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Abstract. We study branching Markov chains on a countable state space (space of types) X with the focus on the qualitative aspects
of the limit behaviour of the evolving empirical population distributions. No conditions are imposed on the multitype offspring distri-
butions at the points of X other than to have the same average and to satisfy a uniform L logL moment condition. We show that the
arising population martingale is uniformly integrable. Convergence of population averages of the branching chain is then put in con-
nection with stationary spaces of the associated ordinary Markov chain on X (assumed to be irreducible and transient). Our principal
result is the almost sure convergence of the empirical distributions to a random probability measure on the boundary of an appropriate
compactification of X. Final considerations concern the general interplay between the measure theoretic boundaries of the branching
chain and the associated ordinary chain.

Résumé. Nous étudions les chaînes de Markov branchantes sur un espace d’états (espace de types) dénombrable X en mettant l’accent
sur les aspects qualitatifs du comportement limite de l’évolution des distributions empiriques de la population. Aucune condition n’est
imposée sur les distributions multitypes des descendants des points de X autre que d’avoir la même moyenne et de satisfaire à une
condition de moment de type L logL. Nous montrons que la martingale de population résultante est uniformément intégrable. Ensuite,
nous établissons le lien entre la convergence des moyennes empiriques de la chaîne branchante et les espaces stationnaires de la
chaîne de Markov ordinaire associée sur X (supposée irréductible et transiente). Notre résultat principal est la convergence presque
sûre des distributions empiriques vers une mesure de probabilité aléatoire sur le bord d’une compactification appropriée de X. Les
considérations finales portent sur l’interaction générale entre les bords mesurables de la chaîne branchante et de la chaîne ordinaire
associée.

MSC2020 subject classifications: Primary 60J50; 60J80; secondary 31C20; 60J10

Keywords: Branching Markov chain; Boundary

1. Introduction

There is a large body of literature devoted to the quantitative aspects of branching random walks on the additive group
of real numbers and to the behaviour of the associated martingales, e.g., see SHI [68] and the references therein. In what
concerns more general state spaces rich enough to have a non-trivial topological boundary at infinity (like, for instance,
infinite trees), it is natural to ask about the limit behaviour of the branching populations in geometric terms. Non-trivial
limit sets of random population sequences were first exhibited by LIGGETT [58] for branching random walks on regular
trees. This was pursued further for branching random walks on free groups by HUETER–LALLEY [41], on more general
free products by CANDELLERO–GILCH–MÜLLER [13], and very recently on hyperbolic groups by SIDORAVICIUS–
WANG–XIANG [69] and DUSSAULE–WANG–YANG [25]. Also see BENJAMINI–MÜLLER [4, Section 4.1] for a num-
ber of conjectures concerning the trace and the limit sets of branching random walks. Some answers were given by
CANDELLERO–ROBERTS [15] and HUTCHCROFT [42].

We are looking at branching Markov chains from a different and apparently novel angle. We are interested in the ran-
dom limit boundary measures arising from the empirical distributions of sample populations. In this approach branching
Markov chains are intermediate between two extreme cases: boundary convergence of sample paths of ordinary chains
(this is the situation when there is no branching), and the limit situation when the branching number becomes infinite,
so that the aforementioned empirical distributions become just the deterministic one-dimensional distributions of the
underlying chain.
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Unlike with the limit sets, the very existence of the limit measures is already a non-trivial problem. We consider and
solve this problem in two different setups: in the topological one (when the boundary of the state space is provided by a
certain compactification) and in the measure-theoretical one (when we are dealing with the Poisson or exit boundaries of
the underlying Markov chain on the state space).

Definition 1.1. Let X be a countable set, the state space.

(a) A population on X is a finitely supported function m : X → Z+, also viewed as a multiset, so that x ∈ m means
that m(x) > 0, where m(x) is the number of particles (members of the population) situated at x ∈ X. Thus, the same
location can be shared by several particles.1

(b) A branching Markov chain is a time homogeneous Markov chain on the space of populations M whose transitions
m∼�m′ are determined by a family of branching probability distributions on the space of populations �x,x ∈ X,
in the following way: each particle of the population m is replaced with a population independently sampled from the
distribution �x determined by the position x of the particle; the result of this procedure is the population m′. That is,
for y ∈ X, m′(y) is the sum of the random offspring numbers which each x ∈ m places at position y.

The elements of the state space X are often referred to as types, and then one talks about multi-type branching pro-
cesses (rather than branching Markov chains). They were first considered by KOLMOGOROV [55]. An explicit general
definition was given by HARRIS [40, Section III.6]. There is an ample literature on multi-type branching processes, both
in discrete and in continuous time. The reader is referred to the survey by NEY [66] for a historical account and for general
information on this field. Further literature will be outlined below.

The reason for our choice of terminology is that we take a geometrical point of view and have in mind a spatial structure
of X. We denote by M = (Mn)n≥0 the sample paths of the branching Markov chain described in Definition 1.1(b), and we
are interested in the evolution of these random sequences of populations in the space X. In particular, we are interested
in the behaviour of the sequence of empirical distributions

(1.2)
�
Mn = 1

‖Mn‖Mn, where ‖m‖ =
∑
x

m(x) for m ∈ M.

Associated with �x there is the offspring distribution2 πx at x, where

(1.3) πx(k) = �x

({
m ∈ M : ‖m‖ = k

})
.

The branching ratio πx at x is the first moment of πx (the expected offspring number at x), and πx,y denotes the expected
offspring number which is placed at y ∈ X under the distribution �x .

A branching Markov chain gives rise to the underlying (also caled base) “ordinary” Markov chain on the state space
X whose transition operator (matrix) P is given by

(1.4) p(x, y) = px(y) = πx,y/πx.

We write p(n)(x, y) for its n-step transition probabilities, and

G(x,y) =
∞∑

n=0

p(n)(x, y)

for the associated Green function.
Our basic assumptions, beginning with Section 3, are the following.

The population cannot die out and has non-trivial branching, that is, πx(0) = 0 and πx(1) < 1 for all
x ∈ X.

(NE)

The branching ratio is constant and finite, i.e., there is ρ < ∞ such that πx = ρ for all points x ∈ X.(BR)

The underlying Markov chain (X,P ) is transient, and all its states communicate, i.e., 0 < G(x,y) < ∞
for all x, y ∈ X.(TC)

1We emphasise the difference between a population m ∈ M = Z+[X] (which is a multiset) and its support suppm = {x ∈ X : m(x) > 0} which is a
plain subset of X.
2We distinguish branching distributions (measures on the space of populations M) and offspring distributions (measures on Z+).
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Note that then ρ > 1. These assumptions can be relaxed, but they simplify some technicalities without compromising
the conceptual spirit. An important particular case arises when branching and displacement are independent, i.e., when
the transitions of the branching Markov chain are completely determined by the underlying Markov chain on the state
space X and a common offspring distribution π on Z+ in the following way: each particle of an initial population
independently fissions into a π -distributed random number of new particles, and each new particle is moved by the
underlying chain to a new position independently of all other particles (Example 2.13).

In Section 2, we set up a rigorous framework and present general classes of examples, including a discussion and many
references.

One of our main aims is to study the boundary behaviour of the sequence (1.2) of empirical distributions, or very
similarly, of the sequence

(1.5)
1

ρn
Mn ∈ Meas(X)

under Assumption (BR), where Meas(X) is the space of measures on X. In the situation when the state space X is
endowed with a suitable compactification X = X ∪ ∂X, there has been a body of interesting work considering the limit
set (which is a subset of the boundary ∂X) of the trace (set of visited points) of the branching Markov chain. For more
details and references, see Section 2.5. Our goal is to shift the focus and to look, instead of the limit sets, at the random
limit boundary measures obtained as the weak* limits of the empirical distributions (1.2), resp., of the measures (1.5).

Before we embark on this study, a comparison of (1.2) and (1.5) reveals that we need to understand the behaviour of
the following sequence.

Definition 1.6. The population martingale of a branching Markov chain satisfying (BR) is the sequence of random
variables (functions on the path space)

(1.7) Wn = Wn(M) = ‖Mn‖
ρn

.

We call its a.s. pointwise limit

W∞ = W∞(M) = lim
n

Wn(M)

the limit population ratio.

We emphasise that even though the branching ratio is assumed to be constant, the offspring distributions πx themselves
are allowed to be different. What we need here is an extension of the classical theorem of KESTEN–STIGUM [54] which
says that for a single offspring distribution π , the population martingale is uniformly integrable if and only if π satisfies
the L logL moment condition.

This issue is dealt with in Section 3. We introduce a uniform L logL moment condition for the family (πx)x∈X. Under
this condition, we prove that the population martingale is uniformly integrable (Theorem 3.3) and that W∞ is almost
surely strictly positive for any initial population (Theorem 3.4).

Section 4 is the central one: in order to study boundary convergence of the sequence of empirical distributions (1.2),
we first consider stationary spaces for the underlying Markov chain. These are measurable spaces equipped with a P -
harmonic system of probability measures κx , x ∈ X, see Definition 4.1. We can then study the sequence of random
measures

κMn =
∑

x∈Mn

κx.

A particularly interesting case is the one where we have a compactification X of the state space with separable boundary
∂X = X \ X. What we want is its compatibility with the underlying Markov chain X = (X0,X1, . . . ) in the sense
that Xn converges almost surely to a ∂X-valued random variable X∞ for any starting point x ∈ X. Endowed with
the associated limit distributions κx , the boundary is a stationary space. Our main Theorem 4.23 states almost sure
weak* convergence of the exponentially rescaled random measures κMn/ρ

n to a positive Borel measure κM under the
uniform L logL moment condition. Further, assume that the compactification is Dirichlet regular, which means that every
continuous function on ∂X has a continuous extension to X which is P -harmonic in X. In this situation, the random
measures Mn/ρ

n themselves converge (weak*) to κM almost surely. As a consequence, we obtain in Theorem 4.29 that
the random probability measures κMn/‖Mn‖ also converge almost surely. In particular, in the case of Dirichlet regularity,
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the sequence of empirical distributions (1.2) converges almost surely to a random probability measure on the boundary –
our primary goal.

In the last parts of Section 4, we review geometric, resp. algebraic adaptedness conditions relating the transition
probabilities of the underlying chain (Xn) to a given graph or group structure of the state space, in which case we speak
of a random walk. Then we recall a few typical compactifications and explain how Theorem 4.23 and Theorem 4.29
apply. For instance, this is the case for branching random walks on word hyperbolic groups (endowed with the hyperbolic
compactification), and, in particular, on finitely generated free groups.

In Section 5, we shift our attention from topological to measure theoretic boundary theory. We start by explaining
in some detail the Poisson boundary for a general (i.e., not necessarily group invariant) Markov chain on a countable
state space and its relation with the tail boundary. We elucidate the relationship between compact stationary spaces and
quotients of the Poisson boundary. Our goal in this section is to establish a link, in the measure-theoretic context, between
the boundaries of a branching Markov chain and that of the underlying chain. Theorem 5.16 provides a natural transfer
operator from the tail boundary of the latter to that of the former, which is Markov on the respective Banach spaces of
essentially bounded functions. Theorem 5.20 clarifies how this operator descends to a compact stationary space for the
base chain. The final Theorem 5.21 explains the importance of the above Markov transfer operator: in the topological
context of Section 4, its range is precisely the set of random limits of the sequence of empirical distributions.

In the concluding Section 6 we briefly discuss a number of open questions naturally arising from our approach.

2. Basic notions

2.1. General framework

Here, we set up a general rigorous framework for our main objects. Given a countable state space X, we use the notations
below for the following spaces.

• Fun(X) – bounded real-valued functions on X;
• Meas(X) – non-negative (not necessarily finite) measures on X;
• Prob(X) ⊂ Meas(X) – probability measures on X;
• M = Z+[X] ⊂ ZX+ – finitely supported Z+-valued functions, populations as in Definition 1.1, finite multisets on X.

When talking about integration we use the “pairing notation” 〈μ,f 〉 to denote the integral of a function f with respect to
a measure μ (a sum in the discrete case).

One can also treat M as a subspace of Meas(X) that comprises all finite non-negative integer valued measures on
X (sometimes called occupation measures). Thus, ‖m‖ is the total mass of m ∈ M. If X is a group, then M = Z+[X]
is precisely the set of all non-negative elements of the group algebra Z[X] of X over Z (which is the reason for our
notation). In this situation, the map that assigns to any population its amplitude (size)

(2.1) amp : M = Z+[X] → Z+, m → ‖m‖,
is nothing but a restriction of the corresponding augmentation homomorphism. We use this term for the additive aug-
mentation map amp in our more general setup as well. Applied to a measure � ∈ Meas(M), it gives rise to the image
measure

π = amp(�) ∈ Meas(Z+),

given as in (1.3) (without the x in the index). The barycentre (the first moment) of π is denoted by

π =
∑

k

π(k) · k.

If � (and therefore π as well) is a probability measure, then π is the size distribution of the populations sampled from
�, and π is their average size. We use the same notation

(2.2) � → � =
∑
m∈M

�(m) · m, Meas(M) → Meas(X),

for the barycentre map on the space Meas(M) obtained by linear extension of the mapping

δm → δm = m, m ∈ M.
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The horizontal arrows in the following commutative diagram represent the barycentre maps from Meas(M) and
Meas(Z+) to Meas(X) and R, respectively,

Meas(M)

amp

Meas(X)

‖·‖

� �

Meas(Z+) R+ , π π

In particular, the total mass of the barycentre measure � is

‖�‖ = amp(�) = π,

so that if � is a probability measure, then

π =
∑
m∈M

�(m)‖m‖

is precisely the average size of the populations sampled from �. If π = ‖�‖ < ∞ (for instance, if � is finitely supported),
then the normalisation of � produces the displacement distribution

(2.3) p = �

π
∈ Prob(X), i.e.,p(y) = 1

π

∑
m∈M

�(m)m(y) for y ∈ X.

Since the population space M is contained in the additive commutative group Z[X], one can define in the usual way
the convolution of two measures on M:

(2.4) � ∗ �′(m′′) =
∑

m+m′=m′′
�(m)�′(m′).

If both arguments are probability measures, then � ∗ �′ is the distribution of the sum M + M ′, where the random
summands are independently sampled from the respective distributions � and �′. Clearly,

� ∗ �′ = � + �′ ∀�,�′ ∈ Prob(M),

in particular, ∥∥� ∗ �′∥∥ = ‖�‖ + ∥∥�′∥∥.

2.2. Implementation for branching Markov chains

When talking about branching Markov chains, we use the notation of Section 2.1 for various objects associated with the
branching distributions �x by adding the subscript x. As anticipated in the Introduction, πx is the offspring distribution
at x. The displacement distribution (2.3) associated with the probability measure �x is the transition kernel px of (1.4).
As follows from Definition 1.1 and the definition of the convolution operation (2.4), the transition probabilities of the
branching Markov chain M = (M0,M1, . . . ) are the convolutions

(2.5) �m =∗
x∈m

�x, m ∈ M,

where we treat the populations m as multisets, so that each point from the support of m is taken with its multiplicity.
That is, the probability of the move m∼�m′ is �m(m′). We denote by PPP� the probability measure on the space MZ+

of sample paths M corresponding to an initial distribution � ∈ Prob(M). We use the notation PPPm = PPPδm for the initial
distribution � = δm concentrated at a single population m ∈ M, and PPPx =PPPδx if m = δx is the singleton at a point x ∈ X.
The respective expectations are denoted by EEE�, EEEm, EEEx . All these measures on the path space are absolutely continuous
with respect to the common initial full support class of the measures PPP� corresponding to the initial distributions � with
supp� = M.

(FS)
It is to the initial full support measure class that we refer when we use the expression “almost every-
where” without specifying a measure on the path space.
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The transition operator of the branching random walk is

(2.6) PF(m) = 〈�m,F 〉 =EEEmF(M1).

It is well-defined not only on the space Fun(M) of bounded functions on M, but also for all non-negative positive
functions (allowed to take the value +∞). Following the standard probabilistic convention we use the postfix notation

�P =
∑
m

�(m)�m

for the action of the dual operator on the space Meas(M) of positive measures on M, so that �P is the time 1 marginal
distribution of the measure PPP�.

For the underlying Markov chain X = (X0,X1, . . . ) with the transition probabilities (1.4), which is a specialization of
formula (2.3), we denote in the same way as above the measures on the space XZ+ of sample paths by Pθ (or Px = Pδx , if
the initial distribution θ is concentrated at a single point x ∈ X), the respective expectations by Eθ , Ex , and the transition
operator by

(2.7) Pf (x) = 〈px,f 〉 = Exf (X1).

2.3. The lifting operator

For a function f on X, we denote by

f̃ (m) = 〈m,f 〉 =
∑
x∈X

m(x)f (x)

its lift to the space of populations M. In particular,

(2.8) 1̃(m) = ‖m‖ ∀m ∈ M

for the function 1(x) ≡ 1 on X. The lifting operator

f → f̃ = Lf, Fun(X) → Fun(M),

is dual to the barycentre map (2.2), i.e.,

〈�,f 〉 = 〈�, f̃ 〉 ∀� ∈ Meas(M), f ∈ Fun(X).

Therefore, the barycentre map can be written in the postfix notation as

� → � = �L, Meas(M) → Meas(X).

Proposition 2.9. The transition operators P (2.6) and P (2.7) of the branching Markov chain and of the underlying
chain, respectively, satisfy the commutation relation

PL = Lπ̄P,

where π̄ denotes the operator of multiplication by the branching ratio function π : x → πx , see Section 2.1. In other
words,

P f̃ = π̃ · Pf ∀f ∈ Fun(X),

and

�P = (π · �)P ∀� ∈ Meas(M).

Proof. It is more convenient to prove the commutation relation for the dual operators acting on measures. By linearity it
is enough to consider the situation when � = δm is the delta measure at a population m ∈ M:

δmP =
∑
x

m(x)�x =
∑
x

m(x)πxpx = (π · m)P = (π · δm)P .
�

We recall that a function f is called harmonic with respect to a transition operator P if Pf = f , and it is called
λ-harmonic for an eigenvalue λ ∈R if Pf = λf .
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Corollary 2.10. If the branching ratio πx ≡ ρ is constant, then for any λ-harmonic function f of the underlying chain
its lift to the population space M is λρ-harmonic for the branching Markov chain.

This property will play a key role in the rest of the paper.

2.4. Examples of branching Markov chains

Example 2.11. If all branching distributions �x are concentrated on one-point configurations (i.e., all offspring distribu-
tions πx are just δ1, and πx ≡ 1), then the barycentres �x are probability measures, so that in this situation the branching
Markov chain consists in running independent sample paths of the underlying Markov chain issued from each particle of
the initial population.

Example 2.12. If the state space X is a singleton, then the size is the only parameter that describes populations on X,
and a branching Markov chain over X is determined just by a single offspring distribution � ∼= π = amp(�) on M ∼= Z+.
Therefore, it is nothing but the usual Galton–Watson branching process determined by π .

Example 2.13. For a probability measure μ on X, we denote by μk ∈ Prob(M) the image of the product measure μ⊗k

on Xk under the map

Xk → M, (x1, . . . , xk) → δx1 + · · · + δxk
.

Given a distribution π ∈ Prob(Z+) and a Markov chain on X with the transition probabilities px ∈ Prob(X ), the family
of branching distributions

(2.14) �x =
∑
k≥0

π(k) · pk
x

determines then a branching Markov chain with independent branching and displacement,3 for which all offspring distri-
butions πx coincide with π , and the displacement distributions are px . Any particle occupying a position x ∈ X fissions
into a π -distributed random number of new particles, and each new particle moves to a new px -distributed position
independently of all other particles. Branching and displacement can be fully decoupled by first generating a random
Galton–Watson tree T with the offspring distribution π , and then running the T -indexed Markov chain with the transition
probabilities px (e.g., see ALDOUS [1, Section 6, p. 64] and BENJAMINI–PERES [6]).

Example 2.15. Even if all offspring distributions πx of a branching Markov chain coincide with a common distribution
π , this does in no way imply that offspring and displacement are independent. It just means that all branching distributions
�x have the form

�x =
∑
k≥0

π(k) · �k
x,

where �k
x are probability measures on size k populations. For instance, if we let mk

y = k · δy be the population with k

particles at y and none elsewhere, then we can consider the branching distributions

(2.16) �x =
∑
k≥0

π(k)
∑
y∈X

px(y) · δmk
y
.

The corresponding transition distributions are again px . In the branching Markov chains determined by both (2.14)
and (2.16) first one samples a Galton–Watson tree with the offspring distribution π and then equips this tree with the
transitions sampled from the appropriate transition distributions px . However, in Example 2.13 the independently sampled
transitions are parameterised by the edges of the tree, whereas for the chain determined by (2.16) they are parameterised
by the vertices of the tree (so that the transition is the same for all edges issued from the same vertex in the direction away
from the root). It might be interesting to look at the branching Markov chains determined by convex combinations of the
measures (2.14) and (2.16).

3BIGGINS [9] uses in this situation the term mixed sample process.
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Example 2.17. One can also consider a more general situation than in Example 2.13 with the offspring distributions πx

being space dependent, although the displacement is still governed by the transition probabilities px of an underlying
Markov chain on X (e.g., see MENSHIKOV–VOLKOV [63] and GANTERT–MÜLLER [34]). In this case the resulting
branching Markov chain is determined by the branching distributions

�x =
∑
k≥0

πx(k) · pk
x.

In the context of this example, the dependence of πx on x is often referred to as an environment (especially for homoge-
neous state spaces, see Example 2.18 below); if it is random, then one talks about branching Markov chains in random
environment (for instance, see COMETS–MENSHIKOV–POPOV [18]). The term “environment” is also used to describe
the generalisation of the Galton–Watson process that allows the offspring distribution to depend on the generation num-
ber, e.g., see ATHREYA–NEY [3, Section VI.5]. By passing to the space-time process (see Section 5.2) the latter model
becomes a particular case of the former one.

Example 2.18. If X is a group, then it makes sense to consider the assignments x → �x equivariant with respect to the
natural action of X on the population space M = Z+[X] by translations, i.e., such that all branching distributions �x are
the translates of a single probability measure � ∈ Prob(M) (the branching distribution at the group identity). By analogy
with ordinary random walks on groups, we then talk about branching random walks. In particular, in this case the offspring
distributions πx all coincide with the size distribution π of the measure �, the branching ratios (offspring averages) πx

all coincide with π , and the transition probabilities px are the translates of the displacement distribution μ = �/π , the
law of the random walk on the group: px(y) = μ(x−1y). In the same vein one can also consider the situation when X is
endowed with a group action (transitive, quasi-transitive, or a more general one), and the map x → �x is equivariant with
respect to this action (cf. KAIMANOVICH–WOESS [49] and Section 4.4). Furthermore, one can impose weaker forms of
space homogeneity by talking, for instance, about branching random walks on equivalence relations, and ultimately on
groupoids (cf. KAIMANOVICH [46]), or on unimodular random graphs (cf. ALDOUS–LYONS [2]).

2.5. Limit sets vs. limit measures

Before plunging into medias res we outline the earlier approach to the boundary behaviour of branching Markov chains
which served as our motivation. For the branching Markov chain M = (Mn), its trace

supp M =
⋃
n≥0

suppMn ⊂ X

is the random set of all points from the state space which are charged (or visited) by at least one of the populations Mn.
Assuming that the state space X is endowed with a compactification X = X ∪ ∂X (see Section 4.5 below for definitions
and examples), one can then define, in the usual way, the limit set of a sample path as the boundary of its trace with
respect to this compactification:

�(M) = supp M \ supp M = supp M ∩ ∂X.

The notions of recurrence and transience for branching Markov chains with independent branching and displacement
were studied by BENJAMINI–PERES [6], MÜLLER [65], BERTACCHI–ZUCCA (in continuous time) [8] and BENJAMINI–
MÜLLER [4]; see also WOESS [77, Section 5.C] for a simplified approach. If the branching Markov chain is recurrent in
the sense that supp M = X for almost all sample paths, then obviously the limit set �(M) coincides almost surely with
the whole boundary X. Otherwise, proper traces supp M �= X may lead to proper limit sets �(M) �= ∂X, and it makes
sense to look at their properties.

Regarding non-trivial limit sets, see the references given at the beginning of the Introduction. Note that in those
papers only branching random walks with independent branching and displacement (as described in Example 2.13) were
considered.

Free groups have served as the “true touchstone” in the non-commutative random walk theory for the last 60 years,
so let us describe the situation with them in more detail (for instance, see LEDRAPPIER [56] and the references therein
for more background). Let A be a finite alphabet of cardinality d ≥ 2, and F be the free group of rank d generated
by A. We fix a symmetric probability measure μ with support A ∪ A−1; the simplest case is when μ is equidistributed
on A ∪ A−1, so that the random walk (F ,μ) is just the simple random walk on the homogeneous Cayley tree of the
free group. Further, let π be the geometric distribution on N with parameter p ∈ (0,1) and mean ρ = 1/p. We can now
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consider the branching random walk with independent branching and displacement determined by the underlying random
walk (F ,μ) and the offspring distribution π .

If ρr > 1, where r = r(F ,μ) is the spectral radius (4.36) of the random walk (F ,μ), then almost surely supp M = F
and �(M) = ∂F . In the case ρr ≤ 1, HUETER–LALLEY [41, Theorem 1], extending a result of LIGGETT [58] related to
the simple random walk, proved that the Hausdorff dimension HD�(M) of the limit set with respect to a natural metric
on ∂F is almost surely constant and obtained an explicit formula for it. In particular, it satisfies the inequality

HD�(M) ≤ 1

2
HD ∂F ,

and HD�(M) → 0 as ρ → 1 from above. This result was extended to branching random walks on free products of finitely
generated groups under less restrictive conditions by CANDELLERO–GILCH–MÜLLER [13, Theorems 3.5 and 3.10],
and very recently to random walks on hyperbolic groups by SIDORAVICIUS–WANG–XIANG [69] and by DUSSAULE–
WANG–YANG [25].

As outlined in the Introduction, our goal here is different; we are interested in random limit boundary measures arising
from the sequences (1.2), resp. (1.5). Unlike with the limit sets, the very existence of the limit measures is a non-trivial
problem.

Although we are not aware of analogous results in our more general setting, at least in the case of independent branch-
ing and displacement (Example 2.13) there is a phase (regarding the branching ratio ρ) where the branching Markov
chain is strongly recurrent in the sense that with probability 1, each state x ∈ X is visited by the population infinitely
often, see MÜLLER [65, Proposition 3.6]. Nevertheless, the empirical distributions always move their mass to infinity, as
the following lemma shows, providing a simple motivation for our goals.

Lemma 2.19. Under assumptions (BR) and (TC), for any y ∈ X

lim
n

�
Mn(y) = 0 almost surely.

Proof. It suffices to prove this for the situation when the branching chain starts with one particle at a generic x ∈ X. In
view of (1.4),

EEEx

(
Mn(y)

) = p(n)(x, y)ρn,

so that

EEEx

(∑
n

1

ρn
Mn(y)

)
= G(x,y) < ∞.

Therefore Mn(y)/ρn → 0, and thus also
�
Mn(y) → 0 almost surely under PPPx . �

3. Uniform integrability and positivity of the population martingale

3.1. The population martingale

Recall that we assume (BR): the offspring averages satisfy πx = ρ < ∞ for all x ∈ X. In terms of the augmentation map
(2.1), the barycentre map (2.2), and the transition operator P (2.6) this condition means that

‖�P‖ = ρ‖�‖ ∀� ∈ Prob(M),

or, equivalently,

amp(�P) = ρ · amp(�) ∀� ∈ Prob(M).

In other words, after one step of the branching Markov chain the average size of populations is always multiplied by the
same constant ρ. This is the case, for instance, for the branching Markov chains from examples 2.13, 2.15, and 2.18; in the
setup of Example 2.17, condition (BR) was used by GANTERT–MÜLLER [34, Section 3.1]. Recall the Definition 1.6 of the
population martingale. The sequence (Wn) is, indeed, a martingale with respect to the increasing coordinate filtration on
the path space, because by Corollary 2.10 condition (BR) implies that the lift 1̃(m) = ‖m‖ (2.8) of the constant function
1 from X to M is ρ-harmonic; see Section 5.4 below for a more general discussion.
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A priori the expectation of the limit population ratio

EEE�W∞ = 〈PPP�,W∞〉

may be strictly smaller than the expectations

EEE�Wn =EEE�W0 =
∑
m∈M

�(m)‖m‖

of the population martingale with respect to the measure PPP� on the path space corresponding to an initial distribution
� ∈ Prob(M). Their equality means that the population martingale is uniformly integrable on the path space (MZ+ ,PPP�)

(e.g., see MEYER [64, Chapter V] for the basics of martingale theory). When talking about uniform integrability without
specifying a measure on the path space we mean that it holds for any initial distribution � ∈ Prob(M), i.e., with respect
to the full initial support measure class (FS). In order to guarantee this property it is enough to take for � just the delta
measures concentrated at singletons δx, x ∈ X, i.e., to require that

EEExW∞ = 1 ∀x ∈ X.

3.2. Uniform L logL moment condition

For the ordinary Galton–Watson processes (Example 2.12) the equivalence of the uniform integrability of the population
martingale to the L logL moment condition

(3.1)
∑

k

π(k) · k logk < ∞.

on the offspring distribution π is the classical theorem of KESTEN–STIGUM [54] (see also LYONS–PEMANTLE–PERES

[61] and the references therein). Although this criterion is directly applicable to the situation when the offspring distribu-
tions πx are the same for all x ∈ X, in particular, to branching random walks on groups (see Example 2.18), this is not
the case for general branching Markov chains.

In order to formulate an analogous result in the general setup we need tightness of the offspring distributions, as
follows.

Definition 3.2. Given two probability distributions π and π ′ on Z+, we say that π dominates π ′ (notation: π ′ � π ) if

π ′[n,∞) ≤ π[n,∞) ∀n ∈ Z+.

A family of probability measures on Z+ satisfies the uniform first moment condition (resp., the uniform L logL moment
condition) if it is dominated by a probability measure with a finite first moment (resp., by a measure that satisfies the
L logL moment condition).

The uniform moment condition was used, for example, by KAIMANOVICH–WOESS [48, Lemma 1] for random walks
on graphs, and by D’SOUZA–BIGGINS [23, p. 40] for branching processes.

Theorem 3.3. If the offspring distributions of a branching Markov chain satisfy the uniform L logL moment condition,
then the population martingale is uniformly integrable.

It is known since LEVINSON [57, Section 4] that for the ordinary Galton–Watson processes the L logL condition
implies that the limit population ratio is almost surely strictly positive on non-extinction. A consequence of the Kesten–
Stigum theorem is the equivalence (on non-extinction) of the following two conditions:

(i) the population martingale (Wn) is uniformly integrable;
(ii) the limit population ratio W∞ is almost surely strictly positive.
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However, for branching processes in varying environment it may well happen that the limit population ratio vanishes
with positive probability in spite of the uniform integrability of the population martingale (see the example constructed in
MACPHEE – SCHUH [62] and the discussion in D’SOUZA–BIGGINS [23, p. 41]). We do not know whether in our setup
the uniform integrability of the population martingale would always imply that the limit population ratio is almost surely
positive. Still, we can show that this is the case under the same uniform L logL condition as in Theorem 3.3.

Theorem 3.4. If the offspring distributions of a branching Markov chain satisfy the uniform L logL moment condition,
then the limit population ratio is almost surely strictly positive for any initial population.

Our proofs of Theorem 3.3 and Theorem 3.4 below are self-contained and follow the approach of D’SOUZA–BIGGINS

[23] to the Galton–Watson processes in varying environment. Theorem 3.3 can also be deduced from the general criterion
of uniform integrability of the martingales of multi-type branching processes (≡ branching Markov chains in our termi-
nology) associated with “mean-harmonic functions” due to BIGGINS–KYPRIANOU [11, Theorem 1.1 and the discussion
on p. 547], cf. Remark 5.15 below.

3.3. Laplace transforms and their remainders

We denote by

Lθ (s) =
∑

k

θ(k)e−sk = Eθ e
−sX

the Laplace transform of a probability measure θ ∈ Prob(Z+) (which can be thought of as the distribution of a Z+-valued
random variable X). The linear part of the power series expansion of Lθ (e

−s) is equal to 1−θs, where θ is the expectation
of θ (assumed to be finite), and we denote the arising remainder by

(3.5) Rθ (s) = Lθ (s) − 1 + θs =
∑

k

θ(k)ψ(sk) = Eθψ(sX)

with

(3.6) ψ(t) = e−t − 1 + t ≥ 0.

We also use the above notation with the subscript � in the situation when θ = amp(�) is the image of a measure
� ∈ Prob(M) under the augmentation map amp (2.1), so that

L�(s) =EEE�e−s‖M‖, R�(s) =EEE�ψ
(
s‖M‖).

Lemma 3.7. For any measure θ ∈ Prob(Z+) with a finite first moment

(i) the function Rθ is non-decreasing on the positive ray R+;
(ii) the ratio Rθ (s)/s is non-decreasing on R+, and it converges to 0 as s → 0.

(iii) the integral ∫ C

0

Rθ (s)

s2
ds

is convergent for any C > 0 if and only if the measure θ satisfies the L logL moment condition (3.1).

Further, if a measure θ ∈ Prob(Z+) with a finite first moment dominates another measure θ ′ ∈ Prob(Z+), then

(iv) Rθ ′(s) ≤Rθ (s) for all s ≥ 0.

Proof. (i) and (ii) immediately follow from the same properties of the functions ψ (3.6) and s → ψ(s)/s, respectively,
whereas (iv) is a consequence of (i). Property (iii) is well-known, e.g., see ATHREYA–NEY [3, Lemma I.10.1]. Since our
setup is somewhat different, for the sake of completeness we include its elementary proof.

The function Rθ being non-negative, by exchanging the order of summation and integration one arrives at

∫ C

0

Rθ (s)

s2
ds =

∫ C

0

∞∑
k=0

ψ(sk)

s2
θ(k) ds =

∞∑
k=0

θ(k)

∫ C

0

ψ(sk)

s2
ds,



1962 V. A. Kaimanovich and W. Woess

where ∫ C

0

ψ(sk)

s2
ds = k

∫ kC

0

ψ(s)

s2
ds.

Since ψ(s)/s → 1 as s → ∞, the latter integral asymptotically behaves as k log(kC), whence the claim. �

Lemma 3.8. If the offspring distributions πx of a branching Markov chain satisfy the uniform first moment condition,
then there exists s0 > 0 such that for any measure � ∈ Prob(M)

(3.9) L�P (s) ≤ L�(ρs) + θR(s) for all s ∈ [0, s0],
where ρ is the common branching ratio from condition (BR), θ is the expectation of the measure θ = amp(�), and
R=Rπ is the remainder function (3.5) associated with the measure π ∈ Prob(Z+) that dominates the distributions πx .

Proof. To begin with, let � be the delta measure at the singleton δx ∈ M, x ∈ X. Then �P = �x , see Defini-
tion 1.1, whence amp(�P) = πx . We recall that πx = ρ for all x ∈ X by our standing assumption (BR). Therefore,
by Lemma 3.7(iv) for any s ≥ 0

(3.10) L�P (s) = Lπx (s) = 1 − πxs +Rπx (s) = 1 − ρs +Rπx (s) ≤ 1 − ρs +R(s).

Now, let � = δm for m ∈ M, so that �P = �m. Then by (2.5) and (3.10),

L�P (s) = L�m(s) =
∏
x∈m

Lπx (s) ≤ (
1 − ρs +R(s)

)‖m‖

(counting, as always, multiplicities in the product). By Lemma 3.7(ii) we can choose s0 > 0 in such a way that

R(s) ≤ ρs ≤ 1 ∀s ∈ [0, s0].
Since the derivative of the function t → t‖m‖ on the interval [0,1] does not exceed ‖m‖, we then have(

1 − ρs +R(s)
)‖m‖ ≤ (1 − ρs)‖m‖ + ‖m‖R(s) ≤ e−ρs‖m‖ + ‖m‖R(s) ∀s ∈ [0, s0],

and therefore (3.9) is satisfied, because θ = amp(�) = δ‖m‖, so that L�(z) = z‖m‖ and θ = ‖m‖.
Finally, the general case follows from the linearity of the both sides of (3.9) with respect to �. �

3.4. Proof of Theorem 3.3

We denote by

�n = δδxPn, t ∈ Z+,

the one-dimensional distributions of the associated measure PPPx on the space of sample paths of the branching Markov
chain M = (M0,M1, . . . ) with M0 = δx ∈ M. Then

EEExe
−sW∞ = lim

n
EEExe

−sWn = lim
n
EEExe

−s‖Mn‖/ρn = lim
n

L�n

(
s/ρn

)
.

Condition (BR) implies that

amp(�n) = ρn,

whence by Lemma 3.8 for s ≤ s0

L�n

(
s/ρn

) ≤ L�n−1

(
s/ρn−1) + ρn−1R

(
s/ρn

)
,

and by telescoping

(3.11)

EEExe
−sW∞ ≤ L�0(s) +

∞∑
n=1

ρn−1R
(
s/ρn

)

≤ e−s + 1

ρ

∫ ∞

0
ρτR

(
s/ρτ

)
dτ = e−s + s

ρ logρ

∫ s

0

R(σ )

σ 2
dσ.
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Thus,

EEExW∞ = lim
s→0

1 −EEExe
−sW∞

s
≥ lim

s→0

{
1 − e−s

s
− 1

ρ logρ

∫ s

0

R(σ )

σ 2
dσ

}
= 1.

3.5. Proof of Theorem 3.4

Let

(3.12) ω(m) =PPPm[W∞ = 0]
denote the probability that the limit population ratio of the branching random walk issued from an initial population
m ∈ M vanishes. Somewhat abusing notation, we also put ω(x) = ω(δx) if the initial population is the singleton δx at a
point x ∈ X.

The function ω on M is P-harmonic, its values are sandwiched between 0 and 1, and

ω(m1 + m2) = ω(m1)ω(m2) ∀m1,m2 ∈ M.

This implies that the function ω is determined by its values on singletons as

ω(m) =
∏
x∈m

ω(x),

where, as always, each point from the support of m is taken with its multiplicity.
By inequality (3.11) from the proof of Theorem 3.3

ω(x) =PPPx{W∞ = 0} ≤EEExe
−sW∞ ≤ e−s + s

ρ logρ

∫ s

0

R(σ )

σ 2
dσ,

with the right-hand side of this inequality being strictly less than 1 for all sufficiently small s in view of Lemma 3.7(iii).
Therefore, the function ω (3.12) is bounded away from 1, i.e., there exists c < 1 such that ω(x) ≤ c for all x ∈ X. The
fact that the offspring distributions πx satisfy the uniform first moment condition, whereas their expectations are equal to
ρ > 1, implies that the probabilities πx[2,∞) are bounded away from 0. Therefore, at each step of the branching Markov
chain the size of the population increases with a probability bounded away from 0, so that ‖Mn‖ → ∞ almost surely.
Thus,

ω(Mn) ≤ η‖Mn‖ → 0.

We have already mentioned that the function ω is P-harmonic, whence ω ≡ 0.

4. Topological convergence of populations

4.1. Harmonic systems of measures and stationary spaces

In this and the next subsection, we set up the needed background on boundary behaviour for transient Markov chains, to
be applied to the base Markov chain of our branching chain and subsequently to the branching Markov chain itself.

The action of the transition operator of a countable state space Markov chain (see Section 2.3) naturally extends
from the “ordinary” real valued functions to the ones taking values in an arbitrary affine space (provided infinite convex
combinations are well-defined – this is needed if not all transition probabilities are finitely supported), in particular, to
measure valued functions. By Prob(K) we denote the space of probability measures on a measurable space K , and in
the same way as for real functions we can formulate

Definition 4.1. A map

(4.2) κ : X → Prob(K), x → κx,

– in other words, a system (κx) of probability measures on K indexed by a countable space X – is harmonic with respect
to a Markov operator P on X, if

Pκ = κ,
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i.e., if κ satisfies the mean value property

(4.3) κx = 〈μx, κ〉 =
∑
y

px(y)κy ∀x ∈ X,

where px are the transition probabilities of the operator P . One also uses the term stationary (or, P -stationary), cf.
Remark 4.4 and Example 4.12. We shall refer to the couple (K, κ) as a measurable P -stationary space. In the situation
when K is a topological space endowed with the Borel sigma-algebra, we call it a topological P -stationary space.

As follows from our irreducibility assumption (TC), all measures κx in a harmonic system κ = (κx) are pairwise
equivalent. Therefore, one can talk about their common measure class, and we use the notation L∞(K, κ) = L∞(K) for
the corresponding Banach space of essentially bounded measurable functions.

Remark 4.4. Given a map κ (4.2), we use the same notation for its extension to the space Meas(X) of measures on X

(4.5) κθ =
∑
x

θ(x)κx, θ ∈ Meas(X).

Then the P -harmonicity of a map κ is equivalent to its invariance with respect to the action of the operator P on Meas(X),
that is, κθ = κθP for all θ ∈ Meas(X).

The dual statement is that (4.3) holds if and only if for any test function ϕ ∈ L∞(K) in the measurable case, or from
the Banach space C(K) of real valued continuous functions when K is a topological space, the function

(4.6) f ϕ(x) = 〈κx,ϕ〉, x ∈ X,

is P -harmonic in the usual sense. In particular, a non-constant harmonic system exists only if there are non-constant
bounded P -harmonic functions on X.

Proposition 4.7. If (K, κ) is a compact separable P -stationary space, then for almost every sample path X = (Xn) of
the chain (X,P ) there exists a random weak* limit

κX =w*-lim
n→∞ κXn ∈ Prob(K),

and the barycentre of the arising family of measures {κX} on K with respect to any distribution Px, x ∈ X, on the path
space is

(4.8)
∫

κX dPx(X) = Ex(κX) = κx,

i.e.,

Ex

(〈κX, ϕ〉) = 〈κx,ϕ〉 ∀ϕ ∈ C(K), x ∈ X.

Proof. As we have already mentioned, for any ϕ ∈ C(K) the function f ϕ (4.6) on X is P -harmonic and obviously
bounded. Therefore, the sequence of its values f ϕ(Xn) along the sample paths of the chain is a bounded martingale with
respect to the coordinate filtration of the path space (see Section 5.2 below for more details), whence the limit

(4.9) K(ϕ) = lim
n

f ϕ(Xn) = lim
n

〈κXn,ϕ〉

exists for almost every sample path, and

(4.10) Ex

(
K(ϕ)

) = Ex

(
f ϕ(X0)

) = f ϕ(x) = 〈κx,ϕ〉 ∀x ∈ X.

If � ⊂ C(K) is a countable dense subset, then by discarding the exceptional sets for each function ϕ ∈ � one obtains a
co-negligible subset � of the path space such that the limit (4.9) exists on � for all functions ϕ ∈ �, hence, by the density
assumption, for all ϕ ∈ C(K). Therefore, this limit determines a non-negative normalised linear functional on C(K),
i.e., a Borel probability measure κX on K such that

(4.11)
∫

ϕ dκX = K(ϕ) on �,
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and the convergence in (4.9)

〈κXn,ϕ〉 → K(ϕ) ∀ϕ ∈ C(K)

is precisely the weak* convergence of the measures κXn to κX on �. Now, in terms of the limit measures κX (4.11)
formula (4.10) takes the form

Ex

(〈κX, ϕ〉) = 〈κx,ϕ〉 ∀ϕ ∈ C(K),

which proves the statement on the barycentre. �

Example 4.12. Let X be a countable group continuously acting on a compact space K . Given a probability measure μ

on X, a measure κ on K is called μ-stationary if it is preserved by the convolution with μ:

κ = μ ∗ κ =
∑
x

μ(x)κx,

where κx is the x-translate of the measure κ , i.e., κx(A) = κ(x−1A) for A ⊂ K . Since K is compact, the existence of
μ-stationary probability measures is guaranteed by the Krylov – Bogolyubov theorem applied to the convolution operator
κ → μ∗κ , see FURSTENBERG [30, Definition 1.2 and Lemma 1.2]. In terms of the transition operator P = Pμ of the ran-
dom walk on X determined by μ (cf. Example 2.18), the μ-stationarity of a measure κ is equivalent to the P -harmonicity
of the family of translates κx . The proof of Proposition 4.7 above follows the group case argument in FURSTENBERG

[32, Lemma 3.1 and the ensuing Corollary] which essentially goes back to FURSTENBERG [30, Lemma 1.3]; also see
CARTWRIGHT–SOARDI [16], WOESS [75, Theorem 2.2], [76, Theorem 20.3] (cf. Proposition 4.17 below) and the dis-
cussion in [76, pp. 309–310], as well as KAIMANOVICH [45, Theorem 2.4].

Extending the notion of a μ-boundary for random walks on groups introduced by FURSTENBERG [33, Section 8], at
this point we formulate the following.

Definition 4.13. A compact separable P -stationary space is a topological P -boundary if with probability 1, the random
limit measure κX is a delta measure at a random point.

As we shall see in Proposition 5.6 below, topological P -boundaries considered as measure spaces can be characterised
as quotients of the Poisson boundary of the chain (X,P ).

4.2. Compactifications and the Dirichlet problem

A priori the stationary space K in Definition 4.1 and Proposition 4.7 does not have to be “attached” to the state space X
in any way. Let us now look at the situation when K is the boundary ∂X of a compactification X = X ∪ ∂X of the state
space X.

(SC) We only consider the compactifications for which ∂X is separable.4

Definition 4.14. A compactification of the state space X of a Markov chain is stochastically resolutive5 with respect to
this chain if its sample paths (Xn) converge almost surely to the compactification boundary, i.e., with probability 1 there
exists a limit

X∞ = lim
n

Xn ∈ ∂X.

The resulting images κx of the measures Px under the limit map are called the hitting distributions of the Markov chain.

By the Markov property the system of hitting measures κx of a stochastically resolutive compactification is P -harmonic
in the sense of Definition 4.1.

4Since X is countable, the compactification space X is always separable. Still, the boundary ∂X need not be separable in general, for instance, for the
Stone–Čech compactification.
5This definition alludes to the notion of resolutivity from classical potential theory (e.g., see LUKEŠ–NETUKA–VESELÝ [60, Section 4]), cf. the remark
at the beginning of Section 8 in WOESS [75].
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Proposition 4.15. The boundary ∂X of a stochastically resolutive compactification endowed with the family of the hitting
measures (κx) is a P -boundary, and almost surely

w*-lim
n→∞ κXn = δX∞ .

This is a consequence of a general result on the identification of P -boundaries with the quotients of the Poisson
boundary (Proposition 5.6) which we relegate to Section 5.2.

Definition 4.16. A compactification of the state space X of a Markov chain with the transition operator P is Dirichlet
regular with respect to this chain if for any function ϕ ∈ C(∂X) there is a unique P -harmonic function f ϕ on X (the
solution of the Dirichlet problem with the boundary data ϕ) that provides a continuous extension of ϕ to all of X. In this
situation for any x ∈ X

ϕ → f ϕ(x)

is a norm 1 positive linear functional on C(∂X) represented by a Borel probability measure κx on ∂X (≡ the harmonic
measure with pole at x) as

f ϕ(x) =
∫

ϕ(ξ) dκx(ξ) = 〈κx,ϕ〉.

The system of harmonic measures from Definition 4.16 is P -harmonic in the sense of Definition 4.1 (cf. Remark 4.4).

Proposition 4.17 (WOESS [75, Theorem 2.2], [76, Theorem 20.3]). An (SC)-compactification X = X ∪ ∂X of the state
space X of a transient Markov chain is Dirichlet regular if and only if the following two conditions hold:

(i) the compactification is stochastically resolutive;
(ii) the system of the hitting measures κx has the property that

w*-lim
x→ξ

κx = δξ ∀ξ ∈ ∂X.

In this situation the measures arising from the solvability of the Dirichlet problem coincide with the hitting measures κx .

Remark 4.18. In terms of the boundary convergence the difference between stochastic resolutivity and Dirichlet reg-
ularity is that in the latter case the harmonic measures κxn converge to the delta measure δx∞ at the limit point
x∞ = limxn ∈ ∂X for any boundary convergent sequence (xn), whereas in the former case κXn → δX∞ just almost
surely, i.e., along almost all sample paths of the chain. Stochastic resolutivity on its own does by no means imply Dirich-
let regularity. For instance, see BENJAMINI–PERES [5, Example 3] and KAIMANOVICH–WOESS [48, pp. 461-462] for
examples of this kind with random walks on trees.

Remark 4.19. If a P -stationary space (K, κ) is compact, then the map κ : x → κx (4.2) provides an embedding of
the discrete space X into the compact space Prob(K) of Borel probability measures on K endowed with the weak*
topology, and therefore it gives rise to a compactification of X whose boundary is the collection of all weak* limit points
of the system (κx). This idea goes back to FURSTENBERG [31, Chapter II] who used it to define a compactification
of Riemannian symmetric spaces, see also FURSTENBERG [32, Definition 3.3]. Proposition 4.7 then implies that this
compactification is stochastically resolutive.

Our various preliminary considerations lead to the following, which is going to be a basic tool for proving a.s. conver-
gence of the empirical distributions to a random distribution on the boundary.

Proposition 4.20. Let X = X ∪ ∂X be a Dirichlet regular compactification of the state space X of a transient Markov
chain. If

w*-lim
n→∞ θn = θ∞ ∈ Prob(∂X),

for a sequence of measures θn ∈ Prob(X), then also

w*-lim
n→∞ κθn = θ∞

for the sequence of the associated harmonic measures κθn .
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Proof. Let ϕ ∈ C(∂X) be a continuous test function on ∂X, and let f ϕ ∈ C(X) be its harmonic extension to the whole
of the compactification X. Then by the definitions of the harmonic measures and of the weak* convergence

〈κθn, ϕ〉 = 〈
θn, f

ϕ
〉 → 〈

θ∞, f ϕ
〉 = 〈θ∞, ϕ〉,

whence the claim. �

Corollary 4.21. Under the conditions of Proposition 4.20, let θn ∈ Prob(X) be a sequence of measures escaping to
infinity on X (i.e., such that θn(x) → 0 for any x ∈ X). Then the sequence θn converges if and only if the sequence of the
harmonic measures κθn converges, and the limits of these two sequences coincide.

Proof. The claim follows from the compactness of the space Prob(X) in the weak* topology. Indeed, if κθn is convergent,
whereas θn is not, then by compactness the sequence θn has at least two different limit measures θ1∞, θ2∞ which by the
escape assumption are supported by ∂X. By taking subsequences of θn converging to θ1∞ and to θ2∞, respectively, one
then arrives at a contradiction with Proposition 4.20. �

4.3. Population convergence

We finally come to the application and extension of the results from Section 4.1 and Section 4.2 to the setup of branching
Markov chains (see Section 2.2). We recall that, given a map κ : X → Prob(K), we denote by

κm =
∑
x∈m

κx, m ∈ M,

its extension (4.5) to the population space M = Z+(X) over X, so that, in particular,

‖κm‖ = ‖m‖ ∀m ∈ M.

The normalisation

(4.22) �κ m = 1

‖m‖κm ∈ Prob(K)

is then the average of the measures κx over a population m (where m, as always, is treated as a multiset).

Theorem 4.23. If

(1) a branching Markov chain on the state space X has a constant branching ratio ρ > 1, and its offspring distributions
satisfy the uniform L logL moment condition,

(2) (K, κ) is a separable compact stationary space for the underlying Markov chain on X,

then

(I) for almost every sample path M = (Mn) of the branching Markov chain there exists a limit

κM =w*-lim
n→∞

1

ρn
κMn,

which is a positive finite Borel measure on K ;
(II) the barycentre of the measures {κM} with respect to any distribution PPPx, x ∈ X, on the path space of the branching

Markov chain is κx :

EEEx(κM) = κx.

In particular, if

(3) X = X ∪ ∂X is a compactification of the state space X which satisfies (SC) and is stochastically resolutive with
respect to the underlying Markov chain,

then (I) and (II) hold for the associated family of hitting distributions on the boundary ∂X. Furthermore, if in addition

(4) the compactification is Dirichlet regular for the underlying Markov chain,
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then

(III) For almost every sample path of the branching Markov chain,

κM =w*-lim
n→∞

1

ρn
Mn.

Proof. The argument for the proof of (I) and (II) is essentially the same as in the proof of Proposition 4.7 (which could
potentially be generalised to allow the measures from a harmonic family to be not necessarily normalised and to depend on
time, cf. Section 5.4). The only difference is that the arising martingales of the branching Markov chain are not bounded.
Still, they are dominated by the uniformly integrable population martingale.

Let us first take a test function ϕ ∈ C(K), let

(4.24) f (x) = f ϕ(x) = 〈κx,ϕ〉

be the corresponding harmonic function of the underlying Markov chain on X, and let

f̃ (m) = 〈m,f 〉 = 〈κm,ϕ〉

be its lift to M. Then by Corollary 2.10 and Remark 4.4 the function f̃ is ρ-harmonic for the branching Markov chain,
whence the sequence of random variables

W
f
n = 1

ρn
f̃ (Mn) = 1

ρn
〈κMn,ϕ〉

on the path space of the branching Markov chain is a martingale with

(4.25)
∣∣Wf

n

∣∣ ≤ 1

ρn
‖κMn‖ · ‖ϕ‖ = 1

ρn
‖Mn‖ · ‖ϕ‖ = Wn · ‖ϕ‖,

where Wn = Wn(M) is the population martingale of Definition 1.6. Then Theorem 3.3 on the uniform integrability of
(Wn) implies the uniform integrability of the martingale (W

f
n ) as well, so that the limit

(4.26) W
f∞(M) = W

f∞ = lim
n

W
f
n

exists for almost all sample paths and has the property that

(4.27) EEExW
f∞ =EEExW

f

0 = f (x) = 〈κx,ϕ〉 ∀x ∈ X.

If � ⊂ C(K) is a countable dense subset, then there is a common co-negligible subset � of the path space such that
the limit (4.26) exists and satisfies (4.27) for all M ∈ � and any ϕ ∈ �. By (4.25)

∣∣Wf1∞ − W
f2∞

∣∣ ≤ W∞(M) · ‖ϕ1 − ϕ2‖ ∀ϕ1, ϕ2 ∈ �,

where fi = f ϕi , i = 1,2, are the harmonic functions (4.24) associated with the functions ϕi . Therefore, the limit (4.26)
exists on � for all ϕ ∈ C(K) and satisfies condition (4.27). For any fixed realisation of M on �, it defines a positive
linear functional on C(K) whose norm is W1∞(M) = W∞(M), i.e., a non-negative Borel measure κM with total mass

(4.28) ‖κM‖ = W∞(M)

which is strictly positive by Theorem 3.4. Identity (II) is then precisely the fact that (4.27) is satisfied for all ϕ ∈ C(K).
Finally, the existence of a stochastically resolutive compactification obviously implies the transience of the underlying
chain, and therefore (I) implies (III) in view of Corollary 4.21. �

In the course of the proof of Theorem 4.23 we have seen, in formula (4.28), that the norm of the limit measure κM is
the limit W∞(M) of the population martingale, whence we get the following.
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Theorem 4.29. Under conditions (1) and (2) of Theorem 4.23 for almost all sample paths M = (Mn) of the branching
Markov chain the averages

�κ Mn = 1

‖Mn‖κMn = 1

‖Mn‖
∑

x∈Mn

κx

converge in the weak* topology of Prob(K) to the probability measure �κM (the normalisation of the measure κM from
Theorem 4.23), and

κx =EEEx

(
W∞(M) · �κM

)
.

In particular, this is the case for the boundary ∂X of any stochastically resolutive (SC)-compactification X = X∪ ∂X of
the state space of the underlying Markov chain endowed with the family of the arising hitting measures. Moreover, if the
compactification is Dirichlet regular, then the empirical distributions

�
Mn = 1

‖Mn‖Mn

converge almost surely to the limit measure �κM in the weak* topology of Prob(X).

We now address the question when the random limit measure �κM is trivial.

Proposition 4.30. Under conditions (1) and (2) of Theorem 4.23, the random limit probability measure �κM is a random
point mass if and only if there is a deterministic element z ∈ K such that κx = δz for all x ∈ X. In this case, also �κM = δz

is deterministic.

Proof. The “if” as well as the last statement are obvious. For the interesting part, we need a more refined notation. We
write Mx = (Mx

n )n≥0 for the branching Markov chain starting at time 0 with one particle at position x ∈ X, and the
other related objects will also be equipped with the superscript x. In particular, we denote by �κ

x
n the normalised measure

associated with the population at time n according to (4.22), that is, �κ
x
n = �κ Mx

n
.

Now let t, n ∈ Z+. Then

�κ
x
t+n =

∑
y∈Mx

t

‖My
n‖

‖Mx
t+n‖

�κ
y
n.

Here and below, one must observe (without adding further involved notation) that the elements y ∈ Mx
t appear according

to their multiplicity, and the respective norms ‖My
n‖ and measures �κ

y
n are independent (in particular, not identical). If we

let n → ∞ and apply Theorem 4.29, then we get

(4.31) �κ
x
M =

∑
y∈Mx

t

W∞(My)

ρtW∞(Mx)

�κ
y

M,

and the respective limits W∞(My) and the limit measures �κ
y

M are independent among themselves (including multiple
appearances), but not independent of Mx . The sum in (4.31) is a convex combination with a.s. strictly positive coefficients
by Theorem 3.4.

We now take t to be the first moment when ‖Mx
t ‖ ≥ 2. By our assumptions, this is an a.s. finite stopping time. If

�κ
x
M = δζ for a random ζ ∈ K , then also �κ

y

M = δζ for all y ∈ Mx
n . But the latter measures – at least 2 – are independent,

and it is a straightforward exercise that ζ must be deterministic. �

We note that the last proposition is related to the issue of triviality of the Poisson boundary. The latter will be considered
further below.

4.4. Adaptedness conditions

Having in mind the above boundary convergence results, we are now going to list several compactifications of the state
space X of a discrete Markov chain (to be thought of as the underlying chain of a branching Markov chain) and comment
upon the key properties of these compactifications required in Theorem 4.23: stochastic resolutivity and Dirichlet regular-
ity. Suppose that X carries a certain geometric, algebraic or combinatorial structure, and that the transition operator P is
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adapted in some way (to be specified in more detail) to that structure. In this situation the Markov chain is usually called
random walk (so that the corresponding branching Markov chain becomes a branching random walk, cf. Example 2.18.)
How does its adaptedness affect the behaviour of the chain? For the next considerations, we assume that X carries the
structure of an unoriented infinite graph which is

(LFC) locally finite, i.e., for every vertex x ∈ X the cardinality deg(x) of its set of neighbours N (x) is finite,
and connected.

We denote by E(X) ⊂ X × X the edge set of X and write d(x, y) for the graph distance on X. We recall that the
transition operator P is always assumed to satisfy condition (TC), i.e., to be transient and to have pairwise communicating
states. Here is a list of different basic geometric adaptedness conditions. The random walk (X,P ) with the transition
probabilities p(x, y) = px(y) is said to be

• simple, if for any x ∈ X the transition measure px is equidistributed on its set of neighbours N (x), i.e., p(x, y) =
1/deg(x) for [x, y] ∈ E(X), and p(x, y) = 0, otherwise.

• nearest neighbour, if p(x, y) > 0 only when [x, y] ∈ E(X).
• of bounded range, if there is R < ∞ such that p(x, y) > 0 only when d(x, y) ≤ R.
• uniformly irreducible, if there are N < ∞ and ε > 0 such that for any pair (x, y) ∈ E(X) there is a time n ≤ N with

p(n)(x, y) ≥ ε.

One can also impose various tightness or moment conditions on the distributions of the distances d(x, y) with respect
to the transition probabilities p(x, y), e.g., the uniform first moment condition from Definition 3.2 (see KAIMANOVICH–
WOESS [48, Section 3] for a detailed discussion).

We now consider algebraic adaptedness. A graph X is called vertex transitive if its group of automorphisms Aut(X)

acts transitively on the vertex set. This is the case for the Cayley graph of any finitely generated group with respect to a
finite symmetric set of generators S (i.e., [x, y] is an edge if and only if x−1y ∈ S). There are also vertex transitive graphs
which are not Cayley graphs.6

Given a transition operator P on a state space X (not necessarily endowed with a graph structure), one can define the
automorphism group of the Markov chain (X,P ) as

Aut(X,P ) = {
g ∈ Perm(X) : p(gx,gy) = p(x, y) ∀x, y ∈ X

}
,

where Perm(X) denotes the group of all permutations (not necessarily finitely supported!) of X. A natural algebraic
adaptedness condition in this situation is to require that Aut(X,P ) (or a subgroup) act transitively on X, or at least quasi-
transitively, which consists in requiring that the action of the corresponding automorphism group have finitely many
orbits. This condition is satisfied for the so-called random walks with internal degrees of freedom (also known under
numerous other names, in particular, as semi-Markov, covering, or coloured chains), e.g., see KAIMANOVICH–WOESS

[49] and the references therein.

4.5. A zoo of compactifications

We now display several “geometric” compactifications of a graph X satisfying conditions (LFC) and discuss if and how
Theorem 4.23 applies.

Example 4.32 (End compactification). This definition goes back to FREUDENTHAL [29] and HALIN [39]. We denote
by C(F ) the (finite!) collection of all infinite connected components of the graph X \ F obtained from X by removing a
finite set of edges F ⊂ E(X). The end compactification XE = X ∪ ∂EX is the unique (up to homomorphisms) minimal
compactification of X to which all the indicator functions 1C of connected components C ∈ C(F ) extend continuously.
The space of ends ∂EX is the projective limit of the discrete spaces C(F ) as F → X. There is also a more explicit
graph-theoretical description.

Example 4.33 (Hyperbolic compactification). A graph X is called hyperbolic, if it is a Gromov-hyperbolic metric space
with respect to the standard graph metric. We refrain from restating all features of hyperbolic spaces and groups. See the
original paper by GROMOV [36] (and its numerous renditions), or, in the context of random walks on graphs and groups,
WOESS [76, Section 22]. A hyperbolic graph X has a hyperbolic compactification XH with the hyperbolic boundary
∂H X.

6For instance, the famous Diestel – Leader graph which is not even roughly isometric to a Cayley graph, see WOESS [73], DIESTEL – LEADER [22],
ESKIN – FISHER – WHYTE [26].



Limit distributions of branching Markov chains 1971

Example 4.34 (Floyd compactification). Let f : Z+ → (0,∞) be a summable function such that there is 0 < c < 1 with

cf(n) ≤ f(n + 1) ≤ f(n) ∀n ∈ Z+.

We define the f-length �f(π) of any finite path π in X as the sum of the f-lengths

�f(e) = min
{
f
(|x|), f

(|y|)}
of its edges e = [x, y], where as usual |x| = d(x, o) denotes the graph distance between x and a fixed root vertex o. The
Floyd distance on X is the resulting path metric

df(x, y) = inf
{
�f(π) : π is a finite path from x to y

}
.

We denote by Xf the completion of X with respect to this metric, with the resulting Floyd boundary ∂fX = Xf \ X. The
space Xf is compact and does not depend on the choice of the root o (the identity map on X extends to homeomorphisms
between the compactifications corresponding to different roots), see FLOYD [27] and KARLSSON [51–53].

The end, the hyperbolic (provided the graph is hyperbolic), and the Floyd compactifications have the following com-
mon features (see the aforementioned references):

• The action of the group of automorphisms Aut(X) on X extends to its action on the whole compactification by home-
omorphisms;

• If the graph is vertex-transitive, then the boundary of the compactification consists of one, two, or uncountably many
points;

• All these compactifications are contractive Aut(X)-compactifications in the sense of WOESS [74].

The Floyd compactification is finer than the end one, i.e., there exists a (necessarily surjective) continuous map
π : Xf → XE (an extension of the identity map on X) such that the embedding X ↪→ XE is the composition of the
embedding X ↪→ Xf with π . If the graph X is hyperbolic, then the hyperbolic compactification is intermediate between
the other two, i.e., it is coarser than the Floyd one and finer than the end one (the latter fact was, to our knowledge, first
explicitly stated by PAVONE [67]):

Xf XE

XH

Note that in general even the vertex-transitive graphs with infinitely many ends may be quite far from being hyperbolic.
The following result from WOESS [74, Section 4] provides sufficient conditions for the applicability of Theorem 4.23:

Proposition 4.35. Let X be a graph satisfying (LFC), and let X be one of its compactifications – the end, the hyperbolic
(if X is hyperbolic), or the Floyd one – with infinite boundary ∂X. If the group Aut(X,P ) acts quasi-transitively on X
and does not fix a boundary point, then the compactification is Dirichlet regular.

The case when Aut(X,P ) fixes a boundary point is a very special one; we omit the details here.
Next, we review the situation when no group invariance is assumed. We recall that the spectral radius of a transition

operator P is defined as

(4.36) r(P ) = lim sup
n→∞

[
p(n)(x, y)

]1/n;

under condition (TC) it does not depend on the choice of x, y ∈ X (see, e.g. WOESS [76]).

Proposition 4.37. Suppose that (TC) holds. The end compactification is stochastically resolutive if one of the following
two conditions holds:

(i) P has bounded range;
(ii) P is uniformly irreducible, has a uniform first moment, and r(P ) < 1.
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Moreover, it is Dirichlet regular if, in addition to (i) or (ii), the following respective conditions hold:

(i′) under condition (i): the Green kernel vanishes at infinity;
(ii′) under condition (ii): there are C > 0 and r < 1 such that

p(n)(x, y) ≤ Crn ∀x, y ∈ X, n ∈ N,

Remark 4.38. With small modifications, Proposition 4.37 also holds for the other two compactifications.
(a) If the graph X is hyperbolic and r(P ) < 1, then Proposition 4.37 holds for the hyperbolic compactification of X

as well.
(b) For the Floyd compactifications in absence of a transitive group action, the case of simple random walk has been

touched by KARLSSON [53]. This has recently been generalised by SPANOS [70]; in particular, stochastic resolutivity,
resp. Dirichlet regularity, holds under conditions (ii), resp. (ii) + (ii′).

For proofs and references regarding the end and hyperbolic cases, as well as the question of validity of condition (ii′)
from Proposition 4.37, see WOESS [76], in particular Sections 21–22.

Boundary convergence of Markov chains is a vast and active area, and the purpose of the examples above is just to
convey its flavour as a backdrop for Theorem 4.23 rather than to provide any comprehensive overview. Without going
into further details, let us mention, for instance, the related work on the visual compactification of Cartan – Hadamard
manifolds, the Busemann (or horospheric) compactification of metric spaces, various compactifications of Riemannian
symmetric spaces, boundaries of planar graphs, the Thurston compactification of Teichmüller space, etc., etc.

Let us finally discuss a compactification of the state space X intrinsically determined just by the transition operator
P . The latter, as always, is assumed to satisfy condition (TC), and therefore a normalisation of the Green kernel produces
the Martin kernel

Ko(x, y) = G(x,y)

G(o, y)
, x, y ∈ X,

where o ∈ X is a fixed reference point. The Martin compactification is the unique (up to homeomorphisms) minimal
compactification XM = X ∪ ∂MX of the state space X to which each function Ko(x, ·), x ∈ X, extends continuously
in the second variable (e.g., see Woess [77] for a detailed exposition). The Martin compactification of a bounded range
Markov operator P on a graph X is known to be comparable with the aforementioned geometric compactifications of X
in the following situations:

(i) it is finer than the end compactification;
(ii) it coincides with the hyperbolic compactification – if X is hyperbolic and r(P ) < 1;

(iii) it is finer than the Floyd compactification – if (X,P ) is a random walk on (the Cayley graph of) a finitely generated
group.

For (i) and (ii), see WOESS [76, Chapter IV] and the references therein; (iii) is very recent and due to GEKHTMAN–
GERASIMOV–POTYAGAILO–YANG [35].

Every positive harmonic function h has an integral representation

h(x) =
∫

∂MX
Ko(x, ξ) dνh

o (ξ)

for a unique Borel measure νh
o on ∂MX. The Martin compactification is stochastically resolutive, and the hitting distri-

bution νo issued from the reference point o is precisely the representing measure ν1o of the constant harmonic function
1(x) ≡ 1. There are various classes of Markov chains for which the Martin compactification is Dirichlet regular (the sim-
plest non-trivial example being that of the simple random walk on a homogeneous tree), but there are also many classes
for which it is not (for instance, when the support of the harmonic measure class is not the whole Martin boundary),
see WOESS [76, Chapter IV] for details. In any case, at least claim (iii) of Theorem 4.23 always applies to the Martin
compactification.

After mentioning that the Martin boundary considered as a measure space endowed with the family of the represent-
ing measures ν1o is isomorphic to the Poisson boundary of the chain, we shall now switch to discussing the boundary
behaviour of branching Markov chains in the measure-theoretic setting.
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5. Boundary correspondence

5.1. Motivation: Topological case

In the topological setup, as we saw in the previous Section (Theorem 4.23 and Theorem 4.29), under suitable conditions
there is a natural map M → κM which assigns to almost every sample path of the branching Markov chain M = (Mn)

a finite positive weak* limit measure κM on a stationary space K . The total mass ‖κM‖ is the limit of the population
martingale (1.7), and its normalisation �κM = 1

‖κM‖κM is a random probability measure on K which can be interpreted as
a limit of the population averages. In particular, if K = ∂X is the boundary of a Dirichlet regular compactification of the
state space X, then �κM is the weak* limit of the empirical distributions

�
Mn = 1

‖Mn‖Mn

of the populations Mn.
The purpose of this section is to show that the limit measures associated with the sample paths of the branching

Markov chain can also be defined by entirely measure-theoretical means not involving any topological convergence, as
the transition probabilities of a certain Markov transfer operator acting between two measure spaces. This will allow us
to define the limit distributions of the branching Markov chain on the measure-theoretical boundaries of the underlying
chain.

Before proceeding further, let us return to Theorem 4.29. It provides a measurable family of probability measures �κM
on the stationary space K parameterised by the sample paths of the branching Markov chain M. Considered as a Markov
kernel from the path space MZ+ to K , this family gives rise to a positive norm 1 linear operator

(5.1) BK : ϕ → BKϕ, where ϕ ∈ C(K),BKϕ = 〈�κM, ϕ〉,
from C(K) to the space L∞(MZ+) of bounded measurable functions on the path space of the branching chain with
respect to the default measure class (FS).

We will now go in the opposite direction by first defining an appropriate transfer operator and then using it to produce
the associated family of boundary measures.

5.2. Tail and Poisson boundaries

We begin with reminding the basic definitions and facts from the measurable boundary theory of Markov chains, see
KAIMANOVICH [44] and the references therein for more details. Given a transition operator P on a countable state space
X (or, equivalently, the corresponding family of transition probabilities), this theory provides an integral representation
of bounded harmonic functions, or, more generally, of bounded harmonic sequences (≡ space-time harmonic functions)

fn = Pfn+1 ∀n ∈ Z+.

By A∞
n we denote the σ -algebra on the path space XZ+ determined by the positions of the chain at times ≥ n. The

intersection

A∞ =
⋂
n

A∞
n

is the tail σ -algebra of the Markov chain (X,P ), and it gives rise to the tail boundary TP X defined in the measure
category by using ROKHLIN’s correspondence between (complete) sub-σ -algebras of Lebesgue measure spaces and their
quotient spaces (e.g., see COUDÈNE [19, Chapter 15] for an exposition of Rokhlin’s theory). We denote the corresponding
quotient map by

(5.2) tail = tailP : XZ+ → TP X.

The tail boundary is endowed with the harmonic measure class, which is the tail image of the default measure class (FS)
on the path space, and the notation L∞(TP X) refers to the harmonic measure class. Any initial position (n, x) from the
space-time Z+ × X determines the associated harmonic probability measure η(n,x) on T X

P absolutely continuous with
respect to the harmonic measure class, and

(5.3) f (n, x) = fn(x) = 〈η(n,x), f̂ 〉
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is a space-time P -harmonic function for any f̂ ∈ L∞(TP X). Equivalently, f is a harmonic function of the space-time
Markov chain on Z+ × X (for which the spatial transitions are accompanied by increasing the time coordinate by one).
Conversely, a space-time function f = (fn) is P -harmonic if and only if the sequence of its values fn(Xn) along the
sample paths of the Markov chain is a martingale with respect to the increasing coordinate filtration of the path space. In
particular, if f is bounded, then the limit

(5.4) lim
n

fn(Xn) = f̂ (tail X)

exists and is measurable with respect to the tail σ -algebra, i.e., it determines a function f̂ in L∞(TP X). Formulas (5.3)
and (5.4) establish an isometric isomorphism of L∞(TP X) and of the space of bounded space-time P -harmonic functions
endowed with the sup norm.

In the same way one defines (also in the measure category) the Poisson boundary ∂P X responsible for an integral
representation of bounded P -harmonic functions (whence the name coined by FURSTENBERG [32] and alluding to the
classical Poisson formula for harmonic functions on the unit disk). It is the quotient of the path space under the boundary
map

bnd = bndP : XZ+ → ∂P X,

determined by the exit σ -algebra (the sub-algebra of the tail σ -algebra consisting of shift invariant sets – this is why this
σ -algebra is also sometimes called invariant). The following commutative diagram illustrates the relationship between
the path space, the tail and the Poisson boundaries:

(5.5) XZ+

bnd

tail
TP X

p

∂P X

The Poisson boundary can be interpreted as the space of ergodic components of the transformation T of the tail boundary
induced by the time shift on the path space, and the resulting projection is the map p : TP X → ∂P X in the above diagram.
Formulas (5.3) and (5.4) restricted to the space of bounded P -harmonic functions (i.e., of space-time harmonic functions
constant in time) establish its isometric isomorphism with the subspace of L∞(TP X) that consists of T -invariant func-
tions. In terms of the Poisson boundary this isomorphism takes the form of the Poisson formula f (x) = 〈νx, f̂ 〉, where
f̂ ∈ L∞(∂P X), and νx are the harmonic measures on the Poisson boundary, i.e., the images of the measures Px on the
path space under the boundary map bnd – or, equivalently, the images of the measures ηx = η(0,x) on TP X under the
quotient map p : TP X → ∂P X.

We now provide a characterisation of the topological P -boundaries of a Markov chain in terms of the quotients of the
Poisson boundary (which can be called measurable P -boundaries) mentioned after Definition 4.13.

Proposition 5.6. Let P be a Markov operator on a countable state space X, and let (K, κ) be a compact separable
P -stationary space. It is a P -boundary if and only if, as a measure space, it is a quotient of the Poisson boundary ∂P X,
i.e., there exists a measurable map q : ∂P X → K such that q(νx) = κx for all x ∈ X.

Proof. Let K be a P -boundary. Then for almost every sample path of the Markov chain X = (Xn) the weak* limit

κX =w*-lim
n→∞ κXn

is a delta measure, which provides a map from the path space to K which is measurable with respect to the exit σ -algebra,
i.e., a sought for measurable map q : ∂P X → K , and by formula (4.8) from Proposition 4.7 q(νx) = κx for all x ∈ X.

Conversely, let K , as a measure space, be a quotient of the Poisson boundary. Then any test function ϕ ∈ C(K),
considered as an element of L∞(K), can be lifted to a function f̂ ∈ L∞(∂P X). Let f = f ϕ be the associated bounded
harmonic function:

f (x) = 〈νx, f̂ 〉 = 〈κx,ϕ〉, x ∈ X.

Then for almost every sample path of the Markov chain X = (Xn),

〈κXn,ϕ〉 = f (Xn) → f̂ (bnd X) = ϕ(q ◦ bnd X),

i.e., κX = δq◦bnd X. �
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5.3. Boundaries of branching Markov chains

Now we pass to the branching chain on M determined by the transition probabilities �m (2.5), or, equivalently, by the
transition operator P (2.6).

We denote the tail boundary of the branching Markov chain by TPM, and the Poisson boundary by ∂PM. By η(t,m) and
νm we denote the harmonic measures on the respective tail and Poisson boundaries corresponding to an initial population
m ∈ M (replacing, as in Section 2.2, the subscript δx with x if the initial population is a singleton δx ).

We recall that in what concerns random walks on countable groups (in a sense, these are the Markov chains that are
spatially homogeneous at the most, cf. Example 2.18), the difference between the tail and the Poisson boundaries is not
very significant. They do coincide in the aperiodic case (DERRIENNIC [20]); otherwise the fibres of the projection p

(5.5) of the tail boundary onto the Poisson boundary are parameterised by the periodicity classes of the random walk
(JAWORSKI [43]), in particular, p is always a bijection with respect to a one-point initial distribution (the latter fact plays
a key role in the entropy theory of random walks on groups, see DERRIENNIC [21] and KAIMANOVICH–VERSHIK [47]).
The situation is similar for random walks on graphs under the uniform ellipticity condition (the transition probabilities
between any two neighbouring vertices are bounded away from 0): in this case the tail and the Poisson boundaries also
coincide with respect to any one-point initial distribution, and the cardinality of the fibres of the projection p is at most 2,
see KAIMANOVICH [44, Corollary 2 on p. 162].

Branching Markov chains are manifestly space inhomogeneous, and the difference between their tail and Poisson
boundaries is much more pronounced. It can be illustrated already by the simplest example:

Example 5.7. Consider the Galton–Watson process (Example 2.12). Let ρ > 1 be the mean of a non-degenerate offspring
distribution π ∈ Meas(N) that satisfies the L logL moment condition. Then, assuming the non-extinction condition (NE)
(as always in this paper), for almost every sample path (Zn) of the Galton–Watson process there exists the limit

W∞ = lim
n

Zn

ρn
> 0

(cf. Section 3.1 and Section 5.4) which is clearly tail measurable. It was proved by LOOTGIETER [59, Corollaire 2.3.II,
Corollaire 3.3.II] that the limit W∞ completely describes the tail behaviour of the Galton–Watson process with respect
to any one-point initial distribution, or, in the aperiodic case, with respect to any initial distribution.7 Therefore, under
the L logL moment condition the tail boundary of the Galton–Watson process coincides with the product of the positive
ray R+ by the finite set of periodicity classes, or just with R+ in the aperiodic case. The arising limit measure on R+
(the distribution of W∞) is actually absolutely continuous, and its support is the whole ray R+, see ATHREYA–NEY [3,
Theorem I.10.4]. The time shift on the path space amounts to the multiplication of the limit W∞ by ρ. The corresponding
action of the group Z on R+ is dissipative, and therefore its space of ergodic components (≡ the Poisson boundary of the
Galton–Watson process) can be identified with the fundamental interval [1, ρ).8

Remark 5.8. It seems plausible that the tail and the Poisson boundaries admit a similar description for branching Markov
chains over any finite state space (≡ multi-type branching processes with a finite number of types). As far as we know,
this question has not been addressed in the literature.

If one passes to branching Markov chains over an infinite state space, then the problem of identification of the tail
and the Poisson boundaries appears to be horizon-less. This is indicated by the abundance of various martingales already
in the simplest case of branching random walks on Z (e.g., see SHI [68, Chapter 3]). To the best of our knowledge,
this problem has not been formulated even in the aforementioned Z case. We are now going to provide links between
measure-theoretic boundaries of a branching Markov chain and that of the underlying chain.

5.4. Harmonic martingales

Given two functions f and g on the state space X, their respective lifts f̃ and g̃ to M (see Section 2.3) have the property
that P f̃ = g̃ if and only if π ·Pf = g, see Proposition 2.9 and recall that x → πx is the assignment of the branching ratio
at x. We immediately get the following.

7According to COHN [17, pp. 420-421], this result was also independently obtained by B. M. Brown in an unpublished 1977 manuscript “The tail
σ -field of a branching process”.
8This identification of the Poisson boundary of Galton–Watson processes was first obtained – in somewhat different terms though – by DUBUC [24,
Theorem 2] under the finite second moment condition.
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Proposition 5.9. The lifts f̃n of a sequence of functions fn on X form a space-time P-harmonic function on M, i.e.,

f̃n =P f̃n+1 ∀n ∈ Z+

if and only if on X

fn = π · Pfn+1 ∀n ∈ Z+.

Corollary 5.10. If condition (BR) is satisfied, then for any space-time P -harmonic function (fn) on the state space X
the sequence (

1

ρn
f̃n

)
is a space-time P-harmonic function on the population space M.

Definition 5.11. The harmonic martingale determined by a space-time P -harmonic function f = (fn) on X is the
sequence of random variables

(5.12) W
f
n (M) = f̃n(Mn)

ρn
= 〈Mn,fn〉

ρn

on the path space of the branching Markov chain M = (Mn).

We denote the pointwise (almost everywhere) limit of the harmonic martingale (5.12) by

W
f∞(M) = lim

n
W

f
n (M).

The random variable W
f∞ is tail measurable, and therefore it can be presented as the composition

(5.13) W
f∞ =wf ◦ tailP

of the quotient map tailP : MZ+ → TPX (5.2) with the arising measurable function wf on the tail boundary TPM of
the branching Markov chain.

In the particular case when f = 1 the associated harmonic martingale (W1
n ) is precisely the population martingale

(Wn) introduced in Definition 1.6 and studied in Section 3. We denote by w = w1 the function on the tail boundary
determined by the pointwise limit W∞ = W1∞ of the population martingale (the limit population ratio, see Definition 1.6).

If the limit population ratio is positive (by Theorem 3.4 this is almost surely the case under the uniform L logL moment
condition), then

(5.14)
wf

w
(tail M) = W

f∞
W∞

(M) = lim
n

W
f
n

Wn

(M) = lim
n

〈Mn,fn〉
‖Mn‖ = lim

n
〈�
Mn,fn〉

is nothing but the limit empirical average of the functions fn along the branching Markov chain.

Remark 5.15. In the context of branching Markov chains the term “harmonic martingale” was used by BIGGINS–COHN–
NERMAN [10] for the sequence (in our notation) ϕ̃n(Mn), where (ϕn) is a sequence of functions on X such that its lift
to the space of populations (ϕ̃n) is a space-time P-harmonic function. Actually, in the setup of [10] the state space X is
endowed with a space-time partition into pairwise disjoint levels Xn, n ≥ 0 such that X0 consists of a single state x0,
the branching chain starts at time 0 from a single particle sitting at x0, and at each step the population moves to the next
level, so that the time n random population Mn is concentrated on Xn. Therefore, the sequence (ϕn) can be considered
as a single function ϕ on the state space X with the property that its lift ϕ̃ is a P-harmonic function on the population
space M. Such functions on X are called mean-harmonic by BIGGINS–KYPRIANOU [11]. Our setup is slightly more
general as we deal with the space-time harmonic functions which do not necessarily come from a space-time partition
of the state space. We feel that it is more consistent to deal with the space-time harmonic functions (instead of the time
constant ones) from the very beginning. The reason is that martingales, by their very nature, are linked with the tail
σ -algebra (rather than with the exit one), cf. Section 5.2 and Theorem 5.16.
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5.5. Boundary transfer operator

Below we are going to use the standard facts from the measurable theory of Markov operators, e.g., see FOGUEL [28].
We recall that, given two measure spaces (X,μX) and (Y,μY ), a linear operator

B : L∞(Y,μY ) → L∞(X,μX)

is called Markov if it preserves constants, is positive and order continuous, i.e.,

(i) B1Y = 1X ,
(ii) Bϕ ≥ 0 for any ϕ ≥ 0,

(iii) Bϕk ↓ 0 for any sequence ϕk ↓ 0.

As we have explained in Section 5.2, formulas (5.3) and (5.4) establish an isometric isomorphism f̂ → f = (fn) of
L∞(TP X) and of the Banach space of bounded space-time P -harmonic functions on the state space X endowed with the
sup norm.

Theorem 5.16. If the offspring distributions of a branching Markov chain with property (NE) satisfy the uniform L logL

moment condition, then the map

(5.17) B : f̂ → wf

w
, L∞(TP X) → L∞(TPM),

is a Markov operator. Here wf /w is the function (5.14) on the tail boundary TPM that represents the limit empirical
(population) averages of the space-time harmonic function f = (fn) determined by f̂ .

Proof. Property (i) from the definition of a Markov operator follows from Theorem 3.4, whereas (ii) is obvious. We just
have to verify property (iii), i.e., the order continuity of B . It is here that we use the uniform integrability of the population
martingale which implies that the operator B preserves the integrals with respect to appropriately chosen measures on the
tail boundaries TP X and TPM.

The first observation is that the uniform integrability of the population martingale (Theorem 3.3) implies the uniform
integrability of the harmonic martingale (W

f
n ) for any bounded space-time harmonic function f = (fn) on X. Thus, for

any initial population m ∈ M 〈
PPPm,W

f

0

〉 = 〈
PPPm,W

f∞
〉
,

or, in view of (5.12) and (5.13),

〈m,f0〉 = 〈
ηm,wf

〉
,

where ηm = tail(PPPm) is the harmonic measure on the tail boundary TPM corresponding to the initial distribution δm. In
terms of the boundary function f̂ ∈ L∞(TP X) representing f we then have

(5.18) 〈ηm, f̂ 〉 = 〈w · ηm,Bf̂ 〉,
where

ηm =
∑
x∈m

ηx,

and w · ηm is the measure on TPM with the density w with respect to the harmonic measure ηm, so that

‖ηm‖ = ‖w · ηx‖ = ‖m‖.
In view of the monotone convergence theorem, identity (5.18) then implies that if f̂ (k) ∈ L∞(TP X) with f̂ (k) ↓ 0

almost everywhere, then Bf̂ (k) ↓ 0 almost everywhere with respect to all measures w ·ηm,m ∈ M, which by Theorem 3.4
is the same as the almost everywhere convergence with respect to the harmonic measure class on TPM. �

If a measurable space K is a quotient of the tail boundary TP X, then the precomposition of the transfer operator B

(5.17) constructed in Theorem 5.16 with the lift

L∞(K) → L∞(TP X)
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provides a Markov operator

(5.19) BK : L∞(K) → L∞(TPM),

which we are going to compare with the operator BK (5.1). Since the map M → κM is tail measurable by the definition of
the measures κM in Theorem 4.23, the operator BK produces tail measurable functions on the path space, and therefore
its range can be identified with the space L∞(TPM).

Theorem 5.20. Under the conditions of Theorem 5.16, if K is a compact separable P -boundary of the underlying
Markov chain (X,P ), then the restriction of the operator BK (5.19) to the space C(K) coincides with the operator BK

(5.1).

Proof. Take a test function ϕ ∈ C(K). Then by the definition of the operator BK and by Theorem 4.29 for almost every
sample path M = (Mn)

BKϕ(tail M) = 〈�κM, ϕ〉 = lim
n

〈�κ Mn,ϕ〉,
whereas by (5.14)

BKϕ(tail M) = lim
n

〈�
Mn,f 〉,

where f (x) = 〈κx,ϕ〉, and therefore 〈�
Mn,f 〉 = 〈�κ Mn,ϕ〉. �

5.6. Boundary measures

Theorem 5.21. If the offspring distributions of a branching Markov chain satisfy the uniform L logL moment condition,
then the tail boundary of the underlying chain TP X is endowed with a family of probability measures ηξ indexed by the
points ξ ∈ TP from the tail boundary of the branching chain with the following properties:

(i) The family {ηξ } is measurable in the sense that for any function ϕ ∈ L∞(TP X) the integrals 〈ηξ ,ϕ〉 depend on ξ

measurably.
(ii) If K is a compact separable P -boundary, then for almost every sample path M = (Mn) of the branching chain the

limit measure �κM on K from Theorem 4.29 is the image q(ηξ ) of the measure ηξ , ξ = tail M, under the quotient
map q : TP X → K .

(iii) In particular, if ∂X is the boundary of a Dirichlet regular compactification of the state space X, then the empirical
distributions

�
Mn almost surely weak* converge to the image of the measure ηξ , ξ = tail M, under the quotient map

from the tail boundary TP X to ∂X.

Proof. We will construct the measures ηξ as the transition probabilities of the Markov operator B from Theorem 5.16.
We denote by L1(TP X) the Banach space of finite measures absolutely continuous with respect to the harmonic

measure class on the tail boundary TP X of the underlying chain and endowed with the total variation norm. We emphasise
that this space – in the same way as its dual L∞(TP X) – is defined “coordinate free”, just in terms of the harmonic
measure class. If one takes a reference measure λ from this class, then the elements of L1(TP X) can be identified with
their densities with respect to λ, after which L1(TP X) becomes the “usual” space L1(TP X, λ). Likewise, we denote by
L1(TP M) the analogous space associated with the tail boundary of the branching Markov chain.

Being Markov, the operator

B : L∞(TP X) → L∞(TPM)

from Theorem 5.16 is dual to an operator

λ → λB, L1(TPM) → L1(TP X),

and

ηm = (w · ηm)B ∀m ∈ M

by formula (5.18) from the proof of Theorem 5.16.
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For any initial probability measure λ ∈ L1(TPM) the operator B gives rise to the associated joint distribution λB on
the product TPM × TPX whose marginal distributions are the measures λ and λB . Since all involved measure spaces
are Lebesgue spaces, the conditional measures ηξ , ξ ∈ TPM, on the fibres {ξ} × TPX ∼= TPX of the projection

TPM × TPX → TPM

are well-defined, and their dependence on ξ is measurable. Their system does not depend (mod 0) on the choice of λ and
provides the transition probabilities that determine the operator B , so that

λB =
∫

ηξ dλ(ξ)

for any λ ∈ L1(TPM).
Claim (ii) then follows from Theorem 5.20. Indeed, the operator BK (5.19) being the result of the precomposition of

the operator B (5.17) with the lift L∞(K) → L∞(TP X) determined by the quotient map q : TP X → K , its transition
probabilities are the q-images of the transition probabilities ηξ of the operator B . On the other hand, by Theorem 5.20
the operator BK has the same transition probabilities as the operator BK (5.1), whereas the latter ones are, by definition,
the measures �κM.

Finally, claim (iii) now follows from Theorem 4.29. �

Remark 5.22. Although the measure λB on TP X is absolutely continuous with respect to the harmonic measure class,
the measures ηξ need not be absolutely continuous. An extreme example is provided by the situation when there is no
branching (ρ = 1), and the branching Markov chain is reduced to an ordinary one (Example 2.11).

6. Outlook

There are many natural questions that arise from our approach. They are non-trivial (and open, to the best of our knowl-
edge) not just for our general model of a branching Markov chain with a constant branching ratio, but also for its various
reductions (see Section 2.4), in particular, in the situation of independent branching and displacement (Example 2.13),
or even in the “baby case” of Example 2.13 when the underlying Galton–Watson process is deterministic (i.e., when the
offspring distribution π in formula (2.14) is a delta measure, so that the number of offspring is always the same). Here is
a brief outline of some of them.

6.1. Singularity vs. absolute continuity

Our principal result (Theorem 4.29) is the convergence of the empirical distributions
�
Mn = Mn/‖Mn‖ along almost

every sample path M = (Mn) of a branching Markov chain to a random probability measure �κM on the boundary of a
compactification X = X ∪ ∂X of the state space X. It is established under the condition that this compactification is
Dirichlet regular for the underlying Markov chain on the state space, which, in particular, endows the compactification
boundary ∂X with the associated harmonic measure class κ . What is the relationship between the limit measures �κM
and the class κ? The most interesting is the situation when the class κ is purely non-atomic. We conjecture that then the
following dichotomy holds: either almost all measures �κM are singular with respect to the class κ , or almost all measures
�κM belong to the class κ (in a somewhat weaker form: �κM are almost surely absolutely continuous with respect to κ).
In the second case of this dichotomy it would be interesting to study the properties of the arising Radon – Nikodym
derivatives. More generally, one can ask whether there are any other situations when almost all measures �κM belong to a
common measure class.

For a branching Markov chain with independent displacement (governed by a transition operator P on the state space
X) and branching (with the branching ratio ρ) described in Example 2.13 one can ask whether, for a fixed P , there is
a phase transition in the above conjectural “singularity vs. absolute continuity” dichotomy, namely, whether there exists
a critical ρ0 > 1 such that almost all limit measures �κM are singular with respect to the harmonic measure class when
ρ < ρ0, and almost all �κM belong to the harmonic measure class when ρ > ρ0. Presumably, the measures �κM should
become closer and closer to the harmonic measure of the underlying chain as ρ → ∞. What happens at the critical
value ρ0? How does ρ0 depend on the operator P ? What happens for general branching chains when branching and
displacement are no longer independent? Would one still be able to resolve the singularity dichotomy just in terms of the
underlying Markov operator P and the branching ratio ρ?

Let us now turn to the homogeneous setup of branching random walks on groups in which one can talk about further
quantitative characteristics. The questions below can also be asked in the presence of weaker forms of space homogeneity
mentioned in Example 2.18.
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6.2. Law of large numbers and central limit theorem

Already in 1966 STAM [71] considered the general convergence problem for the scaled empirical distributions of a
branching random walk on the real line R. He assumed that the displacement (governed by a probability measure μ on R)
and branching (governed by an offspring distribution with a finite second moment) are independent (see Example 2.13),
and that the scaled time n distributions Sbn,cn(μ

∗n) of the underlying random walk weakly* converge to a probability
measure υ on R (here (cn) is a centering sequence, (bn) is a norming sequence, and Sbn,cn(x) = (x − cn)/bn are the cor-
responding affine scaling transformations). Under certain additional conditions he then showed that the scaled empirical
distributions Sbn,cn(

�
Mn) of the branching random walk almost surely weakly* converge to the same limit measure υ ,

which implies both the law of large numbers (convergence to the delta measure for a linear scaling) and the central limit
theorem (convergence to the standard normal distribution for a square root scaling) under the respective first and second
moment conditions on the displacement distribution μ.

The central limit part of Stam’s result resolved a conjecture of HARRIS [40, Section III.16], and has been the subject
of numerous extensions and refinements, e.g., see GRÜBEL–KABLUCHKO [37] for a modern overview. In particular,
the condition on the offspring distribution was relaxed to the natural L logL moment one by KAPLAN [50], and the
requirement of displacement and branching independence was dropped by BIGGINS [9]. However, we are not aware of
any further developments related to Stam’s law of large numbers.

Among non-commutative groups, the scaling approach to limit theorems is only feasible for nilpotent groups (passing
to the Lie envelopes in the discrete case), see the detailed survey of BREUILLARD [12], and we expect that there should
not be much conceptual difference between nilpotent and abelian groups as far as the passage from “classical” random
walks to the branching ones is concerned. Beyond nilpotent groups limit theorems are usually stated for the distributions
of various functionals (in the first place, of the distance from the group identity with respect to a certain left-invariant
metric). The law of large numbers is then an immediate consequence of Kingman’s subadditive ergodic theorem, see
GUIVARC’H [38]. However, it is not clear how to use subadditivity in the branching context. As for the central limit
theorem, it requires much finer “hyperbolic” properties of the underlying group; for instance, see BENOIST–QUINT [7]
for the groups of isometries of Gromov hyperbolic spaces, in particular, word hyperbolic groups. It might be interesting
to obtain a Harris – Stam type central limit theorem in this setup.

6.3. Asymptotic entropy and Hausdorff dimension

There is yet another group of quantitative questions inspired by the role of entropy in the theory of random walks on
groups (e.g., see KAIMANOVICH–VERSHIK [47] or KAIMANOVICH [45]) and its generalizations to the setups mentioned
in Example 2.18. Given a probability measure μ on a group G with a finite entropy H(μ), the asymptotic entropy of the
arising random walk (G,μ) is defined as the limit h(G,μ) = limH(μ∗n)/n of the scaled entropies of the entropies of the
time n distributions of the random walk (≡ the n-fold convolutions μ∗n). Would such a limit exist for the scaled entropies
H(

�
Mn)/n of the empirical distributions along the sample paths (Mn) of a branching random walk? In the same way as

with the law of large numbers, this question can be easily answered for the one-dimensional distributions of ordinary
random walks by using the subadditive ergodic theorem, but it seems to be far less obvious for empirical distributions of
branching random walks.

If G is a discrete group of isometries of a proper Gromov hyperbolic space X (in particular, a word hyperbolic group),
and μ has a finite first moment, then, as it was recently proved by TANAKA [72], the harmonic measure ν on the hyperbolic
boundary ∂X is exactly dimensional with the dimension equal to the ratio of the asymptotic entropy h = h(G,μ) and
the rate of escape � = �(G,μ) (this is the constant arising in the law of large numbers for the distance from the group
identity). It means that for ν-a.e. boundary point ξ ∈ ∂X there exists the limit lim logνB(ξ, r)/ log r = h/� as r → 0,
where B(ξ, r) ⊂ ∂X is the ball of radius r (with respect to a natural boundary metric associated with the distance on X)
centered at ξ .

It would be very interesting to have a similar result for the limit measures �κM of branching random walks, even just
for free groups, to begin with. This would provide a counterpart to the results on the Hausdorff dimension of limit sets
discussed in Section 2.5 which were one of the sources of our inspiration. Independently of the exact dimensionality
issue one can also ask, in the spirit of HUETER–LALLEY [41, Theorem 1], whether the Hausdorff dimension of the limit
measures is always almost surely constant, or about finding it explicitly for nearest neighbour random walks (or just for
the simple random walk) on free groups. Further one can formulate the usual questions about the maximal entropy limit
measures, i.e., such that HD �κM = HD ∂X, or, in a more general form, such that HD �κM = HD�(M), where �(M) is
the limit set of a sample path M = (Mn).
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