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Abstract

The present paper is devoted to the study of the well-posedness of a type of BSDEs
with triangularly quadratic generators. This work is motivated by the recent results
obtained by Hu and Tang [14] and Xing and Zitkovi¢ [28]. By the contraction mapping
argument, we first prove that this type of triangularly quadratic BSDEs admits a
unique local solution on a small time interval whenever the terminal value is bounded.
Under additional assumptions, we build the global solution on the whole time interval
by stitching local solutions. Finally, we give solvability results when the generators
have path dependence in value process.
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1 Introduction

Backward stochastic differential equations (BSDEs) are introduced in Bismut [1].
A BSDE is an equation of the form

T T
Yt:§+/ g(s,Ys,Zs)ds—/ ZudW,, 1€ (0.T],
t t

where W is a d-dimensional Brownian motion, the terminal condition ¢ is an n-dimensional
random variable, and g : Q x [0, 7] x R® x R"*¢ — R" is the generator. A solution consists
of a pair of predictable processes (Y, Z) with values in R" and R"*¢, called the value
and control process, respectively. The first existence and uniqueness result for BSDEs
with an L?-terminal condition and a generator satisfying a Lipschitz growth condition is
due to Pardoux and Peng [24]. In case that the generator satisfies a quadratic growth
condition in the control z, the situation is more involved and a general existence theory
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does not exist. Frei and dos Reis [12] and Frei [11] provide counterexamples which
show that multidimensional quadratic BSDEs may fail to have a global solution. In
the one-dimensional case the existence of quadratic BSDE is shown by Kobylanski [19]
for bounded terminal conditions, and by Briand and Hu [4, 5] for unbounded terminal
conditions. Briand and Elie [3] provide a constructive approach to quadratic BSDEs with
and without delay. Solvability results for superquadratic BSDEs are discussed in Delbaen
et al. [9], see also Masiero and Richou [23], Richou [25] and Cheridito and Nam [6].

The focus of the present work lies on multidimensional quadratic BSDEs. In case that
the terminal condition is small enough the existence and uniqueness of a solution was
first shown by Tevzadze [26]. Cheridito and Nam [7] and Hu and Tang [14] obtain local
solvability on [T — ¢, T] for some ¢ > 0 of systems of BSDEs with subquadratic generators
and diagonally quadratic generators respectively, which under additional assumptions
on the generator can be extended to global solutions. Cheridito and Nam [7] provide
solvability for Markovian quadratic BSDEs and projectable quadratic BSDEs. Xing
and Zitkovié [28] obtained the global solvability for a large class of multidimensional
quadratic BSDEs in the Markovian setting. Frei [11] introduced the notion of split
solution and studied the existence of solution for multidimensional quadratic BSDEs by
considering a special kind of terminal condition. Jamneshan et al. [16] provide solutions
for multidimensional quadratic BSDEs with separated generators. Using a stability
approach, Harter and Richou [13] establish an existence and uniqueness result for a
class of multidimensional quadratic BSDEs. In Bahlali et al. [2] existence is shown
when the generator ¢(s, y, z) is strictly subquadratic in z and satisfies some monotonicity
condition. Multidimensional quadratic BSDEs appear in many applications, such as
market making problems (see Kramkov and Pulido [20]), nonzero-sum risk-sensitive
stochastic differential games (see El Karoui and Hamadéne [10], Hu and Tang [14]) and
non-zero sum differential games of BSDEs (see Hu and Tang [15]).

Our results are motivated by the recent works of Hu and Tang [14] and Xing and
Zitkovié [28]. We focus on the solvability of a type of BSDEs with triangularly quadratic
generators. More precisely, we study the coupled system of quadratic BSDEs

Y=t 4 [T [LZE2 + ZHN (s, V) + W (s, Y, Z,)) ds — [ ZEaw,
Vi =& 4 [T [LZI2 + Zili(s, Vs, Zs) — Ki(5, Zs) + h'(s, Y5, Z5)] ds
— [ ziaw,, i=2,...,n.

By borrowing some techniques from Hu and Tang [14], we first prove that this type of
triangularly quadratic BSDEs admits a unique local solution on a small time interval
whenever the terminal value is bounded using a contraction mapping argument. Under
additional assumptions, we show that the value process is uniformly bounded. Therefore
we build the global solution on the whole time interval by stitching local solutions. Finally,
we give solvability results when the generators have path dependence in value process.

The paper is organized as follows. In Section 2, we state the setting and main
results. The proofs of our main results are presented in Section 3. We further investigate
solvability results for a type of quadratic BSDEs with path dependence in value process
in Section 4.

2 Preliminaries and statement of main results

Let W = (W}):>0 be a d-dimensional Brownian motion on a probability space (€2, F, P).
Let (F;)i>0 be the augmented filtration generated by . Throughout, we fix a T €
(0,00). We endow  x [0,T] with the predictable o-algebra P and R" with its Borel
o-algebra B(R™). Equalities and inequalities between random variables and processes
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are understood in the P-a.s. and P ® dt-a.e. sense, respectively. The Euclidean norm is
denoted by | - | and || - || denotes the L>°-norm. Cr(R") denotes the set C([0,7]; R™) of
continuous functions from [0, 7] to R™. For p > 1, we denote by

» SP(R™) the set of n-dimensional continuous adapted processes Y on [0, T] such that

P

1Yl ::E[ sup w} < o3
0<t<T

* §®°(R™) the set of n-dimensional continuous adapted processes Y on [0, 7] such
that

< 00;

¥ sm = H sup Vi
0<t<T

+ HP(R™*?) the set of predictable R"*?-valued processes Z such that

1
27 p

T
|2l = E (/ |Zs|2ds> < .
0

Let T be the set of all stopping times with values in [0, 7. For any uniformly integrable
martingale M with My = 0 and for p > 1, we set

)

1
”MHBMO,,(P) = Slelg)_HE[lMT - Mr\p|ff]p Hoo

The class {M : ||M| pmo, < oo} is denoted by BMO,, which is written as BMO(P)
when it is necessary to indicate the underlying probability measure P. In particular, we
will denote it by BMO when p = 2. For (a- W), := fot asdWy in BMO, the corresponding
stochastic exponential is denoted by & (a - W).

We will now focus on the solvability of the following type of BSDEs with triangularly
quadratic generators:

Y= [T L Z22 + 2N (s, Ys) + B2 (s, Vs, Z)] ds — [ ZEaw,,
Vi =& 4 [T [LZI2 + Zili(s, Vs, Zs) — Ki(s, Zs) + h'(s, Y5, Z5)] ds (2.1)
—[Fziaw,,  i=2,...,n,

where ¢ is R%-valued and Fr-measurable random variable which is bounded. Let C be a
positive constant, we will make the following assumptions:

(A1) I': Q x [0,T] x R™ — R satisfies that I'(-, y) is adapted for each y € R". Moreover,
it holds that

Mty <CA+yl), yeR™

(A2) Fori=2,...,n,1' : Qx [0,7] x R" x R"*? — R satisfies that ['(-,y, z) is adapted
for each y € R™ and z € R**¢. Moreover, it holds that

'ty 2)| <C(+y]), y€R", 2 € R,
i—1

ity 2) = U9, D) < Cly—gl+CY |7 — 7|, y,geR", z,2€ R,
j=1
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(A3) Fori=2,...,n, k' : Q x [0,T] x R"*¢ — R satisfies that k’(-, z) is adapted for each
z € R™*?, Moreover, it holds that

i—1
0<K(t2) SCA+ Y [FP), ze R
Jj=1
i—1
|E'(t,2) — k'(t,2)| < 02(1 + 2|+ |Z))|27 — Z|, 2 ze R

Jj=1

(A4) h:Qx[0,T] x R* x R"*¢ — R" satisfies that h(,y, z) is adapted for each y € R"
and z € R"*<. Moreover, there exists a € [—1,1) such that

Bty 2) < COL+ gl + [2]"+%), y e R", 2 € R,
o _ ot _1at _
Bt y,2) = h(t,5,2)| < Cly— g1 +C (14217 + |27 ) |2 — 2],

fory,y € R" and z, z € R"*%,

Remark 2.1. Assumptions (A2) and (A3) imply that (¢, y, z) and k*(¢, z) will only depend
on the first i — 1 components of z for: = 2,...,n.

Our first main result ensures local existence and uniqueness for the triangularly
quadratic BSDE (2.1). The proof is given in Section 3.

Theorem 2.2. Assume (A1)-(A4) hold, then there exist constants T;, C; and Cy only
depending on «, C' and |||« such that for T < T,, BSDE (2.1) admits a unique solution
(Y,Z) such that (Y, Z - W) € S®(R™) x BMO with ||Y||s~ < Cy and ||Z - W||pmo < Ca.
Next, we would like to find conditions under which Theorem 2.2 can be extended to
obtain global solvability. In the present setting, under additional conditions, a pasting
method based on the uniform bound of the value process allows to get global existence
and uniqueness for the triangularly quadratic BSDE (2.1). The proof is given in Section 3.

Theorem 2.3. Assume (A1)-(A4) hold and additionally h* < 0 and |l'| < C fori=1,...,n,
then BSDE (2.1) admits a unique solution (Y, Z) such that (Y, Z - W) € S*(R") x BMO.

The sign of k' is critical to obtain our main results. Indeed, if the restriction on the
sign of &’ fails to hold true, we are able to construct a counterexample to the existence of
solution of the triangularly quadratic BSDE based on the work of Frei and dos Reis [12].

Example 2.4. Assuming that d = 1, then BSDE

Y =+ Y zh2ds — [ Ztaw,

(2.2)
T 2 T
v2 = [l [31222 + = 202 ds - [T z2aw,

has no solution for some ¢! € L>°(Fr). The details are given in Section 3.3.

Remark 2.5. Our results are closely related to Hu and Tang [14] and Xing and Zitkovié
[28]. Compared with Xing and Zitkovié [28], we work under a non-Markovian setting.
Compared with Hu and Tang [14], we allow two additional type of terms in our generator,
i.e., Z(-,Y,Z) fori=1,...,n and k'(-, Z) for i = 2,...,n. The main difficulty is how to
deal with the additional quadratic term k°(-, Z). We overcome this difficulty by providing
some critical estimates based on properties of BMO martingales. The detailed estimates
are given in Section 3.

Remark 2.6. It is critical to obtain the uniform bound of the value process in order
to obtain global existence. However, due to the additional quadratic term k'(-, Z), the
technique used in Hu and Tang [14] fails to work for our system of BSDEs. We provide
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a new approach to obtain the uniform estimate for the value process by additionally
assuming that 4’ < 0 and |I{| < C. If the additional quadratic term k‘(-, Z) vanishes, the
global existence and uniqueness still hold true under the same assumption of A’ as in Hu
and Tang [14] by slightly modifying the technique in Hu and Tang [14].

3 Triangularly quadratic BSDEs
Before moving to the proofs of our main results, we would like to recall some classical
results on BM O spaces (see [18, Theorem 3.6] and [18, Corollary 2.1]).

Lemma 3.1. Leta- W € BMO be such that |la- W|pmo <~ for some v > 0, and P be
given by %5 := Er(a - W), under which W=Ww - J, asds is a Brownian motion. Then for
every b- W € BMO, there exist two constants () and A(y) only depending on v such
that

SN Wlkno < 16 Wik om) < AMI0- Wikio-

Lemma 3.2. Foranyp > 1, there is a generic constant L, > 0 such that for any uniformly
integrable martingale M,

1M Br0, < Lol M Brro,-

We consider the following function from R into itself defined by
u(z) =€e" —1—x.
It is easy to check that u has the following properties

uw(z) >0, u(z) >z -1, v (x)—u(z)=1.

3.1 Proof of Theorem 2.2
Step 1. We first show that for (y,z - W) € S>°(R"™) x BMO, the following BSDE

T T
1
vi-gs [ (JP 20 6+ W sz ) ds— [ ziaw,
t t
admits a unique solution (Y, Z!) such that (Y1, Z*- W) € §°(R) x BMO. Indeed, noting
that (y,z- W) € S*®(R") x BMO and |I}(t,y)| < C(1+ |y|), using Young’s inequality, we
obtain that for any p > 1,

| AT <1+u>uz.|vfxsul22 O ke (@+l=W o)) Fa
§ EQ e BMO(QL) -Ft (31)

. . 7 . 1 .
where Q! is the equivalent probability measure given by ‘2% = Er(I*(-,y.) - W). Applying
John-Nirenberg inequality [18, Theorem 2.2], it holds that

[T Lol s
EQ |e A+l=WIT 601, Al <o (3.2)

Therefore, combining with the fact that ¢! is bounded and |hl(t,y, 2)| < C(1+|y|+|z|1T%),
we have for any p > 1,

EQI |:<e§1+foT h1(57y57zs)d5>p:| < 0.

EJP 25 (2020), paper 112. https://www.imstat.org/ejp
Page 5/23


https://doi.org/10.1214/20-EJP504
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

A type of globally solvable BSDEs with triangularly quadratic generators

Hence, the following BSDE

T T
Ysl _ e§1+f0T h'(s,ys,zs)ds +/ ZAill(s,ys)ds _/ Z;dWS
t t

admits a unique solution (Y, Z!) with ¥ explicitly given by

V= EQ! [6£1+foT hl(s,ys,zs)ds’]:t] 7
and 2! uniquely determined via martingale representation theorem through

T
&Sy W (ssiza)ds _ pQ* [efl-s-foT hl(S)ysvzs)d8:| _|_/ ZAtlthQ{
0

Moreover Y'! > 0. Denoting Y;! = InY;!, we have

T T 51 |2 51 T 51

~ 11Z Z Z
Y= 1—|—/ hi(s,ys,zs)ds —l—/ i et N Tl YR ds—/ = dW5.

t <£ o ( Y s) ; 5 Ysl Y;l ( ys) \ Y;l

Let V! = V! — fot hl(s,ys, zs)ds and Z} = % then (Y1, Z!) satisfies

v =&+ /tT (;Z§|2 + Z1 (s, ys) + hl(s,ys,zs)> ds — /tT ZdWs.
Now we will show that (Y1, Z! - W) € §°(R) x BMO. Actually, we have
Y <InEQ {emlwf 1 (ope 22| ;t}
< EQ {ewwf o<1+\ys\+\zs\1+a>ds,ft}
<1 e + CU+ lylloe) (T = £) +In BR" [e€ 7 121770 | 7]
Therefore, it follows from (3.1) with p = 1 and (3.2) that

l—«a  1ta 1ta
V<€ oo + CL A+ ylloo)(T = 1) + — 0 (A +a)lz- Wllsaow0r) = (T —1t) +1n2.

.

B T
> E9 |—|¢t - C/ (1+ |ys| + |25]"F*)ds ft]
t

) T
/ |zs| T ds
¢

On the other hand, it holds that

[ T
1
V=g (e [ (G R s ) ds
t

[ T
Z EQl €1 +/ h1(87ys>zs)d8 ft]
t

> [ oo — C(1 + |lyllo)(T — t) — CE?"

ft] |

Using Young’s inequality, we have

T T
1 1
EQ / z8|1+ads‘]-} < ta 5 EQ / |2|%ds | F;
t 2 (1+Q)HZ‘W||BMO(Q1) t
1 —« 14
+ 5 (Al Wihuoy) ~(T-6 @33
1 1-a ) =
S5t ((1+O‘)HZ'WHBMO(Q1)> (T —1).
EJP 25 (2020), paper 112. https://www.imstat.org/ejp
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Hence, it holds that

1
Y < 1€ oo + C(A+ [[ylloc) (T — ) + In2+ =

1+a

Yo ((1 a2 W||2BMO(Q1)) A

Applying Itd’s formula to u(Y;!), we obtain that

T
u(Y}) = u(e!) - / W (YA ZLdW,

T
1 1
[ (w0 (G122 + 220 + W sz ) = g (VDIZE ) ds
t
T 1 T
u@) - [ whziaw. -5 [ 1zipds
t t

T
+/ ' (Y] (ZH (s, ys) + A (s, ys, 25)) ds.
t

.

T
u(€) + / W (V)R (5, g4, 20)ds

Therefore, we have

Q! I 12
E 5 |Z5|"ds
t

< E?

d

T
< el€le gl + el pQ! / (1 + [yal + 24| ) ds
t

.

< el 4 1€ oo + Cellfll\oo(l Fllylloa)(T = t) + Cellé' e gQ*

T
/ |zs| T ds
¢

Noting the inequality (3.3), it holds that
1

ft] |
1

T
5/ |Z51|2ds|]-'t] < (1 ¥ g’) e 1 o+ Ol (1 4 ylloe)(T — 1
t

+1—oz
2

E<

1 1ta
Celt = ((1+ )|z - Wl E o) == (T = t).

Therefore by denoting A := A(C(1+ ||y||s=)VT) and 6 := §(C(1+|y||s~)v/T) , we obtain
that

1 1l -« 1to 14
1V ls < f1€M oo + CA+lylloc) T+ 24 5 +——(C +1)((1+)Allz- Wl[Err0) 7T

and

2 C 1 1

5 (<1+ 2> ellé e 4 H§1||oo + Celé Hoo(1+ I9loc)T
1—« 1 lta

RO (14 A Wlho) T )

12 Wlisnmo <
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Step 2. Similar to the first step, it is easy to check that
T /q T
V2 =¢2 +/ <2|Z§|2 + Z21%(s,ys, ZY) — k2(s, Z1) + h2(s,ys,zs)) dt — / Z2dW,
t t

admits a unique solution (Y2, Z?2) such that (Y2, 22-W) € S®(R) x BMO. Moreover, we
have

1
Y2 <1160 + C@+ Ilylloc)(T =) + ClIZ" - Wlihas0(q2) + 02 + 3

l1—« 1+a

1ta lta
(€= + )((1+a)llz- Wllharoge) == (T 1)

+

and

E?

1 T
t

< (1 " g) el 162l oq + Celle (2 4 [lyfloo) (T — 1)

l—a ., e
n Tce\lf o (1 + )] - W||QBMO(Q2))

1+a
11—«

(T =)+ CIZ" - WlErmows

where Q? is the equivalent probability measure given by % = Er(12(-yy., ZY) - W).
Therefore we obtain that

1
Y2~ € €2 + C@ -+ o) + CAIZ - W0+ In2 + &
1— o o
+ 5 (CTF £ 1A+ @)z W) TR T
and
2 C 2 2
122 Witsuio < 5 ((1+ 5 ) €1 4+ 1620 + CII= (2 4 Iyl T

11—« 2 1to
T+ Ol (14 @) Az Whyo) PR T + A 2 W||ZBMO) .

Recursively, we have that for i = 3, ..., n, the following BSDE
, , T . . , . r .
Y=+ / <2|Z§|2 + 231 (5,ys, Zs) = K'(s, Z) + h' (s, ys Zs)) - / ZdW,
t t

admits a unique solution (Y, Z%) such that (Y%, Z* - W) € S*°(R) x BMO. Moreover, we
have

i—1
i i j 1
Y] < 1€l + CR A+ lylloc)(T =) +C D127 Wlhnowgn +n2+ 3
j=1
1—a, 1ia 1ta
5 (O + DA+ )|z Wilgaogn) = (T =)
and
EJP 25 (2020), paper 112. https://www.imstat.org/ejp
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1 (T
5/ |Z;‘2d8|]:t
t

< <1 + 2) el€l 416l o0 + Cel Nl (2 4 ||yl oo ) (T — 1)

E

i—1
l1—«

i 1ta j
+ 2520 (1 4 0|z Wiaro@) 5 (T =)+ O 127 Wiikaro

j=1

where Q' is the equivalent probability measure given by d% = Er(l*(y.,Z.) - W).
Therefore we obtain that

i—1
) . . 1
V¥ ls < €000 + C2+ [ylloc)T + CAD |27 - W a0 +In2+ 3
=1
l1—a, _i1te 14

+

5 (= + (1 +a)Az- WilEao) =T

and

) 2 C i . i
12 Wiao < 5 ((1+ 5 ) 1=+ €l + Ol =2+ yl)T

1—1
1— i o .
5 LoelE (14 a)Allz - Wilkpr0) =5 T + CAY (127 - W[hao

j=1

+

Step 3. We will denote

A* = A(C),
5 = 5(C),

14+

O 2O 20A7\"
A:n<|£||oo+2+c+ o+ ”5* (1+( 5 ))((1+20)e|5|m+”5”00)>’

b \/2;3 (1 .\ (2(;&)”) (1 +20) elléll= + ¢]lo0).

1 1
"= evap” (1-a)((1+a)A*B2)T s

Q

Assuming that T < ¢, for (y,z - W) € S®(R") x BMO such that ||y||s~ < A and
Iz - Wllsmo < B, it follows from Step 1 and Step 2 that the following BSDE

Y=t [T A Z2 + ZH (s, ys) + B (5,5, 25)] ds — [ ZLaw,
}/ti = gz + ftT [%‘Zﬂz + Zéll(sa ysv Z?) - ki(57 ZQ) + hi(sa y87 ZQ)] dt
— [T Ziaw,, i=2,....n,

admits a unique solution (Y, Z) such that (Y, Z - W) € S*(R"™) x BMO. Moreover from
Lemma 3.1, A and 6 can be replaced by A* and §* respectively since it holds that

1+ A
(1 + ylls=)VT < C(1 + A)/i < 21—140 <c
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Therefore, it holds that

V|5

11—« 14

1ta * T—a
(CT% +1)((1+ a)A*||z- W|3p0) T T

1
<€ oo +CA+ yloo)T + 2+ 5 +
l-«a

2

2
1 - o
<€ oo + CU+ AT + 2+ 5 + (CEE L1+ a)AcBYES T

CHJ
11—«
< ||€1Hoo+2+C+T

and

2 C 1 1
128 Wihsaio < 32 (145 ) €1 4 16! + CII=(1 4 Iylo)T
-«

1 * 1ta
520 I (14 @A Wo) FT)

< 53* ((1 -~ (;) el€'l= ||V oo + Cell€' = (1 4+ A)T

1 - 1 1+
+Tace\lf o (1 + @) A B?) 155 T)
2 1
1€ Moo 1
< o ((1 +2C)e + 1€ HOO) .

Similarly, noting that ||y||s~ < A and ||z - W||pmo < B, we have

i—1

i i " ; 1
V¥ s < [1€'lloo + C 2+ [ylloe) T + CA* Y 1I1Z7 - Wa0 + 02+ 5
j=1
l-«a 1to % 2 14+a
+ T(Cl’a + (A + a)A |z Wlgpmo) =T
. . i—1 A , 1
< |€'loe + CQ2+ AT + CA* Y |27 - Whpso +In2+ 5
j=1
1-— o 1ta
+ 5 (CTR 4 )((1+ ) AT BY T
o i—1
< €'l +24 0+ —5— +CA*; 127 WlEuo

and

i 2 C i i i
125 Wito < 2 (145 ) el + ] + Ol 2.+ yll)T

i—1
11—« i 14a " .
+72 Cell&ll= (1 + a)Ay|z - Wlmo) 2T + CA E 127 - W %o

j=1
<2 <(1 + g) € 4 8]0 + Cel€l= (2 4 AYT

11—« i 1+ta % i1 .
+TC’e”5 lo((1+ a)AB*) 2T + CA* Y |27 - Wharo

j=1
9 ) _ i—1 _
< = | (14200 el 4 €]+ CA™ ST 12 Wilhaso

j=1
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Thus, we obtain recursively

i

; 2 20A*\ "’ ; .
1z -W||QBMO < 5—*2 ( 5 ) ((1 —|—2C’)e||5 lloo 4 53 ||oo)

j=1

% <~ [20A*\ 77
<5ZZ( 5 ) ((1+20)6”5”°°+||£||m)

=1

2n? 20A*\"
< % (1 + (5) ) ((1 +20) elléll= H£||oo)

and
e i—1
Y7 ]ls% < 11E'lloc + 2+ C+ =5—+ CA" Y 127 - W0
j=1
14+
CTe 2p3CA* 20A*\"
< flllos +24+ €+ 5= + == <1+< = ))((1+2C)e|s|x+£”m)

Thus, it holds that ||V ||s~ < Aand ||Z - W|smo < B.

Step 4. We will denote

A = A(V2C +2V2B)

& :=0(V2C +2V2B)

A =12C*T(1+ AB?)

B =18C2LAA*T' " (3 + 20+ L4AB?)
C = 6nC?A? (2B* 4+ 3L3 (3 + 2L4AB?))
_ 1

m=

24C2(1 + AB?) (n e (1 + <%)n>)

1
36C2L2A2 (3 + 20+ LyAB?) (n + o (1 + (%)n»

Assuming that T < n A 7y A 72, for (y,z - W), (g,Z- W) € S®(R"™) x BMO such that
lyllse < A, |lz- Wlsmo < B and ||g]ls< < A4, ||Z- W|smo < B, it follows from Step 1,
Step 2 and Step 3 that the following BSDE

V=€t [T (A1ZM2 4 ZH (s, ys) + B (5, Y5, 26)) ds — [ ZLEdW,
}/ti = EZ + ftT (%‘ZHQ + Zéll(s, Ys, Zs) - ki(sv Zs) =+ hi(sa Ys, Zs’)) ds
—[FZziaw,, i=2,...,n,

and
V= [T (L1224 ZH(5,5s) + h (5,55, 25)) ds — [, ZEdW,,
Vi=¢+ [ BIZIP + Zii (s, 5s, Zs) — Ki(5, Z) + (5, s, Zs)) ds
—[Fziaw,, i=2,...,n,
EJP 25 (2020), paper 112. https://www.imstat.org/ejp
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admit unique solutions (Y, Z) and (Y, Z) respectively such that (Y, Z - W), (Y,Z-W) €

S®(R™) x BMO with ||Y||s~ < A, ||Z - W|gmo < B and ||Y||Soo <A |Z- Wllsmo < B.
Then, we have

- 1 1 5 _
Yi-Y = / (2|Zil22|2;2+23z1(s,ys>z;ﬂ<s,gs>+h1<s,ys,zs>h1<s,gs,zs>)ds
¢
T —
—/t zZt - Ztaw,
T T R
:/ z! (ll(s,ys)—ll(s,gjs))+h1(s,ys,zs)—hl(s,ys,és)ds—/ Zt - Ztaw},

t t

where .
_ 1 _
thzwt_/ (ll(s7ys)+2(Z;+Zsl)) ds
0

is a Brownian motion under an equivalent probability measure P! defined by

(e e 2) ).

For any stopping time 7 taking values in [0, T], we have

T —
/ |zt — Z1*ds

2
T
=E' (/ Zi (ll(says) - 11(5753)) + hl(s,ys,zs) - h1(57g8753)d5> ’]:T

Y-V 4 B 7,

2
T
n 7 = = at = jat >
<c2p! (/ (1281 = 5ol + lys = Gl + (1 + |26 + |2, >|zs—zs|)ds> ]fT

T —
/ | Z12ds ffl
Fr

T . . T
/ (14 |2 + |2 )2ds/ 12 — 2,[2ds
T —
/ | ZL?ds|F,

3 ) - 2
Fr| FE! </ |zs—232d5> ‘ﬁ

<3CHT = 1)y = ll5~ +3CHT = 1)y — 7|3~ E*

+3C?E!

<3CHT = 1)?|ly = ll5~ +3C*(T = 1)y =yl 5= B

2
T
+9C*E! (/ (1+Zs|2°‘+—|—|282a+)d5>

It follows from Lemma 3.1 and Lemma 3.2 that

T —
| 1z

1

o 7,

<|1z*- I/T/1||215¢1\/10(151) <A|Z'- W||2BMO

and

1
2

2
T
El </ |Zs_zs|2d3> ‘fT SL4||(Z_2)'W1|‘?3N[0(}51) SL4A||(Z_2)W”?3MO

EJP 25 (2020), paper 112. https://www.imstat.org/ejp
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and

_ T + + ’
B (/ (14 |2 1 |52 )ds> ’]—"T

1
2

[N

+ +

2
T o T .
<B'||T+T1T"" (/ |252ds> + et </ |zs|2ds> ‘]—}

Nl

+

OL+ [e3 2
1—at 71 at T 2 T 5 |2
<T E T + |zs]°ds + |Zs|“ds Fr

2
T T
< i-et (Ta+ +2-2a* + a+/ |2s[2ds + O‘+/ Zs|2d5> ’fT

T T

1
T 2 2 T 2
<7t 1ot poyotE? </ |zs|2d5> ‘]—'T +atE! </ |zs2ds> ‘]—'T

—at [rmat _
<7 (T +24 " Lyz- W||2BMO(151) +at Lz WH213M0(PU>

N

1
2

<7 (127 4 24 0 Ll |- Whaso + 0" Lad |2 Wihao)

T —
/ 121 — Z1P\F
< 3C?T(T + AB?)||y — |2~
+ 902[/421A2T17&Jr (Ta+ +2+ 2a+L4AB2> 1(z = 2) - WlEmo-

Therefore, we have

V! - Y?+ B!

Hence
Y= Y5~ +6l1Z; — Zi | Bmo
< 6C*T(T + AB?)|ly — gll3~
+18C2 LA (T“+ r2+ 2oﬁL4AB2) 1z = 2) - W3 00
< Ally = gl5~ + Bll(z = 2) - WlBas0-
Similarly, we could get that
1Y = Y*|3~ + 01122 = Zi | Bmo
i—1
< 12C°T(T + AB%)|ly — g3~ + 12iC?AB> S (29 = Z7) - W 310
j=1
i—1

+ I8IC*LIA® (T + 2+ 2L AB%) Y (27 = Z7) - WllBaro

Jj=1

+18C2 L3N " (TO‘+ +24 2a+L4ABQ) I(z = 2) - WlEmo

1—1
< Ally = gllE= +CY_ (2 = Z7) - Wlgao + Bll(z = 2) - WlEao-
j=1
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Thus, we obtain recursively

1(Zs = Z2) - Wlgmo <

A\
~
Sl Q)
J

(Aly = 7l5= + Bll(z = 2) - WllEar0)

IA

L
)
J
n? c\™\ |+ - _ ~
2 (14(5) ) Al - o1 + B1G -2 Wikao)
and
- ot ([ (ONNY i e
=R < (145 (14(5) ) Gl - 912~ + BIG - 2 i)
Therefore, we have

1Y = Y[5 +1(Zs = Zs) - Wl a0

(e 5 (14 (g))) (Ally — 5l + Bl = 2) - Waro)

IN

AN
N =

(ly = glF~ + Iz = 2) - WlEas0) ,

which implies BSDE (2.1) admits a unique solution (Y, Z) such that (Y, Z-W) € S®(R") x
BMO with ||Y||5<>o §Aand ||Z'W||B]\4O SB |

3.2 Proof of Theorem 2.3

Let . be the unique solution of the following ordinary differential equation
Bi=n+n (1 + 4n? (1 + <406u§um) )) (eugnx €]l + (Czezusuw 4 Qgeusuoo) T)

+ s (10 @nCdi= (14402 (14 (1001) ")) T

" T
+ nCellélle= (1 + 4n? (1 + (406”5”“’) )) / Bsds.
t
It is easy to see that (. is a continuous and decreasing function. Define

A= sup B = So.
te[0,T]

As [[{||oo < A, from Theorem 2.2, there exists 7, > 0 which only depends on A such that
BSDE has a local solution (Y, Z) on [T' — nx, T].

T T
1
311:51+/ §\Z;l2+Z;P(s,Ys)+h1<s,Ys,Zs>ds—/ Z;dW,s
t t

Tl T
<¢ s [ Iz Ziis Yds - [ Ziaw,
t

t

and
) ) Ty . ) . r o
y; :gz+/ SR+ 205, Y, 2) — Ki(s, 22) —|—h1(s,Ys,Zs)ds—/ Zidw,
t t
) Ty . T
<¢ +/ 5|Z;|2 + Zi'(s, Yy, Zs) —/ ZHdW,
t t
EJP 25 (2020), paper 112. https://www.imstat.org/ejp
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Therefore, we have Y, < ||¢!||«. Applying It6’s formula to u(Y'!), we obtain that
u(Y;)

T
(€Y - / o (YD) ZEaW,
t
T ! 1 1 112 171 1 1 " 1 112
b [ (W) (5120 4 2 4 0 (5, Y Z0) ) - Su (V) 2L ) ds
t
T T
1
—ule) - [ wahziaw s [ (oD @) ik ) - 512 ) ds
t t
T
S e“@lloo + ||€1Hoo _/ u/(Ysl)Z;dWS
t
T
+/ <elﬁllw (ClZ3|+ C(L+ V5| +1Z| ) = ;|Z§|2> ds
t
T
S e”flnoo + ||£1Hoo _/ uI(YSI)Z;.dWS
t
T
+/ <<02€2"fl'°¢ + Ol (14 15 412, 1)) - iIZs”) o
t
T
< eléll 4 g]lno — / W (YD) ZEdW,
t

T
1
+/ (((7262'5'“ + Celléll= (1 4 |v5| + \Zs|1+“)) - 4|Z;|2> ds
t

Applying Itd’s formula to u(Y*), we obtain that
u(Yy)

T
—u(e) - [ w)zZiaw,
t
T /1. . ) . 1 o
o [ () (G122 + 2000 2 = s, 20 4 1 Y0 2) ) = g (V|22 ) ds
t
—u(e) - [ ez,
T t . . , . 1 .
[ (0D (202 - (s, 2 4 1 Ye,2) - 51238
t
Se”é HOO+H§Z||OO_/ ul(Y;)Z;dWS
t
T v _ i1 1 .
+/ 'l L C|1Zi +C | 1+ ) 12117 | + C+ |Ya| + | Zo'T) —§|Z;|2 ds
t =
i . T . .
<l | = [ )z
t
T , oozl . 1 .
+/ 0262”51”""-l—C’e”fl”‘”Z|Z§|2+Ce“51”°°(2+|Ys|+|Z3|1+0‘)—Z\Z;F ds
t =

T
<l gl - [ ) Ziaw,
t

T i—1
. 1 .
t i=1
EJP 25 (2020), paper 112. https://www.imstat.org/ejp
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Recursively, taking conditional expectation with respect to F,. for r € [T — n,,t], we can
show that

Elu(Y))|F,]

< <1+4n; (1+ (4Ce|\£nm)")) (eusum N ”5”00)
/t (1 + 4n? (1 + (4C€H£Hm>”)) (Czeznznm n chna\m) ds E]

/tT (1402 (1+ (10e161=) ")) (Celel= (3 + |7, +) ) - i|Z§|2ds

+FE

+E

=]

Hence, it holds that

n

> u(Yy)

i=1

( ( (4(;6”5”00) )) (eusum i ||§||oo)
/ (14402 (1+ (acelel=)")) (c2eiel 420l ds frl

/ (1+ ( e, ufum)”)) (Ce\|§||oo(|y;|+‘zs|l+oz)) —EIZSIst
<n (1402 (14 (acel€l ) )) (1= + Jel) ]

/ (1+4n ( (4 um) )) <02€2|\snm+206|\5nm)d8

fT]
ir| [ s (a0 et (1 ane (14 (s0e1=)"))) ™ as
-F :/tT é|Zs|2ds ]—'r]

Noting that

E Fr

+nkE

]

+nk

4B [ noeléi= (1 (14 (101" ) jas

]

u(Yy) > [V -1,

[

<ntn(1+4n? (14 (4ce‘|€‘loo)n)) (el€l= + glloo + (€N~ + 2celél~) 7)

we have

1
(Y] + 5B

" ﬁ (41 + a)nCelel= (1+4n? (1+ (4Censnm)"))) =

+ nCellélle= (1+4n 1+ 4Ce”5”m / E|[|Ys||F.]d

Hence, we deduce that
E(|V3]|F] < Be.
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Setting r = ¢, we have
Y] < B <A

Taking T' — 7, as the terminal time and Yr_,, as terminal value, from Theorem 2.2,
BSDE (2.1) has a local solution (Y, Z) on [T — 21\, T — 1,]. Once again, we can deduce
that |Y;| < B, for t € [T — 2ny, T — n,]. Repeating the preceding process, we can extend
the pair (Y, Z) to the whole interval [0, T'] within a finite steps such that Y is uniformly
bounded by A. Moreover, similar to the above, we have

T
/ |Zs|2|.7-'t] <\
t

1Z - WlBao < 8A.

1
B
8

Consequently, we have

Finally, the uniqueness on the given interval [0, 7] follows from Theorem 2.2 and a
pasting technique. |

3.3 Proof of Example 2.4
It follows from [12, Lemma A.2] that there exists ¢ € H2(R'*!) with

2
In&((-W)eS*(R)and E {eTH I gf‘dW‘} = 0.
Now for any t € [0,T], we denote
t t
}/;1 = _/ |Cs|2ds + / CsdWs, Ztl = Gt
0 0
One can verify that (Y'!, Z!) is the unique solution to the following BSDE
T4 T
Y} =¢ +/ 5|Z;|2ds—/ Ztaw,
t t

in S®(R) x BMO with ¢! = — fOT |¢s|2ds + fOT ¢sdW,. Therefore we have

2 T
[ 128 1Pdr

2 2
=5 WTH(Y&*@)*T(TH fOT ZLdW,

e

which implies that

2
7241 T |12
E|:€ 8 fo |Zt,| dt:| = 00

since YO1 and ¢! are bounded. On the other hand, the second equation in BSDE (2.2)
implies that

x241

E [e § fglz}lzdt} — e E [Er(Z2-W)] < Yo

since £(Z? - W) is a positive supermartingale. Hence by setting
T T
e = [ 16Pas+ [ G, e Lx(Fr),
0 0
we have Y = co which concludes the proof. ]
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4 Triangularly quadratic BSDEs with path dependence in value
process

Based on the arguments in the above section, we are able to consider the following
type of triangularly quadratic BSDEs with path dependence in value process:
V=4 [T (Y22 + ZH (s, GE(Y)) + W2 (s, GL(Y), Z5)) ds — [ ZLdW,
Vi =&+ [T (AZI2 + Zili(s,Gi(Y), Zy) — Ki(s, Zy) + hi(s,GL(Y), Zs)) ds  (4.1)
—[Fziaw,,  i=2,...n,
where ¢ is R?-valued and Fr-measurable random variable which is bounded and for any

0<t<T,Gi:Cr(R") — R" is a function for i = 1,...,n. We suppose that the sequence
of functions G%, i = 1,...,n satisfy the following assumption.

(A5) Forany 0 <t < T andy,y € Cr(R"), we have G(0) = 0 and
Gi(y) = Gi({ysnto<s<i<t),

Gily) — Gi(H)| < sup |yu — Tul,
0<u<t

Remark 4.1. Given some ¢ > 0, typical examples satisfying assumption (A5) are

the delayed value of the solution, G} : y — yu_)+;

e the recent maximum of the solution, Gi : y — SUD (1) + <u<t Yus

the averaged recent value of the solution, Gi : y — % J: (tt_é) + Yudu;

the cumulated recent value of the solution, G} : y — [ (tH) +yudufore <1lorT<1.

Theorem 4.2. Assume (A1)-(A5) hold, then there exist constants T;, C; and Cy only
depending on «, C' and |||~ such that for T < T,, BSDE (4.1) admits a unique solution
(Y, Z) such that (Y, Z - W) € S®(R") x BMO with ||Y||s~ < C1 and ||Z - W||gao < Co.

Proof. Under the assumptions (A1)-(A5), it follows similarly from Step 1, Step 2 and
Step 3 in the proof of Theorem 2.2 that there exist 7%, C; and C; only depending on «,
C and ||{]|» such that for any (y,z - W) € S®(R") x BMO such that ||y||s~ < C; and
Iz - Wllgamo < Ca, the following BSDE

V=€t [T (BZE2 + 20 (5, GA ) + W (5, GAy), =) ds — [ Z2dW,
Yi=¢E+ [0 (312U + ZUH (s, GLly), 25) — k' (s, Zs) + h'(s,GL(y), ) ds
— [Fziaw,,  i=2,...,n

admits a unique solution (Y, Z) such that (Y, Z - W) € S®(R") x BMO with ||Y||s~ < C
and || Z - W||pmo < Cz. Moreover, it follows from Step 4 in the proof of Theorem 2.2
that there exist 7;, < Tj; only depending on «, C and ||{||» such that we can define a
contraction mapping ¢ on the set

M= {(y,z . W) € SOC(RH) x BMO - ||y||Soc < Cl and ||Z . W”BMO < 02}

by ¢(y, 2) := (Y, Z), which concludes the proof. O
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Remark 4.3. For T < 1 and Gi(y) = fg ysds fori =1,...,n, BSDE (4.1) is equivalent to
the following FBSDE
X, = [y Yads,
V=4 [T (L1224 ZM (s, X)) + B (s, Xs, Z5)) ds — [ ZLdW,
Vi =&+ [1 (3212 + Zili(s, Xy, Zs) — K (s, Zs) + hi(s, Xy, Z5)) ds
—[Fziaw,, i=2,...,n,

which in general admits a solution only for a small time horizon. We refer to [21, 22] for
related studies.

For a given delay parameter € > 0, we consider the following BSDE with delay in value
process:

. ) Tr1 . ) ) ) r
Yi=¢ +/ (2|Z;2 + ZU (s, GEE(Y)) + hi(s, GEE(Y), Zs)) ds — / ZLAW,,  (4.2)
t t

where ¢ is Rd—valued and Fr-measurable random variable which is bounded and for
any 0 < ¢ < T, Gy : Cr(R"™) — R™ is a function for : = 1,...,n. We suppose that the
sequence of functions G*¢, i = 1,...,n satisfy the following assumption.

(A6) Forany 0 <t <T,e>0andy,ye€ Cr(R"), we have Gi’e(O) =(0and

Gy (y) = Gy ({ysnt fo<s<e<T);

Gy (y) =Gy < sup |y — Tul-
(t—e)t<u<t

We also make the following assumptions:

(A7) Fori=1,...,n, 1" : 2 x [0,T] x R* — R satisfies that [‘(-,y) is adapted for each
y € R™. Moreover, it holds that

li(t,y)| < C, yeR™
(ty) = 'Y < Cly—3l, y,5€RY

(A8) h:Qx[0,T] x R® x R"*% — R" satisfies that h(-,v, z) is adapted for each y € R"
and z € R"*<. Moreover, there exists a € [~1,1) such that

—C(1+ |2|") < h(t,y,2) <0, yeR", z € R™*;
hlt9,2) = h(t,5,2)| < Cly — g1+ C (14 |21 + 217 ) |2 = 2],

fory,y € R" and z, z € R"*4,

We denote

B=n+n (1 + 4n? (1 + (406”5“"°)n)) (e”g”“’ + 1|l oe + (C2e2H£”°° + 206“5”°°) T)
+ ﬁ (4(1 + a)nCel€l= (1 +dn? (1 + (4Ce”5“w)n))) =
A = A(CV2T + 16V2p),
6 = 6(CV2T + 16V2p),
5
- 4nC? (QBST +2eA6B + 1) '

€o

EJP 25 (2020), paper 112. https://www.imstat.org/ejp
Page 19/23


https://doi.org/10.1214/20-EJP504
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

A type of globally solvable BSDEs with triangularly quadratic generators

Theorem 4.4. Assume (A6)-(A8) hold. Then for any 0 < ¢ < ¢y, BSDE (4.2) admits a
unique solution (Y, Z) such that (Y,Z - W) € S*(R") x BMO.

Proof. For y € S*(R"), if follows from Theorem 2.3 that the following BSDE
S Tr . y , , , r
vimgn [ (GI2P 4 20 Gl ) + 1 G ). 20 ) ds - [ Ziaw,
t t
admits a unique solution (Y, Z) such that (Y, Z - W) € S®(R"™) x BMO and

Yls= <8, 1Z-Wlumo < 8B

Let us introduce the function ¢ : S®(R") — S°°(R™) such that for any y € S®(R"),
©(y) =Y is the first component to the following BSDE

T T
vy =¢ +/ <22;|2 + Z' (s, Gy (y) + h' (s, G (y), Zs)) ds — / ZdWs
t t

We consider (y,7) € S®(R") x S®(R") and denote by (Y, Z) and (Y, Z) the solutions to
the associated BSDEs. From the above, we have

1Z - W%sao <83, I1Z-Wlkwmo < 8B

Moreover, applying Itd’s formula to e7!|Y,! — Y/|2, we have

T
SN ViR [ 00|z Zifas
t
T (1. 1 _. . ) _ .
=2 [ (v ) (P - G2 4 220, G ) - 235 G ) )
t
T . J— . . . . —
+ 2/ eV (Y =Y]) (R (s, G (y), Zs) — W' (s, GL(Y), Zs)) ds
t
T . — . T . J— . —_ .
oy [ Vids -2 [ o0 (v ) (2= Z2)
t t
T . — . — . . . . .
=2 [ (V- V) 20 (106, G ) ~ (s G () s
t
T . — . . . . . —
b2 [ (V- V) (5. G 0). 20) — (s, G (). 22)) d
t
T . — . T . —_ . . — . — .
o [y - ipds -2 [ e (v V) (20 Z3) i
t t

where W/ = W, — [ (3(Zi+ Zi) +1'(s,G%(y))) ds is a Brownian motion under the
equivalent probability measure P’ defined by

e (G2 ricawm) w).

EJP 25 (2020), paper 112. https://www.imstat.org/ejp
Page 20/23


https://doi.org/10.1214/20-EJP504
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

A type of globally solvable BSDEs with triangularly quadratic generators
Therefore, we have
T
SN VP [0z Zifas
t
< 20/ Yy = YO ZU G (y) — G (9)ds
t
20 [ €N = VI (1GH ) - G @) +12. - 2.]) ds
t
oy [ Vids -2 [ e (v V) (22 Z2)
t t

AnAC? - T - T -
< <8n02T67€ + = 50 8nC2ABe"’€> / eV |Yi — Vi2ds — / Y — Vi2ds
t t

1
4+ —
64nApere

T T
_ . . . 1 . .
WIVA 2| vise e\ ]2 vS | 18,0 052
| ez ) - GrPds + g [ 1610 - G s

IN T T
4 5~/ e'yS|ZS—ZS\2ds—2/ e (Vi — Vi) (21— Z1) W
4nA Jy t

where the last inequality comes from Young’s inequality. Since € < ¢q, by letting A\ = %
we have

T
@%?JW+/eﬂ£—2Ws
t

S %
64nApBee

T T
vs| 7t 2 Ghe — GYE(5 2d / S| YE,0 _G1,6 — 2d
/t ePIZTIG (y) = G (@) 7ds + o o G (y) — G () ds

T T
+ ‘1/ mzs_zsﬁds_z/ e (Yi - V1) (2 - Z1) iV,
4nA t t

Noting that for ¢ > 0, we have

G (y) — G @I < e sup |y — 5l
(s—e)t<r<s

<e’e sup e |y, — g’r"QdS
(s—e)t<r<s

< e |y — gl s

Hence we have

T
wwwiﬁ+/eW4—zws
t

1 r_ 1

< e |y — g|? oo/ ZH2%ds + —|le” |y — §/?|| s

< Gmag - oPlle= | 1Z3Pds + gty — 5Pls
5 T ~ T o S

+— eVS|ZS—ZS\2ds—2/ e (Y =Y (ZL = Z%) dW.
477,A ¢ t

Therefore, it follows from Lemma 3.1 that

e [Y? =Y |ls= +6lle* (Z° = Z%) - WBaro

1 I 1
< ——le” ly — §?|ls= Al ZF - W %0 + —l€7 [y — 72| g
< 32nABH ly — yl7||s=All IBro0 4nH ly — 9l°lls

b o _
+ —Alez(Z-2) W|?
oA e ( ) Wllsmo

1 ~ 0, 1 -
< ey = Plls= + 5=l (Z = 2)- Wiikao.
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Finally, we deduce that

_ 1 ~
le™ [V = Y Plls= < Slle”ly = g lls=-
Thus, ¢ is a contraction on S*°(R") so that there exists a unique solution (Y, Z) to
BSDE (4.2) such that (Y, Z - W) € S®(R") x BMO. O
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