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Abstract: In this paper, under discrete observations, we study Cramér-
type moderate deviations (extended central limit theorem) for parameter
estimation in Ornstein-Uhlenbeck process. Our results contain both station-
ary and explosive cases. For applications, we propose test statistics which
can be used to construct rejection regions in the hypothesis testing for the
drift coefficient, and the corresponding probability of type II error tends
to zero exponentially. Simulation study shows that our test statistics have
good finite-sample performances both in size and power. The main methods
include the deviation inequalities for multiple Wiener-It6 integrals, as well
as the asymptotic analysis techniques.
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1. Introduction and main results
1.1. Introduction

The Ornstein-Uhlenbeck (O-U) process is defined as
dXt = 9Xtdt + th, XO = 0, t Z O (].].)
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where W = {W;,t > 0} is a standard Brownian motion and 6 is an unknown
parameter. It is a reduced Vasicek model ([8], [9], [45]) which is often used to
describe term structure. This model can successfully characterize mean reversion
property of short interest rate. The parameter 6 indicates the reverting rate. In
model (1.1), the average interest rate is 0. When 6 < 0, short rate X; will always
be pulled back to its average level if it is away from 0. However, the short rate
X will deviate from average level much more drastically when § > 0. Therefore,
0 < 0 is called stationary case and 6 > 0 is called explosive case. The trivial
case 6 = 0 indicates that the short rate X; is completely random (in this case,
the O-U process is Brownian motion).

It is of great importance to estimate parameter 6 in financial market. Also
interest rate is usually regularly reported, so we can consider the parameter
estimation under discrete observations. Let {¢; | t; = 1A,0 <7 < n,A > 0} be
sampling times and {X; | X; = X;,,0 < i < n} be observed samples. Kasonga
([28]) proposed the following estimator

) 1 Z;;lXiXi—l) e >y XiXioa .
en,A:{ A1°g< T, ) ISR >0 (1.2)

i—1

0, otherwise.

He also studied the weak consistency property for 8, o in ([28]). In this article,
we assume
(H): A—0, nA—oc0, n— 0.

Thus, we are dealing with high frequency observations. Shimizu ([43]) obtained
the asymptotic distribution of Kasonga’s estimator émA under this high fre-
quency observations. To be explicit, for explosive case, as A — 0,n — oo (The-
orem 2 in page 198 of [43]),

OnA
e A L v
—— (Opn — 9) = -, 1.3
260 ( A 7 (1.3)
where v and 7 are two independent standard normal variables; while for sta-
tionary case, as A — 0,n — oo (Corollary 1 in page 199 of [43]),

A -
f—ze(Q"vA —0) 5. (1.4)

Moreover, there are also some research works on maximum likelihood esti-
mator of # in continuous observation case. For stationary case, one can refer
to ([4], [6], [16]) for the large deviations, and ([17], [18], [20], [26]) for Cramér-
type moderate deviations, and ([1], [11], [14], [15]) for the Berry-Esseen bounds.
In explosive case, Bercu et al. ([5]), Bercu and Richou ([7]) obtained the large de-
viations for the maximum likelihood estimator of 6, while Jiang and Zhang ([27])
considered the Cramér-type moderate deviations. More study on the statisti-
cal inferences for Vasicek type processes can be found in Azmoodeh and Mor-
lanes ([2]), Barboza and Viens ([3]), Dietz and Kutoyants ([10]), El Onsy et
al. ([12]), Hu and Nualart ([22]), Hu et al. ([23], [24]), Nourdin and Tran ([37]),
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Tudor and Viens ([44]), Xiao et al. ([46], [47]), Zang and Zhang ([48], [49]) and
the references therein.

In the discrete observation case, Shimizu ([42]) proved the asymptotic normal-
ity for the maximum likelihood estimator of 6 in the stationary case. For more
references, one can see Gobet [21], Kessler [30], Kutoyants [33], Prakasa Rao
([40]). For the explosive diffusion process, there are only literatures about consis-
tency and asymptotic distribution of estimators, such as ([13], [25], [29], [31], [32]
and the references therein). However, Cramér-type moderate deviations are still
missing in both stationary case and explosive case.

In this paper, our motivation is to study the Cramér-type moderate devia-
tions (so-called extended central limit theorem) for Kasonga’s estimator 6, ,
and we handle both stationary case and explosive case. By Cramér-type mod-
erate deviation, we mean there exists sequence «,, and 3, such that for every
p>0

1_;}7(37)]3 (an <9n,A — 0) > x) —1 V0 <z < pfa,
where F(z) is the limiting fluctuation distribution of én A. Therefore, Cramér-
type moderate deviation provides a nice comparison between tail probability of
estimator and limiting fluctuation distribution. Especially one always need to

take care of these issues in hypothesis testing. We benefit a lot from Gao et
al. ([19]).

1.2. Main results

In the following, we will state our main results in explosive case and stationary
cases as well.

1.2.1. Explosive case: § > 0

We denote C = %, where v and 7 are two independent standard normal vari-

ables. Then C follows standard Cauchy distribution. Let F(z) be its cumulative
distribution function. Let 3, o be positive numbers and satisfy

nAB; A(log Bn.a)*
Pr,a = 00, T — 0. (1.5)

Firstly, we show that the event {% < O} is negligible in the sense
=1 i—1

of Cramér-type moderate deviation.

Theorem 1.1. Under assumption (H) and (1.5), we have

Yo XiXi < 0) _o
ZiZI Xi271 N

Now, we state the Cramér-type moderate deviation for én A-

lim 6n,AP (

A—0,n—00
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Theorem 1.2. Under assumption (H) and (1.5), for each p > 0, and for all
0 S r < pﬂn,A;

1 AeG(nfl)A R
i , — > = .
Aalol,r}zlﬂoo 1-— F@(%)P ( 1-— 6729A (Qn,A 9) - .23) 1 (1 6)

and

1 Ae()(nfl)A R
i — < — = 1. .
AH{)I,I}LIHOO F@(—(E) P < 1 —e—20A (Qn,A 0) - I) 1 (1 7)

Under assumption (H), one can easily show that

Aee(nan
lim 2= o
A—0,n—00 efna ’
20

Then we have the following corollary.

Corollary 1.1. Under assumption (H), there exists By a, satisfying (1.5) and
ma_—0,n—00 ABn,a = 0, then, for each p > 0, uniformly for 0 < x < pB, A,

1 eGnA R
. _ > _ .
A%%)l,rr{lﬁoo 1-— F(C($> P ( 20 <9n’A 0) - :L‘> 1 (1.8)

and
OnA

e A
i — < — =1. .
Aa%)l,rleﬂoo FC(—I')P < 20 (en’A 9) - x) 1 (1 9)

However, the above results can not be directly applied in statistical inference,
because the scaling factor of fluctuation limit depends on the unknown parame-
ter #. To circumvent this difficulty, one usually replace the unknown parameter
by its estimation én A- By consistency property of estimator én A, one can also
show a self-normalized version of fluctuation limiting theorem

Aednan=1A -
41 — G_Qén,AA <0n,A — 9) —

v
—. (1.10)
n

Then, the associated Cramér-type moderate deviations can be stated as follows.

Theorem 1.3. Under assumption (H), there exists By a satisfying (1.5) such
that, for each p > 0, uniformly for 0 <z < pB, A,

On,a(n—1)A
L p <Ae (en,A - 9) > x) =1 (1.11)

li -
A—>01,Ir£l—>oo 1— Fe(x) 1 — e 20n,a

and

I Y P N P 1 1.12
A%Ol,%lﬁoo Fe(—x) 1 — ¢—20n,a4 ( mA T )_ B (1.12)
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Corollary 1.2. Under assumption (H), let b, o be positive numbers, satisfying

bn,A
nA

bp,A — 00, — 0. (1.13)

Then the families

{e;f(@A—ﬂ)%l,nzLA>O}

_1
bn,A

and

Aebnan-1)A (

9n,A—9> ,n>1,A>0

1 —_ e*Qén,AA
satisfy the same large deviations with the speed by, Ao and rate function

| logz, ifz>1;
I@y‘{o, if0 <<l

To be explicit, for any x > 0, we have

1 e@nA . ﬁ
A_)%ir;l_)oo R log P 59 (GRA — 9) >z | =—-I(x) (1.14)
and
1
1 A O A(n—1)A R bn,A

1.2.2. Ergodic case: 8 <0

In this subsection, we will strengthen the assumption (H) by
(H):A =0, nA—oco, nA*(lognA)® =0, n— occ.

Under assumption (H'), let A, Ao be positive numbers, satisfying

)\n,A

W — 0. (1.16)

>\n,A — 00,

Similar to the explosive case, we first show the event {E?}#;é“l < O} is
i=1 i—1

negligible in the sense of Cramér-type moderate deviation.
Theorem 1.4. Under assumption (H') and (1.16), we have
S XX

SLXE )T

1
lim

log P
A—0,n—00 )\?L A 8 (
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Theorem 1.5. Then, for each p > 0, uniformly for 0 <z < pA, A,

%MP ( f—on (én,A - 9) > x) —1 (1.17)
and
@é@P< 2;@m39)§aja1, (1.18)

where ®(x) is the standard normal distribution function.

Similarly, to apply the above result in statistical inference, we need to re-
place the unknown parameter 6 by its estimation. Therefore, we consider a
self-normalized version of én A. To be explicit, from (1.4) and the fact that én A
is a consistent estimator of 6, we can derive the following result immediately,

"R G0 5. (1.19)
*2971,,A

Then, the associated Cramér-type moderate deviation can be stated as follows.

Theorem 1.6. Under assumption (H'), let A, a satisfy (1.16). Then, for each
p > 0, uniformly for 0 < x < pAy A,

1 n/A\ A
1- ®(x) ( “ag, a0 ) (1.20)
and
1 nA R
—P ——Opn—-0) < —2x| =1 1.21
e ( s ) ) (121
Corollary 1.3. Under assumption (H'), let A, A satisfy (1.16), the following
families
1 nA /.
1= - >
{MA _%(%A @,n_LA>o}
and

1 A A
nA (9n7A70),n21,A>0
)\n,A _20n,A

satisfy the same large deviation with speed )\i’A and the rate function A(z) =
z?2/2, v € R.

The remaining part of this paper is organized as follows. In Section 2, we
apply our results to confidence interval and hypothesis testing problem. Simu-
lation study shows that our test statistics have good finite-sample performances
both in size and power. Then, the proofs of our main results will be presented
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in Section 3. Two key technical propositions will be proved in Section 4 by us-
ing deviation inequalities for multiple Wiener-Ito integrals and the asymptotic
analysis techniques. Finally, we introduce the Cramér-type moderate deviations
for multiple Wiener-It6 integrals in Appendix section. Throughout this paper,
C, C1,C5 depending only on 6, denote positive constants whose values can differ
at different places.

2. Statistical applications
2.1. Explosive case: 6 > 0

(I) Confidence interval. An application of (1.10) yields the following approx-
imate (1 —a) (0 < a < 1) confidence interval for 6:

. 1— 6720An7AA R 1— 672én,AA
On.A — mta/2(1)7 On,a + mta/z(l)

where t,/5(1) is the upper a/2-quantile of t-distribution with 1 degree of free-
dom. To assess the performance of above confidence interval, we need to use the
Berry-Esseen bound for the estimator 8, o. To the best of our knowledge, the
Berry-Esseen bound for the explosive case remains open, which will be studied
in the future work.

(IT) Hypothesis testing. For the hypothesis testing problem

Hy:0=20, versus H,:0 =04, (2.1)

where 6y > 0,0, > 0. We can propose the test statistic

~ Aeé"'A(n_l)A R
A= s (en,A - 90) . (2.2)

Given 0 < a < 1, by Theorem 1.3, under Hy, for each p > 0,

lim sup — = — 1| =0.
A—0,n—00 2€[0,08n.A] 2 — 2F(C(.’L')

Then, take the rejection region as {|An| > ta/g(l)} and the corresponding prob-

ability 4, a of type II error can be written formulated as

s = P (18n] < tajo()H) i= P, (1Al < tapp(1)).

Applying Corollary 1.2, we can obtain the exponential decay rate for ¥, a.

Theorem 2.1. Let b, a be defined by (1.13). The type II error 4y, a tends to 0

. ) s . log 5
with exponential decay rate e for all ¥ > 0, i.e. IMA 0. n—00 —2 122 =

bn,A
—0Q.



Asymptotic properties for OU process with discrete observations 3199

Proof. We have

:Yn,A

Aeé”*A(n_l)A bn,A
= <m| — o —tay2(1)
<r(
+ P, (
1
Aefr(n—1)A/2 N
= <1_—_91A01_00|_t0¢/2( )) -

e 1 61 (n—1)A
Note that (%|01 — 00| — t(x/2(1)) P8 = 0O (e 2bp,A > Apply1ng

On. A — 91‘ > 91/2’H1>
e

Agbn.a(n—1)A (én,A - 91)

1 _ e*Qén,AA

Theorem 1.2, we complete the proof of this theorem. O

2.2. Ergodic case: 0 < 0

(I) Confidence interval. An application of (1.19) gives the following approxi-
mate (1 —a) (0 < a < 1) confidence interval for 6:

\/ n’ Za/2s nA-i- V Za/Q

where z, /5 is the upper a/2-quantile of standard normal distribution. Here, the
quality of approximation for above confidence interval can be an assessed by the
Berry-Esseen bound of estimator 6,, o ([1], [11], [14], [15]).

(IT) Hypothesis testing. For the hypothesis testing problem

Hy:60=10 Versus Hy:60=0,, (2.3)

for any 6y < 0,60, < 0. We introduce the test statistic

Aanj%i(@A—%) (2.4)

Given 0 < a < 1, by Theorem 1.6, under Hy, for each p > 0,

PQAsz) »

lim sup _ £ 1
A—0,n—00 2€[0,pAn.A] 2 — 2@(1’)
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Then, take the rejection region as {\An| > 24 /2}, and the corresponding prob-

ability 4,, of type II error can be written formulated as
’S’n = PH1 <|An| < ZQ/Q) .

Now, we can analyze its convergence rate explicitly.

Theorem 2.2. Let A\, a be defined by (1.16). The type II error 4, tends to 0

with exponential decay rate e~Ana forallr >0, i.e. imaA_,0,n— 00 1;% In = 0.
A
Proof. Tt holds that
1 nA A 1 nA Za/2
AnSPH = (F)nAfG)Z — 6, — 6, —
7 ! ( )\n,A _29n,A ' ! )\n7A _29n,A‘ ! 0| )\n,A

<P ( On.A —91‘ > 91/2’H1)

1 nA A 1 nA Za/2
P e (VNN | Ry e e :
* h ( >\n,A _29n,A (0 - 91) )\n,A —30 |01 90‘ )\n,A>

By Corollary 1.3, we have lima_0,n— 00 l0g 'Ayn/)\%,A = —00. O

2.3. Simulation study

The sample path of (1.1) can be obtained easily by using the transition prob-
ability from X, to Xy, ., that is Xy, ., = €?2X,, + € ,(0), where t; = iA,

€2 (s) 1= eti? ftt,i'_l e % dW, ~ N (0, 5 (e*2% = 1)), (i = 0,1--- ,n—1). Here, we
always simulate N = 1000 times.
For the hypothesis testing (2.1) and (2.3), we conduct numerical simulations

to evaluate the finite-sample performances of the following proposed tests

1— 6*2én,AA
Proposed I: reject Hy : 0 = 6y, if

én,A - 90‘ 2 ta/?(l)yeoaal >0

Aeén,A(n_l)A

—20
Proposed 1I: reject Hy : 0 = 6y, if mA
n

én,A_GO‘ > Za/2a90791 <0

The size and power for the test statistics are summarized as follows. Ta-
bles 1-3 are for the explosive case, while the remainders (Tables 4-6) are for the
stationary case. We can learn that

(i) In the explosive case, from Tables 1-3, as nA or |6y — 61| becomes larger
(but nA not larger than 5), the size of A,, is close to the significance level
0.050 and the power increases dramatically to 1. The reason is that the con-
vergence speed of A, is e?(®~DA ynder Hy or ?*("~DA under H; (The-
orem 1.2), which is quite fast. Moreover, by Theorem 2.1, 4, A tends to 0
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(Explosive case) The Empirical C.I. means the empirical 1 — « confidence interval with
confidence level o = 0.05. Here, take A = 0.01, significance level o = 0.05 with various
sample number n.

Ho:0p =2 versus Hy:01 =3
Samples | Estimated O Empirical C.I. | Power Size
n = 200 1.739 [0.397, 3.080] 0.978 | 0.007
n = 300 1.968 [1.834,2.102] 1.000 | 0.036
n = 400 1.992 [1.975,2.009] 1.000 | 0.050
n = 500 1.999 [1.997,2.001] 1.000 | 0.051
TABLE 2

(Explosive case) Take n = 100, confidence and significance level a = 0.05, with varies
iteration step A.

Hpy:60g =2 versus Hy:0, =3
Samples | Estimated 67 | Empirical C.I. | Power | Size
A =0.02 1.710 [0.338, 3.083] 0.983 | 0.007
A =0.03 1.939 [1.800, 2.077] 1.000 | 0.044
A =0.05 1.999 [1.998,2.002] 1.000 | 0.053
TABLE 3

(Ezplosive case) Take A = 0.01, n = 350, significance level o = 0.05 with varies

alternatives Hq

Hgy: 00 =2 versus Hy:00 =06

Samples | Power Size

0 =21 0.985 0.055

0=25 1.000 0.055

0 =3.0 1.000 0.055
TABLE 4

(Stationary case) Take A = 0.01, confidence and significance level o = 0.05 with various
sample number n.

Hp:0p = -2 versus Hy:0,=-3
Samples Estimated éT Empirical C.I. Power Size
n = 5000 —2.043 [—2.603, —1.482] 0.881 | 0.064
n = 6000 —2.040 [—2.552, —1.529] 0.939 | 0.061
n = 7000 —2.026 [—2.497, —1.554] 0.965 | 0.050

TABLE 5

(Stationary case) Take n = 2500, confidence and significance level o = 0.05, with varies

iteration step A

Hp:0p = —2 versus Hy:0, =-3
Samples | Estimated p Empirical C.I. Power | Size
A =0.01 —2.081 [—2.881, —1.282] 0.578 0.049
A =0.03 —2.027 [—2.482,—1.571] 0.971 | 0.052
A = 0.05 —2.016 [—2.369, —1.664] 0.996 0.055
TABLE 6

(Stationary case) Take A = 0.01, n = 6500, significance level a = 0.05 with varies

alternatives H1.

Hp:0g = —2 versus
Samples | Power
6=-211 0.071
0=-25 | 0.445
6=-3.0 | 0.948
0 =—-4.0 | 1.000

Hy:600 =96

Size
0.058
0.058
0.058
0.058
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with exponential decay rate e~"*»4 for all 7 > 0, where b,, A satisfies that
bn A
b — 00, : 0.
n,A nA

(ii) In the stationary case, from Tables 4-6, as nA or |0y — 61| becomes larger,
the size of A, is close to the significance level 0.050, and the power in-
creases gradually to 1 which is slower than the explosive case. The above
statement asserts our theory (Theorem 1.5, Theorem 2.2).

3. Proofs of the main results

For the Ornstein-Uhlenbeck process (1.1), the following formulas hold immedi-
ately

ti
Xi:e“i/ e Otaw, (3.1)
0

and
X, =2 X, +€2(0), (3.2)

where €2 () := etif ftii—l e dW, ~ N (0, 55 (e*2? = 1)), i=1,2,--- ,n.

3.1. Explosive case: 6 > 0

In this subsection, we will prove Theorem 1.1, Theorem 1.2, Theorem 1.3, Corol-

lary 1.1 and Corollary 1.2. To begin with, it is crucial to note that on the
XiXi-1

2 i
event, il X7, >0
Af(n-1A efn—1)A _ona € DAY,
T—wE <9n’A — 9) = oA log (1 + Ae PN > ., (33)
where
n n
Un=)Y eXO0)Xio1, Va=) X2, (3.4)
i=1 i=1

Propositions 3.1 plays an important role in our following analysis, and its
proof will be given in Section 4.

Proposition 3.1. Under assumption (H), let Bp A satisfy (1.5). Then, for each
p > 0, uniformly for 0 < x < pfip A,

1 ( 679(n+2)AUn

> .
1— Fe(x) (1 —e=208)e—20nAY, = x> -1 (3.5)
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and

1 P e=0n+2)A7 1
< - .
Fe(—x) ((1 — e—20D8) =20y, = 37) -

3.1.1. Proof of Theorem 1.1
By using (1.2) and (3.3), we have

72?:1 XiXi = 60A 1+ AefenA 676(n+1)AUn
Z?:l Xi2—1 Ae—zenAVn :

Then, it follows that

D1 XiXioa oA N oL
i= i— n

—9(n+1)AU
—onA € n
6—0(n+2)AUn e&(n—l)A
< P (1 _ 6720A)672QHAVH = (1 _ 6720A) :

Together with (1.5) and (3.8), we can get

S XX )
==l v - g 0 ,
Y X2

which completes the proof of this theorem.

lim ﬁn,AP (

A—0,n—00

8.1.2. Equivalence in Cramér-type moderate deviations

As an application of Theorem 1.1 and Proposition 3.1, we can get the following
key result.

Lemma 3.1. For 8, A defined by (1.5), we have

) Ae@(n—l)A R 6—9(n+2)AUn
A—i)l,rr?—mo 'BmAP(‘ 1 —e20A (9”7A - 0) o (1 _ 6729A)6729”AV7L

(3.7)
1

> — | =0.

- Bn,A log ﬂn,A)

Proof. Using (3.3) and the fact |log(1 + x) — x| < 22, z > —2, we can obtain

27
for any € > 0

Aea(nfl)A . 679(n+2)AU 1
P (‘m (9”A - 9) - —20A 7292A ‘ Z )
—e (1 —€ )6 Va Bn,A log ﬂn,A
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Zﬁ—l XX, (1 e—@(n-‘rl)AUn 1
<P|=2————<0 Pl A (n—DAZ_ "o
- ( Soxz, )7 ‘ Aem20mBY, = 2

Hn-1)A e—0n+1)ATr N\ 2 1
P - A —OnA n >
+ (1 — o 30A ( e Ae—QQnAVn ) = ﬁmA ]ogﬁn,A

27}_1 XiXi—l 670(n+2)AUn eGnA
<Pl "< P >
( <0)+ (1 — e—QGA)e—ZGnAVn - 2(1 _ 8—29A)

o Z?:l X7
L 6*9(”+2)AUH 2 . f(n—2)A
(1= e 208)e=20nAY, | = (1= e 208)3, A log Bn
S XX U B2
< P ==l - " - L 2P =z 7 '
< ( ZzT'L=1 X7, - ) (1 —e 202)Ae2n2V, | = ¢

Applying Theorem 1.1, Proposition 3.1 and the fact that

1

Igr-il-loox (1-Fe(x)) = o (3.8)
we can complete the proof of (3.7). O
3.1.3. Proof of Theorem 1.2
By (3.8), for any € > 0, there exists some positive constant M such that
sup |7z (1 — Fe(z)) — 1| <e. (3.9)

z>M

Now, for each p > 0 and 2M < z < pfi, A, we have

P 6—0(n+2)AUn S )
xT
(1 - e—QOA)e—QOnAVn a /BWL,A log /Bn,A

P AGG(nfl)A (é B 9) B 670(n+2)AUn - )
1 _ 208 \UnA (1= e 208)e=20nAY, | = B A log B
Aee(n—l)A R
= (W (Bn.s - 0) = “f)
—0(n+2)A
<P < : A tenA 2T = : )
(1 - 6_20 )6_ " Vn Bn,A IOg ﬂn,A

A O(n—1)A 70(n+2)AU
+P (|2 s (fon—0) - —
1 — o—20A (1 — e—208)c—26nAY,

s 2 ) .
= Bn,alogBna
(3.10)
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Firstly, by using Lemma 3.1 and (4.24), we have

Aef(n—1A A —0(nt2)Aps
. P( ﬁ(en,A _9) - (1_:—29A)e—29nAVn ‘ > Brn 1§an,A)
lim sup
A—0m=00 M<a<phn,a 1 — Fe(x)
=0. (3.11)

Secondly, from then mean value theorem and (4.24), it follows that,

2
s 1-Fe (”3 + ﬁn,Alogﬁn,A) e 2mp
2M<a<pBn a 1 — Fe(x) T (1+2M2)(1 - €)log Bna
(3.12)
Then, we get
—0(nt2)Ap; 2
P ((1_2—29A)e—26nAVn >x+ Br.a log gn,A)
sup -1
2M<z<pBa,a 1— Fe(x
2
< sup 1-Fg (aj + Bn.a logﬁn,A) 1
T oM<z<pBn.a 1 — Fe(x)
—6(nt2)Ap 2
P ((1—:729A)8729"AV71 2 x + ﬂn,A loan,A)
+ sup . -1
2M<z<pfn,a 1-— Fg¢ ((E + m)
2
1 B F(C <'r :l: Bn,A log Bn,A)
1-— F@(x)
Together with Proposition 3.1 and (3.12), we can obtain that
—6(nt2)Ap 2
. P ((1—:*29A)e*29"AVn Z T+ Bn,a log 5n,A)
lim sup —-1]=0.
A—0,n—00 2M<z<pBn. A 1-— F(C(IL‘
(3.13)

Therefore, by (3.10)—(3.13), it holds that

1 Aee(nfl)A R
_ > — 1l =o0.
1-— F(C(:L‘)P < 1— 204 (en’A 6) - :z:> 1‘ 0
(3.14)

Moreover, since the function 1 — Fg(z) is uniformly continuous, the standard
discretized approximation argument shows that

Aee(nfl)A R
P (m (s —0) = x) —(1- FC(J;))‘ —0.

lim sup
A—0,n—o00 2M<z<pBn.a

lim  sup
A—0,m—00 ;R
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Therefore, it follows that

I L p (A ) s 1l=0
A—)Ol,?zll—)oo OSSQJHS%M ‘ 1-— F((j(]}) < 1-— 6_20A ( nA T ) - CC) N ‘ o
(3.15)

Finally, (1.6) can be obtained immediately by (3.14) and (3.15). Using the
same procedure, we can prove (1.7), and the details are omitted here.

8.1.4. Proof of Corollary 1.1

In the sequel, we will show (1.8), while the proof of (1.9) is similar and the
details are omitted here. In fact, we have

1 eGnA R
P A—0)>z) -1
‘1—F(c(a:) ( 20 (9 A 9) = “’) ‘

1— Fe(T,2) 1 Aef(n—Da
< . p ) a1 1
a ‘ ‘ 1— Fe(Ypo) <1 —o20A (9 A 9) >Thx

1-— Fc(.%')
1-— Fc(Tnl‘) _
" ‘ 1 — Fe(z) 2l

where T, = =22+ =1+ O(A?).
By Theorem 1.2, we only need to show

. 1-— F(c (Tnl')
lim sup Tc(x)

A=0,n=00 0<e<pfy A

—1/=0. (3.16)

For positive constant M satisfying (4.24), we have

1—Fc(Ynz) ‘ < NI < CBy AA?

su ,
2M§m§€)ﬂn,A 1— Fe(x) 1+2M2 = 1+2M?
which implies that
1—Fe(Y,
lim sup M — 1' = 0.
A—0,n—00 2M<z<pBn.a 1-— F([j (.’17)
Finally, it is easy to get that
. 1-— F@(Tnx) ‘
lim su —= -1 =0.
A—0,n—00 0§a:§p2M ‘ 1-— F(C(m)

Consequently, we can complete the proof of this corollary.



Asymptotic properties for OU process with discrete observations 3207

3.1.5. Proof of Theorem 1.8

To begin with, we can get the following formula

Aednan—1A
ser T (gn = 9)
1— 6720”'AA ’

Aefn—1A Aefn—1A e—20n,a0 _ ,—20A
T 1204 (Gn’A B 0) + 1 —e—20A <0n’A B 0) 1 — e—20n.aA
Aee(n—l)A R N 1 — e 202
= _ (Ona—-0)(n—1A _ ¢\ _- =
+ g (0na—0) (¢ ) esian

By Theorem 1.2 and the procedures in its proof, to get (1.11), it is sufficient to
show

Aee(n—l)A R 1— 6—29A 1
fm B (|20 (sme)| [T ) L
A—)OI,ITILl—NX? Bn.a (’ 1—e20A On. 2 =0 ' ‘ 1 — e—20n,aA ~ Bn,alog ﬂn,A)
=0
(3.17)
and
Aee(nfl)A R N 1 — 202
i ae _ (On.a=0)(n-1)A _ ) e
Aalolfr?aoo ﬂn’AP< ‘ 1—e 204 (Gn’A 6) ‘ (6 1 1 — e—20n.a0

1
> | =0. 3.18
- Bn,AIOgﬁn,A> (3.18)

In fact, for any L > 0, we have
A O(n—-1)A , 1 — 202
P 5

1> ;>
/Bn,A IOg /Bn,A

1-— 6_20A 1— e*Qén,AA
Aee(n—l)A R
<P (‘m (en,A - 9)‘ > Lﬁn,A)

1— —20A 1
1 — ¢—20n,aA LB, alog Br,a
By using Theorem 1.2 and (3.8), we have

) Aee(nfl)A R
At PP (‘m (9 - 9)‘ = LBM) A

which implies

) ) AeG(n—l)A R

L—oo A—0,n—00

Moreover,

U —20A
1 — g—20n.aA LB;, plog Bn.a
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<p (yém —0| > 9/2)

9e—20A . 214 2 1
(2 (Sl 80 o) 2 )

From Theorem 1.2 and (3.8), we have

1— —20A

1
lim  BpaP <’1 €

Z 73 19 .
LﬁmA IOg ﬁn,A

Therefore, together with (3.19) and (3.20), we can prove (3.17).
Finally, (3.18) can be proved similarly, and the details are omitted here.

1\

A—0,n—00 _ 672én,AA

) =0.  (3.20)

3.1.6. Proof of Corollary 1.2

Notice that for any = > 0,
eGnA

P < TR (én,A —0) ﬁ > x) =P (’?69(:7_21;2 (én,A _9)’ > |Tn|xb"*A> 7

where Y,, = % =14+ 0(A?).
In the case of 0 < z < 1, we have z®»4 — 0 as n — co. Then, Theorem 1.2
eGnA ~

implies that
1
P < T(QH,A — 9) Pr.a Z .’E)

1— Fc(|Xy,|abna)
Hence, we can obtain that

1 YN —
lim log P | |—=+—(0n,a —0) >

—1, n— oo

A—0,n—00 bn,A 20 (3 21)

. 1
= lim
A—0,n—00 bn,A

log (1 - F¢(|Tn|zbﬂ=A)> —0.
In the case of z = 1, we have z®~4 = 1. By Theorem 1.2, it follows that
OnA

P( 2 Gpn —0)| >x>
17FC(|TnD

—1, n—oo.

Therefore,

]. e@nA ~ bnl,A
' £ _ >
A—)%Jl,rv?—mo n,A log P 20 (gn’A %) =7

. 1
= lim
A—0,n—00 bn,A

(3.22)

log (1 - F@(|Tn|)> —0.
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In the case of x > 1, if b, A satisfies condition (1.13), it holds that

b

nAzxbnapt
n,A ’
r’mh =00, ——Fi——

20ns 0.

By Theorem 1.2, we have

OnA A~

P<%ﬁ4@A—9)“Azx)
1 — Fe(|Tp|abma)

—1, n—oc.

According to (3.8),

eﬂnA .

W(%,A —0)

1
lim log P (

A—0,n—00 bn,A

. 1
= lim
A—0,n—00 by A

e
2%)
(3.23)

log (1 - FC(|Tn|xb”’A)) = —logx.

Then, the proof of (1.14) is completed by (3.21)—(3.23). Finally, by using
Theorem 1.3 and the procedure in the proof of (1.14), we can show (1.15), and
the details are omitted here.

3.2. Ergodic case: 8 < 0

In this subsection, we will prove Theorem 1.4, Theorem 1.5, Theorem 1.6 and
Corollary 1.3. The below formula plays an important in our following analysis.

nA . B nA 1 A (nA)~V2e7 AU,
\/ _Q_G(Hn,A —0) = 59 A log (1 + ToA Pt (3.24)

where U, V), are defined by (3.4).

The following results state that (6n,a — 0) is exponential equivalent

—1/2_—6A Lo —1/2_—6A
to %#. The proof of moderate deviation for %# (Propo-

_nA

26
sition 3.2) will be postponed to Section 4.
Proposition 3.2. Under assumption (H'), let A, a satisfy (1.16). Then, for
each p > 0, uniformly for 0 < x < pA, A,

1 p ((nA)_1/2e_9AUn
1—®(x) V—20n-1V,,

> x) -1 (3.25)

and

1 (nA)~1/2e=92y, )
P <_2) oL 3.26
1— ®(z) ( 200V, — (3:26)
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8.2.1. Proof of Theorem 1.}

Applying (1.2) and (3.24), we can obtain
D XiXioy _ 2N (1 n A (nA)l/Qe(’AUn)
S X7 VnA n=1V, :

Consequently, it holds that

ZTL—1 XiXi—l 0A A (nA)_l/Ze_eAUn
pPl&==""_" "< =P 1 <
( S X7 T 0 ‘ * vVnA n=1V, =0

71/2670AU

=P (‘\/i—A(nA)n-lvn ‘ - 1)

Afl/QfHAn
§P<(n )n_l‘i U > n/A).

From (1.16) and Proposition 3.2, we can completes the proof of this theorem.

8.2.2. Ezxponential equivalence in Cramér-type moderate deviations

Now, by Theorem 1.4 and Proposition 3.2, we can have the following exponential
equivalence.

Lemma 3.2. Under assumption (H'), let A A satisfy (1.16), we have
. —1/2,-6A
_%(gnﬁA_e)_ (TLA) € Un >
Vo 20 —20n—1V,

Proof. Using (3.24) and the fact |log(1 + z) — x| < 2, > —3, we can obtain
for any L >0

1
lim >— log P <

A—0,n—o0 A

1
>\n,A IOg )\n,A )

= —OQ.

nA nA)~12e-0A7, 1
P\ =57 (Ona—0)— n2) ) =
20 —20n V;L )\n,A 1Og An,A
27-11 X Xi 1 (nA)_l/Qe_GAUn 1
<P|l&E———< P < —Z+/n/A
- ( sz, 207 n=tV, =gV
1/2
L p (nA)~1/2¢=0A7, . ‘n]A /
n=1V, ~ \ AalogAna

S XX > <
<P (ni <0)+2P
Zi:l Xi2—1

From Theorem 1.4 and Proposition 3.2, it follows that

(nA)—1/2e—9AUn
n—1V,

> LAn7A> .

' 1 nA (HA)—l/Qe—QAUn 1

log P ~an 971 —0)— z
I TN QV 20 U a O S, | P s tog s
S _L2/27

which completes the proof of this lemma by letting L — oc. O
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3.2.3. Proof of Theorem 1.5

Here, we only prove (1.20), since (1.21) can be obtained in the same way. Firstly,
we can write that

P( f—;(énﬁ_g) Z“Lm)
p( f—fg(én,re) zx)
P( 2 (6.5-0) 2‘%)

nA - (nA)~12e=927,
+P (/-2 (lpn —0) -
<‘ 26 s =0) —20n-1V,,

Note that for all x > 0,

1
- )\n,A log )‘n,A )

IN

IN

1
o )\n,A 10g /\n,A> .

1
2+ V2mx

Then, using Lemma 3.2, we have

. 1 [ nA - (nA)~12e=927,
lim su — P ——(Opn —0) —
A—0,n—00 OSISPI;n,A 1-— (I)(l') ( ‘ 20 ( A ) *207171‘/”
1

>— | =0.
B )\n,A log )‘n,A)

e <1 - B(x) < —e /2, (3.27)

N | =

(3.28)
1
An,alogAp A

%@@)P< f—;(ém—e) in5n>‘

1-®(zx+E,) 1 nA /.
Py _9)>z+E
—‘ 1— o(x) 1-®(zt5,) < 729(9"*A 0)—37 ”>‘
~1|.

1—®(z+5,)
T

Moreover, letting =, =

By (3.27) and mean value theorem, we have

sup
0<e<prnal 1 —@(2)

1-®@+5,) ,|__C
~logAna
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Together with Proposition 3.2,

%MP< f—ﬁe(én,A—a) >xj:En>

Therefore, we can complete the proof of (1.20) by (3.28) and (3.29).

lim sup
A—0,n—00 0<z<pAn, A

=0. (3.29)

8.2.4. Proof of Theorem 1.6

By the method as in the proof of Theorem 1.5, we only need to show

A (s —0) - 7_1—2A9 (9n.a - 0)

1
lim —— 10gP<
—20p,.A

2
A—0,n—00 /\n,A

(3.30)

1
> — | = —00.
VN 1ogAn,A> >

In fact, we have

A Y. 20, — 0)° |
—20,. A <9”’A 9) —20 (9"’A 6) \/4én,A9 (\/—29n,A+\/——29>

Hence, it holds that

P o) -2 (a )| > s

2VnA (O A — 0)2 - 1
V=03 + 205 T Apaloghna ]’

Then, we can complete the proof by Theorem 1.5.

<p (|én,A — 9> |9\/2) P (

8.2.5. Proof of Corollary 1.3

For any x > 0, take y = A\, az, and it holds by (3.27)

. 1
lim VI
A—0,n—00 )‘n,A

l\>|gw

log (1 —2(y)) = -

Then, by virtue of Theorem 1.5,

1 1 nA /- x?
i — — — > = ——.
Aﬁl()l,lrlzlﬁoo )\% A log P (ATMA —260 (on’A 0) - 1‘)

Similarly, we can also have by Theorem 1.6

1 1 nA A T
li ——log P _— (9 — 9) > = ——.
AHOI,IT?HOO )‘i,A 8 (An,A —29n,A e B x)
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4. Proofs of two technical propositions
4.1. Proof of Proposition 3.1

Recall that

n

U, = ZEiA(e)Xi—ly Vi = ixiz—l'
i=1

i=1

The above two terms can be rewritten as

—0 2)A —30ATT v —20A\ _—260nA —20A v2
e~ 0(n+2) U,=c¢ UnXpn+ 710, (1—e Je RV, =e X, | —Ton,

(4.1)
where
ﬁn _ Ze—e(n—i)AeiA(a)7 )Z-Z — 6—62’A‘XZ_7 i=0,---,n, (42)
i=1
P = e 308 Z e 0=DAA () ()NQ_1 - )N(n) (4.3)
i=1
and n
roy = 208 Ze—2e(n—i+1)A (X-Z_zil _ )N(f,g> . (4.4)
i=1

. .. —0(n+2)A
Then, we have the following key decomposition for (1_§,zg A)e,zg,,jgvn.

Lemma 4.1. Define

—0A[T —0nA A (g
Ry, =S “n.¢ ~6”(), Ry, = 1n , (4.5)
anl anl 6729AX727,71 —Ton
and ,
Rgn ~2n
6—29AX72L71 — Ton
We have
670(n+2)AU eanfj' .
— —pi = —= + Rin + Ran + Ry, (4.6)
(1 — ¢ 208)c—20nAY X, .
where _
—nA
~ U,
R?m - (6)?7” + Rln) R3n- (47)
n—1
Proof. Using (4.1), we have
e~ 0 t2)AL e U, X, R e_gAﬁn)?nR
(1 — e—208)—20nAY, 32 = fan + X2 3n
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Since X, = Xp_1 + e %262 (6), it holds that

~ )? ~
e_eA (@ — ~Un ) = R1n~
X2

n—1

Then, (4.6) can be proved immediately. O

Lemma 4.2. Under assumption (H), let Bn.a satisfy (1.5). Then, for each
p > 0, uniformly for 0 < x < pfip A,

1 —OATT
Pl sy) o (4.8)
1-— F(C((E) Xn—l
and
1 —OATT
Pl o o) (4.9)
Fcc(—l’) )(n_1

Proof. Note that (e"mﬁn, )N(n_1> is a two dimensional normal variable, satis-
fying

= > 1 —20(n—-1)A\ ._ 2
EX,1=0, Var(X,_1)= % (1 —e ) =0%
_ . 1
Ee 92U, =0, Var(efeAUn) =29 (1 — eiZQ”A) = ‘737%6 ,
and
~ 1
—0A 20A —0(n+1)A

Cov (e Un,Xn_l):%(nfl) (e fl)e (n+1)A

Letting

-~ o~ _ -1 -1 —OATT v
pe*‘gAUan71 - O-)N(n_lo-e*"Af]nCOU (6 Unvxn—l) 5

we can get that

—OATF o . -1 ¥ 2 ~
e U, = pe_gAUan71O'e_eAUnO')N(n_anfl + \/1 pe,eAﬁm;{n_er—eAUnfa

where £ is a standard normal variable which is independent of X, 1. Therefore,
it holds that

679AUn
anl
-1 £ -1
= /1 =92 -~ o ~ o= _ ~ o ~ O~
\/ pe_eAU,,“anl e 02U, Xn—1 O—il anl +p679AU"7XTL71 e 94U, Xpo1
anl
= Ay——=—+B..
0 anl
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Moreover, we also have

A, =1+0((nA)?e2"2), B, =0 (nAe "2). (4.10)

. 3 ~ e 2T, 1 _ —1 _
Since 70;1715{%1 C, we have P( o > x) =1-I¢ (An (z Bn)).

For any € > 0, let M be positive constant such that (4.24) holds. Then

1 —OATT
PV s )y
17F((;(117) anl

Fe(z) — Fe (A7 (z — B,)) ‘

sup
2M<z<pfn,a

= sup

2M<a<pfn A 1 — Fe(x)
2
T
< O (nAe=m2) .
= 1= o1 +2M2) (nAe™7)
Therefore
1 —QAijn
lim sup jo) - >z | —1|=0. (4.11)
A—0,n—o0 2M <x<pfn A 1-— F(C(l’) anl
Furthermore, it is easy to obtain that
1 —0A ~n
lim  sup P U s ) ] 2o
1-— Fc(al‘) X1

A—0,n—00 0<z<2M

Together with (4.11), we can prove (4.8). Moreover, (4.9) can be shown similarly,
and the details are omitted here. O

In the remainder of this subsection, we will show that Ry,, Rs, and fign
defined in (4.5) and (4.7), are negligible in the sense of Cramér-type moderate
deviations. To do this, we need the following deviation inequality for the multiple
Wiener-1t6 integrals ([34], Theorem 2 or [35], Theorem 4.1).

Lemma 4.3. For any symmetric function f € L? ([0,T]") and x > 0, we have

1 T "
P(|L(f)|>2z) <Cexp{ —= | ———— ,
( ) 2 \ vVl fllz2 o797

where I, (f) is the n-th Wiener-Itd integral of f with respect to the Wiener
process ([36], [38]), and the constant C > 0 depends only on the multiplicity n
of the integral.

Lemma 4.4. Let Ry, be defined in (4.5). For B, a defined by (1.5), we have

lim  faaP (|R1n| > (4.12)

A—0,n—00

1
— ) =o0
Bn,A IOg Bn,A )
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—0A TS —0nA _A 9 .
Proof. For Ry, = ¢=—UYn . £ % e can wirte that
Xn-1 Xn—1

1
Pl|R,|> —o-—
(' nl 2 ﬁn,Alogﬁn,A)
—0ATT ~
<P<e U, >Bn,A>+P<‘Xn1‘< € )
€ Bn,A

2
TN N ) | —
(' O G Tz

anl
Using (3.8) and Lemma 4.2, we have

679AUn

lim lim By AP <

e—0 A—0,n—o00

> ’B"’A> =0. (4.13)

n—1 €

Note that X,,_; ~ N(O L1 6’20(”*1)A) ) Then

’ 20
~ € Ce
P(|%0| < ) < =<,
( " B Bn,a
which implies that
~ €
i i < =0. .
21—{% A—)%Jl,rv?—mo ﬂn’AP (’an‘ - 6n,A) 0 (4 14)

From the fact e /"2 (6) ~ N (0, 55202 (202 — 1)), it follows that

P(|e2ed(0)] > €? <9 Cete20na
Gn Z ey ~ X —
B2 A 10g B P\ 288 A (log Bun)?

which implies immediately

2
lim B, AP (ye—9"Ae§(e)\ 67> =0. (4.15)

Z 33
A—0,n—00 Bn,A log 5n,A

Combing (4.13)—(4.15), we can obtain that

1
li AP (R >— ) =0. 0
A—>01,Iq?—>ocﬁ A < ! | Bn,A logﬂn,A)

Lemma 4.5. Let Ro,, and Rs, be defined in (4.7). For B, a defined by (1.5),
we have

lim  BuaP (|R2n| V| Fan| >

A—0,n—00

1
Bn.a log 5n,A> =0 (4.16)
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Proof. To begin with, we establish the deviation inequalities for ry,, and rg,
defined in (4.3) and (4.4). In fact, by (4.3), 71, can be rewritten as

D DR () (XH - Xi)

4e30A Z efe(nfi)AQA(g) ()}‘Z — )?n) = T11n + T120-
i=1

Straightforward calculation gives that
Eri1, =0 (nAe*G"A) , Var(riin) =0 (nAge*%”A) (4.17)

and
Eri9, =0, Var(rig,) =0 (nAe*QG”A) . (4.18)

Note that r1,, — ET11, is a second order Wiener-It6 integral. Using Lemma 4.3,
we obtain for any r > 0

P (|rin — Eriin| > 1) < Crexp {702T(HA)71/26671A} . (4.19)
Moreover, we also
Ery, =0 (nAe*%”A) , Var(ra,) =0 (eiQQ"A) (4.20)

Since ray, — ErToy, is a second order Wiener-It6 integral, using Lemma 4.3 again,
we obtain for any r > 0

P (|roan — Ergn| > 1) < Crexp {~Core’m2}. (4.21)
SeCODdlYa for Ry, = Mﬁ and Rz, = ij we have for

any € > 0
1
Rop| > —n———
(' ] 2 ﬁnAlogﬁnA>

2€ €
<p ‘—2‘“)(5 ‘g— P |ron| > —— | +P rn>7
( ' ﬂ?%A | ’ | nA | ' | 3 logﬂn,A

and

€
P\l |R3,| > ————
<| 3n‘ — i,AIOan,A>
20 €
<P ‘—2“)(5 ‘<— Ton| > Pon| > = .
B ( RN Iran] 52 Irzn] A log Bn A

From (4.14), it follows that

6—0 A—0,n—0c0 n A

lim lim B, aP (’e_%A)N(Q ’ < 25 > =0.
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Moreover, by (4.17)—(4.21) and the condition (1.5) for 8, A,

¢ €d
lim B, PAlnnl 2 g5 — | P\ Irenl 2 gr 05—
A—>01,I£l—>ooﬁ 4 max{ (Tl | 2,A 1og6n,A> <|r2 | ;LlaA logﬁ"’A>}
=0.

Therefore, we have

1 €
li 5 P(|Ron|>—— ) P(|Rsp|> -
A~>01>I’rl;l~>ooﬂ ’Amax{ <| ? _Bn,Aloan,A) ( anl fL’Alogﬁn,A)}

=0.
(4.22)
Finally, we are ready to deal with the term Rs,,. In fact, for any ¢ > 0

~ 1
P(|Rs| >
(‘ an| 5n,Alogﬁn,A>

—nATT

€ Un Brn,A Bn.A 2€
<P > . P |Ri,| > . Pl |R3n| > ——7—.
>~ < = B >+ (| 1 ‘_ c )+ (‘ 3 ’ ﬁgyAIOgﬁn,A)

Applying (4.12), (4.13) and (4.22), we have

Xn—l

~ 1
3 - > = 0. .
Aﬁgﬁ?ﬁoo Pn.aP (|R3n| = Bn,alog Bn,A) 0 (4.23)

Together with (4.22) and (4.23), we can complete the proof of this lemma. O

Proof of Proposition 3.1. By (3.8), for any € > 0, there exists some positive
constant M such that

sup |rx (1 — Fe(x)) — 1] <e. (4.24)
x>M

Now, for each p > 0 and 2M < z < pf3, A, we have by (4.6)

P ﬂ>x+; —P(‘R +Ro +R |>;>
Xoo1  BualogBuna T = g Alog Ba.a
679(n+2)AUn
=£ ((1 —e—208)—20nAY, = x)
<p ﬂ>m,; +P(|R +Ro +R |>1>
a 5(:7171 - 6n7A 1Og ﬁn,A m an nl= Bn,A IOg ﬁn,A '
(4.25)

Firstly, by using Lemma 4.4, Lemma 4.5, and (4.24), we have

P(’Rln+R2n+§3n| Z ﬁnAI;gﬁnA)
lim sup =

A—0,n—00 M<z<pfn,a 1-— FC(x)

=0. (4.26)
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Secondly, we can write that

eanf]n 1
sup P ( Xpn_1 z2T+ Bn,AlOg,Bn,A) 1
2M <2< phn A 1— Fe(x)
1
1-Fe (aj + Br,a logﬁn,A)
< sup —1
2M<a<phn,a 1— Fe(x)
1 ean(jvn 1
+ sup 1-Fc (x + Bn,a log B,L,A) P ( Xn1 Z T+ Bn,a log /3n,A> 1
2M <2< pfn, 1 — Fe(z) 1— Fe (m + m)
Together with Lemma 4.2 and (3.12), we can obtain that
e "AU, 1
. P ( )}n,1 Z T+ Bn,a logﬂn,A)
lim sup —1|=0. (4.27)
A=0.n—00 20 <w<pfi, A 1— Fe(z)

Therefore, by (4.25)—(4.27), it holds that

1 —0(n+2)A
P ¢ U 5.\ _1l=0
1— Fe(x) (1 — e=208)e—20nAY,

lim sup
A=0,n—=00 2 M <w<phn,a

(4.28)
Moreover, since the function 1 — Fg(x) is uniformly continuous, the standard
discretized approximation argument shows that

6—9(n+2)AUn
P ((1 — e—208)—20nAY), Z x) - (1= FC(Jf))’ = 0.

lim  sup
A—0,n—00 zcR

Therefore, it follows that

1 e—9(n+2)AUn
’ 1— Fe(x) ((1 — e 20A)e—20nAY,

lim sup
A—=0,n—=00 0<z<2M

> :r) - 1‘ =0. (4.29)

Finally, (3.5) can be obtained immediately by (4.28) and (4.29). Using the
same procedure, we can prove (3.6), and the details are omitted here. O

4.2. Proof of Proposition 3.2

In this part, we will prove the Cramér-type moderate deviation for
%’ where U,,, V,, are defined by (3.4). Firstly, we will represent U,
by second order Wiener-Ito integral, while its forth moment can be estimated
explicitly. Then, we can get the Cramér-type moderate deviation for U,, by us-
ing the results in Schulte and Thiéle ([41]). Secondly, for the term V;,, we will
show that it is exponential equivalent to its asymptotic expectation in the sense
of moderate deviation.
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Lemma 4.6. For s,t € [0,nA], define
On,a(s,t) = Ze(%’lmee’e(”s) (]I[(i—l)A,z’A] (t) - To,(i—1)a) (5)
i=1

+1ji—1)a,ia1(8) * To,(i—1)A] (t)>,

where 14 (+) is the indicative function of A. Then

1
Un = §IQ(<)O7L,A) (430)

and
B (IDL(e(s. )2 ~ E|DE(e(s 0)]3) =0mA),  (431)

where I (+) is the second order Wiener-Ito integral with respect to Brownian mo-
tion, D is the Malliavin derivative operator and H is a Hilbert space associated
with Brownian motion (see Nualart ([38])).

Proof. By straightforward calculation, we have

n

nA
Z (2i— 1)0A/ e i1y ain( dW/ %l (i—1)a) (5)dW
Z (2i-1)0A (/ / Iii-1)a,ia) (1) - €T -1y a] (5)AW:dW,

nA
/ / ~jo, -1 (¢) '6GSH[(i_l)A,m](s)thdWs>

:—I n,
5 2(%0 A)

Using (4.30), we have for s €[0, nA]

n iA
Dy (Ia(pn,a)) =2y e V8T g i1y (5) / e taw,
i=1 (i—1)A
" . (i—1)A
+2 Z 6(21_1)0AH[(1‘—1)A,1A] (s) / =0+ gy,
i=1 0
= 2Y, + 2,

which implies that

1 ) nA TLA~ nA 5
tionetsnl = [ veas [T vzas [ visia
0 0

) 4 4D, 4 4®),
= AN+ AP, + AP
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Firstly, for AS)A, we have

= 20T NA20, 1A (E) (68(6))

i=1
n 1—1 o
+2) DTN a0 (0)€5(6),
i=1 j=1
where €2 (0) = ¢A? (ZA_UA e~93dW;. Therefore,
1 & _
Agzl,)A _ % (1 . 62(171)A6) (E?(Q))z
i=1
1 n i1—1 o
ZZ ( (i—j)A0 (zﬂﬂ)M) 6?(0)614(9)'
=1 j=1
Then
1— eQ@A 1— e29nA (nA)Q nA
EAY, = - E(AM )2 = - = A
n,A n 402 492 ) ( n}A) 402 403 +0(n ),
which implies that
2 nA
E (Ale)A - E(Ale,)A)) = 55 Ho(nd). (4.32)

Secondly, for AS)A, it holds that

- " _ (i-1)A 2
Yt2 - Z 62(2171)A96720tﬂ[(i—1)A,iA] (t) / e qw,
i=1 0
and
1 <& ) ) (i—-1)A 2
- Z ( 2(i-1)A60 _ eQer)) / 0w, | .
20 i=1 0
Then, we can obtain that
1— 629A 1— eQ@nA ’I’LQAQ nA
EA(z) = _ E A(Q) 2 _ _na A
N LY> 102 (A, A) TEERTE + o(nA),
which implies that
2 2) \\ 2 nA
B (A0S~ B(ATL) = ~5 +olnd). (4.33)
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Finally, for the AS)A, we can write that

n i—1 (G—DA A
Y5, = 2262(1+J DAG2 (i )/ 05w, 05w,
=1 j=1 (i-1)A
and then
10t ) ) (G-1A iA
AS)A _ 1 Z (ez(zq)Ae B 6(2271)A9) / e 0w, =0 qW,.
’ 0 i=1 j=1 0 (i-1DA
Since
EAY, =0, B(AP))?=omA).
We can also obtain
2
E (A;%g - E(Aﬁj’jg)) = o(nA). (4.34)
Together with (4.32)—(4.34), we can complete the proof of this lemma. O

Lemma 4.7. Let A\, o defined by (1.16). For each p > 0, uniformly for 0 <

€ S pAn,A;
1 [ 20
—P |+ —— > 1.
1—®(x) ( nAUn_QC) -

Proof. Denote by Fy, o =1/ —%Un. By (4.30), we have Fj, A =1/ —ﬁ]g(g@n’A).
Then, we can calculate variance of U,, as

1
Var(U,) = (22 -1+ n(l — e %)

49? ) (4.35)
A —— — —pA? A?
20" 162 2” +o(nA”).

Using Lemma 2 in ([39]), we can obtain

2
E (|DFyally — EIIDFualf)” = 46° \‘p/& f/’% N
H
From (4.31) in Lemma 4.6, it follows
Pn,A <P A ?
Ll n’ =0 ((nA)™Y).
H vV ’I’LA H®2 (( ) )

According to Theorem 5 in ([41]) (see also Theorem A.l in the Appendix A),
we have for each p > 0, uniformly for 0 < z < pA, A,

o < \/:U >x,/——Var >—>1 (4.36)
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Moreover, under the condition that lima_,0 n—c0 nA*(lognA)S = 0, we have

x( —%V@T(Un) — 1)

1
<

o - An,A IOg )\n,A ’

OSZSP/\'/L,A

By the procedure used in the proof of Theorem 1.5, we have

1- <I>(a: —S—ZVW(U”))

lim su —1] =0,
A—0,n—00 OSLCSPI:;W,A 1-— @(CL’)
which completes the proof of this lemma. O
Lemma 4.8. For V,, defined by (3.4), we have
n 1— e29nA
EV,=——+4+ —F— 4.37
" 20 " 20(1 — e268) (437)
and for any x > 0
1
r (— V,, — EV,,| > x) < Cre=C2Vnher, (4.38)
n

Proof. Since

n n ) (i—-1)A 2
Vo= XEy=) Q0D < /0 e‘atth> ,
i=1 =1

we can obtain immediately that

n 1— 620nA

EV,=——+———ae, Var(V,) =

20 " 20(1 — ¢208)’ +o(n/A).

__n
203A

Note that V,, — E'V,, can be represented as a second order Wiener-It6 integral.
Then, using Lemma 4.3, we obtain (4.38). O

Proof of Proposition 3.2. For each p > 0 and 0 < z < pA, A, we obtain

1 <(TLA)1/260AUn >
>x
1—®(x) —-20n"1V,,
1 1 A2 AlognA
<_ - p 4> 2 -
—1—®(x) (n V+29’ VnA

20 OA 2022 A lognA
2072

_ 0A nYAlognA))
1-@ (a:e (1 + — i

+
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B oA 20X2 A lognA
’1 <I><xe (1—1-7\/77A ))

1—®(x)

Similarly,

—1/2,-6A

1 P ((nA) e 2U, > x)

1—®(x) —20n-1V,

> 1 P 1 > A2 A lognA
1—®(z) 20 VnA

20 0A 20)2 A lognA

B N B 20)\?1)A10gnA))
1 @(ze (1 Pna o810

1- & (xem (1 . 26)\iyA10gnA))

n V, + —

VA
1—®(x)

From Lemma 4.7, it follows immediately that

0 lognA
P(j: —20.0], > pet® (1j: Lialars ))
—1

lim sup A -0
A—=0,n—00 0<g<pAy,, 1-9 (weoA (1 + n\/A 1Zg” ))
n
(4.39)

By Lemma 4.8, we have

1 1 A2 AlognA
li log P -1 —|>he 2 ) =
A—»Ol,rv?—mo Ai,A & ( Vat 26 \/M o

which implies by (3.27)

I L »p ‘ iy L] s Analosnal (4.40)
1m Su e — —_— _— = U. .
A—0,n—00 0<z<p1:/)\ 1— (I)(Hj‘) 260 vVnA

Moreover, by mean value theorem and (3.27), we have such that

OA 29)\3“A lognA
o (s (1 i)

su
0<oZprn a 1—®(x)

A2 lognA A ClognA
<Oy (AN v ImA 2 T, —Cy(AN2 v A 2T .
>~ L1 ( n,A \/n_A ) Xp { 2( n,A \/’I’L_A )

Since imaA —0,n—s00 A)‘i,A < IlimA—0,n—00 (nA7)1/67 we can get that

2 lognA
1-@ (ar:eaA (1 _ 2024 logna ))
lim sup na -1 =0.
A—0,n—00 0<z<pAn, 1-— (I)(Jf)

(4.41)
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Finally, together with (4.39)—(4.41), we can completes the proof of this propo-
sition. ([

Appendix A

Let H be a real separable Hilbert space with inner product < -,- >y and
norm || - ||g. We denote for integer ¢ > 1 by H®9 the gth tensor power and by
H®Y the gth symmetric tensor power of H. Moreover, let {ex,1 < k < dimH} be
a complete orthonormal system in H. For integers p,q > 1, f € H®P, g ¢ H®Y
and 1 < r < min{p, ¢}, we denote by f ®, g the rth contraction of f and g
defined as

dim H
f®rg: Z <f,€7;1®...®6ir >per << g,€i1®...®6ir >uer .

B]yeensip=1

Now, let {h,,n > 1} be a sequence of elements in H®Y for some fixed integer
g > 2. We shall state Theorem 1 and Theorem 5 in Schulte and Théle ([41])
together as follows.

Theorem A.1. Let F,, := I,(h,) satisfying
Var(F,) = q!||hn||]12-11®q =q!
and
lim K, = lim max | iy @4 by | g@20a—my =0

n—00 A—0,n—oc0r=1,---,q

Define A\, = (q?"I/ZKﬁ‘(q))_l, with with

(¢ even), a(q):= m (g odd).

q+2
o(9) q(3q — 5)

T 3¢+2

Then, there exist constants cg, c1,ce > 0 depending only on q such tat for A, >
coand 0 <z < clA}/(q_l), such that

P (£F/Val > x) | (1+x/¢a)3.

o8 = "3 () = )
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