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Abstract: Conditional heteroskedastic financial time series are commonly
modelled by (G)ARCH processes. ARCH(1) and GARCH were recently es-
tablished in C[0,1] and L2[0,1]. This article provides sufficient conditions
for the existence of strictly stationary solutions, weak dependence and fi-
nite moments of (G)ARCH processes for any order in C[0,1] and LP|0, 1].
It deduces explicit asymptotic upper bounds of estimation errors for the
shift term, the complete (G)ARCH operators and the projections of ARCH
operators on finite-dimensional subspaces. The operator estimaton is based
on Yule-Walker equations, and estimating the GARCH operators also in-
volves a result estimating operators in invertible linear processes being valid
beyond the scope of (G)ARCH. Moreover, our results regarding (G)ARCH
can be transferred to functional AR(MA).

MSC2020 subject classifications: 47B38, 60G10, 62F12.

Keywords and phrases: ARCH, ARMA, functional data, functional prin-
cipal components, functional time series, GARCH, invertible linear pro-
cesses, parameter estimation; stationary solutions, Yule-Walker equation.

Received January 2020.

1. Introduction

Volatility, usually measured by the variance, is one of the essential objects of
study of financial time series which are often strictly stationary and conditional
heteroskedastic. Latter means that the variances at any time conditioned on the
past are non-constant and randomly changing. A popular model exhibiting this
phenomenon for a real-valued process (Xj)rez was established by Engle [9] in
1982, namely the autoregressive conditional heteroskedasticity (ARCH) model

p
Xk = €rog, Uk2 =0+ Z Oéinf_i (1.1)
i=1
for which he was awarded the noble prize in economics in 2003. This model was
extended by Bollerslev [4] in 1986 to the generalized ARCH (GARCH ) model

P q
X = erog, 013 =5+Z ain?—i+Z ﬁjU,f_j. (1.2)
i=1 j=1
Various authors established modifications of uni- and multivariate (G)ARCH
models, studied their probabilistic properties and estimated the parameters, see
[1], [11], [12]. Along with a progress in processing techniques and since high-
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resolution tick data are accessible and can be described as functions, it seems
reasonable to extend these models on infinite-dimensional spaces, which is un-
problematic from a mathematical point of view for complete, separable metric
spaces, see [24]. Such an extension enables the analysis to be more accurate. It
also allows applying our recurrence equations on continuous processes by de-
composing these in a natural way, see Figure 1, and to model random events
in time for which modelling by real-valued multivariate processes with discrete
time failed due to missing data where one is incapable of assigning a constant
vector length throughout time. For a detailed introduction in Functional Data
Analysis (FDA) and Functional Time Series Analysis (FTSA), the areas dealing
with random variables resp. time series with values in an infinite-dimensional
space, see [5], [10], [13], [16], [27], and for a compact synopsis (in German), see
[23]. Outstanding overviews of Functional Analysis including operator theory,
on which FDA and FTSA are built, are provided in [8], and [35] (in German).
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F1a 1. Fictitious processes in the period 2020-2024, e.g. measured in USD, based on the same
pseudo random numbers. Processes of daily measurements with following errors: AR(1) with
parameter a1 = 0.6 (blue), which have constant variances conditioned on the past; ARCH(1)
where § = 0.2,a1 = 0.6 (black); GARCH(1,1) where § = 0.2,a; = 0.6,81 = 0.3 (red).
Further, a continuous stochastic process (greem) which also can be interpreted as a functional
time series consisting of four consecutive random functions, with step width 1/1000.

In 2013, Hérmann et al. [14] introduced ARCH(1) processes with values in
C[0,1] and L?[0, 1], the spaces of continuous resp. measurable, square-Lebesgue
integrable real valued functions with domain [0, 1]. GARCH(1, 1) was carried out
on C[0,1] and L?[0,1] by Aue et al. [2] afterwards, and GARCH for any order
on L2[0,1] by Cerovecki et al. [6] recently. All authors discussed the existence
of strictly stationary solutions and probabilistic features, consistently estimated
the parameters in L2[0,1] and outlined applications. [14] estimated the shift
term and the ARCH(1) operator projected on a finite-dimensional subspace by
estimating its integral kernel. [2] used a least squares estimator for the projec-
tions of the GARCH(1, 1) parameters on a finite-dimensional subspace, and [6]
a quasi-maximum likelihood approach for the projections of the GARCH(p, q)
parameters on a finite-dimensional subspace for all orders p,q € N and for the
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complete parameters for p = q = 1. For further work regarding functional time
series under conditional heteroskedasticity, we refer to [22] and [29].

This article develops ARCH and GARCH processes for any orders with values
in the function spaces LP[0,1] with p € [1,00) and C[0, 1] in particular. It pro-
vides sufficient conditions for the existence of strictly stationary solutions, weak
dependence and moments of these processes under mild conditions, and also dis-
cusses parameter estimation. The focus of the article is on deducing estimators
and explicit asymptotic upper bounds of the estimation errors for the shift term
and the complete operators of L?[0, 1]-valued ARCH and GARCH processes for
any order. Explicit asymptotic upper bounds of the estimation errors are also
derived for ARCH operators projected on finite-dimensional subspaces for any
order. The operator estimation is based on Yule-Walker equations and utilizes
upper bounds of eigenvalues and eigenfunctions, and the upper bounds of the
estimation errors for our GARCH operators depend on upper bounds of estima-
tion errors for operators in invertible linear processes. We also simulate possible
realizations of our processes and some of our estimators.

In this paper, we use following notation. a A b := min(a,b) and a V b =
max(a, b) for a,b € R. |-| denotes the floor function, sgn(-) the sign function,
di; the Kronecker delta with i,j € Z, and 14(-) the indicator function of a
set A. For functions f,g: D C R — R, we write f « g resp. f = g if there
is a ¢ € R with f(x) = cg(x) resp. f(x) < cg(x) for all z € D. For sequences
(an)nens (bn)neny C (0,00), we write a, ~ by, if Z—: — 1,a, < b, if a, ~ cb,
for some ¢ # 0,a, = w(b,) if b, = o(a,) (for n — o0) and a, = Q(b,) if
b, = O(a,) (for n — o0). Further, E(a,,b,) = w(ay) N o(b,), ZE[an,b,) =
Q(a,) No(b,) and Elay,, b,] = Q(a,) N O(by,). Let V be a vector space. Then,
V= {(v1, .., vn) T |01, ..., v € V}, with n € N, becomes a vector space by our
componentwise definition of scalar multiplication and vector addition. Further,
0y stands for the identity element of addition, and Iy for the identity operator
from V to V, where operator always means linear mapping. For a space F'
of functions f: [0,1] — R, Fs and F>o denote the sets of functions f € F
with f(¢t) > 0 resp. f(¢t) > 0 for Ma.e. t € [0,1], where X is the Lebesgue-
Borel measure on [0,1]. f ® g denotes the pointwise product of f,g € F, with
f2 = fof,if it is well-defined. Essential spaces F' of functions f: [0,1] — R
in this work are the space of continuous functions C[0,1] endowed with the
supremum norm ||f||e = sup;eo 1) |f(?)| for f € C[0,1], the space of bounded
functions £°°[0, 1] endowed with ||- ||, and the spaces of (classes of ) measurable
functions with absolutely Lebesgue integrable p-th power LP[0,1] for p € [1,00)
endowed with the norm ||f|[z»[0,1] = (fol |f(t)|Pdt)t/? for f € LP[0,1], with
integration w.r.t. A\. These are separable Banach spaces w.r.t. their norms, and
A = L?[0,1] endowed with the inner product (f,g) = fol f(#)g(t)de for
f,g € A, with integration w.r.t. A, is a separable Hilbert space. Hereafter, let
(B, ls), (B, ]| - ||z) be Banach and (H, (-, -)3), (H’, (-, }3¢) be Hilbert spaces.
On Hilbert spaces we always use norms induced by their inner product, and
abbreviate ‘complete orthonormal system’ by CONS. We endow Banach spaces
(B™ |- ||gn) with the norm ||b]|%, == >"1" | ||bi]|% for b= (b1, ...,b,)T € B™ and
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Hilbert spaces (H", (-, -)g») with the inner product (h, ﬁ)yn = > (h, i~zi>H
for h == (h1,....,h,)7%, h = (iLl,...,}NLn)T € H™. Also, we define the following
spaces of operators. Lp s is the space of bounded operators from B to B, with
Lp = Lp . Thereby, A* denotes the adjoint of A € Lp /. Further, Sy 3 and
N33 are the spaces of Hilbert-Schmidt and nuclear operators from H to H/,
respectively, with Sy = Sy 3 and Ny = Ny . The meaning of A being an
Hilbert-Schmidt and nuclear operator is that its singular values are square and
absolutely summable, respectively. Moreover, for the norms of the mentioned
spaces holds || - ||z, ,, < || lls, 0 < I+ [Ing 50 - Also, we define the operator
h®h' = (h,)yh' for h € H,h' € H'. In all respects, we assume our random
elements to be defined on some common probability space (2,,P). For B-
valued processes (Xi)rez and (Yi)kez, Xn = Op(Y,) (for n — o) denotes
that (Xj/Yx)r is asymptotically P-stochastic bounded. For p € [1,00), L} =
L% (2,2, P) denotes the space of (classes of ) B-valued random variables X with
vp.8(X) = (E||X|%)/? < oo, we call a process (Xi)rez of B-valued random
variables Li;-process if Xj, € L for all k, and centered if E(X}) = 0p for all k
with expectation in Bochner-integral sense, see [16], p.40-45.

This article is organized as follows. Section 2 studies probabilistic features of
our (G)ARCH processes. Section 3 introduces parameter estimators and derives
upper bounds. Section 4 conducts a simulation study. Section 5 summarizes the
main results and gives an outline for future research. Section 6 contains proofs.

2. Functional ARCH and GARCH models

Here, probabilistic features of F-valued ARCH and GARCH processes for any
order are derived. F stands either for LP[0, 1] with p € [1, 00), or for a separable
Banach space of functions f: [0,1] — R endowed with the supremum norm ||-||so
and being closed w.r.t. the pointwise product ©. Latter is especially satisfied
for C0, 1], but not for L*>°[0, 1] which is closed w.r.t. ® but inseparable. We de-
duce sufficient conditions for the existence of strictly stationary solutions, finite
moments and weak dependence. But firstly, we formally define our processes.

Definition 2.1. Let p € N,q € Ny. Further, let (ex)rez be an i.i.d. F-valued
process, 0 € Fs ¢ and oy, f; € L with oy, B F>o — F>q for all i,j. Then, if

P q
Zi=eOon, o =0+ a(ZZ)+ Y Biloi) (2.1)

i=1 j=1

holds a.s. for all k, the F-valued process (Zk)r is an ARCH(p) process if q =0
and o, # Oz, , and a GARCH(p, q) process if q € N and oy # Oz, Bq # Oz, -

Throughout, «;, 5}, 9, ek, 9, q, 0k, Zj, are the variables in the equations (2.1),
with o; = 8; = 0z, for i > p, j > q, and we write v :=pV q,5 := p + q. Defining
our ARCH model through (2.1) with q = 0 allows us to derive assertions for our
ARCH and GARCH processes simultaneously. (2.1) differs to (1.1) and (1.2)
for real-valued ARCH and GARCH, respectively, as follows. First, ¢, and oy in
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the left equation in (2.1) are assembled not through a common but a pointwise
product, being well-defined for our spaces F' endowed with the norm || - ||oo,
and for LP[0, 1] spaces additional assumptions are needed. Second, ¢ is a vector
and «;, B; are operators, instead of being scalars in the real-valued case. For the
operators when mapping from L?[0, 1], further conditions are needed to ensure
well-definedness. Third, the conditional variance o of 2}, given the past has to
be interpreted as a function rather than a non-negative number as usual.

2.1. Strictly stationary solutions

The identity (2.1) implies the state-space form

(pa) _ g(p,a) (pa) o (pa)y .
G =6+ V(g = (2.2)
92 A - 21 [Char -+ oo oor Doy TPy -0 oo oo DB 92
V&% 005 Ig Ogp =0 oo Ogp Ogp Ogp ooo oo O P
2 Op . 22
: : 0[;1_, ]IF OLF ce. OgF 01;1, . e OLF :
%;}HQ O 5 : E : %13—21:“
-%fk_f_*_l _ OF + Ocp oo Ogp Ip Ogp O o Ogp Oz Ogp %o—p
9 ) a Cee e g Bi e e e By (71@271
oy Or Oge Ogp oo oo Oz e Ogp v v Ogy oy
. OLF OCF 0£F ]IF OLF OLF :
Ukzﬂﬁ? gF o,?aw
- Ok—q+1 - - L O o Ogp Oz Oy Ogp oo Oy I Og |5 %-a 4

Thereby, [ in the matrix above are operators mapping from FtoF , with
Dk(f)::f®8lg7 f€F7
where F' denotes a function space defined by

N T
Fo= { ! ’ (2.3)

F, if F is a Banach space w.r.t. || - ||o-

Using the modification F of the initial space F' in the definition of [Jj; ensures
well-definedness, at least if €7 € F a.s. holds. If the i.i.d. errors g satisfy

Eln(1V [|gg]|z) < oo, (2.4)

then in particular ||e3||; < 00 a.s. Thus indeed &} € F" a.s. for all k which implies
that [g is a well-defined operator a.s., and also bounded with

10kl < NIl as. (2.5)

F,F —

Hence, g,gp’q), Elgp’q) € F*a.s., and \Ilk(p’q) € Lps as. if §, Ei,a,ffq, ey OF € Fas.
Moreover, (2.4) and || - ||z, < || - ||z, , imply (see [23], p.28)

Eln(1 v [[%"Y)|,,.) < 0. (2.6)
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Since (\Ilk(p’q)k is i.i.d. and || - ||z is sub-multiplicative, [18], Theorem 6 yields
— Jim 2 (P0) @ (0:) gy (P)
~# .:klggoEElnH‘I'k B AR A HLFs

= Jim In [PV GPD PO s, 27)

k—o0

where ~(#-9) is the top Lyapunov exponent of (lIlk(p’q)k, with v(#9) € [—00, 00).

Remark 2.1. (a) The state-space form (2.2) rests upon the version in [11] used
for real-valued GARCH(p, q) (and ARCH(p)) processes.

(b) Aside from the fact that the condition (2.4) is applicable for a large number
of spaces, it is due to || -||; < ||-||o for any F in (2.3) also milder than the
condition Eln(1V ||e3||o) < oo in [6] where assertions for L?[0, 1]-valued
GARCH(p, q) processes were derived.

We are now in the position to state sufficient conditions for the existence of
non-anticipative, strictly stationary solutions of our ARCH(p) and GARCH(p, q)
processes. Thereby, a process (Y} )rez is non-anticipative w.r.t. some F-valued
process (e )rez if there exists a measurable function f: F°*° — F so that

Y;c = f(é‘k,&‘k,h...) (28)

holds a.s. for all k. If (e )gez is strictly stationary and ergodic, which is especially
the case if () is i.i.d., (2.8) implies that (Y}) is also strictly stationary and
ergodic, see [32], Theorem 3.5.8.

Theorem 2.1. Let the requirements in Definition 2.1 hold, and also (2.4),
0 € Fyo and oy, B85 € L jp for all i, 7.

(a) If
AP0 <, (2.9)

the equations in (2.1) have an almost surely unique, strictly stationary,

non-anticipative w.r.t. (ex)r and ergodic solution where U,f = f(ek-1,

€k—2,...) a.8. holds for all k for some measurable function f: F*° — F.
(b) The equation (2.9) is satisfied if for some n € N and v > 0 holds

O =B |0 er) eV <1 (2.10)

Remark 2.2. (a) Theorem 2.1 generalizes Theorems 2.1, 2.3 in [14], 2.1-2.2
in [2] and 1 in [6]. That is because it provides sufficient conditions for
strictly stationary solutions ARCH and GARCH processes for any order
with values in F' = LP[0,1] with p € [1,00) and in our Banach spaces F'
endowed with || - ||, closed w.r.t. @ (this includes C|0, 1]), whereas [2],
[14] discussed ARCH(1) resp. GARCH(1, 1) in C[0, 1] and L?[0, 1], and [6]
discussed GARCH for any order in L?[0, 1]. Further, we imposed bounded
instead of integral operators which is more restricting, and the condition
(2.4), on which the definition of v#+% is built, is milder than that of [6], see
Remark 2.1 (b), thus (2.9) is more general.
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(b) The condition (2.10), which is new for p V q > 1 as far as we know, is
stricter but easier to validate than (2.9), see Section 4.

(¢) In the scalar case, a condition as (2.9) is also necessary for the existence of
strictly stationary solutions, see [11]. However, [6], Remark 1, which also
applies here, notes that proving (2.9) to be a necessary condition is diffi-
cult, since norms in infinite-dimensional Banach spaces are not equivalent.

(d) [6], Proposition 1 also applies here. Thus, under (2.4) and (2.9), a sufficient
condition for the existence of a pointwise second-order stationary solution
of (2.1) is, that the spectral radius satisfies p(E(\II(()p’q))) < 1, with random

matrix \Il(()p’q) in (2.2) and expectation in Bochner-integral sense.
(e) For detailed examples of parameters and innovations for which both the
initial requirements of Theorem 2.1 and (2.10) hold, see Section 4.

2.2. Finite moments and weak dependence

Based on ideas in [2], [14], and with (2.10), we now deduce sufficient con-
ditions for the existence of finite moments and weak dependence in sense of
LP-m-approximibility for our F-valued ARCH(p) and GARCH(p, q) processes.
Thereby, a process (Y )xez is Ly.-m-approzimable for p > 1if Yy, = f(ex, ek—1, ...)
a.s. for all k for some i.i.d. F-valued process (gi)rez and a measurable function
f: F° — F, and if

> v (Y=Y, ™) < oo, (2.11)

m=1

. k k

with Y™ = f(er, b1, s ehomptr e etF) ) and vy p(-) = (B||-|[B)Y/7,
where (s,(cn))kez are independent copies of (ex)gez for all n. Further, we call
(Ye)kez geometrically LY.-m-approzimable if (V)i is Ly.-m-approximable with
Vp (Y — ngbm)) = O(p™) for some p € (0, 1). For each m, (Yk(m))kez are strictly
stationary, m-dependent processes, and Yk(m) equals Yy in distribution. Lf.-m-
approximibility of a process thus means that it is non-anticipative w.r.t. another
process and can be approximated by some m-dependent process so that the
approximation errors measured by the LY-norm 1, p(-) are summable. For a
detailed introduction to LP-m-approximibility, see [15].

Lemma 2.1. For some n € N,v > 0, let E||5§||Il; < oo and (2.10) hold. Then,

() BlI231% < 00 and El|oF|[% < oo;
(b) (232 is geom. Li-m- and (of)x is geom. LY -m-approzimable.

Remark 2.3. (a) As far as we are aware, both parts of Lemma 2.1 are new for
functional ARCH(p) with p > 1 and part (b) for functional GARCH(p, q)
processes with p V g > 1. Lemma 2.1 also extends the theories regarding
finite v-th moments with v > 0 and weak dependence in [14] and [2] where
only C[0,1]- and s#-valued ARCH(1) resp. GARCH(1, 1) processes with
A = L?[0,1] were discussed, and it extends [6], Proposition 2.
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(b) [6], Proposition 2 gives a statement for finite moments without using a
moment condition as (2.10) for #-valued GARCH processes for any order.
They concluded that E||e3]|7, < oo for some 7 € (0,1), (2.9) and (2%)
being a strictly stationary solution of (2.1) implies that there exists s €
(0,7) such that E||22||5, < oo and E||o3]|5, < co. By following the lines
of their proof, it becomes clear that this proposition also applies to any of
our F-valued (G)ARCH processes.

(¢) The proofs of Theorem 2.1 and Lemma 2.1 neither rely on the fact that our
spaces consist of real-valued functions with domain [0, 1] nor on specific
features of their norms. Hence, these results are likely to be carried out
on further separable Banach and Hilbert spaces, provided the (G)ARCH
equations (2.1) are well-defined and prerequisites hold. It might be useful
to extend our processes, where n € N, on separable Banach spaces C™(D)
of functions on a compact domain D for which the n-th derivative is
continuous, L2[0,1]", separable Sobolev spaces (see [8]), B" H" Lp and
S# where B and H denote separable Banach resp. Hilbert spaces, etc.

3. Estimation procedure and asymptotics

In this section, estimators for the parameters ¢ and «;, 8; of #-valued ARCH(p)
and GARCH(p, q) processes with known orders p,q € N with # = L2[0,1] are
established and asymptotic upper bounds of the estimation errors are deduced.
The reason for restricting the estimation on L?[0, 1], the only separable Hilbert
space for which our (G)ARCH processes are defined, is that then an inner prod-
uct is at hand. The notion of an adjoint and of specific operators, e.g. covariance
operators, then becomes easier to grasp and verifying required auxiliary results
less cumbersome. Nevertheless, conducting our estimation procedure on separa-
ble Banach spaces is conceivable, since on these spaces covariance operators etc.
can be defined (see [5]) and operator estimation was already executed (see e.g.
[30]). Hereinafter, we put 5 := L*[0,1], and for assertions regarding (G)ARCH
we throughout impose the following.

Assumption 3.1. 6 € <%.”>o,ai,ﬂj € Sy N Ly, 4 for all i and j, E||e2 H4 < 00,
B(2(1) = 1 (3.1)

for A-a.e. t € [0, 1], and there are n € N and v = 4 with (2.10).
(3.1) implies E(2Z;2(t)) = E(0?(t)) for A-a.e. t and all k. Thus, (2.1) yields

q
%—Vk‘FZ O‘z"’ﬁz %ﬁ‘ i +Z /6] Vi — ] (32)
J=1

=1

a.s. for all k where a; = B8; = O, for i > p,j > q, 2 = 22 — mo with
my = B(2) and ;= 22 ; — of_;. Hence, & = (2;)y is an J-valued
AR(p) resp. ARMA(x,q) process if ¢ = 0 resp. q € N, with stationary but
not i.i.d. innovation process v := (1} ). Both £ and v are centered, stationary,
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non-anticipative w.r.t. (g )y and geometrically L},-m-approximable. For general
functional AR(MA) processes and their applications, we refer to [5], [19], [31].

When estimating the operators in our ARCH(p) and GARCH(p, q) model, we
use the related AR(p) resp. ARMA(r, q) equation (3.2), their associated Yule-
Walker equation which we establish later, and also impose the following.
Assumption 3.2. 0 € £°[0,1], a4, B € Lyp, (0,1 for all 4,7, ||}, g ,, < 1 where
o= Zle a; + 22:1 B;, and there is no closed, affine subspace U C . such
that P(e2 € U) = 1.
Lemma 3.1. Let Assumptions 8.1-3.2 hold. Then, there is no closed subspace
V C S such that P(ZE €V)=1,P(yeV)=1,P(Z V) =1, and the co-
variance operators 6.e2, 6o, a2, 6o, and 6y, , see Definition 3.1, are injective.

For our estimation procedure of the (G)ARCH parameters in (2.1), we need
further assumptions and asymptotic upper bounds of estimation errors for spe-
cific moments, operators, eigenvalues and eigenfunctions, all related to processes
with values in separable Hilbert spaces. These are stated for general, separable
Hilbert spaces, hereafter denoted by (H, (-, -y%), (H', (-, )#n/) and (H", (-, )3).
Also, we discuss estimating operators within a composition of operators in a
general manner which can be applied to our Yule-Walker equations from which
estimators for the ARCH and GARCH operators are derived.

We start with estimating moments.

Lemma 3.2. Let X = (Xg)rez be an L;l_[-m-approximable process. Then
N
iy =y (X)=N"Y" X/ (3.3)
i=1

is an unbiased esimator for m; = my(X) = E(X}) for1=1,2 and N € N with
E||riy —m|[3, = O(N ). (3.4)

The Yule-Walker equations for the estimation procedure of our (G)ARCH op-
erators contain lag-h-covariance operators of processes and some modifications,
known as lag-h-cross-covariance operators of two processes.

Definition 3.1. Let X = (Xj)kez be a stationary L3,-valued process and let
h € Z. Then, the lag-h-covariance operator of X is defined by
6, = %h;X = E[(XO — ml) X (Xh - ml)], (3.5)

with my; = mq(X) = E(X7), and its empirical version by

N ~ ~
th = Cg}yx = Nh1*1 Zk:\hHl(Xk —111) @ (Xprn —111), 1=N <h <0,
’ e ey (X — 1i0) @ (X — 1i01), 0<h<N-1

(3.6)

where hy = My (X) = N, ' Zf\il Xiy Ny =N — |h| and N e N, |h| < N — 1.
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Lag-h-covariance operators é;,: H — H and its empirical versions ‘fh: H —
‘H are nuclear resp. bounded operators with finite-dimensional image, short %, €
Ny and 6, € Fy, with € = €., and 6 = €, for all h. G, briefly called
covariance operator, and its empirical version % is also selfadjoint and positive
semi-definite. Our lag-h-covariance operators can be approximated for fixed h
and the absolute value of h tending to infinity not too fast, as follows.

Lemma 3.3. Let X = (Xj)kez be an L;l_[-m-approximable process. Then

Op(N7Y, if h € Z is fized,

Op(hN7Y), if h=hy=Z(1,N). (3.7)

16 - - |
This result enables deriving upper bounds for further operators which we use
in our estimation procedure. Amongst others, for the operators
Sdm = Cxy(d), Xusm= E[Xd(d) @ Xaym] and &q:= €, x(a) = E[Xa(d) ® Xa(d)],
where X (d) = (Xi(d))xez with d € N stands for an H%-valued processes with
Xi(d) == (Xp, Xp—1.00y Xp—ar1) T, kez,

with entries of a centered process X = (X} )rez. The idea to use such operators
is based on [3]. Thereby, G4 € Nyay and Sg€ Nya with (see [23], p.56)

1S amllng, < VAEIXoll,  and  [|8ullng,. = dEI1Xol 3. (3.8)

Given a sample X1, ..., Xy of X with N > d, for the operators

Na

D (X paoa(d) — i (XP(d) @ (X2 — (X)), (3.9)
k=1

Sur= N T

with Ny:=N—d, 1y (X2(d)):= Ny ' S20 X2,, 1 (d),ina (X2) =Ny 'S0 X2,

holds due to (3.7) (see [23], Definition and properties 4.36):
Op(N~Y), if d € N is fixed,

3.10
Op(d2N~Y), if d=dy =Z(1,N). (3.10)

1641 — Saalls,,,, = {

Further, using the empirical version of the covariance operator G, defined by

Na
A 1 S 7
Gy= Ny —1 Z (Xira—1(d) — 1 (X*(d))) @ (X 1q—1(d) — 17 (X3(d))),
k=1
(3.11)
leads to
A Op(N—1) if d € N is fixed
6 . 6 2 _ ? ’ 312
G4 dHSHd {O]p(dSNl), if d=dy=Z=(1,N). ( )
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More probabilistic features and asymptotics of (lag-h-)covariance and cross-
covariance operators can be found in [5] and [16], and [28] thoroughly studied
the asymptotics of lag-h-cross-covariance operators.

Now, we derive asymptotic upper bounds of the estimation errors for the
eigenvalues and eigenfunctions of a compact, self-adjoint, positive semi-definite
operator JZ € L1;. We impose this operator to be estimated by a sequence
(Ji%v) ~Nen C Ly of compact, self-adjoint, positive semi-definite operators, where
each depends on N observations of a stationary process X = (Xj)kez.
Thereby, (€;)jen resp. (%j)jeN represent the eigenfunction and (k;)jen resp.
(l%j)jeN the associated w.l.o.g. monotonically decreasing eigenvalue sequences

of & resp. . For this purpose, we need
la; = bl < [|[A=Bllg,, jeN (3.13)

This is true according to [5], Lemma 4.2 where A, B € K3 have the singular
value decompositions A =377 a;(a;®aj) resp. B =3 72 bi(b; @ b)).

Corollary 3.1. Let ||y — X ||Z,,= Op(an) hold where ay = E[N~',1). Then

sup (kj — k;)? = Op(an). (3.14)
jEN
Moreover, if kyy, = E[\/an, 1] holds where by = Q(1), then
]Abe = O]p(kbN) and kbN = O]p(]AﬂbN). (315)

(3.15) is used in various conversions in proofs, and means the eigenvalues in-
dexed by a constant or a sufficiently slowly decaying sequence are asymptotically
equal to their empirical versions up to a multiplicative constant in some sense.

Eigenfunctions are unambiguously determined except for their sign. Hence,
we estimate the eigenfunctions €; of Jy if %j L& as. by

E; = Sgl’l(<fj,fj>’;.[)éj (316)

where sgn is the signum function. According to [5], Lemma 4.3, which can be
generalized to any compact, self-adjoint, positive semi-definite operator,

18— &l < Yl — H ey, GEN (3.17)

holds if the eigenspace of k; is one-dimensional. Thereby, 1 = 2v/2y; and
Fj = 2v2(yj-1V ;) for j > 1, where

= (k= ki)™ JeN (3.18)

are the reciprocal spectral gaps. The problem in using %3 to estimate & is, that

%j L ¢ as. and thus sgn((%j,kj>y) # 0 a.s. is not guaranteed for all j, N, but
needed to obtain our upper bounds of the estimation errors for the operators in
the J#-valued (G)ARCH model. Therefore, we modify €; in the following way.
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Let (hj)jen be a CONS of H and let ((j)jen be a sequence of i.i.d., N(0,1)-
distributed random variables, independent of the observations of X . Then

N Gl
E;/ = Ej +Z 2N
=1

is well-defined for all j, N with %;’ L ¢ as., hence sgn((%’, ¢)2/) # 0 a.s. Thus
we estimate €; with

(3.19)

= sgn((E/,€)30) ;. (3.20)
Thereby, (%;-”)j is a CONS of H a.s. according to the spectral theorem.

Assumption 3.3. For all j, k; # kj11 and k(j) = k; holds where k: R > R is a
convex function.

If 27 is injective and if the eigenvalues of J# satisfy Assumption 3.3, then

k‘1>k‘2>"'>0, (321)
and for any sequence m=my =(1), due to convexity of x, holds
sup 35 = Ym = Q(k;1). (3.22)
j<m

Thereby, whether the sequence +,, is asymptotically equal to or increases faster
than k;,,! depends on the precise decay rate of the eigenvalues k,,. E.g. k,, < e™™
implies 7, < e™ =< k.1, and k,, < m~? yields 7, < m3 but k! < m?.
Lemma 3.4. Let ¢ be injective, let Assumption 3.3 and || — ANz, =
Op(ay) with ay ==Z[N~% 1) hold. Then,

18"~ &ll3= Op(an), jeN. (3.23)
Furthermore, for sequences m=my =(1) with v2 ax = o(1) holds
Sup 18— &1, = Op(v2.an). (3.24)
jsm

The last preparatory step concerns estimating operators within a composition
of operators, to be precise, of bounded operators B € L4/9 in equations as

A=BC (3.25)

with A € Ly 3, C € L3 . Identifiability of B in (3.25), meaning BC = BC
implies B = B, is only guaranteed if B has dense image. C' is not necessarily
invertible, and if it is invertible and compact, it has no bounded inverse which
would be desirable for further conversions. However, a generalized inverse

Cti=C*(CC* + b,ly) ! (3.26)

of C, where (by)nen C (0,00) is a null sequence, is invertible and bounded,
and C* := CC'is in a sense close to Iy,. When estimating operators without
projecting them on a finite-dimensional subspace, we also impose the following.
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Assumption 3.4. Let S € Sy 3 and let (¢;5); jen be a CONS of Sy 3. Then,
we say that (5, (¢i;),;) satisfies the Sobolev condition for g > 0 if

Z S, ¢ij)3,,,., (1 + 7+ %) < 0. (3.27)

With Z¢:={¢;;|i,j € N,iV j >m} and m=mpy — oo, (3.27) yields

IITTS] |‘29u,w = D (8,6i))%,,, < (1+m*)71 Y (S, i) 5, 0 (1027457
P iVi>m i,j=1
=0(m™?7). (3.28)

This identity is very benefical when estimating the completely observed opera-
tor, as can be seen in proofs of various subsequent assertions.

Remark 3.1. (a) Generalized inverses are commonly used for estimating op-
erators in FDA and FTSA. For instance, [26] utilized a generalized inverse
as (3.26) for estimating parameters relating to their continuous random
surfaces, and [25] regularized their covariance operator by finitely truncat-
ing the spectral decomposition of its inverse. For a comprehensive analysis
regarding generalized inverses, see Tikhonov and Arsenin [33].

(b) As far as we are aware, a Sobolov condition as (3.27) is new when esti-
mating (G)ARCH operators, see [2], [6], [13].

3.1. Estimation of § in functional ARCH and GARCH

We derive an estimator for § of #-valued ARCH and GARCH processes for
any order from ideas in [14] for estimating § in ARCH(1). Taking the expected
value on both sides of the right equation in (2.1) leads under Assumption 3.1 to

T

0 =mg — Z (a; + Bi)(m2), (3.29)

=1

witht =pVqand oy = B; =0, for ¢ > p,j > q. As an estimator for §, with
estimators &;, 3; for a;, B; and g == N1 Zi\il 2%, we thus propose

0=ty = (é:+ B)(1i2). (3.30)

i=1

Theorem 3.1. Let Assumption 3.1 hold. Then,

16 = 8lle = Op(N"2) + 3~ Oplldi — cillz,e + Opllfi = Bill - (3:31)

i=1
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In Sections 3.2-3.3 emerges that the estimation errors for any operator decay
at most as fast as N~1/2. Hence, due to Theorem 3.1 and since t = p V q is
finite,

16 — 6l|5e= Op|lar — arllc,,  resp. |16 —8]le= OB — Billce

if for all 4, j holds ||&x — akllz,, = Op||&: — ||z, as well as ||Gr — akllc,, =
O]PHﬁAj_Bjuﬁjg for some k, resp. Hﬁl‘ﬁl”ﬁf = O]PH&i_aiHLygand Hﬂl_/BlHL% _
Or||8; — Bjl| £, for some 1.

3.2. Operator estimation in functional ARCH

In the following, & = (2% )kez is an J-valued ARCH(p) process with p € N.
Under Assumption 3.1, 2= (25 )kez = (2,2 — m2)kez with mo:=E(2;?) is an
-valued AR(p) process with innovation process v:= (v )rez = (2,2 — 07 )kez,
see p.4328. Furthermore, Z(p) := (Z%(p))rez satisfies

Z:(p) = e(p) + A1 (Zi1(p)) =

‘%C l/k al ... ... e ap %{:—1
%@‘71 Oﬁf ]Iﬁf Ocjf e e Oﬁy %672
— | [ +£1]0ze Lw Oz, --- Oz,

%f—p-&-Z O %f—p-&-l
%(:7)3%»1 Q}f Oﬁﬂ T O[,f Hﬁf 0[,3? %ﬂ‘*p

a.s. for all k. The operator
g =lon - ap)
is an element of Syr» » and satisfies the Yule-Walker equation
6p71 = a[p] Gp, (3.32)

with &p1 = b (p), 2, .1, Op = Co,27p)- Since &y is injective as a consequence of
Lemma 3.1 (see [23], Lemma 4.35), cvp) can be identified from (3.32). As an
estimator we thus impose

Cp K tp K
b= G 1 G [ = 616, (67 + on L) [ [ - (3.33)
Cp,1 Epyl

Thereby, K € N, (9n)nveny € N with 9y — 0,¢,1, ..., ¢y x are the eigenfunctions
of ép associated to the first biggest eigenvalues ¢,; > -+ > ¢, x and ]_[z::( is
the operator projecting on lin{¢, 1, ..., ¢ x } C JEP.

Theorem 3.2. Let Assumptions 3.1-3.2 hold, and also Assumption 3.3 for
the eigenvalue sequence (cp;)ien of Sp. Let (Ppij)ijen be the CONS of Syev
defined by By, ;; :==r¢,,;Q¢; for alli, j where (¢;)jen C S denotes the eigenfunction
sequences of the covariance operator 6y.g. Moreover, the sequence (Un)n in

(3.33) satisfies Oy =O(N~1/?).



(a)

(b)
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Let fp i = {Ppuj|1 < i, < K} with K € N. If (op)(cp1), ) = 0 holds
forall 5,1 e N withl < K < j, then

e T ewlls,, , = Or@¥ ) (3.34)
HoK

Let (o), (Ppij)i,j) satisfy Assumption 3.4 for some 3 > 0, and let K =
Ky =Z(1,N) be a sequence with c;ivgﬁKKmH =O(N), where vp x =

_ K . _
(cp. — cprc41)” s and 21:1(%2;%191\,)2 2>k (o) (epa) ¢j)3 = O(K 7).
Then,

|Gy — a[p]H%M”: Op(K 7). (3.35)

Remark 3.2. (a) As far as we know, estimating ARCH operators by a Yule-

Walker approach is new, as is the estimation of complete ARCH operators
and of ARCH(p) operators projected on a finite-dimensional subspace for
p > 1 as in Theorem 3.2 (a). For p = 1, however, a similar version of
Theorem 3.2 (a) was already stated in [14] where the ARCH(1) operator
was imposed to be an integral operator and the finite expansion of its
kernel was estimated with the same convergence rate.

The assumption () (cpy), ¢j)r = 0 for all j, 1 with | < K < j in Theorem
3.2 (a), being milder than imposing ap, and &, commute and similar to
the condition in [34] for estimating their MA(1) operator, and the weaker
version in (b) is necessary for technical conversions in the proof.
Regarding the choice of K in Theorem 3.2 (a), [14] outlined that empirical
results in [7] showed that K = 2,3, 4 provide best results due to a bias
variance trade-off, that it is practical to choose K as the largest integer so
that for the empirical eigenvalues holds éx /¢ > C' for some threshold C,
and that [36] proposed cross-validation to chose K. Since the threshold C
is difficult to interpret, we propose to choose K as the first integer so that
for some w € (0,1) holds Zfil @/Zf\il ¢ > (1 —w), provided a sample
with sample size IV is given. Then, w is interpretable as a maximal weight
describing a relative proportion of information one allows to neglect.

In Theorem 3.2 (b), due to (3.35), K = Ky should be chosen so that it
increases as fast as possible, provided all requirements are met, and the
greater the variable 8 in the Sobolev condition, which describes the level
of approximibility of an operator by a given CONS, the better.

Since we avoided imposing a specific representation of the given ARCH op-
erators, e.g. an integral operator representation, the assertion of Theorem
3.2 is independent of the particular structure of the given Hilbert space
A = L?[0,1]. Thus, Theorem 3.2 can be extended to further separable
Hilbert spaces, provided the ARCH processes are well-defined.

Theorem 3.2 rests on the Yule-Walker equation (3.32) containing the op-
erators &, and &, being based on an AR derived from an ARCH process
which is more restrictive than assuming an arbitrary AR process. Hence,
Theorem 3.2 also holds for the operators of 7#-valued AR processes.
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The subsequent example illustrates explicit asymptotic upper bounds (3.35)
of the estimation errors for the complete ARCH operators and how to choose
K = Ky, given the asymptotic behaviour of the eigenvalue sequence (¢ ;); of
the covariance operator &, in the Yule-Walker equation (3.32) is known.

Ezxzample 3.1. Let the assumptions of Theorem 3.2 hold.

(a) Assume cp nv < e %, and let Ky =1+ Lli(ﬁ)J for all N € N for some
b > 0. Then, K = Ky =Z(1,N), 7p,x < (7K — e E+D)=L o K and

C;,%(’Yg,KKwH = N+ lnw“(N) = O(N). Thus, Theorem 3.2 yields
|l éugp) — a[p]“?%fp_%: Op(In"*’(N)).

(b) Impose ¢y n < N~ ¢ for some a > 1. Further, Ky = LN3+4;+2ﬁJ for all
N € N. Then, K =Ky =Z(1, N), 7p.x = (K~¢ — (K +1)~9)~! < Ko+1,
thus ¢, 572  K2AT1 < K3149728 < N. Hence, after Theorem 3.2:

~ 28
&) — agll3,, = Op (N~ 70727).

3.3. Operator estimation in functional GARCH

Hereinafter, & = (2 )kez is an s-valued GARCH(p, q) with p,q € N, and
% = (Zi)kez = (2,2 — m2)kez the corresponding ARMA((t, q) process, where
v =pVq, with innovation process v:= (v )rez = (232 — 07 )kez, see p.4328. We
derive estimators for the operators in GARCH processes from those for operators
of & represented as an inverted process. The operators of both processes, as
in the estimation procedure for the complete ARCH operators, are estimated
by generalized inverses based on certain Yule-Walker equations, provided that
specific Sobolev conditions are satisfied. To this end, we impose the following.

Assumption 3.5. Zis an invertible linear process w.r.t. v and satisfies

L=+ Y m( %) (3.36)
i=1
a.s. for all k, with (m;);en C Swand Yoo [|m||s,, <oo.

With o; = 8; = 0g,, for i > p,j > q, the representations (3.2), (3.36) yield

(i—1)Aq

%= + Z (ai + Z ﬁjﬂ'ifj)(%v*i)
i—1 =

a.s. for all k. If Assumptions 3.1-3.2 hold, there is no closed subspace V' C 57
with P(Z) € V) = 1, which implies (see e.g. [23], Lemma 4.48 and Remark 4.49)

(i—1)Aq
= ; + Z /Bjﬂ—ifja i € N. (337)

Jj=1
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This identity, since o; =0, for ¢ > p, implies
I T
: T
M= Bimaj=[P1P2 Bu)[TerTar - m] = By g
=1
where § = p + q. The solution B is unique iff the image of 7T[p | € Sy ea lies

dense which is impossible due to %” C 9. Therefore, we establish estimators

for 31, ..., Bq based on the equation
Ts4-q—1 Ts4+q—2 Ts4q—3 Ts—1
Ts+q—2 Ts+q—3 Tst+q—4 Ts—2
Tis,q) = Bl H[%] = ) = [51 Ba - ﬁq] . )
Ts Ts—1 Ts—2 ce Ty
(3.38)

However, before we establish an estimator for B and thus for the operators
B1, ..., Bq, we clarify that the image of H 1€ Syra can lie dense.

Ezample 3.2. Let oy = ;= 0, hold for ¢ #p,] #q,and let v:=o0p =064 €S
be an injective, self-adjoint operator with v # 0, and ||7||s, < 1. Then, since
(3.37) yields 7, = 7" for all m =p + (k—1)q for some k € N and 7, = O,
otherwise, and since operator-valued matrices A = (a;;);,; satisfy A* = (a};)i

_ ok _ -
04%’ to Oﬁﬁ?{’ ’72 Oﬁ%) 0[2%‘ to 0[2%4 '72 Oﬁﬁﬁ‘
H[57q] = OLW . . . = Oﬁ‘% . . = H[57q].
,YQ = : O,ny ,_Y2 K . O,ng’
Op, -+ - O, 7 Op, -+ - O, 7

Hence, since v and thus 42 are injective and selfadjoint, H[s, al has dense image.

Due to (3.38), analogously to (3.33), we use

”H[sq]H

Os,q:M

Os,q;1

9s,q;M

HM(HMHMWNHM) T 39

5,051

to estimate ,E)'[q]. Thereby,

s q = [A5+q71 Moq2 * " 7%5] (3.40)
is an element of Syra %, and the operator valued matrix
7}5+q72 7?‘—5+q73 7%5,1
- 7}5+q—3 7%5+q—4 Ts—2
1L, .= : . : (3.41)
[s,q] :
7?('5,1 7%572 ﬁ-lJ
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is an element of Syeq. For any k, 7, stands for the estimator of m, which we
obtain by choosing the k-th component of

EL)K EL,K
ﬁ'L’KZZ (%L,Kézﬂ = 6&16[,(6%4—191\7]1%%)_1]_‘[ (3.42)
L1 L1

where (Ky)ven C N, (Iy)veny € N and (Un)nven € (0,00) are sequences with
K = Ky — 00,L = Ly — oo resp. 9y — 0 and where ¢11,...,¢r x are the
eigenfunctions of &, associated to the first biggest eigenvalues ér; > -+ > ¢1 k-
In (3.39), (My)nven €N and (Oyv)nven C (0, 00) are sequences with M = My — oo
resp. Oy — 0, and (gs,q;j)jen is the eigenfunction sequence of ﬂ[s)q] ]T[;m € Swa
with associated w.l.o.g. monotonically decreasing eigenvalue sequence (§s g )jen-
Because of (3.37), it is thus plausible to estimate «; for i =1, ..., p with

(i—DAa
Gy =T — Z BjTi—; (3.43)
j=1

where Bj is the j-th component of B[q], with &; = 7.
In order to establish upper bounds of the estimation errors for the GARCH
operators, we firstly derive those of the estimation errors for the operators ;.

Lemma 3.5. Let Assumptions 3.1-3.2, 3.5 hold. Let also § > 0,L = Ly =
Z(1,N), K=Ky=Z(1,VL"IN) and 9y = O(c%ﬁKK’ﬁ) hold. Thereby, (cr ;);
is the eigenvalue sequence of &p for which holds Assumption 3.3 for all L,

cok = QVI3N-), Zl]il( CL )zzj>K<7rL(cL,l),cj)§f = O(K’Zﬁ) where

ci,l+ﬂN
= [mom, and ep e DO e KN 4 (s plimil| 20 )?) = O(K~27) where
Yok = (cox — cnkx+1) . At last, we also impose that (m, (Pri5)i;), with

O ii=cr; ®¢; as in Theorem 3.2, satisfies Assumption 3.4 for all L for some
B > 0 being independent of L. Then, for all i € N holds

17— ml[5, = Op(K27). (3.44)

The conditions L=Ly=E(1,N), K =Ky =E(1, VLIN),9y = O(c; 5 K~*)
hold if (Kn)n, (Ln)n, (95 )N are chosen appropriately. The following example
outlines that there are sequences of operators (m;); being absolutely summable
w.r.t. || - ||s,, and that other more complex conditions in Lemma 3.5 are also
satisfiable, at least if some information about the eigenvalue sequences is given.

Ezample 3.3. As in Example 3.2, we impose o; = ;= O, for i #p,j # q, and

v = ap = By € Spe. Additionally, v = 377, &7(¢; ® ¢;) for some £ € (0, %),
which implies 7 # O, and [|7][5, = 2272, ¥ = % < 1. Also, for some a > 1,
we assume the mild condition (c(LZ-), ¢l = O(i™%) for i = oo for any j, L, n.

Due to (3.37) and our assumptions, 7, = v for m=p+(k,,—1)q with &, € N
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and 7, = Og,, otherwise. This implies with ||||s,, <1 and sub-multiplicativity:

D lmmllse < 3 I, < oo (3.45)
m=1 k=1

Now, we illustrate that (7w, (®r ;)i ;) can satisfy Assumption 3.4 for all L
for some S > 0 being independent of L. For L < p, this assumption is satisfied
here for any 3, since then 7y, = [m1 -+ - 7] = [0z, - - Oz, |- For L > p, we choose
kr € N such that p+ (k — 1)g < L < p + krg. Then, the relationship between
T, and v for all m, the features of v, and ®r, ;;(cz;) =0d;¢; for any [ imply

00 L
2 m 2
(mz, ‘I)L,ij%ﬂ’% = Z <7TL(CL,Z)7 (I)L7ij(cL7l)>jf = <Z Wm(C(L,i)% Cj>%
=1 m=1
1 2 A 1 2
<Z A (p+ m-1a). ]> <k Y gam((PHmDI) ¢ \2

m=1

Thus, since |£| < 1 and (c(Lny),c)%
a > 1/2, we obtain for any 8 € (0,a — 3):

I
2

2a) for i — oo and any j, L,n with

L)
> (m, (I)L,ij>§%4%(1 +i%0 4 %)
ij=1
kr, oo 00
< kL Z Z (1 + jQﬁ) £2jm Z (1 + i2B) <c2p’;r(m71)q)’ Cj>§f < 0.

m=1j=1 i=1

Hence, (7, (P 45)i,;) indeed can satisfy Assumption 3.4 for all L for some 5 > 0
independent of L.

At last, we validate some assumptions in Lemma 3.5 for the eigenvalues
which is generally difficult because their specific features are mostly unknown.
However, since &y, is nuclear, due to ¢z x < HGLHNHL and (3.8), we know ¢z g =
O(L) for L — oo for fixed K and ¢, x = o(K~') for K — oo for fixed L.
Both features are satisfied if, for instance, for K = Ky = 1+ K In(N)] and
L = Ly = |N*| for all N € N with b, K, L € (0,1) holds

LK X e Kb < NV-K — YL, K = (CL,K - CL,K+1)_1 = CZ’}{. (3.46)
Justifying such an asymptotic behaviour is difficult, but a priori not ruled out.
(3.46) implies L=2(1,N), K =Z(1, VL"IN), and Jy = O(ciKK_ﬁ) for any
B > 0if eg Oy = N2(L=K)=c 5 a]l N for some ¢ > 0, and also (LK =

Q(VL3N-1) if (3 —2b)L + 2K < 1 which is true e.g. for K = L = + Land b=
Moreover, our assumptions, (m(cr;), ;)% = <7rL,<I>L7l]>S%L, for any j,0, L (see

above), £2™ < ¢IT™ for any j,m € N, and the fact that (¢z;); and (¢;); are
CONS of #" and 7, respectively, yield for any 5 > 0:

z 23 fmuen) o <kLzze+mz (prm=1a) ¢ y2
CLZ+19N

=1 I>K j>K m=0

3
1
see
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k K+1

LS LK — O(K %)

— (=92
Further, (3.45), || - [le,e < || - lls,, L7 = [55%] and |llls, < 1 leads to
Sisillmller € Yoo allls, o [1011E, < []]§, - Therefore, with (3.46),

K =Ky ~KIn(N)and L = Ly ~ NL for K, L € (0,1), we get for any 8 > 0,

L (KN T + (Ylimlle,))
I>L

< e J KLINT! < In(N)NAEHA=DD=1 — (K =27)

if K+ (1-b)L < 1, which e.g. holds for K=1L= ¢ and b= 2 as above.

Before we turn to the estimation errors for the GARCH operators, we would
like to mention that Lemma 3.5 leads to upper bounds of the estimation errors
for the operators of linear processes which is, though not needed in this work,
interesting beyond (G)ARCH. Due to Assumption 3.5 where we imposed the
process Z = (Z2%)r to be both linear, that is 25, = vy + > oy ¥i(vk—i) a.s. for
all k for some sequence of bounded operators (¢;);en C L, and invertible with
the representation 27 = vy + 221 7 (Z%—;) a.s. for all k, we have

Py =y + i [imwi_]} (Vi) (3.47)

i=1 j=1

a.s. for all k. From this and the linear representation follows
= Zm’bi—j’ 1 €N, (348)
=1

where ¢y := [ 5, and thus ¥; € Sy for all i. Conversely, the linear representation
and (3.48) imply (3.47) due to Lemma 3.1.

Proposition 3.1. Let the assumptions of Lemma 3.5 hold. Then,
i A
Vi = Zﬁﬂﬁi_j, i €N, (3.49)
=1

where 1[)0 = Lyp, is a consistent estimator for ; with
|| — |3, = Op (K —27). (3.50)

Remark 3.3. Lemma 3.5 and Proposition 3.1 are transferable to further sep-
arable Hilbert spaces (see Remark 3.2), and are valid without the context of
(G)ARCH. Both results are possibly applicable on theories developed in [3]
and [20], and can be seen as advances of the Theorems 3.2-3.3 in [3] where
the operators in the linear process and the inverted representation were, based
on assertions regarding spectral density operators, consistently estimated but
without deriving an explicit rate.



Functional ARCH and GARCH models: A Yule-Walker approach 4341

For the sake of infering upper bounds for the GARCH operators, we need
that for the operators s  and []j; ;) in (3.38) holds, due to (3.44),

q—1
||7?r[s,q] - W[s,q]H%ﬂ;R% = Z || ftsi — Ws+i||§yf: O]p(K_w) (3.51)
i=0
and also
q—1 s5—1 9
HH [s.q] H[s al H[s q]H [s.q] ‘ Swa Zo H Z AT~ Moot ‘ ’s
,5=0  k=p
q—1 s—1
3303 (il ity — w113,
i.7=0 k=p
~ 2 * 2
i = ol B, 1t 113,
= Op(K~%). (3.52)
Furthermore, the identities (3.13), (3.52) and Corollary 3.1 yield
SUP (Jo.qj — Jsq)” = O(K~%) (3.53)

JjEN

where (gsq.)jen stands for the w.l.o.g. monotonically decreasing eigenvalue se-
quence associated to the eigenfunction sequence (gs.q;j )jen of H[s q]HTs q € Swa.

Moreover, if gsqnr = Z(K 7 1) with M = My = Z(1, N), Corollary 3.1 implies

s.aqm = Op(gsqnr)  and  gsqnr = Op(Jsginr)- (3.54)
If also H[s’q]HQq is injective and satisfies Assumption 3.3, Lemma 3.4 yiclds

sup 1824 — Baasl| 50 = Op (V2 s K77, (3.55)
i<

where Vs g0 = (gs,q:m — gs,gm+1) " are the reciprocal spectral gaps.
By using these upper bounds, we are now able to state an asymptotic upper
bound of the estimation errors for the complete GARCH operators.

Theorem 3.3. Let the assumptions of Lemma 3.5 hold. Let [, q]Hrs q be in-
jective and let its eigenvalue sequence (gsq;j); satisfy Assumption 3.5. Also, let

M= My =E(1,N), 0y = O(K5/2), yoqarK = o(1), g5.2) K ~# = O(M~2%)

as well as Y (5 gﬁlraN)QZj>M<ﬁ[q](gs,q¢),cjgf = O(M~2%) hold, and let

(Brap> (Teqsij)ini) where Yo g.ij = gsq: @ ¢ satisfy Assumption 5.4 for the same
B >0 as in Lemma 3.5. Then,

o O]P(K72ﬁ)7 1= 17
& — il 3, = { (3.56)

Op(M~=28), i=2..p,
and for j =1,...,q holds
18— BjlI%, = Op (M), (3.57)
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Remark 3.4. (a) To the best of our knowledge, estimating GARCH operators
by a Yule-Walker approach and explicit asymptotic upper bounds of their
estimation errors as deduced in Theorem 3.3 are new, as is estimating
GARCH(p, q) operators for pV q > 1. Theorem 3.3 extends theories devel-
oped both in Aue et al. [2] and Cerovecki et al. [6] where the parameters
of GARCH(1, 1) and GARCH(p, q) processes for arbitrary orders p,q € N,
respectively, were strongly consistently estimated, though without stating
explicit upper bounds for the estimation errors. [2] imposed both opera-
tors to be integral operators, their integral kernels and the shift term §
to be expressed by a finite linear combination, and estimated the coeffi-
cients in these finite expansions by a least squares estimator. [6] estimated
their parameters, inspired by the standard GARCH model, by a quasi-
maximum likelihood approach where the operators were also imposed to
be integral operators. For any order p, ¢, they assumed the parameters to
have a representation as a finite linear combination of which they esti-
mated their coefficients, and for p = q = 1 even the complete operators
were estimated. Moreover, both [2] and [6] deduced asymptotic normality
of the estimation errors in the finite-dimensional setup.

(b) In Theorem 3.3, as when estimating the complete operators of our ARCH
and invertible process, it is preferable that § is as large and that the
sequences K = Ky and M = My increase as fast as possible. Using
M = My, declaring the dimension of the subspace on what we project
when estimating 31, ..., 84 by means of B[q} in (3.39), instead of K = Ky,
provides an additional regulation parameter and thus more combinations
so that all requirements in Theorem 3.3 are met.

(¢) Theorem 3.3 can be generalized to further separable Hilbert spaces and
also holds for operators of .77-valued ARMA processes, since the estima-
tors for the GARCH operators were derived from operators associated to
ARMA, see also the arguments in Remark 3.2 (e)-(f).

We close this section by validating the assumptions in the Theorem for the
GARCH operators above and give examples of attainable upper bounds.

Example 3.4. Let all assumptions in Examples 3.2-3.3 hold. So, K = Ky ~
KIn(N),L = Ly ~ NX cp < 77 & =< NE=K and 9y < N2(CL-K)=¢ where

bK,Le (0,1) and ¢ > 0, and from the representation of H[s’q] follows

74 Oz -+ Oy

'74 OE%
N

Thus, due to y(¢;) = &¢; for any j with £ € (0,1), the eigenvalues of H[stq] are

Goqt = & Gsq2 = = Goga+t1 = & Gsqa+2 = &% Geqats = 0 = Gsag2qt2 =
€8 gsq2q+3 = €10 ..., with associated eigenfunctions gsqy = (O, ..., 0, ¢;)T €
Hforl=1+(j—1)(q+1) and Osqid = 0y ..., Oz, ¢, O, ...70330)T€ 9 with
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¢; positioned at k-th component with & =1,...,q—1forl = 1+k+(j—1)(q+1).
Further, H[zqu] is injective. Moreover, k(j) = ¢sq; for all j for some convex
function k: R — R, but (gsq;); does not fulfil the complete Assumption 3.3,
because gsq;j = gs,q;j+1 for some j. This, however, is not a real problem, since
assertions when imposing one-dimensional generally can be extended on multi-
dimensional eigenspaces by modifying the reciprocal spectral gaps, see [5]. For

such a modification, also denoted by ~s q.j, holds due to gs g, = €21 for some
function f: N — N with f(n) < n for all n,7vsq,; = (ng@ 20+ =1

20 = gt < €%, Then, with M = My = 1+ [§loge(K)| holds
M = E(1,N),YaquK? o gy K7 < ¢?MEP < K= = o(1) and
Galy K P < €MEP < K=5 = O(M~?%), and fy = In (N + 1) for all
N fulfils Oy = O(K ~27). Further, from Biq = [0z, » <y0z,,,7]%, the representa-
tions of the eigenfunctions gs 4y for any [ and 6y > 0 for all IV follows

M 2 oo
S (Y S By (ga) ) < 30D €2, o €M = 01~
=1 i>M

B¢—2
28
3

0
Ysq1 T ON J>M i=1

for any 8 > 0. Moreover, from the definition of ,B[q],%gs7q;z for all I, Y; q,45 for

all i, j, and (-, ), , follows (Bl Toqsif)d o, = 62080, )% = 1a,(0) 0k, ;€%

for some k; € N with k; < ¢ where Aq == {k|31 = [}, with ggqq)k— ¢;}. Then,

o

Z (Bra)s Yoqiid)g o, (1 + 777+ 5°)

ij=1

oo
= 3 LaE LK) < €1+ %) < oo
i=1 =1
for all 8> 0, in other words (Byq), (Ys,q5i5)1,5) fulfils Assumption 3.4 for all 3 > 0.
Provided that having multi-dimensional eigenspaces in our setup does not
cause a problem, all requirements of Theorem 3.3 are validated. Due to the
asymptotic behaviour of our sequences, Theorem 3.3 then yields

||A H2 O]P(IH_ZB(N»a 1=1,
Q;— Qy = _
T O™ (I(N))), i =2,.p,

and for j = 1,...,q holds due to M = My < In(K) and K = Ky < In(N),
18— Bill&, = Op(In~>*(In(N))).

Remark 3.5. Having just logarithmic decay rates in Example 3.4, is because we
exemplarily imposed a geometric decay of given eigenvalues. This made con-
versions less cumbersome since the reciprocal eigenvalues then are asympoti-
cally equal to the reciprocal spectral gaps up to a multiplicative constant. By
assuming a slower decay, but no too slow since our eigenvalues are absolutely-
summable, the proof of the requirements in Theorem 3.3 is possibly more diffi-
cult, though the convergence rates for the operators are better.
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4. Simulation

Herein, we illustrate some ARCH and GARCH processes in F' = ¢ = L?[0, 1]
and estimation errors for their parameters. Before we do this, § and operators
satisfying the requirements in Theorem 2.1 will be defined, and it will be shown
that under certain errors ¢j holds (2.10) which guarantees the existence of a
strictly stationary solution. Since verifying (2.10) is cumbersome for big s = p+q
(even for s = 3, see [23], p.92), we focus on ARCH(1) and GARCH(1, 1).

At first, we put

§(t) =001, telo,1]. (4.1)

Thereby, § € JA with F = 7 = L*[0,1]. Our two operators oy, 81 : S — A
are imposed to be integral operators since these easily can be illustrated. An
integral operator A: H — A is defined by (A(z)(t)) = fol a(s,t)x(s)ds for
x € At € 0,1] if the integral meant w.r.t. A exists, where a: [0,1]> — R is a
measurable function, the integral kernel of A. We define the integral kernels a;
of ay and by of B; for any s,t € [0,1] by

ai(s, ) = %Ks - %)2+ (t- %)2] bi(s,t) = éu _S22 (42)

Since ay,b; are non-negative, ai, 81 : #%g — H50, and oy, B € L, ,, because
Cauchy-Schwarz and Jensen’s inequality lead to finite norms, to be precise,

1 1
4 _ 4
loslly, . = swo [ ([ arsons)as)a

[[h]] 7 <1
1 1
< / / ai(s,t)dsdt ~ 8.041-10" = af, (4.3)
0 JO
1 ,r1
181llz, . < / / bi(s,t)dsdt ~ 3.014-107% = 3. (4.4)
’ 0 JO

Moreover, for any k € Z, we put

Zy + Bk(t)
t) = ———= a.s., t 1 4.
ex(t) Nip a.s., tel0,1], (4.5)
where Z ~ N(0,1), By = (Bi(t))icjo,1) is a Wiener process, and the random
variables ..., Z_1,B_1, Zy, By, Z1, By, ... are independent. Then, (e;)rez is an

i.i.d., centered process with go(t) ~ N(0,1) for all ¢, and thus E(e3(t)) = 1 and
E(e8(t)) = 105 for all t. Moreover, Fubini’s theorem yields

1
ElIlY = [ B(e) de = 10 (4.6)
i 0

which implies (2.4). Hence, all initial assumptions in Theorem 2.1 are satisfied.
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F1a 2. Three realizations of e1 (left), e2 (middle), e3 (right) in (4.5), with step width 1/1000.

For the state-space form \Ill(l’o) = [y ay in (2.2), with 6,y and innovations

in (4.5), holds due to (2.5), (4.3), (4.6) and Jensen’s inequality:
L= g2, < V10563 < 1.

Thus, (2.10) is verified, and due to Theorem 2.1, a strictly stationary #-valued
ARCH(1) process (2 ), with the shift term ¢ and the operator a; above exists.

Now, we also take (3; into our consideration. After Theorem 2.1, there also
exists a strictly stationary #-valued GARCH(1, 1) process (2% )r with §, oy, £1
and the innovations in (4.5), since the product of \112(1’1) and \1,1(1,1) in (2.2) fulfils

LD gD _ {52041 D2/51} {5101 D1ﬁ1] _ {DZQIDIOZI + 281 hanh By
2 . Iz Oc, || Le Og, Lo Ch B4

and that due to (2.5), (4.3), (4.4), (4.6), and since [y and [y are i.i.d., holds

e ol Zal Sl

2

<E||Haantion + EoBi| |7, + Bl Char [hB4|Z2,, + Bl [haa 7, + B4 [Z,
<V105(2[V105af + B3] + V10583537 + ai+ f7) < L.

4.1. Simulation of realizations

In order to simulate possible realizations of (G)ARCH processes under the setup
above, we utilize the following result, ensuring that initial values of such pro-
cesses can be approximated sufficiently well based on its recursion equations.

Corollary 4.1. Let (2.10) hold for some n € N and v > 0. Further, define
=(p.a) . s(p,a) (p:a) (z(p:9) =(p,q) s it
G V=0, V(G for k € N, where 3 € F* is some deterministic
value. Then, there is some p € (0,1) with

El[e\" " &¥ Y[ = O(p™). (4.7)

This result yields for fixed N to the following initial value of our ARCH(1)
process which we utilize to obtain further values afterwards.



4346 S. Kiihnert

Fic 3. Initial values ¢ (black, dotted) of an ARCH(1) process with § in (4.1) and on with
kernel a1 in (4.2), and 23 (bronze, dotted) and o3 (bronze, solid) of an GARCH(1,1)
process with § in (4.1) and a1, B1 with kernels a1,b1 in (4.2), with step width 1/1000.

59705
0.902
0.002

| 0000
I
)
i
5

| 0000

-0.004 ) -0.002
-0.004 ) -0.002

-1e-04 -5e-05 0e+00

F1G 4. Based on €1,¢e2,e3 in Fig. 2, from left to right: Three simulations each of 21, Z2, Z3
derived from Z¢ in Fig. 3 of an ARCH(1) process (first row) with & in (4.1) and oy with
kernel a1 in (4.2), of 21, 22, Z3 derived from %02,0(2) in Fig. 3 of an GARCH(1, 1) process
(second row) with § in (4.1) and a1, B1 with kernels a1,b1 in (4.2), and of the differences of
the values in the second and the first row (in third row), with step width 1/1000.

Remark 4.1. The realizations 27, 25, 23 of our ARCH(1) process in the first
row in Fig. 4 have nearly the same structure as 1, €2, €3 in Fig. 2 on which they
are based on, since J is constant and «a; has little impact. 3&”02 in Fig. 3 and
21, X2, X3 of the ARCH(1) and GARCH(1, 1) process in the first and second
row in Fig. 4 are almost identical, because «; coincides and 1 has very slim
influence, see third row. In each plot of this row, the amplitudes increase w.r.t.
t because t — by (s,t) is non-negative and monotonically increasing for any s.



Functional ARCH and GARCH models: A Yule-Walker approach 4347

4.2. Simulation of estimators

For the sake of clarity, we illustrate an estimator for the shift term ¢ in (4.1)
and the operator ay with integral kernel a; in (4.2) in ARCH(1) for the sample
sizes N = 75,200. Hereto, we generate a sample 27, ..., Zy by simulating both
an initial value 2 of our ARCH(1) process as in Section 4.1 and innovations
€1, .., en in (4.5), and apply the recurrence equation (2.1). In our calculations,
any ¥ € S = L?0,1] is evaluated at ¢t = 0, 5 219 " and (x,y)nr with

» 2507 *°*0 2507
. . . 250 (i _
x,y € A is approximated by the Riemann sum 515 3.7 o(5=h)y(5:3).

With p =1 and dy := N~/2 for any N, the estimator dp) = ay for ay is

5%

i =VNGG(VNG +1e) [] (4.8)

1

where % and 4, are the empirical covariance and lag-1-covariance operators
in (3.6) based on the sample £, ..., Zn, and ¢, ¢, - ,¢x are the eigenfunc-
tions associated to the eigenvalues ¢; > éo > -+ > ¢xg > 0 of %. As sug-
gested in Remark 3.2 (c), we choose K = Ky as the first integer so that

Zfil ¢/ Zil ¢ > (1 —w), where we put w = 0.001. Moreover, the estimator
for § with @y in (4.8) and /g = N2 I | 272 has the representation

8 = (L — d1)(ri2). (4.9)

z=a_1(s,1) z=4(s,t) with N=75 z=4(st) with N=200

0.02

F1G 5. The integral kernel a1 in (4.2) of a1 and the integral kernels a derived from the
estimator &1 in (4.8) with N =75 and N = 200, where the step width is 1/250.

0.012
1

0.010
1

0.008
|

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

FIG 6. § (black) in (4.1) and § in (4.9) for N =75 ( ) and N = 200 (green) with
step width 1/250.
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5. Conclusions

This article studies ARCH and GARCH processes in established and not yet
considered function spaces, and provides explicit asymptotic upper bounds of
the estimation errors for all parameters. By a Yule-Walker approach, ARCH
operators projected on a finite-dimensional subspace are estimated, as are com-
plete (G)ARCH operators using an additional Sobolev condition. Our theories
contribute to Hérmann et al. [14], Aue et al. [2] and Cerovecki et al. [6] who
established ARCH(1) in C[0,1] and # = L?[0,1], GARCH(1,1) in C]0,1] and
€, resp. GARCH processes for any order in J7.

Section 2 introduces ARCH(p) and GARCH(p, q) processes for any order
p,q € Nin LP[0,1] with p € [1,00),C[0, 1] and more abstract spaces. For these
processes, we present sufficient conditions for the existence of strictly stationary
solutions, finite moments and weak dependence. Section 3 establishes explicit
asymptotic upper bounds of the estimation errors for the shift term § and the
operators of J-valued ARCH and GARCH processes for any order using upper
bounds of estimation errors for certain moments, (lag-h-)covariance operators,
eigenfunctions and eigenvalues which are also useful beyond (G)ARCH. Theo-
rem 3.1 deduces upper bounds for ¢ which is new in ARCH(p) for p > 1 and
GARCH. The main results of the article are stated in Theorems 3.2-3.3. Theo-
rem 3.2 (a) provides explicit upper bounds for the projections of the ARCH(p)
operators on a finite-dimensional subspace for any p € N as in [14] for p = 1,
and part (b) and Theorem 3.3 for the complete ARCH and GARCH operators
for any order, respectively, being new as far as we are aware. The upper bounds
for GARCH operators depend on these for operators of invertible linear repre-
sented as inverted processes, see Lemma 3.5, which also hold for the operators
of associated linear processes. Both results are valid beyond (G)ARCH, extend-
ing theories in [3], [20]. All assertions regarding (G)ARCH in Section 3 can by
minor modifications be transferred to AR(MA), and Sections 2-3 possibly can
be carried out on further Banach and Hilbert spaces. Section 4 simulates some
of our processes and estimators. Section 6 contains all proofs.

We leave the investigations concerning probabilistic properties of (G)ARCH
in general separable Banach spaces behind for future research, as we do for or-
der estimation, see [21]. Concerning the parameters, unsolved problems are their
estimation in Banach spaces (see [30]), the asymptotic distribution of their esti-
mations errors (see [2], [6] for the parameters projected on a finite-dimensional
subspace), and the asymptotic lower bounds of their estimations errors.

6. Proofs

In various conversions, we utilize for any n € N and a4, ...,a, > 0,

(Zn:ak)y < ZZ:l aZ? ve (07 1]’
T\ Yo e, ve(l,0),
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thus (3" _, ax)” 3 > r_, af, and the operator valued Hélder’s inequality which
we state below. Let (H, (-, ) ), (H', (-, )n) and (H”, (-, )% ) be Hilbert spaces.
For p € [1, 00], 5@_’; w € L33 is the p-th Schatten-class, with Yl HoH = = Ny,
S5 a0 = S, Ly = Ly For p € [1,00), A € A 4, 1f2j 1 55(A) < o0,
where s;(A) is the j-th singular value of A € Ly 3/, and 77 4, is endowed With
the norm H o = (D252, 82(-)Y/?. Now, let p,q,r € [1,00] with % —|— o=

HH : J=177
where ; =0,4 € LS”H,H” and B € 5” . Then, after the opemtor valued
Hélder’s mequalzty (see [17], Theorem 11. 2) AB € S 3 With

r 1/r q D
14Blls,,, < 2 Alls 1Bl (6.1
Proof of Theorem 2.1. (a) The state-space form (2.2) yields

glgp,q): (;Igp,q) + Z \Ilk(p’q)\Ilk(ﬁ’f) q,k(gq)ﬂ(&(la q)) (6.2)

m=1

a.s. for all k if the series converges a.s. Further, (2.7) implies

— 1
m L | ’11;('3 VgPD gD (5 q))HFE < A | m — In||86"Y || s
m (oo}

m—o00 M k—m+1

where 5§ = p+q. By definition ofé(p % and because of 0 < I16]|7 < |[6]]f, we have

10871120 < 116121+ |l |12), and thus, due to (2.4), E(1V[|6{"Y||p) < oo.

As a consequence, since ’y(p’q) <0,

n}inooH‘I’(p q)\I,k(p ), ‘I,k(pjn)Jrl 5(pq ||1/m AT 1 as
Thus the series in (6.2) converges a.s. by Cauchy rule. Hence, there exists a
solution (c,ip’q))k of (2.2), its (p + 1)-th component defines a solution of (2.1) if
g € N, and from its first component one can deduce a solution of (2.1) if g = 0.

For verifying that the solution is a.s. unique, we use the argumentation in
[6], p.19. We assume that (< (v, q))k is another solution. Then,

c'k(p’q)z C;EFJ’\?) _i_\I,k(p,q)\I,(p?q)_,_\I,(p,q)( ’(ruq) )

where (p a) ._ 5 (p,q) + Z lI,(p q)\I,k(p f) ‘Pépf2+1(5;§'i’?3)-

m=1

Since 4(P9) < 0, both Hg,ipj\;') (P, cI)||F — 0and H\Il(p q)\Ilk(p 9. lP,fp’jcl,)||£Fﬁ —0

pq)

a.s. for N — oo, and the law of [1$." n_1||= is independent of N. Ergo,

WP ="V < lls = s

N—o00

F5—>O7

+(p,q)

1L 5 RS T IS
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by which is shown that the solution is almost surely unique.
By definition of g(p 9 and due to (6.2), 0 = f(ek—1,ek—2,...) a.s. for all k for

some measurable function [ F®— F,so (o), and (2 )y are non-anticipative
w.r.t. (ex)r and strictly stationary as well as ergodic after [32], Theorem 3.5.8.

(b) The assertion follows from the fact that wr(f{,q) <1, (2.10), sub-multiplica-
tivity of || - ||z, and Jensen’s inequality imply

vy ®D < lim —Eln(HH\II(" Ve w P ) SW@ED). O

m—oo M, In—1" (I— n,v

Proof of Lemma 2.1. (a) For all v > 0,

1567 15 2 N85 1 + (D || g™ Ve @, ||, 11650 1)
m=1
FJH 12012,

(00 ey ], et

n—1
3185l + 32 N850
m=1

Y. < oo as well as IE||‘I’(p q)||V . < 00.

From the definition of lIl,Ep 9 and 5,93 q), and since () is i.i.d., thus follows

Moreover, IE||50||V < oo implies E||d; (p-a) %

n—1
(Z 165527 H 1@ Z) = BIOP V5 > (Bl ||z,)" < o
m=1

Furthermore, (2.10) implies for v € (0, 1]:

E(Z |’\Il()(p7q)‘:[l£p1’q) ‘I,(P q)

o

il

<BII6 |5 > B[ g e E b
m;:il i e}
< Bl (D2 (BN lE,)") Do wE0) < oo,
k=0 =1

and for v > 1 with Jensen’s inequality and monotone convergence theorem:

(Z [PV @[] 1680 )

< EH&(()P,CI)H%E ( Z (E’ ’\I,éPvCI)\I,EPI»CI) \I,(p ,q) 1H£F4 )1/1/)
m=n
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< EH&(%P’CI)H%E(Z (EH‘I’O(p’q)HZFE)k) (Z(wr(L'?z;q))l)u < 0.
=1

k=0

Hence, ]E\|§(()p’q)||’1§s < o0o. Thus E||2¢||% < oo, E||og]||% < oo and

p
Ellog|l 3118117 + ) Ellai(2; IIF+ZEH5J )i

i=1 j=1

P q
< (1811 + Bll2¢*l ) llellz, .+ Ellogllz Y 18ilIZ, . < oo
F,F F,F

i=1 j=1

(b) From the identity (6.2) follows

m—1
S = AP 4 Y W w2, (5
=1

o0

3w PGP g e (g

a.s. for all m € N. Thereby, 'Ilk(p’q’m) and Jép’q’m) stand for \Ilk(p’q) resp. Jép’q) in

(2.2) depending on E](Cm). Thereby, (E;im))kez are i.i.d. processes for all m which
are independent of each other, and 5,5m) equals gy in distribution for all k,m.

Consequently, for any m,

oo

Z (H‘I' U l+1H£F 1859

l=m

Hg(p ,9) _ C(M)

+H‘Iﬁff’q)-~~‘I'1(p’q)\110(p’q’m) \1,7(: ﬂnl)Han‘ (pqm)H )

From this identity, the proof of (a) and since Elgn)

it follows in the case v € (0,1]:

and ¢; are i.i.d. for all k,1,n,

Bls = ][, < 2ElIP VI Y Bl Y, |7
l=m
n—1 0o
< 2818l (3 (Bl lz,.)) 3 00y
k=0 j=m

o (i)

and in the case v > 1, based on the argumentation in the proof of (a) for v > 1:

Bl e[, < (3 2 (Bl wipo - w7, [0 )Y
m=n
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n—1

<27 BIlof I (D (BlIelIz,.)") (Z (&Y
k=0 j=m

o (R, 0

Proof of Lemmas 3.1-3.4. The proofs of Lemmas 3.1-3.4, which are aux-
iliary results in this work, can be found in [23], Lemma 4.11, Theorem 4.2,
Theorem 4.4 and Lemma 4.21 (b), respectively. Thereby, in the proof of [23],
Lemma 4.21 (b), k! has to be substituted by ~,,. O

Proof of Corollary 3.1. (3.14) is an immediate consequence of (3.13), and
(3.15) follows from the triangle inquality, (3.13) and ks, = E[\/an, 1]. ]

Proof of Theorem 3.1. The assertion follows from (3.4) and

110 = 8l < |lrhe = malle (1+ > [les + Billey)

i=1

14
+ el (DNl = il + 118 = Bille.e)- M

=1

Proof of Theorem 3.2. (a) The definition of &), the inequality (6.1), Gg =

Sy (6 + InTws) ", the Yule-Walker equation &,; = a6y, Gg = 6,06,];, (3.10),
Lyer zﬂzzf+ ]_[E”:)Ha nd a:]_[/p’Koz+]_[};?Ka with _#, g :={®,;|1 <i,j < K}

and #r = {Pp;li, JEN,i V j> K}, yield for fixed K € N:

N 2
llag ~[Towlls,,,

oK
EP,K Cp, K
2 2 2 2 2
S (Spa— 6:371)6;1_[ Hsm%,‘F ||6pyl6gH _H oy |5M%
1 %1 Sk
) ) Ep,K 9 R ep,K Cp K
j ||6P71_ 6P71||‘29%QMH6;H Hﬁﬁp_'_ H6p71||§ﬁi"'{%’
EPJ Ep11 Cp,1
Cp K 9
+lew& [T - [T ewnlls,, ,
1 Sk
Cp K
S Op(N ||GTH|ILM GTH 6TH 12, + IIHamGiHIISXW
Cpl Cpl Cp,1 Cp,1
Cp,K 9
[T awm[S T -1 ]lls,,
P Cp,1

=O0p(N" Y- T1+ T+ T3+ Th. (6.3)



Functional ARCH and GARCH models: A Yule-Walker approach 4353

Term T : Abmx®mmmnﬁn|kmég_ége%mmbﬁr since (&.;); is

the elgenfunctlon sequence of Gp related to the eigenvalue sequence (€p,5); with

A1

Cp1 > -+ 2> Cpx W.lo.g., since @ +19N)2 = 0if ¢ = 0 resp. W < ¢ if

¢ # 0, and because of (3.15) with Ky = K for all N, we have

CpK

swp (=) = On(g 5 = 0p(1). (6)

Cp1

Term T5: The definition of é;, 6; and || - ||z,,, , since (cp;); is a CONS of J#¥
and (& vj)i is a CONS of /¥ a.s., Corollary 3.1, (3.22) and Lemma 3.4 yield

Ep,K Cp,K 9
At I
ST &Iz,
Ep1 Cp,1
CPJ o N Cp,j 2
= sup H o, g\ T, G >J%J *gi@acp,j)ﬁﬂcmH
@lep <1 ; Cog ’ Cog TN o
. K
~ 8 2 g ) &2 |2 + sup Z ‘#’ <$’cp] cp7j>32fp
gk Gyt ON Gt ONT el <t Gy TN ’
sup HZ 2 1 Oon (@, cp,j)oe (65— p. H%w
HwHyp<1 —1 pJ
R + &
= sup 2__ p]p] +(K+1 sup Gy — ¢ il|?
I<K (cp] ,J) (Caj_’_,ﬁN) (p7j+'l9N)2 ( ) K || }MH%P
= Op(c, kN1 + Op (6 KN 1) = Op(N Y. (6.5)

Term Tjs: The eigenfunction sequences (¢, ;); of Sy, (¢;); of 6.2 and also the
sequence (®p;;); ; with @y (cpx) =0ixc; for all 4, j, k are CONS of J£P, 7 resp.
of Sy . Furthermore, because of &h= Gp (&5 +InToew) ™Y, Fire = {Ppijlisj €
N,ivj>K}, Qpp] = Zl J= 1< [P]’(I)P U>5yfpyfq)P ij as well as <a[P]’ Dy, 2J>Syfp w =

> ner (o) (epk)s s (ep ) ) = (p) (€pi), ¢5) e for all i, j and since we imposed
<a[p](cp7l) ¢;)owe =0 for all j,l with | < K < j,

Cp,K 62
TSI~ S el CECR]E
Cp,1 =1 pl N p“K
2
> (G §< 1 (Ep0)s €513 (6.6)

Term 7, : From elementary transformations as used in T1-T3, [ | ok O] (epy) =
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Lo (1) 3250 (g (6p0), ¢ ) s for all 1, K and Wy = O(N~1/2) follows

Cp, K 2
2

Lol STT -t 1, .= 3 T T (1heald) 2 = s
oK Cp,1 =1 /px

e} CQ
:ZH[lNSK(Z) 2 :_,119 1N<K Z o) (ep)s € ”‘JH%

1=1 pl TUN j=1

5 Un 2 2 2 —4 2 -1
= Z (m) (o) (ep)ei)m < ﬂNcp,KHa[p]HS%)g%: O(NT). (6.7)

gil=1 Pl

Replacing T31-Ty in (6.3) by (6.4)-(6.7) indeed yields ( 4).
2
(b) stems from Z£1(Cgf+"l@v)22]>x<a[p](cpl) )2 = O(K
from cgé'yiKKwH = O(N) for any sequences K = Ky =Z=(1,N) and Uy =
O(N~'/2), and the fact that « H/ Q) T H/ Qpp), (3.22), part (a) and
(3.28) imply

28) as well as

a — apllk,, . 3 6w —[Tewlls,, + HHa[p]Hs”W
fFK
2
rjO]P(Cp_,IQ(Vp%KKN +Z 2 + Z<a[pl(cp,l)vcj>;f
=1 NSk
+ O o) + O(K 7). O

Proof of Lemma 3.5. The proof is based on proof ideas of Theorem 3.2 with

p replaced by an appropriate sequence L = Ly — oo. From these ideas and also
(see [23], Lemma 4.45)

Gp1=m6L+ Y mGpi, (6.8)
I>L

which can be identified as a Yule-Walker equation with a residual, follows

s =l 3w mlls, +ITmlls,

JLK P
A cLK CLK ‘LK
26—l IS, S-S,
L1 L1 L1
LK
e T - [T mlls,, , + 0w
L1 LK
LK LK LK

- 2
< Op( LNt }GTHHL L *GLTHHLML

[5%% tr1 81
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‘LK ‘LK

SpSERIT § ([l 1 £75 1

I>L L1 AL L1

CLK

[ T[S T - Lerll5,, , +O0)
LK L1

= Op(L’N™ YTy + LTy + T + Ty + Ts + O(K %), (6.9)
Term 737: Similar conversions as in the proof of Theorem 3.2 imply

cLK

= Op(cr%)- (6.10)

L1

Term Ty: (3.12) with L = Z(1, NY/3), yp = Q(cgk) and the argumentation
of T, in the proof of Theorem 3.2 yield

(LK ‘LK
3 -2 2 3a7—1
TH GEHHL#L cL KL N + O]p(cL7K'yL7KKL N
L1 L1

= Op(cp 177 w KL°N 7). (6.11)
Term T3: The inequality (6.1), (6.10), the triangle inequality and (3.8) imply

LK

HZWZGLJJ]G)EHHZ%L‘)?<072 HZWlGLl lHS%L%
I>L L1 I>L
O(cp 3L annﬁﬁ, : (6.12)
I>L

Term T;: Almost one to one as in the proof of Theorem 3.2, we obtain

‘LK 02
1T =T, > (=)' Y (mules) )3 = O(K ). (6.13)
LK L1 1=1 Ll N Ji>K

Term T5: Since ||m | |&25’%L_%{:: Zlel ||m||%,, is finite, we have as in T} in the proof
of Theorem 3.2: Y

LK
H H L LH = Dyr ||s < ﬁ]%lcljé(HﬂLH?Sny_ﬂ: O(CL KﬁN) (6.14)
Ik L1 ’

Because of L = Z(1, N), E(1,VLIN), cr.x = Q(WVL3N-1), (3.28) and
Iy = O(c%,KK’ﬁ), and since the tuple (7rL, (®ri5)i,;) satisfies Assumption 3.4
for all L € N for § > 0, plugging (6.10)-(6.14) of T3-T5 into (6.9) implies

s — el = Op(ep et x KN )
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CLK Z ||7TlH£Jf ( 25)'
I>L
Hence, since we imposed ¢ 5 L(77 x KL3N '+ (32, 1wl )?) = O(K~29),
(3.44) is verified. O

Proof of Proposition 3.1. We show the assertion by induction. m = ¢, 7 =
¢y and Lemma 3.5 yield indeed (3.50). Assume (3.50) is true for [ =1, ..., for
some particular ¢ € N. Then, triangle inequality and sub-multiplicativity imply
it+1
1951 = bisllze 3D IF &N i1-5 — il + 175 — w13 115115,
j=1
it+1

=> O0p(1)Op(K %) + Op(K 7).

Consequently, (3.50) is verified for all ¢ € N. O

Proof of Theorem 3.3. (3.51) and since (B(q), (Pp,q5ij)i,;) satisfies Assump-
tion 3.4 for 8 >0, yields as in the proof of Theorem 3.2:

181q) = Biall130n e 5 11Bia) — II@JEW%,HIIﬁMBWﬂ

HoaiM qu
) ~ 1 Gs,q:M 2
3 ||ﬁ'[s,q] — Ts,q] | |5_qu_# HH[S,CI] H H[ﬁ%q
gsql )
+||7r[SCI]||3qufHH[5q]H qu HH
Os,q;1
s,q;M "
+H7‘r[5q]H5q H Hﬁ[q‘sym”JrO(M*QB)
Os,q;1 qu

sorte ) T TH o 1T T 1T

Os,q51 Os,q:1

Lyea

+HH5 H[ﬁqH!Sm;HHﬁ 1L, ]H [+ o)
= Op(K ") T + To + T3 + Ty + O(M 7). (6.15)

Term 7; : ]_[[5 q= H[5 q](H[5 q]H (o,q) T ONTLoea)” !, and (§sgq;); is the eigenfunc-
tion sequence of H[E ] H[5 g thus H[E q]H[5 q and Hg“”l” commute. Hence,
similarly as in 77 of Theorem 3.2,

gsq M

HH[ﬁq]H‘ Lopa H(H[ﬁq]nsq +9N]I”“) quH[ﬁq]H‘

Os,q;1 Os,q;1

Lypa
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gsq,j -1
=sup ——>—— =0 . 6.16
]<le)1 (Gs,q:5 + On )2 P (Gaar) (6.16)

~ T . 1Ak R
Term Ty: Because of 1, 4)(824;) = (doay + On) " Tjs.q)(@2a)s Tle,q(0ag) =

(Gs,q5+ GN)_ll_[TE’q](g;”qJ) and conversions as in Ty in Theorem 3.2, we obtain

HHMH IT., HH“

Os,q;1
M ~)
<w’gﬁ‘1'j>”q =i N <w>gsq'j>ﬁf‘l * 2
= sup H _ Oogi) — —— Os,qsj ‘
2| [pa <1 Z Js.a: + 0N H[Syq]( ) Js,q5 + On H[s,ﬂ]( sad) S0
< sup = (‘ (®, §5lqj )00/ Gs.aii _ (@, 5.0, )#1\/Ts, qj‘
" lellea<1 i saij + On s + On
T, Gs,q )
"" 9 (V95,05 —\/Is.a3) )
s, + 0N
A1t 112
+]SE]5 Osq:j +0N’ (HH H[:yffl »‘LJ gs)q;]Hﬁfq

L) H;q] | |if)

2
|+ Mazgar 5 (18— goas

v s.q 9s,q:5

5.0+ O Gs,q:5 1+ ON

+SUP(7) ( V 95,05 = /950 ) +||H[5q‘|ﬁyq

J<M  Gsqi + On
. .
+ HH[sm a H[mq] | ‘ﬁm)

= O]P(QQ,,?;MK_B) + OIP(g;,Cll;]W’V?,q;MK_2ﬁM) + OP(Q;‘?;MK_B)
+ Op (9o oriVaqi K27) + Op (g a0 K2)
= Op(g, o K7, (6.17)

Ai”fm ~ Os,a: | |§fﬂl

In the last step, we utilized vs g0 = Q(g;ql;M), the assumption s g K ~# = o(1),
and also gegn = o(M 1), where latter holds since the eigenvalue sequence
(gs,q:i); is absolutely summable.

Term 73: From our assumptions and the ideas in Theorem 3.2 follows

9s,q;M

HHﬁ[qH[sq]HH

qu

M
gs )
Z _C:_ On Z <:6[q] (gﬁ,q;l)7 ngf
q;l

S
W= i>M

= O(M*%). (6.18)



4358 S. Kiihnert

Term Ty: Analogously as in T in Theorem 3.2, we obtain

Os,q;M

H [T B [Hl,q} II- H%"}

o Ipa;s1

2
L =0z (6.19)

Swea, v

Replacing T1-Ty in (6.15) by (6.16)-(6.19), and considering Oy = O(K~#/2)
and g;iMK_ﬁ: O(M—28), yields

181q) = Biall50,, = Or(M 7).

Hence, (3.57) is shown for all j. Further, (3.56) for i = 1, ..., p follows from (3.44)
for all 4, (3.57) for all j, and

i — ill3, 2 17— mll3,

(i—1)Aq
+ Y BIE A — misjll3+ 18— Bill%,lImisill5,. O
j=1

Proof of Corollary 4.1. Assume N = mn for some m € N w.lo.g. Then,
since 1/)7(1?{,“) < 1and (\Ilk(p’q))kez is i.i.d., the assertion follows from

F§

s O

< (1/)7(Ll?;q))N/n]E\ |§(()P7q)7 6ép7q)|
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