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Abstract: Considering two random variables with different laws to which
we only have access through finite size i.i.d samples, we address how to
reweight the first sample so that its empirical distribution converges towards
the true law of the second sample as the size of both samples goes to
infinity. We study an optimal reweighting that minimizes the Wasserstein
distance between the empirical measures of the two samples, and leads to
an expression of the weights in terms of Nearest Neighbors. The consistency
and some asymptotic convergence rates in terms of expected Wasserstein
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under covariate shift.
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1. Introduction
1.1. Regression under covariate shift

This article is dedicated to the study of a method aimed at approximating the
law of a random variable
Y = f(X,0), (1)

where X € R?, © € © are independent random variables, with respective laws
denoted by px and pe, and f : R? x @ — R€ is a measurable function. The
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space © is only assumed to be measurable. The specificity of the problem at
stake is that we assume to be provided with:

e a training sample (X},Y])jcq1,m) of ii.d observations Y] = f(X},0;)
where ©; has law pe and is independent from X7, but the law px: of X}
may differ from px;

e an evaluation sample (X;);cq1,,) With i.i.d observations distributed ac-
cording to ux.

This situation is known as covariate shift in the statistical learning literature [8,
33].

This problem is motivated by the study of decomposition-based uncertainty
quantification (UQ) methods in complex industrial systems, as is detailed in
Subsection 5.2 below. In this context, the overall objective is to approximate a
quantity of interest of the form

Ql = E[¢(Y)] (2)

for some function ¢ : R® — R. Following previous works in this direction [2, 3, 4],
our estimator of QI assumes the form

— 1 &
QIm,n = E ij(ﬁ(}/j/), (3)
j=1

where the vector of weights w,, = (w1, ..., wy,) is chosen so that the weighted
empirical measure

1 m
TWm
X, = E :wj‘SX;
Jj=1

of the training sample X/ = (X1,..., X)) be close, in a sense which will be
made precise below, to the empirical measure

_ 1¢
X, = E;(S&

of the evaluation sample X,, = (Xy,...,X,). Such a reweighting procedure is
a standard approach to the problem of density ratio estimation in the statis-
tical learning literature [35], the purpose of which is to estimate the density
dpx /dpx: from the samples X,, and X',,,, without estimating separately the
measures px and pxs. While the theoretical analysis of such methods almost
always requires this density to exist, in the UQ context which motivates the
present study it is desirable not to assume that any of the measures px and
wxs be absolutely continuous with respect to the other, see in particular Re-
mark 5.3.

The first step of our work is thus the computation of optimal weights w,, for
the problem

%in Wq (l/’zxn7ﬂ§z:) ? (4)
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Vie[l,m], w;>0, and ij =m, (5)
j=1

where W, denotes the Wasserstein distance of order ¢ > 1 on R<. The reason
for the choice of this distance is that unlike criteria already studied in the den-
sity ratio estimation literature, such as moment/kernel matching, L? distance,
Kullback-Leibler divergence (see [35] and the references therein), it is not sen-
sitive to absolute continuity conditions and therefore it is well suited to our UQ
motivation. On the other hand, this choice makes the problem closely related to
the fields of optimal quantization [23] and Nearest Neighbor (NN) estimation [5].

More precisely, for any k € [1,m], denote by 12,(5) (2) the k-NN estimator of
the regression function

() :=E[p(Y)|X = 2] = E[o(f(z,0))], (6)

defined from the observation of the training sample, and then consider the Monte
Carlo estimator

(k) 1 < ~
Lon=—> (X

of QL. Then the vector of weights w,,, which are optimal for (4)—(5) turns out not
to depend on the value of ¢, and the associated estimator QI,,, ,, defined by (3)

~(1
coincides with the 1-NN estimator Qlfn?n. For this reason, we shall denote by

w,(Tll) the vector of optimal weights for (4)—(5), and more generally by wgf) the

vector of weights induced by the k-NN estimator of .
The main results of this paper describe the asymptotic behavior, as the re-

spective sizes m and n of the training and evaluation samples grow to infinity,
o ~w® . (k)
of both the Wasserstein distance W, (jix,,ix," ) and the estimator QL ,, of

)
QI. While taking k = 1 is optimal for the convergence of fiy;* to Jix, , one may

—~(k
expect from the theory of NN regression that the estimator QIfn,)n display better
convergence properties if k is chosen to grow to infinity with m. Therefore we
shall study both regimes k =1 and k£ = k,,, — +o00.

1.2. Owutline of the article

The derivation of the Wasserstein optimal weights w,,, is detailed in Section 2,
where we also highlight connections between our results and various topics

in numerical probability and statistical learning. The asymptotic behavior of

(8) —~(k
W, (iix,,, fixy" ) and QI,(n))n are respectively studied in Sections 3 and 4. Appli-

cations to decomposition-based UQ and the generalization error for NN regres-
sion under covariate shift, as well as numerical illustrations, are presented in
Section 5.
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1.3. Notation

We denote by N the set of the natural integers including zero and by N* = N\ {0}
the set of positive integers. Given two integers n; < mo, the set of the integers
between n; and ng is written [ny,ns] = {n1,...,n2}. For x € R, [x] (resp.
|x]) is the unique integer verifying x < [z] < x4+ 1 (resp. z — 1 < |z| < ).
For (z,y) € R?% we use the join and meet notation x A y = min(z,y) and
x Vy = max(z,y). Last, we denote by (z)4 := 0V z and (x)_ := 0V (—z) the
nonnegative and nonpositive parts of x € R.

We fix a norm |- | on R, which need not be the Euclidean norm. The supre-
mum norm of ¢ : R? — R is denoted by ||@] ., = sup,cpa |¢(z)|. The distance
between a point € R? and a subset A C R? is denoted by dist(x, A). Last, for
all z € R? and r > 0, we denote B(x,r) := {2’ € R?: |z — /| < r}, and recall
that the support of a probability measure v € P(R9) is defined by

supp(v) := {z € R :Vr > 0,v(B(z,7)) > 0}.

2. Wasserstein distance minimization and NN regression
2.1. Optimal weights for Wasserstein distances

We begin by recalling the definition of the Wasserstein distance.

Definition 2.1 (Wasserstein distance). Let P(R?) be the set of probability mea-
sures on R and, for any q € [1,+00), let

P (RY) = {y e P(RY) : /

|z|?dv(z) < —1—00} .
R4

The Wasserstein distance of order q between p1 and v € Py (R9) is defined as

1/q
W) =int{ [ ooy sy €M)}
Rd xR4

where T (p,v) is the set of probability measures on R x R with marginals u
and v.

We refer to [38, Section 6] for a general introduction to Wasserstein distances.

This definition allows for an explicit resolution of the minimization prob-
lem (4)—(5), which relies on the notion of Nearest Neighbor (NN). For x € R¢
and k € [1,m], we denote by NN;’;,) (z) the k-th Nearest Neighbor (k-NN)
of z among the sample X/ | that is to say the k-th closest point to z among
X1,..., X} for the norm |-|. If there are several such points, we define NN%,) (z)
to be the point X J’ with lowest index j. We omit the superscript notation (k)
when referring to the 1-NN, i.e.

NNx, () = NNY) (x).
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In the next statement, for any ¢ € [1,n] and | € [[1,m], we denote by ji(l) the
(lowest) index j such that X} = NNgl()/ (X5).

Proposition 2.2 (Optimal vector of weights). Let the k-NN vector of weights
wi) = (wgk), . ,wgf)) be defined by, for all j, k € [1,m],

n

k
(k) . M
wj = k_ Zzﬂ{j:jgl)}' (7)

i=1 [=1

3

The vector w' satisfies (5) and verifies, for all q € [1,400),

n k
g (e i) < 000 [N !

i=1 [=1

For k =1, the equality is reached

. (9)

_w(® 1 &
Wi (Mxnaﬂxr’ ) == Z | Xi; — NNx, (X;)
=1

and the vector is optimal for (4) in the sense that for any Wy, = (wi,..., W)
which also satisfies (5), we have

w®
Wy (Mxn7ux/ ) <W, (uxmﬂ)d”)- (10)

In other words, for a given j € [1,m], wEk) is proportional to the number of
points X; of which X7 is one of the first k¥ NN. We refer to [27] for a numerical
illustration of the use of the vector of weights wfq}b) in the context of classification
under covariate shift.

Proof. For a general vector of weights w,, = (wy,...,w,,) which satisfies (5),
the Wasserstein distance W71 (pix,,, ﬂ;z) is the solution of the following optimal
transport problem

m

inf iz ‘,j|Xi—XJ/‘|q7

(Yi,5) 6,5y €L, m) x [1,m] 4

=1 j=1

Vi € [1,n], Z’yw =

S|

(marginal condition on fix, ),

Vi € [1,m] Z’ym ] (marginal condition on ﬂ;,’;),

V(’L7]) € [[].,’/l]] X [[lvm]]v Yi,j >0,

where v, ; is the coefficient of the discrete transport plan between dx, and d X!

For the k-NN vector of weights wy, *) defined by (7), the transport plan
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k
k) _ 1

satisfies the two marginal conditions. Reordering the terms in the associated
cost gives the upper bound of Equation (8).

We now prove the equality (9) and optimality (10) of wiy) at the same time.
On the one hand, it is clear that for any vector of weights w,, = (w1, ..., W)

and any transport plan (Vi ;) (i j)e[1,n]x[1,m] Petween fix, and [y, , we have

n m
D2 vl X = X >
i=1j=1

NE
NE

i, Xi — NNx; (X;)[?

1 1

.
Il
3 .
Il

Z | Xi — NNx/ (Xi)]9,
i=1

S|

therefore taking the infimum over all transport plans yields

n

o w 1
Wi (x5 ) = 30 1K = NN, (X))

On the other hand, taking w,, = wip) in the left-hand side and combining this
inequality with (8) for k¥ = 1, we obtain both the equality (9) and optimal-
ity (10). O

) ~wi
X;n :

Remark 2.3. In order to alleviate notation, we now write ;’Zgé

2.2. Comments on Proposition 2.2

In this subsection, we discuss the relation between the result of Proposition 2.2
and other fields in numerical probability and statistical learning, as well a gen-
eralization of this result to a more general framework.

2.2.1. Link with optimal quantization

(1)

It is clear from Proposition 2.2 that ﬂ)é is the pushforward of fix, by NNx ,

and that this transport map yields an optimal coupling between fix,, and ﬂgi,) in

Definition 2.1, for any ¢ > 1. The idea to associate each X; with NNx, (X;) =
X', is the basis of the theory of optimal quantization [23, 24, 30]. In this
Ji

’
m

context, the sample X7 plays the role of the quantization grid, and NNx. is
known to be the optimal quantization function. The right-hand side of (9) then
corresponds to the LY mean quantization error induced by the grid X/ for the
measure fix,, .
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2.2.2. Link with geometric inference

When ¢ = 2, the right-hand side of (8) rewrites

[ k@i, @)
CEG m

where d,, o(-) is the distance function to p with parameter o introduced by
Chazal, Cohen-Steiner and Mérigot in [11, Definition 3.2] in order to perform
geometric and topological inference for set estimation, see also [12, 9] for robust
inference. In particular, [11, Proposition 3.3] shows that for any z € R,

Wm

1 m
d2 z) =inf W2 | — w;idx,0z |,
Hx;n’k/m( ) 2 mj; JUX; (12)

Wy, = (w1, .., wy,) satisfies (5) and w; < m/k for all j.

This result may be directly compared with the estimates (8) and (9), at least in
the case where px = §,. In this case, if £ = 1, then the supplementary constraint
w; < m/k is necessarily implied by (5) and therefore, combining (12) with (9),
we recover the optimality result (10). For arbitrary values of k, the combina-
tion of (12) with (8) shows that the vector w ¥ need not be optimal for (10),
but yields a solution which is lower than any solution with the supplementary
constraint that w; < m/k.

2.2.3. A more general problem

Proposition 2.2 may appear as a specific instance, restricted to empirical mea-
sures, of the following problem: given two probability measures ; and v on R?,
and assuming that p € P,(R?), compute the infimum of W,(u, pdr) over all
probability densities p with respect to v. Similar questions were recently ad-
dressed in [10]. First, it is clear that if p is absolutely continuous with respect
to v, then taking p = du/dv shows that this minimum is 0. Next, following the
proof of Proposition 2.2, it is easily seen that for any p,

Wi(p, pdv) > E[dist(X,supp(v))?], X ~ p.

To show that the right-hand side actually matches with the infimum of the left-
hand side when p varies, we keep following the proof of Proposition 2.2. Since
supp(v) is closed, for any x € RY the set ¥(z) := {2’ € supp(v) : |z — 2'| =
dist(z, supp(v))} is nonempty and closed. Besides, the multifunction ¥ is weakly
measurable!, therefore by the Kuratowski-Ryll-Nardzewski theorem it admits a
measurable selection which we denote by nn,. We denote by u* the associated

1Let us denote S = supp(v) and fix U C R? an open set, which we write as the countable
union of closed sets (Fp),>1. Then {z € R% : U(z) NU # @} = Up,>1{z € RY : dist(z, (S N
Fy)) = dist(z, S)} and it is easily seen that each set in the right-hand side is measurable.
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pushforward of p by nn,. Then it is clear that supp(u*) C supp(v) on the one
hand, and that

Wi (p, 1) < Eldist(X,supp(v))?], X ~p,

on the other hand. We finally deduce from the approximation result stated in
Lemma 2.4 below that

inf W (1, pdv) = W1, 1*) = E[dist(X,supp())?], X ~ .

which thereby generalizes the results of Proposition 2.2. Notice that there may
not exist a minimizer p for this problem as the measure p* need not be absolutely
continuous with respect to v.

Lemma 2.4 (W, approximation by absolutely continuous measures). Let p*
and v be two probability measures on R? such that supp(u*) C supp(v). For any
€ > 0, there exists a probability density p with respect to v such that, for all
q>1, Wy(u*, pdv) < e.

Proof. Let € > 0 and X € R? be a random variable with law p*. Almost surely,
X € supp(p*) C supp(v) and therefore v(B(X,€)) > 0, which allows to draw Y’
with conditional distribution

dv(y)
dv(y|B(X =1 —
v(y|B(X,e€)) {yEB(X,e)}U(B(X7E))
On the one hand, the random variable Y has density

du*(z
ply) == /zeRd ]l{yEB(Le)}#‘i’e)))

with respect to v, and on the other hand we have |X — Y| < €, almost surely,
which ensures that W, (u*, pdv) < e for any g > 1. O

3. Analysis of the Wasserstein distance W, (iix,, , uX,) )

In this section, we study the asymptotic behavior of E[Wq(uxn,/ig(,) )] when
n, m — +oo. To this aim, we first notice that by Proposition 2.2, we have

B [ (i) =213 305, 0
1=1

- (13)
=E[|X - NNx;, (X)|"],
for k=1, and
n k
E[W; (gxn,ggﬁgn)} <E l%zz\x NN, (X;) ]
=1 1=1
(14)
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for k > 2. Observe that the right-hand sides of both (13) and (14) no longer
depend on n.

3.1. Consistency
Our first main result is a consistency result. Before stating it in Theorem 3.3,
we formulate two crucial assumptions.

Assumption 3.1 (Support condition). We have supp(ux) C supp(px).
Assumption 3.2 (Min-integrability). There exists an integer mg > 1 such that
E| min [X}]| < +ooc.

jeﬂl’moﬂ

Theorem 3.3 (Cousistency). Let Assumptions 3.1 and 3.2 hold. For all q €
[1,400) such that E[| X 9] < 400, and any sequence of positive integers (km )m>1
such that k., /m — 0 when m — +o0o, we have

. -~ - k7n
5 (e )] -0
uniformly in n.

Theorem 3.3 is proved in Subsection 3.3.

Remark 3.4 (On Assumption 3.2). Assumption 3.2 is obviously satisfied if X'
has a finite first order moment, but also for some heavy-tailed distributions. It
writes under the equivalent form

—+oo
/ P(|X'| > r)™dr < +oo,
0

which may be easier to check. An example of a random variable which does not
satisfy this assumption, in dimension d = 1, is X' = exp(1/U) where U is a
uniform random variable on [0, 1].

Remark 3.5 (Limit without support condition). If the support condition of
Assumption 3.1 does not hold, then the proof of Theorem 3.3 may be adapted to
show that

lim B [W¢ (fix, i), ) | = E[dist(X, supp(px))7].

m,n—+00

3.2. Rates of convergence

The next step of our study consists in complementing Theorem 3.3 with a rate
of convergence. We first discuss the case k = 1. Following (13), we start by
writing
~ A1
E |[W¢ (.. 5%, )| = E [|X = NNx, (X)|]

(15)
—E[E[|X - NNx, (X)|"] X]],
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and observe that for any = € supp(ux), [z —NNx/ (7)| = minje1 mp |2 — Xj|. I
there is an open set U of R? containing x and such that ux (-NU) has a density
px+ with respect to the Lebesgue measure which is continuous at x, then an
elementary computation shows that, for all r > 0,

i P (0 i s 315 ) = e (e ),

where v, denotes the volume of the unit sphere of R? for the norm | - |. If
px'(z) > 0 then this indicates that the correct order of convergence in Theo-
rem 3.3 should be m~9/?. If px/(z) = 0, or if the measure ux/(- N U) is not
absolutely continuous with respect to the Lebesgue measure, it is easy to con-
struct elementary examples yielding different rates of convergence; see also [5,
Chapter 2| for the singular case. We leave these peculiarities apart and work
under the following strengthening of the support condition of Assumption 3.1.

Assumption 3.6 (Strong support condition). There exists an open set U C R?
which contains supp(ux) and such that:

(i) the measure px: (- NU) has a density px: with respect to the Lebesgue
measure;
(i) the density px: is continuous and positive on U;
(iii) there exist k € (0,1] and r, > 0 such that, for any x € U, for any
r e 0,7,
P (X' € B(z,r)) > kpx: (x)var?.
Obviously, Assumption 3.6 implies Assumption 3.1 because then supp(ux) C
U C supp(px-). Part (iii) of Assumption 3.6 was introduced in [20] in the con-
text of Nearest Neighbor classification, and called Strong minimal mass assump-
tion there. Similar assumptions are commonly used in set estimation, geometric
inference and quantization, such as standardness [14] or Ahlfors regularity [24].
Under Assumption 3.6, for all z € supp(ux), a positive random variable Z
such that P(Z > r) = exp(—r?vspx/(z)) has moments

L(1+q/d)

B (2% = G )

where I' denotes Euler’s Gamma function. Therefore, as soon as the sequence

m?? min | X — X}|!
Jelt,m]

is uniformly integrable, the normalized quantity
mt 8 (Wi (iix,.. 7%, )|

converges to
I'(1+ g/d)

1
E ;
o7 L»«(X)q/d}
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when m goes to infinity. This statement appears for example in the literature of
stochastic optimal quantization [23, Theorem 9.1]. Here, we provide an explicit
moment condition ensuring uniform integrability.

Assumption 3.7 (Moments). In addition to Assumption 3.6, the condition

1+ |X|?
gL+

px (X)‘I/d] <

holds.

Assumptions 3.6 and 3.7 are discussed in more detail below. We now state
our second main result.

Theorem 3.8 (Convergence rates for k = 1). Let Assumptions 3.2 and 3.6
hold, and let q € [1,400) be such that Assumption 3.7 holds. Then we have

) a/d q(~ (1) >:| _ F(l + Q/d) 1
mgriloom E {Wq (wa#x;n vdq/d E px (X)a/d]”

Theorem 3.8 is proved in Subsection 3.3.

We now discuss the estimation of fix, by the weighted empirical measure

~(k
)

for an arbitrary k € [1,m]. By (10), we first observe that we always have

~ (K ~ A1
W, (Mxn ; u&fm ) > W, (uxn, ugq)n ) ;
so that the estimation of fix is deteriorated by increasing the number of neigh-

bors. Still, in the asymptotic regime of Theorem 3.3, a bound of the same order
of magnitude as Theorem 3.8 may be obtained.

Corollary 3.9 (Convergence rates for k-NN). Under the assumptions of Theo-
rem 3.8, for any nondecreasing sequence of positive integers (kp)m>1 such that
km/m — 0 when m — +o00, we have

m\ 4 (k) I'(1+q/d) 1
. wa(n Tt <
lrilniilig( m> E[ 1 (MX"’MXm )} = Cda vg/d . [pX'(X)q/d} ’

with some constant cqq > 1.
Corollary 3.9 is proved in Subsection 3.3, where the expression of the constant
Cd.q is also given.

Remark 3.10 (Optimal choice of px). When X has a density px with respect
to the Lebesque measure, an interesting fact is that the minimum of the quantity
E [l/pX/ (X)Q/d] over the probability measure px is not reached when px: = px.
Instead, according to [41], the minimum is attained when px: (x) o px (z)¥/(a+d),

Remark 3.11 (NN distance without covariate shift). In the case where px =
wx, the quantity

B [ (. 78 )] = B (1 - NN (0]
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1s called Nearest Neighbor distance. It naturally arises in the theoretical study
of NN regression and classification [5, Chapter 2]. Previous works on the topic
focus mainly on the convergence when q = 2 and assume that X has a bounded
support [5, 17, 26, 32]. Some works [13, 25] consider some random variables
X with unbounded support in the context of k-NN regression, but make the
assumption of a bounded regression function 1.

In this perspective, a direct corollary from Theorem 3.8 is the following state-
ment: let X have a density px for which the strong minimal mass assump-

tion 3.6 (iii) holds with U = R% and
/ (1 + |z|9)px (z) "4z < +oc.
Ra

Let X,, = (X1,...,X,) be an i.i.d sample from px, independent from X, and
let NNx, denote the NN among X,,. We have

I'(1+gq/d _
BIX - NN, (01 v S0 [ payo/ia,
’Ud n

This extends the results of the literature by ensuring the asymptotic equivalence
for random variables with unbounded support.

Let us conclude this subsection with some comments on Assumptions 3.6
and 3.7. When X has a compact support, Assumptions 3.6 and 3.7 are verified
as soon as x has a continuous density pxs which is bounded from below and
above on an open set U’ containing the support of py. Indeed, in that case
there exist ¢ > 0 and an open subset U of U’ such that U contains supp(ux)
and U’ contains the e-neighborhood of U. Then, Assumption 3.6 (iii) is verified
with r, < € and k = inf e px/(x)/ sup,ep Px/ ().

Assumptions 3.6 and 3.7 also hold in some nontrivial noncompact cases. An
example of a sufficient condition for Assumption 3.6, which does not depend on
lbx, is given in the next statement and is proved in Subsection 3.3.

Lemma 3.12 (Radial density - Sufficient condition for Assumption 3.6). Let
|- || be @ norm on RY, induced by an inner product and not necessarily identical
to|-|. If ux+ has a density px: with respect to the Lebesgue measure on R?, which
writes px/(x) = h(||z —x¢]|) for some g € R? and h : [0, +00) — R continuous,
positive and nonincreasing, then Assumption 3.6 holds with U = R<.

We also refer to [20, Section 2.4] for a discussion of this assumption.

Assumption 3.7 gives a relationship between px and px: to ensure the con-
vergence. In essence, it asserts that the tail of px must be quite lightweight com-
pared to the tail of px-. For instance, if X and X’ are centered Gaussian vectors
with respective covariance 021; and o’ 21, then by Lemma 3.12, Assumption 3.6
is satisfied with U = R?, and it is easy to check that for ¢ € [1, +00), Assumption
3.7 holds if and only if 0’2 > 02¢/d.
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3.3. Proofs

In this subsection, we present the proofs of Theorems 3.3 and 3.8, Corollary 3.9
and Lemma 3.12.

Proof of Theorem 3.3. We begin our proof with the constant case k,, = 1 for
all m and then extend it to the general case. We recall that by (13),

E [qu (ﬁxﬁgp)} —E[|X —NNx, (X)|"] =E| min |[X — X}J7|.

J€e1,m]

By Assumption 3.1, X € supp(pux/) almost surely, so that we deduce from
Lemma 2.2 in [5, Chapter 2] that

min |[X — X} =% 0.
Je1,m] m—+00

Let mg be the integer given by Assumption 3.2, we have

min | X — Xj'»|q < 99-1 (|Xq + min |X§|q> .
J€[1,m] JE[1,m]

The random variable | X|? is integrable by assumption and for m > [¢]mg, the
inequality

IE[ min \X;|q]

JE[L,m]
- - apl
<E| min ’X]" 1 ]
Li€ll,m]
_ q/[4]
<E| min |Xj| min |X]j|-- min | ;|
L7 €[1,mo0] Jj€lmo+1,2mo] J€l(lg1-1)mo+1,[g]mo]

q
<E| min yx;@ < 400
Li€ll,mo]

holds. Then by the dominated convergence theorem,

E{ min | X - X7 — 0.

jelt,m] m—>+00

For the general case k,,/m — 0, we adapt directly the proof of [5, Theorem
2.4] to the context pux # pxs. Let us fix | € [1,m/2] and partition the set
{X1,..., X/} into 2l sets of size my,...,mg with, for all j € [1, 2{],

Im/2l) <m; < |[m/2l] + 1.

We denote by NN the 1-NN among the subset j. By the definition of NN;?, ,
there are at least [ Subsets j for which "

l 1,5
X - NN (X)] < X — NNGP (X)),
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therefore
21

1 .
X = NN ()17 < 7 31X = NN P (),
j=1
and consequently

E HX—NN(l), (X)m <9 HX—NNX/ (X)

m [m/21]

I

Finally, we deduce from (14) that, as soon as k,, < m/2,

k
R A 1 m q
oo ()] = £ 55 - o
mo=1
2 & a (16)
< a IZ;]E HX — NNXILm/zzJ (X) }
q
< 9E HX ~NNx;, () } ,

which goes to 0 as a consequence of the first part of the proof when m/2k,, goes
to infinity. O

Proof of Theorem 3.8. By (13), we have
]

+oo
:/ / P(mQ/d min |x—X§|q>t> dtdux (x)
Re JO JE[1,m]

+oo
:/ / P(m¥ )z — X'|7 > t)™dtdpx (z),
rd Jo

E [mq/quq(ﬁxnvﬁgi)n)] =E {E {mg/d min | X — X7|*

JE€[1,m]

(17)

by independence of the X J' The proof consists in computing the pointwise limit

of P(mP/4|z — Y|P > )™ for (,t) € supp(ux) x RY and then establishing the
convergence of the integral via the dominated convergence theorem.
Pointwise convergence. We have

P(m/ e — X'|1 > )" = (1 - P(le — X'| < tl/q/ml/d)>m
= exp (mlog (1 —-P(lz — X'| < tl/q/ml/d)>) :
By Assumption 3.6, we have
P(|z — X'| < tY9/m' %) = pxr(2)vgt? 9 /m + o(1/m),

with vy the volume of the unit sphere. Thus

mlog (1 —P(jz - X'| < tl/q/ml/d)) = —px(2)vgt?? + o(1),
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and we conclude that
P(m Yz — X'|7 > t)™ 7, &XP (—pxl(x)vdtd/q> .
m——+0o0

Dominated convergence. Let r,; > 0 be given by Assumption 3.6. We split the
integral in the right-hand side of (17) and study each term separately

+oo
/ / P(m¥ )z — X'|7 > )" dtdpx (z) = T+ 11
R4 JO

with
rgm‘Z/d
I:= /d/ P(|z — X'| > Y9 /m " dtdpx (z),
R Jo
+oo
1 ;:/ / P(lz — X'| > 1Y% /m ™4™ dedpux ().
Ra Jrdma/d
Convergence of I. For t € [0,79m% 4], we have t'/4/m'/¢ < r, and thus
P(fe — X'| > t/1/m1/ )™ = (1= Pz — X'| < V9 /mt/0)) "
<(1- px: (@)vart/ ™
- m

by Assumption 3.6.
Using the elementary inequality (1 — a/n)"™ < exp(—a) for a < n, we can
write

P(jz — X'| > £4/9 /m1/ 0™ < exp(—ruapx ()t).

This bound does not depend on m and the integral
Feo I'(1+q/d)
- ()t 9) ded = / ——d
/HRdA eXp( RU4PXx (I) ) ,UX(I) Rd (K:'Udpxl(l‘))q/d )U’X(I)
T+ q/cl)]E 1
C (Kkvg)?/d px(X)a/d

is finite by Assumption 3.7. We therefore deduce from the dominated conver-
gence theorem that

+oo
lim 1= / / exp (—pX/<x)vdtd/Q) dtdpx (x)
R4 JO

m——+0oo
_F(1+q/d)E[ 1 }
T (X))

Convergence of 1I. Let m > 2(q + 1)myg. Using the change of variable r? =
t/m9/? we have

+o0
1= q/ / m? Pz — X' > r)™drdux (z)
Re Jr,
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—+oo
< q/ / Vi (z, r)drdpux (z),
R Jr,
with
Vin(z, 1) := mQ/d}P’(|x - X'| > rm)mf(qul)m“Tq*lPﬂx - X'| > r)(q+1)m°.

AsP(|la — X'| > r,) < 1 for all z in U, by Assumption 3.6, V,,(z,r) is pointwise
convergent to 0 on the support of ux. We check that V,,(x,r) is bounded from
above by an integrable function which does not depend on m. Let us denote
m' =m — (¢ + 1)mo > m/2 and rewrite

m

mY/ 4P (|z — X' > rpy )M+ Dmo — (_

q/d ’
,) m' VP(|z — X' > r)™
m

< 200410/ (1~ B(|z — X'| < 1,))™
< 9a/d,,ra/d exp (—m’HpX' (f)vdrg) )

where we have used Assumption 3.6 and the elementary above inequality at the
third line. We deduce that

d
B (s — X > rymeterim < O o 2L iy,
- pPx’ (_’L‘)q/d (K/Udrg)q/d u>0
so that
Vi, ) < V(o) o= Ot B = X > )@ (1)
m(z,r) < V(x,r '_pxz(x)fI/dr T r .

To complete the proof, we verify that V(z,r) is integrable on U x [y, +00).

We first fix # € R? and estimate the integral of V(x,r) in r. Using the fact that
if |# — X'| > r then | X'| > r — |z|, we first write

+o0 +oo
/ ri7IP(|z — X'| > r)l@tmogr < / rIIP(IX| > — |z]) @t Dmody
T 0

K

+o00
= / (r+ |z))TIP(|X| > r)atDmoqy,

—|z|
On the interval [—|z|, 0], we have

0 0
/ (r+ |$Dq71]P)(\X’| > r)(q+1)m°d7’ - / (r + |x|)q*1dr — |_
—|z| —|z| q

On the interval [0, +00), we first rewrite

—+o0
/ (r + |2 T P(IX] > r)EDmody
0

+o00 g+1
= /0 (r+ |x|)q_1IP( min [ X7| > r) dr,

JE[1,mo]
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and recall from Assumption 3.2 that Cy := E[minjeq,m,) [X}[] < +oo. As a
consequence, we deduce from Markov’s inequality that the right-hand side in
the previous equality is bounded from above by

|z|Vv1 +o0 q—1
[ osleriar s egn [
0 levi 7Y

If |z] <1 then this expression is bounded from above. If |z| > 1, then we have

||
/ (r + [2)7dr < 2070
0

on the one hand, and
J”>°(7“4-\5!7|q1 oo u+1‘11d
o T \:c| wrrt

which is bounded from above, on the other hand. Overall, we conclude that
there exists a constant C3 such that

+oo
/ PI-1P(|z — X'| > 1)+ Dmody < Cy(1+ |2]9). (19)

K

As a consequence, the combination of (18) and (19) yields

Foo 1 q
/ / V(z,r)drdux(xz) < C1C3E [LX'} ,
Rd

pxr(X)a/d
which by Assumption 3.7 allows to apply the dominated convergence theorem
to show that II goes to 0, and thereby completes the proof. O

Proof of Corollary 3.9. We start from the second line of Equation (16) and es-
timate its right-hand side

km,
E [Wy(x,. i5%7)] < ,%Z]EHX NNy (]

m

]

k
2 m
k‘mll(mk%) B | -, (0

k7n a/d 2q/d+1 o l a/d m
(%) %) @

=

with F(u) = u?/?E[| X — NNX’M (X)|?]. Let € > 0. By Theorem 3.8, there exists
ue > 0 such that, for all u > u,,

I'(1+q/d) 1
i/ 8 [PX'(X)Q/‘J

F(u) — <e.
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We can remark that for m € N* and [ € [1, k],

m m

o> T i
2l = 2k, m—+oo oo

Thus, if we take m, such that for all m > m,, L%J > u,, we have

F(5) - F(lv}?/d)E [PX'(;()q/d}

IN
™

for any m > m, and [ < k,;,. Consequently,

S (r )  ri)|

1=

1 Em o\
w2 (i)

<e

m—+oo Kk, = ko 21 g/d X)q/d
where
) 2q/d+1 K l q/d
cani= i =3 (50
9q/d+1 F_ s\ /4
3 Z (E) if sup,,>1 km = k < +o0,
e =
11 9q/d+1
Qq/d—s-l/o u? 4y = JJd+1 if sup,;,>1 km = +o0,
because k,,, is nondecreasing. This concludes the proof. O

Proof of Lemma 3.12. Obviously, it suffices to check that px satisfies (iii) in
Assumption 3.6. Let us denote by (-, -) and B(x, r) respectively the inner product
and the ball of center x and radius r associated to || - ||. We set xg = 0 without
loss of generality. As h is positive and nonincreasing, we may fix 7o > 0 and
define hro)
_ o
= € (0,1].
= 30) (0,1]
If ||z]| < 70/2, then for all y € B(0,79/2), the monotonicity of h ensures that
px/(x +y) > Kpx/(z). By the equivalence of the norms, there exist C > ¢ > 0
such that for any x € R? and any r > 0, B(xz, cr) C B(z,r) C B(x,Cr). Thus

Vr < ro/2c, P (X' € B(z,r)) > P (X' € B(z,cr)) > (¢/C) wgRpx: (x)re.
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If ||z|| > 70/2, let us introduce the half-cone

/7
= {or e =y > Bl

and notice that for all r < r¢/2 and 2’ € C, N B(z,r),

I2/]|? = [|z]|® + |2’ — 2| + 2(2’ — z,2)
< )|+ fl2" — 2| = ||2" - z|l||=|

<l + fla” = @lf* = fla" — 2] = ||=]|*.

Thus, for all 2’ € C, N B(x,r), px/(z') > px/(x). For a given r, the sets C, N
B(x,r) have the same volume for all z, which we denote by avgr? for some
a € (0,1/C?). Finally, we have

vr<ro/2¢,  P(X'€Bx,r) > P(X" € B(z,cr) NCy) > actvapx (a)rt.

If we take x = (¢/C)%min(aC? &) and 7, = ro/2c, we obtain the point (iii) of
Assumption 3.6. O

— (k
4. Convergence of QIfn’)n to QI

—~(k
This section is dedicated to the study of the convergence of QIE,L?H to QL. As a
preliminary step, we complement the results from Section 3 by deriving rates of
convergence for the Wasserstein distance between ﬂg?,) and px in Subsection 4.1.

We then distinguish between the noiseless case in which Y = f(X), addressed
in Subsection 4.2, and the noisy case Y = f(X,0), addressed in Subsection 4.3.

4.1. Convergence of ﬁ;f) to px

’
m

Let us fix ¢ € [1,4+00) and use Jensen’s inequality to write, for k = k,,, € [1,m],
E Wi (i) | < 207 (B (W (o, ix, )] + B (W (x5 ]) -

Under the assumptions of Corollary 3.9, the second term has order of mag-
nitude at most (k,,/m)?/?¢. The study of the first term, namely the rate of
convergence of the expected W, distance (taken to the power ¢) between the
empirical measure of iid realizations and their common distribution, has been
the subject of several works. Under the condition that there exists s > 2¢ such
that E[|X|®] < +o00, we have from [19, Theorem 1]

O (n=Y2) if ¢ > d/2,
E [W{ (ux,0x,)] =4 O (n"1/2log(1 4+ n)) if ¢ =d/2, (21)
O (n=7/9) if g <dj2.



Reweighting samples under covariate shift 3297

These estimates may be improved if more assumptions are made on px. For
example, if this measure possesses a lower and upper bounded density on some
bounded subset of R?, then the rate is known to be n=%? even if ¢ > d/2 [21].
This rate may even be improved if ux concentrates on a low-dimensional sub-
manifold of R [39, 16], which is particularly relevant in the UQ context which
motivates this study, see Remark 5.3. In order to make the use of our results
as flexible as possible, from now on we shall denote by (74.4(n))n,>1 a sequence
such that

E [W{ (ux. fix,)] = O (7a(n)),

EW@@Xﬁ%ﬂ}—ommm»+0<Ggym>

As is sketched in the discussion above, the precise order of 7, 4(n) depends on
properties of the measure px.

and thus

~(k
In the sequel, where we study the convergence of QI,(W,)R to QI, the W; distance
plays a specific role, due to the Kantorovitch duality formula [38, Remark 6.5]

Wi = sw { [ et - [ sowef, @)

|‘P|Lip§1

where |p|rip denotes the Lipschitz constant of ¢.
We shall need the following estimate.

Lemma 4.1 (W{ estimate). If E[|X]9] < 400 with q¢ > 2, then
N 1
BIVY Gox )] = O (s + 7))

Proof. For any vector (z1,...,2,) € (R?)", let us define

W(x1,...,x,) =W, <i i‘sxqu>
=sw{%zﬂm—Lﬂmmm%

lelLip<1

thanks to (22). Then for any i € [1,n] and z? € R?, using the identity above
and the fact that |sup f — sup g| < sup|f — g, we get

‘W(ml,...,xn)—W(a:l,...,xi_l,a:';,xi+1,...,xn)
< sup |PEDF ot o) | ela) +o (@) + -+ ()
lelLip<1 n n

1
= s Jp(w) - p(al)
T plnip<1
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— |z — 2.
As a consequence, letting X,, = (X1,...,X,,) and X? = (X?,..., X?) be two

independent samples from px, we deduce that the random variables V' and
V'~ defined by

VEt.=F

n 2
3 (W(Xl, LX) = WXy, X, X X, ,Xn))i |Xn]

i=1

satisfy the bound
1 n
VES S E[IX - XX, -
i=1

As a consequence, for any ¢ > 2 we have by Jensen’s inequality

n q/2
B[] < —m (% >k [1: - X5|2|X]>
< Loe[x - xop) < 2w,

We therefore deduce from the higher-order Efron—Stein inequality [7, Theo-
rem 2] that there exists a universal constant C, such that

E[W(X,) ~ EW(X,)]1 < G [(v)72 4 (v)#2] < ZCugxe).

We conclude the proof by writing, using Jensen’s inequality again,
<27 E[W(Xn) —EW(X)I +E[W (X)),
which yields the claimed estimate. O

Remark 4.2. With the estimates given by (21), 71.a(n) is of order n='/¢ as

soon as d > 3. Thus, in this case, we get from Lemma 4.1 that E[W{(ux, ix, )]
is of order n=v%. When q > d/2, this is a faster rate of decay to 0 than what
one would have obtained bounding Wy by Wy.

—~ (km . .
4.2. Rate of convergence of QI,(n’n) in the noiseless case
We assume that Y = f(X) and study the rate of convergence of QI m) to QL.

When ¢ o f is L-Lipschitz continuous, we deduce from (22) that

q
‘/ 6o fa)ux(e) = [ oo f@aiy) @)
< LYW} <ux,u§§m)> )

We therefore obtain the following result.

‘QI_ Q\I’Enn
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Proposition 4.3 (Rates of convergence in the noiseless case). Assume that:

(i) the function f does not depend on ©,
(i) the function ¢ o f is globally Lipschitz continuous,

and let the assumptions of Corollary 3.9 hold for some q > 2. Then

1" =0(Jrrnam)o((t2)1). e

There is no need for k,, to go to infinity and thus k,, = 1 is optimal.

These computations can be adapted to cases other than ¢ o f Lipschitz con-
tinuous. For instance, if A C R®, ¢(y) = lyycay and f is globally Lipschitz
continuous, it is possible to use the margin assumption of [37] to deduce theo-
retical rates of convergence in the estimation of QI = P(Y € A).

/\(km)
EQI-QL,.,

—~(km) . .
4.3. Rate of convergence of QI:n’n) in the noisy case

(ko
We now study the convergence of QIEnm) to QI when Y = f(X,0). A first

striking result is then that even under the assumptions of Theorem 3.3, the

. —(1)
estimator QI

m,n

actually deterministic and always equal to some zy € R?. Then we have

need not be consistent. Indeed, consider the case where X is

~(1) 1 ,
QIm,n = E Z QS(}/j(l))a
i=1 ¢

where ji(l) is the index of the closest Xj{ to X;. But since X; = xg for all 4, all
1)

indices j; ' are equal to some j () and the estimator rewrites

QL = 6(Yey) = (f (X, O500).

While Assumption 3.1 ensures that X ;<1> converges to g when m — 400, in
general the corresponding sequence of © ;) does not converge.

As is evidenced on this example, the presence of an atom in the law of X

~(1
makes the estimator QIS,L?,L depend on a single realization of © and therefore

prevents this estimator from displaying an averaging behavior with respect to
the law of ©. In Proposition 4.4, we clarify this point by exhibiting a necessary

—~Q
and sufficient condition for the estimator Qlin)n to be consistent, while in Propo-

—(1 ' —~(km
sition 4.5, we show that replacing QI,(n?n with QL(mn) with k,, — +oo allows

to recover such an averaging behavior and makes the estimator consistent, even
when px has atoms. In the latter case, we also provide rates of convergence in
Proposition 4.6.
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We recall that ¢ (z) = E[¢(f(z,©))] is defined in Equation (6). In the next
statement, we denote by Ax the set of atoms of ux, that is to say the set of
x € R such that P(X = x) > 0, and introduce the notation

Ha) := Var(o(f(z, 0))).
Proposition 4.4 (Consistency of the 1-NN in the noisy case). Assume that:

(i) the function ¢ is bounded,
(i) the function 1 is globally Lipschitz continuous,
(iii) the function 9 is continuous,

and let the assumptions of Theorem 3.3 hold. We have

# [ -a
QL , - Q| ———0

m,n—-+00

if and only if
Vo e Ax, I(z) = 0.

In particular, under the above assumptions, if the law of X has no atom,
~(1
i.e. Ax = @, then QIfn)n converges to QI.

Proof. Let us write
==(1) ( ) ~(1)
with
~m RN /
QL = E;wj ()
=

Using the Lipschitz continuity of v, the duality formula (22) and Theorem 3.3,
~(1 )

we get that QI,, , — QI converges to 0 When m,n — +oo, in L'. Therefore,
1 ~(1
QL, ( : — QI converges to 0 if and only if QI QI:n)n converges to 0.
Let us rewrite
—~(1) 1 m ,
@, @ = LSSl (0 (7 (x0.0) - v (1)
Jj=1
*li( o (4 (Xjm-0y)) =0 (X))
By @ ;0 i)

=

1=

introduce the notation
AL = {z € Ax : 9(z) > 0},

and denote

n

Z (‘é(f(X;l(lh@jsl))) - T/J(X]/Iu))) H{XiQA;t}’

=1

1
€] = —
n



Reweighting samples under covariate shift 3301

1 n
=g (60 (X0, ©,)) = ¥(X)0)) Lix,eaty-

In Step 1 below, we prove that

Efler]] ———0,

n,m—4oo

demonstrating at the same time the direct implication of the convergence when

A% = @. In Step 2, we show that if AL # @ then E[|es|] does not converge to

—~(1 —~Q
0, which implies that in this case, Qlfn?n — Qlfn?n does not converge to 0 in L'.

In both steps, we shall use the following preliminary remark: given a measur-
able subset A of R?, taking the conditional expectation with respect to (X,,, X’,)
it is easy to see that for i € [1,n],

E [(0(/(X)0,0,0)) = ¥(X [ Mxieny] = 0,
and for (i1,12) € [1,n]?,

‘]il ]il J

B (6 (X0 0,0) ~ (X D, e
(O (X ©,0) = DX i, e |

=E {]l{jlgln:jlg;)}ﬂ(X;i(ll))H{XileA,XizeA}] .

Therefore,

Eles|] = — <ZE [ﬁ(X}-gw)]l{XieA;}}

i=1

!/
+) E []l{jij’j§;>}’9(Xj§p)]I{XileA;,XizeAx}
11742

1 /
- EI['E [ﬁ(ng) )]I{Xlﬁf/‘;}}

n—1
T [T 20 gt gt
and a similar expression holds for E[|ez|?].

Step 1. Thanks to the boundedness of ¢, and thus of ¥, it is immediate that

1 !
EEW(XAU)]I{XIQA;}] —0,

n—-+o0o
uniformly in m. Therefore, to show that E[|e;|?] converges to 0, it suffices to

prove that

E ﬂ{jil):jél)}ﬂ(‘xy/‘il))]l{Xlg.A;,XQQ.A}}] — 0.

m——+oo
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In this purpose, let us first write

E {]l{ﬁ”:jé”}ﬂ(X;y))]l{XleA;,xﬂA;;}
<E [1{NNx;n (Xl):NN,qn(Xz)}ﬁ(NNX;,, (Xl))]l{xlgAj{}] )

and recall that, by Assumption 3.1 and Lemma 2.2 in [5, Chapter 2|, NNx (X1)
converges to X; and NNx (X2) converges to X, almost surely. As a conse-
quence, if X1 € Ax \A} then ¥(X;) = 0 and by the continuity of ¢ and the
boundedness of ¢, the dominated convergence theorem shows that

E 1{xleAX\A;}1{NNx/m<x1>:NNx;,L<X2>}19(NNX;n(Xl))} ——0.

m——+0o0

On the other hand, if X; ¢ Ax, then almost surely X; # X5, and therefore
TNNy, (X1)=NNy, (X2)} converges to 0 almost surely. Using the boundedness of
¢ and the dominated convergence theorem again, we deduce that

E [l{xleAx}ﬂ{NNx/m<X1>:NNX;H<X2>}?9(NNX4,1 (X1>)] — 0

m——+oo
which shows that E[|e;]?], and thus E[|e;|], converge to 0.
Step 2. Let us now assume that A} is nonempty and show that e, does not
converge to 0 in L'. We shall actually prove that e, does not converge to 0 in

L2: since ey is bounded then this prevents the convergence from occuring in L*.
From the preliminary remark, we write

1
Ellea’) = 1B [0 1, et

n—1
_|_

E [n{jpzén}ﬁ(xj’,il))1{X1€A;7XQEA}}} ,

and we prove that

liminf B [1 00,000y eat xaeaty] > O

m——+oo

Let z € A%. Obviously,

E [y P, eatxaeag] 2 B[ 0050 ximxems|
= E [0(NNx;, (2))1{x,=Xy=x}] -

By Assumption 3.1 and Lemma 2.2 in [5, Chapter 2] again, NNx/ (z) converges
to x almost surely, therefore using the continuity and boundedness assumptions
on 1, the dominated convergence theorem shows that

E [0(NNx: (2))1{x,=x,=a}] —— 9(z)ux({z})* >0,

m——+oo

which completes the proof. O
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. —(km) . ol
We now study the estimator QIfmn and show that it is unconditionnally
consistent as soon as k,, — +0o0. We provide L? convergence rates in Proposi-

tion 4.6.
Proposition 4.5 (Consistency in the noisy case). Assume that

(i) the function ¢ is bounded,
(i) the function 1 is globally Lipschitz continuous,

and let the assumptions of Theorem 3.3 hold with ¢ = 2. As soon as k., goes to
infinity with m and k., /m — 0, we have

/\(kM)
E QL , —QI

n,m—-4oo

57 1/2
] .

Proof. We decompose the error as

/\(kM) /\(kM) ""(kM) "“(knl)
QIm)n —QI= (le’n — le,n ) + (le)n — QI) , (24)
with
—~ (km,) 1 i (km)
QL = azle ().
j=

As 1) is globally Lipschitz continuous and does not depend on ©, we have

1/2

B [(@if:z) - Ql) 1 < 8 [ (ux.iy)]
<2L (]E [WT (ux, fix,)] +E [Wf (.. ;" ))D1/2

by Jensen’s inequality, with L the Lipschitz constant of 1. The second term is
bounded from above by ]E[W%(ﬁxwﬁglz,’"‘))], which goes to 0 by Theorem 3.3.
For the first term, the same arguments as in the proof of Lemma 4.1 show that

B (W2 (i ix, )] = O (5 + BV G i, )N )

Since W1 (px, fix,,) converges to 0 in probability [31] and the assumption that
E[|X|?] < +oo ensures that this sequence is uniformly integrable, we deduce
that its expectation converges to 0 [6, Section 5]. Thus, the second part of the
right-hand side of (24) converges to 0 in LZ.

Let us consider the first part in the right-hand side of (24). We write the
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m 1

=E Z Wom) ((X1) — B(f (X1, 0,)))

quadratic error

~—(km)
‘len _an

-E miz (002 (p(X]) — G(7(X,0,)°

PE | DS wluf) (5(X)) — 9(F(X], 0,))) (XD — 67 (X, 00) |.
J#L

Using the fact that E[w§k”l)f(X§, 0,)X,,X],] = (k )w(X’) by definition and
the independence of the ©;, the cross terms vamsh The remaining quadratic
term is
1 m b )2 )
m2 ij( ) (¢(X]/) - ¢(f(XJ/‘7 @j)))
j=1
1 & Ko )2
= = Y B [uwl " (w(X) — 6(£(x, 0)))’] (25)
j=1

o DB (w8 ] ol
J=1

IN

We remark that

Z< (kM)) _n2k2 Z Z ]1{1“1) =i

j=1 i1,i2=111,l2=1

and that for some fixed i, io and [;, there exists exactly one Iy € [1,m] such
that j(ll) = ]1(52) (31(2))1§l§m is a permutation of [1,m]. Therefore, there
exists at most one 12 € [1, ky,] verifying this property and, consequently,

i(wékM))g—n2k2 Z Zl_—

j:l m’Ll 12 1l1 1

We can then bound the second term by

97 1/2

1 & )
E || =D @(X)) - 6(£(X5.6,)) < 16l
>

m

which converges to 0 when k,,, goes to infinity. U
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In order to complement Proposition 4.5 with a rate of convergence, we restart
from the decomposition (24). Under the additional assumptions of Corollary 3.9
with ¢ = 2, the same arguments as in the proof of Proposition 4.3 yield

1/2

o) ] =02 wnam) o ()"

while we still have
2 1/2 O( 1 >
B Vkm

from the proof of Proposition 4.5. As a consequence,

| =o(&emam) o ()4 =)

Optimizing in k,,, we get the following statement.

—~(km —~—(km
E‘ (km) (k)

QIm,n QIm,n

A(km)

E ‘QI - QIm,n

Proposition 4.6 (Rates of convergence in the noisy case). Under the assump-
tions of Proposition 4.5 and Corollary 3.9 with ¢ = 2, we have

2 1/2 1 1
1 =05 # natn) +0 (s )

The loss of convergence order with respect to Proposition 4.3 is similar to the
NNR context, in which it deteriorates from the rate 1/d in the noiseless case to
the rate of 1/(d + 2) in the noisy case [5, Section 14.6 and Section 15.3].

= (km)

for kp, ~ m?2/(d+2)

5. Applications and numerical illustration

We present a reformulation of our results in a standard framework for k-NN
regression in Subsection 5.1, and then provide a detailed account of the original
motivation of this work by decomposition-based UQ in Subsection 5.2. Last,
numerical illustrations of our main results in a simple setting are reported in
Subsection 5.3; we refer to [36, Chapter 11] for an application in an industrial
context.

5.1. Generalization error of k-NN regression under covariate shift

In this subsection, we address the k-NN regression problem under covariate
shift from the following more standard point of view: the quantity of interest is
directly the regression function

r(z) =EY[X = 2] =E[f(z,0)],
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and the k-NN estimator of r(z) is defined from the training set by

k
> Yo,
=1

) =

=

where ) (z) denotes the (smallest) index j such that X} = NN;I(), (). We are no

longer interested in some quantity E[¢(Y )] but rather in the (L?) generalization
error under covariate shift

For the sake of simplicity we assume that Y, r(X), etc. take scalar values.

Theorem 5.1 (L? generalization error of the k-NN regression under covariate
shift). Let ux and px: verify the assumptions of Theorem 3.8 for ¢ = 2. As-
sume in addition that f is Lipschitz continuous in x, uniformly in ©, and that
Var(f(x,0)) < 0% < 400 for all x € supp(ux).

When the sequence (km)m>1 satisfies the assumptions of Corollary 3.9, with
km ~ m2/(@+2) there exists C > 0 such that

1/2

1 1/2
§0+C’E[4)2/d} .

2
limsup m'/C+IE [(r(X) - ﬂ,’f)(X)> } oo (X

m——+oo

We retrieve essentially the same orders of convergence as in the case without
covariate shift. The quantity E[1/px(X)?/?]'/2 seems to be the relevant bound
of the loss due to the use of px/ instead of px and we expect that the greater
this quantity is, the slower the convergence will be.

Proof. The proof is an adaptation of [5, Theorem 14.5], using elements of the
proofs of Theorem 3.8 and Corollary 3.9. We can decompose the L? error

) X)ﬂ

<E [(T(X) - ;;57")()())2]

1/2

=
[ —]
/N
=
—
s
\
<
3
3
—

1/2 1/2

+E [(ﬁ’fm)(X) = ﬂjw(){))z}

with
k

) = 3B [1ONE, (.0)]

mo=1

By Jensen’s inequality, the first term can be bounded by

E [(T(X) - ;«jjfm)(x))?] % (i % E [(X ~ NN, (X))QD ,
=1
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where L is the Lipschitz constant of f, and then following the proof of Corol-
lary 3.9, we get

lim sup (kﬁy/dﬂa [(r(X) - %{n’jm)(X))Q}

m——+00 m

1/2 1 1/2
<CE|———
- {PX'(X)z/d} ’

with C := L(cg2I'(1 + 2/d)/vz/d)1/2. The second term is bounded by

E [(%’:M(X) - ?S;m%X))T v

!’
m m
=1

Em 1/2
- E [ (FONNR), (X), 0,0 0x)) — ELF (NN, <X>,@>|X1)2]

1

§ WU.

The optimal rate is k, ~ m?/+9 leading to

911/2
lim sup m!/G+IE [(T(X) - ﬁ,,’fm)(X)) } <o+ CE [

m——+o0

1/2
PX'(X)Q/‘J ’

which completes the proof. O

5.2. Application to decomposition-based UQ

In the UQ context, the relation (1) represents a computer simulation [18, 15]:
the random variable X is the input of the simulation, the random variable ©
describes the set of its parameters, the function f is the numerical model and
the random variable Y is the output of the simulation. The function ¢ involved
in the definition (2) of the quantity of interest QI is the observable.

The fact that we assume that both X and ©® may be random, but with dis-
tinct sources of uncertainty (which is modeled by their statistical independence),
comes from the study of uncertainty propagation in complex networks of numeri-
cal models [1, 3, 28, 34, 29]. In this context, several computer codes, representing
various disciplines, are connected with each other by the fact that the outputs
of certain codes are taken as inputs of other codes. Then f represents one disci-
pline, with ‘internal’ uncertain parameters © whose law is known by the agent
in charge of the simulation, and ‘external’ uncertain parameters X which are
the output of possibly several upstream numerical simulations. Independently
from our complex system context, assuming that the internal parameter © may
be random is a standard practice to take aleatoric or epistemic uncertainty into
account [15, 22].

If X is deterministic then the computation of a global quantity of interest
can be treated by the so-called Collaborative Optimization methods [8, 40] in
Multidisciplinary Analysis and Optimization. However, if X is random, a di-
rect Monte Carlo evaluation of QI is often impossible to implement in practice.
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Indeed, if the number of interacting disciplines is large and each code evalua-
tion is costly, then one cannot wait for a sample X1,..., X, to be generated by
the upstream simulations before starting running one’s own simulation. There-
fore, decomposition-based UQ methods have been introduced in the literature
in order to allow disciplines to run their numerical simulations independently.
Basically, these methods work in two phases. In an offline phase, each discipline
generates it own synthetic sample X7,..., X/, according to some user-chosen
probability measure px, on R? (or possibly other designs of experiment). The
numerical model f is then evaluated on the sample (X1,01),...,(X},,Om) to
obtain a corresponding set of realizations Y7,...,Y,. . Once actual realizations
X1,..., X, become available in a subsequent online phase, they have to be used
in combination with the synthetic sample to construct an estimator of QI, but
evaluations of the numerical model f are no longer allowed.

We refer to [2, 3, 4] for examples and background on these methods. The
k-NN reweighting scheme introduced in the present article is yet another possi-
ble approach to this problem. More general nonparametric regression methods,
such as Nadaraya—Watson estimators, may also be considered. A more system-
atic study of such approaches, based on linear reweighting, as well as their
generalization to the estimation of quantities of interest defined on a graph of
numerical models, may be found in [36, Chapter 11] and will be the object of a
future publication.

Remark 5.2 (Stochastic simulators). Our framework is also suited to the sit-
uation where © does not represent well-identified parameters, but must rather
be interpreted as the inherent randomness of the numerical model. In the UQ
literature, such models are called stochastic simulator (see for instance [42] and
the references therein) and their emulation is closely related with the regression
problem addressed in this article, interpreting © as a noise term.

Remark 5.3 (A simple example with low-dimensionally supported data). In
the multidisciplinary context introduced above, consider the simple setting in
which a random variable X' is taken as an input by two distinct disciplines,
represented by two numerical models f1 and f%. Assume in addition that the
output Y1 = fY(X?') of the former is taken as an input by the latter, so that
Y2 = f2(XL, YY), In the decomposition-based approach, the second discipline
has to design a synthetic sample (Xj/»l, }/j/l)je[[l,m]] without the actual knowledge
of f'. Therefore it is unlikely that this sample be absolutely continuous with
respect to the true law of (X', Y1), the support of which lies in the manifold

{(z, f1(2)}-

5.3. Numerical illustrations

This subsection investigates numerically the influence of the choice of the syn-
thetic distribution px: on the quality of the respective approximations of ux

~(1) =~ (km)
by Bx; and of QI by QI,,, ,, -
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(a) Scorr = —0.9 (b) Scorr = 0 (C) Scorr = 0.9

F1G 1. Plot of the support of X and 1500 i.i.d realizations of X' for different values of Scorr-

5.8.1. Influence of px: on the convergence of ﬁ;,)

We investigate how the relationship between pux and pxs impacts the conver-

gence of u()(,) presented in Subsection 4.1. In this numerical experiment, we set

the dimension d = 2, choose

:(U’U)v UNU([O,l]),

X/ ~ N 1% 0_2 1 Scorr
p)’ Scorr 1 ’

with g = 0.5, 0 = 0.3 and various Scopr in (—1,1). Intuitively, the closer scop; is
to 1, the closer pux- is to px, as illustrated in Figure 1.

As a first ‘purely visual’ indication of the quality of the approximation of ux
by ZZ;; > we plot on Figure 2 the trace of a kernel smoothing of ﬁg(,) on the
segment {(u,u),u € [0,1]}. We can see that the greater scop is, the better the
reconstruction looks like. From a more quantitative point of view, this observa-
tion is confirmed in Figure 3, where we plot the evolution of E[W3 (uxn,ﬂgy )]
as a function of m. We can see that although this quantity converges at the

theoretical rate m™!, the multiplicative constant decreases with seorr.

and

5.8.2. Influence of ux: on the convergence of QI m)

We now concentrate on the impact on the efficiency of QI ). We keep the

framework of the previous paragraph, and we try to estimate the quantity of
interest

QI=E[p(f(X,0))], [f((z1,22),0)=sin(2rx)sin(2rzs)(1+ 6)
with © ~ U([-1,1]) and ¢(y) = y. The L? error
21 1/2

2 1
] =E HQI 0.5

is computed by Monte Carlo estimation. As highlighted in Figure 4, the closeness
of pux to px is an important factor for the efficiency of the estimator.

(km)

‘QI - QI
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3.0
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2.0
N /\/\(
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0.0 /
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F1G 2. Trace of a kernel smoothing of ﬁ;,) on the segment {(u,u),u € [0,1]} for different

values of Scorr-

-5 4
Scorr = 0
— Scorr = 0.3
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—6 - Seorr = 0.9
Y
EEN
s T
%
&
an
2 8-
20
°
—94

log(m)

F1Gc 3. Ewvolution of E[W;(ﬁxn,ﬁg,) )] with respect to m, for various values of Scorr. For

each value of m and Scorr, the quantity Wg(ﬂxn,ﬁgé/) ) is computed (with n = 100) thanks

to the formula (9), and its expectation is estimated tlirough Monte Carlo average over 700
replications. The theoretical rate of m~4 = m~1 is attained for each experiment.
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