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Abstract: The linear coefficient in a partially linear model with confound-
ing variables can be estimated using double machine learning (DML). How-
ever, this DML estimator has a two-stage least squares (TSLS) interpre-
tation and may produce overly wide confidence intervals. To address this
issue, we propose a regularization and selection scheme, regsDML, which
leads to narrower confidence intervals. It selects either the TSLS DML es-
timator or a regularization-only estimator depending on whose estimated
variance is smaller. The regularization-only estimator is tailored to have
a low mean squared error. The regsDML estimator is fully data driven.
The regsDML estimator converges at the parametric rate, is asymptotically
Gaussian distributed, and asymptotically equivalent to the TSLS DML esti-
mator, but regsDML exhibits substantially better finite sample properties.
The regsDML estimator uses the idea of k-class estimators, and we show
how DML and k-class estimation can be combined to estimate the lin-
ear coefficient in a partially linear endogenous model. Empirical examples
demonstrate our methodological and theoretical developments. Software
code for our regsDML method is available in the R-package dmlalg.
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1. Introduction

Partially linear models (PLMs) combine the flexibility of nonparametric ap-
proaches with ease of interpretation of linear models. Allowing for nonparametric
terms makes the estimation procedure robust to some model misspecifications.
A plaguing issue is potential endogeneity. For instance, if a treatment is not
randomly assigned in a clinical study, subjects receiving different treatments
differ in other ways than only the treatment [73]. Another situation where an
explanatory variable is correlated with the error term occurs if the explanatory
variable is determined simultaneously with the response [97]. In such situations,
employing estimation methods that do not account for endogeneity can lead to
biased estimators [44].
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Let us consider the PLM
Y:XTﬂ0+gY(W)+hy(H)+5y. (1)

The covariates X and W and the response Y are observed whereas the variable
H is not observed and acts as a potential confounder. It can cause endogeneity
in the model when it is correlated with X, W, and Y. The variable €y denotes
a random error. An overview of PLMs is presented in Hardle, Liang and Gao
[48]. Semiparametric methods are summarized in Ruppert, Wand and Carroll
[83] and Hardle et al. [49], for instance.

Chernozhukov et al. [31] introduce double machine learning (DML) to esti-
mate the linear coefficient 5y in a model similar to (1). The central ingredients
are Neyman orthogonality and sample splitting with cross-fitting. They allow
estimates of so-called nuisance terms to be plugged into the estimating equation
of Byp. The resulting estimator converges at the parametric rate N ’%, with NV
denoting the sample size, and is asymptotically Gaussian.

A common approach to cope with endogeneity uses instrumental variables
(IVs). Consider a random variable A that typically satisfies the assumptions of
a conditional instrument [76]. The DML procedure first adjusts A, X, and Y
for W by regressing out W of them. Then the residual Y — E[Y|W] is regressed
on X — E[X|W] using the instrument A — E[A|W]. The population parameter
is identified by

E [(A-E[AW)(Y —E[Y|W])]

=g [(A—E[AW])(X — E[X|W])] @

if both A and X are 1-dimensional. The restriction to the 1-dimensional case is
only for simplicity at this point. Below, we consider multivariate A and X. In
practice, we insert potentially biased machine learning (ML) estimates of the
nuisance parameters E[A|W], E[X|W], and E[Y|W] into this equation for fy.
Estimates of these nuisance parameters are typically biased if their complexity
is regularized. Neyman orthogonal scores and sample splitting allow circumvent-
ing empirical process conditions to justify inserting ML estimators of nuisance
parameters into estimating equations [19, 31].

Equation (2) has a two-stage least squares (TSLS) interpretation [91, 92,
16, 22, 13, 6]. As mentioned above, the residual term Y — E[Y|WW] is regressed
on X — E[X|W] using the instrument A — E[A|W]. In entirely linear models,
the following findings have been reported about TSLS and related procedures.
The TSLS estimator has been observed to be highly variable, leading to overly
wide confidence intervals. For instance, although ordinary least squares (OLS) is
biased in the presence of endogeneity, it has been observed to be less variable [96,
71, 89, 34, 62]. The issue with large or nonexisting variance of TSLS (the order
of existing moments of TSLS depends on the degree of overidentification [66,
67, 68]) is also coupled with the strength of the instrument [21, 86, 87, 35, 12].
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Reducing the variability is sometimes possible by using k-class estimators [93,
51, 82, 54].

The k-class estimators have been developed for entirely linear models. The
TSLS estimator is a k-class estimator with a fixed value of £k = 1, and An-
derson, Kunitomo and Morimune [8] recommend to not use fixed k-class es-
timators. Three particularly well-established k-class estimators are the limited
information maximum likelihood (LIML) estimator [10, 4] and the Fuller(1) and
Fuller(4) estimators [43]. They have been developed for entirely linear models
to overcome some deficiencies of TSLS. If many instruments are present, LIML
experiences some optimality properties [9]. Furthermore, the normal approxi-
mation for the finite sample estimator may be suboptimal for TSLS but useful
for LIML [11, 7, 5]. However, LIML has no moments [67, 79, 80, 52]. The Fuller
estimators overcome this problem. Having no moments can lead to poor squared
error performance, especially in weak instrument situations [45]. On the other
hand, the Fuller(1) estimator is approximately unbiased, and Fuller(4) has par-
ticularly low mean squared error (MSE) [43]. Takeuchi and Morimune [90] give
further asymptotic optimality results of the Fuller estimators.

We propose a regularization-selection DML method using the idea of k-class
estimators. We call our method regsDML. It is tailored to reduce variance and
hence improve the MSE of the estimator of [y. Nevertheless, regsDML con-
verges at the parametric rate, and its coverage of confidence intervals for the lin-
ear coefficient Sy remains (asymptotically) valid. Empirical simulations demon-
strate that regsDML typically leads to shorter confidence intervals than LIML,
Fuller(1), and Fuller(4), while it still attains the nominal coverage level.

1.1. Our contribution

Our contribution is twofold. First, we build on the work of Chernozhukov et al.
[31] to estimate By in the endogenous PLM (1) with multidimensional A and
X such that its estimator B converges at the parametric rate, NV _%, and is
asymptotically Gaussian. In contrast to Chernozhukov et al. [31], we formulate
the underlying model as a structural equation model (SEM) and allow A and
X to be multidimensional. We directly specify an identifiability condition of (5
instead of giving additional conditional moment restrictions. The SEM may be
overidentified in the sense that the dimension of A can exceed the dimension of
X. Overidentification can lead to more efficient estimators [3, 18, 47] and more
robust estimators [75]. Considering SEMs and an identifiability condition allows
us to apply DML to more general situations than in Chernozhukov et al. [31].
Second, we propose a DML method that employs regularization and selec-
tion. This method is called regsDML, and we develop it in Section 4. It reduces
the potentially excessive estimated standard deviation of DML because it se-
lects either the TSLS DML estimator or a regularization-only estimator called
regDML depending on whose estimated variance is smaller. The underlying idea
of the regularization-only estimator regDML is similar to k-class estimation [93]
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and anchor regression [82, 23]. Both k-class estimation and anchor regression are
designed for linear models and may require choosing a regularization parameter.
Our approach is designed for PLMs, and the regularization parameter is data
driven. Recently, Jakobsen and Peters [54] have proposed a related strategy for
linear (structural equation) models; whereas they rely on testing for choosing
the amount of regularization, we tailor our approach to reduce the MSE such
that the coverage of confidence intervals for By remains valid. The regsDML
estimator converges at the parametric rate and is asymptotically Gaussian.
In this sense, and in contrast to Jakobsen and Peters [54], regsDML focuses
on statistical inference beyond point estimation with coverage guarantees not
only in linear models but also in potentially complex partially linear ones. The
regsDML estimator is asymptotically equivalent to the TSLS-type DML esti-
mator, but regsDML may exhibit substantially better finite sample properties.
Furthermore, our developments show how DML and k-class estimation can be
combined to estimate the linear coefficient in an endogenous PLM.

Our approach allows flexible model specification. We only require that X
enters linearly in (1) and that the other terms are additive. In particular, the
form of the effect of W on A or of A on W is not constrained. This is partly
similar to TSLS, which is robust to model misspecifications in its first stage be-
cause it does not rely on a correct specification of the instrument effect on the
covariate [15]. The detailed assumptions on how the variables A, X, W, H, and
Y interact are given in Section 2: the variable A needs to satisfy an assumption
similar to that for a conditional instrument, but there is some flexibility.

We consider a motivating example to illustrate some of the points mentioned
above. Figure 1 gives the SEM we generate data from and its associated causal
graph [59, 74, 76, 77, 78, 64]. By convention, we omit error variables in a causal
graph if they are mutually independent [76]. The variable A is similar to a
conditional instrument given W.

(easemsex,ey) ~Na(0,1) / \
W ~ - Unif([—1, 1])

A « 3-tanh(2W) +¢e4 @ (%)

H + 2-sin(W)+en

N4
X ¢ —|A| -2 tanh(W) — H +ex \ /
Y « X +0.5W?2 —3.cos(0.257H) + ey

Fic 1. An SEM and its associated causal graph.

We simulate M = 1000 datasets each for a range of sample sizes N. The
nuisance parameters E[A|W], E[X|W], and E[Y'|W] are estimated with additive
cubic B-splines with {N ﬂ + 2 degrees of freedom. The simulation results are
displayed in Figure 2. This figure displays the coverage, power, and relative
length of the 95% confidence intervals for Sy using “standard” DML (red) and
the newly proposed methods regDML (blue) and regsDML (green). The regDML
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Fi1Gc 2. The results come from M = 1000 simulation runs each from the SEM in Figure 1
for a range of sample sizes N and with K = 2 and § = 100 in Algorithm 1. The nuisance
functions are estimated with additive splines. The figure displays the coverage of two-sided
confidence intervals for Bo, power for two-sided testing of the hypothesis Ho : [Bo = 0, and
scaled lengths of two-sided confidence intervals of DML (red), regDML (blue), and regsDML
(green), where all results are at level 95%. At each N, the lengths of the confidence intervals
are scaled with the median length from DML. The shaded regions in the coverage and power
plots represent 95% confidence bands with respect to the M simulation runs. The blue and
green lines are indistinguishable in the left panel.

method is a version of regsDML with regularization only but no selection. If the
blue curve is not visible in Figure 2, it coincides with the green curve. The
dashed lines in the coverage and power plots indicate 95% confidence regions
with respect to uncertainties in the M simulation runs.

The regsDML method succeeds in producing much narrower confidence in-
tervals than DML although it maintains good coverage. The power of regsDML
is close to 1 for all considered sample sizes. For small sample sizes, regsDML
leads to confidence intervals whose length is around 10% — 20% the length of
DML’s. As the sample size increases, regsDML starts to resemble the behavior
of the DML estimator but continues to produce substantially shorter confidence
intervals. Thus, the regularization-selection regsDML (and also its version with
regularization only) is a highly effective method to increase the power and sharp-
ness of statistical inference whereas keeping the type I error and coverage under
control.

Simulation results with Sy = 0 in the SEM of Figure 2 are presented in
Figure 7 in Section D in the appendix. Further numerical results are given in
Section 5.

1.2. Additional literature

PLMs have received considerable interest. Hérdle, Liang and Gao [48] present
an overview of estimation methods in purely exogenous PLMs, and many refer-



6466 C. Emmenegger and P. Buhlmann

ences are given there. The remaining part of this paragraph refers to literature
investigating endogenous PLMs. Ai and Chen [2] consider semiparametric es-
timation with a sieve estimator. Ma and Carroll [63] introduce a parametric
model for the latent variable. Yao [98] considers a heteroskedastic error term
and a partialling-out scheme [81, 85]. Florens, Johannes and Van Bellegem [42]
propose to solve an ill-posed integral equation. Su and Zhang [88] investigate a
partially linear dynamic panel data model with fixed effects and lagged variables
and consider sieve IV estimators as well as an approach with solving integral
equations. Horowitz [53] compares inference and other properties of nonpara-
metric and parametric estimation if instruments are employed.

Combining Neyman orthogonality and sample splitting (with cross-fitting) al-
lows a diverse range of estimators and machine learning algorithms to be used to
estimate nuisance parameters. This procedure has alternatively been considered
in Newey and McFadden [72], van der Laan and Robins [94], and Chernozhukov
et al. [31]. DML methods have been applied in various situations. Chen, Huang
and Tien [27] consider instrumental variables quantile regression. Liu, Zhang
and Zhou [61] apply DML in logistic partially linear models. Colangelo and Lee
[33] employ doubly debiased machine learning methods to a fully nonparamet-
ric equation of the response with a continuous treatment. Knaus [55] presents
an overview of DML methods in unconfounded models. Farbmacher et al. [41]
decompose the causal effect of a binary treatment by a mediation analysis and
estimate it by DML. Lewis and Syrgkanis [60] extend DML to estimate dynamic
effects of treatments. Chiang et al. [32] apply DML under multiway clustered
sampling environments. Cui and Tchetgen Tchetgen [36] propose a technique to
reduce the bias of DML estimators.

Nonparametric components can be estimated without sample splitting and
cross-fitting if the underlying function class satisfies some entropy conditions;
see for instance Mammen and van de Geer [65]. Alternatively, Chen, Liang and
Zhou [28] partial out the nonparametric component using a kernel method and
employ the generalized method of moments principle [46]. The mentioned en-
tropy regularity conditions limit the complexity of the function class, and ML
algorithms do usually not satisfy them. Particularly, these conditions fail to
hold if the dimension of the nonparametric variables increases with the sample
size [31].

Double robustness and orthogonality arguments have also been considered
in the following works. Okui et al. [73] consider doubly robust estimation of
the parametric part. Their estimator is consistent if either the model for the
effect of the measured confounders on the outcome or the model of the effect
of the measured confounders on the instrument is correctly specified. Smucler,
Rotnitzky and Robins [84] consider doubly robust estimation of scalar param-
eters where the nuisance functions are ¢;-constrained. Targeted minimum loss
based estimators and G-estimators also feature an orthogonality property; an
overview is given in DiazOrdaz, Daniel and Kreif [38].
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The literature presented in this subsection is related to but rather distinct
from our work with the only exception of Chernozhukov et al. [31]. The differ-
ence to this latter contribution is highlighted in Section 2 and Section A in the
appendix.

Outline of the paper. Section 2 and 3 describe the DML estimator. The former
section introduces an identifiability condition, and the latter investigates asymp-
totic properties. Section 4 introduces the regularized regularization-selection es-
timator regsDML and its regularization-only version regDML and investigates
their asymptotic properties. Section 5 presents numerical experiments and an
empirical real data example. Section 6 concludes our work. Proofs and addi-
tional definitions and material are given in the appendix.

Notation. We denote by [N] the set {1,2,...,N}. We add the probability
law as a subscript to the probability operator P and the expectation operator E
whenever we want to emphasize the corresponding dependence. We denote the
LP(P) norm by ||-||p, and the Euclidean or operator norm by ||-||, depending
on the context. We implicitly assume that given expectations and conditional

expectations exist. We denote by LA convergence in distribution. Furthermore,
we denote by Lgxq € R¥*? the d x d identity matrix and write 1 if we do not
want to underline its dimension.

2. An identifiability condition and the DML estimator

Before we introduce regsDML in Section 4, we present our TSLS-type DML es-
timator of By because we require it to formulate regsDML. The DML estimator
estimates the linear coefficient in an endogenous and potentially overidentified
PLM where A and X may be multidimensional. Our work builds on Cher-
nozhukov et al. [31], but they only consider univariate A and X and restrict
conditional moments to identify the linear coefficient. We impose an uncondi-
tional moment restriction below. However, our results recover theirs if A and X
are univariate and the additional conditional moment restrictions are satisfied.

Our PLM is cast as an SEM. The SEM specifies the generating mechanism
of the random variables A, W, H, X, and Y of dimensions ¢, v, r, d, and 1,
respectively. The structural equation of the response is given by

Y « XTBy + gy (W) + hy (H) + ey (3)

as in (1), where By € R? is a fixed unknown parameter vector, and where
the functions gy and hy are unknown. The variable H is hidden and causes
endogeneity. The variable €y denotes an unobserved error term. The model is
potentially overidentified in the sense that the dimension of A may exceed the
dimension of X. Observe that A does not directly affect the response Y in the
sense that it does not appear on the right hand side of (3). The model is required
to satisfy an identifiability condition as in (5) below.
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Econometric models are often presented as a system of simultaneous struc-
tural equations. Full information models consider all equations at once, and
limited information models only consider equations of interest [5].

2.1. Identifiability condition

An identifiability condition is required to identify 5y in (3). We define the resid-
ual terms

Ra:=A—FE[A|W], Rx:=X—-E[X|W], and Ry :=Y —E[Y|W] (4)

that adjust A, X, and Y for W. Our DML estimator of [y is obtained by
performing TSLS of Ry on Rx using the instrument R 4. This scheme requires
the unconditional moment condition

E [Ra(Ry — RX )] =0 (5)

to identify By in (3). For instance, this condition is satisfied if A is indepen-
dent of both H and ey given W or if A is independent of H, ey, and W. The
identifiability condition (5) is strictly weaker than the conditional moment con-
ditions introduced in Chernozhukov et al. [31]; see Section A in the appendix
that presents an example where our identifiability condition holds but the condi-
tional moment conditions do not. The subsequent theorem asserts identifiability

of ﬁo.

Theorem 2.1. Let the dimensions ¢ = dim(A) and d = dim(X), and assume
q > d. Assume furthermore that the matrices E[Rx RY] and E[RaoRY] are of full
rank, and assume the identifiability condition (5). Then the representation

Bo=(E[RxRA] E [RARS] ' E [1%,41%}}})71 E [Rx R4 E[RAR%] ' E[RARy]

holds.

Theorem 2.1 precludes underidentification. The full rank condition of the
matrix E[RxR%] expresses that the correlation between X and A is strong
enough after regressing out W. This is a typical TSLS assumption [91, 92, 16,
22, 13, 6]. The rank assumptions in Theorem 2.1 in particular require that A,
X, and Y are not deterministic functions of W.

The instrument A instead of R4 can alternatively identify £y in Theorem 2.1.
However, this procedure leads to a suboptimal convergence rate of the resulting
estimator; see Section 3.1.

The identifiability condition (5) is central to Theorem 2.1. Section G in the
appendix presents examples illustrating SEMs where the identifiability condition
holds and where it fails to hold.
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2.2. Alternative interpretations of Bo

We present two alternative interpretations of 5y apart from performing TSLS of
Ry on Rx using the instrument R 4. The second representation will be used to
formulate our regularization schemes in Section 4. To formulate these alternative
representations, we introduce the linear projection operator Pr, on R4 that
maps a random variable Z to its projection

Pr,Z :=E[ZR]E [RaR%] ™' Ra.

By Theorem 2.1, the population parameter 5 solves the TSLS moment equa-
tion

0 = E[RxRY] E[RAR%] ' E[Ra(Ry — R%f0)].

This motivates a generalized method of moments interpretation of 5y because
we have

fio = arg min Efy(S; B, E[RaR) ™ E [07(S; 8,1°)]
€
for ¢(S; 8,1°) := Ra(Ry — R%f), where n° = (E[A|W],E[X|W],E[Y|W]) de-
notes the nuisance parameter and S = (A, W, X,Y") denotes the concatenation
of the observable variables.
This leads to the second interpretation of [y. The coefficient [y minimizes
the squared projection of the residual Ry — R% 3 on R4, namely

fo = argmin E [ (Pr, (Ry — K% 5))°] (6)
BeR4

We employ the representation of [y in (6) to formulate our regularization
schemes in Section 4.

3. Formulation of the DML estimator and its asymptotic properties

In this section, we describe how to estimate [y using the TSLS-type DML
scheme, and we describe the asymptotic properties of this estimator.

Consider N iid realizations {S; = (A, Xy, Wi, Yi) bien) of S = (4, X, WY)
from the SEM in (3). We concatenate the observations of A row-wise to form
an (N x g)-dimensional matrix A. Analogously, we construct the matrices X €
RY*d and W € RV*? and the vector Y € RY containing the respective obser-
vations.

We construct a DML estimator of 5y as follows. First, we split the data into
K > 2 disjoint sets I4,...,Ix. For simplicity, we assume that these sets are
of equal cardinality n = % In practice, their cardinality might differ due to
rounding issues.

For each k € [K]|, we estimate the conditional expectations m% (W) :=
E[A|W], m§ (W) = E[X|W], and m% (W) := E[Y|W], which act as nuisance
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parameters, with data from . We call the resulting estimators fn; , mﬁ?, and

mi,, respectively. Then, the adjusted residual terms R A=A - mg (W3),

Rgél =X; — Thﬁé‘( W;), and R{sz =Y, —n I’“(Wl) for i € I}, are evaluated on
I}, the complement of I7. We concatenate them row-wise to form the matrices
~ Iy ~1T Fay
R, € R"% and Ry € R™? and the vector Ry € R™.

These K iterates are assembled to form the DML estimator

K -1, K
5 1 I\ T =TIy 1 I\ T =TIy
P (R 0 M Ry ) (R BY 0
of By, where
~ Iy ~I T =1k ~1Ij
Mg, ;:RA((RA) RA) (Rs)" 8)
denotes the orthogonal projection matrix onto the space spanned by the columns
~ Ik
of RA

To obtain 3 in (7), the individual matrices are first averaged before the final
matrix is inverted. It is also possible to compute K individual TSLS estimators
on the K iterates individually and average these. Both schemes are asymptot-
ically equivalent. Chernozhukov et al. [31] call these two schemes DML2 and
DML1, respectively, where DML2 is as in (7). The DML1 version of the coeffi-
cient estimator is given in the appendix in Section B.1. The advantage of DML2
over DML1 is that it enhances stability properties of the estimator. To ensure
stability of the DML1 estimator, every individual matrix that is inverted needs
to be well conditioned. Stability of the DML2 estimator is ensured if the average
of these matrices is well conditioned.

The K sample splits are random. To reduce the effect of this randomness,
we repeat the overall procedure S times and assemble the results as suggested
in Chernozhukov et al. [31]. This procedure is described in Algorithm 1 in Sec-
tion 4.2 below.

The following theorem establishes that é converges at the parametric rate
and is asymptotically Gaussian.

Theorem 3.1. Consider model (3). Suppose that Assumption 1.5 in the ap-
pendiz in Section I holds and consider 1 given in Definition I.1 in the appendiz
in Section I. Then B as in (7) concentrates in a \/LN neighborhood of By. It is

approzimately linear and centered Gaussian, namely
_ d
VNo™' (B - Bo) = Z (Si3 80,n°) + 0p(1) 5 N(0, Laxa) (N — o0),

uniformly over the law P of S = (A,W,X,Y), and where the variance-co-
variance matriz o2 is given by o = JoJoJ& for the matrices Jo and Jo given
in Definition 1.1 in the appendiz.
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A similar result to Theorem 3.1 is presented by Chernozhukov et al. [31].
However, their result requires univariate A and X, and it imposes conditional
moment restrictions instead of the identifiability condition (5); see also Section A
in the appendix that presents an example where our identifiability condition
holds but the conditional moment conditions do not. If A and X are univariate
and the respective conditional moment conditions hold, our result coincides
with Chernozhukov et al. [31].

Theorem 3.1 also holds for the DML1 version of 3 defined in the appendix
in Section B.1. Assumption 1.5 specifies regularity conditions and the conver-
gence rate of the machine learners estimating the conditional expectations. The
machine learners are required to satisfy the product relations

) P2 i (9)

(lm- (W) = s W)z + [mS (W) = 1 (W) p2) < N2
for k € [K], which allows us to employ a broad range of ML estimators. For in-
stance, these convergence rates are satisfied by ¢;-penalized and related methods
in a variety of sparse, high-dimensional linear models [26, 20, 24, 17], forward se-
lection in sparse linear models [57], high-dimensional additive models [69, 56, 99],
or regression trees and random forests [95, 14]. Please see Chernozhukov et al.
[31] for additional references. In particular, the rate condition (9) is satisfied if
the individual ML estimators converge at rate N -1 Therefore, the individual
ML estimators are not required to converge at rate N -3,

The asymptotic variance o2 can be consistently estimated by replacing the
true By by B or its DML1 version. The nuisance functions are estimated on
subsampled datasets, and the estimator of o2 is obtained by cross-fitting. The
formal definition, the consistency result, and its proof are given in Definition I.1
and in Theorem I.21 in the appendix in Section I.

For fixed P, the asymptotic variance-covariance matrix o2 is the same as if
the conditional expectations m% (W), m% (W), and m$, (W) and hence Ra, Rx,
and Ry were known.

Theorem 3.1 holds uniformly over laws P. This uniformity guarantees some
robustness of the asymptotic statement [31]. The dimension v of the covariate
W may grow as the sample size increases. Thus, high-dimensional methods can
be considered to estimate the conditional expectations E[A|W], E[X|W], and

The estimator B solves the moment equations

K o - B o
0= % Z <% Z Ré?,i(Rz{lk,i)T(% Z Rﬁi(Rl{f’i)T) % Z 1/)(52.;5’77&)),

k=1 i€l i€l 1€l

where the score function v is given by

B(S:B.m) 1= (A= ma (W) (¥ —my (W) — (X —mx(W)"B)  (10)
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for n = (ma, mx,my), and where the estimated nuisance parameter is given
by 7Tk = (mff,mﬁ?,m{f). Observe that ¥(S; 8y, 1°) with n° = (m9, m%,my.)
coincides with the term whose expectation is constrained to equal O in the
identifiability condition (5). The crucial step to prove asymptotic normality of
\/N(B — Bo) is to analyze the asymptotic behavior of ﬁ Zielk »(S;; B, itk for
ke [K].

Apart from the identifiability condition, the first fundamental requirement
to analyze these terms is the ML convergence rates in (9). Second, we employ
sample splitting and cross-fitting. Sample splitting ensures that the data used
to estimate the nuisance parameters and the data on which these estimators are
evaluated are independent. Cross-fitting enables us to regain full efficiency. The
third requirement is that the underlying score function ¢ in (10) is Neyman
orthogonal, which we explain next.

Neyman orthogonality ensures that 1 is insensitive to small changes in the
nuisance parameter 7 at the true unknown linear coefficient 5y and the true
unknown nuisance parameter n°. This makes estimation of 8y robust to inserting
biased ML estimators of the nuisance parameter in the estimation equation. The
following definition formally introduces this concept.

Definition 3.2. [31, Definition 2.1]. A score v = ¥(S; 8,n) is Neyman orthog-
onal at (Bo,n°) if the pathwise derivative map

D [0S o, + 70— 1))

exists for all v € [0,1) and nuisance parameters n and vanishes at r = 0.

Definition 3.2 does not entirely coincide with Chernozhukov et al. [31, Defini-
tion 2.1] because the latter also includes an identifiability condition. We directly
assume the identifiability condition (5).

The subsequent proposition states that the score function ¢ in (10) is indeed
Neyman orthogonal.

Proposition 3.3. The score ¢ given in Equation (10) is Neyman orthogonal.

We would like to remark that Neyman orthogonality of 1 neither depends
on the distribution of S nor on the value of By and n°. In addition to being
Neyman orthogonal, v is linear in 8 in the sense that we have

W(S; B,m) = ¥ (Sim) — v(S;n)B (11)

for
$P(S5m) = (A —=ma(W)) (Y — my(W))
and

a T
V(S5m) = (A = ma(W)) (X — mx(W))
This linearity property is also employed in the proof of Theorem 3.1.
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3.1. Suboptimal estimation procedure

In general, we cannot employ A as an instrument instead of R4 in our TSLS-type
DML estimation procedure. For simplicity, we assume K = 2 in this subsection
and consider disjoint index sets I and I¢ of size n = % The term

% Z A;(RY, — (R )" Bo) (12)

iel

may diverge as N — oo because mg; and Th{f may be biased estimators of
m$ and mY.. This in particular happens if the functions m% and m§ are high-
dimensional and need to be estimated by regularization techniques; see Cher-
nozhukov et al. [31]. Even if sample splitting is employed, the term (12) is
asymptotically not well behaved because the underlying score function

P(838.m) 1= A(Y —my (W) = (X = mx(W))"8)

is not Neyman orthogonal. The issue is illustrated in Figure 3. The SEM used to
generate the data is similar to the nonconfounded model used in Chernozhukov

et al. [31, Figure 1]. The centered and rescaled term \% (56") using A as an in-

strument is biased whereas it is not if the instrument R4 is used. Here, \//-a\r(ﬁ)
denotes the empirically observed variance of S with respect to the performed
simulation runs.

A as instrument R 4 as instrument

T
—4 —2 0 2 4

Fic 3. Histograms of /5;:(35) , where ‘//;T(B) denotes the empirically observed variance ofB with

respect to the simulation runs, using A as an instrument in the left plot and using R4 as an
instrument in the right plot. The orange curves represent the density of N'(0,1). The results
come from 5000 simulation runs of sample size 5000 each from the SEM in the appendiz in
Section C with K = 2 and S = 1. The conditional expectations are estimated with random
forests consisting of 500 trees that have a minimal node size of 5.
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4. Regularizing the DML estimator: regDML and regsDML

We introduce a regularized estimator, regsDML, whose estimated standard de-
viation is typically smaller and never worse than the one of the TSLS-type
DML estimator described above. Supporting theory and simulations illustrate
that the associated confidence intervals nevertheless reach (asymptotically) valid
and good coverage. The regsDML estimator selects either the DML estimator
or its regularization-only version regDML, depending on which of the two has
a smaller estimated standard deviation.

Subsequently, we first introduce the regularization-only method regDML.
The regDML estimator is obtained by regularizing DML and choosing a data-
dependent regularization parameter. Before we describe the choice of the regu-
larization parameter, we introduce the regularization scheme for fixed regular-
ization parameters.

Given a regularization parameter v > 0, the population coefficient b7 of
the regularization scheme optimizes an objective function similar to the one
used in k-class regression [93] or anchor regression [82, 23]. We established the
representation

Bo = argminE {(PRA(RY - R&ﬁ))z}
BER?

of By in (6). For a regularization parameter v > 0, we consider the regularized
objective function and corresponding population coefficient

b :— arg min E [((Id —Pr,)(Ry — R ))2} +AE [(PRA(RY - R§5))2]. (13)
BeRE

This regularized objective is form-wise analogous to the objective function em-
ployed in anchor regression. The anchor regression estimator has been reformu-
lated as a k-class estimator by Jakobsen and Peters [54] for a linear model.

If v = 1, ordinary least squares regression of Ry on Rx is performed. If
v = 0, we are partialling out or adjusting for the variable R4. If v = oo, we
perform TSLS regression of Ry on Rx using the instrument R 4. In this case,
b” coincides with 8y. The coefficient b” interpolates between the OLS coefficient
b= and the TSLS coefficient 3 for general choices of v > 1. For v > 1, there
is a one to one correspondence between bY and the k-class estimator (based on
R4, Rx, and Ry) with regularization parameter k = 'YT_l € (0, 1); see Jakobsen
and Peters [54].

4.1. Estimation and asymptotic normality

In this section, we describe how to estimate b7 in (13) for fixed v > 0 using
a DML scheme, and we describe the asymptotic properties of this estimator.

~1 ~ Iy
We consider the residual matrices R ; € R"*? and R; € R™*4 and the vector
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~T
RYk € R” introduced in Section 3 that adjust the data with respect to the
nonparametric variables. The estimator of b” is given by

. , K ple AI’“
b7 := argmingcga % > k=t (H (]1 - Hﬁﬁ{f ) (RY H

~1
+7HHRIk (Ry — (R%)Tb) H )
A

where 51 is as in (8). This estimator can be expressed in closed form by
A

K —1 K
R 1 ~1 N 1 ~Ip T ~1
b — (}Z (R;ﬁ)TR;ﬁ) ?Z (Rx)" Ry, (14)

where

~1Ip

, ~I ~T ~ Ty
Ry = (11+(ﬁ—1)nkgk)R; and Ry = (1+(ﬁ—1)nﬁ%)Ry. (15)

. ~1
The computation of b7 is similar to an OLS scheme where R;f is regressed on

~ T .
Rj;. To obtain b7, individual matrices are first averaged before the final matrix

is inverted It is also possible to directly carry out the K OLS regressions of
~ Ty
RY on RX and average the resulting parameters. Both schemes are asymp-

totically equivalent. We call the two schemes DML2 and DML1, respectively.
This is analogous to Chernozhukov et al. [31] as already mentioned in Section 3.
The DML1 version is presented in the appendix in Section B.2. As mentioned
in Section 3, the advantage of DML2 over DML1 is that it enhances stability
properties of the coefficient estimator because the average of matrices needs to
be well conditioned but not every individual matrix.

Theorem 4.1. Let v > 0. Suppose that Assumption 1.5 in the appendiz in Sec-
tion I (same as in Theorem 3.1) except 1.5.1 holds, and consider the quantities
02(7) and 1 introduced in Definition J.1 in the appendiz in Section J. The es-
timator b¥ concentrates in a \/—% neighborhood of bY. It is approzximately linear
and centered Gaussian, namely

N
VN () (b - b) Z (S::07,0°) + 0p(1) 5 N(0,Taxa) (N — 00),

uniformly over laws P of S = (A, W, X,Y).

Theorem 4.1 also holds for the DMLI version of b7 defined in the appendix
in Section B.2. The influence function is denoted by 1 in both Theorems 3.1
and 4.1 but is defined differently. Assumption 1.5 specifies regularity conditions
and the convergence rate of the machine learners of the conditional expectations.
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The machine learners are required to satisfy the product relations

ImS (W) — i( W), < N3,
IS (W) — 13 (W) o C

(S (W) iyt (W )IIP,2+IIm%(W)—mﬁé(W)IIP,z)<<N‘5,
Im& (W) — < )l

(Im§-(w ) iyt (W >||p,2+||m&<W> i (W)|lp2) < N~%

for k € [K]. The main difference to Theorem 3.1 and quantity of interest is the
asymptotic variance o2(7). It can be consistently estimated with either b or
its DML1 version as illustrated in Theorem J.3 in the appendix in Section J.
Typically, for v < oo, the asymptotic variance o?(v) is smaller than o2 in
Theorem 3.1. Such a variance gain comes at the price of bias because b estimates
bY and not the true parameter S3p.

The proof of Theorem 4.1 uses Neyman orthogonality of the underlying score
function. Recall that Neyman orthogonality neither depends on the distribution
of S nor on the value of the coefficients 8y and n° as discussed in Section 3.

For fixed v > 1, Theorem 4.1 furthermore implies that the k-class estimator
corresponding to b converges at the parametric rate and follows a Gaussian
distribution asymptotically.

4.2. Estimating the regularization parameter ~

For simplicity, we assume d = 1 in this subsection. The results can be extended
tod> 1.

Subsequently, we introduce a data-driven method to choose the regulariza-
tion parameter v in practice. The estimated regularization parameter v leads
to an estimate of By that asymptotically has the same MSE behavior as the
TSLS-type estimator B in (7) but may exhibit substantially better finite sample
properties.

We consider the estimated regularization parameter

1 . .
4 := argmin —a2(y) + b7 — B2 (16)
>0 N

It optimizes an estimate of the asymptotic MSE of b7: the term 52(7y) is the
consistent estimator of o%(y) described in Theorem J.3 in the appendix in Sec-
tion J, and the term |IA)"Y — 3\2 is a plug-in estimator of the squared population
bias [b” — (p]?. The estimated regularization parameter 4 is random because it
depends on the data.

First, we investigate the bias of the population parameter b7~ for a nonran-
dom sequence of regularization parameters {yy}n>1 as N — oo. Afterwards,
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we propose a modified estimator of the regularization parameter whose cor-
responding parameter estimate is denoted by regDML, and we introduce the
regularization-selection estimator regsDML. Finally, we analyze the asymptotic
properties of regDML and regsDML.

Let us consider a deterministic sequence {yn}n>1 of regularization param-
eters. By Proposition 4.2 below, the (scaled) population bias v N|[b"N — Bl
vanishes as N — oo if yy is of larger order than v/N.

Proposition 4.2. Suppose that 1.5.1, 1.5.3, and 1.5.4 of Assumption 1.5 in the
appendiz in Section I hold (subset of the assumptions in Theorem 3.1). Assume
{v~}n>1 is a sequence of non-negative real numbers. Then we have

0, ifyn>VN
VNI™Y =Bl =3 C, ifyn ~ VN
00, ifyw < VN

as N — oo for some non-negative finite real number C.

Theorem 4.3 below shows that the estimated regularization parameter ¥ is
of equal or larger stochastic order than v/N. If it were not, choosing v = oo
in (16), and hence selecting the TSLS-type estimator 3, would lead to a smaller
estimated asymptotic MSE.

Theorem 4.3. Let vy = 0(\/N), and suppose that Assumption 1.5 in the ap-
pendiz in Section I holds (same as in Theorem 3.1). We then have

lim P(6%(yw) + N — )2 < 6?) = 0.
N —o00

If 4 is multiplied by a deterministic scalar ay that diverges to +o0o at an ar-
bitrarily slow rate as N — oo, the modified regularization parameter 4’ := an¥
is of stochastic order larger than v/N. By default, we choose ay = log(v/N).
Proposition 4.2 is formulated for deterministic regularization parameters, but
the deterministic statements can be replaced by probabilistic ones. Proposi-
tion 4.2 then implies that the population bias term b7 — fy| vanishes at rate
op(N~2). Thus, the two quantities v N (b7 —b7") and v N(b¥' — ,) are asymp-

totically equivalent due to Theorem 4.4 below, and we have

VN = Bo) = N(0,02(%))

whenever N is sufficiently large (note that asymptotically as N — oo, the right-
hand side has the same limit as described in Theorem 4.4).

We call b7 the regDML (regularized DML) estimator. The regularization-
selection estimator selects between DML and regDML based on whose variance
estimate is smaller. The “s” in regsDML stands for selection.

Theorem 4.4. Suppose that Assumption 1.5 in the appendix in Section I holds
(same as in Theorem 3.1). Let {a;};>1 be a sequence of deterministic, non-
negative real numbers that diverges to co as N — oo. Furthermore, consider
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4" = an¥ as above. Then, we have
VN6~1F) BV =67y = VNo™ (B - Bo) + op(1)

uniformly over laws P of S = (A, W, X,Y), where &(-) ist the estimator from
Theorem J.3 in the appendiz, which consistently estimates o(-) from 4.1.

Particularly, bV and B are asymptotically equivalent. But b may exhibit
substantially better finite sample properties as we demonstrate in the subsequent
section. Because b7 and f are asymptotically equivalent, the same result also
holds for the selection estimator regsDML.

The proof of Theorem 4.4 does not depend on the precise construction of 4’
and only uses that the random regularization parameter is of stochastic order
larger than v/N. Thus, Theorem 4.4 remains valid if the regularization param-
eter comes from k-class estimation and is of the required stochastic order. The
same stochastic order is also required to show that k-class estimators are asymp-
totically Gaussian [70, 68].

The K sample splits are random. To reduce the effect of this randomness, we
repeat the overall procedure S times and assemble the results as suggested
in Chernozhukov et al. [31]. The assembled parameter estimate is given by
the median of the individual parameter estimates; see Steps 9 and 10 of Al-
gorithm 1. The assembled variance estimate is given by adding a correction
term to the individual variances and subsequently taking the median of these
corrected terms. The correction term measures the variability due to sample
spitting across s € [S].

It is possible that the assembled variance of regDML is larger than the as-
sembled variance of DML. In such a case, we do not use the regDML estimator
and select the DML estimator instead to ensure that the final estimator of Sy
does not experience a larger estimated variance than DML. This is the regsDML
scheme. A summary of this procedure is given in Algorithm 1.

5. Numerical experiments

This section illustrates the performance of the DML, regDML, and regsDML
estimators in a simulation study and for an empirical dataset. Our implemen-
tation is available in the R-package dmlalg [40]. We employ the DML2 method
and K =2 and § = 100 in Algorithm 1. Furthermore, we compare our estima-
tion schemes with the following three k-class estimators: LIML, Fuller(1), and
Fuller(4). On each of the K sample splits, we compute the regularization pa-
rameter of the respective k-class estimation procedure and average them. Then,
we compute the corresponding -value and proceed as for the other regularized
estimators according to Algorithm 1.

The first example in Section 5.1 considers an overidentified model in which
the dimension of A is larger than the dimension of X. The second example in
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Algorithm 1: regsDML in a PLM with confounding variables.

Input : N iid realizations from the SEM (3), a natural number S, a regularization
parameter grid {%}ie[ 1) for some natural number L, a non-negative diverging
sequence {a;};>1.

Output: An estimator of By in (3) together with its estimated asymptotic variance.

1 for s € [S] do

2 Compute Bs = B and &3 = 2.

3 Compute b7 = b7 and 62(v;) = 62(v;) for i € [L].

4 Choose 4s = argmin,ye{,”}iem (%&g('y) + by — Bs|?) and let 4, = anHs.
5 Compute l;js = b7 and G2(4%) = 62(AL).

¢ end

7 Compute gmed = median,e(g) (Bs).

N Y
s Compute b;g;d = median¢| S](bzﬁ).

o Compute 6§2™°d = median,¢[s)(62 + (Bs — pmed)?).

~A7 -~
10 Compute G5 *" = median, sy (62(54) + (be* — bgh)?).
11 if 6250 < 62med then
12 Take the parameter estimate b;ggd together with its associated estimated
. . 1 ~2,med
asymptotic variance N Orée

13 else

Take the parameter estimate Bmed together with its associated estimated

asymptotic variance % G2med

14

15 end

Section 5.2 considers justidentified real-world data. In both examples, the con-
ditional expectations acting as nuisance parameters are estimated with random
forests.

An example where the conditional expectations are estimated with splines is
given in Section 1.1. Additional empirical results are provided in the appendix in
Section D, E, and F. The latter section considers examples where DML, regDML,
and regsDML do not work well in finite sample situations: we follow the NCP
(No Cherry Picking) guideline [25] to possibly enhance further insights into the
finite sample behavior. Section E in the appendix presents examples where the
link A — X is weak and examples illustrating the bias-variance tradeoff of the
respective estimated quantities as a function of the regularization parameter ~.

5.1. Simulation example with random forests

We generate data from the SEM in Figure 4. This SEM satisfies the identifi-
ability condition (5) because 4; and A, are independent of H given W; and
Wa; a proof is given in the appendix in Section K. The model is overidentified
because the dimension of A = (Ay, Ay) is larger than the dimension of X. The
variable A; directly influences A5 that in turn directly affects W;. Both W; and
Wy directly influence H. Both A; and As directly influence X. The variable A;
is a source node.
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(1)
(EA1»EA,EWY > EWS, EH EXEY) ~ N7(0,1)
Ar Ty, <o
Ag +— —4A; +ca,
W1 + 2As +ew, l \@
—®

Wy « EWy
H «+ 2]l{sin(7rW1)<tanh(W2)20} +en /
X <« 1541 —0.5A45 + tanh(H)
—2L{w, >0y Lwy <o) +ex W
Y (—X+]I{W2S0}+Sin(7rH)+€Y —@ _

F1c 4. An SEM and its associated causal graph.

We simulate M = 1000 datasets each from the SEM in Figure 4 for a range
of sample sizes. For every dataset, we compute a parameter estimate and an
associated confidence interval with DML, regDML, and regsDML. We choose
K =2 and § = 100 in Algorithm 1 and estimate the conditional expectations
with random forests consisting of 500 trees that have a minimal node size of 5.

Figure 5 illustrates our findings. It gives the coverage, power, and relative
length of the 95% confidence intervals for a range of sample sizes N of the
three methods. The blue and green curves correspond to regDML and regsDML,
respectively. If the blue curve is not visible in Figure 5, it coincides with the green
one. The two regularization methods perform similarly because regularization
can considerably improve DML. The red curves correspond to DML. If the
red curve is not visible, it coincides with LIML, whose results are displayed in
orange. The Fuller(1) and Fuller(4) estimators correspond to purple and cyan,
respectively.

The top left plot in Figure 5 displays the coverages as interconnected dots.
The dashed lines represent 95% confidence regions of the coverages. These con-
fidence regions are computed with respect to uncertainties in the M simulation
runs. No coverage region falls below the nominal 95% level that is marked by
the gray line.

The bottom left plot in Figure 5 shows that the power of DML, LIML, and
Fuller(1) is lower for small sample sizes and increases gradually. The power of the
other regularization methods remains approximately 1. The dashed lines repre-
sent 95% confidence regions that are computed with respect to uncertainties in
the M simulation runs.

The right plot in Figure 5 displays boxplots of the scaled lengths of the con-
fidence intervals. For each N, the confidence interval lengths of all methods are
divided by the median confidence interval lengths of DML. The length of the
regsDML confidence intervals is around 50% — 80% the length of DML’s. Nev-
ertheless, the coverage of regsDML remains around 95%. The LIML, Fuller(1),
and Fuller(4) confidence intervals are considerably longer than regsDML’s. Al-
though the confidence intervals of regsDML are the shortest of all considered
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methods, its coverage remains valid.

Coverage Length of scaled confidence intervals
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F1G 5. The results come from M = 1000 simulation runs each from the SEM in Figure 4 for a
range of sample sizes N and with K = 2 and S = 100 in Algorithm 1. The nuisance functions
are estimated with random forests. The figure displays the coverage of two-sided confidence
intervals for By, power for two-sided testing of the hypothesis Hyg : 8o = 0, and scaled lengths
of two-sided confidence intervals of DML (red), regDML (blue), regsDML (green), LIML
(orange), Fuller(1) (purple), and Fuller(4) (cyan), where all results are at level 95%. At
each N, the lengths of the confidence intervals are scaled with the median length from DML.
The shaded Tegions in the coverage and the power plots represent 95% confidence bands with
respect to the M simulation runs. The blue and green lines as well as the red and orange ones
are indistinguishable in the left panel.

Simulation results with Sy = 0 in the SEM in Figure 4 are presented in
Figure 8 in the appendix in Section D.

5.2. Real data example

We apply the DML and regsDML methods to a real dataset. We estimate the lin-
ear effect By of institutions on economic performance following the work of Ace-
moglu, Johnson and Robinson [1] and Chernozhukov et al. [31]. Countries with
better institutions achieve a greater level of income per capita, and wealthy
economies can afford better institutions. This may cause simultaneity. To over-
come it, mortality rates of the first European settlers in colonies are considered
as a source of exogenous variation in institutions. For further details, we refer
to Acemoglu, Johnson and Robinson [1] and Chernozhukov et al. [31]. The data
is available in the R-package hdm [29] and is called AJR. In our notation, the
response Y is the GDP, the covariate X the average protection against expro-
priation risk, the variable A the logarithm of settler mortality, and the covariate
W consists of the latitude, the squared latitude, and the binary factors Africa,
Asia, North America, and South America. That is, we adjust nonparametrically
for the latitude and geographic information.



6482 C. Emmenegger and P. Buhlmann

TABLE 1
Coefficient estimate, its standard error, and a confidence interval with DML and regsDML
on the AJR dataset, where K =2 and S = 100 in Algorithm 1, and where the conditional
expectations are estimated with random forests consisting of 1000 trees that have a minimal
node size of 5.

Estimate of 8o Standard error Confidence interval for g
DML 0.739 0.459 [—0.161,1.639]
regsDML 0.688 0.229 [0.239,1.136]

We choose K =2 and § = 100 in Algorithm 1 and compute the conditional
expectations with random forests with 1000 trees that have a minimal node
size of 5. The estimation results are displayed in Table 1. This table gives the
estimated linear coefficient, its standard deviation, and a confidence interval for
Bo for DML and regsDML. The coefficient estimate of DML is not significant
because the respective confidence interval includes 0. The regsDML estimate is
significant because it has a smaller standard deviation than the DML estimate.
Note that the coefficient estimate of regsDML falls within the DML confidence
interval.

The AJR dataset has also been analyzed in Chernozhukov et al. [31]. They
also estimate conditional expectations with random forests consisting of 1000
trees that have a minimal node size of 5 but implicitly assume an additional
homoscedasticity condition for the errors Ry — R% 3y; see Chernozhukov et al.
[30]. Such a homoscedastic error assumption is questionable though. Their pro-
cedure leads to a smaller estimate of the standard deviation of DML than what
we obtain.

6. Conclusion

We extended and regularized double machine learning (DML) in potentially
overidentified partially linear models (PLMs) with hidden variables. Our goal
was to estimate the linear coefficient Sy of the PLM. Hidden variables confound
the observables, which can cause endogeneity. For instance, a clinical study may
experience an endogeneity issue if a treatment is not randomly assigned and sub-
jects receiving different treatments differ in other ways than the treatment [73].
In such situations, employing estimation methods that do not account for en-
dogeneity leads to biased estimators [44].

Our contribution was twofold. First, we formulated the PLM as a structural
equation model (SEM) and imposed an identifiability condition on it to recover
the population parameter 5y. We estimated [y using DML similarly to Cher-
nozhukov et al. [31]. However, our setting is more general than the one considered
in Chernozhukov et al. [31] because we allow the predictors to be multivariate,
and we impose a moment condition instead of restricting conditional moments.
The DML estimation procedure allows biased estimators of additional nuisance
functions to be plugged into the estimating equation of 5y. The resulting esti-
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mator of [y is asymptotically Gaussian and converges at the parametric rate of
N-z, However, DML has a two-stage least squares (TSLS) interpretation and
may therefore lead to overly wide confidence intervals.

Second, we proposed a regularization-only DML scheme, regDML, and a
regularization-selection DML scheme, regsDML. The latter has shorter confi-
dence intervals by construction because it selects between DML and regDML
depending on whose estimated standard deviation is smaller. Although regsDML
and plain DML are asymptotically equivalent, regsDML leads to drastically
shorter confidence intervals for finite sample sizes. Nevertheless, coverage guar-
antees for By remain. The regDML estimator is similar to k-class estimation [93]
and anchor regression [82, 23, 54] but allows potentially complex partially linear
models and chooses a data-driven regularization parameter.

Empirical examples demonstrated our methodological and theoretical devel-
opments. The results showed that regsDML is a highly effective method to in-
crease the power and sharpness of statistical inference. The DML estimator has
a TSLS interpretation. Therefore, if the confounding is strong, the DML esti-
mator leads to overly wide confidence intervals and can be substantially biased.
In such a case, regsDML drastically reduces the width of the confidence inter-
vals but may inherit additional bias from DML. This effect can be particularly
pronounced for small sample sizes. Section F in the appendix presents examples
with strong and reduced confounding and demonstrates the coverage behavior
of DML and regsDML. Section E in the appendix analyzes the performance
of our methods if the strength of the link A — X varies and investigates the
bias-variance tradeoff of the respective estimated quantities for different values
of the regularization parameter.

Although a wide range of machine learners can be employed to estimate
the nuisance functions, we observed that additive splines can estimate more
precise results than random forests if the underlying structure is additive in
good approximation. This effect is particularly pronounced if the sample size is
small. If such a finding is to be expected, it may be worthwhile to use structured
models rather than “general” machine learning algorithms, especially with small
or moderate sample size. Our regsDML methodology can be used with the
implementation that is available in the R-package dmlalg [40].

Appendix A: An example where the identifiability condition (5)
holds, but conditional moment requirements do not

This section presents an SEM where our identifiability condition (5) holds, but
where the conditional moment requirements of Chernozhukov et al. [31] do not.
Let d =1 = ¢ in this section (justidentified case), and assume the model

Y %XBO—FQY(W) +hy(H)+€y

given in (3) and the identifiability condition E[R4(Ry —Rx )] = 0 given in (5).
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Chernozhukov et al. [31] assume the model
Y=XB+gy(W)+U, A=ga(W)+V (17)

for unknown functions gy and g4 and impose the conditional moment restric-
tions

E[UJA,W]=0 and E[V|W]=0 (18)

on the error terms.
Model (17) and the conditional moment restrictions (18) imply the identifi-
ability condition (5) due to

E[Ra(Ry — RxfBo)] =E [(A— ga(W))U] =E[(A— ga(W))E[U|A, W]] = 0.

However, the reverse direction does not hold. A counterexample is presented
in Figure 6 where W directly affects H. This SEM satisfies the identifiability
condition (5) because A is independent of H conditional on W, but it does not
satisty E[U|W, A] = 0 because we have

E[U|A, W] = E[H + ey|A, W] = E[H|W] = E[W + ey|[W] = W

due to A L H|W and (ey,eg) L (W, A). We have A 1L H|W because all paths
from A to H are blocked by W. The path A — X <« H is blocked by the
empty set because X is a collider on this path. The path A - X — Y « H
is blocked by the empty set because Y is a collider on this path. The path
A— X —>Y «+ W — H is blocked by W. The paths A - X - W - Y « H
and A - X — W — H are also blocked by W.

@<_

(ea,ew,eH,ex,ey) ~ N5(0,1)
A €A
e

W(*&W A X Y
W @— ®
X « A+W+H+ex \ /

Y « X4+W+H+ey |

Fic 6. An SEM and its associated causal graph.

Appendix B: DML1 estimators

The DML1 estimators are less preferred than the DML2 estimators we proposed
to use in the main text, but for completeness we provide the definitions in this
section.
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B.1. DML1 estimator of (B¢

The DML1 estimator of By is given by

goMLL 1 iﬁIk
B =1
where
B o= ((Rx) Ty, ﬁﬁ)il(ﬁgg)Tﬂﬁ% Ry, (19)

~ Iy ~ I

and where we recall the projection matrix Iz, = RA ((RA)TRA) YR

defined in (8). The estimator 5* is the TSLS estimator of RY on RX using

~ 1y
the instrument R, .

B.2. DML1 estimator of b”

The DML1 estimator of b” is given by

. 1 &
prYPMEL = — N " h) (20)
=1
where
. . Iy, ~ 1 2 ~1Iy Alk
bl = arbgeg}iln (H(]I—Hﬁ;k)(R (RX) b H2—i—’yHHﬁXC (RY H >

This estimator can be expressed in closed form by

T ~1p ~Ip T =1k

N ~T .
i = (R%) RY) (R%)"Ry.
where we recall the notation

~ ~1 ~1 ~1TI
RY = (IH— (VA — 1)Hﬁk)R§ and Ry = (11 + (V7 - 1)Hﬁi‘k>R;

. ~1
as in (15). The computation of b] is an OLS scheme where Rg;k is regressed on
~ 1

x-

Appendix C: SEM of Figure 3

The data from the simulation displayed in Figure 3 come from the following
SEM. Let the dimension of W be v = 20. Let R be the upper triangular matrix
of the Cholesky decomposition of the Toeplitz matrix whose first row is given
by (1,0.7,0.7%,...,0.7*%). The SEM we consider is given by
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X <—2A+W1+025 e+ Htex
Y ¢ X + o +0.25Ws + H + ey

Appendix D: Additional numerical results

If we say in this section that the nuisance parameters are estimated with ad-
ditive splines, they are estimated with additive cubic B-splines with {N %-‘ + 2
degrees of freedom, where N denotes the sample size of the data. If we say in this
section that the nuisance parameters are estimated with random forests, they
are estimated with random forests consisting of 500 trees that have a minimal
node size of 5.

Figure 7 and 8 illustrate the simulation results with 8y = 0 of the examples
presented in Figure 2 and 5 in Section 1.1 and 5.1, respectively. The coverage
and length of the scaled confidence intervals are similar to the results obtained
for By # 0. Instead of the power as in Figure 2 and 5, Figure 7 and 8 illustrate
the type I error.

In Figure 7, DML achieves a type I error of 0 or close to 0 over all sample
sizes considered. The regsDML method achieves a type I error that is closer to
the gray line indicating the 5% level. The dashed lines represent 95% confidence
regions. The type I error of regsDML is higher than the type I error of DML be-
cause the regsDML confidence intervals are considerably shorter than the DML
ones. The right plot in Figure 7 indicates that the length of the confidence inter-
vals of regsDML is around 10% — 30% the length of DML’s. Although regsDML
greatly reduces the confidence interval length, the type I error confidence bands
include the 5% level or are below it. This means that although regsDML is a
regularized version of DML, it does not incur an overlarge bias.

In Figure 8, the type I errors of both DML and regsDML are similar. The
95% confidence regions of both estimators, which are represented by dashed
lines, include the 5% level or are below it. The right plot in Figure 8 illustrates
that the regsDML confidence intervals are around 50% — 80% the length of
DML’s. Nevertheless, its type I error does not exceed the 95% level.

Appendix E: Weak A — X and bias-variance tradeoff

First, we analyze the behavior of our methods for varying strength from A to
X. For N = 200, we consider the coverage and length of the confidence intervals
for varying strength from A to X for the same settings as in Figure 2 and 5.
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Fic 7. The results come from M = 1000 simulation runs each from the SEM in Figure 1
with Bo = 0 for a range of sample sizes N and with K = 2 and S = 100 in Algorithm 1.
The nuisance functions are estimated with additive splines. The figure displays the coverage
of two-sided confidence intervals for Bo, type I error for two-sided testing of the hypothesis
Ho : Bo = 0, and scaled lengths of two-sided confidence intervals of DML (red), regDML
(blue), regsDML (green), LIML (orange), Fuller(1) (purple), and Fuller(4) (cyan), where all
results are at level 95%. At each sample size N, the lengths of the confidence intervals are
scaled with the median length from DML. The shaded regions in the coverage and the type I
error plots represent 95% confidence bands with respect to the M simulation runs. The blue
and green lines as well as the red and orange ones are indistinguishable in the left panel.

Figure 9 illustrates the results for data from the SEM from Figure 2. We vary
the strength of the direct link A — X and denote it by « in Figure 9. Figure 10
illustrates the results for data from the SEM from Figure 5. We leave the link
Ay — X as it is and only vary the strength of the direct link A; — X, which we
denote by a in Figure 10. In both Figure 9 and 10, the coverage remains high
for all considered methods. If o becomes larger in absolute value, the confidence
intervals become shorter, which leads to a coverage that is closer to the nominal
95% level, especially in Figure 10. The regsDML method yields the shortest
confidence intervals in both figures.

Second, we analyze the bias-variance tradeoff of the respective estimated
quantities of the regularized methods. We again choose the sample size N = 200
and consider the same settings as in Figure 2 and 5. The results are summarized
in Figure 11 and 12 that display the estimated MSE, estimated variance, and
estimated squared bias as used in Equation (16). The MSE in both figures is
mainly driven by the variance, and regsDML achieves a considerable variance
reduction compared to the TSLS-type DML estimator.

Appendix F: Confounding and its mitigation

If we say in this section that the nuisance parameters are estimated with ad-
1
ditive splines, they are estimated with additive cubic B-splines with {N ﬂ + 2
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Fic 8. The results come from M = 1000 simulation runs from the SEM in Figure 4 with
Bo = 0 for a range of sample sizes N and with K = 2 and & = 100 in Algorithm 1. The
nuisance functions are estimated with random forests. The figure displays the coverage of
two-sided confidence intervals for Bo, type I error for two-sided testing of the hypothesis
Ho : Po = 0, and scaled lengths of two-sided confidence intervals of DML (red), regDML
(blue), regsDML (green), LIML (orange), Fuller(1) (purple), and Fuller(4}) (cyan), where all
results are at level 95%. At each sample size N, the lengths of the confidence intervals are
scaled with the median length from DML. The shaded regions in the coverage and the type I
error plots represent 95% confidence bands with respect to the M simulation runs. The blue
and green lines as well as the red and orange ones are indistinguishable in the left panel.
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Fic 9. Same setting as in Figure 2, but with N = 200 only. The strength of the direct link
A — X waries and is denoted by a. We conszdered the a-values —e=20, —e=15 _e=10 =5,

—eml, 075 =05 o025 ,ng

degrees of freedom, where N denotes the sample size of the data.

We consider models where the DML and the regsDML methods do not work
well in terms of coverage of 5y. We present possible explanations of these failures
and illustrate model changes to overcome them. The first model in Section F.1
features a strong confounding effect H — X, the second model in Section F.2
features an effect with noise in W — H, and the third model in Section F.3
features an effect with noise in H — W.
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Fic 10. Same setting as in Figure 5, but with N = 200 only. The strength of the direct link

A1 — X varies and is denoted by a. We considered the a-values e=20, e=15, =10 =5 =1
e—0A75’ 6_0‘5, 6_0‘25, and 60‘
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Fic 11. Estimated MSE, estimated variance, and estimated squared bias as used in Equa-
tion (16) for the same setting as in Figure 2, but with N = 200 only. The black solid line

displays the median of the respective quantity over the considered range of y-values for bY. The
yellow area marks the observed 25% and 75% quantiles. All methods incorporate an additional
variance adjustment from the S repetitions according to Algorithm 1. Bozplots illustrate the
performance of the TSLS and the regularized methods. The position of the boxplots is not
linked to the y-values on the x-axis.

F.1. Strong confounding effect H — X

If the hidden variable H is strongly confounded with X, the resulting TSLS-type
DML estimator can be substantially biased depending on the choice of functions
in the model. If the estimated variances are not large enough, the coverage of
the resulting confidence intervals for 3y can be too low. This issue is illustrated
in Figure 14.

The regsDML estimator mimics the bias behavior of DML because the DML
estimator is used as a replacement of 5y in the MSE objective function that de-
fines the estimated regularization parameter of regDML in (16). The confidence
intervals of regsDML are shorter than the DML ones, but both are computed
with a similarly biased coefficient estimate of By. Therefore, the coverage of the
confidence intervals of regsDML is even worse than the one of DML.

The coverages of both DML and regsDML are considerably improved if the
confounding strength is reduced; see Figure 15.
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Fic 12. Estimated MSE, estimated variance, and estimated squared bias as used in Equa-
tion (16) for the same setting as in Figure 5, but with N = 200 only. The black solid line
displays the median of the respective quantity over the considered range of y-values for b. The
yellow area marks the observed 25% and 75% quantiles. All methods incorporate an additional
variance adjustment from the S repetitions according to Algorithm 1. Bozplots illustrate the
performance of the TSLS and the regularized methods. The position of the boxplots is not
linked to the vy-values on the x-axis.
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Fic 13. An SEM and its associated causal graph.

F.2. Noise in W — H

The variable W may have a direct effect on H. If this link is strong enough with
respect to the additional noise e of H, it is possible to obtain some information
of H by observing W. This can reduce the overall level of confounding present
depending on the choice of functions in the model.

Simulation results where W explains only part of the variation in H are
presented in Figure 17. The confidence intervals of both DML and regsDML
do not attain a 95% coverage for small sample sizes N. The situation can be
considerably improved by reducing the variation of H that is not explained by
W see Figure 18.

F.3. Noise in H — W

The variable H may have a direct effect on W. If this link is strong enough
with respect to the additional noise ey of W, it is possible to obtain some
information of H by observing W similarly to Section F.2. The results again
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Fic 14. The results come from M = 1000 simulation runs from the SEM in Figure 13 with
X = 15 and Bo = 0 for a range of sample sizes N and with K = 2 and S = 100 in Algorithm 1.
The nuisance functions are estimated with additive splines. The figure displays the coverage
of two-sided confidence intervals for Bo, type I error for two-sided testing of the hypothesis
Ho : Bo = 0, and scaled lengths of two-sided confidence intervals of DML (red), regDML
(blue), regsDML (green), LIML (orange), Fuller(1) (purple), and Fuller(4) (cyan), where all
results are at level 95%. At each sample size N, the lengths of the confidence intervals are
scaled with the median length from DML. The shaded regions in the coverage and the type I
error plots represent 95% confidence bands with respect to the M simulation runs. The blue
and green lines are indistinguishable in the left panel.

depend on the choice of functions in the model.

Figure 20 presents simulation results where H explains only little variation
of W compared with ey,. The confidence intervals of regsDML do not attain a
95% coverage for small sample sizes N because the estimator inherits additional
bias from DML. The situation can be improved by reducing the variation of W
that is not explained by H; see Figure 21.

Appendix G: Examples where the identifiability condition (5) does
and does not hold

The following examples illustrate SEMs where the identifiability condition (5)
holds and where it fails to hold. We argue using causal graphs; see Lauritzen
[59], Pearl [74, 76, 77], Peters, Janzing and Schoélkopf [78], and Maathuis et al.
[64]. By convention, we omit error variables in a causal graph if they are assumed
to be mutually independent [76].

Example G.1. Consider the SEM of the 1-dimensional variables A, W, H,
X, and Y and its associated causal graph given in Figure 22, where By is a
fixed unknown parameter, and where aw, ax, gy, gu, hx, and hy are some
appropriate functions. The variable A directly influences W, and W directly
influences the hidden variable H. The variable A is independent of H given W
because every path from A to H is blocked by W.
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Fic 15. The results come from M = 1000 simulation runs from the SEM in Figure 13 with
x =1 and Bo = 0 for a range of sample sizes N and with K =2 and S = 100 in Algorithm 1.
The nuisance functions are estimated with additive splines. The figure displays the coverage
of two-sided confidence intervals for Bo, type I error for two-sided testing of the hypothesis
Ho : Po = 0, and scaled lengths of two-sided confidence intervals of DML (red), regDML
(blue), regsDML (green), LIML (orange), Fuller(1) (purple), and Fuller(4}) (cyan), where all
results are at level 95%. At each sample size N, the lengths of the confidence intervals are
scaled with the median length from DML. The shaded regions in the coverage and the type I
error plots represent 95% confidence bands with respect to the M simulation runs. The blue
and green lines are indistinguishable in the left panel.
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Fic 16. An SEM and its associated causal graph.

Proof of Example G.1. The path A — X < H is blocked by the empty set
because X is a collider on this path. The paths A — --- — Y <« H are blocked
by the empty set because Y is a collider on these paths. The path A - W — H
is blocked by W. U

The variable A is exogenous in Example G.1. In general, this is no require-
ment; see Example G.2.

Example G.2. Consider the SEM of the 1-dimensional variables H, W, A,
X, and Y and its associated causal graph given in Figure 23, where By is a
fized unknown parameter, and where ax, ga, 9x, 9y, hx, hw, and hy are
some appropriate functions. The variable A is not a source node. The hidden
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Fic 17. The results come from M = 1000 simulation runs from the SEM in Figure 16 with
k=2 and Bo = 0 for a range of sample sizes N and with K = 2 and S = 100 in Algorithm 1.
The nuisance functions are estimated with additive splines. The figure displays the coverage
of two-sided confidence intervals for Bo, type I error for two-sided testing of the hypothesis
Ho : Bo = 0, and scaled lengths of two-sided confidence intervals of DML (red), regDML
(blue), regsDML (green), LIML (orange), Fuller(1) (purple), and Fuller(4) (cyan), where all
results are at level 95%. At each sample size N, the lengths of the confidence intervals are
scaled with the median length from DML. The shaded regions in the coverage and the type I
error plots represent 95% confidence bands with respect to the M simulation runs. The blue
and green lines are indistinguishable in the left panel.

variable H directly influences W, and W directly influences A. The variable A
1s independent of H given W because every path from A to H is blocked by W.

Proof of Example G.2. The path A — X <« H is blocked by the empty set
because X is a collider on this path. The paths A - X — --- > Y « H are
blocked by the empty set because Y is a collider on these paths. The paths
A+«W Y« X+ H A+ W<+ H,and A - X < W <« H are blocked
by W. The path A + W — Y <« H is blocked by W or alternatively by the
empty set because Y is a collider on this path. The path A + W — X < H is
blocked by W or alternatively by the empty set because X is a collider on this
path. O

Identifiability of 5y is not guaranteed if A and H are independent. An illus-
tration is given in Example G.3. Considering the instrument A instead of R4
in Theorem 2.1 cannot solve the issue. In such a situation, stronger structural
assumptions are required.

Example G.3. Consider the SEM of the 1-dimensional variables H, A, W,
X, and Y and its associated causal graph given in Figure 24, where By is a
fized unknown parameter. Although A and H are independent, the identifiability
condition (5) does not hold.

Proof of Example G.3. The two random variables A and H are independent
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Fic 18. The results come from M = 1000 simulation runs from the SEM in Figure 16 with
k = 0.25 and Bo = 0 for a range of sample sizes N and with K = 2 and S = 100 in
Algorithm 1. The nuisance functions are estimated with additive splines. The figure displays
the coverage of two-sided confidence intervals for Bo, type I error for two-sided testing of
the hypothesis Ho : Bo = 0, and scaled lengths of two-sided confidence intervals of DML
(red), regDML (blue), regsDML (green), LIML (orange), Fuller(1) (purple), and Fuller(4)
(cyan), where all results are at level 95%, and where the nuisance functions are estimated
with additive splines. At each sample size N, the lengths of the confidence intervals are scaled
with the median length from DML. The shaded regions in the coverage and the type I error
plots represent 95% confidence bands with respect to the M simulation runs. The blue and

green lines are indistinguishable in the left panel.
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Fic 19. An SEM and its associated causal graph.

because the path A — W <« H is not blocked by W. Indeed, W is a collider on

this path.

All random variables are 1-dimensional. Therefore, the representation of Sy

in Theorem 2.1 is equivalent to the identifiability condition

E[Ru(Ry — Rxfo)] =0

in Equation (5). However, the identifiability condition does not hold in the
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F1c 20. The results come from M = 1000 simulation runs from the SEM in Figure 19 with
k=1 and Bo = 0 for a range of sample sizes N and with K = 2 and S = 100 in Algorithm 1.
The nuisance functions are estimated with additive splines. The figure displays the coverage
of two-sided confidence intervals for Bo, type I error for two-sided testing of the hypothesis
Ho : Bo = 0, and scaled lengths of two-sided confidence intervals of DML (red), regDML
(blue), regsDML (green), LIML (orange), Fuller(1) (purple), and Fuller(4) (cyan), where all
results are at level 95%. At each sample size N, the lengths of the confidence intervals are
scaled with the median length from DML. The shaded regions in the coverage and the type I
error plots represent 95% confidence bands with respect to the M simulation runs. The blue
and green lines are indistinguishable in the left panel.

present situation. We have

E[RA(Ry — Rxf0)]
=E[Ra(H + ey — E[H + ey |W])]
—E [Ra(H — E[H|W])]

because ey is independent of A and W and centered. By the tower property for
conditional expectations, we have

E[Ra(Ry — Rxfo)] = E [AH — AE[H|W]].
Because A and H are independent and centered, we have E[AH] = 0. Moreover,
we have H ~ N(0,1), W ~ N(0,3), and (W|H = h) ~ N (h,2). The conditional

distribution of H|W = w can be obtained by applying Bayes’ theorem and is
given by NV (3w, 2). Hence, we have E[H|W] = 1W and

E[AEH|W]] = %E[AW] = éE [4%] = % #0

because A is independent of H and ey . Therefore, we have E[R4(Ry —Rx )] #
0, and By cannot be represented as in Theorem 2.1. O
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Fic 21. The results come from M = 1000 simulation runs from the SEM in Figure 19 with
k = 0.25 and Bo = 0 for a range of sample sizes N and with K = 2 and S = 100 in
Algorithm 1. The nuisance functions are estimated with additive splines. The figure displays
the coverage of two-sided confidence intervals for Bo, type I error for two-sided testing of the
hypothesis Ho : Bo = 0, and scaled lengths of two-sided confidence intervals of DML (red),
regDML (blue), regsDML (green), LIML (orange), Fuller(1) (purple), and Fuller(4) (cyan),
where all results are at level 95%. At each sample size N, the lengths of the confidence intervals
are scaled with the median length from DML. The shaded regions in the coverage and the type
I error plots represent 95% confidence bands with respect to the M simulation runs. The blue
and green lines are indistinguishable in the left panel.

EAEWH,EHHEXHEY
A +— EA

W(—aw(A)—l-&W
H <—gH(W)+EH

X (—ax(A)+hx(H)+€X /
Y <+ BoX +gy(W) +hy(H) +ey

Fic 22. An SEM satisfying the identifiability condition (5) and its associated causal graph as
in Example G.1.

Appendix H: Proofs of Section 2

Proof of Theorem 2.1. To prove the theorem, we need to verify that the repre-
sentation

bo=(E [RxRE)E[RARE] 'E [RaR%]) E[RxR3]E[RaR%] " E[RARy]
holds. This statement is equivalent to

— E[RxR%] E [RaRS] ' E[Ra(Ry — R%50)].
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EHEW,EA,EX,EY

H <« ey

WFhw(H)-f—éW A /)-(\ %
A ga(W)+ea O 2 O

X ax(A) + gx (W) + hy (H) + ex \ /
Y  BoX +gy (W) +hy(H) +ey

Fi1G 23. An SEM satisfying the identifiability condition (5) and its associated causal graph as
in Example G.2.

(EH?EA)EW’EX’EY)NN5(O7IL)

H + ep

A ¢y A /)-(\ Y
W A+ H+ew @@ ©
X « A+W+H+ex \ /
Y %ﬂ0X+W+H+EY

Fic 24. An SEM not satisfying the identifiability condition (5) together with its associated
causal graph as in Example G.3

This last statement holds because E[R4(Ry — R% 8y)] equals 0 due to the iden-
tifiability condition (5). d

Appendix I: Proofs of Section 3

We denote by ||-|| either the Euclidean norm for a vector or the operator norm
for a matrix.

Proof of Proposition 3.3. We have

2| Ep [0(S:Bon® +r(n—1n")]
=2 o P {(A —my(W) —r(ma(W) - m?‘!(W)»

-(Y (W) — r(my (W) — mS(W))

(3 m ) )~ () )|

=Ep [ (ma(W) = m% (W) (Y = m () = (X = mS (W) 50
(A= m& (W) (= (my (W) = mS.(W))
+(mx (W) = m% (W) " o).
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Subsequently, we show that both terms

Ep [ (ma(W) =m% (W) (Y = my (W) = (X =m& (W) 6o)|  (21)
and
Ep [(A=mb(00) (= (my (W) = m§-(W) + (mx (W) ~m& (W) " 60)] (22)

are equal to 0. We first consider the term (21). Recall the notations m{. (W) =
Ep[Y|W] and m% (W) = Ep[X|W]. We have

Ep [ (ma(W) = m% (W) (Y = m$ (W) = (X = m& (W) " By )|
=Ep | (ma(W) —mO(W)) Ep [Y — Ep[Y W] — (X — IEP[X\W])TﬂO|W]]
=0.

Next, we verify that the term given in (22) vanishes. Recall that we denote
mY% (W) = Ep[A|W]. We have

p [(A = W) (= (my () = m () + (mx (W) — e ()" o)
=Ep [Ep [A—EAW][W]( = (my (W) = m§ (W)
+(mx (W) —mS(W)) ﬂo)]

=0.
Because both terms (21) and (22) vanish, we conclude

0

or

Definition I.1. Consider a set T of nuisance functions. For S = (A, X, W)Y,
an element n = (ma,mx,my) €T, and B € R?, we introduce the score func-
tions

B8, B.m) = (X = mx (W) (Y = my (W) = (X —mx(W))"8),  (23)

and

Ep [4(S;Bo,n° +r(n—n°))] = 0. o

r=0

Dr(S,m) = (X —mx(W)) (A - mA(W))TT,
1/}2(5, 77) = (A - mA(W)) (A — mA(W)) 7,1
P3(S,n) == (X —mx(W)) (X —mx(W))".

Furthermore, let the matrices

Dy = Ep[3(S;n°)],

Dy :=Ep[ih1(S; 1)) Ep[th2(S;n°)] " Ep [91 (S;7°)],

D3 :=Ep[1(S;n°)| Ep[a(S;n°)] 7,

D5 *EP[Q/&(S ) Eply (S b7, n%)],

.]0 = D2 D3,

Jo :==Ep [¥(S; Bo,n°)¥T (S; Bo,1°)] = Ep [RaR%(Ry — R%50)?,
JU = Ep[RARY),

J(l) =Ep [Rx(RA)T] (J(/)l)_l Ep [RA(R)()T]
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and the variance-covariance matriz o2 1= JOJQJO Moreover, let the score func-
tion

_ -1
1/)(, 507 ,'70) = U_1J0 2 ¢(7 507 770)
Definition I.2. Let v > 0. Consider a realization set T of nuisance functions.
Define the statistical rates

ry = max_ sup Ep|[|1(S;6°, 1) — (S5 6%, n°)]
S=(U,V,W,2)e{A,X, Y} x{W}x{A,X, Y}, neT
b%€{b",80,0}

and

AN =  max sup  ||02Ep [0(S;0°,n° +r(n—n"))]
oe{t 2} re(0,1),neT
b°e{b",B0,0}

B

where we interpret g (S; b0 + r(n — 770)) as o (S’; n° + r(n — 770)) in the
definition of Ay .

Remark 1.3. We would like to remark that the respective definition of the
statistical Tate ry given in Chernozhukov et al. [31] involves the Lo-norm of
P(S;0°,m) —(S;8°,1°) instead of its Li-norm. However, it is essential to em-
ploy the Li-norm to ensure that Assumption 1.5.5 can constrain the Lo-norm of
the estimation errors incurred by the ML estimators of the nuisance parameters.
Thus, we do not have to constrain their higher order errors to employ Hélder’s
inequality in Lemma 1.16.

Definition I1.4. Let the nonrandom numbers
PN =TN + N%)\N and py = Nmax{%_l’_%} +ry.

If not stated otherwise, we assume the following Assumption 1.5 in all the
results presented in the appendix.

Assumptions I.5. Let v > 0. Let K > 2 be a fized integer independent of
N. We assume that N > K holds. Let {0n}n>Kk and {AN}N>K be two se-

quences of positive numbers that converge to zero, where 64 > N~=2 holds. Let
{Pn}n>1 be a sequence of sets of probability dzstmbutzons P of the quadruple
S=(AWX)Y).

Letp > 4. For all N, for all P € Py, consider a nuisance function realization
set T such that the following conditions hold:

L5.1 We have an SEM given by (3) that satisfies the identifiability conditon (5).

1.5.2 There exists a finite real constant Cy satisfying || Al pp+|| X pp+Y | pp <
Ch.

1.5.3 The matriz Ep[Rx RY] € R4 has full rank d. This in particular requires
q > d. The matrices D1 € R¥4 and J € R9*% are invertible. Further-
more, the smallest and largest singular values of the symmetric matrices
Jy and Ji are bounded away from 0 by ¢y > 0 and are bounded away from
400 by cg < 0.
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1.5.4 The symmetric matrices Jo, D1 + (y—1)D2, and Dy are invertible, where
Dy is introduced in Definition J.1 in the appendix in Section J. The small-
est and largest singular values of these matrices are bounded away from 0
by c3 and are bounded away from +00 by cy.

L5.5 The set T consists of P-integrable functions n = (ma, mx, my ) whose pth
moment exists and it contains n°. There exists a finite real constant Cy
such that

17° =nllpp < Co,  [In° —nllp2 % on,

Im% (W) = ma(W)|}y <SNN~2,

[m% (W) = mx(W)]|p2 1
(m% (W) = my (W)||pa + [|m% (W) — mx (W)||p2) < oyN~3,

[m4 (W) —ma(W)||p2 1
(||m% (W) — my (W) pa + [m% (W) — mx(W)|ps) < SyN—2

hold for all elements n of T. Given a partition I,...,Ix of [N] where

each Iy is of sizen = %, for all k € [K], the nuisance parameter estimate

Pk = ﬁlg({Si}igg) satisfies

1n° = 7"+l p.p =G, 1° =il p2 < én,
~ Iy _1
[ (W) — mfl{‘c(W)H?a,z <ONN72,
Im (W) — m;?(”;)llp,z p 1
([lmS- (W) — sy (W)l p2 + [m% (W) — 1 (W) p2) < onN~2,
L IE
[ (W) — 14 (WQHP,z p 1
(lm§- (W) —1i (W)l p2 + [[m% (W) — 13 (W) p2) < dn N~z
with P-probability no less than 1 — An. Denote by En the event that
itk = flk ({Si}iere) belongs to T, and assume that this event holds with
P-probability no less than 1 — Ay.

For instance, invertibility of the square matrices Ep[R AR% and jo is satisfied
if ey is independent of both A and W and has a strictly positive variance.

Remark 1.6. It is possible to drop some of the assumptions in Assumption 1.5
if we are interested in proving the results about DML only. The full assumption
s required to prove the results about DML and the reqularized methods.

Lemma 1.7. Let u > 1. Consider a t-dimensional random variable Z. Denote
the joint law of Z and W by P. Then we have

||Z 7EP[Z|W]||P,U < 2||Z||P7U

Proof of Lemma I.7. Because the Euclidean norm to the uth power is convex
for u > 1, we have
IEp[ZIW][IE,,
=Ep ||EP[Z|W]|I“]]
<Ep |Ep[|Z]"|W]
=Ep[Z]"]
=121[p.u
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by Jensen’s inequality. We hence have

1Z —Ep[ZIW]lpu < 1 Z]lpu + [EP[ZIW][pu < 2|1 Z]pu

by the triangle inequality. O

Lemma 1.8. Consider a t-dimensional random variable Z. Denote the joint
law of Z and W by P. Then we have

IEp [227 —Ep[ZWIER[ZTW]]]| < 2] 22,
Proof of Lemma I.8. Because the Euclidean norm is convex, we have

|Ep (227 —Ep(Z|W]Ep[2TW]]||
<Ep [|Z27|| + |Ep[Z|W]Ep[2T |W]|]
<Ep [|Z|]? + |Ep[2|W]|]

by Jensen’s inequality, the triangle inequality, and the Cauchy—Schwarz inequal-
ity. Because the squared Euclidean norm is convex, we have

IER[ZIW]II* < Ep [I1Z]1*|W]
by Jensen’s inequality. Therefore, we have

|Ep [22T —Ep|Z|W]Ep[ZT|W]]||
<Ep [I1Z)% + |Ep(2W]|*
<Ep [|ZI° + Ep[[| 2]*|W]
=2|Zll3,. O

Lemma 1.9. Let a t1-dimensional random variable Z1 and a to-dimensional
random variable Zy. Denote the joint law of Z1, Zz, and W by P. Then we
have

2
|Ep [(Z1 = Ep[Z1|W])(Z2 — Ep[Zo|W])T]||” < |1 Z0l[3 211 Z2] 32
Proof of Lemma 1.9. By the Cauchy—Schwarz inequality, we have

|Ep [(Z1 — Ep[Z1|W))(Z2 — Ep[Z|W])T] |
<Ep [[(Z1 —Ep[Z1W)IP] Ep [[(Z2 — Ep[Za|W])|?].

Because the conditional expectation minimizes the mean squared error [39, The-
orem 5.1.8], we have

Ep [I(Z1 = Ep[ZWDIP] < [1Z1]13

and
Ep [|(Z2 — Ep[Za|W))|1?] < || Z2]%2-

In total, we thus have

|Ep [(Z1 — BpZ1|W))(Ze — Ep[ZolW)T] |’ < 1213201 Zel 30 O
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Lemma 1.10. Let a t;-dimensional random variable Z1 and a to-dimensional
random variable Zy. Denote the joint law of Z1, Zs, and W by P. Then we have

IEp [(Z1 - EplZ| WD ZE ]| < (1 Z1l13201 213
Proof of Lemma 1.10. By the Cauchy—Schwarz inequality, we have
|Ep (21 — EplZd W) ZE]||* < Ep [I1Z) — Ep[Z1W]|1?] Ep [1Z2)?].

Because the conditional expectation minimizes the mean squared error [39, The-
orem 5.1.8], we have

Ep [1Z1 — Ep[Z1W]|P] < Ep [ Z:]%] = | Z1]%2.
Consequently,
1B [(Z1 - Ep[2dW)ZE]| < 1 Z11}all 2213

holds. O

Lemma 1.11. Let a,b € R be two numbers. We have
(a+b)? < 2a” + 2b%. (24)
Proof of Lemma 1.11. The true statement 0 < (a—b)? is equivalent to (24). O

The following lemma proved in Chernozhukov et al. [31] states that condi-
tional convergence in probability implies unconditional convergence in proba-
bility.

Lemma I.12 (Based on Chernozhukov et al. [31, Lemma 6.1].). Let {X;}1>1
and {Y; }1>1 be sequences of random vectors, and let u > 1. Consider a determin-
istic sequence {e; };>1 withe, — 0 ast — oo such that we have E[|| X, [|"*|Y:] < e}
Then we have || X¢|| = Op(et) unconditionally, meaning that that for any se-
quence {€;}4>1 with £, — 0o as t — oo, we have P(||X|| > fie4) — 0.

Proof of Lemma 1.12. We have

E | E[||X¢||“|Y 1
PUIXI > ter) = BIP(IX > tvi)) < L] L
t<-t t

by Markov’s inequality. O
Lemma 1.13. There exists a finite real constant Cs satisfying ||Bol| < Cs.

Proof of Lemma I.13. Recall the matrices Jj and Jg in Definition I.1. We have
Boll

150
1)l Ep [ARK ] [[[|(J5) [ BP [ARY]|
X 1Y p2ll Al

INIA
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by submultiplicativity, Assumption 1.5.3, and Lemma 1.10. We hence infer
1
1Boll < 51
)
by Assumption 1.5.2. O

Lemma 1.14. Let~y > 0. There exists a finite real constant Cy satisfying ||b7|| <
Cy.
Proof of Lemma 1.14. We have
Gl .
< |[(Br [RxRE] + (v = 1) Ep [RxRE) Ep [RaRE] ' Ep [RaRE]) |
|| BplRx Ry + (v = ) Ep [RxRE) B [RARE] ™ Er[RaRY]|

by submultiplicativity. By Assumption 1.5.4, the largest singular value of the
matrix

Di+(y—1)Dy =Ep [RxR%] + (v—1)Ep [Rx RS Ep [RaR%] ' Ep [RaR%]
is upper bounded by 0 < ¢4 < 0co. Thus, we have

1971 < & (IEp[Rx Ry
+y = 11| Er [Rx R] || E» [RARE)(||[E- [RARE]])

by the triangle inequality and submultiplicativity. By Assumption 1.5.3, the
largest singular value of Ep[R4R%] is upper bounded by 0 < ¢y < oo. By
Lemma 1.9 and Assumption 1.5.2, we have

Ep [RxRy||| < | X|[p2llY]lp2 < CF,
Ep [Rx R4 ||| < [IX|p2llAllp2 < CF,
Ep [RaRV]|| < ||Allp2llY|p2 < CF.

In total, we hence have

1 ct
i< (et -uSh), o
Cy4 C2
Lemma 1.15. Let v > 0 The statistical rates ry and Ay introduced in Defini-
tion 1.2 satisfy vy S 0n and Ay < 6—\/%.
Proof of Lemma 1.15. This proof is modified from Chernozhukov et al. [31].
First, we verify the bound on ry. Let S = (U,V,W, Z) € {A, X,Y}? x {W} x
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{A, X,Y}, let n = (my,my,mz) € T, and let b° € {b7, By, 0}. We have

1/’(Sa boa 77) - 71’(5, bO’ 770)

+(m (W) W)) (2 = mG W) = (V = my(W))"¥)
+(my (W) — my(W))
(M) = mz (W) = (m (W) = my (W) "8°)

By the triangle inequality and Hoélder’s inequality, we have

Ep[[:(5;8°,1) — 0(S: 2%, )]

= [[9(S5 %, m) — (S50, n°) | pa

< U = m (W) |2 [m (W) = ma (W) = (ml (W) = my (W) 5|
Hm§y (W) = 1 (W) | p2 | 2 = m (W) = (v = m, () 80
Fmg (W) = mu(W)|lp2

| m (W) = mz (W) = (i (W) = iy ()|

P2

Observe that |U — m® (W)|lp2 < 2||U||p2, and [|[V —m%(W)|lp2 < 2|V pe,
and ||Z —m%(W)| p2 < 2||Z]||p2 hold by Lemma 1.7. We have ||n—n°|p2 < dn
by Assumption 1.5.5. Therefore, we obtain the upper bound

Ep([l(S;6°,n) — (S;6°,1°)|]
< Amax{L, [[°[}(|Ullp2 + IVIr2 + 1 Zllp2)dn + 2max{1, ||°] }6%
Son

by the triangle inequality, Lemma 1.13, Lemma I1.14, and Assumption 1.5.2
and 1.5.5. Because this upper bound is independent of 7, we obtain our claimed
bound on r%;.

Subsequently, we verify the bound on Ay. Consider S = (A, X, W,Y’), denote
by U either A or X, denote by Z either A or Y, and let ¢ € {1/),{/;, 19}, where
we interpret 12(S;b, 1) = 1¥(S;n). We have

O2Ep [v(S;:6°,7° +r(n—1°))]
2K, [<mU<w> — m (W)
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Due to the Cauchy—Schwarz inequality, we infer

|02 Ep [0(S;8°, 10 +r(n —n°))] ||
< 2[lmy (W) —m;(W) | p2
(HMZ(W) my (W )||P2+IImx(W)*m%(W)IIP,zllbOII)

< 2max{L, [|b° IHimo (W) = mg; (W)l
(lmz (W) = mz (W )||P2+||mX(W)*m9((W)||P,2)
,S(SNN_5

by Lemma I.13, Lemma 1.14, and Assumption 1.5.5. Consequently, we obtain
our claimed bound on Ay. O

Lemma 1.16. Let v > 0. Let k € [K]|. Let furthermore ¢ € {Q/J,QZ, Yo} and
b0 € {b7, By,0}. We have

H\/— SzyboyAIk _Tzspsuban)H:OP(pN)?

i€l i€l
where py = TN + N2y is as in Definition 1.4 and satisfies py < 64, and
where we interpret Y2 (S;0,m) = P2(S; 7).
Proof of Lemma I.16. This proof is modified from Chernozhukov et al. [31]. B
the triangle inequality, we have

Tm Dien, #0800 01E) — =3 w(Si; bO,HO)H

= | J5 Zier, (0(8:50%0"%) — [ o(s;0°,9'6)dP(s))
— T Dier, (#(Si:0%,0°) — [ o(s:0°,n°)dP(s))

+v/n [ (o(s;00, 7)) — @(S;bovno))dP(S)H
<7) ++/nZs,

where 7, := || M]|| for
M= 2=, (@(Si;bo,ﬁ — [ o(s;0%,774)dP(s ))
— = Yier, (‘P(SiEbOaUO) - st(S;bomo)dP(S))

and where

Ty = H [ (elsst. %) = ol ))as) |

We bound the two terms Z; and Z5 individually. First, we bound Z;. Because the
dimensions d and g are fixed, it is sufficient to bound one entry of the matrix M.
Let [ index the rows of M, and let ¢ index the columns of M (we interpret vectors
as matrices with one column). On the event £y that holds with P-probability
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1 — Ay, we have

Ep [[|My¢l1?|{S:}iers] .
= & Yier Ep [|01:(S550%,9%) — Wl,t(é'z‘; 00, n°) P |{Si}iere]
+7% Zi,jejk,#]‘ Ep [(‘Pl,t(si; boa ﬁj’“) *CQOI,t(Sz‘; bO’ 770))
'(‘Pl,f(sﬁ b0, 0") — @1,4(S5;0%,0°)) [{S: biere]
=2 icr, Ep [010(Si; 0%, 0%0) — 011(Si5 6%, n0) [{ i biere]
B0 AIE .30 0 (25)
“Ep [01(S;0%,70"%) — @1,4(S56°,1°) {521'}1'61,3]
+n|Ep [01,0(9;0%,9"%) = ¢1,4(8;0%,1°) [{Si}iere]
=Ep [Jore(S;6°,9"%) — @1.4(S; 0%, n°)[?|{Si}iere]
+(M= — 2n 4 n) | Ep [000(S; 8%, 775) = 1,0(S3 6% 0°) [{S: e
< sup, e Ep [[0(5;0%,m) — @(S;6°,n°)2].

Furthermore, for n € T, we have

Ep [[lo(S;0%,n) — ¢(S;6°,1)|1?]
< Epl[lo(S;0%, 1) — @(S; 6%, n°)|] (26)
+Ep [llo(S;0°%,m) — 0(S5 0%, ) 1L o360 m)—(S60,10) 121

2

and

Ep [HLP(S7 b07 77) — 90(57 b07 no)”2]1ng(S;bO,n)f@(S;bO,nD)HZl]
< VB [ll(S:00,m) = (830, 70)|14] /P (S35, m) — 9S50, 79)] = 1)
(27)

by Hélder’s inequality. Observe that the term

VEP [ll9(8580,m) — 9(8550,70) | (28)

is upper bounded by Assumption 1.5.5, Lemma 1.13, and Lemma I1.14. By
Markov’s inequality, we have

P(llo(S;6°,m) = (S5 0%, n°)[| = 1) < Ep[llo(S;0°,m) —o(S; 0%, n°)] < ry- (29)

Therefore, we have Ep[Z7|{Si}icre] < 73 due to (25)-(29). The statistical

~

rate ry satisfies ry < 65 by Lemma 1.15. Thus, we infer Z; = Op(ry) by
Lemma 1.12. Subsequently, we bound Z,. For r € [0, 1], we introduce the func-
tion

fu(r) :==Ep [o(S;0°, 0" + r(i"s = n°)) [{Si}tiers] — Eplep(S;0°,n°)].

Observe that Zo = || fx(1)|| holds. We apply a Taylor expansion to this function
and obtain

Fil1) = F1(0) + F1(0) + L (7)

for some 7 € (0,1). We have

fr(0) =Ep [0(S;0°,n°)[{Sibiere ] — Eple(S;0%,7°)] = 0.
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Furthermore, the score ¢ satisfies the Neyman orthogonality property f;.(0) = 0.
The proof of this claim is analogous to the proof of Proposition 3.3 because the
proof of Proposition 3.3 does neither depend on the underlying model of the
random variables nor on the value of 3. Furthermore, we have

) =255 | (s (W) = iy ()
(mz0) = m (W) = (mx () () 87) |

for U € {A, X} and Z € {A,Y}. On the event £y that holds with P-probability
1 — Ay, we have

If (DI < sup [If (M) S An-
re(0,1)

We thus infer

RSP

i€}, zEI

< Ti4++/nTy = Op(ry+ N2 Ay).

1
Because ry < 05 and Ay S 6—\/’]% hold by Lemma I.15 and because {dn}n>K
converges to 0 by Assumption 1.5, we furthermore have

1 1
pN:rN—l—N?)\Ngéﬁ,. O

Lemma 1.17. Let k € [K]. Let furthermore U,V € {A, X} and S = (U,V,
W,Y). Let g € {thr, v, 3}, We have

S (St = Bplp(Sin)] + Op (N~H(1 + pr).

i€l
Proof of Lemma 1.17. Consider the decomposition
5 Yier, (Si0'E) = Eplp(S; )]
= i Sier, (¢ (Sm[k) —(Si;1°) + £ Yicr, (9(Si;n°) —Ep[e(S;1°)]).
Because of Lemma 1.16, the term %Zidk (@(Si;ﬁlg) — @(S;m")) is of order

Op(N~2py). The term Yier, (0(Si;;1°) —Eplp(S;1°)]) is of order Op(N~2)
due to the Lindeberg—Feller CLT and the Cramer—Wold device. Thus, we deduce
the statement. O

Definition 1.18. We denote by A’ the row-wise concatenation of the observa-
tions A; fori € I,. We denote similarly by X, Wi yir Ali xTi wik,
and Y+ the row-wise concatenations of the respective observations.

Proof of Theorem 3.1. This proof is based on Chernozhukov et al. [31]. We show
the stronger statement

N
VNo ™' (3 - Bo) = Z (Si: Bo,n°) + Op(pn) 5 N(0, Lasa) (N — o0),
i=1

(30)

1
VN
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where 3 denotes the DML1 estimator SPME! or the DML2 estimator SPME2,
and where the rate py is specified in Definition 1.4, and we show that this
statement holds uniformly over laws P. We first consider BDMM. It suffices to
show that (30) holds uniformly over P € Py. Fix a sequence {Py}ny>1 such
that Py € Py for all N > 1. Because this sequence is chosen arbitrarily, it
suffices to show

VNo~1(BPML2 _ g))
= \/—lﬁ SN (S5 Bo.n°) + Opy (pn)
= N(0,1gxa) (N — o0).

We have

BDMLZ
= (% S8 (XD = W) T (X =l (w))
e Ty (X =g (W) g (Y74 — iy (W)

= (R T - W) (Al il )
(% (A% —mlE (W) (Al fmff(wfk))_l (31)
(Al =l )" (" —m§§<W“>>)l
e Sica 3 (X (W) (Al = (W)
(b ooy v
(Al - Wfk» (Y — i (W)

by (7). By Lemma 1.17, we have

1 1 _mfli W1 (A1 mllg Iy,
Z(X X(W )) (A z‘;(W )) (32)

= Epy [(X = m& (W) (A= m4(W))"] + Oy (N"H(1 + py))
and

(Al (W) (Al (W)
—Ep, [(A —m& (W) (A - mg,(W))T} +Opy (N“2(1 4 pu)).

D>

(33)

Recall the matrix Jy introduced in Definition 1.1. By Weyl’s inequality and
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Slutsky’s theorem, combining Equations (31)—(33) gives

VN (BPML2 _ g
= (B [x w4 - m )]

(34)
because K is a constant independent of N and because N = nK holds. Recall
the linear score 9 in (11). We have

K
VN(EPME — o) = (JO +Opy (N3 (1+ pN))) \/% kz::l % Z;k W (Si; Bo, ).

(35)
Let k € [K]. By Lemma 1.16, we have

2= 3 (i) = <= Y (S hor) + Oraow). (36)

i€l i€l

We combine (35) and (36) to obtain

VN (BPML2 _ g
= (Jo+Opy (N"2(1+ pw)) #ZszlﬁZielk $(Si; Bo, k)
= (Jo+Ory (N_%(l—’_pN)) \/%Zszl (ﬁ Zielk ¢(Si§50,770)+0pN(pN)>.

Recall that we have N = nK, that K is a constant independent of N, that the
1

sets I, for k € [K] form a partition of [N], that py < 65 by Lemma 1.16, and

that dn converges to 0 as N — oo and 63 > N~z holds by Assumption L.5.
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Thus, we have

\/N(BDMLQ _ BO)
= (Jo+ Opy (N2 (14 p1)))
e S (& Sies, $(Sis Bo 1) + Opy o))
= (Jo Oru (N2 4+ ) ) i S (91553 0,1) + O (o)
=Jo- \/_1N Zilil ¥(Si; Bo,n°) + Opy (p)-

We have Ep, [1(S; Bo,n°)] = 0 due to the identifiability condition (5). Therefore,
we conclude the proof concerning the DML2 method due to the Lindeberg—Feller
CLT and the Cramer—Wold device.

Subsequently, we consider the DML1 method. It suffices to show that (30)
holds uniformly over P € Py. Fix a sequence { Py} n>1 such that Py € Py for
all N > 1. Because this sequence is chosen arbitrarily, it suffices to show

\/NJ*I(BDMLI ~ Bo)
= o 2l 98 B0:1°) + Opy (pn)
b N0, 14xa) (N = 00).

We have

Iy,

@

(3T —df (W) Mg (X7 —f (W)
(XM = (W) Mg (Y1 — iyt (W)

(XD i (W) (Al (W)

7N /N

(R(a% = W) (A% — il w)) (37)
%(Alk _ mi}? (Wlk))T(XIk o mﬁ(i (Wlk))) -

%(ka _ m;};(wlk))T(Alk _ mi‘f(wlk))
(Al —adf vt T (A i)
%(Afk _ mi}g (Wlk))T(YIk _ m{/};(wlk))

by (19). Due to Weyl’s inequality and Slutsky’s theorem, (32), (33), and (37),



Regularizing DML in endogenous PLMs 6511

we obtain

VN(BPME — o)

+0n (V14 ) )
L If T IS
e S (G (A% = (W) (vt (W)
IC T IC
(Al ) (X W) 5)
= (Jo+ Opy (N"H(1+ pv))
L IE
e S (G an o)
(vt =i Wt - (T = W) ) )
(38)
Observe that the expression for v/ N(BPMET — By) given in (38) coincides with
the expression for v/ N(SPME2 — 54) given in (34). Thus, the asymptotic analysis

of V/N(BPMLL _ 50) coincides with the asymptotic analysis of v/ N (8PML2 — 5y)
presented above. O

T

Lemma 1.19. Let v > 0. Let p > 4 be the p from Assumption 1.5, let b° €
{Bo,b7,0}, and let S = (U,V,Z) € {A, X, Y}2 x {W} x {A, X,Y}. There exists
a finite real constant C5 satisfying

sup Ep [[[u(836°,m)]|¥]” < Cs.
neT

Proof of Lemma I1.19. Let n = (my, my,mz) € T. By Holder’s inequality and
the triangle inequality, we have

Ep [Ilu(S36°,m)l|8]”
= (U = mu (W) (2 = ma(W) = (V = ma (W)T8) |2
< (U = m§ (W)l + miy (W) = m (W) )
(12 = m (W)l + [V = m (W) T80l
Hm (W) =mz (W)l + 1| (W) = my (W) T8 ).

By the Cauchy—-Schwarz inequality, we have

| —ml W) | < B (V=P O1P]F = UV = m (W)l
(10)
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and analogously
T
| b () = o )T < Ol (W) = o (W)l (41)

Hence, we infer

2
P

Ep [[(5:6° 15| " < (10pp+ Co)(1Zllpp + V]

P+ 2C2) max{1, [|°]|}

(42)
by (39), (40), (41), Lemma 1.7, and Assumption 1.5.5. By Lemma 1.13, there
exists a finite real constant Cs that satisfies ||5y|] < C3. By Lemma 1.14, there
exists a finite real constant Cy that satisfies ||b7|| < C4. These two bounds lead
to [|bY] < max{Cs,C4}. By Assumption 1.5.2, we have

max{||Ul| pp,

1Zllpp} < [Ullpp + IVIIPp + 12l pp < 3Ch.

Due to (42), we therefore have

Er [Iw(5:0" mlIf|” < (3C1 + ) (6C1 +2C) max{1,Cy,Ca}. O

Lemma 1.20. Let v > 0, and let p be as in Assumption 1.5. Let the in-
dices k € [K] and (j,l,t,’/’) S [Ll] X [LQ] X [Lg] X [L4], where Ly, Lo, Ls,
and Ly are natural numbers representing the intended dimensions. Let b e
{BDMLJ, BDMLQ, I;V’DMLZ, BV’DMLQ}, and consider the corresponding true but un-
known underlying parameter vector b° € {By,b?}. Consider the corresponding
score function combinations

DAY € L5 (5 E) s (3BT ), (o (5 775)) g, (2 (5 175)) 0
V() € {00 0,05), (6,25, 1 (5'E), o (5 'E)

DPC) € (30 ), e (56,0"5), (1 (575, (V2(5775)) e}
D) € {0,015, (5 b,0%), 1 (50'5), a5 016)}

PA() € {eh(50%,0°), 05 (5.8%,0°), (1. (51°)) 0, (2 (50%)) g}
wfull( ) € {iﬁ(ﬁbo,ﬁo)ﬂﬁ( bo?ﬂ )71#1( ,770)71#2
¥E() (-
() U

50°)) e ($2(551°))e b

wfull € {7/}( 50777 ) 1/)( 60777 )71/’1(, 0)7’9[}2(, ’770)}
Then we have
Toi= | S AENP () — Ep [WA(S)0P(9)]| = Or(aw),
i€l}

where py = Nmax{%fl’fé} + 7y is as in Definition I.J.
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Proof of Lemma 1.20. This proof is modified from Chernozhukov et al. [31]. By
the triangle inequality, we have

Ty <Zyp,a+ Iy B,

where
Ti= |1 Y 9A(S007(5) — 1 Y wA(S
icly i€l
and
Tk.p = ’ Z P4 —Ep [0*(S)v"(9)] ’
i€l

Subsequently, we bound the two terms 7, 4 and Zj p individually. First, we
bound Zj p. We consider the case p < 8. The von Bahr-Esseen inequality I [37,
p. 650] states that for 1 < u < 2 and for independent, real-valued, and mean 0
variables Z1,...,Z,, we have

n u 1 n "
B[Sz | < (2- 1) L sz

=1 i=1
The individual summands 4 (S;)¥?(S;) — Ep[yp?(S)yB(S)] for i € I, are in-
dependent and have mean 0. Therefore,

Ep [T} 5]

(3)°E
(

follows due to the von Bahr-Esseen inequality I because 1 < 2
Holder’s inequality, we have

P
4

S|=

| Sier, WASHUE(S) ~Ep [04(S)65(5)])
) (2 1) A Tier, Be [ (S97(S) e [wA<s>wB< 1]
)—1+§ 9 1) Ep [WA YWB(S) — Ep [A(S)y |§}

1 <

IN
S|
Y

S|=

2 holds. By

E

(e lrlfemel )
Tt [¢B(S °)|gr

<Ep [WA )| }
qpfull )H %

S ||1/}full ||Pp|

The terms [[1(S; 8%, 1°)|p, g, [19(S5 6%, 10) | p.g. 191 (S5m)ll . and [[2(S5m) | .
are upper bounded by the finite real constant C5 by Lemma 1.19. Thus, we have
Ik = Op(N%_l) by Lemma 1.12 because we have

Br [[0%($)0°(5) = B [0 S)2 ()]
= A (S)65(S) — Bp [04(S)65(S)] I

< PSSl +Er 7

< 204 ($)P () |
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by the triangle inequality, Hélder’s inequality, and due to £ > 1.
Next, consider the case p > 8. Observe that

2
B | (3 Sier, w5005 |
= LEp [(0(5)(@7(9))°] + "o Ep [p4(9)07(9)]”
holds because the data sample is iid. Thus, we infer
Ep[Z} 5]

—Ep {(% Sier, ¢A(si)¢3(si))1 +Ep [(S)pP(5)]

~2Ep [} Dicy, 0450950 BrpA(5)(S)
< 2Ep [WA(S)2 W9,

2

By the Cauchy—Schwarz inequality, we have
2
LEp [(04(8)2WP ()]

%\/EP [(wA(S))ﬂ Ep [(wB(S))“]
Hetu 0B [4

IN

IN

The terms [[¢(5;5%,7°)[| p.a, 9055 6%, 70 |4y 191(S5m)[ pas and ([ (S; )| pa
are upper bounded by C5 by Lemma 1.19. Thus, we have

1 1
Ep[Z} 5] < —|[vim (S5 [6Rn ()5, < - (4C5)*"

We hence infer 7, p = Op(N~7) by Lemma 1.12.

Second, we bound the term 7, 4. For any real numbers a1, ag, b1, and by such
that real numbers ¢ and d exist that satisfy max{|b1], |b2|} < ¢ and max{|a; —
b1, |ag — ba|} < d, we have |ajas — b1ba| < 2d(c + d). Indeed, we have

\ala2*b1b2|
<lay — by] - Jag — ba| + |b1] - |ag — ba| + |a; — by| - |b2]
<d?+cd+dec
< 2d(c+d)

by the triangle inequality.
We apply this observation together with the triangle inequality and the
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Cauchy—Schwarz inequality to obtain
Tk A R .

<+l WA(Si)}/’B(Si) - wA(Si)¢Bi(Si)’

< % Yiel, max{|1/)A(Si) — 1/JA(S¢)|, |1/JB(S¢) - ¢B(Si)|}
(max {[wA (0], [P (S5)]}

+max{’1ﬁA(Si) —pA(S)], ) (Si) — ¢B(Sl)’}>

< 2(% Eielk maX{WA(Si) — 1/)A(Si)|2, |1/A)B(Si) - wB(Si)F})

(& S, (max (oA [02(50)]}
+max { [{4(S;) — ¥A(S)], [P (Si) — ¢B(Si)|})2) g

=

By the triangle inequality, we hence have

TR A < 4Ry (i Sien ([[0iaSOIP + [[vu(s*) + RN,k) (43)

by Lemma I.11, where
Rvii= 1+ 3 (a5 — vl + [98u(S0) — wEa(SI).
i€l
Note that we have

n Z (Hl/’full | + [[efn( z)||2> =0p(1)

zEIk

by Markov’s inequality because the terms [[¢(S;8°,7°)| pa, [|1(S;6°,7°)] pa,
l¥1(S; 1) || p,a, and ||12(S; 1)| p,a are upper bounded by Cs by Lemma 1.19. Thus,
it suffices to bound the term Ry ;. To do this, we need to bound the four terms

%Z,wai;wﬁ) — (855 0% 1)1, (44)

i€l

1 lenw Siib, 310y — (S5 80, n°)||%, (45)
1€l

% 21”1/)1(51‘;77[’3) — (S )17, (46)
i€l

% 212”%(51;771’?) - ¢2(Si§770)H2~ (47)
i€l

First, we bound the two terms (44) and (45) simultaneously. Consider the ran-
dom variable U € {A, X} and the quadruple S = (U, X, W,Y). Because the
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score 1) is linear in 3, these two terms are upper bounded by

% ZiGIk ||_¢a( i] Ez(b - bO) + 1/’( iy b07 AI}E) - 1/}(51701)07 770)”2
< 3 Vien 190G B) (b = 017 + & Xiep, 19(Si5 %, %) = (S3;8%, %) 1
(48)
due to the triangle inequality and Lemma I.11. Subsequently, we verify that

—ZW

i€l

=0p(1)

holds. Indeed, we have
: zia,cuw%s» e |2
1 5 Ik ~ Iy 7|
= L e, || = g W) (X = o) (49)
~IC
VE S ier U = gt (Wl 2 S g, 1 — i (w4

by the Cauchy-Schwarz inequality. We have

IA

1

(3 Sl - mg i) = or(t) (50)

i€l

by Markov’s inequality because the term Ep[||U —m,(W)||*] is upper bounded
by Lemma 1.7 and Assumption [.5.2. On the event £y that holds with P-
probability 1 — Ay, we have

Ep |::L ZieIano(W) AI’“ W)l ‘{S }zelﬁ]
= Ep [|n°(W) — k(W) I[41{S: bierg] (51)
<Cd

by Assumption 1.5.5. We hence have * = ier I (Wy) — k(W) = Op(1) by
Lemma [.12. Let us denote by ||-||p,, "the LP-norm with the empirical measure
on the data indexed by Ir. On the event &y that holds with P-probability
1 — Ay, we have

~ Iy
IZZ%HU sngh (W)
= U — s (W),

< (10 =y (W) () = gt (W)l 1) 52)
< (I = m (W), + [0 (O) = 5 (W), 0)
=0p(1)

by the triangle inequality, (50), and (51). Analogous arguments lead to

—ZHX s (W)t = Op(1). (53)

i€l
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We combine (49), (52), and (53) to obtain

1 c
o ZH#’“(SBU )12

i€l

= 0p(1). (54)

Because ||b— b°||2 = Op(N~1) holds by Theorem 3.1 and Theorem 4.1, we can
bound the first summand in (48) by

% D (SiA") (b = )P = Op(1)0p(N~!) = Op(N 1) (55)

i€ly,

due to the Cauchy—Schwarz inequality and (54). On the event £y that holds
with P-probability 1 — Ay, the conditional expectation given {S;}icre of the
second summand in (48) is equal to

b [2 X (S0, 278) — (510 ) (S
=2Ep [|[(S; 0%, 7'k) — (S; b07770)||2’{5i}i61;3}

< 2supnglEP [II¢(S b0, n) —(S;0°,1°)||?]
<r2

due to arguments that are analogous to (25)—(29) presented in the proof of
Lemma I.16. Because the event £y holds with P-probability 1 — Ay = 1—0(1),
we infer

_ ZH,(/) 1; AIk b bO) —|—¢(Sl,b0 AI;C) _ w(Si;bO,UO)HQ — OP(N—l +T12v)

’LGIk

by Lemma I.12. Next, we bound the two terms given in (46) and (47). We first
consider the term given in (46). On the event Ey, we have

Ep (4 Sier (S5 ) = 1 (Si0) |2 |{Sibierg]
=Ep [[[v1(S;7%) — 1 (S;n°)[12|{SiYiere]
< sup,er Ep [[¥1(Sin) — ¢1(S:n")|]
<
due to arguments that are analogous to (25)—(29) presented in the proof of

Lemma I.16. Because the event &y holds with probability 1 — Ay =1 — o(1),
we infer )
=D M8 ™) = 1 (Si )1 = Op(riy)
i€ly,

by Lemma 1.12. On the event £y, the conditional expectation given {S;}ic e of
the term (47) is given by

Ep [% Zielk [92(Si: ") — 2(Sis 7’0)||2’{Si}i61£:|
= Ep [[[2(S; 2%) — (S 1) |12 {S: Yiere ]

< supper Ep [12(S5m) — 22 (S51%) 7]
<
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due to arguments that are analogous to (25)—(29) presented in the proof of
Lemma I.16. Because the event &y holds with probability 1 — Ay =1 — o(1),
we infer

1 c
- > llba(Sis i) = o (S n”)|1? = Op(ry)

i€ly

by Lemma I.12. Therefore, we have I, 4 = OP(N_% +rn) by (43). In total, we
thus have

Iy = Op (Nmax{*fl 77}) JrOP( ~3 +1°N) =0Op (Nmax{%fl’fé} +TN>. O
Theorem 1.21. Suppose Assumption 1.5 holds. Introduce the matrix
Jio B
= (3 Sen, BB ) (3 S, R (RE)7) 3 Sy, BB
LS, R BT (3 Sy, Ry (R )T)

Let its average over k € [K| be

ES
Il

==
»—AMN
Al
o

Define further the estimator
= (% Z > 0SB AT (85 8,45) ) T
= zEIk
of 02 from Theorem 3.1, where 3 € {3DML1,3DML2}. We then have 6% =
02+ Op(pN), where py = Nmax{%_l’_%} + 7w is as in Definition I./.

Proof of Theorem 1.21. We derived jk,O =Jo+Op (N*%(l +pN)) in the proof
of Theorem 3.1. Thus, Jo=Jo+0p (N*%(l + pN)) holds because K is a fixed
number independent of N. To conclude the proof, it suffices to verify

LS (i B, )67 (S5 B, 71%) — Ep [1(S; oy 1) (S o )]

i€l

= Op(pn).

But this statement holds by Lemma 1.20 because the dimensions of A and X
are fixed. O

Appendix J: Proofs of Section 4

Definition J.1. Let v > 0, and recall the scalar py = N + N2y in Defini-
tion 1.4. Introduce the function

P (507,00) = P 07,0°) + (y — )Dgw v, °
(v = 1)(#1(:7°) — Ep[th (S;

)
77)} 5
_( _1)D3(¢2(777) P[’L/}2(S’77

) Ds.
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Let
Dy i=Ep [ (867, n°) (@' (S;57,7°)7],
and let the variance

0%(v) = (D1 + (v = 1)Ds) "' Da(DT + (v —1)DI) .

Moreover, define the influence function

(5 07,1°) := 0" () (D1 + (v = 1)D2) P (567, 7°).

Proof of Theorem 4.1. This proof is based on Chernozhukov et al. [31]. The
matrices Dy + (v — 1)Dy and Dy are invertible by Assumption 1.5.4. Hence,
o?(7y) is invertible.

Subsequently, we show the stronger statement

VNo ™ () (57 =b") = Z (Si:07,0°)+0p(pn) > N0, Lawa) (N — 00),

(56)
where b7 denotes the DML2 estimator 57'PML2 or its DML1 variant BV’DMLl,
and where 1) is as in Definition J.1. We first consider b7 PML2 and afterwards
p7'PMLL Rix 4 sequence {Pny}n>1 such that Py € Py for all N > 1. Because
this sequence is chosen arbitrarily, it suffices to show

VNG () (b7 PME2 — 77)
= \/1—Z£V1E(Si§b77no)+OPN(PN)
d N(O ]ldxd) (N — OO)

We have

fv-DML2
= (%28 (Bx) " (14 (0~ DIl ) R
I (Rx) (4 (= Dl ) Ry
= ( T ( (X" — g (W) (XM =l (W)
Hy -1 L(xT - mﬁf(wfk))T(Afk - mff(v;{’k))
(A(an —wf w)T (Al — il (57)

—1

LAl b (W) (X =i (W) )
'K Zk 1 ( (XI’“ —méf(WIk))T(Yfk g Ik WIk
= 1) (X" = w) (Afk - A’k<wfk>)
T
s ) ol )
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by (14). By Lemma 1.17, we have

L (W) (Al (W)
~Epy [(X = m& (W) (A - m%(W))T} + Opy (N1 + pw)),
(

0 (X1 — g (W)
= Ep, [(X = m% (W) (X = m% (W) "] + Opy (N2 (1 + pwv).

By Weyl’s inequality and Slutsky’s theorem, we hence have

VN (HrPME2 _ vy
{100 0 )

T Tics (X7 - Wlk))
(YIk: (WIk) (XIk ~ I;? (Wlk))b’\{)
o= 1) (X (W) (A% (W)
1 k Alk k k
(LAl i W) (Al W) .

R
(Yh =i W) — (X = (W) )
= ((Dl +(v— 1)D2)71 +O0py (N73(1+ PN)))
\/— Iy <\/— Dier, ¥ bS5 b7, 07F)
= 1) = Sy 91(S5 %) - (2 Yieg, (S i) !
L S e, (S5 6, 7))
due to (57) because K and « are constants independent of N and because

N = nK holds. Let k € [K]. Next, we analyze the individual factors of the last
summand in (58). By Lemma 1.16, we have

LS e (S 71
= ﬁ ZieIk Sz, by a77 ( Zejk Sz;bw, Alg) - ﬁ Zielk Z/J(Si;b”,ﬁo))

= ﬁz:iebC (Sl’b > ) +Op ( )
(59)

and
\/_Zzelk (S“bﬁfﬂ AIk)
= \/_Zzefk (Sz,b ,770) (ﬁ Zie[k QZJ(Slabwv AIICC) - \/_ZIEIk (Slvb » N ))

- \/_ Zz@[k (Sub”ﬂ? )+ OPN(pN)7
(60)
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and

% Eie]k Y1(Si; ’7[;()
= L3 e W1 (S5 0") = 1 (Sin°)) + £ 3 icr, (V1(Sis1°) — Epy [1h1(S;1°)])
+ ]EPN [}pl( ) 770)]
= Opy (N72pn) + £ Xicr, (01(Si1°) = Epy [91(S;0°)]) + Epy [11(S;7°)]-
(61)
We apply a series expansion to obtain

%Zielk 1?2(51';7?1’3))
= (Epy [02(S;mO)] + £ X icr, ($2(Si;0%) — ¢2(Sis 1))

S, (a(Sicn) — Bpy a(S:0)]))
=Epy [92(S;n°)]
—Epy [t2(S;7%)] 7
—Epy [1h2(S;7°)] 7!
“Epy [02(S;7%)] ,
+0py (||2 Sier, (w2(Si05) = va(Sis "))
H|E Sies, (0a(850°) — Ery la(sin)])||)
= EPN [1/)2<S;770)}_1 + OPN (N_%pN) + OPN (OPN (N_lp%v) + OPN (N_l))
—Epy [¥2(S;n°)] 7 5 Yicr, (¥2(Sin°) — Epy [902(S51°)])
“Epy [12(S;7%)] 7
= Ep, [¥2(S;7°)] " + Opy (N~ 2 py)

—Epy [¥2(S 107 5 Xicr, (¥2(8in°) — Epy [12(S;1°)])
“Epy [12(S;1°)]

ien, (2(Sin'h) = 2 (Sis 1)) Epy [2(S;n°)] 1
ier, (2(Sisn°) — Epy [12(S;1°)])

(62)
due to Lemma 1.16, the Lindeberg—Feller CLT, the Cramer-Wold device, be-
cause py < 6% holds by Lemma 1.16, and because 63 > N~ holds by As-

~

sumption I.5. Thus, the last summand in (58) can be expressed as

ﬁ ZiEIk ¢1(Si; 771’2) ’ (% Zielk 1/’2(51'; ﬁj’i))il ’ % Zielk 1/)(51'3 b7, 771’3)
= v (Op, (N~ py)
+2 Y ier, (1(Sin°) — Epy [1(S;7°)]) + Epy [1(S; 770)]>
( By [02(S:0°)] 7 + Opy (N2 py)
—Epy [02(S;n0)] 1 £ e, (€2(Si0°) — Epy [12(S51°)])
‘Epy [12(S; 770)]_1) (% Dier, ¥(Si:67,1°) + Opy (N_%PN))
= 7= Yier, (01(Si1°) = Epy 1 (S;1°)]) Epy [2(S;1°)) 7" Epy [(S;67,7°)]
+Epy [1(S; )] Epy [12(S;n)] ™! 5 Yier, ¥(85:67,1°)
—Epy [1(S; 1) Epy [12(S50°)] 7 o= Yicr, (2(Si51°) — Epy [2(S;7°)])

'EPN [1!)2(5’ 770)]_1 EPN W(Sa b7, 770)] + OPN (pN)
(63)
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due to (59)-(62), the Lindeberg-Feller CLT, and the Cramer—Wold device.
We combine (58) and (63) and obtain
\/N(I;'y,DMLQ _ bw)
= ((Dl +(v— 1)D2)_1 + Opy (N N-z(1 +,0N)))
e Sh e Dy, (90858797 + (v = 1Dt (8307, 7°)
+( )(1/’1(5“77 ) EPNWH(SJ? )DD
(v = 1)D3(12(Si:m°) — Epy [1h2(S; no)])D5) +O0py(pn)  (64)
= ((Dl +(v— 1)D2)71>
e I (BS567,00) + (v = ) Dsp (8537, 1)
+(v = 1) (1(Si:n°) — Epy [#1(S;1°)]) Ds
~(7 = 1D (12(S551°) ~ Epy [62(851°)]) Ds ) + Oy (o)
by the Lindeberg—Feller CLT and the Cramer—Wold device. We conclude our
proof for the DML2 method by the Lindeberg—Feller CLT and the Cramer—Wold
device.

Subsequently, we consider the DML1 method. It suffices to show that (56)
holds uniformly over P € Py. Fix a sequence { Py} n>1 such that Py € Py for
all V > 1. Because this sequence is chosen arbitrarily, it suffices to show

VN0~ a)(F7PM )
= =3 (S50, 1%) + Opy (o)
4 N0, Laxq) (N — o).
We have

f:DML1
=% 2 ()" (L4 (- ity ) R
'(Rx) (Il—I—(W—l)HﬁXC)ﬁY’“
* i <(%(ka — (W) (X nlE (W)
Hy = 1) (X - (W) (AT =i (W)
(b= af o) (an afw) " )
T

—1

LAl —aff (wh) <ka —m§§<w“>>))1
(R" =W (v =g )
o= 1) (X = ﬁ?(Wfk))WA“—mif(w_f))
( (Alkimk k) (AIkimﬁlk(WIk)))
(Al =l w) (v k(W)
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by (20). By Slutsky’s theorem and Equation (65), we have

\/N([A)%DMIJ _ bw)
= ((D1 + (7= 1)Ds) " + Opy (N~3(1 4 PN)))

e T (- adw)”

-(Y’k — il (W) - (ka 7 (Wfk))Tm)
o= 1) (X (W) (AT — i (W)
(al =) (- v »)"
(AT =i (w)”
(Yh =gk w ) - (x0T - mﬁ?(W”“))Tb”D
- ((D1 +(y=1)Ds) " 4+ Opy (N~2(1 + pN)))
e i Vi (E e, 9807, 7%)
+(y—1)- 71§:iezk¢h(fﬂvﬁ1;)'(%'Eziezkdé(fk;ﬁlg))_l
L Ve WS, 0)).

The last expression above coincides with (58). Consequently, the same asymp-

totic analysis conducted for bYPML2 cap also be employed in this case. O

Lemma J.2. Let v >0 and let ¢ € {@[17{[;}. We have
—Z (8307, 7% = Ep[p(S; 67, 1°)] + Op (N72 (1 + p)).
i€l
Proof. We consider the case ¢ = 1. We decompose
ill >ier, Y(Si ifj, I"I) —Ep[¥(S; bv}t)o)}
o Yier, (WS, 05) — (S b7, %))
o Yier, (W(S507,1°) = Ep[y(S;67,7°)]).

Subsequently, we analyze the three terms in the above decomposition (66) indi-
vidually. We have

ZZEI w(sﬁbv’ Alk) - %ZZEI w(S“b'y, Alk)
ier, (A — g (W) (X — i (W) T [157 = 07|
>
Pl

1€, ,(/)1(51777 ) L H R
1(S510)] + Op (N72 (1 + pw)) [[I[67 — 07|

@:w:w:w

by Lemma 1.17. Because ||b7 — b7|| = Op(N~2px) holds by Theorem 4.1, we

infer ) )
el LY oAy Y Ak
‘th&uk>nZw&mk)

iely, i€l

‘ =O0p(N~"%py).  (67)
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Due to (59) that was established in the proof of Theorem 4.1, we have

= Z V(S b7, 7'%) — (85;67,1°)) = Op (N~ 2 py). (68)

zEIk

Due to the Lindeberg—Feller CLT and the Cramer—Wold device, we have

N

n Z (857, 1°) = Ep[1(S;67,7°)]) = Op(N

zEIk

7). (69)
We combine (66)—(69) to infer the claim for ¢ = 1. The case ¢ = ¢ can be
analyzed analogously. O

Theorem J.3. Suppose Assumption 1.5 holds. Recall the score functions intro-
duced in Definition 1.1, and let b7 € {b7»PMLL p7.DML2Y " Introduce the matrices

DY := 5 Yer, ¥s(Sii'),

D5 = 15y a(S: ) (2 iy, va(S)) L Yoy, 0T (S0,
DS 1= 15, cp (S50 (£ i, alS )

Dlg = (% Zielk Ya(S; 77]’3))71% Zielk V(S 137, Al’i)~

Let furthermore

and

5

|
= =
] =
A
wb>

i

| X 1 X
A _ A
— E_ Dy, and D4:= —kg_ Dy.

k=

—
=
—

We estimate the asymptotic variance covariance matriz o2(vy) in Theorem /.1

by
52(7) == (D1 + (v = 1)Dy) " Dy(DT + (v —1)DT)

Then we have 62(y) = o*(y) + Op (pn + N-3(1+ pN)), where we have py =
Nmax{%*l’fé} + rn is as in Definition I./.
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Proof of Theorem J.3. This proof is based on Chernozhukov et al. [31]. We al-
ready verified

[)1 =D +OP(N7%(1 —|—,0N)) and lA)Q =Dy +OP(N7%(1 —|—pN))

in the proof of Theorem 4.1 because K is a fixed integer independent of N.
Thus, we have

(D1 + (v = 1)Dy) ™" = (D1 + (v = 1)D2) ™" +Op(N"E(1 + pw))

by Weyl’s inequality. Moreover, we have D¥ = D5 + Op (N*%(l + pN)) by
Lemma I.17.

Subsequently, we argue that DF = Ds + Op (N_%(l + pN)) holds. Due to
Lemma I.17 and Weyl’s inequality, we have

2 2 (8%) = Bplon(Sia)) + Or(NH(1 4 )
and
(% ; W2 (S;; 77[’3))_1 =Ep[tn(S;7°)] "L+ Op(N"2(1+pn)).  (70)
Due to (70), it suffices to show
S (S 6 = Bplp(S57,1%)] + Op(NTH(1L+ o)) (7)
i€l

to infer D¥ = D5 + Op(N~2(1 + py)). But (71) holds due to Lemma J.2. To
conclude the theorem, it remains verify lA)ff = D4+ Op(pn). We have

| D} — Dy
Do~ e _ .
<[} S dsst st ) - e s )T S0
i€l
e~ ~ o -
+lr- 1)Hn S (S0 b7, T (S:: b, ) D

i€y,

—Ep [¢(S: 07,1007 (8;67,n°)] DT

0= D)% 35 Dan(sia b7 (5587 i)

i€y,

= Da(Sis b AT (857, DF

i€l

— D3 Ep [(S;07,n°)T (S;67,1°)]

+(y—1)?
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— DsEp [(S;67, ") (8;67,1°)] DT

+-1)

LS S, DY (o (5 076) — Eplun(S:°))

i€y,

—Ep [$(8:07,7°)DF (¥1.(S;n°) — Epfyn(S5n")]) |

+(v—1) % D (1S n'F) = Ep[th (S50°)]) Dsv” (8567, 7'F)

i€l

-—EP“wﬂsnf)—EPWNSW%DI%JWSWﬁn%}

=S (1(807) — Eplun (S57)]) Ds

i€l

- DT (1(Si;7'%) — Ep[ipr (S;1°)])

+ (v —1)?

~Ep | (61(Si°) ~ Epfir (S:1°))) DD (¥2(S50°) — Eplva(S50")]) |

+(y—1)

% Z D3 (1a(Sis ") — Ep[w2(S;1°)]) D™ (S5 b7, iy ')
€1y,

ST (S8 AT)DE (va(Si ') ~ Eplya(sin®)) DE

i€l

~ DsEp [(92(857°) — Bp[a(S57°)]) Ds™ (57, 1°)]

+W—%

~Ep [0(5:07,0°)DF (ua(Sin°) ~ Epla(Sin")]) | DF

+ (v —1)?

S Dy 00 DE (9 (S550'F) — Eplun (557))”

i€l

-—Dng[wb&bﬁn%lﬁlwmsnf)—EPWuGﬂn%DT}

+(y—1)°

=7 (a(Siith) — Bpl (S:1°)]) s (85557, 7) D

i€l

—Ep [(¥1(S;n°) —Ep[v1(S;n°)]) Dsvp” (567, 7°) | D3

=12 S (n(Si) — Bl (:7)]) Ds

DY (42(Si"%) — Ep[a(S;1°))) DY
~Ep | (1(S;1°) ~ Epl1(S50°)]) Ds
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DI (4a(S:7°) ~ Eplia(S;0°))) '] D

(= 12| 37 Dyt (867,46 D (42(815 %) ~ Eplya(s:n®)) " DY

i€l

~ DyEp [0(S507,1°)DF (¥a(Sisn°) — Eplba(Sin°))) | DY

% Z Ds (1/)2(51';771’3) —Ep[12(S; UO)])Dsz(Siéiﬂv i) DY

i€l

— D3 EP [(¢2(S, 7]0) - EP[¢2(57 no)])DSwT(S7 b’yano)] Dg

+(y—1)?

% Z D3 (¢2(Si;0*) — Ep[1h2(S;n°)]) Ds

icly,
DY (1 (Sis ") — Eplior (S:0°)])
— DsEp [(1/12(5; 1) —Ep[va(S;n°)]) Ds

+(y—1)

- DE (91(S51°) — EP[%(S;TIO)])T}

S Da(a(Si50) ~ Blia(S5)) Ds

i€l

+ (v —1)

- DT ($(Si;3%) — Epluba(S;n°)])) DY
—D3Ep [(1/)2(5; n°) — Ep[2(S;n°)]) Ds

DT (42(S:1°) — Epla(S; )| DF

+O0p(N"2(1+pn))

16
= I+ Op(N73(1 + py))
=1

by the triangle inequality and the results derived so far. Subsequently, we bound
the terms Zi,...,Z¢ individually. Because all these terms consist of norms of
matrices of fixed size, it suffices to bound the individual matrix entries. Let
4,1, t,r be natural numbers not exceeding the dimensions of the respective object
they index. By Lemma 1.20, we have

L= o o g e - - )
‘E Z V(S5 07, 78 (S 07, 7F) —Ep [4;(S;67,0°)i(S; b77770)]‘ = Op(pn),
i€l
which implies 73 = Op(pn). By Lemma 1.20, we have
1 ~ ~ ~TC ~ ~JC ~ -
‘E Z P (S5 07, 78 ) (i 07, 2%) — Ep [1;(S; 57770)%(5;50,770)]‘ = Op(pnN),

i€ly
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which implies Zo = Op(pn) = Z3 due to

(85567, 47)0 T (Si3 07,06 ) DY — Ep [$(S; 7, )T (S;7,0°) | DT |
<& Sier, 9(Si b, AT (S5 b7, Afk)— P [0(S; 07, 1097 (S5 67, 1°)] ||| Ds |

||% Zielk D3¢(Slv Bya AI}S)JT(SM E’Y Alg)
~Ds Ep [(S; 07,1007 (8:07,1°)] | N
< IIDs |4 Sies, w(Si: b, Afk)wT(sl, ,7%5) ~ Ep [0(5:07, 1007 (8567, 70)] |
By Lemma 1.20, we have
’ > i (Sis b7 i )y (S5 07, ) — EP[¢j(S§507770)¢Z(S§50»770)]‘ = Op(pn),
i€l
which implies Z, = Op(pn) due to
1% Y ier, Datb(Si 07,26 )oT (853 67,7"%) DY

_D3EP W(S b’yan)wT(? 57,77 }DTH
< HD3||2H% Zielk w(wa’Y) Alk)wT(S’va’y7n )_]EP [¢(Syb’y7,r]0)¢T(S7 b’yyno)} ||

By Lemma 1.20, we have
|% icly, "/’J (Slv [ﬂ’ 77 )(wl(Su n )) —Ep [{Z]Vj(*% b7, 770)(7/’1(’9; 770))1,75] |
= Op(pn),

which implies Zs = Op(pn) because we have

LS (S5 0, A1) DT (41 (S5 A%%) — Ep[n (S50°)])

~Ep [§(S:67. 1) D (n(Sin°) - Ep[w(S-nO)])T}

< |13 Sier, $(Si 0, DIWT (Sis"e) — Ep [$(S:67,0°) DE T (S:1°)] |
2 S (S 67, 71E) — Ep [(5:67,09)] ||| Ds | 1E [ (S: 70)],

where the last summand is Op (N_% (1+ pn)) by Lemma J.2, and we have

1+ Y ien (w(SuWkwTwl( S06))
—(Ep[$(S; b7, n°)DIVT (S:00)])
b
77

=32 ier, D& (¥1(S; silk)). ﬂ/h( ')
—DIEp [(¢1(S;1°)) (S50 ]|

<IDsI|E Sier, ($1(Sii"6)) dy(Sis b7, )
—Ep [(€1(S;0%)). 5 (S:07,n")] .

The term Zg can be bounded analogously to Zs. By Lemma 1.20, we have

| Yier, (V1(Si AI")) (wl( AI"))M —Ep [(¢1(S; 770))“ (Tﬁl(S;UO))l,t”
= Op(pn),
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which implies Zr = Op(pn). Indeed, we have

L3 e (¥1(Sis ') — Ep[r (S;n°)]) Ds DT (1 (Sis ') — Epar (S30°)]
~Ep [(1(S51°) = Ep[un (S51°)]) Ds DT (41 (S:1°) — Eplia(S1°))) '] |
<% Zzelk P1(Si;79"8) Ds DE DT (S5 ') — EP [1(S;7°) Ds DIYT (S;0°)] ||
+2H diern, wl(sunl’“) Ep[91(S; 0|1 Ds 1P Ep [1 (S5 n°)] |

= |3 Zicr w1(5m7 ) Ds DEYT (Sis ') — Ep [91(S;n°) Ds DIYT (S30°)] ||
+Op(N~5(1 + pn))

) T
|

by Lemma 1.17, and we have

v Yier, (¥1(Si #1%)Ds DEYT (S;; ﬁlg))j’r
—(Ep [¢1(S51°) Ds DI YT (Sin°)]) ;.
w Dier, (1S '®)); DsDE (W (Sisi'v))..
~Ep [(0a(Sin)), DsDE (7 (Si09) |
= |2 >, DE@T(Sis0")) |, (¢ (Sis A C)) Ds
—Ep [DI (¢T(S;n° )) (wl(S n )) D5”

LY er, (W (SaE) | (da(Ssh)) ;. B [@F(sin)., (wa(s5m”),, |
|| Ds 1.

<

Next, we bound Zg. By Lemma 1.20, we have

|= Y ier, ¥; (Si; 37777[’2)(1&2(51‘; ﬁl’g))l,t —Ep [ZZJ(Si; b7, 1n°) (¢2(S; 770))“} ’
= OP(ﬁN)v

which implies Zg = Op,, (pn). Indeed, we have

1% 3 icr, Da(wa(Si %) = Ep[tha(S; n°)]) Dst™ (S5 67, ")
~D3Ep [(12(S;1°) — Epliha(S;1°)]) Dsib™ (867, 110)] |
LS er, D3wa(Si; %) D5t (S35 b7, 5 )
~DsEp [4a(Sin") D537 (5367, 1) |

+]|L e, D3 Ep[w2(S;10)| D5 (8567, %)

—D3Ep[ta(S;n°)]Ds Ep [07 (307, 1°)] |
< 1Dsl|2 X ic s, oSz 0'5) Ds T (Si; b7, %)

—Ep [12(S;n )Dsz/JT S; 7, 0] ||

+H|Ds[IIEp[12(S; o) |[1Ds] -

|| Zzelk (S“b’y,nfk) ~EP [wT(S7 b'y7n0)]||
< D3|l Xier, ¢2(Sis0"5) D5y (85567, 375

—Ep [102(S; n°) D5 T (S;67,0)] || + Op (N~2 (1 + pw))

<
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by Lemma J.2, and we have

|2 ier, (¢2(Si;771’3)1)~5JT(5i;1377 Alg))j,t

—(Ep [¢2(S;7°) D5y (S; bW,UO)])jyt‘
= |5 Yier, (W2(Sis0')), Don(Si: b7, n'k)

—Ep [(¢2(S; 770))]47.175{/;:&(5;577,770)”
= % Tier, V(S 07, 0"%) (¢2(Si:9")) ; Ds
—Ep [1:(S; b7, 1°) (¥2(S51°)) ; Ds|
LY ien, Bl b7, (S ')~ B [ G507, 00) (wa(Sin”), |
[I1Ds|-

The term Zg can be bounded analogously to Zg. Next, we bound Z;o. By
Lemma I.20, we have

|% i€l w](shb 777 )(wl(sﬂi )) —Ep [1/}3'(55b77n0>(w1(S;nO))l7t]|
= Op(pn),

which implies Z19 = Op, (pn). Indeed, we have

%Zigk Dstp(Si; b7, A1) DE (1 (S i) — Ep[th1(S; UO)])T
D3 Ep [1(8:67,1°)DF (v (Sin°) — Epfva(Sin))) ]|
< H% icly D3¢(Sﬁb7ﬂ AI’“)DTd)T( i3 7 AI")
“DyEp [0(S;57,70) DIT (S0
+H|2 e, Dstp(Sis b7, 75 ) DT By [97 (S 1°)
—DsEp [¢(S;67,n°) DL Ep[v] (S;n°) ]H
< | Dsll|| 2 Yies, (S b7, “k>D5T¢1< ;ile) — Ep [1(5:67,1°) DTyT (S;n°)] |
HDsllf| 4 i, ©(Sis b7, %) — [ww,m,n MIDs IIEpy [1h1 (S5 70)]]
< UDsll|[3 iy, (8367, ) DT (S530"5) — B [0(8:67,0°) DEWT (S°)] |
—|—Op( (1 —I—pN))

by Lemma J.2, and we have

|+ Yer, (0S50, A DEWT (S54'))
_( [w(s.b'y)n%DTw%“(S.no ])]t‘

— |2 s, (867,05 DT (0T (S 'E))
~Ep [wj(& b7,n") DY (¢ (S;n° )).,t”

= |+ Yien, D3 (7/’1T(Si;771’3)).,t¢j(5i§ b7, ?If)

)

—Ep [DE (1 (S51°)) . 105(S;67,1°)

< s Xier, (@F (Sizi')). (S b7, 2f%) —Ep [ (S:1%)). w5 (5567, 0")] |
|| Ds]].-
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The term Z;; can be bounded analogously to Z;o. Next, we bound Zi5. By
Lemma I1.20, we have

|+ e, ($1(Sin' ))j,l(%(sﬁﬁl’g))t’r —Ep [(¥1(S; WO))j’l(%(s;’IO))t,T”
= Op(pn)

which implies Z12 = Op,, (pn). Indeed, we have

152 ey (Vr1(Sis ') — EP[ ¥1(S;n°)]) Ds
DT (13 ( S 7t ) Ep[y2(S D Df
—Ep [(¢1(S;n ) Ep[ 1/)1 )])D D5 (¥2(S;1°) — Ep[va(S;7°)]) | DT ||
< Zier, ¥ (Sis i )DSDT%( ;') DY
—Ep [¢1(S;n°) D5D%< 1) )]
| Cier, il Sm “)Ds DI Ep[3 (S;n°)| DY
" ZEp [1(8;0°) Ds DY Epld (Sin ]D3TH
| £ Yicr, Ep[tn(S; 77 N DsDEI (S;; 7' ) DY
"ZEp | Eplu (S0 Ds DT (1) DY |
<||E Y ien wl(SZ7nlk)D5DT¢2 (Si; k) — EP [41(S;1°)Ds DE3 (S;1%)] |

+ % Cier, ¥1(Si ') — Ep[e1(S;1°) HIID5II IIEP[%(S 1 )]IIIIDsll

n

HERL(S;mOIDs I Dl 2 Ser, $2(Sisi™®) — Epfa(S;n° ||
< 15 ier, ¥1(S50'5) Ds DE0F (S R Ep[w1<s 1°) Ds DE$T (8;n°)]]|
|| D3|l + Op (N~ 21+ pN))

by Lemma 1.17, and we have

|5 Yier, ($1(Sin™®)DsDIVE (Sis0')) |
—(Ep [t (Sin°)Ds DT (S; n°>])”f

LS (9n(Siith)), DsDE (6 (555,

-Ep [(wl(sﬂl )) D5DT(¢2 (S;1°)). r”

= |z Zier, D?(%T(Su ), (@1 (Siz'i)), D

—Ep [DF (3 (S;1°)).. (1/)1 5 1°)),.D H

LYy, (6 (SD). (01 (Ssi),, — B [ (S:0)., (en(5:0P), |
1DsP.

Next, we bound Z;3. By Lemma 1.20, we have

5 g0 5 (S5 B70) (0a(Si5079)) ., — B [ (S:7, 1) (a (551)),. ]|
= OP(PN)
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which implies Z13 = Op(pn). Indeed, we have

1L 32 cr, Dswb(Si; 07,2 ) DT (12(Si; 3%%) — Epliha(S; n°>]T)TD§
—D3Ep [¢(S;67,1°) DI (¢2(S;n°) — EP[%(S n")])" 1 DF |

<|£X Ifwsi;év, i) DT (S ) Ep [¢(S;67,n°) DIvE (S;n°)]||
1D
D521 D5 B [2(S; nM1 5 Lier, $(Si; b7, 9%) —Ep[v(S; 67, 7°)]|
= |2 Sicy, ¥(Si b7, i) DEWT (Sis s ) — Ep [ (S;67,n°) DE¢E (S;7°)] ||

| D3| + Op(N~2(1+ pn))

by Lemma J.2, and we have

LY er, (0(S 07, %) DTwE (S ™)) |
~Ep [(w(s:07,1°)DEe (S:1)) ]
= %Zzelk wy(Subﬂ AI’“)DT(z/&( ;' )) or
~Ep [5(8567, ) DF (vF (S51° ) .
= | % Yier, DE (W3 (Si; A1) o0 (Sis b7, %)

T DT W (S00) i (S b ol

<12 Sieh, (WE(Si0")) (85507, 77’) Ep [(43(S:n")). s (S507,10)] |
|1Ds .

ZT
Ic
k

The term Z74 can be bounded analogously to Z;3. The term Z;5 can be bounded
analogously to Zy5. Last, we bound the term Z;4. By Lemma 1.20, we have

|5 Sien, (¥3(Si0),, ($2(S50'%)) ;= Ep [(0F (S50%),, (42(550%) ]|
= OP(ﬁN)a

which implies Z16 = Op(pn). Indeed, we have

1% Sicx, Da(¥a(Si ") —Ep[ta(Sin°)]) Ds
-Df (77[12( AI’“) EPW’z(SJ) )]) DY
—D3Ep {Wz(s; 1) — Epy [12(S;1°)]) Ds

D (42(S:7°) — Epla(S5n°) " | D |
<IDsl?|| £ Yier, wQ(Sz,ﬁfi>D5DT¢2< sl
—Ep [¢2(S n°)Ds DIl ( S n° ]H
+2|| Ds]|? Hi i€l ¥2(Ss: 0% )Ds DI Ep, (43 (S;n%)]
—Ep [w2<5 1) Ds Df Ep[ (i )] |
< ||Ds||? ||n i€l 1/’2( )D5DT¢2( ;i)
—-Ep [¢2(5 n )D5D V3 ( S n° ]H
+2[|Ds||?|| Ds ||I* | Ep [42(S;5n° IIH1 i€ty P2(Si; %) — Ep 2 (S;n0)]||
= |Dsl?[|£ X ies, ¥2(Siin Ik)D5DT¢2( ;7ie)
~Ep [¢2(S;n°) Ds DIYE (S;1°) ]H+op( 51+ pw))
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by Lemma 1.17, and we have

|5 s, ($2(Si:2"%) Ds DT (Si:7'5))
—(Ep [$2(S;7°)Ds DF 03 (S:1°) ) f

=% Zier, (2(Si05)), D5DT(w2<S ).,
—Ep [(42(S51"), DsDT(w2 ) Al

= |2 Sy, DE(uF (S )) ( ( %)), Ds
—DIEp [(v7 (S5n°)) _, (2(Sin°)

<15 Cier, (V3 (Ss0')) W ( fz
IDs||?. O

)] Ds|
)i —Ep [(¥3 (S:1°)) ., (v2(S30)), ]

Proof of Proposition 4.2. The statement of Proposition 4.2 can be reformulated
as

0, ifyy =Q(VN)and v ¢ O(VN)
VN = Bol = S C, it vy = O(VN)
using the Bachmann—-Landau notation, which is presented in Lattimore and
Szepesvéri [58], for instance.
Introduce the matrices

F, :=Ep[RxRy],

F, :=Ep [RxR%], B

G, :=Ep [RXR ] Ep [RART] IEP[RARy],

Ga = Ep [Rx B Ep [RaR5) ™ Ep [RaRE).
We have

VNIDW — Bo| = \/N‘(Fz + (W — 1)G2)_1(F1 + (v — 1)Gy) — G2_1G1’-

First, we assume that the sequence {yn}n>1 diverges to 400 as N — oo, so
that vy — 1 is bounded away from 0 for N large enough. By Henderson and
Searle [50, Section 3], we have

(F2 + (= 1)Ga)

_'YN 1Gy ! _< 71F2)_ g 71F2’YN 7Gs
Hence, we have
VN[N — Bl
= Gy R — PR) T LG RGE R
~(1+ 55 Ga ' B) TG RG G

and infer our claim because we have
GylF — (11 + G R) T G RGR

YN
—(1+ G21F2) ey oNeraten
=0(1).

’YNl
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Next, we assume that the sequence {yn}n>1 is bounded. We have
b7 — Bo| = ‘(Fz + (W — 1)G2)_1(F1 + (wW = 1)Gy) — G;lGl‘ = O(1),
which concludes the proof. O
Proof of Theorem 4.3. We show that
P(6°(yw) + N = B)* < 6°) < P(|En| > Cw)

holds for some random variable Ey satisfying Zxy = Op(1) and for some se-
quence {Cn }n>1 of non-negative numbers diverging to +0o0 as N — oco.
For real numbers a and b, observe that we have

1 1
2 2> —
VIaP 1o = Slal + b

due to
3

3 2 2 2
2 (al? + o2 = S lallo1) > (1ol = o)

P(62(yn) + N0 = B)* < 6?)
—P(\/02 (v~ —|—N(b’YN - A) < )
< P(6(1w) + VNIB™ — B < 26).
By the reverse triangle inequality, we have
b7 — B )
— [ — b b7 — By + B — |
> [BN = Bol = [B — 07| — |Bo — -

Thus, we have

Thus, we have

P(6%(yn) + N — B)? < 26?)

< P(6(yn) + VNP — Bo| — \/—|37N—bw|—\/_|ﬁo—A|<2&)
= P(VN|p~ — 50|<20—U(’YN)+\/_WN—bw|+\/_\ﬂ0—,3\)
< P(|o(7w) *20*\/_“3”’ b —v/N|By — AZ\/_WN* ol)
< P(|6(yw) — 26 — VNN — b)) = /N(By — B)| = VN|[B'™ — )

by the reverse triangle inequality. Let us introduce the random variable
En = 6(yw) =26 = VNB™ =) = VN(By — B)

and the deterministic number Cy := v/ N|b" — fy|. By Lemma J.6, we have
Eny = Op(1). Let € > 0, and choose C, and N, such that for all N > N, the
statement P(|=y| > C¢) < € holds. By Proposition 4.2, Ciy tends to infinity as
N — oo due to yn = o(v/N). Hence, there exists some N = N(C.) such that
we have Ciy > C. for all N > N. This implies P(|Ey]| > Cx) < P(|En| > C.)
for all N > N. N

Let N := max{N., N}. For all N > N, we therefore have P(|Ey| > Cn) < ¢
We conclude limy o P(|En] > Cn) = 0. O
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Lemma J.4. Let vy = o(V/N). We have VN (b — b)) = Op(1).

Proof of Lemma J.4. We already verified Dy =Dy +op(1) and Dy = Do+o0p(1)
in the proof of Theorem 4.1. Let us assume that vy diverges to 400 as N — oco.
We then have

(Dl + (v — 1)[)2)_1

—1
= 1 (5D 4 D2t op(1) + S00(1)

! (( ! D1+D2)_1+0P(1)>

yv—=1\\~—-1

(D1 + (v — 1)D2)_1 + OP(7N171)

because —— = O(1) holds. Furthermore, we have
TN

VN (N — )
= ((D1+ (v = 1)D2) " +0p(57))
RV St 7= ier, @(Si; b, i)
+w = D5 Zier, ¥1(Si ') (% Dier, ¥2(Si; 77’@)711/)(51'; b, AI':))
by (14). Lemma I.16 states that

e 1
> (S ) — = 3 (St )

i€l i€l ‘

B o

holds for k € [K], ¢ € {w,zz,wg}, and b° € {b7,50,0}, and where py =

ryN + N%)\N is as in Definition 1.4 and satisfies py < 04, and where we inter-
pret 12(S;b,n) = 1¥2(S;n). This statement remains valid in the present setting
because there exists some finite real constant C' such that we have |b7V| < C
for N large enough. Hence, we have

VN (BN — )
= ((’lelDl + Dg)i + 0p(1)>
e >t <\}ﬁ Dier, (ﬁ{/;(su b7 %) + D3p(S3; 07, n°)
+(¥1(S5m°) = Ep[v1(S51°)]) Ds — D3 (¥2(Si;1°) — Ep[v2(S; no)])Ds)
—|—0p(1)>

by (64). Consider the random variables
X;
R 1 0 L RYN 0 YN 0 0) .20
Ca ’YNf]_,(/)(S’Hb 1 )+ D3¢(Sub 1 )+ (¢1(517U ) EP[¢1(5777 )])D5

—D3(¥2(8::n°) — Ep[¢2(S;n°)]) Ds




6536 C. Emmenegger and P. Buhlmann

for i € [N], Sn == D icr, X;, and V,, := dicl, Ep[X2], where n = & denotes
the size of I. The Lyapunov condition is satisfied for 6 =2 > 0 because

1 - 1 1
E X,L 2+6 = — .
(Eie[k EP[)’E’?])Q-&-& zezlk P U | ] (EP[X%])Z‘HS TL1+6

Ep [|X1|2+6] —0

holds as n — oo. Therefore, the Lindeberg—Feller condition is satisfied, which
implies @—Z — N(0,1) as n — oo.
The case where the sequence vy is bounded can be analyzed analogously. [J

Lemma J.5. Let yx = o(v/N). We then have 6%(yn) = Op(1).
Proof of Lemma J.5. We have

5%(w) = (D1 + (yw — 1)D2) " Dy(DT + (v — 1)DT) .

As verified in the proof of Theorem 4.1, we have Dy = D; + op(1) and Dy =
Dy + 0p(1). We established D} = Dy + op(1) in the proof of Theorem J.3 for
fixed . Consequently, the claim follows if the sequence {yn}n>1 is bounded.
Next, assume that vy diverges to +00 as N — co. We verified

(D1 + (o = )D2) ™ = (i -+ (o~ 1)D2) ™ on(—15)

in the proof of Lemma J.4. It can be shown that ﬁfh is bounded in P-
probability by adapting the arguments presented in the proof of Theorem J.3
because there exists some finite real constant C' such that we have |b"V| < C

for N large enough. Therefore,

&Q(VN)

-1 R
= (555D + D2 +0p(1)) Gty Da (525 DT + DF + 0p(1))

-1

is bounded in P-probability. O

Lemma J.6. Let v = o(v/N). We then have
En = 6(n) — 26 — VNBY — b)) = V/N(By — B) = Op(1).

Proof of Lemma J.6. By Theorem 3.1, the term \/ﬁ(ﬁo — B) asymptotically
follows a Gaussian distribution and is hence bounded in P-probability. By The-
orem 1.21, the term &2 converges in P-probability. Thus, 26 is bounded in
P-probability as well. By Lemma J.4, we have \/N(ZA)VN — ™) = Op(1). By
Lemma J.5, we have 6%(yx) = Op(1). O

Proof of Theorem 4.4. That the statement holds uniformly for P € Py can
be derived using analogous arguments as used to prove Theorem 3.1 and 4.1.
Theorem J.3 in the appendix shows that () consistently estimates o(vy) for
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fixed 7. Analogous arguments show that 6(4') consistently estimates o from
Theorem 3.1. Let i := 4" — 1. We have

VN =)
~1 T\ —
- VN (%2 (ﬁ;mnmﬁ})z};) ,
T Siey (Bx)" (31 + gy ) (Ry — RxbY).
1 1

Due to Theorem 4.3, we have = WOP(l). Due to Proposition 4.2, whose

statements also hold stochastically for random -y, we have b o= By + \/—%o p(1).
Therefore, we have

VR - )
=1k A =1k fag i =1k
= VN(# S (Rx) T BY) £ 50, (BX) T (Ry — R o)
+O}AD(1)
=VN(B = Bo) + op(1)

due to Slutsky’s theorem and similar arguments as presented in the proofs of
Theorem 3.1 and 4.1. O

Appendix K: Proof of Section 5.1

We argue that A; and A, are independent of H conditional on Wy and W5 in
the SEM in Figure 4. First, we consider A;. All paths from A; to H through
X or Y are blocked by the empty set because either X or Y is a collider on
these paths. The path A; — Ay — W7, — H is blocked by Wj. Second, we
consider A,. All paths from As to H through X or Y are blocked by the empty
set because either X or Y is a collider on these paths. The path Ay — W, — H
is blocked by Wj.
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