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Discrete approximation to Brownian motion with
varying dimension in unbounded domains
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Abstract

We establish the discrete approximation to Brownian motion with varying dimension
(BMVD in abbreviation) by random walks. The setting is very similar to that in [11],
but here we use a different method allowing us to get rid the restrictions in [11] (or
[3]) that the underlying state space has to be bounded, and that the initial distribution
of the limiting continuous process has to be its invariant distribution. The approach
in this paper is that we first obtain heat kernel upper bounds for the approximating
random walks that are uniform in their mesh sizes, by establishing an isoperimetric
inequality and a Nash-type inequality based on their Dirichlet form characterization.
Using the heat kernel upper bound, we then show the tightness of the approximating
random walks via delicate analysis.
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1 Introduction

Brownian motion on spaces with varying dimension was introduced in [7]. The
state space of such a process looks like a plane with a vertical half line installed on it,
“embedded” in the following space:

R2UR, = {(z1,70,23) €ER®: 2y =0o0r 2y = 23 = 0 and 2; > 0}.

As has been noted in [7], Brownian motion cannot be defined on such a state space in
the usual sense because a two-dimensional Brownian motion does not hit a singleton.
The BMVD in [7] was constructed by “shorting” a closed disc on R? to a singleton, which
in other words, makes the resistance on this closed disc zero, so that the process travels
on the disc at infinite velocity. The resulting Brownian motion hits the shorted disc in
finite time with probability one. Then an infinite half line R is attached to the plane R?
at this “shorted” disc.
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Discrete approximation to BMVD

The state space of BMVD can be rigorously defined as follows: Fix 0 < ¢ < 1/64 and
denote by B. the closed disk on R? centered at (0,0) with radius . Let D, := R?\ B..
By identifying B. with a singleton denoted by a*, we introduce a topological space
E := D. U {a*} UR,, with the origin of R, identified with a* and a neighborhood of
a* defined as {a*} U (V, NR;) U (Vo N D) for some neighborhood V; of 0 in R! and
V> of B, in R2. Let m be the measure on E whose restriction on R4 or D, is 1- or
2-dimensional Lebesgue measure, respectively. In particular, we set m({a*}) = 0. Note
that the measure m depends on ¢, the radius of the “hole” B..

Same as in [7], the state space F is equipped with the geodesic distance p. Namely,
for z,y € E, p(x,y) is the shortest path distance (induced from the Euclidean space) in £
between z and y. For notation simplicity, we write |z|, for p(z,a*). We use | - | to denote
the usual Euclidean norm. For example, for =,y € D, |z — y| is the Euclidean distance
between x and y in R2. Note that for = € D,, — €. Clearly,

x|, = |z
p(z,y) = |z —y[ A (||, + |yl,) forz,y e D, (1.1)

and p(z,y) = |z| + |y| — e when z € R, and y € D, or vice versa. Here and in the rest of
this paper, for a,b € R, a A b := min{a, b}.

The following definition for BMVD can be found in [7, Definition 1.1].
Definition 1.1 (Brownian motion with varying dimension). An m-symmetric diffusion
process satisfying the following properties is called Brownian motion with varying
dimension.

(i) its part process in R or D, has the same law as standard Brownian motion in R or
Ds}

(ii) it admits no killings on a*;

It follows from the definition that BMVD spends zero amount of time under Lebesgue
measure (i.e. zero sojourn time) at a*. The following theorem gives the Dirichlet form
characterization of BMVD.

Theorem 1.2 ([7]). For every ¢ > 0, BMVD on E with parameter ¢ exists and is unique.
Its associated Dirichlet form (£, D(€)) on L?(E;m) is given by

DE) = {f:flp. € W"(D.), flr, € WH*(R4), and f(z) = f(0) g.e. on 9D, },
&0 = 1) V@ Vet [ @i

Furthermore, such a BMVD is a Feller process with strong Feller property.

Remark 1.3. For the computation convenience in this paper, we let BMVD in Theo-
rem 1.2 corresponds to the BMVD defined in [7, Theorem 2.2] with parameters (¢,p = 1)
but running on D, at a speed 1/2.

It is well-known that Brownian motion on Euclidean spaces is the scaling limit of
simple random walks on square lattices. In [3], it was shown that reflected Brownian
motion in bounded domains can be approximated by simple random walks. Roughly
speaking, the method in [3] consists of two steps: The first step is to prove the tightness
of the laws of the random walks by verifying the tightness of the martingale parts of
the random walks through the analysis of their quadratic variations and then applying
the Lyons-Zheng decomposition. The second step is to show the uniqueness of the
subsequential limits of the laws of the random walks by characterizing the limits as
the solution to the martingale problem for the infinitesimal generator of the continuous
process. Utilizing the same method, it was proved in [11] that BMVD killed upon exiting
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a bounded domain can be approximated weakly by simple random walks in lattices with
varying dimension. However, the method used in both [3] and [11] has the limitation
that it only works on bounded domains, and that the initial distribution has to be the
invariant measure of the continuous limiting process. In this paper, we use a different
approach to get rid of the constrain that the approximation can only be established on
bounded domains with initial distribution having to be the invariant measure.

Same as in [11], we use a sequence of approximating random walks indexed by £ > 1
on lattices with with mesh-size 27%. Notice that in [11], these approximating random
walks can be characterized in terms of Dirichlet forms. Therefore carefully applying the
combination of Nash-type inequality and Davies method provides some heat kernel upper
bound that is “uniform in k£” for the entire family of random walks. Intuitively speaking,
this gives some level of “equi-continuity” for the transition densities of this family random
walks. From there. the C-tightness of the random walks can be established via some
delicate analysis. As a result, we show that starting from the darning point a*, BMVD
on F can be weakly approximated by a family of random walks with varying dimension
starting from the respective darning point in each of their state spaces. We note that
although in this paper, the approximation is only established for BMVD starting from
the darning point ¢*, with similar computation one can show the same approximation
results for BMVD starting from any single point.

The rigorous description of the state spaces of random walks with varying dimension
has been given in [11]. Here we repeat it for completion. For k € I, let D¥ := D_n27%7Z2.
We identify vertices of 27*7? that are contained in the closed disc B; as a singleton a}.
Let E* :=27%7, U {a}} U D¥, where Z, = {1,2,...}.

Recall that in general, a graph G can be written as “G = {G,,G.}”, where G, is
its collection of vertices, and G, is its connection of edges. Given any two vertices
in a,b € G, if there is unoriented edge with endpoints a and b, we say a and b are
adjacent to each other in G, written “a <+ b in G”. One can always assume that given
two vertices a, b on a graph, there is at most one such unoriented edge connecting these
two points (otherwise edges with same endpoints can be removed and replaced with
one single edge). This unoriented edge is denoted by e, or ey, (€4 and ey, are viewed
as the same elelment in G.). In this paper, for notational convenience, we denote by
Go = {27%72 V,}, where ), is the collection of the edges of 27%Z2. Also we denote
by G; := {27%Z, U {0}, V,} the 1-dimensional lattice over 27%Z, U {0}, where V; is the
collection of edges of Z*kZ}r U {0}. Here we emphasize that G;, V;, i = 1,2, all refer to
the usual 1- or 2-dimensional Euclidean spaces (without darning). We prepare these
notations in order to introduce the graph structures on the space with darning in the
next paragraph.

Now we introduce the graph structure on E*. Let G¥ = {G% G*} be a graph where
G* = E* is the collection of vertices and G* is the collection of unoriented edges over
E* defined as follows:

Gf ={egy : T, Y € Df, there exists an e, € Vs, such that e, N B, = 0}
Ufegy : 3o,y € 2772, U0}, |z —y| = 27F, sy € W1}
U{emi tx € Df, there exists an e, € V, such that e,, N B, # 0}, (1.2)

where e, € V; is the line segment (in the usual R? without darning) connecting x and y,
including the two endpoints. In view of (1.2), any = € Df is said to be adjacent to aj, in
G" if and only if when being viewed as an element in 27%72, at least one of the following
two conditions holds for z:

(i) There exists at least one (at most two) y € B satisfying y <+ z in 27%72;

(ii) There exists y € D! satisfying y <> x in 2772 with e,, N B, # 0, where e,, € V»
is a line segment in R2.
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Note that for z € Df, T 4> ay in G*, the Euclidean distance between z and B, must
be up to 27%. Tt follows that G¥ = {G* G*} is a connected graph. We emphasize that
given any x € G, z # ay, there is at most one element in G* with endpoints x and ay.
Denote by v, (z) = #{e,, € G¥}, i.e., the number of vertices in G¥ adjacent to z. E* is
equipped with the following underlying reference measure:

272]@

1 vg (), T € Df;
2—k
mk(.’E) = Tvk($)7 T e 2_kZ+; (13)
2716 272]{7
TJr y (vi(z) = 1), x = aj.

Next we define the random walks that will be shown to approximate the BMVD. Consider
the following Dirichlet form on L?(E¥, my,):

D(EX) = L*(E*, my,)
1 2
8

EX(f ) > (f(ff)—f(’y))2+Z > (f@) = f)*, (1.4
enyt ey €GF, eny ery EGF,
z,yeDFU{a}} z,y€2 " Z U{a}}

where €7, is an oriented edge from z to y. In other words, given any pair of adjacent
vertices r,y € G¥, the edge with endpoints z and y is represented twice in the sum: oy
and ¢,. One can verify that (£¥, D(€¥)) on L*(E*,m;) is a regular symmetric Dirichlet
form. We denote the symmetric strong Markov process associated with (€%, D(€¥)) by
X*. The explicit distribution of X* is presented in Proposition 2.2. In this paper, for
every fixed 0 < € < 1/64, we select and then fix some kg € IN only depending on ¢ such
that

27% < /4 forall k > k. (1.5)

Our main result is the following theorem.

Theorem 1.4. For every T > 0, the laws of {X* P%},-, are tight in the space
D([0,T), E, p) equipped with Skorokhod topology. Furthermore, as k& — oo, (X%, P%)
converges weakly to BMVD with parameter ¢ starting from a*.

Remark 1.5. In the statement of Theorem 1.4, for every k& € N, a; can be identified with
a* when being viewed as an element in F.

The rest of this paper is organized as follows: For Section 2, we first give a brief
introduction to continuous-time reversible pure jump proceses and their corresponding
symmetric Dirichlet forms in §2.1. Then in §2.2 we present some basics about the
approximating random walks {X* k > 1}, including their explicit transition probabilities.
These results were obtained in [11]. In §2.3, we review the results on isoperimetric
inequalities for weighted graphs summarized from [1]. In Section 3, we first establish a
Nash-type inequality for {X* k£ > 1}. From there using Davies method we obtain some
heat kernel upper bounds for this family of random walks. The tightness of {X*, k > 1} is
shown in Section 4, which is done with some very delicate analysis based upon the heat
kernel upper bounds. Finally, the weak approximation result is completed in Section 5,
by identifying the limit of {X*, k > 1} as the unique solution to the martingale problem
for the infinitesimal generator of BMVD, i.e., the generator associated with the Dirichlet
form (£,D(£)) in Theorem 1.2.

In this paper we follow the convention that in the statements of the theorems or
propositions C, C, - - - denote positive constants, whereas in their proofs c, ¢y, - - - denote
positive constants whose exact value is unimportant and may change from line to line.
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2 Preliminaries

2.1 Continuous-time reversible pure jump processes and symmetric Dirichlet
forms

In this section, we give a brief background on continuous-time reversible pure jump
processes and symmetric Dirichlet forms. The results in this section can be found in [5,
§2.2.11.

Suppose E is a locally compact separable metric space and {Q(z,dy)} is a probability
kernel on (E, B(E)) with Q(z,{z}) = 0 for every z € E. Given a constant A\ > 0, we
can construct a pure jump Markov process X as follows: Starting from zg € E, X
remains at z( for an exponentially distributed holding time 7} with parameter A(z¢) (i.e.,
E[Ty] = 1/A(x0)), then it jumps to some z; € E according to distribution Q(zg,dy); it
remains at x; for another exponentially distributed holding time 75 also with parameter
A(z1) before jumping to x5 according to distribution Q(x1,dy). T» is independent of 7;. X
then continues. The probability kernel Q(z, dy) is called the road map of X, and the A(z)
is its speed function. If there is a o-finite measure mg on E with supp [mg] = E such that

mo is called a symmetrizing measure of the road map (). Another way to view (2.1) is
that, Q(x,dy) is the one-step transition “probability” distribution, so its density with
respect to the symmetrizing measure Q(x,dy)/mq(dy) must be symmetric in = and y, i.e.,

Q(r,dy)  Qy,dz)

mo(dy) mo(dx) .
The following theorem is a restatement of [5, Theorem 2.2.2].

Theorem 2.1 ([5]). Given a speed function A\ > 0. Suppose (2.1) holds, then the
reversible pure jump process X described above can be characterized by the fol-
lowing Dirichlet form (&,F) on L?(E,m) where the underlying reference measure is
m(dz) = A(x) " tmq(dz) and

§ = L*(E, m(x)),

1 (2.2)
o) =5 /E (@) = F0))(9(a) ~ 90) QL dy) ().

2

2.2 Continuous-time random walks on lattices with varying dimension

The following proposition follows from the exact same argument for [11, Proposition
2.2], which describes the behavior of X* in the unbounded space with varying dimension
Ek,

Proposition 2.2. For every k = 1,2, ..., X* has constant speed function \; = 22* and
road map
Te(w,dy) = Y jel@,2)d(dy),
2€E*, z<3x in GF
where
(1)
, 1 : ky o—k ik
Jr(z,y) = , fzeDU2™"Z,,yxinCG (2.3)
v ()
(i)
1
, € D¥, y < 2 in G*;
o Uk(a2)+2k+171 Y e Y Tl
J(a’kvy) = 2k+1 (24)
, ye2 %72,y xin G
velap) + 26— 10 Y el
EJP 27 (2022), paper 99. https://www.imstat.org/ejp
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The next proposition is essentially contained in the proof of [11, Proposition 2.1].
Proposition 2.3. For any fixed 0 < € < 1/64 and all k > kg, where kj is specified in (1.5),

my(a}) <278 (2.5)
Proof. It has been shown in the proof of [11, Proposition 2.1] that forall k =1,2,...,
vp(a}) < 56e - 2F 4 28. (2.6)

It thus follows from (1.5) that for k& > kg,

2=k g2 k 27k 2 k k
mi(ai) < <=+ = (56¢ - 2 +28):T+14e-2_ +7.27%.27
o~k Te 1 63
<2 4 14e-27hp Sk (24 T ok o0k, O
=5 + 14e + 1 < (2 + 1 ) <

2.3 Isoperimetric inequalities for weighted graphs

Before we establish Nash-type inequality for X*, we give a summary on the isoperi-
metric inequalities for weighted graphs. Most of the results in this section can be found
in [1]. In the following, I' is a locally finite connected graph, and the collection of vertices
of I' is denoted by V. If two vertices z,y € V are adjacent to each other, then the the
unoriented edge connecting = and y is assigned a unique weight yi,, > 0. Set p;, = 0 if
z and y are not adjacent in I'. Denote by p := {4, : z,y connected in I'} the assignment
of the weights on all the unoriented edges. (I', ) is called a locally finite connected
weighted graph. We equip the weighted graph with (T, 1) following measure v on V:

v(z):= Z Py, T € V. 2.7)

yeViyszin T

Given two sets of vertices A, B in V, we define

pr(A,B) =" fiay. (2.8)

r€AyeB

The following definition of isoperimetric inequality is taken from [1, Definition 3.1].

Definition 2.4.For o € [l,00), we say that a weighted graph (T,pu)
satisfies a-isoperimetric inequality (/) if there exists Cy > 0 such that

pr(A, V\A)

V(A)lil/a > Cy, for every finite non-empty A C V. (2.9)

Proposition 2.5 ([1]). Let (I', 1) be a locally finite connected weighted graph satisfying
a-isoperimetric inequality with constant Cj. Let v be the measure defined in (2.7). Then
(T, ) satisfies the following Nash-type inequality:

]. (6% — (e}
30 O (@ fW) pay =4 PGS e L) NI )

zeV yeV, yx

Proof. This can be seen combining [1, Theorem 3.7, Lemma 3.9, Theorem 3.14] and the
proofs therein. O

The next proposition follows immediately from [1, Theorem 3.26], which states the
isoperimetric inequality on 27%Z2. As a notation in [1], given a weighted graph (T, u)
with collection of vertices V. We denote the counting measure times 2-2* on 27%Z2 by
u,(f), which can be viewed as the measure “v” in (2.7) corresponding to weighted 2-k72

with all edges weighing 272% /4.
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Proposition 2.6 ([1]). Let k£ € IN. Let all edges of 2-%72 be assigned with a weight of
22k /4. There exists a constant C; > 0 independent of k such that for any finite subset A
of 27572,

po-nz2(A,27FZ2\A) > Cy - 278 (4)1/2 (2.10)

3 Nash-type inequality and equicontinuity for random walks on
lattices with varying dimension
In the following, for every k € IN, we view 27*Z_ U {a}} as a subgraph of G*. Let

all the edges in the 27*Z U {a}} be assigned with a weight 27%/2. Then we define a
measure on 2-%7 U {a}}:

27k :

V,il)(x) = T#{y €27z, U{a}}:y o 2in 2772, U{a}}}, Vze27%Z,U{a}}. (3.1)
Similarly, let all the edges in the connected graph D* U {a}.} be assigned with a weight
of 272k /4. Then we define a measure on D* U {a}}:
2—2k’

4

“H#{yeD.U{a}}:y < xin D.U{a}}}, Vo e DFU{a}}. (3.2)

The next lemma establishes the isoperimetric inequalities in the form of (2.9) on D*U{a;}
and 27*Z, U {a}} respectively, which gives us the two Nash-type inequalities on these
two subspaces separately. Then in Proposition 3.2, we “add up” the two Nash-type
inequalities on these two subspaces to get the desired Nash-type inequality for the entire
state space EF.

Lemma 3.1. Let D* U{a}} and 27*Z U{a}} be equipped with the weights and measure
described in the preceding paragraph. There exists a constant C; > 0 independent of k
such that for all £ > k; (see (1.5) for the definition of k),

Hprogar) (A, (DE U {ai})\A)

> —k 3 k * X
VIEZ)(A)I/Q > 27%C,, for any finite set A C (D7 U {a}}), (3.3)

and

Ho-+7, Ufaz} (A, (27%7Z, U{a;})\A) > 27%C,, for any finite set A C (27%Z, U {a}}).
(3.4)

Proof. (3.4) is clear. In the following we prove (3.3). We divide it into two cases
depending on whether aj, € A or not. For the remainder of this proof, we denote by

BF =27%7? N B..

Case (i). a} ¢ A. In view of the definitions of V, and (1.2), as well the paragraph of
explanation following it,

K. U{ar} (A, (DE U{az})\A)
272]{
= 1 Z#{yeDf\A:EeweVg such that exyﬁBe—(/)}
TEA
—2k

4

2—2k’

- 4 Z#{yEDg\AzﬂewaVg such that ewymBgza)}
z€A

#{re Az e al}
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1 272](}
+ 2-§~ 1 #{x e Az al}
272]{5
= 1 Z#{yGDf\A:Hexerg suchthatexyﬂBgz(D}
€A
1 —2k
t 372 #{z € A:3y e BF such that z +» y in 27772}
1 2—2k
+ SR #{meA: ﬂyEDf such that e, € Vs but ez, N Be ;A[Z)}
272]{}
> 1 Z#{yeD?\A:HezyGVQ such that emyﬂBE—Qj}
z€A
1 2—2k
+ 17 > #{y € B! such that x ¢+ y in 27%22}
z€A
1 272
+ 11 Z#{yeDf:HezyEVQbutexyﬂBE#@}
z€A
1 272k k
> 11 Z#{yEDE\A:HerEVQ}
€A
272k 1
+ -Z#{yer:nyin2_kZ2}
4 4 z€A
1 272k
= 7 Z#{yEQ_kZ2\A:y<—>xin 2_kZ2}
4 4 z€A
= EMHZZ(A 27k72\ A)
2.0 % L2k @D ()12 > % LRy D (A2, 3.5)

where the first inequality results from the explanation following (1.2), and the second
inequality is due to the fact for every = € A, there are at most two y € B* adjacent to
it in 27%72, as well as at most two y € D! such that e,, € V, but e,, N B. # 0. The
last inequality above is due to the fact that for A C D¥, ,u,(f) (A) > z/,(f)(A) in view of the
definitions for both.

Case (ii). a} € A. Similar to the argument for Case (i), noting that (D* U {a}})\A =
D\ A in this case, we have

pp.ufai (A, (D U{ap})\A)

272]@
= 1 > #{m € A\{a}}:z & yin DF u{a;}}
yeDF\A
—2k
+ 1 #{yeDf\A:yHaz ianU{aZ}}
272k
= 1 Z #{meA\{aZ}:xHyin DfU{aZ}}
yEDE\A
1 272]{‘
+ 2'§~ 1 #{yGDf\A:yHaZianU{aZ}}
2—2k
> > #{xeA\{aZ}:Hewy € V), such that e,, N B. :@}
yeDE\ A
EJP 27 (2022), paper 99. https://www.imstat.org/ejp
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1 —2k

+ 2.4#@GDQAzaxem@mhmmxeym2kﬁ}
1 —2k i i

+ 5 "1 #:y € DX\A: Jz € DZ such that e,y € Vo, but e,y N B. =0
9—2k

> > #{a: € A\{a}} : 3 e,y € Vs such that e,y N B. = w}

yEDE\ A

1 272k o
+ 15 > #{xersuchthatxHymZ kZQ}

yeDk\A
1 2
+ 1 Z #{xEDk such that 3 e,y € V3, but e;, N Be —(Z)}
UED"\A
1 2 krp2
> i #Sx € A\{a;} such that z <> y € 27°Z
yED’C\A
1 2 k kry2
+ - x € Bl such thatz <» yin 27°Z
yeDk\A
1 2 k krp2
= = € (A\{az})UB; :z <> yin27"Z
yGD’“\A
1 N _
> 1#2—k=z?((A\{@k}) U B, 27k72\ 4)
210 5
> S (Aap) v B
w3 O 2=\ ¢
> St ( v ((A\{ai}) +mi(af) - 2) > oA ee)

where the first inequality results from the explanation following (1.2), and the second
inequality is due to the fact for every y € D¥\ A, there are at most two z € B* adjacent

to it in 27%Z2, as well as at most two = € D¥ such that e,, € Vs but e,, N B. # 0.

(2)

The second last inequality follows from the definition of mu,;’ as well as the fact that

my(ay) — %5 equals the number of edges in D* U {a}} with an endpoint a}. The last
inequality above is due to the fact that for A C D¥, ,u,(C )(A) > u,(f)(A), as well as the fact
that u,(f)(ak) =my(aj) — % O

Proposition 3.2. For every k € IN, let (PF);>0 be the transition semigroup of X* with
respect to my. There exists a constant C3 > 0 independent of k such that for all £ > kg,

1 1
||Ptk||14>oo < 03 <t + \/i) s Vt € (O, +OO] (37)

Proof. We still consider the weighted graph 27%Z, U {a}} with all edges having equal
weight 27%/2, and all edges of the weighted graph D¥ U {a}} have an equal weight of
2-2k /4. Also for now, we let the measures on 2-%Z, U {a}} and D¥ U {a;} be v\" and
1/,(C ), respectively. Lemma 3.1 says that the weighted graph 27*Z_ U {a}.} described
above satisfies isoperimetric inequality /; with constant 27*C5, and the weighted graph

DF U {a}} described above satisfies isoperimetric inequality /> also with constant 27*Cs,
for all k > kq. Therefore, by Proposition 2.5, it holds for all f € L! (2—"’Z+ U{a;}, z/,il)) N
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12 (277 U {az}, ) that

—k
=y > U@ - )

z€2-%7,U{0} ye2~*7Z, U{0},
YT

—do—2k 2 6 —4
2 472 OQHfHL?(zf’CZJrU{aZ},V;il)) Hf||L1(2”””Z+U{aZ},V;(:)).

Similarly, also by Proposition 2.5, for all f € L' (D§ U{ar}, u,(f)) N L2 (D§ U{az}, y,?)),

2721{‘

— > Y (@i

zeDFU{a}} yeDgg{a;},
Yy xT

—46-2k 2| £114 -2
> 4772 C2 Hf||L2 (D’;U{a;}, V,(f)) . Hf”Ll (D’;U{az}v V}(f))'
The above two inequalities can be rewritten as
1/3
ok 2 4/3
T Yo G@—rw)* | A1 (-4 g oY)

x€2-*ZyU{a}} ye2 77, U{a}},
YT

—4/3~2/3 2
> 4743¢] IIfHLz(Q,,CZMaZ}’US)) (3.8)
and
1/2
2
> X U@=FO) | I (progary, )
zeDkU{a}} yeDFU{a}},
YT
-2 2
> 4 CQ”fHLz (D’;U{a;;}, V}gz))- (3.9)
Notice that any f € L'(E*, my;) N L2(E*,my), it holds that
P(E* my) — - ay ‘U{a} ’ =12
Hf”L (Ek7 k) Hf|2 kU{ k} LP<27’€U{L‘LZ}7V£"1)) + H.f|DéU{ k} LP(DSU{(IZ},V}CZ)) p

For notational convenience, for f € L'(E*, my) N L?(E*, my,), we set f := fla-kUgary and
fa := flprufa;}- Adding up (3.9) and (3.8) yields that for all f € L'(E*, my) N L*(E*, my,),

(4742C37° N 72C0) 113

M)

1/3

k
S Y @-A@P | 1A

! 2_kZ+U{O}) N](cl)
z€27*2, U{0} ye27*7 U{0}, ( )
YT

IN

1/2

+ Z Z (f2(:c)*f2(3J))2 ! Hf2||L1(D§U{a’;;},y£2)>

zeDFU{a;} ye D*U{a}},
YT

4/3

< EME D PN ey + EFCE 2Nl (25 i (3.10)
The desired conclusion thus follows by selecting 4 = 1 and v = 2 in [4, Corollary
2.12]. O
EJP 27 (2022), paper 99. https://www.imstat.org/ejp
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With the Nash-type inequality established above, next we use Davies method to get a
heat kernel upper bound for (£¥, D(£¥)) that can be viewed as “equicontinuity” of the
heat kernels of {X’“, k > 1} in k. For this purpose, we first rewrite (1.4) as follows:

D(E") = LA(E*,my)
22k:

ENL ) = K Z Z (f(y) — £(x))* mi(z) + Ve Z Z (f(y) — f(z))* my(z)
zeDk Yy z€2 K7L Yo
22k 9 2—2k 22k 5 2—k
T3 Z (f(y) — flag)) T Z (f(y) = flax)) R
y<ray, yray,
yeDk ye2—*z,
(3.11)
Now for every k € IN, we define a metric di(-,-) on E* as follows:
di(z,y) = 27% x number of edges along the shortest (geodesic) path between z and
y in G¥. (3.12)

In the next proposition as well as the corollary following it, we establish an heat
kernel upper bound estimate for X* using Davies’s method. In the remainder of this
paper, for every k € IN, we denote by pi (¢, z,y) the transition density function of (P});>¢
with respect to my.

Proposition 3.3. There exist C; > 0 independent of k, such that for any k& > k; fixed
in (1.5) and any oy, < 2871,

1 1
pi(t,x,y) < Cy (t \ \/£> exp (—akdk(x,y) + 2toz%) , 0<t<oo,xz,ye EF.  (3.13)

Proof. We prove this result using [4, Corollary 3.28]. Towards this, for each k, we
set F¥ := {h+ ¢ : h € D(¥), h bounded, and ¢ € R'}. It is known that the regular
symmetric Dirichlet form (£%, D(€¥)) can be written in terms of an energy measure I'*
as follows:

Ek(u,u):/ *(u,u), ue F"
Ek

where I'* is a positive semidefinite symmetric bilinear form on F* with values being
signed Radon measures on E*, which is also called the energy measure. Now we define
FE as a subset of 1) € F* satisfying the following conditions:

(i) Both e~ 2¥T*(e¥, e¥) and e?YT*(e~¥,e~¥) as measures are absolutely continuous with
respect to my, on E¥.

(ii) Furthermore,

de?¥ Tk(e¥, e ¥
dmk

() = (‘ )Hm>1/2 <oo.  (3.14)

de=2¥ Tk(e¥, e¥) H ’
V
dmk 00

We have fixed a constant o, < 2~ and thus denote by
Yo (T) = ag - (dg(z,a;) An), foreveryn e NN. (3.15)

In order to apply [4, Corollary 3.28], we first check that for every n, ¢, € ]?fo Notice
that 1y, is a constant outside of a bounded domain of E*, therefore it is in F*. Now we

EJP 27 (2022), paper 99. https://www.imstat.org/ejp
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compute e 2¥kn[k(e¥rn e¥kn) as a measure. Noting that ¢y ,,(a}) = 0, we first rewrite
the expression of £¥ in (1.4) as follows: for fe ]-'fo,

/ TR (S, f) = E5(f. f)
Ek

k
= Y U@-rePrr Y (@ fw)

6;y: 6“”?/€G§’ e;y: 3my€G§7
z,yeD*U{a}} z,ye2 *Zu{a}}
22k 2 22k‘ )
> > U mi(e) + - Y Y ()~ (@) mila)
zeDFNA YT z€2-FZiNAYST
92k , 272k 92k , 2k
tlgeny | 5 2 (O = F@D) =+ X (W) - f@)’ 5 | B.16)
yraj, yray
yeD¥ ye2 7z,
On account of (3.16), given any subset A C E*, we have

e*ka,an(edjk,n , ewk,n)(A)

2% ~2 () Ven®) _ in(@)
- 5 Z ek Z (e W) gWhom ) my(x)

zeDENA YT

22k 2

+ Y ey (ewk,nw)_ewk.n(m))) ()
4 z€2-kFZ i NA Yz
22k 2 2—2k 22k 2 2—k
+ Lgen | Z (ewk,n@) _ 1) T Z (ewk,nw) _ 1) —
y<ray yray,
yeDk ye2~kz,

In view of the definition of m;, in (1.3), we further have
_ka,n I‘k (e/‘/)k,n , e¢k,'rL ) (A)

8 Z Z ( o (di(y,ap)An—dg (z,ap)An) _ 1)

zeDENA YT

k
+ QZ Z Z ( o (di(y,ap)An—dg (z,ap)An) _ 1)2

€2~ RZNA YT

2

\ —

1 . 2 9k . 2
+1{a;;eA} 3 Z (eak(dk(y7ak)/\n) _1) _|_§ Z (eak(dk(y,aan)_1> . (3.17)

yerag yerag
yeDk ye2~kz,
From the above it is clear that e~ 2¥s»T*(e¥kn e¥kn) is absolutely continuous with
respect to my. By similar compution, one can show that so is e2¥+nTF(e=¥kn e~ Vkn),
Thus 9y, ,, satisifies the first condition in the definition of ]?C’fo
Next we verify that 1y, also satisfies the second condition of the definition of ]?(’jo It
is obvious from (1.3) that

2—2k’
1 T e D?;
my(z) = ok (3.18)
—k
EJP 27 (2022), paper 99. https://www.imstat.org/ejp
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Hence combining (3.17) and (3.18) shows that

de=2¥k.n Tk (e'(l)k:,n’ ewk,n)
dmk

‘ (oo}

22k N . . 2
s i (di (y,ap ) An—dy (z,a5)An) _
Siz%é{zz(e e 1>}
Yy
2% (i (y.03) An—di (z,ap)An) _ 1) 2
\/ - ( ap(dE \Y,ay n—ag(x,a, n) __ 1)
max 95> (e
YT
2k ar(du(ainn _ )2 4 2 artdrwai)rin) _ 1) | (319
A EDMN( ) X (e 1) [ 619
y&ray y&ray
yeDk ye2"*z,
By similar computation one can show that
d62wk,n Fk’(e*wk,n’efwk,n)
‘ dmy, ‘oo
2% (de(@ap)An—di(gai)An) _ 1)
- aplar(T,a n—ag(y,a n)
< Ty 2 (e )
YT
2% (de(@ai)An—di(gai)An) _ 1)
vV s ( ag(di(x,a,)An—dg(y,a,)An) _ 1)
max 95> (e
YT
2k —ay (di (y,ap)An) 1 2 22k —ay (d (y,ap)An) 1 2 3.2
A EDMN( M) e 3 (e 1) 320
y<ray, yray,
yeDF ye2~*z,

Combining (3.19) and (3.20) we get

& de—2%k.n Fk(ed)k,n ewk,n) de2¥n.n Fk(efwk,n e*ﬂ}k,n) 1/2
r n) = ’ V ?
() = (| o ] ot )
92k | (2,02 ) An—du (y,a2 ) A 9 1/2
< | max { — (eak & (z,af)An—di (y,af)An| _ 1)
~ \zeDk 2 ;
92k i (a2 An—dp (y,a%)An| 5\ V2
V —_— ( Qg |0k (Z,ap )An—adk(Yy,a )A\n| __ 1)
1/2
k 2%
V 27 Z (eak(dk:(y,aZ)An) . 1)2 + 27 Z (eak(dk(y,aZ)An) B 1)2
16 o 4 o
yeDF ye2—rz,
(3.21)

In the following we claim that all three “(- - - )1/ 2” terms on the right hand side of (3.21)
are bounded by \/iak, where «;, is fixed in the line above (3.15). First of all, we note
thate® — 1 < 2z, for all 0 < « < 1/2. Thus for all k € N,

e — 1 < 20y, for0<az<27F ap <21 (3.22)
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In view of the definition of dy, dj(z,y) < 2% for any x <+ y. Thus for all k > ko > 1,
22 tnmaiymnanatrnl _ V2 LY
- agldk(T,ap )A\Nn—ag(y,a )A\n| __
veps | 2 > (e k ' 1)

YT
2k " «
< ma)i Z (eozk|dk(z,ak)/\nfdk(y,ak)/\n| _ 1)
2 zeD} you
2k
3.22) < - max 2(ap |di(z,a) An —di(y,al) An
(322) < T 3 2 (e tose) An sl o) A
< 20 - 277 < V20 (3.23)
> \/i >

By similar computation one can show that for the second “(---)/2”,
2% i (@,ai) An—di (yai)Anl _ 1) v V2
27 ag|dg (z,ap)An—dg (y,ap)An| _ 1) < V2aq. 3.24
max {5 1; (e < V2ay, (3.24)

Finally, to bound the last “(...)'/2” on the right hand side of (3.21), we have for 0 < ¢ <
1/64 and k > ko that

1/2
k 2k
%6 (esweirnm 1)2 n 27 3 (et 1)2
y(—)a* y(—)af‘i
yEDg yezf’ckZJr
1/2
2k ) 2 22k _k 2
. .9k 4 98) . ( ag(di(y,ap)An) _ 1) s . ( ap2”" 1)
<116 (566 + 8) ﬁi)i e + 1 e
yeDE
7e  7-27k e \2 9% N
S R R i
- 2 4 4
(.5) [ 22k - 2\ /2 ok - (3.22)
- (2 (e =) ) < 5 (e —1) s Ve, (3:25)

where the first inequality above is due to Proposition 2.3. Combining (3.23), (3.24),
and (3.25), we have for k£ > kg,

T* () < V2au. (3.26)
This also shows that v, ,, is indeed in the class ]?OO defined in the second paragraph of
the proof. Finally, to complete using [4, Corollary 3.28], by Proposition 3.2 and the choice

of ¢y, in (3.15), we have that for every x ¢ E* and every n, there exists a constant
Cy4 > 0 only depending through the C'5 given in Proposition 3.2 but not k& that

1 1
pi(t,x,y) <Cy <\/) exp (—ozk (di(z,y) An) + QtOzZ) , for0<t<oo,my-ae. yec Er

toVi
Since all singletons in E* have strictly positive measures, we may drop the “a.e.” in the
inequality above. Finally, the proof is completed by letting n — oc. O
EJP 27 (2022), paper 99. https://www.imstat.org/ejp
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Corollary 3.4. There exist C'5 > 0 independent of k, such that for any £ > k, fixed
in (1.5) and any oy, < 2*~1, it holds for all =,y € E* and all ¢ > 0 that

1 1 2
Cs (= v—)e ®@v/G2)  when dy(z,y) < 16 - 2°¢;
’ (t \/5) #(my) <

pi(t,z,y) < (3.27)

1 1 k
o (L, —2%dy (2,)/2 hen d > 16 - 2"t
5(t \/i)e , when dg(z,y) >

In particular, given any 1" > 0, there exists Cg > 0 such that
pelt,,y) < % (e*dmvﬁ/(?’?” n 6*2’“‘1’6(%@/)/2) ,for all (t,2,y) € (0, T]x E* x E*. (3.28)

Proof. To prove this, in Proposition 3.3, given any k > kg, for any fixed ¢, > 0 and any
pair of g, € E*, we take

di(To,y0) ok
= = A2,
a 161,
Then Proposition 3.3 yields that for all ¢t > 0 and =,y € E¥,
pk(tﬂaxay)
1 1 dr(20,Y0) , ok di(0,50) o1\
<Ci[=v— (GO N o=k ) gy (2, y) + 2t [ LAEOYO) 5 g :
= (to \/t0> P [ ( 16t el y) + 2 | =g

where C} only depends on the C'5 in Proposition 3.2. Taking x = =y and y = yq yields that

pr(to, o, Yo)

1 1 die(20,Y0) . o—k di(20,90) o)
<Cyl—V— — | ———= A2 d , 260 | ————~ A2 .
< Oy (to \/%) exp [ ( 16t k(0,%0) + 2to 16t,

(3.29)
Now we divide our discussion into two cases:

Case 1. di(xo,y0) > 16 - 2%t,. Then for the exponential term on the right hand side
of (3.29) it holds

2
B <dk($0,y0) /\2k) di (0, %0 + 21 <dk(93072/0) /\2k>

16t0 16tO
< —2%dk (w0, yo) + 2t0(2%)?
d
< —2kdy (o, yo) + 2to’€(f+t’oyo) ok
1 ok
< =284y (w0, y0) + 3 2% - di (20, 90) < —?dk(xo,yo) (3.30)

Case 2. dy (o, o) < 16 - 2F,. For this case,

d d 2
_< k(ivo,yo) /\Qk) dk(xo,yo)+2t0< k(ffo,yo) /\2’“)

16t 16t
di;(z0,Y0)? di(20,90) \ di (o, y0)?
< JSRR0I0) g [ ERT0Y0) ) o TR0, H0) 3.31
= 166, o0 16to = 32t, (3.31)

The proof is completed by substituting the power of the exponential term on the right
hand side of (3.29) with (3.30) and (3.31) for the two cases, respectively. O

Remark 3.5. It worths pointing out that we do not expect the heat kernel upper bound
obtained in Corollary 3.4 to be sharp (c.f. [7, Theorem 1.3-1.4]). However, this upper
bound is sufficient for proving the tightness of {X k}k21 using Proposition 4.1.
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4 Tightness of random walks on spaces with varying dimensions

4.1 General fact regarding tightness

In order to use Corollary 3.4 to establish the tightness of {X*};>1, we first record a
proposition in [10, Chapter VI Theorem 3.21], which provides a criterion for tightness for
cadlag processes adapted to our setting. As a standard notation, given a metric d(-, -),
we denote by

wy(x, 0, T) := inf max su d(z(s),z(t)),
d( ) {t1}1gignen lgigns’te[tigiil] ( ( ) ( ))
where II is the collection of all possible partitions of the form 0 =ty <t; < - - <t,_1 <
T <t, with minlgign(ti — ti—l) >@andn > 1.
Proposition 4.1 (Chapter VI, Theorem 3.21 in [10]). Let {Y},P¥},>1 be a a sequence of
cadlag processes on state space E. Given y € E, the laws of {Y},,P¥};>; are tight in the
Skorokhod space D([0,T], E, p) if and only if

(T-i). Forany T' > 0, § > 0, there exist N; € IN and M > 0 such that for all £ > Ny,

PY

sup |Yt"'|p > M] < 4. (4.1)
t€[0,T]

(T-i). For any T > 0, 61,02 > 0, there exist 3 > 0 and N, > 0 such that for all £ > No,

PY [w, (Y*, 65, T) > 61] < 02 (4.2)

In the next two subsections, we establish the tightness of {X,, },,>1 by veritying the
two conditions (T-i) and (T-ii) in Proposition 4.1 using the heat kernel upper bounds in
Corollary 3.4.

4.2 Validation of (T-i) in Proposition 4.1 for {X*;k > 1}
We first prepare the following simple lemma which will be used later in this subsec-
tion.

Lemma 4.2. Given any 7, M > 0, for any sufficiently large k > kg specified in (1.5) such
that 27% < T, it holds for all x € E* that

P* | sup |Xf|p >M
t€[0,T]

<P sup ‘me >M

2 -
te[0,87F] P 2

e Dxﬂ M]

M
+ P [T—S—k <7 <T,|Xf|, < 2]
M}

+ P? {8’“ <t <T-87% X7 < -

where 7 = inf{t > 0: |X[F|, > M}.

Proof. By inclusions of events, we have

P* | sup |X[|,> M
te[0,T]
=P*| sup \XﬂpZM +P* | sup \XﬂpzM, sup |Xf|p<M
te[0,87F] te[8=k,T) te[0,87F]
=P | sup \XﬂpzM
te[0,87F]
EJP 27 (2022), paper 99. https://www.imstat.org/ejp
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M
+P*| sup |X[F|,>M,|XE,>—, sup |X[|,<M
te[8—F,T) 2 te[0,87F]

M
+ P* sup \th|,,2M, |X{ﬁ|p§—, sup |Xﬂp<M
te[8—k,T) 2 t€[0,87F]

+P° [|XT’p> ]\24] + P {s—kgw_

<P*| sup |XF |, > M
te[0,8— k]

M
<P*| sup |X[|,>M|+P* [|XT|p ]
te[0,8 k] 2
M M
+1PI[ <ty <T-87% kpﬁ2}+PI{T—81€§7‘M§T,|X§?|F)§2}
(4.3)

O

In the next few propositions, by verifying the two conditions in Proposition 4.1
respectively, we establish the tightness of the laws of { X}, ]P“Z}kzl.

Proposition 4.3. For any § > 0, any 7" > 0, there exists M; > 0 such that for all k£ > kg
specified in (1.5):

sup PY | sup p (XO,X ) > M| <6 (4.4)
yeEk te[0,8+]

Proof. We denote by T := 0, and
TF =inf{t >TF,: XF#XF}, fori=1,2,...,

i.e., T} is the /'™ holding time of X*, and {7}*},>1 are i.i.d. exponential random variables,
each with mean 27%. We then denote by N} := sup{l > 1: T} < t}. It is clear that N}
follows Poisson distribution with parameter ¢ - 22* Recall that dj(z,y) is the smallest
number of edges that a path with endpoints = and y has multiplied by 27%, which implies
that for any k € N and =,y € E*, di.(z,y) > p(z,y). Therefore, for any y € E¥, given any

. . > 5 1 .
§ > 0, for any M satisfying 7 < %+, it holds that

PY | sup p(XO, )ZM < PY| sup dk(y,X)>M
t€[0,87F] te[0,8—F]
< PY[27FNE, > M|
(NF ~ Poisson(t - 22%)) = 8 2% i w
j=M-2k J:
- = (87F.22k))
(Stirling’s formula) < —_—
> 8=Fkake\’
= ¥ (%)
Pyt M-2
o e j 6/\1
< Y (57) <7 <irt o @y
j=1 16

Proposition 4.4. For any § > 0, any T > 1, there exists Ms > 0 such that for all £ > kg
specified in (1.5):

sup P [dp(X[,a}) > M) < 6.
8—k<t<T

EJP 27 (2022), paper 99. https://www.imstat.org/ejp
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Proof. To prove this, we utilize Proposition 3.4. Given any k > kg fixed in (1.5), any
T>1,anyt € [87% T], and any M > 1,

* dy (af )2 2k ay (af.v)
P% [dk(th,a}';) Z M] S Z % (6 k 3ét! e k2 Y ) mk(dy)
di (y,a*)>M

c dy (af )2 2k dy (afy)
g 71 e Sét —|— e 2 k . Q_k
t

ye2~ 7z
di(y,ap)=2M

c1 [ _drlafw)? _ 2R (e on
+ § t(e BT 4oe > 272k (4.6)
yeDk
di(y,ap)>M

IN

To handle the first term on the right hand side of (4.6), for € E*, we let Nas () =
2k dy (1, ay), i.e., the smallest number of edges a path has connecting z and aj.. Thus for
the first term on the right hand side of (4.6), it holds for M > 1 that

k at .y 1=ng* (U) > .9o—k
Z 26_2 dk(2 EoY) ) 2—k gk Z Co 2 e_i/2
— t e t
ye2 "7y i=2kK[M]
di(y,ap) =M
< Z 2 -2 o—i/4 . p—i/4
i=2%[M]
(tel8™T) < cedben?/0 N i 4.7)
i1=2F[M]

On the right hand side above, it is clear that sup,s,{4*¢=2"/4} < co. Also since
J,- e */*dx < oo, by integral comparison theorem we know that the infinite sum
Zfio e~i/4 converges. There, the right hand side of (4.7) can be made arbitrarily
small as long as M is sufficiently large. In addition, to bound the other term in the line
above (4.6), noticing that there exists some constant ¢(M) > 0 decreasing in M > 1 such
that

1 M2
—e"ow < ¢(M), forallte (0,T], lim ¢(M)=0, (4.8)
t M*too
we have
dy, (at )2 9=k gy at? dy (a¥,)?
Z Cie* bk 27k < Z €12 e~ bk e~ b
t - t
ye2~rz, ye2~kz,
di(y,a3,)2M d(y,a3,)2M
(4.8) dy (af.y)?
< Z ey e(M)-27F. e~ e —
ye2~kz,
di(y,ap)>M
. k * ° _k 77’24719
(i =naz(y) = 2%di(afy) < Y er-e(M) -2 e Tom
i=2k[M]
oo 2F(j+1)-1 -
i“4
< C1 C(M) Z Z 2_ke_ 64t
Jj=IM] =2k
o0 Y
J
< ep-e(M) e~ 84T (4.9)
j=[M]
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In view of (4.8), the right hand side of (4.9) can be made arbitrarily small with sufficiently
large M. Combining the discussion above, we come to the conclusion that for the right
hand side of (4.6), given any 6 > 0, there exists c3 > 0 sufficiently large, such that for all
k > kg and M > cs, it holds that

o )2 K, (aF 4
Z c1 (e_dk(3§ty) +e_2 dk(2 k y)) -Q_k <6 (4.10)

ye2~rz,
di(y,a})>M-2"

To handle the second term on the right hand side of (4.6), we denote by Sf the bound-
ary of the square centered at the origin with four vertices (i27%,i27F), (i27%, —i27%),
(—i27k, —i27k), (=i27%,i27%). S; contains at most 8 points in E*. In addition, by elemen-
tary geomemtry,

{ye B*: di(y,ap) >Myc ) S, fori>[e2]+1. (4.11)
=2k [M\/J%E]
Noticing that for any y € 5;,
de(aj,y) > (i —[2"]) - 27F > 27 — [¢], (4.12)

by selecting M > 16¢, we first have

2R dy (af y)
Z ﬂe—% .47k
t

yeDk
di(y,a)>M
< Z > 7 R e
j:2k{Ni;5] yeS;
= 4*’“ 2k k
@12 < Y 8j - —— exp <2 (G27% e D>
o]
. 2% k 2 k
= c4-2 Z jexp <—4 (j27% - [a])) exp (—4 (j27F - [5]))
s g
[ ok ([M-&-a} _ [E])_ o &
V2 2
< ey 2exp |- 1 Z Jexp {4 (727" — e ])}
[ ok (| M+ T o
o |2 (55 - ) (2
= C4- 2 exp [ — 1 Z Jexp _T
L ] j:2k|:M\/ga}
(M >16g) < ¢4- R e k. (4.13)
=[]
We notice that sup,s; 2¥e¢2"/16 < oo, Y52, je /8 < oo, Therefore, since the right

hand side of (4.13) decreases to zero as M T o0, it can be made arbitrarily small with
sufficiently large M. To finish bounding the second term on the right hand side of (4.6),
we again first note that for any M > 16¢ > 0, there exists ¢(M) | 0 as M 1 +o0o such that

rc+1 _(z-o)?
sup e o
e>M,0<t<T T

< c(M). (4.14)

EJP 27 (2022), paper 99. https://www.imstat.org/ejp
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Hence we have

c dy(ak,y)? c dy (af.v)?
E flei 3§t . 47’C E E flei 3§t . 47k“
t t

yeD? j=2k [L\/gs] y€ES;
di(y,ap)>M

IN

IN
)
R
‘»Jk
| |
o
o
”
T
[ —
—
<
N'|>
w e
SN
~
o
~
)
| I

IN
s}
SR
(]
a7
=
oo
<
»
T
| —
—
.
[\)
=
[
o
~—
V)
| I

oo 2k (u+1)—1

47k . 8j (j2F — [])?
> > ;P [ 32t 1

_[M+te j=2ku
u=[ 2]

IN
AS)

o0
4=k . ok 1 w_o)? (o)
S 8@1 Z —t(u+ )67( 64t) ef( 64t)
w2
(4.14) e )2
< BeeM) Y et (4.15)
w=[ 2]

Again, the right hand side of (4.15) can be made arbitrarily small with sufficiently large
M. This combined with the earlier discussion shows that for any § > 0, there exist ¢5 > 0
sufficiently large, such that for all £ > ky and M > cs,

dy (af.v)? 2R dy (afv)
3 % (e— S ) A7k <, (4.16)

yeDE
di(y,az)>M

Replacing the two terms on the right hand side of (4.6) with the two upper bounds (4.10)
and (4.16) respectively, we have shown that given any § > 0, for all £ > ky and all
M > max{cs,c5},

P [dp(XF,a}) > M| < 26.
This completes the proof. O

The next proposition justifies the first tightness condition (T-i) in Proposition 4.1 for
{ X"}
Proposition 4.5. For any fixed T" > 1, § > 0, there exist k&; € IN and M3 > 0 such that
for all k£ > kq,

P

sup ’Xﬂ >M] < 4.
t€[0,T] L

Proof. We first note Proposition 4.4 implies that: Given T' > 1 fixed, for every § > 0,
there is M5 > 0 such that
P [dy (X}, a}) > M) < 6.

Since p(z,a*) < di(x,a}) for all x € E¥ C E, this further implies that
Pk [|XF|, > M| <6 (4.17)
In view of Lemma 4.2, it suffices that in the following we show that for every 7' > 1 and

every § > 0, there exists an M > 0 and n; € IN such that for all k£ > n;,

EJP 27 (2022), paper 99. https://www.imstat.org/ejp
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(i) P [SUPtE[OVS*k] X7y > M} <4, and P [T -8 s ST |XE], < %} <0
(ii) P [8*’“ <ty <T—87% |XE| < %} <9,

where 7y = inf{t > 0: |X[|, > M}. The first statement of (i) is proved in Proposition 4.3.
In order to claim the second statement of (i), for the M; specified in Proposition 4.3,
when M > 2M; and k > kg, on account of strong Markov property,

x M

. M
< E% P | osup |XFl,< | T-8F<my<M
t€[0,87F] 2
[ M
< sup PY| sup |X[|,<—
wlo>M  |telos*] 2
[ M
< sup PY| sup »p (th,Xé“) > —
wlo>M  |telosH] 2
< sup PY| sup p (X}, X§)>M| <. (4.18)
l,>M | tef0,87H)

This establishes (i). To verify (ii), again by strong Markov property, we have for any

M > 0 that
. M
P [8_’“ <ty ST -8 |X7| < 2}

k

T—-8"
. : M
= / Rk |:IPX§ |:|X§2_S < :| ;TM € d8:|
8—k 2

T8¢ * k M
< / % sup P [Xﬂp < ] ;M € ds
8=k te[8—F,T—8—F] 2
M
< sup PV {|Xf|p < } . (4.19)
lyl,>M 2

te[87k T—87F]

To bound the right hand side of (4.19), we utilize Proposition 3.4. Given any k > kg, for
any y € E* such that |y|, > M and any ¢ € [87%,T — 8],

M
Py |:th|l7 g 2:| = Z pk(tayax)mk<dx)+ Z pk(tayax)mk(dx)+pk(t7yaa2)mk(a2)v
ze27k7 zeD
|z, <% =], <

(4.20)
In the following we give upper bounds to each of the three terms on the right hand
side of (4.20) respectively. We note that for |y|, > M, di(y,x) > p(y,xz) > M/2 when
|z|, < M/2. Also note that #{z : z € 27*Z, |z|, < M/2} < M2*. Therefore, or the first
term on the right hand side of (4.20), by Corollary 3.4 we have

dy, (y,2)? kg, (y,2)
Z pk(tvyax)mk(dl‘) < Z % (6_ kg +€_2 £ )-Q_k

z€27 %z, we2-57,
], < ||, <A
—k
c12 _ M2 _2km
(dk(y,JT) > M/Z) < Z (e 1280 e 4 )
t
ze2= k7,
lol, <%
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—k
ci2 2 k
Qk M - e (67 1A248t + e 2 4M>

<
= ¢
- CltMe—%i + cltMe—%M. (4.21)

To estimate the two terms on the right hand side of (4.21), we note that given M > 0
and T > 1 fixed, there exists some ¢(M) < oo decreasing in M such that

1
sup Dot/ (256) o(M). (4.22)
x>M,0<t<T
Thus for t € [87%, T — 87*],
M -t = WM ot o "L 0 M- (M) MO (4.23)

which can be made arbitrarily small by choosing M sufficiently large. For the second
term on the right hand side of (4.21), noticing that ¢ € [87%, T — 8], we have
ClM 2]‘1\/1 2k M (QkM)S 2k M

< ey M8Fe~ T = e (4.24)

which again, regardless of the value of k > k(, can be made arbitrarily small as long as
M is chosen sufficiently large, regardless of the value of & > kg, in view of the fact that
limy 400 z3e~%/* = (. The discussion above shows that both terms on the right hand
side of (4.21) can be made arbitrarily small with sufficiently large M, i.e., given any
0 > 0, there exists ¢y > 0 such that for all £ > ko and all M > c,,

Z pi(t,y, x)my(dx) < 6. (4.25)
ze27 %7
|17‘p< M
Now we take care of the second term on the right hand side of (4.20). We again denote
by S; the boundary of the square centered at the origin with four vertices (i127%,i27%),
(i27k, —i27F), (—i27%, —i27F), (—i27%,i27%). Similarly, since |y|, > M and |z|, < M/2,
provided that M > 4e, it holds

dy (y,2)2 2k dy (y,2)
Z pr(t,y, x)m(de) < Z %1 (e bl et ).4k

zeDk zeDk
‘mlpg% ‘w‘p<M

c M2 2k pm
E J(Q_Tst-i-e_ 1 ).4—k
t
zeDk
‘$‘0<M

28 ([M/2+4€]+1)

Z Z 14_ ( 1N218f,_|_e_2k4M)

z€S;

IN

IN

2’“([M/2+s]+1)

14~ kg 2 k
(#{z:2z e85} <8j) < Z fj( %&4—6_241\/[)
j=1

(IM/2+¢€]+1) 2% (u4+1)— ko ,

< Z Z 014 87 (6_% Yem 27‘4]%)
j=2ku t

(M/2+€]+1)  _p

S Z 012 8(U+1) (e_%; +e_2’iTM)
u=0 ¢
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(2*19M2 2 ok
G2 M ( & M) . (4.26)

e 128t + e 4
- t

To bound the two terms on the right hand of (4.26) respectively, we first notice that there
exists some constant ¢4 > 0 such that sup,~, ze /1% < ¢,. Thus

271€M2 2
s . e~ 155 < 30027k, (4.27)

which can be made arbitrarily small with sufficiently large k. For the other term on the
right hand side of (4.26), noticing that ¢t > 8%,

c32 kM2 2k m 2k m 2 2k m
%67 T < e3dPFMPemTE <y (QkM) e 4

)

which again can be made arbitrarily small as long as M is sufficiently large, regardless
of the value of k > kg, because lim;_, | - x2e~t/4 5 0. Combining the disccusion above
regarding both terms on the right hand side of (4.26), we see that given any § > 0, there
exists an integer ny > kg and c¢5 > 0, such that for all £ > n; and all M > c;,

> prltz,y)mi(de) < 6. (4.28)

zGD’S
lzl, <%

Finally, for the third term on the right hand side of (4.20), since |y|, > M,

@5 ¢ g, (y,al)? 2R 4y (y,a8) 127k M2 2k
pr(t,y,ap)mi(af) < f(e m e e |t T (e e ),

From here, using the same argument as that for (4.25), it can be shown that given any
6 > 0, there exists there exists ¢g > 0 such that for all £ > kg and all M > cg,

pi(t,y, ap)my(ay) < 0. (4.29)

Combining (4.25), (4.28), and (4.29), in view of (4.20), we have showed that given any
6 >0, for all k£ > n; and all M > max{cs, 5, ¢}, it holds that

M
sup  PY [X,ﬂ,, < } < 36. (4.30)
lylo>M 2

te[8~Fk T—87F]
In view of (4.19), we have verified the condition (ii) stated at the beginning of this proof.
Now that both conditions (i) and (ii) have been verified, the proof is complete. O

4.3 Validation of (T-ii) in Proposition 4.1 for {X*;k > 1}

Before we establish the second tightness condition (T-ii) in Proposition 4.1 for
{X*}r>1, we need the following lemma.
Lemma 4.6. For any T > 0, 61,2 > 0 given, there exist 3 > 0 and ks € IN such that for
all k > ko,

1 .
sup  sup < + 1> P* [p (Xg,Xf) > 6] < do.
2€E te[s—F,55) \03

Proof. The idea of this proof is similar to that of Proposition 4.4. By the definition of d;,
for any 2 € F and any ¢ € [87%, 4],

((513 + 1) P [p (X5, XT) > 61

EJP 27 (2022), paper 99. https://www.imstat.org/ejp
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IN

IN

ye2~* "z,
d(z,y)>01

+ <;+1> > %1

w

yeD"
di(z,y)>01

_|_

(I) + (IT) + (II1).

1
Ldy(z,a2)>6:3(T) - %

(1 + 1) P* [di (X5, X[) > 61]

G T %

g, (2,92 2k dy (z,y)
<€ k32t + e kz ) .2*’C

dy (z, )2 21“’11,(' ,y)
<e_ kSmQty + e k2dE v ) _4—k

z,a% 2
- 1) 071 (e_dk(”‘k) +e T 2

_dek(z,az)

) metai)

(4.31)

Now we need to claim that given any d;, > > 0, there exist §3 > 0 and n; € IN such
that for all £ > nq, all three terms (I)-(III) on the right hand side of (4.31) are smaller
than §,. Towards this purpose, for the first term in (I), we let n(z,y) := dp(z, y)2%, i.e.,
the smallest number of edges between z and y in E*. For k sufficiently large such that
5,2F/4 > 1, noticing that there exists some ¢, > 0 such that

k>1
we have
127k 2k
) s
t

ye2~kz,

di(z,y)>61
(t>87")

(4.32)

IN

IN

IN

<

sup 4k . exp (72%) < co,

ng(x,y)
2

6127’C _
> e
t
ye2~*z,
ng(z,y)>0812"
oo _
012 k _
> e
t

1=[612F]+1

e

oo

g 0141667%67i
7::[5121"’]

(oo}

E Cl4k€71671
i=[2(3%)/4]

o

sup (4kexp (—2%)) Z cle_%

k21 i=[2038)/4]

Ca E cie 1.

i=[2(3k)/4]

(4.32)

(4.33)

For the second term in (I) on the right hand side of (4.31), since there exists some c3 > 0

only depending on §; such that

t>0
we have
c1—k  _dp@w? 012_k Cdp(e? dy(ay)?
E — te 32t < E —e 6it ¢ 64t
2 - t
ye2 Rz, ye2~kz,
di (z,y)>61 di (z,y) 261
c1 5\ - _ngpl@y?ah
S( sup ?le 64f>2 k E cie 64t
—k<t<$: :
8=k <t<ds verrz,

EJP 27 (2022), paper 99.
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s 24—k
((4.34),i = ng(z,y)) <cs3- 9~k Z cie” o7
i=[5,2%]
0o (ut+1)2F—-1 -
< C3 - 27 k Z Z cleflétu
u=[61] i=u2k
b 2
<cg-27F Z (2k-c167ﬁ)
u=[61]
oo u2
(t<d)<es Y e 5, (4.35)
u=[61]

Combining (4.33) and (4.35), we have shown that for any given §; > 0, for all k large
enough such that (2!/4)%§; > 1, there exists ¢, > 0 such that

1 cq dg(z,y)? EELETRCED) Lk
(501) X (e

ye2~kz,
dp(z,y)>61
1 > ;
< o <5+1) Z eTF + Z otss | | (4.36)
3 i=[23K)/4] u=[51]

Now we take care of (II) on the right hand side of (4.31). First of all, we claim that for
any given r € E¥ any j € IN,

#{y € D« di(z,y) < j-27%} <256 (52 +24F). (4.37)

To see (4.37), it suffices to note that for any y,y2 € {y € D¥, dy(z,y) < j27%}, if we
denote by n(y1,y2) the smallest number of edges between y; and y», then it must hold
that ny(y1,92) < 27. Therefore |y; — yo| < 2j27% 4 2¢. Thus the Lebesgue measure of the
set {y € DF : di(z,y) < j27"} is at most 7 (2;27% + 25)2. Since any two points in this
set is at least 2~ Euclidean distance apart, any two discs with Euclidean radius 27%—2
centered at two distinct points in the set {y € DF : di(z,y) < j} must be disjoint. Thus

(2527F 4 2¢)2
T2 2k—4

This verifies (4.37). Now for the first term in (II) on the right hand side of (4.31), it holds
that

#{yeDt: d(a,y)<jrri<t m(2 < 128 (52 + je2k + e24F) < 256 (57 + £24F).

Mg

Z 4™ F _apew?
—e 64t
t

C1 _ dg(=y)7 y)
g —e 64
t

yeD:’ :O yeD?
di(z,y)>61 d1+j<dk(z,y)<d1+j+1
= 4k , w2 k] G1e?
437) <3 o [ (01 +5+ 1)2°)" + 48| e
=0
oo
4=k (3149)2
<D (B g+ 1) 4 e
=0
oo
2 _ (51452
< — (9 64t
< Z 7 ( 1+7+ 1) t
7=0
1 r? Gy
2 _Lo1+J 1
<4ep (61 + 1) Z s o +4cq Z
7=0
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51 = 42 <61+7>
< der(81+ 1) ;e 48 (0141 2y ]7 . (4.38)

7=0
for any 61,2 > 0 given, we first note that
ijz 7(514—.7’)2 < Z
sup —e 64t < sup fe 64t j e 64t
0<t<ss iyt 0<t<6bs
< Z] e -5 (sup 1e 64f>
o t>0 T
o0 ;2
(4.34) < 3y jle T, (4.39)

Replacing the last summation term on the right hand side of (4.38) with (4.39), we get

(=, )2 1

) %e*dk AT ey (i + 1) e 35 4 8c5(8, +1)? § 2 |
yeDF Jj=0

dy (z,y)>01

For the second term in (II) on the right hand side of (4.31), we have

C1 72kdk(ﬂc=y) _
§ —e p .4 k
t

yeD*
dy (z,9)>61

o0

IN

014_k _2kdk(w,y)
> e
t

Jj=0 yeDk
0145 <dk(z,y)<d1+j+1

> 4*’C ok .ok
437) < S [(G 44128 4k e

P
e ok i ok

(t>87k) S Z4C12k (6%4]@ +]24k‘+4k) 67%
7=0
- 2 k 2 ok _ (1+0)2k

< > e (67 +1)8F 4528 e (4.40)

j=0

Finally, for (III) on the right hand side of (4.31), on account of Proposition 2.3, we have
for k > ko and t € [87%, §3] that

1 c _ dp(z,af)? _2kdy (@,af) .
@) (1) B (55 2
3
<1+1>Cl~2_k(_6f+ _2k51>
re e~ 32t e o)
d3 t
1 ok
<53 N 1) (t e m tedfe” 51) : (4.41)

Now combining the discussion for (I)-(III) above, i.e., replacing the right hand side
of (4.31) with the right hand side terms of (4.36), (4.38), (4.40), and (4.41), we have

<51+1> P” [p (X5, X¢') = 1]

3

IN

(Proposition 2.3)

t>87")

IA
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1 = ; N w?
sapr)| X ety e
i=[2(3k)/4] u=[d1]
(1) L (6 +1)216_6% + 8¢5(8 +1)2§: 2t
53 1001 ; 5(01 J

Jj=0

[e'e] ok
+oder Y (824 1)8F 457 8) e T }
j=0

1 62 k
i (5 + 1) (Ctle—s%t +cl4ke—2z‘“> . (4.42)
3

To bound the right hand side of (4.42), notice that for any pair of é;,d, > 0 given, we
may first select §3 > 0 sufficiently small so that

1 i _ ]. C1 7&
— 1) (e Y e | <dy, (—+1) sup —reTT <4y, (4.43)
5 }

d :
) 3 0<t<ds

as well as

1 1 _33 1 L
(63 + 1) 4¢1(6, + 1) sup <teﬁ4t) 4 ((53 + 1) 8cs (0 + 1)* ije 6453 5 < 0.

0<t<ds §j=0
(4.44)
Then with this d3 > 0 fixed, we then choose n; € IN big enough so that for all &£ > n;,

1 e ; 1 2k s,
C4<53+1> S et | <h ((53+1) <cl4kez)<62, (4.45)

i=[2(3%)/4]

and

1 > 1+3)2k
( + 1) deyy (((5% +1)8k 4 52 gk) e ) < 8. (4.46)
d3

=0

Combining (4.42)-(4.46), it has been shown that for any pair 1, d2 > 0 given, there exists
03 > 0 and n; € IN such that for all £ > n;,

(51 + 1) P* [p(X{, XF) > 61] <66y, forallz € E,t € [87% 45,
3

which completes the proof. O

The next proposition justifies the second tightness condition in Proposition 4.1 for
{X* 1.
Proposition 4.7. For any T > 0, 1,05 > 0, there exist 3 > 0 and k3 € IN such that for
all k > ks,
P [w, (X*,85,T) > 1] < 0o, (4.47)

where
wy(z, I3, T) := inf max  sup  p(x(s),z(t)),
{t:} 1 stefts tioa]

where {t;} ranges over all possible partitions of the form 0 =ty <t; < -+ <t,_1 <T <
tn with minlgign(ti — tifl) > (53 and n > 1.
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Proof. Based on Proposition 4.6, we further first claim that given any 7" > 0, §1,02 > 0,
there exist 43 > 0 and n; € IN such that for all k > nq,

sup sup P?[p (X5, XF) > 61] < 6o. (4.48)
zEFE t€[0,53]

In view of Proposition 4.6, it suffices to show that given any 7' > 0, 41,2 > 0, there exists
n1 € IN such that for all £k > nq,

sup sup P* [p (X(]f,th) > 51] < ds. (4.49)
z€E t€[0,87F]

In fact, for any x € F, any k € N and any ¢ € [0,8 %], by the same computation as that in
the proof to Proposition 4.3 using Stirling’s formula,

P* [p (X5, Xf) > 6] < P*

sup  p (X5, X)) > 51]

s€[0,8F]
= 8 F4ke J > e\’
— ] < _— 4.50
< Y (5%) <X () e
7j=61-2 Jj=061-2

which proves (4.49). This combined with Proposition 4.6 shows (4.48). For any 41,63 > 0,
in view of the definition of w,, by strong Markov property we have

*

P [’LUP (Xk,ég,T) > 51]

< ]P“Z sup sup p (ijXf) >
1<i<[T/63] s,t€[(i—1)d3,i63 AT
[T/383]

< P U { sup p(Xf,Xf) >51}
i=1 5,t€[(1—1)83,i03AT]

sup p (X2, X7) > 51] (4.51)

T
(strong Markov property) < ({} + 1> sup IP*
3 5,¢€[0,63]

zEE

In order to handle the last display in (4.51), we first denote by 7 , := {t > 0, p(Xg, X})>
01/2}. It then follows by strong Markov property that for any « € F,

P | sup p (X7, X[) 24,
_s,te[O,ég]
x k k 51
< P | sup p(XEXE) =2
_86[0,53] 2
x [ k vk 01 x|k k k o1
< P p(X07X63)ZZ +P 7'51/2<637P(X07X53)§Z
[ b b : 5
< P* p(X(’f,XZ;g) > 41} +/ E® |:IPX751/2 {p (ng,X(?s_S) > 41] , Tsy /2 € ds}
L 0
é
< 2 sup P {p (X8, XF) > 41} : (4.52)
ogggag

Replacing the last term on the right hand side of (4.51) with (4.52), we get that for any
(51,(53 > 0, and any k € NN,

. T 0
P [w, (X*,85,T) > 6;] <2 ({} + 1) sup PY [p (X5, xF) > 1. (4.53)
63 yeER 4
0<5<85
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Now we are ready to apply Proposition 4.6 to finish the proof. Indeed, by Proposition 4.6,
for any T > 0, given any d1, 62 > 0, there exist d3 > 0 and n; € IN such that for all £ > n;,

1 ) 5
1+ — PY |p(Xk xXF) > 2| « 2 4.54
(145) s vz 3] <ty o8
0<s<43

Thus (4.53) yields that

. T 1)
P% [w, (X*,03,T) > 6] < 2 ({} - 1) sup PY [p (X5, XF) > 1]
63 yeE 4
0<s<d3
i Sl VA PY X5, X5 > —
- 53 yelE p( 0 ) ) 4
0<s<d3
2(T + 63) 02 03
4.54) < . . da. 4.55
(4.54) = 53 AT+1) o417 (4.55)
This completes the proof. O

Theorem 4.8. For every T > 0, the laws of { X* P%, k > 1} are C-tight in the Skorokhod
space D([0,T], E, p) equipped with the Skorokhod topology.

Proof. This follows immediately from [10, Chapter VI, Proposition 3.26], in view of
Proposition 4.5 and Proposition 4.7. O

5 Weak limit of random walks on spaces with varying dimension

We first establish the uniform convergence of the generators of X*. The method
is similar to that in [11]. For notation convenience, we define the following class of
functions G:

G:={f:R*URy = R, f|p. =const = f|r, (0), flrz € C*(R?), f|r, € C*(R4),
f is supported on a compact subset of (F\{a"}) U B.}. (5.1)

Every f € G can be uniquely identified as a function mapping F to R. Thus for f € G, we
define
Lif(x):=2% " (fy) - f(x)) Je(x,dy), forz e EF. (5.2)

yeE”,
y<>rx in G*

We also set
Sk .= {z € Df NE"*: vp(z) =4} U 27k7.,.

It is easy to see that {Sk}kzl is an increasing sequence of sets. Also, it is clear that if
a vertex z € E*\S¥, then it must be that either z = a} or z +> a} in G*. By a similar
argument as that for [11, Lemma 2.7], we have the following lemma.

Lemma 5.1. For every fixed kg € IN and every f € G, Li f converges uniformly to
1 1
Lf:= 5Af|R++ZAf|DE on S* as k — oo. (5.3)

Also, there exists some constant C'; > 0 independent of k such that for all k¥ > 1 and all
x € EF,

ﬁkf(x) < (Y.
Proof. This can be proved by an argument very similar to [11, Lemma 2.7]. Thus it is
omitted. O
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We prepare the following lemma for the main theorem.

Lemma 5.2. Fix 0 < ¢ < 1/64. Given any 0 < ¢ < (1 AT)/4, there exists ks € IN such
that for all £ > kg,

sup P [Xf ¢ Sk] < 4C50,
te[2—k/8,T)

where the C5 > 0 on the right hand side above is the same as in Corollary 3.4.

Proof. Given k( specified in (1.5), let ks > ko be an integer large enough such that
27%s < §2. Recall that for any = € E*\S*, it must hold that either x = a}, or z € D* and
z <+ aj, in G*. Notice that for ¢ > 27%/§ and y <> aj, it holds

d(a},y) <1<16-2%, (5.4)

it then follows that for the C5 speicified in Corollary 3.4, for any ¢ € [27%/6, T,

P [XF ¢S] < ) G <1 % 1) ok my(dy)

¢Sk LoVt
(1.3) < > G5 g2t 4 my(a})
. t k
yED?,y(—}a;
(2.6) < C56-2F.272F (5628 +28) +C5 -2~ 27F
(e <1/64) < 4Cs0. (5.5)
The desired conclusion readily follows. O

Theorem 5.3. {X* P%, k > 1} converges weakly to the BMVD described in Theo-
rem 1.2 starting from a*.

Proof. This proof is adapted from that for [11, Proposition 2.9] with some minor changes.
We spell out the details for readers’ convenience. Since the laws of {X*, ]P“z}kzl are
C-tight in D([0,T7, E, p), any sequence has a weakly convergent subsequence supported
on the set of continuous paths. Denote by { X*i, P j > 1} any such weakly convergent
subsequence, whose weak limit must be continuous and starting from a* almost surely
(note Remark 1.5). Denote such a solution by (Y, ]P“*). By Skorokhod representation
theorem (see, e.g., [8, Chapter 3, Theorem 1.8]), we may assume that {ka , IPazj; j>1}
as well as (Y,]P%") are defined on a common probability space (Q, F,P), so that {X*i,j >
1} converges almost surely to (Y,P*") in the Skorokhod topology.

For every ¢ € [0,T], we set M7 := o(X¥ s < t) and M, := o(Y,,s < t). It is obvious
that M; C a{./\/tiC 9. j > 1}. With the class of functions G defined in (5.1), in the following
we first show that (Y,1P%") is a solution to the D([0, T], E, p) martingale problem (£, G)
with respect to the filtration {M;};>¢. That is, for every f € G, we need to show that

{rom - 00 - | t Ef(Ys)dS}m

is a martingale with respect to {M,};>¢. By [9, Corollary 5.4.1], we know that for any
k>1landany f € G,

{rxh - sty - | t Euf (s

t>0
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is a martingale with respect to {Mf}tzo. Therefore, for any 0 < t; < t; < T and any
Ae ./\/lff it holds for every j € IN that

E"% [(f(th;' X) / Ly, f(X ) ] = 0. (5.6)

We first claim that for any A € M,,,

Jim B [(£007) — FXE)) 1a] = B [(£(Y) = £(¥) 1a). (5.7)
Towards this, we note that it has been claimed at the beginning of this proof that one can
assume {X*/,j > 1} as well as Y are defined on a common probability space (€2, F, P),
so that {X%i j > 1} converges almost surely to Y in the Skorokhod topology, and that
Y is a continuous process. From the proof of [8, Chapter 3, Theorem 7.8]), we can tell
that: Given a squence {w,,n > 1} convergent to w in the Skorokhod topology and w is
continuous at some ¢y > 0, then lim,,_, o w, (o) = w(to). This yields that outside of a zero
probability subset of (Q, F,P), ij —Y,as j —» oo forallt € [0,7]. Thus (5.7) follows
from dominated convergence theorem.

In order to show the convergence of the integral term in (5.6), for £ > 1, we denote
by

Ty =0, and Tf =inf{t > T, : X} # X}, _} forl=1,2,...,

i.e., T} is the I™ holding time of X*. {7} : I > 1} are i.i.d. random variables, each
exponentially distributed with mean 2—2k Gimilar to the proof for [11, Proposition 2.9],
it holds

" 3 ckjf<Xj;aj) 14 —Em[(

It <T)7 <t
ks Lo f (X5 ) (TF — 1 L (X

Z kjf ki [ B I B ; k_,f( $)ds | 1a
I: t1<T1kj§t2 ' !

- r to to
+ B < [,k].f(ij)ds - ﬁf(Xdes) 1A]

tl tl

e ([ ] o )

= (I)+ II)+ (III). (5.8)

to

Ef(Ys)ds> 14

ty

IA
=
e

Again by the same reasoning as in [11, Proposition 2.9], both (I) and (III) on the right
hand side of (5.8) converge to zero. To take care of (II), for any § > 0, we let ks be chosen
as in Lemma 5.2. Hence

s | ( / i = [ epocas) 1]

< { Ly, f(XE)ds — /t2 Ef(XfJ’)ds}
< l:/ £k f {ijGSkj}ds _ /t 2 £f(X§J)1{XfJ€Sk]})dS:|
+ |:/ £k f {X ¢Sk d5+/ £f {X 7¢Sk }d8:| . (59)
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For the first term on the right hand side of (5.9), by Lemma 5.1, we have

¥ tz t2
E{ L FOXENL s gy 5 cf<X§j>1{X_gjeskj}>ds}

tl tl

. to .
E*; {/ (Li, F(XE) — £F(XE)) 1{ijes,€j}ds} 0. (5.10)

t1

For the second term on the right hand side of (5.9), given any 6 € (0, (1AT)/4, for k; > ks
where k; is specified in Lemma 5.2 satisfying 275 < §2,

to

* tz
E* { ﬁkjf(Xf’)l{ijgskj}ds"" Ef(ij)l{ijeésk-f}ds}

t1

<

t1
* T k T k
E™ |: o ckjf(XsJ)l{Xi‘ngkj}ds +/0 ‘Cf(XsJ)l{ijgskj}ds]

*

2% /s . 278 k
= |E" [/o Ekjf(XS/J)l{ijQSkj}ds—’—/O Ef(XSUl{ijgSkj}dS}

T T
E® / Lo f(XENL, &, ds+/ LEXENL, %, o, ds]
[ MR ( ) {Xs-gs’w} /s ( ) {XS ¢sk.7}

2_k a; : X
(Lemma 5.1) < (Cs + [|£f o) - = + T+ (Cs + [I£fllnc)  sup P [X[ ¢ 5]
4 te[2=%/6,T)

(Lemma 5.2) < (Cs 4+ |Lf|loc) 0 + T - (Cs + ||£f]|0o) - 4C1 6. (5.11)

+

Since § can be made arbitrarily small, we have proved that for the second term on the
right hand side of (5.9), it also holds that

lim =0. (5.12)

j—o0

* t2 "
E*i { Ekjf(X§j>1{X:-7¢Skj}d8+ Ef(ij)l{Xf'jgsk'j}ds}

t1 t1

Combining (5.10) and (5.12), we have showed that (II) on the right hand side of (5.8),
thus the entire right hand side of (5.8) tends to zero as j — oo. This combined with (5.7)
shows that (Y,P%") is indeed a solution to the D([0,T], F, p) martingale problem (£, G)
with respect to the filtration {M;}:>¢.

To finish the proof, it remains to show that the D([0,T], E, p) martingale problem
(£,G) has a unique solution. Towards this, we denote the infinitesimal generator of
BMVD defined in Theorem 1.2 by (£, D(L)) (see [7, Theorem 2.3] for its description). In
view of the definition of G, it is easy to verify that the bp-closure (whose definition can
be found, e.g., in [2, Definition 3.4.3]) of the graph of L restricted on D(£) N G is the
same as the bp-closure of the graph of £ restricted on D(L£) N C.(E). Therefore by [2,
Proposition 3.4.19], the D([0, T}, E, p) martingale problem (£,D(£) N G) has the same
set of solution(s) as the D([0, 7], E, p) martingale problem (£, D(L) N C.(E)).

Finally, given any f € Co(E) N D(L), there exists {f,}n>1 C C.(E) N D(L) such that
fn — fand Lf, — Lf both in L?-norm. This means that the closure of £ restricted
on D(L) N C.(F) coincides with the closure of £ restricted on D(L£) N Cy(E), which
corresponds to the BMVD defined in Theorem 1.2 which is a Feller process with strong
Feller property. By [12, Theorem 3.1, Remark 3.3], the D([0, T, E, p) martingale problem
(L, D(L)NC.(F)) has a unique solution, which has to be the BMVD defined in Theorem 1.2.
In view of the last sentence of the last paragraph, BMVD defined in Theorem 1.2 also
has to be the D([0, 7], E, p) martingale problem (£, D(L£) N G). Since earlier in thie proof
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we have claimed that (Y,P%") is a solution to the D([0,7], E, p) martingale problem
(L, G) with respect to the filtration { M, };>0, (Y, P* ) coincides with the BMVD defined in
Theorem 1.2 starting from a*. Since Y is the sequencial limit of any weakly convergent
subsequence of {X*};~1, the proof is complete. O
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