT and

¢ >0, define a9 by
Ev(2m+2)(\/gT )
() .= = 4.19
G 61~ (2m — 1)! (4.19)

We have the chaos expansion

m—1e0(2m—1 am m—1e0(2m
O—E:am‘s 1TE( )’ e:§:m'5 1T€( )
m=t (4.20)
n—1 (e)
3am m—1e0(2m+1)
o = _-m . ? )
— m(2m +1)

2
Here, we use the shorthand '°° = H,(l., %), where o2 denotes the variance of the

stationary Gaussian process ﬁTE.

Proof. For V), V" and V', we have by (4.18) the chaos expansions

_ (2m+2)
Z EV + (\[T ) . (ﬁTE)o(Qm—l) ,

m=1
n—1 m+2)
VA = 3 B m) (VET) B
m=0
n—1 m
V/(\@TE) _ EV(2 +2)(\/5T5) . (\ETE)Q(QWH-I) ,

rt (2m+1)!

3

where the Wick product is with respect to the stationary Gaussian /z'. with variance o2
as given in (4.14). Now note that (1/e7.)%" = ngzz. The conclusion then follows from the
Definition (2.5) and the expression for Cg(l) in (2.6). O
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Proposition 4.9. The renormalisation constants CEZ) and C(3) defined in (2.9) satisfy
the expressions

0(2) B n—1 (a,gf.i))Q 2m 9 E I T<>(2m) T<>(27n)
B =3 S BT o 1],
" (4.21)
0(3) — HZQ 3a5§)a57€11rl 2m 1 E[Z (T0(2m+1)) T<>(2m+1)]
< L~ m@2m+1) ’

where aﬁi) is as given in (4.19), and fe is as given in (4.6).

Proof. This is a direct consequence of the definition of the constants in (2.9), the ex-
pressions in (4.20), and the fact that the (resonance) product between two elements in
different homogeneous chaos has expectation zero.

We can also see that C§2) diverges logarithmically, and that 05(3) is uniformly bounded
in . In fact, the only term with logarithmic divergence in C§2) is the one with m =1 in
the sum, and all other terms contributing to that sum are uniformly bounded in ¢ also,
see (4.39). O

Combining Proposition 4.8 with Proposition 4.9 we obtain the following corollary.

Corollary 4.10. For %6 we have the chaos expansion

(e) (o)
am 3am’ a a,,
% Z o 11y Tem + Z - *Oem
m2(2m + 1) m(m+1)(2m + 1)
L atal?
« fm(2m —|— 1) Velim

where the last sum is taken over integers 1 < m,¢ < n—1suchthatm—¢>1orf{—m > 2.
Here

Ten = €22 [ T2 0 1O (a4 1) BT o 1EE] 1 ]

€

e = £2m~1 [fE(T:(Zm-s—l)) ° TZ(2m+2) (2m + 2) E[I (T0(2m+1)) T°(2m+1)] ,TE} . (4.22)
<>(2é):|

Ve t,m = £

= gmH-2 {i(Tz(Qerl)) o!

4.4 Proof of Theorem 4.1

According to Proposition 4.2 and the definition of X', we need to check the bounds (4.2)
for all the seven components in Y. and T. — T (with the suitable « given in Table 1), and
also to check the bounds (4.4) for Ts (and also Tg — "?). For simplicity of the presentation,

we only provide details for three of the components O, TE and %g. The first one is the
simplest (except O., which converges to the constant 1), and gives a good illustration of
the methods and techniques that are used. The third one is the most complicated and is
quite subtle. The middle one is the only one that requires additional Holder regularity in
time.

Also, for the latter two symbols alluded to above we provide only the first bound
(uniform-in-¢ bound) in both (4.2) and (4.4). The other one (convergence in ¢) can be
obtained in a similar way.
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4.4.1 The process O.

To show that Esup,c(oq) [0- = T|”,_, — 0as e — 0 according to Proposition 4.2, it
2
suffices to show that

sup BO:(t,K)2 S ()220 Bt k) = 1t k) S ¥ (k) 7220
€€(0,1)

for all sufficiently small § > 0. By the chaos expansion in Proposition 4.8 and the fact
that the first coefficient satisfies a§5> — 1 as € =+ 0, the desired bound will follow from
the following proposition.

Proposition 4.11. For all sufficiently small § > 0, we have the bounds

(LK) S ()72, Btk -1t R)P) S 2 )7, (4.23)
and —
S DRI (R S 2Nk, mz 2. (4.24)

Both proportionality constants are uniform in ¢ € (0,1), k € Z3.

Proof. The first bound in (4.23) follows directly from the formula (4.9). As for the second
one, note that

~ -~ t 2 2 _
1.0t k) — (¢, k) = / (e_<k>f(t_r)—e_<k> <t—T>) E(r, k)dr. (4.25)

—0o0

Hence, taking the second moment of the above expression gives

_ ~ ) 2
E‘TE(ta k) - T(t, k‘)‘Q = / (e_(t—r)<k>§ _ e_(t_r)<k>2> dr
v , (4.26)
= / e 2(REAW?) (1 = (IW2=W11) gy

If (k) > 1, then we bound the term in the parenthesis above by 1. Integrating » out and
using (k) < (k)., we obtain

~

Bl (k) = 6k S (k)2 Sk 72 ek) > 1.

Ife(k) <1, we use (1.3) to get

€ ~

2 2\ 2
(1 — e =R (k) |) S (=) (k)2 = (B)2)° < (t— )02 (k)2

Substituting it back into the right hand side of (4.26) and integrating out r, we again get
the bound 2 (k) =229 for a possibly slightly different §. This completes the second claim
in (4.23).

We now turn to (4.24). We have the identity

ATV AN T S

P(2m—1,k)

where the notation P(2m — 1, k) was introduced at the beginning of Section 4.2. By
Wick’s formula and the correlation relation (4.9), we have

— 2m—1 2m—1
o(2m—1) & 1
L D S | £ X VAT DS ) I
P(2m—1,k) j=1 PEm—1,k) j=1 ‘7I/€
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By Lemma 4.5, we have (£;)2 > e!=*(¢;)3~* for a € (0,1). Substituting it into the above
bound, we get

— 2m—1
E2(m—1)E|TZ(QM—1)(t7k)|2 < £2(m=1)=(2m-1)(1-a) Z H
P(2m—1,k) j=1

Taking o = 21:1'3‘51 for § sufficiently small and applying Lemma 4.6, we obtain the
bound (4.24). Note that the requirement « € (0, 1) of the above step is satisfied for this
choice of a only if m > 2. This completes the proof of the proposition. O

Remark 4.12. The convergences of O0. to 1 and O, to %* in the correct spaces follow from
essentially the same argument. One chaos expands the quantities 0. and ©. and sees
that their leading terms converge to the desired quantity.

Typical terms in the remainders are respectively 271°™ and £271°®"™*2) for >
1. Similar bounds as (4.26) can be obtained in the same way, which shows that the

remainders vanish in the desired space.

4.4.2 The process TE

We now treat the term T According to the definition of the norm X in (3.2), we need to

show the convergence to 7" both in C([0, 1], 32=*(T?3)) and in C5 ([0, 1]; Bi —*(T3)).
Taking the Fourier transform of TE and using Proposition 4.8, we get

n—1

/T\s(t7 k) =

Tem(t,k) .

N
4
[\~
S
_|_

where
t

by = [ G

— 00

By Proposition 4.2 and the fact that af)

from the following two propositions.

— 1, the two desired convergences will follow

Proposition 4.13. For all sufficiently small §, we have the bounds

1 o -~ 226
BIFeitbP S gga B k) = VP S s - (4.27)
and
— 2 525
E[T.m(t k)|° w2 2. (4.28)

All proportionality constants are independent of ¢.

Proposition 4.14. For all sufficiently small §, we have the bounds

N (4.29)

E[T1(t,k) —Te1(s,k)* S (t _ S)%(@—% 7
( —P(s,k))|? < eX(t—s)i (k)12

E[71(t, k) = 71(s, k)

and
E[fe(t, k) — Tem(s,k))? S e2(t —s)5(k)~272 . (4.30)
The bounds are uniform ine € (0,1), k € Zand 0 < s <t < 1.

We first prove Proposition 4.13.
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Proof of Proposition 4.13. We start with the expression

t ~ ~
Tom(t k) =™ / e W= N T (5,01) 0+ 0 o5, bamr)ds -

> P(2m+1,k)

By Wick’s formula and the correlation relation (4.9), we have

ETom(t, k)2 =2 x (2m + 1)! x e2m=1)
toors 2l o= ()2 (s—7) (4.31)
—(2t—s—r)(k)? € c :
x[m[me > I s
PR2m4+1,k) j=1

Succesively integrating out r and s, we obtain the bound

2 mfl) 2m—+1 2m—+1
} (4.32)

B S e 0 [(TL2) (w2 X 2)”

€ P@2m+1,k) Jj=1

For m = 1, we have

1 1 1
E|71(t,k)]* < < ;
RIOPES s 2 TR S

which is the first bound in (4.27). The second bound in (4.27) can be obtained in a similar
way and we omit the details.
We now turn to the case m > 2. By Lemma 4.5 for « € (0,1) we have

2m—+1 2m—+1 2m—+1 2m—+1

( H <£j>§) (<k>§+ Z <£j>§) > 11 <£j>§+ﬁ > 11 (El—a<£lj>3_a)1+ﬁ _

j=1 j=1 j=1 j=1
Substituting it back into (4.32), we get

2m+2)a—4 2m+1

(
E[f (k) < GW 2 ( 11

1
3_(@m+2a=3 |
€ P(2m+1,k) j=1 <£]> Zm+1

Now we take o = 7?1161 for sufficiently small § so that (2m + 2)a — 4 = 2. This « belongs

to (0,1) only when m > 2. Also with this choice of «, the exponent
(2m+2)04—3_1+25< 3
2m+1  2m+1  2m+1

satisfies the hypothesis of Lemma 4.6. A direct application of that lemma gives the
bound (4.28), and concluding the proof of the lemma. O

We now come to the proof of Proposition 4.14.

Proof. Again, we prove the uniform boundedness only, that is, the first bound in (4.29)
and (4.30). For m > 1, and ¢t > s we have

Tom(t, k) = Tomm(s, k) =e™ ! / (e =nWZ _ o= (s=nZ) 922D (1 kg
=, . (4.33)
+6m_1/ e~ (t=m)(k)2 Tz(2m+1)(7“,k)dr.

For the first term on the right hand side above, since

— — 2m—+1 —\r1—7’2\(€'>2
o(2m+1) o(2m+1) e Jle
B(1E e 1 g, -k)) s > —E
PEm+1,k) j=1 Jie
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taking the second moment of that term and successivly integrating out r; and r;, we see
that for every 6 € [0, 1], we have the bound

s 5 5 /m\ 2
E’(Emfl/ (e~ (=B _ g=a=r) (k12 oC2 H)(r,k)dr‘

1 2m+1 1
§52(m71)(t—8)9<k>;2+29 Z |:< > +22m+1< > : H <€]>2:| .

P(2m+1,k) j=1 €

(4.34)

The second moment of the second term on the right hand side of (4.33) also satis-
fies (4.34). Hence, we arrive in the same situation of (4.32). Taking 6§ = i gives the
desired bounds. O

4.4.3 The process %8

We now come to the term %s. According to the definition of the norm on X in (3.2) and
Proposition 4.2, we need to show that

sup ( k)2~ 2~E|'§3 £ k) — (e, k)| ) =0 (4.35)
keZ3

as € — 0. According to the decomposition of .%35 in Corollary 4.10, it suffices to consider
the Fourier tranforms of 7. ,,, 0., and v, ¢, defined therein. We have the following
proposition.

Proposition 4.15. For 7. ,,,, 0., and 1, ¢, given in Corollary 4.10, we have the follow-
ing bounds. There exists a universal constant Cy and ¢ > 0 such that for every A > 0,
there exists C(A) such that

E|7{5»\1(t7 k) - '@(t, k)|2 < (C(A)gzé + %) <k>—2+2n ’
@ (4.36)

E[Tm(t, k) < (C(0)e + 22 ) (k)24 m > 2.

A

o..m and 7. 4., satisfy the second bound above for all £ and m.

The above proposition implies that 7. ; converges to Q'K- in the desired space, while all

other components of .\35 vanish. Since a§5> — 1 as € — 0, this will imply the convergence

of %E to &¥». It turns out that the analysis for T-.m is the hardest, so we will focus on the
bound (4.36) for 7., only.
Following [MWX17, page 24] we see that the Fourier transform of 7, ,, is

e T

(4.37)
e~ ~ eo(2m)y  go(2m)7 &
(S Rw)| - Cm+ ) BEEE) o 1) Tt
j=1
where the sum in the first line is taken over (... 7£2m+~1721’ .. ,ng) € P(4m + 1,k)
with the further restriction that £; + -+ + fo,, 41 ~ £1 + - - la,,%.

Note that it has homogeneous Wiener chaos components of orders 1,3,...,4m + 1.
We will deal separately with the different chaos components of T/EZ and we will denote
the chaos component of order: € {1,3,...,2m + 1} by T/&-;( 2

2See Section 4.2 for the precise meaning of this notation.
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Analysis of T/E;(l):

For this term, we will frequently consider the sum over 2m parameters ({1, ..., la.)
in some domain in (Z3)?™. The sum of these parameters will be frequently appearing,
and hence for convenience, we always write

C=0+ -+ Lloy .
Let G, be the integration kernel whose Fourier coefficients are given by

o= (=) (k)2 52, (45)2)

— (2m + 1)!
Gemlt =1 k) = — Y o (4.38)
22m I k~—t Hj:l <€j>g
Here, the sum is taken over all 2m-tuples (41, ..., {s,,) such that £+ k ~ —¢. This notation
is well defined according to Section 4.2 since we always have ¢ + k + (—{) = k.
Now we have the expression
=~ (2m) (2m)
E[Z.(172™) 0 1°0™)] = 2m+ : / Gt —1,0)dr
- 2m 2m
2 61,..‘,42mez3 (HJ 1<£> ) (< > +Z < > )
Comparing this with Proposition 4.9, we see that
(2) = (a(a))z 2m—2 T
= — L g2 m(t —7,0)d 4.39
c n;mQ@mH) e /mGs, (t—r.0)dr, (4.39)

and hence we can express 7., in terms of G..,, as
1 o t — o
oD (t, k) = e2m—2 / Gt — 7 k)T (r k)dr — / Gt —7,0)dr - To(t, k)} .
—00
The first chaos component of the limiting object -'QK- has the expression
—(1) t =N o N
& k) = / G(t —r k) (r, k)dr—/ G(t —r,0)dr-1(t, k) ,

—0o0 — 00

where
o= (=) ((Crta+8)H(02)2 4 (£2)?)

~ 3
G(t—rk) = 5 Z NEIAE

LiHlo+k~—(L14L2)

This is formally 5(: (by setting € = 0). In order to show the convergence of 7/5;(1) to
(1)
, wWe rewrite it as
o (¢, k) = £2m=2 / Gem(t =, k) (T k) = Tt 1) ) ar
(4.40)
s 2/ (@(t—r,k) Gt —r0))dr- Tt k)
We control the second moment of the two terms separately.
(a) Analysis of the first term in (4.40):
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l\fiﬁrst show that for m > 2, its second moment vanishes as in (4.36). By positivity
of G. ,,, and the triangle inequality, we have

ovn] || (s - T

t 1 2
564(7”—1) [/ Gem(t —, )(E\T (r,k) —T (t, k)| >2d ] ,
Now, using (4.10), we have
E[T.(r, k) = (6 )P S (=) () 2440
Substituting it back into the last expression, we obtain

Sl / t Gonlt—r 8 (Tr k) ~ Tt ) )ar
— (4.41)

t — 2
st 2 ([ G- nar)

— 0o

Thus, it remains to bound the quantity
t — 2
(z20m0 / (t =) Gom(t =, R)r) .

Note that by the expression of @n a change of variable yields

¢ 1
[ e dr_m;[(n >'(<f+k‘> e )M]’

where =,, s means that both sides are equal modulo a multiplicative constant that
depends on m and J, but which is bounded in § as § — 0. Now, for the denominator of
the term inside the square bracket, we have by Lemma 4.5 the bound

el 145 2™ s 2mo L gpiks
(f) (v )™ Flo® 2 B ey

Jj=1 Jj=1 Jj=1

(¢;)2

for any « € (0, 1). Hence, we have

t
g2(m=1) / (t— r)‘SG m(t—rk)dr < g(@m+1+d)a—(3+9) Z H

ﬁ
. L) D
where we have relaxed the sum to all of (Z®)2™. Now, we choose a = 23:—%3—5' which is

smaller than 1 for sufficiently small § only when m > 2. This choice of « yields

1+6>_6m+6

2m

2m+1+8a—B+0) =0, (B-a)(l+ > 3.

2m

Hence, the above sum is finite, and the right hand side of (4.41) has the bound of the
form (4.36) for m > 2 as long as we choose § < k.
For m = 1, the convergence of the second moment of the difference

[ @era (e -fem)e - |

— 00 — 00

t

G(t —r,k) (?(r, k) — 1, k))dr
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can be obtained in a similar way by “borrowing” § powers from the continuity of /T\ in
time. We omit the details. This completes the proof of the first term in (4.40).

(b) Analysis of the second term in (4.40):

By Proposition 4.3 on the variance of the free field, it suffices to show that there
exists a universal constant C; > 0 such that for every A > 0, one has the bound
Co

X)<k>5, m>2. (4.42)

€2m—2

/t (Gt = k) — Gt = 7.0) )

and that the difference

‘/; (@(tr,k)@(tr,()))dr/t (Gt~ r.k) = Gt —7,0))ar

— 00

< (C(A)55 +

has the same upper bound. We give details for the bound (4.42) when m > 2, and the

uniform in € bound for m = 1. The convergence to the limiting quantity (for m = 1) can

be shown in exactly the same way. -

We first compute the integral on the left hand side of (4.42). By definition of G, ,,

in (4.38), we have
22m

Gomlt — 1, k) — Gom(t — 1, 0))

-y [(‘m 1 )(e*<tﬂ~>(<e+k>i+ 2 6)2) _ —en (02 f”m»ﬁ))]

-y (Mg

k+lw—1 j=1

) - 2m1<e»>§+<e>§)}7

where as before we used the abbreviation £ = {1 + ... /{,, with (¢1,...,lsy,) € (Z3)?>™.
Now, integrating out the r variable, and using that by Remark 4.2 we can enlarge the
range of the sums to

AD, = {(zl,...gzm) () > W}} Cand AD. = [(b1,. . ) (6) < 100k))

— 10

respectively, we see the left hand side of (4.42) can be bounded (up to a constant multiple

depending on m) by D( ) + D§ ,)n where

2m

P AZ ( U op) (Gmrsmar  w Z?lﬁmﬂ |
. 2m 1 ‘ 1
D), (k) =2 % <]1:[1 %‘)3) (02 + 37 ()2

We treat Dﬁzﬂn first. By Lemma 4.5, we have

D), (k) 2’“2(H 1)<€(2m“)°‘32(nﬁ)

AR, =l ;) A2, j:1

for « € [0, 1]. For m = 1, we have the uniform bound Dgl)(k) < (k)® by choosing a = 1.

349

For m > 2, we choose a = 5 ,
m—+1

exponent of (¢;) is then

which is smaller than 1 if § is sufficiently small. The

(%@(H%)—&%
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which satisfies the assumption of Lemma 4.6. Hence, we have

REAGREEDY

We now turn to Délr)n We will first treat the case m > 2. A direct computation yields

D) () < 22 1 [+ k)2 = (0)2]
(B 52 AZ [<j_1 <€j>?) (04 k)2 + 3257 (6)2) (02 + 257, (4)2)

. (4.43)

At this stage, we note that it is here that it turns out to be crucial that we do not use 1.5
or any assumption that one might impose on the growth of the derivative of Q. Indeed,
the difference |(¢ + k)2 — (£)2] can then only be controlled by the maximum of these two
if either (¢) or (k) is larger than 1. In this situation, the sum on the right hand side is
critical with respect to € and the dlmensmn, and hence no smallness of € can be obtained
unless the sum for some /; starts far above 1. This is the place where we can only obtain
a qualitative convergence rather than a rate in terms of ¢.

Fix A > 0 as in the statement of the proposition. We decompose the domain of the
sum into

A
AG) = A 0 {16] < = forall jhooand ALY = AD ALY
We denote the sum in (4.43) over ASL’Q by Déln?
distinguish between the case |k| < 1 and |k| > 1.
(1) We first treat the case |k| < % By Assumption (1.3), the first derivative of Q is

locally Lipschitz continuous Hence, for every M > 0, there exists C' = C(M) such
that |Q'(z)] < C(M) - |z for all z € [0, M]. Hence, if |k| < L then on A k), we have

We will first control Dé ). We

{0+ k)2 = (0)2] = ;12|Q(27r6|k + 1)) — Q(2melt))] Sa (k) Sa (077 (R)°

where we used (¢) 2 (k) in Al )k in the last inequality. Note that the proportionality
constant depends on A, but the dependence cannot be quantified since we have no
assumption on the growth of Q’. Hence, plugging it back into the right hand side

243
of (4.43) and using Lemma 4.5 so that Z ()30 > H 1), we get

DD (k) Sa 2 5H(Z )

j=1 |[ ‘<A 2m

The sum in the parentlgesis above (for each j5) is uniformly bounded if m = 1, and is
bounded by (A/e)lf% if m > 2. Hence, for |k| < 1, we have

kY, ifm=1,

D(lvl) k < <
e,m( )NA 66<I€>5, ifm > 2,

(2) We now treat the case |k| > % In that case we use the brutal estimate

2 2
1
|g€n+ k>82 <€>2€‘ 2m 2 § 2m 2 . (444:)
(£ 4+ B2+ 357 (0)2) (02 + 000 (6)2) ™ X0 (¢)2
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Again, using Lemma 4.5 to distribute the two powers to (¢;)’s with % each, we get

oz ] (3 b) s {50
j=1 1€, ‘<A 1<5<k> lfmZQ,
where we used |k| > 1 in the last estimate. This concludes the bound for D(l 1)(k).

We will now analyse the sum in (4.43) over A( ) Note that up to a constant multiple
of 2m, we can instead consider the sum over

A
{(el,...,egm) e (Z3)2™ . |6y] > ;} : (4.45)

where now we also remove the restriction (¢) > < ) . Using (4.44) we see that

[+ k2 — (0 _ 1

({4 R2+ SR (102 + S (6)2) ~ (@) (.40

Hence, we get

2m
iz (% o) ([0S ) <4

ley]>4 j=2 g;ezd V€

where the proportionality constant is independent of € and A, and the above bound is
true for all m > 1. Here we have used the bounds

1 5 1
2w Sn L gns <

lex]>2 ¢;€ez3 lej1<2 16;1>2

<
€1+'7 3+7] ~

1
c 9

where the first inequality in the second term is a consequence of Assumption (1.4). This
concludes the analysis of Délnf )(k) and hence of Dglfn(k) as well.

Analysis of 7/5;(47”“) :

We now give details on the bound for the highest chaos component of 7. ,,,. Note that

——(4m+1) 2 2 ml I~
o o,k mz/ e <> nt)e (O,
b40= :1
ol
where this time we denote
2m—+1

0= Ze and e_ZéJ,

and the sum is taken over the subset of (Z3)¥™+! such that £ + ¢ = k and ¢ ~ (.

The second moment of thiAs quantity equals the sum of all possible contractions
between different instances of 1., which yields a rather complicated expression. However,
as observed in [Hail4, Section 10] and in ((MWX17, Eq.(3.6)]), one can greatly simplify
it by considering non-symmetric functions. In fact, one has the upper bound

2m
E|/\(4m+1)(t, k‘)|2 5 54(m—1) Z |:( H ElTs(t,gj)P)

e i=k Jj=1

2 (4.47)
, 2m—+1 N N
// e_(%_r_’“)(e)s( II E[Tg(r,fj)TE(r/,—@)Ddr’dr] :
(—o0,t)? j=1
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Using Proposition 4.3 and successively integrating out r and r’, we get the bound

2m—+1 2m
——(4m+1) 2 4(m—1) 1 1 1
E[Tm (tE)* Se Sl I ——=) (I == )| . @48
el AUERNS <fj>§+2m+l> <j-1 (£;)2
224

2
where we have used Z?Sf N2 > H?Sfr ! (¢;)2™*" to distribute the %H powers to each

(¢;)e. To control the sum on the right hand side above, we first note that by Lemma 4.5,
we have

3—a ~ l1—a &~ 3—a&

(e Ze ™ ()7, (e (L) 2,

where a,a € [0,1] will be specified later. Plugging it back into the right hand side
of (4.48), we get

(4m+1) 1 <2m+1 1 2m 1 )
Effon "Vt k)7 S e Ratimane ) {2 I ww) ([l = }
e <€> j=1 <€j>3_ Im+1 i=1 <£j>3*0‘
N,

If m > 2 and 0 > 0 is sufficiently small, we can choose «, & € [0,1] such that all of the
following hold:

2m+2)a<6, 2ma<3, (2m+2)a+2ma—6=20. (4.49)

The first two requirements guarantee that the exponents of (/;) and (¢;) satisfy the
hypothesis of Lemma 4.6. Hence, we can apply that lemma to sum up Zj ¢; = ¢ and

> j ¢ = { first, and then use Lemma 4.7 to sum up ¢ and ¢. This yields the bound

——(4m+1) 2 25 1 1 25 1
Ef7em (tE)I"Se Z <<£>8(2m+2)a ’ <[>32ma> Se (k)2=25 > mz2.

L+l=k

12N
This is of the desired form. For m = 1, the convergence can be shown in a similar way,
and we omit the details.

Analysis of a(zjﬂ) for2 <j<2m-—1:
This case can be dealt with a mixture of the methods we used to analyse 7'/5;

@(47"+1). We omit the details.

) and

A Besov spaces, paraproducts and (perturbed) heat kernel esti-
mates

We collect in this appendix some definitions and estimates on Besov spaces and
paraproducts that are used throughout the article. Roughly speaking, these are normed
spaces of functions/distributions characterised in terms of the behaviour of their Fourier
transforms. They enjoy remarkable stability properties under paraproduct operations.

A comprehensive account can be found in the book [BCD11]. Most of the statements
below have also been cleanly stated in [GIP15, CC18, MW17b]. Only minor modifications
are made in statements concerning uniform (in ¢) regularisation properties of the
perturbed heat kernel (9; — £. +1)~! and its difference with the heat kernel (9, — A+1)~1.

A.1 Besov spaces and Bony’s paraproducts

Let Y, x be two C°(R?) functions taking values in [0, 1] such that
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1. supp(X) C B(0, ), and supp(x) C B(0,%) \ B(0,3).

2. X(&) + X5 x(6/27) = 1 forall £ € RY.
We also define ‘
X-1:=X, and yx;:=x(/2') forj>1.

Let T4 = (R/Z)" be the d-dimensional torus. For every function/distribution f on T, its
Fourier transform f : Z¢ — C is defined by

fk) = (a:)e_ka"”da: .

Td

For every integer j > —1 and f on T¢, we define the functions A; f and S, f by

J—1
Ajf=x;f and Sif:=> Aif.

i=—1
For every o € R and f € C*°(T“), we define the Besov norm || - || ga(pa) of f by

| fll B (Tay = sup (29701 s f Il oo () - (A1)
P

The right hand side above is finite for every f € C>(T¢).

Definition A.1. For every a € R, the Besov space B* = B%(T9) is the completion of
C>(T?) functions with respect to the norm || - ||z« given in (A.1).

We write || - | = || - ||~ for simplicity. Note that for « € R* \ N, the Besov norm || - ||
is equivalent to the usual Hélder-a norm C*3. We refer to [BCD11, Page 99] and [GIP15,
Appendix A] for more discussions.

Here, we define the Besov space to be the completion of smooth functions under
the norm B rather than functions/distributions with a finite right hand side of (A.1).
This yields a slightly smaller space, but has the advantage that smooth approximations
converge in the same space. In particular, this definition enables us to show that the
approximated solutions (v., w.) converge in the same space where they are constructed
with help of the fixed point map in Theorem 3.3. The difference between the two
definitions are in complete analogy with the two versions of the Holder space C*:
completion of smooth functions with respect to the C* metric, and functions that fluctuate
locally at order a.

Lemma A.2. For every a > 0, we have the embeddings

[fllo S Nfllzee Sa llflla-

Proof. See [MW17c, Remarks 3.4, 3.5 and 3.6] or [MW17b, Remark A.3] for the first
bound. The second inequality is a direct consequence of the fact that o > 0. O

For f,g € COO(Td), we define the paraproducts <, > and the resonant product o as
F=g= > Aifdjg=> SiafAjg, [frg=g=F,
i<j—1 J

and

fog= Y Aiflyg.

li—jl<1

3That is, the L°°-norm of the first || derivatives plus the Hélder-(a« — |]) norm for the | «]-th derivative.
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The usual pointwise product can then be decomposed into the sum

fo=f<g+f=g+fog,

at least when f and g are sufficiently regular. The following proposition states that the
two paraproducts are always well defined regardless of the regularity of f and g, while
the resonance product requires the sum of the two regularities to be positive.

Proposition A.3. We have the following bounds:

Lf <4l S I flle=llglls:
2. [If = gllats S I fllallglls if B < 0;
3. [I[fodgllat+s S Nfllallglls if o+ B> 0.

The proportionality constants depend on a and 3, but are uniform over f,g in the
respective function classes.

Proposition A.4. Suppose «a, 3,7 € R satisfy o € (0,1), 8+v < 0Oand a+ 8+~ > 0.
Then the commutator Com defined by

Com(fagvh) = (f'<g)oh7f(90h)

satisfies
[Com(f, g, h)lla+s+y S I fllallglisllnlly 5

uniformly over f, g, h € C°(T?).
With the bounds in Propositions A.3 and A.4, the paraproduct and commutator

operations can be continuously extended to functions/distributions in the Besov spaces
whose exponents satisfy the assumptions of these two propositions.

A.2 Bounds for the (perturbed) heat semi-group

We give bounds on the heat semi-group e*4< that are used throughout Section 3. Note
that the assumption 1.5 allows an extra § power of Q to control its derivatives. This
gives a small loss at ¢ = 0 in the regularisation estimates (see the statements below). We
do not know whether this loss could indeed happen, or it is because our bounds are not
sharp.

Lemma A.5. Let Q satisfies Assumption 1.1 (in general dimension d, and all derivatives
up to order N satisfy the last item in that assumption). Then there exists ¢ = ¢(N) such
that for every ¢ > 0, there exists C' = C(J, N) such that

s (o) <ca o )emer’ (A.2)
2%

for all » > 0, u > 0, and every multi-index ¢ € N with |[¢| < N. Here |¢| denotes the sum
of individual components of /.

Proof. By Faa di Bruno’s formula the quantity 9 (e~"%%¢)) is a linear combination of
terms of the form

(ﬁ (lei'@fi Q)(uo)m ) Lo

i=1

where n,...,n,, € Nand ¢1,..., ¢, € N? satisfy

nyll| + -+ nml|lm| = [€] .
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If |u¢| < 1, the assumption on Q near the origin and on the range of ¢ imply

(0% Q) Q)| S (MICH™ (0% Q)(ue)| £ Quc)

M\M
and hence
(TT (1)) ™ ) - 77200 5 (rQ(ug))"e 7209 5 o7 er0e)
i=1

where we set n = Y ;" n;. If [u¢| > 1, then the assumption (1.5) and the range of ¢
considered imply

(0% Q) (0| < (uIKh™ (0% Q)(u)| < 1Que)**?

leil

and hence

(T (1@ @)™ ) - €700 < 1=n3 (rQ(pug)) "1+ er ) g pmemer@uc)

i=1

uniformly over y > 20 and ¢ > %. Since § can be chosen arbitrarily (by adjusting

the proportionality constant), we can replace nd by g. The conclusion then follows by
combining the two bounds and using |Q(z)| 2 |z|? and [(] > 55. O

Lemma A.6. For every v > « and every 6 € (0,1), we have

Yo

e C=Vfl, S 2 (1472 fla - (A.3)

Moreover, for every § € (0,1), we have

=

et Fe=D f — HA=D p|lL < 55 (A.4)

Both proportionality constants depend on «, v and d, but are uniform in e € [0,1],¢ > 0
and f € B“.

Proof. Since the operation of e~*! is multiplication by e~?, it suffices to prove the lemma
with the operator et%<.
Let p be a smooth cutoff function taking value in [0, 1], with support in the annulus

B(0,%)\ B(0, §), and equals 1 on the support of x. Then we have
A1) =2 (8,5) = ) et

(*) has Fourier transform

where ¢;

6(0) = EOpc/ ).
By Young’s inequality, we have
18 (¢ )l < 167 e 18,1l -
It then remains to control ||¢§f} ||z:. Taking the inversion Fourier transform and perform-
ing a change of variable, we get

1612 = / 109 ()| dz
Rd

EJP 27 (2022), paper 112. https://www.imstat.org/ejp
Page 38/43


https://doi.org/10.1214/22-EJP833
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Weak universality of dynamical ®3

where
9,7) (@) = / O p(Qermendc
R

Now, for N > |£| + 1, we have

(14 la*)g15(@)| S sup
zeRd

/Rd(l _AC)N(etfg(zjg)p(o)ezmcxdc‘

il < sup
zeR?
Since p is supported on [¢] € [§, 3], we obtain

||¢)E:€])||L1 5 sup Z ’aé (etLE(QJC))’ .
GlClEld R pjo<en

Recall that £.(¢) = —e~2Q(27£2/¢). Applying Lemma A.5 with r = 4 and p = 27 - 27¢
gives the bound (A.3).
As for the bound (A.4), it suffices to establish control for the quantity

- .9d 4112
||¢t,€j) — il S sup |9 (e =BT el

¢l¢Clels B

for multi-indices ¢ € N? with [¢| < 2N = 2(|4] + 1). If 27 > 20, the argument in
Lemma A.5 already gives the factor £9t=5. For 2¢ < 20, this factor can be obtained by

controlling the difference of the derivatives between Q and | - |?. This completes the
bound (A.4). O

Lemma A.7. For every v > « and 0 € [0, 2], we have

y—a+8

6D = e ED p S (0= 9)hsm TEE Lt s D) (*.5)

Moreover, if § > 0 is sufficiently small such that g + g < 1, then we have
— s — — s(A— 6 _y—at6+s
[(eFemD —esBem ) f— (HATD — B f| St —s)2s™ 7 ||flla - (AB)
All the proportionality constants are independent of € and of t — s > 0.

Proof. We first explain how to obtain (A.5). For simplicity, we again replace £. — 1 by L.
without loss of generality. Similar to Lemma A.6, it suffices to control

Iy — o S sup
C:l¢lel L)

oL (=¥ — es&zjc))‘

= sup |Of (esa@j@ (1- e(f—S)fa(QjC)))‘

Clelels, 5]

[N

A slight modification of the argument in Lemma A.5 allows to extract the factor (¢ — s)
from the second term inside the derivative and gives the bound (A.5).

The bound (A.6) can be obtained by combining (A.4) and (A.5) and using the inequality
a Ab < Vab for every a,b > 0. This completes the proof of the lemma. O

Lemma A.8. For every v € R, every § > 0, every f € BY and every T > 0, we have

sup ((\/g/g)éHet(caﬂ)f _ et(Afl)fH ) + sup Het(ﬁaﬂ)f _ et(Afl)fH 50
t€[0,e2] v te(e?,T) v

ase — 0.
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Proof. By Definition A.1, for every 6 > 0, there exists g with compact spectral support
with ||g — f|ly < 6. By the triangle inequality, we have

e (Ef — KD || < eHE==D (1 — )| + [|e Vg — HA-Vg|| 4 g = i,

The third term on the right hand side above is smaller than 6 by assumption on g.
By Lemma A.6, the first one is also smaller than Cf in both time regimes (with the
corresponding weight for ¢ € [0,¢?%]), and C does not depend on ¢. Finally, since g has
compactly supported Fourier transform, the second term can be made arbitrarily small
(uniformly in ) by sending € — 0. O

Proposition A.9. Leta € (0,1), 8 € R, and v > o+ . Then for every § € (0, 1), we have
the bound

_ _ _n-a-8 _s
e ED(f < g) = F < ("5 Vgl St (1 + ) Fllallglls A7)

uniformly over ¢ € [0,1], t > 0 and f € C*(T9) and g € C?(T9). The case ¢ = 0

corresponds to e!(~1), Furthermore, for every § € [0, 1], we have the bound

Het(ﬁg—l)(f <g) = f < (eMEemDg) — (et(A—l)(f <g) - = (et(A—l)g))

52 y—o—

S e fllallglls
Proof. The first claim (A.7) follows from standard commutator estimate for the heat
kernel (see for example [CC18, Lemmas 2.5 & A.1] and [MW17b, Proposition A.16]) and
the bound in Lemma A.5, except that we need to take one more derivative since we need
to control the L!-norm of 5&57) (x) = z:gbii) (z), and that the support of the function p is a
slightly larger annulus. ‘ ‘

As for the second one, applying both (A.4) (with paraproduct estimate) and (A.7), we
see that the left hand side of (A.8) is bounded by

7 (A.8)

_ y—B+$6 _y—a—p8
(15 =) gl

The conclusion then follows by optimising the above quantity. O

B The standard dynamical ¢; model

B.1 Stochastic objects

In this short section we construct the diagrams alluded to at the beginning of Sec-
tion 4. More precisely, we will give a meaning to the list of symbols

IR S R R/ (B.1)

These are the ones in Table 1 (we did not include the constant 1 here). The first symbol
in this list refers to the solution of the stochastic heat equation, and has been defined
in (2.2). To define the remaining symbols from it we need to invoke a limiting procedure.
More precisely, let . be a mollification of the white noise &, and denote by T. be the
solution of the second equation in (2.2) with £ replaced by £.. Recall that

Ent = [ e,

— 00

We then define

\75 = (%/5)2 — Cgl), #}g = f(?:: - 3021){;); i\gs = #}5 offEa

N (B.2)
&s = I(VE) OVE - Cg), &5 = \?s O{/;E - 3022)19'
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Here the constants cgl) and cg) are defined via

(M :=E[(1.)Y and @ :=E[Z(%.)o%.]. (B.3)

It then follows for instance from [CC18, Theorem 4.3], and [MWX17, Theorem 1.1] that
the processes defined in (B.2) converge in L” in the space C!"!, and the limits of these
processes are precisely those symbols listed in (B.1). Here, refers to the degree of
regularity defined in Table 1.
The Fourier transform of the objects in (B.1) can be explicitly written down. The
expressions are the ones for 7. (in the first line of Table 1) by formally setting £ = 0.
Finally, we also let

T

t
Yt) = / et (A=Dap(r)dy .
This is not part of T € X, but *(0) appears once in the PDE system.

B.2 Solution theory
In this section we briefly recall the solution theory (local well-posedness) for the
standard dynamial ®3 equation. Similar as in Section 3.1, we let

3
Go(A, T u) =Y Fi(A\, T)ul = 3\(u— A7) -
=0

<.

+ 92 [Com(u ST ) 4o [Z, <] (1 — AT ) (B.4)

— (oA UN0)) - (u— W)} :

where the functions F; are defined in (3.4), and the stochastic objects are those in (B.1)
described in the previous subsection, which form components of Y. The following result
is in [MW17b, Theorem 2.1].

Theorem B.1. Recall the definition of the space Vr in (3.9). Consider the fixed point
problem

u(t) = et(Afl)v(O) -3 /t elt=s)(A-1) [(v(r) +w(r) — )\.?(T)) =< V(T)}d’l’ ,

0

w(t) = A=V y(0) — 3 /t pt=r)(A=1) [(67-(A_1)U(0) +w(r)) o V(r)}dT (B.5)
0

t
+/ e(tfr)(Afl)Go()\, Y(r),v(r)+ w(r))dr ,
0

Then for every A € R, and (v(0), w(0)) € B x B", the fixed point problem (B.5) has a
unique solution (v,w) € Y for any 7' > 0. Moreover, the solution to (1.1), which is
defined as the limit of ¢. defined in Theorem 1.1, can be written as ¢ =1 — AV + v + w,
where the initidal data satisfies ¢(0,-) — 1(0,-) € B*.
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