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Abstract

Consider a system of n weakly interacting particles driven by independent Brownian
motions. In many instances, it is well known that the empirical measure converges to
the solution of a partial differential equation, usually called McKean-Vlasov or Fokker-
Planck equation, as n tends to infinity. We propose a relatively new approach to show
this convergence by directly studying the stochastic partial differential equation that
the empirical measure satisfies for each fixed n. Under a suitable control on the noise
term, which appears due to the finiteness of the system, we are able to prove that the
stochastic perturbation goes to zero, showing that the limiting measure is a solution
to the classical McKean-Vlasov equation. In contrast with known results, we do not
require any independence or finite moment assumption on the initial condition, but
the only weak convergence.

The evolution of the empirical measure is studied in a suitable class of Hilbert
spaces where the noise term is controlled using two distinct but complementary tech-
niques: rough paths theory and maximal inequalities for self-normalized processes.
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1 Introduction

The theory of weakly interacting particle systems has received great attention in the
last fifty years. On the one hand, its mathematical tractability has allowed to obtain a
deep understanding of the behavior of the empirical measure for such systems: law of
large numbers [32, 5], fluctuations and central limit theorems [36, 12], large deviations
[11, 19] and propagation of chaos properties [35] are by now established. On the
other hand, the theory of weakly interacting particles enters in several areas of applied
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Law of large numbers via mild formulation

mathematics such as mean-field games or finance models [4], making it an area of active
research.

Depending on the context of application, several results are available. The class
of mean-field systems under the name of weakly interacting particles is rather large
and models may substantially vary from one another depending on the regularity of the
coefficients or the noise. This richness in models is reflected in a variety of different
techniques implemented in their study (see e.g. [5, 32, 35] for three very different
approaches).

If one focuses on models where the interaction function is regular enough, e.g.
bounded and globally Lipschitz, one of the aspects that has not been completely investi-
gated so far, concerns the initial condition. To the authors’ knowledge, most of known
results require a finite moment condition in order to prove tightness properties of the
general sequence (e.g. [19]) or to apply a fixed-point argument in a suitable topological
space (e.g. [5]). The only exceptions are given by [35, 36], although they require inde-
pendent and identically distributed (IID) initial conditions. We want to point out that
existence of a solution to the limiting system, a non-linear partial differential equation
(PDE) known as Fokker-Planck or McKean-Vlasov equation, does not require any finite
moment condition on the initial measure, see e.g. [35, Theorem 1.1]. Furthermore,
whenever the particle system is deterministic, there is no need to assume independence
(or any finite moment) for this same convergence, see, e.g., [10, 311].

We present a result in the spirit of the law of large numbers, without requiring any
assumption on the initial conditions but the convergence of the associated empirical
measure. Our main idea consists in exploiting a mild formulation associated to the
stochastic partial differential equation satisfied by the empirical measure for a fixed
(finite!) population. The main difficulty is giving a meaning to the noise term appearing
in such formulation: exploiting the regularizing properties of the semigroup generated by
the Laplacian in two different ways, using rough paths theory and maximal inequalities
for self normalized processes respectively, we are able to adequately control it. By
taking the limit for the size of the population which tends to infinity, the stochastic term
vanishes and the limiting measure satisfies the well-known McKean-Vlasov equation.

1.1 Organization

The paper is organized as follows. In the rest of this section we present the model,
known results and introduce the set-up in which the evolution of the empirical measure
is studied along with notation used.

In Section 2 we give the definition of our notion of solution as well as a corresponding
uniqueness statement. The law of large numbers, Theorem 2.3, is presented right after;
the section ends with a discussion, a comparison with the existing literature and the
strategy of the proof.

The noise perturbation mentioned in the introduction is tackled in Section 3 where
rough paths techniques and maximal inequalities for self-normalized processes are
exploited. The proof of Theorem 2.3 is given at the end of this section.

Appendix A recalls general properties of analytic semigroups; Appendix B provides
an extension of Gubinelli’s theory for rough integration to our setting.

1.2 The model and known results
Consider (Q, F(Fr), >0 IP) a filtered probability space, the filtration satisfying the

usual conditions. Fix d € IN, let (B?);cw be a sequence of IID R%-valued Brownian motions
adapted to the filtration (F3), 5 .
Fix n € IN and T > 0 a finite time horizon. Let ' : R? x R¢ — R? be a bounded
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Lipschitz function, and (z"); < ; < » the unique strong solution to

{dx;ﬂ = 13" T(a}",2)™)dt + dB;, w1
= ]}ZO,

fort € [0,7] and ¢ = 1,...,n. The initial conditions are denoted by the sequence
(z8)ienw C RY, whenever they are random they are taken independent of the Brownian
motions. Existence and uniqueness for (1.1) is a classical result; see, e.g., [34].

The main quantity of interest in system (1.1) is the empirical measure v" = (' )ic(0,17,
a random variable with values on the space of probability measures. It is defined for
t € [0,7] by

n . 1 -
v = ﬁ;(sx{,n. (1.2)

Observe that v” is apriori a probability measure on the continuous trajectories with
values in RY, i.e. v € P(C([0,T],R?)), however in many instances we rather consider
its projection (v}")c0,r) € C([0,7T], P(R?)) as continuous function over the probability
measures on R?. This last object does not carry the information of the time dependencies
between time marginals, but is in our case more suitable when studying (1.1) in the limit
for n which tends to infinity.

1.2.1 Known results

Fix an initial probability measure vy € P(R?). Whenever (z{);cn are taken to be IID
random variables sampled from vy, or 1 has a finite moment and v§ weakly converges
to it, it is well known (e.g. [35, Theorem 1.4] and [5, Theorem 3.1]) that v™ converges (in
a precise sense depending on the setting) to the solution of the following PDE

{ A = SAv, — div[m (T % 1)), (1.3)

V|t:0 = 1,

for ¢t € [0, 7] and where * denotes the integration with respect to the second argument,
i.e. for u € P(RY)

(T ) (a) = /R Py udy), v e R

Equation (1.3) is usually called McKean-Vlasov or non-linear Fokker-Planck equation.

Remark 1.1. Observe that requiring IID initial conditions is not an innocent assumption
as they are, in particular, exchangeable, see [35, §1.2] for more on this perspective. From
an applied viewpoint, independence is often a hypothesis that we do not want to assume,
see e.g. [9, Example II].

A solution to (1.3) is linked to the following non-linear process:

{a:t =0+ fot Jra T(xs,y) vs(dy)ds + By,

1.4
vy = Law(xt), ( )

where B is a Brownian motion independent of (B%);c and zo. It is well-known that
v = (V¢)tejo,7) is a solution to (1.3) if and only if the non-linear process (x):c[o,7) in (1.4)
exists and is such that Law (z;) = v, for every t € [0,T].

We have to following theorem.

Theorem 1.2 ([35, Theorem 1.1]). Suppose I' is bounded and Lipschitz and xz is a
random variable with law vy € P(R?). Then, system (1.4) has a unique solution (z;);c[o,r]-

Moreover, if v = (v;);ejo,7] IS the law of (x4)ic(0,7), then v € C([0,T],P(R%)) and it
solves the McKean-Vlasov equation (1.3) in the weak sense.
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1.3 Set-up and notations

Let W™P = W™P?(R%) be the standard Sobolev space with m € IN and p € [1,0).
Classical results as [1, Theorem 4.12] assure that

WP (RY) = W™P(RY) € Cy(R?)  whenever mp > d, (1.5)

where Cj(R?) is the space of continuous bounded functions on R?. The space W (R¢)
is the closure of C§°(R?), i.e., the space of smooth functions with compact support, with
respect to the norm

P

lelwns = (3 [ re@lar) | pecrmd,

0< o] <m

where a = (ay,...,aq) With |a| = a1 + -+ + ag and 9% = (9z,)"" (9z,) ..., ).

Fix p = 2 and m > d/2, we consider the Hilbert space H™ := W"™2(R¢), with norm
denoted by |-, and its dual space H ™ := (H™)" with the standard dual norm defined
by [[ull_,, = supyn < 1(t, B) ~m,m- The action of H~™ on H™ is denoted by (-, )y m-
By duality, if follows from (1.5) that

P(RY) c Cp(RY)* ¢ H—™.

We denote by (-, )., the scalar product in H™ and by (-,-) the natural action of a
probability measure on test functions, i.e., for v € P(]Rd) and a smooth function A,
we write (v, h) = [p. h(z)v(dz). We often abuse of notation denoting the density of a
probability measure by the probability measure itself.

Letv € P(Rd), and thus v € H~™, and let v € H™ be its Riesz representative, then
we have for any h € H™

(v, hy =v(h) =V, h)m = (V,h) —m.m
and therefore
[ ) < [l ]l -
In particular
sup (v, h) = [lv]_,, -
Iall,, <1

If (u™)nen is a sequence of probability measures which weakly converges to some
p € P(R?), we use the notation x" — . For weak convergence and weak-*-convergence
of a sequence (z,), C X to some z € X, X being a Banach space, we use the standard
notations z,, — x and z,, N respectively.

As introduced in [28], we will use ||-||_,, as distance between probability measures
and our results will be expressed with respect to this topology.

The various constants in the paper will always be denoted by C or C, to emphasize
the dependence on some parameter «. Their value may change from line to line.

2 Main result

Before stating the main result, we give the definition of weak-mild solutions to (1.3)
in the Hilbert space H™. We denote by S = (S;):c[0,7] the analytic semigroup generated
by the Laplacian operator % on H™. We refer to Appendix A for general properties of S.

Definition 2.1 (m-weak-mild solutions to McKean-Vlasov PDEs). Let vy be an element in
H~™. We callv € L*>([0,T], H ™) an m-weak-mild solution to the problem (1.3), if for
every h € H™ and t € [0,T], it holds

t
<Vt7 h>7m,m = <V07 Sth>fm,m + / <V87 (VStfsh)(r * Vs)>7m,md5~ (21)
0
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If T is sufficiently regular, uniqueness can be readily established by using a classical
argument. This is illustrated in the next proposition.

Proposition 2.2 (Uniqueness). Suppose that I'(-;,,) € HW;»>, i.e.,

2
7w, y)IIHmWW_‘g‘ngxm Z aﬂaar ) dyl| < oo (2.2)
Lge

Then, m-weak mild solutions to (1.3) are unique.

Proof. Suppose v,p € L>([0,T], H ™) are two m-weak mild solutions. Then, taking the
difference between the two equations (2.1), one obtains that for every h € H™

t
<Vt — Pt, h>—m,m :/ <Vs — Ps; (vst—sh)(r * Vs)>—m,md5
0

T / (e (VS1_ah) (T % (s — p2))) - mdis.

In particular,

t
=l < [ = pil e s (TSR ), s
0

m

t
[ ol sup (TSR (0 = p) .
0

liall, <1
Observe that, for p € H~™ it holds that

(VS sh) (T % )l < NV Semshll gy 1T pallyyrm oo

c (2.3)
= Wl Dl I G

where we have used the properties of the semigroup (see Lemma A.1). Using the
continuous embedding of P(R?) into H~™, we conclude that there exists a (new) constant
C > 0:

t
1
=il € O o)l s [ = W= pull s

A Gronwall-like lemma yields the proof. O

We are ready to state the main result.

Theorem 2.3. Assume m > d/2 + 3 and I'(-, ) € H'W;»>°. If vy € H™™, then there
exists v € L*°([0,T], H™), unique m-weak-mild solution to (2.1). Suppose that the
initial empirical measure associated to the particle system (1.1) is such that

vy — v inH™
in probability. Then, the empirical measure v" of (1.1) satisfies

v Sy in L2([0,T), H™™)

in probability.
Moreover, if vy € P(R?), then v is the unique weak solution of the McKean-Vlasov
equation (1.3) and, in particular, v € C([0,T], P(R%)).
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2.1 Discussion

Theorem 2.3 shows a law of large numbers in L>°([0,T], H~™) by directly studying
the evolution of the empirical measure. Contrary to most of the existing proofs in the
literature, it does not establish any trajectorial estimates on system (1.1) and does not
invoke propagation of chaos techniques, as, e.g., in [29, 35]. This allows to deal with
very general initial data: the weak convergence of (v} )nen in H ™™ — which is implied by
the weak convergence in P(R¢) - suffices.

Working in H~™ for m > d/2 assures a bound on |v||_, which is uniform in v € P(R)
thanks to the continuous embedding of P(R¢) in H~™ and the duality properties of
probability measures, see Lemma A.3. By exploiting the equation satisfied by v", we are
able to establish a compactness property for (v™),cn, usually hard to obtain in P(R%),
and which represents our main tool for obtaining the existence both of the limit solution
and of a convergent subsequence.

Weak-mild solutions make sense for any m > d/2, yet we have to require the stronger
condition m > d/2 + 3 in order to give a pathwise meaning to the stochastic term present
in the dynamics. This implies that I' is C®. In this last case, it is already known that
a weak solution to the McKean-Vlasov equation (1.3) exists for any initial probability
measure vy. Since weak solutions are weak-mild solutions, as we will show in the sequel,
a byproduct of our main result is the uniqueness of (weak) solutions to equation (1.3).

The particle system (1.1) represents an interaction setting where no transport is
present in the dynamics. We have decided not to include other terms so as to keep the
underlying ideas and techniques as clear as possible. However, all our arguments readily
extend to the more general case of interacting particles given by

i,mn i,m 1 - i,n j,m 7
dazi" = F(x! )dt—i—gZF(:ct Lzl dt + dB, (2.4)

Jj=1

provided that F' € H™.

Finally, we point out that the need of rather high regularity in I" (and F)) is an
intrinsic requirement of rough paths theory and not of the particular class of models
we are working with. In particular, proving Theorem 2.3 independently of rough paths
arguments would likely yield less restrictive regularity constraints on I'. On the other
hand, rough paths theory allows to give a pathwise definition of the stochastic partial
differential equation satisfied by the empirical measure. Such viewpoint appears to
be new in the literature. Finally, we observe that the proposed strategy represents an
application to the algebraic integration with respect to semigroups, presented in [18],
that can be interesting on its own.

2.2 Comparison with the existing literature

Proving a law of large numbers by directly studying the empirical measure and not
the single trajectories is the classical approach in the deterministic setting [31, 10],
i.e., when no Brownian motions are acting on system (1.1). In the case of interacting
diffusions, the idea of studying the equation satisfied by the empirical measure for a fixed
n, comes from the two articles [3, 26] and the recent [6], where a weak-mild formulation
is derived and carefully studied. Contrary to our case, in [3, 6, 26] the particles live in
the one dimensional torus which considerably simplifies the analysis; we refer to Remark
3.5.

A Hilbertian approach for particle systems has already been discussed in [12], where
it is used to study the fluctuations of the empirical measure around the McKean-Vlasov
limit. However, [12] does not make use of the theory of semigroups but instead requires
strong hypothesis on the initial conditions which have to be IID and with finite (4d + 1)-
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moment (see [12, §3]). The evolution of the empirical measure (1.2) is then studied in
weighted Hilbert spaces (or, more precisely, in spaces of Bessel potentials) so as to fully
exploit the properties of mass concentration given by the condition on the moments.
Observe that we are not able to present a fluctuation result, given the lack of a suitable
uniform estimate on the noise term.

Studying the action of an analytic semigroup in the evolution of an interacting particle
system has been recently proposed in similar settings; we refer to [13, 14] and references
therein. This method is referred to as the semigroup approach. We want to stress that
the cited works deal with smooth mollified empirical measures and work in a weaker
topology (with respect to the time variable) than the one expressed in Theorem 2.3.

The strategies developed in [30, 29, 23], and further applied in the case of mean-field
games in [4], study the evolution of the joint law of system (1.1) and take a more abstract
viewpoint. In particular, they study the system dynamics at the level of the flows and not
directly addressing the empirical measure.

Finally, observe that under a suitable change of the time-scale, the n-dependent SPDE
satisfied by the empirical measure (1.2) is the mild formulation of the Dean-Kawasaki
equation [25, Theorem 1] and [24].

2.3 Strategy of the proof

Using It6’s formula, we derive an equation satisfied by v™ for every fixed n € IN, which
turns out to be the McKean-Vlasov PDE perturbed by some noise w™, see Lemma 3.1. This
equation makes sense in L>°([0, 7], H~™) and in this space we study the convergence of
(Vn)nE]N .

The main challenge towards the proof of Theorem 2.3 is giving a meaning to w™
and suitably controlling it. In Lemma 3.2, we first give a pathwise definition of this
term through rough paths theory, referring to Appendix B for a suitable theory of
rough integration in our setting. This in turn will allow to show that (v™),en is uniformly
bounded in L*°([0,T], H~™) and to extract a weak-* converging subsequence, see Lemma
3.8.

To show that a converging subsequence satisfies the weak-mild formulation (2.1)
in the limit, as shown in Lemma 3.9, we need a further step: the pointwise estimate
of w"(h), for a fixed h € H™. Using a suitable decomposition of the semigroup and
a maximal inequality for self-normalized processes, we are able to prove that w”(h)
converges to zero in probability as n diverges, see Lemma 3.6. If on the one hand
the rough paths bound cannot take advantage of the statistical independence of the
Brownian motions and thus, cannot be improved in n; on the other hand the probability
estimate does not suffice to define w™ as an element of L>°([0,7], H~ ™). We refer to
Subsection 3.2 and Remark 3.7 for more on this aspect.

The uniqueness of weak-mild solution, Proposition 2.2, is the last ingredient to
obtain that any convergent subsequence of (v"),cn admits a further subsequence that
converges P-a.s. to the same v satisfying equation (2.1). This is equivalent to the weak-*
convergence in probability to the weak-mild solution v.

3 Proofs

We start by giving the n-dependent stochastic equation satisfied by the empirical
measure for each n € IN. We then move to the control on the noise term and, finally, the
proof of Theorem 2.3.

3.1 A weak-mild formulation satisfied by the empirical measure

Recall that (S;):c[o,7] denotes the semigroup generated by % on H™.
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Lemma 3.1. Assume m > d/2+2. The empirical measure (1.2) associated to the particle
systems (1.1) satisfies for every h € H™ and t € [0, T]

t
W hY) —mm = (W, Sth) —mm +/ vy, (VSi—sh) T *v])) —m mds +wi'(h), P-as., (3.1)
0

where

n t
at ) = 23" [ VSl (i) a5y (2)
j=1

Proof. Fixt € [0,7] and h € H™, by (1.5) h is C?(R%). For s < t, applying Itd’s formula
onto the test function ¢(x, s) = (S;—sh)(x), we obtain

@, i,n 1 S ! i\n i,m j,m
By =(Sih) (™) + =3 / (VS,_oh) (£ (&, i) ds

t
+ [ (T8 -aBl
0

Summing over all particles and dividing by 1/n, the claim is proved modulo well-
posedness of the noise term w™ which is presented in the following subsection. O

3.2 Controlling the noise term

The aim of this subsection is to control the noise term w™ appearing in the weak-mild
formulation (3.1) for the empirical measure. We start by giving a pathwise definition of
the integral (3.2), i.e. for any w € A C 2 where P(A) = 1 and any h € H™ we define

) = {3 [ S @i -an] | @,

which in turn allows to define w™ as an element of L°°([0, 7], H ™), via an inequality of
the form
sup |wy' (h)(w)| < Cr(w)
All,, =1

for w € A, see Lemma 3.2. For this purpose, we extend Gubinelli’s theory for rough
integration (see [17] and [18, §3 and 4 ]) to our setting, see Appendix B for notations
and precise results on this extension.

A probabilistic estimate is then given, exploiting the independence of the Brownian
motions; Lemma 3.6 shows that

2

C
E | sup |wf'(h)] Sgllh\lfm heH™.

t€[0,T)

This estimate will allow us to prove the convergence of (3.1) to (2.1) for every fixed
h € H™, see Lemma 3.9.

3.2.1 Pathwise definition via rough paths theory for semigroup functionals

We start by observing that the noise term w}* (h) in (3.2) is neither a stochastic convolution
that could be treated using a maximal inequality in Hilbert spaces (e.g. [7, §6.4] and [2]
in the context of an unbounded diffusion operator), nor a classical controlled rough path
integral (e.g. [15]) as the integrand depends on the upper integration limit.
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We combine the strategies in [18, 17] so to define w}*(h) in a pathwise sense. Note
that our setting is different from [18], where an infinite dimensional theory a la Da
Prato-Zabczyk is constructed, while we are interested in finite dimensional stochastic
integrals over functionals of such objects. Our construction is nonetheless similar to [18]:
we fix the It6-rough path lift associated to Brownian motion and extend the algebraic
integration in [18] to our setting of semigroup functionals. This extension is presented
in detail in Appendix B, where the main ingredient, the Sewing lemma, is proven. Before
stating Lemma 3.2, we present in a heuristic fashion the main ideas towards a rough
path construction of (3.2).

Note that it suffices to define integrals of the form

t
/ VS, uf(zy) - dB, (3.3)

in a pathwise sense for a class of sufficiently regular functions f and where (z,,), is an
R4-valued process controlled by the Brownian motion (B,,),, such that

2t — s = By — Bs + O(Jt — s|), fors,t € [0,T], P-as.. (3.4)

Recall that in the classical setting of rough paths theory, one has for s <t

/ f(xu)dBu = f(ms)Bts + (Dwf)(xuﬂBts + Rts

where we have used the notation B;; := B; — B, as well as
t
B, ::/ B,s ®dB,, t>se€]l0,T].

In particular, Ay := f(2s5)Bis+ (Do f)(24)Bts is a germ and, thanks to (3.4), R;s = o(|t—s|)
is a remainder in the terminology of [17]. In the same spirit of [17], we rewrite the left
hand side of this expression as

/t f(xu)dBu = [5[]153 = It — Is
where .
I; = »)dBy,.
| 1@

We are thus left with
[01]1s = Aps + Rys. (3.5)

Recall that Gubinelli’s Sewing Lemma formulates precise conditions under which a given
germ A gives rise to a unique remainder term R;; = o(|t — s|) and such that I can be

obtained as
It = hm Z Avu .
IP10,8]130 [u,v]€PI0,t]

If one tries to follow a similar approach for the quantity of interest (3.3), a canonical
candidate for local approximations to (3.3) would be

/ (VSt—uf)(xu)dBu = (vst—sf)(ivs)Bts + (Dvst—sf)(zs)Bts + Rys.

However, notice that if we were to set

I(f) ::/0 (VSi—of)(zy)dB,
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then, we would obtain
[0I(f)]es = Le(f) — Ls(f)
:/ (VSi—wf)(zy)dB, +/ (VSs_u(St—s — 1d) f)(x4,)d By, —/ (VSi—wf)(xy)dBy

0 0 0

:/ (VSi—wf)(®u)dBy + I((Si—s — Id) f)

# / (VSi—uf)(@0)dBy,

in contrast to the above setting, meaning the standard approach of [17] fails. If one
defines, following Gubinelli and Tindel [18, p.16], the operator ¢ via

[@1(F)les = Ls((Se—s —1d) f)
as well as the operator § via
BT(f)]es = [B1()es = [S1()es,
the desired relationship is recovered, indeed

[01(f)]ts :/ (VSi_of)(x,)dB
= (VSi—sf)(@s)Bis + (DVSi—s f)(2)Bis + Rys.

The idea is hence to change the cochain complex in [17] and to consider a perturbed
version of it associated to the operator 4, this is done in Lemma B.1. Lemma B.2 proves
a Sewing Lemma in this modified setting, which in turn allows to construct the above
remainder R;s. The germ will therefore be

[Af]ts = (vst—sf)(xs)Bts + (Dvst—sf)(xs)Bts-

For0 =ty < - < tp41 =t, note that due to
t
i = [ (VS
tret1
- Z/ VSt u.f xu)

= Z/ o (VStk+1—u(St—tk+1f))(xu)dBu

k=0 " tx
n

:E [ St tk+1f tk+1tk E Rtk+1tk7
k=0

the correct way of sewing together the germs is given by

I(f) = lim. Z[A(St—tmlf)}tkﬂtm
k=0

which is reflected in equation (B.3) in Corollary B.3. In particular, note that this Corollary
comes with the stability estimate (B.2) which allows to eventually deduce the first crucial
estimate (3.6) on the noise term, as shown in the next Lemma.
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Lemma 3.2. Suppose m > d/2 + 3. For every a € (1/3,1/2), there exists a positive
random constant C = C,, that is finite IP-a.s.(and of finite moments for all orders) such
that IP-a.s.

[w (R)] < Ca(L+ )% A (3.6)

m

foranyt>0andh e H™.

Proof. We follow the notations of Appendix B. Fix o € (1/3,1/2) and recall that (B, B) is
the It6 rough path lift, with

t
Bys 5:/ Bys®dB,, s<te [O,T],

where B, := B, — Bs. Note that the above stochastic integral is understood in the It6
sense.

We use Lemma B.3 to define the It6 integral (3.3). This in turn will imply the well-
posedness of w}(h) with the choice f = h, z = %" and B = B’ fori = 1,...,n. Indeed,
x»" is controlled by B? (recall (1.1) and the fact that I' is bounded), and thus

n

FIOEEDY

i=1

t
[ (@8- (aimaBi| < ot o al,,.
0

Define the operator A acting on f € H™ into C'(Ay, R) via
[A.ﬂts = (VSt—sf)(xs) - Bis + (Dzvst—sf)(xs) - Bys,

where D, denotes the Jacobian in R¢ and - the scalar product between tensors of the
same dimension. In the sequel, we adopt the following shorter notation

[Af]ts = Vstsfs Bis + Dzvstsfs Bys.

As in classical rough paths theory [Af]:s is not a 1-increment (i.e. a difference as B;)
but a continuous function of the two variables s and ¢. In particular A € Dy, i.e. Ais a
linear operator from the Banach space H™ to Cs.

One can actually prove that A € D§: forO < s<t< T and f € H™

[Afles] < IVStafllo [Besl + 1DeV Sts fllo Besl < Car [l £l [t — 5|,

where C, = C,(w) depends on the a-Hoélder norm of B(w) and B(w) and we have used
the properties of S, see Lemma A.2. Note in particular that C, < oo, P-a.s. and that C,,
has finite moments of all orders.

Recall the definition of § (Lemma B.1), in order to apply Lemma B.2 and Corollary
B.3 we need to show that 44 € Dit.Let f € H™ and s < u < t, one has

AL s = [6Afius — [0A L tus = [Af)ts — [Af o — [Aflus — [A(Sp. — 1d) flus
= [Af]ts - [Af]tu - [AStf]us

Observe that thanks to the properties of the semigroup
[AStf]us = Vsusstufs Bus + DIVSusStufs Bus = VStsfs Bus + Dmvstsfs Bus

In particular, using Chen’s relation

Bts = IBus + IBtu + Btu & Bus
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we obtain
[SAf]tus - vstsfs Btu - V‘S’tufu Btu + DwVStsfs (IBts - Bus) - Dlvstufu Btu
= (VStsfs - vstufu) Btu + D’E(VSthS - VStufu) IBtu + D.rStsfs Btu (24 Bus
We rewrite everything as the sum of four terms
[SAf]tus - V(Sts - Stu)fu Btu + va(sts - Stu)fu IBtu
+(D3:vstsfs - D:rvstsfu) IBtu + (vstsfs - vstsfu + Dacvsts.fsBus) Btu
=:A' + A% + A3 4 A%
For A! we obtain

|V(Sts - Stu)fu Btu‘ g ||V(Sts - Stu)fu”oo |Btu| < Ca ||me |t - u|0‘ |U - S‘ )

where C, = C,(w) depends on the a-Hoélder norm of B(w) and we have used the
properties of S, see Lemma A.2. Note in particular that C,, < oo, P-a.s. and that C, has
finite moments of all orders. Similarly, for A? (with a different C,,)

D2V (Sts — St fu Beul < Ca |l fll 1t = ul® u— 5|2

Observe now that, since f € C3, the function D,V S, f is Lipschitz uniformly in s and ¢,

from which we extract that
|(Da;vstsfs - DwVStsfu) IBtul Coc ||f||m ‘ms - mu| |t - u|20¢

2
Co [l £l 18 = ul™ Ju— s

NN

Using (3.4), we recognize in A* the Taylor expansion of V.S, f around z,, i.e.

|VStsfu - vstsfu - Dmvstsfs Bus|
< ‘VStsfu - vstsfu - vastsfs xus| +c |Da:vstufs| |U - 5|
<l flly, usl® + 1 £l = s| < ellfll,, [u— s

We conclude that
|AY] < Ca || £l 1t =l Ju— s

Putting the four estimates together, we have just shown bA € D§+ and, in particular,
that
i, <.
D3

for some C,, which is finite IP-a.s. and admits moments of all orders. By Corollary B.3,
we know that there exists I € D; such that

[S-Tf]ts = lim Z [AStf]vu

nlg t 0
P fstll— [u,v]€P™[s,t]

is well defined. For 0 < s <t < 7T, se set

/ VS wf(a) - dBu = [51 flss.

Again Corollary B.3 assures that there exists a (new) constant C,, depending on the
norm of A in DS and the norm of 64 in D3%, such that

t
/ VSi—uf(zy) - dBy| < Collf]],, (1 +1)>*.
0

The proof is concluded. O
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3.2.2 Controlling w}(h) via a maximal inequality for self-normalized processes

The aim of this subsection is to give a probabilistic bound on

nooat
-y / [VSi_h] (z7™)dB?
n = 0

by exploiting the independence of the Brownian motions (we have removed the product
symbol - for the sake of notation).

Observe that if w}(h) didn’t involve a convolution with the semigroup S, w}(h)
would be a standard martingale and classical estimates like the Burkholder-Davis-Gundy
inequality could be used to establish the desired bound. While the convolution with the
semigroup S destroys the martingale property, w} (h) is still closely related to maximal
inequalities for self-normalized martingales for which the following fine estimate due to
Graversen and Peskir [16] is available.

Lemma 3.3 ([16, Corollary 2.8] and [22, Corollary 2.4]). Let (M;).c[o,1) be a continuous
local martingale. There exists a universal constant C such that

| M|
sup

E PR R R
t€(0,7] 1+ <M>

1 < O [log(1 4 log(1+ (M),))]

for every stopping time 7 < T.

Observe that this result is a consequence of more general bounds on self-normalized
processes of the form X; = A;/B; (e.g. [8]), where in this case A; = M; is a martingale
and B? — 1 = (M), its quadratic variation.

Let us illustrate in the following example how this interpretation can be used to
directly obtain a bound on

Z/ at=5)dBI. a >0,

which could be seen as a most simple toy model for w}(h).

Example 3.4. Let (B’); < , be independent Brownian motions on a common filtered
probability space (2, F, (F):), P). For a > 0, let (X7); < ,, be the following associated
familiy of Ornstein Uhlenbeck processes:

X/ ;:/ e t=9dBI te0,T]
0
and consider the quantity
J R
= — X7.
UVt n ]:Zl t

We remark that we may rewrite

ZXJ \/7 Z\/%/ erdB! | = %e““Mt.

Notice that M is a martingale of quadratic variation

(M) = (> = 1)
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and therefore, by Lemma 3.3, we conclude that

E

1
sup || = =28
t€[0,T] 2na

sup_|e” My [?
t€[0,T)

T T
2na - |iejo.r) 1+ (M)

1
< C——1log (1 + 2aT).
CZnaOg(+a)

Note that we crucially exploited the splitting e ~*(*=%) = ¢~9%¢%5, which is not available
in the semigroup setting we are concerned with. Intending to employ such a step
suggests to pass by a functional calculus for the semigroup, which we briefly discuss
next.

Recall that an analytic semigroup is a bounded linear operator that can be expressed
by means of a Dunford integral (e.g. [20, 27] and Appendix A). The integral representa-
tion of S is given for every ¢ € [0,T] by

1
S, = 7/ e R(\, £)dA, (3.7)
Yr,

271
where R(\, £) = (A\d — £)~! denotes the resolvent of £ and where, for r > 0 and
n € (7/2,7), Yryy is the curve {\ € C : |arg A\| = n, |\| > r}U{)\ € C: |largA| <, |\ =7},
oriented counterclockwise.
Plugging (3.7) into the expression of w} (h) yields

e(t— ‘;))\ j,m B
w?( 2mnz / L [VR(\, £)h] (z2™)dAd B!,

rn

splitting the complex integral into three real integrals parametrizing 7, ,, and then using
stochastic Fubini, one is left with expressions similar to

Z/ (=0 [VR(pe™, )h] (@)™ dBL, p >,

2min

which remind us of 1-dimensional self-normalized martingale for every p, similar to the
process (v;); considered in Example 3.4.
It remains to establish a suitable bound on the expression

[VR(pe™, 3)h] (a1")

and to ensure that this bound is integrable for p € (r,00), see Lemma A.4.
Putting all the above considerations together with care, one obtains a maximal
inequality for w}'(h) that we present in Lemma 3.6.

Remark 3.5. A similar control has already been used in [6, Lemma 3.3], see also [3,
§3.1] and [26, §4] for an estimate using the Rodemich-Garsia-Rumsey lemma. However,
in all these cases the particles are living in the one dimensional torus, making the (still
highly technical) noise analysis considerably simpler due to the decomposition in Fourier
series.

Lemma 3.6. Assume m > d/2. There exists a constant C' > 1, independent of n and
h € H™, such that for every h € H™

E| sup |wf(h)

C
<= |nl2,. (3.8)
t€[0,T) n
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Proof. Let h € H™ and +,, be the curve in (3.7) with € (7/2,7) and r > 0. Since the
real values of n and r are not crucial for the proof, we may suppose r > 1. Using the
decomposition of S we obtain:

1 [t , 4
=-> / [V Si—sh] (22")d B

njzl 0

1 -
~2 mz/ lv/ e R(\, $)hdA | (2)™)dB]

T 4_ 0 Yr,n
2mnz/ / et VR(A, 5)h] (z™)dNd B!

Y,

=£W+ﬁw+ﬁw,

where in the third step we have used that V is a closed linear operator on D(%) and with

Zi (h) - QMZ / / (=)0 [V R(pe'™, 5)h] (x3™)edpd BY,

Z/ / elt=s)pe™" VR(pe_m,%) h] (z2™)e”"dpd BL.

m“>

)h] (z1™)ire'dadB], (3.9)

Z;(h)

- 2min
Using the classical estimate (a + b+ ¢)? < 3(a® + b2 + ¢?), it follows that
n 2 2 2 2
)P <3|z )" + |22+ |2 )]
We focus on Z}(h), but similar estimates for Z?(h) and Z?(h) follow in exactly the same
way.
Fix € > 0 small, the stochastic Fubini theorem (e.g. [7, §4.5]) and Cauchy-Schwartz

inequality imply that

+e

e ‘/ ozng (170 [VR(pe™, $)h] (#1)eMd B

dp

14e
,0 2

2

)h] (x7™)edBL| p'tedp

w\l>

cof |[ 5

c >~ — — cos v —spe' i j,n j €
== : e 2t ") / Ze 7" [VR(pe ",%)h] (x2™)dBI| p'Tedp
=:M;
where C = P ITOO p?iF .

We introduce the continuous martingale X“”(h) defined for ¢ > 0 by

, c |—2pcosn
) = o T e
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so to obtain

2 cos €, 2 dp

Ziw) < 2mosnn I, [ e 1ol 22
~ > 2tpcosn €,p 2 dp
<A, [ e xer ) 2L

where we absorbed the factor (—2cosn)~! in the unessential constant C.
We compute the quadratic variation of X;*(h):

€ e QPCOS/U —2sp cos i j,m
(XP(h))y = p'*? P Z/ 20c0s 1 [T R(pe™, 5)h]* (x1™)ds.

m

Lemma A.3 assures that for every e such that 0 < 2¢ < (m—d/2)A1, P(RY) is continuously
embedded in H~""2¢, in particular

| [VR(pe™, )] (@27)

e TR

= ’<(5$2n, VR(pein, %)h>7m+25,m726 (3.10)

[172]] 0
pl/2+e’

[V RGe, §)n]

—m+2¢ m—2e

<C

where we have exploited the properties of the resolvent operator R, see Lemma A.4.
Thus, the quadratic variation of X;”(h) is bounded P-a.s. by

¢
(XP(h))e < C(—2pcos n)/ e ds = C (e 2P — 1) (3.11)
0
Observe then
C o , d
E | sup |Z1 | <= ||hH72n/ E | sup e?Pcosn |X§’p(h)|2 15
te[0,7] n r €[0T pre

Ssu
v L+ (Xor(h)),

C 9 o
<, [TE
n T

The term sup,¢ 1) % is bounded using (3.11) by a constant, wherefore we are

left with
C 9 o
<Y / E
n T

We now invoke Lemma 3.3, which in conjunction with (3.11) allows to deduce that

€, 2
o X
up
te[0,T) 1+ <X6’p(h)>

€, 2 €
[ X0P(h)] qup LH X)) | dp
refor] €PN prte’

E | sup |Zt1(h)|2

te[0,T]

€ 2
y XPWE ] @
tefo, ) L+ (XS (h))e | ptTe

E < CElog (14 log (14 (X“?(h))7))]

< CElog (1 — 2T pcosn + log(C))]

where in the last inequality, we have bounded the constant C' appearing in (3.11) by
max{1, C'}. Further modifying C accordingly, we are thus left with

E

sup !Z ‘
te[0,T]

<Ch2 oo1 1—2T log(C dp
\gl\ I : og(1 —2Tpcosn + log( ))plﬂ\*H 12,

Concerning Z}(h), computations are the same if one replaces n by —7. Concerning
Z2%(h), computations are easier since there is no a priori diverging integral to deal with
and we omit the proof. The overall bound on w} (k) is thus obtained by summing the
three estimates and choosing the constant C accordingly. O
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Remark 3.7. Note that Lemma 3.6 implies by Jensen’s inequality the following bound

C
< —
~ \/’E ||hHm7

which is sharper in n with respect to (3.6), but in a weaker topology. One could ask if it
is possible to establish a similar O(1/4/n) bound for

E | sup |wi'(h)|

t€[0,T)

E =E| sup sup |w;(h)

tel0, 7] [|All,, < 1

sup |wi'[|_,
te[0,T]

Such a bound cannot be obtained by rough paths theory and a full probabilistic proof,
which takes the independence between the Brownian motions into account, is desirable.
To the authors’ knowledge, this has been established only in the case of interacting
oscillators; we refer to the noise term analysis in [3, 6, 26].

3.3 Proving Theorem 2.3

The proof of Theorem 2.3 consists in two steps: using the pathwise bound on w",
Lemma 3.8 shows that we can extract from (v"),cn a weak-*-convergence subsequence;
then, by exploiting the probability bound on wj(h) for a fixed h € H™, we identify
through Lemma 3.9 the limit with a solution to (2.1).

3.3.1 Extraction of a weak-*-convergent subsequence

The main result of this subsection is given by the next lemma.

Lemma 3.8. The sequence (V"),cn is uniformly bounded in L*°([0,T], H~™) and thus
admits a subsequence that converges weak-* to somev € H~™, P-a.s..

Proof. 1t suffices to show that (v"),cn is uniformly bounded in L>°([0,7], H ™) P-a.s.,
an application of Banach-Alaoglu yields the existence of a convergent subsequence.

Exploiting the mild formulation in Lemma 3.1 and the bound on w}'(h) in Lemma 3.2
for some « € (1/3,1/2), one obtains that

t
[ S 117 I +/O {4 [ e I(VSe—sh) (T x v)l,, ds + [[wi']]
t

C
< |l + — ||y ds + Co(1+t)3,
1+ [ =2 (1+0)

where we have exploited the properties of the semigroup and the bound already used in
(2.3). A Gronwall-like argument implies the existence of a constant a independent of n
and 7T such that

<2 (1l + Ca(l+T)>*) VTeVT.

sup ||y
t€[0,T)

[ -

In particular, using Lemma A.3, we conclude

sup sup ||7)_,, < Car. O
nelN t€[0,T]

We move to the identification of the limit v € L*°([0,T], H~™).

EJP 26 (2021), paper 106. https://www.imstat.org/ejp
Page 17/27


https://doi.org/10.1214/21-EJP671
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Law of large numbers via mild formulation

3.3.2 The limit coincides with an m-weak-mild solution

We prove that any possible limit of (v™),cn is @ weak-mild solution (2.1). Given the
uniqueness of (2.1), this implies the weak-* convergence in L>=([0, 7], H~™) of (v")nen
to the element v given in Lemma 3.8.

Lemma 3.9. Let (v"),en be converging weak-* to some v € L>([0,T], H~™) IP-a.s. along
a subsequence that we denote by (v™*)icw. Then v satisfies (2.1), i.e.

t
(P B = (70 Se) g + / (Par (TSt uh) (T 7)) s,
0
meaning v is an m-weak-mild solution to (1.3).

Proof. Recall that for every n, v™ solves the mild formulation (3.1), i.e. for ¢ € [0, 7]

t
(VP D) = (U8 St} s + / (W (VSy— ) (T % 1)) s + w?(B).
0

By hypothesis we have that for every t € [0,7] and h € H™
Um (v, h) _pmm = (e, RY . m, P-a.s..
k—o0

In particular, this is true for (u{f’“)k since S;h € H™. Furthermore, Lemma 3.6 implies
that
lim w;*(h) =0, in P-probability

k—o0

and thus in particular the convergence holds P-a.s. along a sub-subsequence (nkj )j-
Thus, it remains to show that IP-a.s.

t t
Hm [ (s, (VS_h) (T % vs 7)) _pmds = / (D, (VSy_oh)(T % 7)) _pmds.  (3.12)
0

j—o0 0

For better readability and lighter notation, we will not distinguish between n and ny; in
the following, understanding that we continue to work on the sub-subsequence. Consider
then

<17§, (VSt—eh)(F * l_/g»—m,m - <’737 (vst—sh)(r * ljs)>—m,m
= (D) — g, (VSt—sh)(T % Us)) —pn.m + (T2, (VSi—sh) (T * (77 — Us))) —mm.-

Using again (2.3), it is easy to see that P-a.s.
11,4 (8)(VS,—sh)(T * vs) € L*([0,T], H™)

wherefore it is indeed an element of the predual to L>°([0,T], H ™) and thus by weak-*
convergence in this space, we have

/ (Vg — v, 119, (8)(VSi—sh) (T x vs))ds = / (v — vs, (VSi—sh) (T x vg))ds — 0.
0 0

For the second term, note that
8, (VSi—sh) (T x (7 = 5))) ~m.m
= (7 = vs, (7 (dx), (VS sh) (2)(T(, ) —m.m) —m.m
and that the function
y = (7 (dw), (VSi—sh)(@)(T(2, ¥))) —mm

- %Z(Vstfsh(mi’”)) (T y)
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is in H™ for every s € [0,1], since I'(z,-) € H™ for a.e. x € RY, recall (2.2). Namely,

n

1 . ,
-~ D (VS sh(@l™) - @) < IVSishllo Il £y oo
j=1 .

121l
< r oo .
<O Tl

We conclude that
L0, (P2 (dx), (VS;—sh) () (T(2,-))) —m,m € L*([0,T], H™)

and in particular

/0 (g = v, (g (dw), 110,11 (5) (VSe—sh) () - (D(, ")) =m,m) —m,mds — 0.

This establishes (3.12).

Overall, we have thus shown that any subsequence of (v"),, converges along some
further subsequence P-a.s. weak-* in L>°([0,T], H~ ™), the limit v satisfying for every
h € H™ the equation

t
<l7t7 h>—m,m = <l707 Sth>—m,m + / <DS7 (VSt—sh)(F * 173)>—77L,77Ld3a
0

meaning that v is indeed an m-weak-mild solution. O

3.3.3 Proof of Theorem 2.3

In order to show that v = v in L°°([0,T], H~™) in probability, we show that any
subsequence (v™*); admits a further subsequence that converges P-a.s. in weak-*
topology of L*°([0,T], H™™) to v.

Let (v™); be hence a subsequence. By assumption of the Theorem, Lemmas 3.6 and
3.8, we find a further subsequence (v"*i);, along which

w, " (h) =0 VheH™
(o™ h) = (vo,h) Vhe H™ (3.13)
v™i S poin L([0,T), H™™)

P-a.s., where the limit 7 € L*°([0,7], H ™) may apriori depend on the subsequence
chosen. Notice however that due to Lemma 3.9, any such limit is a m-weak-mild solution
to (1.3). By the uniqueness result of Proposition 2.2, we conclude that the limit v = v
must be the same for any subsequence chosen.

The first part of the Theorem is proved. Note that apriori, our limit v is only a
distribution in H~™ at each fixed timepoint.

Suppose vy € P(R?). In order to show that v; is actually a probability measure for
each t € [0, 7], we observe that a weak solution x € C([0,T], P(R%)) to (1.3) (which exists
due to Theorem 1.2) is a weak-mild solution (2.1).

Indeed, let 1 = (pt)iepo,r) € C([0, 7], P(R%)) be a weak solution to (1.3). As done in
Lemma 3.1, one can show that for every f € C§° and ¢t € [0, T

t
<,LLt7 f>—m,7n - </1407 Stf>—m,m + /0 </st (VSt—sf) . (F * ,Ufs)>—m,md3 (314)

holds. Note that by standard approximation, (3.14) holds also for f € H™ C C3, meaning
that p is indeed a weak-mild solution. By the uniqueness statement of Proposition 2.2
we conclude p = v and thus in particular v € C([0, 7], P(R?)). This concludes the second
part and thus the entire proof of the Theorem.
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A Hilbert spaces and semigroups

A.1 The Laplacian semigroup
The following definitions are taken from [20, 27]. For the sake of notation, we focus

on A, the standard Laplacian on L?(R¢), instead of %. We can consider the part of A on
(the complexification e.g. [27, Appendix A] of) H™:

A:D(A)C H™ — H™.

It is not difficult to see that H™*2 C D(A), where the inclusion is dense, and that A is a
sectorial operator with spectrum given by (—oco, 0]. In particular, it generates an analytic
strongly continuous semigroup denoted for all ¢ > 0 by S;; recall that Sy := Id is the
identity operator.

We represent S for ¢t € [0, 7] as the following Dunford integral

1
Sy = — AR\, A)d),
271 Yo

where R(\,A) = (AId — A)~! denotes the resolvent of A and where, for r > 0 and
n € (n/2,7), ¥ryisthe curve {\ € C : |JargA| =n,[A| 2 r}U{A € C : |arg\| < n,|A| =1},
oriented counterclockwise.

Observe that 7, , is contained in the resolvent set of A, i.e. 7,.,, C p(A), and that, for
all regular values A € p(A), R(A, A) is a bounded linear operator on H™.

When computing the semigroup against a function A through (3.7), we use the
following decomposition into three real integrals:

21 e ™

1 1 o0 in .
Sih = g [ PROLAMIN = l / 7" R pe™, A)edp
' (A1)
n - . . o —in . .
+/ etr(cosa-i—zsma)R(,r,ewc’ A)irew‘da _/ etpe R(pe—zn7A)e—w]dp )

-n
The section ends with some estimates basic concerning the regularity of S.

Lemma A.1. Let (S;): < ¢ be the heat semigroup acting on H™. Then for o > 0 and
t > 0 one has

1
[(=8)Sill, < C o ]

In particular, we also have

1
VSihl|,, <C—=|h
IV Selll, < € MAllm

Proof. Refer to [33, Chapter II, Theorem 6.13] and the proof of [21, Proposition 4.3] for
example. O

Lemma A.2. Assume m > d/2 + 3. Let (S;); < v be the heat semigroup acting on H™.
For f € H™, it holds that

IV(S: — 1) fll, < VE||D*f||.. <CVEFI,,
V(5. 1) < D] < S 1l
where D? is the Hessian and D3 the tensor with third-order derivatives. In particular
IV(Se =Sl < VIE=sl[D*f]lo <CVIE=5ll1fllm
1905~ )l < 51— sIID* Il < S 1= sl 1,
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Proof. We calculate explicitly

IV(S, — 1d) £ (2)] = ‘/R We—%(vﬂx —y) - Vf(x))dy‘
1

lyl?

- /]R et T (Vf(z —y) = Vf(z) + (~y)"(DV[)(2)) dy‘

1 _

1
<3101 [, e e
_1 3
oo,

where we exploited the asymmetry of the first Taylor component. The first statement
follows from a similar consideration, considering an order one Taylor expansion of
Vf(z — y) around z instead of an order two Taylor expansion. The proof follows by
Sobolev’s embeddings. O

A.2 The Hilbert space H*

It is useful to give an explicit definition of H™ through the Fourier transform (e.g. [1,
7.62]). Let s > 0, define (H*, ||| ,) by

= {ue 2w s [ 1s1ehy IO < oo
(A.2)

= [ @+ 1Py 1P de.

Whenever s is an integer, it is well known that this definition coincides with the standard
definition of the Sobolev space W*2(R%).

The next lemma extends the embedding (1.5) to H® and its relationship with the
space of probability measures.

Lemma A.3. For all s > d/2, one has the following continuous embedding
H* C Cy(RY). (A.3)
Moreover, there exists C > 0 (depending on s only) such that

sup |l _, <C. (A4)
HEP(RY)
Proof. The continuous embedding (A.3) is a consequence of the embedding of Besov
spaces into the space of continuous bounded functions (e.g. [1, Theorem 7.34]) and the
fact that they coincide with H for a particular choice of the indices.
Turning to (A.4), let ;1 € P(RY), then

{1, 1) s, {u, ) Il
[ull_s = sup — = su < su © L C,
*nens Rl wens Rl T nens B, T

where C is the norm of the identity operator between H* and Cj,(RY). O

A.3 Fractional operators on H*
We have the following lemma.

Lemma A.4. Let \ = pe' € p(A) and suppose p > 1. There exists a positive constant
C = C,, such that for every e € (0,1/2)

2
o Il

wore heH™ (A.5)

|V R(pe™, A

m—2e
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Proof. Exploiting the Fourier multipliers associated to V and R, one obtains

[V RGe, Al o, = [ 1 I [PV RGe™, A €) a
2ym—2e 2 3 ?
< [ et FWOF || s
€ 1

< / (1 + €)™ | F () ()P de.
R

|pein + |€]2)? (14 [€]2)2€
Since we are assuming p > 1, we have that

€] L _ (ol _ 1 <o !
pein 4 €217 (L+ 122 Jpein + (2>~ " (p+[gf2)tFR T T pttEe

with Cy) = (sup,, 5 (1 +z)/[e"” + z[)* < oo since 1 # 7. O

B Rough integration associated to semigroup functionals

We mostly follow [18] and use very similar notations. Let & > 1 and A be the
k-dimensional simplex given by

AkZ{tl,...,tkE[O,T] T >t >ty > ... ZthO}.

Let C, = C(Ag;R) and W a Banach space with a strongly continuous semigroup
(St)te[&T] acting on it. Define D}, as the space of linear operators from W to C}. Further-
more, let D, =, >1 Dy, and define the following operators on D,:

0: Dy — Diy1, ¢: Dip — Dy, k>1.

For A € Dy and f € W, they are defined as

k+1

BAS s = 2 DT AL

i=1

[¢Af]t1,..tk+1 = [A(Stltz - Id)f]tz.‘.tkﬂ )

where #/ means that the argument ¢; is omitted and Sy, , stands for S;, _,,.
We are ready for the first lemma.

Lemma B.1. Let § := 6§ — ¢. Then (D,, 5) is an acyclic cochain complex. In particular
Kerd|p,,, = Imd|p,, foranyk > 1.

Proof. The proof mimics [18, Proposition 3.1]. We only mention that for proving
Kerod|p,,, C Imod|p,, a possible choice for A € Kero|p,_, is given by B € Dy defined as

[Bf]tl,..tk = (_1)k+1 [Aﬂtl,,,tkoa few O

We now introduce some analytical assumptions on the previous function spaces. We
start with a Holder-like norm on C, for k = 2,3. For p > 0 and g € Cs, define

loll, o= sup 19l
® tseA, |t — 8]

and consequently
ct={9€C; gl <o}
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For v,p > 0 and g € Cj3, define

I 7
TPy wsens |t —ult Ju—s|”

and
lgll, == inf {Z 1gill oy 3 9= 9 0< pi < u} :
i [

where the infimum is taken on all sequences (g;) C C5 such that g =), ¢; and p; € (0, u).
Again, |-, defines a norm on C3 and we denote the induced subspace by

¢ ={g€Cs; gl <o}
With these definitions in mind, let

Dy :=L(W,C}), Dyt =)Dy k=23
p>1

The space L(W,C}) is the space of linear bounded operators from W to C} equipped
with its corresponding operator norm, i.e.

suwp ||Afl,. fe D
1

£l <

Al =

The main tool for constructing the pathwise integral associated to semigroup func-
tionals is given by the next lemma and the following corollary. We use the notation
d(Dy) :=1Imd|p, for k > 1.

Lemma B.2 (Sewing). There exists a unique linear operator
A: DM né§(Dy) — DIF

such that R
oA = Id‘D;*mS(Dz)'

Moreover; if n > 1 then A is a continuous operator from D] N 5(D2) to D], i.e. there
exists a constant C' = C;, > 0 such that

IAA]l, < CyllAl,, A€ Dini(Dy). (B.1)

Proof. Concerning uniqueness, let A be another map satisfying the conditions stated in
the Lemma. Then for A € D3 N 0D, we have

S(AMA—AA)=A—A=0

hence Q := AA — AA € Ker(S) N D,. By Lemma B.1 there exists ¢ € D; such that Q = dgq.
Note that for any partition P"([s, t]) = (¢;)o < i < n+1 Of the interval [s,¢] C [0,T] such that

Xt x

to = s and t,,+1 = t, we have the following telescopic sum expansion

n n

Z[sqsttﬁl f}t1+1ti = Z[qstt,;+1 f]t71+1 - [qStt,;+1]t71 - [qSttiH(StHlti - Id)f]ti
i=0 i=0

[qStt7:+1 f]tri+1 - [qStti, f]b
1=0
= [Qf]t - [qStsf]s
= [gqf}ts
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for any f € W. We conclude

n

[Qf]ts = [&If]ts = Z[quttﬂlﬂtiﬂti =

n
i=0 i=0

[Qstti+1 f]ti+1ti .

Letting P"([s, t]) be for example be the dyadic partition, one obtains for Q € D], with
v > 1, the estimate

‘[Qstti+1f]ti+1ti < 27 HQSttHlfH'y |t - sl’y < 27 ||Q||D;’ HfHW |t - SI’Y

where we exploited that S is a contraction semigroup. Returning to the telescope sum,
we obtain

1Qf1esl < 27 QlI oy 1f Iy 1t = 5[
By passing to the limit for n which tends to infinity, we conclude that for any f € W and
any [s,t] C [0,T]
[Qflis =0
yielding @ =0, i.e. AA = AA for any A € Dé+ N S(Dg), concluding uniqueness.

 Towards existence, let A € D%* N 5(D2), i.e. there exist a B € D, and n > 1 such that
0B = A e DJ. Let (r}")o < k < 2» be the dyadic partition of [s, t|. We set, following [18]

M™: D 1 §(Dy) — DIF
6B — M"$B

where
2m—1

[(M"6B) fles = [B(f)lts = Y [B(Strp,, Dz, -
k=0

Note in particular that [M"4f];s = 0. We show that (M"§B),, is Cauchy in DJ. Note that
[(M™3B) flss — [(M™16B) flss

2" —1

= [B<St7’§k+2f)]r§k+2r§k - [B(Strgk+2f)}7";k+27";k+1 - [B(Strgk+lf)}rgk+l’r;k

k=0
2" -1 2" -1
= Z [6B(Str;’/k+2f)]r;"k+2r;’k+lr;’k o Z [¢B(Str§k+2f)]r;"k+2r;"k+lr;’k
k=0 k=0
on_1 on_ 1
= [6B(StT§Lk+2f)]rngrzTngrl’"gk S (t o 5)7] Z H6B(Str;‘k+2f)Hn 27
k=0 k=0

< (t=9)"||8B|| 1y 27D
D3

From which we deduce that (M"0B),cn is a Cauchy sequence in D, indeed

HM”SB _ M”“gB‘ —n(n=1),

<Jis

2
D] Dl

Let AdB € DI be its limit. By a telescope argument

n—1
s e
D} k=0

DY <G HSB‘

n—1
= Z M5B — M*t5B
DY pors DY
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from which we obtain (B.1) using to weak-*-lower semicontinuity of the norm. One can
prove that the limit does not depend on the particular sequence, see [18, Proposition
2.3].

Finally, let u = 2™ for some m € 0,...,n and note that
[(OM™0B) fltus
= [(M"3B) flts = [(M"3B) flu = [(M"0B) flus — [(M"B(Spu — 1d)) flus
2n—1
= [Bf]fs - [Bf]t [BSfuf us T Z Sfrk+1f)]r,’g+1rg
k=0
2™ _1 om _q
N Z S”Hl 7k'+17'1? - [B(SWEHSWJC)]T?HT?
k=2m k=0
= [Bf]ts - [Bf]tu - [BStuf]us
= [5Bf]sut
from which we recover, in the limit n — oo, that dA = Id‘D§+m5(D2). O

Corollary B.3. Suppose that A € D, is such that 5A € D§+. Then there exists I € D,
such that
5T = (Id - Aé) A,
i.e. for every f € W and (,s) € Ay, [51 f] = [Af],. — [ASA f] . In particular, if A € D
ts ts
with u > 0 and 0A € D] withn > 1, then for every f € W

161/1u| < (A|D5 (t—s)y+]34| - s)"> i (B.2)
3
Finally
SIf| = i ASpfl... B.3
|:f:|ts Pis L0 >, [ASuflu (B-3)
[v.ul€P[s,1

where the limit is over any partition of [s,t] whose mesh tends to zero.

Proof. The proof is an easy application of the Sewing Lemma and the properties of
(D.,,é). Indeed, observe that §(Af — AGAf) = 0 for any f € W, which means that
A — AJA € Keré|p,, and thus there exists I € D; such that 6] = A — AJA.

The estimate (B.2) follows from (B.1). Concerning (B.3), observe that for a partition
|P[s, ]|, using the properties of 4, one obtains

S MSufla = X [31Suf] + [AS4Sus]

[v,u]€Ps,t] [v,u]€P[s,t]

- [SIfLSJr 3 [AéAsmf]w

[v,u]€P]s,1]

uv

By taking the limit for the mesh which tends to zero and using the fact that ASA € DI,
the last sum converges to zero. O
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