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The contact process with dynamic edges on 7
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Abstract

We study the contact process running in the one-dimensional lattice undergoing
dynamical percolation, where edges open at rate vp and close at rate v(1 — p). Our
goal is to explore how the speed of the environment, v, affects the behavior of the
process. Among our main results we find that: 1. For small enough v the process dies
out, while for large v the process behaves like a contact process on Z with rate Ap,
where ) is the birth rate of each particle, so in particular it survives if A is large. 2.
For fixed v and small enough p the network becomes immune, in the sense that the
process dies out for any infection rate A, while if p is sufficiently close to 1 then for
all v > 0 survival is possible for large enough A. 3. Even though the first two points
suggest that larger values of v favor survival, this is not necessarily the case for small
v: when the number of initially infected sites is large enough, the infection survives for
a larger expected time in a static environment than in the case of v positive but small.
Some of these results hold also in the setting of general (infinite) vertex-transitive
regular graphs.
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1 Introduction

Since it was first introduced by Harris in [12] more than forty years ago, the contact
process has turned into one of the most widely used models for population growth. While
most of the early work was done for the process on the Euclidean lattice, much of the
interest in more recent years has focused on studying the contact process running on
random graphs, in an attempt to understand procceses of this type in settings which
capture in a better way the main features of real-world networks, whether technological,
social, economic or biological in nature; this has lead to tremendous progress in our
understanding of both the contact process and some random graph models (see [6, 16, 5]
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The contact process with dynamic edges on Z

to name a few). However, for the most part this work has taken place in the context of
static random networks; real-world networks, on the other hand, tend to be dynamic
in nature, a characteristic that might have a large impact in the qualitative behavior
of the process. In the mathematical literature, this impact has received relatively little
attention (see [3, 4, 18], and more recently [14, 13], for some contributions in this
direction).

The goal of this work is to study the contact process running on a very simple
dynamic environment which captures one of the most important features of dynamical
networks: the continuous merging and division of connected components. This feature
has been studied for related processes such as the SIR disease model or the PUSH-PULL
rumor spreading protocol in some recent works (see [15, 2, 7, 10]). However, in all
of those cases the choice of dynamics for the network tends to reduce the number
of connections in the underlying graphs, and thus it works against the growth of the
process. Our interest in this paper, in contrast, is to understand the effect that the
introduction of dynamics has on the process independently of changes in the topology of
the network. To this end we study the contact process on networks undergoing a simple
stationary dynamics for the environment in which its edges alternate between available
and unavailable independently from each other at some given speed v, and focus on this
parameter as a measure of the rate of change. Since this speed increases both the rate
of connection and of disconnection, it is not clear a priori whether this hurts or helps the
spread of the infection. We will show that, as opposed to what was observed in [13], in
broad terms making the speed of the environment large turns out to favor survival.

We turn now to the definition of the model and our main results. We will present our
results in the simplest case when the base graph is the one-dimensional lattice, as a toy
model where we are able to distinguish clearly between the different behaviors that the
system presents for v small and v large. However, with a bit of work most of our proofs
(the main exception being Theorem 2.4, concerning small v) are valid in the setting of
general vertex-transitive regular graphs. We discuss briefly this extension in Section 2.3,
and then present the corresponding proofs in Section 3 in this more general setting.

2 Setting and results
2.1 The CPDE on Z

Consider the one-dimensional lattice (Z, F) with E the set of edges of the form {z, z +
1}. The Contact Process with Dynamic Edges {(n:,(:)}+>0 (from now on abbreviated
CPDE) on Z is an interacting particle system made out of two processes, an environment
¢t: E — {0,1} and an infection process n;: Z — {0,1}, whose transition rates we define
locally as follows: for some fixed v > 0 and p € (0,1) the environment evolves at any
given e € E according to

0— 1 atrate wp
1— 0 atrate wo(l-—p),

while for some fixed A > 0, the infection evolves at any given = € Z according to

0— 1 withrate Ang,
1— 0 withrate 1,

where n; , = n(x — 1) ({x, 2 — 1}) + ne(x + 1) ({2, 2 + 1}). We interpret (;(e) = 1 as the
edge e being available at time ¢, so that n; , is the number of nearest neighbors of x that
are infected and connected to z at that given moment. It can be checked that the rates
above uniquely define the CPDE as a cadlag Feller process in {0, I}ZUE, whose law we
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denote by P (or PP, , , when we need to emphasize the dependence on the parameters).
Even further, this process is monotone with respect to its initial condition, meaning that
for any a € {0,1}% and b € {0,1}¥, the function P(n; > a, {; > b|no, (o) is increasing on 7
and ¢, (where we use the usual partial pointwise order between {0, 1}-valued functions).
The proof of these facts is standard (see [17]).

The CPDE can be alternatively constructed by first sampling ¢ and then running »;
on the time-inhomogeneous graph defined by the environment (the so-called quenched
process). The environment process evolves as dynamical percolation on (Z, E) (as intro-
duced in [11]); in our parametrization we introduce the parameter v, the environment
speed (i.e. the rate at which every edge updates its state), whose role in the behavior of
the process we are interested in understanding. This process is stationary with respect
to the product Bernoulli measure {0, 1}¥ with density p, and in what follows we will
assume (unless otherwise stated) that (, is chosen at random using this distribution.
This assumption allows us to identify p as the density of available edges at any given time
and, moreover, it allows us to attribute any effect of the evolution of the environment
on the quenched process to its dynamics (and in particular its speed) rather than to
changes in the properties of the network.

From the form of the transition rates, for any fixed realization ( of the environment
the quenched infection process is a version of the contact process running on the
evolving graph defined by (. It follows, in particular, that the survival probability
Py, p(ne # 0Vt > 0|() is increasing in A. Averaging with respect to ( we deduce that
the annealed survival probability Py , ,(n # 0 V¢t > 0) satisfies the same property, so it
makes sense to define a critical parameter \y(v, p) for survival of the CPDE:

Ao(v,p) = inf{A >0, Pxp(m #0Vt>0) >0},

where we choose 79 = 1(oy as the initial condition for the infection process (it can be
checked using standard arguments that A\o(v,p) is the same for any initial condition
which contains a positive but finite number of infected sites).

2.2 Main results

Our main goal in this paper is to give a (partial) description of the qualitative
behaviour of )\ as a function of v and p. An obvious first property is that A\y(p,v) is
decreasing in p, since a higher density of open edges makes it easier for the infection to
survive (this can be proved using a standard coupling argument). The dependence of )\,
on v, on the other hand, is much subtler: increasing v implies both opening and closing
edges at a quicker pace, and it is not at all clear which of the two effects has a stronger
impact on )\ (see also Remark 2.5). But the following weaker version of monotonicity
holds:

Proposition 2.1. The function %/\O(v,p) is non-increasing in v for every value of p.

The following result provides some loose bounds on \(v, p), in terms of the critical
parameter A := )\o(0, 1) of the standard contact process on Z, which will be useful later
on:

Proposition 2.2. For each v,\ > 0 and p € [0, 1], the infection process in the CPDE is

stochastically dominated from above by a contact process on 7, with infection rate A\, and
from below by a contact process on Z with infection rate 3(\,v,p), where

BAv,p) = 2(A+v—/(v+A)?—4Awp).

As a consequence,

A < AO(’va) < )‘(Uap)
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where ) is the critical parameter of the contact process on Z and

X(v,p) = )\( v /\)\) if vp > A, S\(U,p) = oo otherwise.
vp —

The proof of the domination from below by a contact process with infection rate
B(A,v,p) is based on a result of Broman [3], while the formula for A comes simply from
solving A < (), v, p) for A\. The expression for A may seem opaque at first sight, but
notice that

limsup Ao(v,p) < lim A(v,p) = A/p, (2.1)
V=00 v— 00
which means that for any A > )\/p the infection process survives if v is large enough.
This proves the easier half of the first of our main theorems about Ay (v, p):

Theorem 2.3. Forany p € (0,1], lim, 00 Ao(v,p) = \/p.

The idea is that if v is large, the states of an edge at different times are almost
independent, so we can approximate 7 by a contact process with intensity A where each
infection event is kept (independently) with probability p and dismissed otherwise, which
is simply a contact process on Z with intensity \p, and hence we must have \o(v,p)p ~ \.

Theorem 2.3 together with (2.1) show that the upper bound \¢ < \ becomes sharp as
v gets large, but in general we expect Ay to be smaller than A In particular, if we take
any fixed v < X then A(v, p) = oo for all p, but if p ~ 1 then the infection hardly ever sees
any closed edges, so we actually expect Ay ~ .

On the other hand, our choice of \ recovers again the correct behavior of Ay for
v ~ 0. In this scenario the CPDE will be close to a contact process running on a static
percolation cluster of Z with parameter p, and in such a graph the infection is necessarily
trapped inside finite components where it eventually dies out, and hence we expect
Ao — oo as v — 0. This is the first part of our next result:

Theorem 2.4.

(a) Forall p € [0,1) we have lim,_,g Ag(v, p) = co. In other words, for all A > 0 and all
p € [0,1) we can take v small enough so that the infection process in the CPDE dies
out.

(b) Furthermore, for p fixed and v small enough there are constants 3y, 31 > 0 (which
may depend on p, A and v) such that for any initial condition 1y, we have

E(Text | m0) < Bolog(|nol) + B

where |ng| stands for the number of initially infected sites and Tey is the extinction
time of the CPDE (i.e. Tex, = inf{t > 0: 1, = 0}).

Remark 2.5. It is reasonable to guess that A\y(v, p) should be monotone in v: in fact, if
one thinks of the dynamics of the CPDE as having each infected site send an infection at
rate A to a randomly chosen neighbor and then discarding those infections going through
unavailable edges or landing on already infected sites, then when v is small the network
does not change much, so many attempted infections are wasted, while larger values of
v make it easier for infected sites to reach previously unreachable healthy sites. Our
previous results together with Theorem 2.4(a) (as well as some of the results following
below) are, at least, consistent with this view.

However, Theorem 2.4(b) shows that the behavior of the CPDE is necessarily subtler
than what this guess would suggest, at least for small v. Indeed, for any A > \ it is known
that the standard contact process running on {1,..., N} (starting with a single infected
site) has expected extinction time bounded from below by coe“®, where ¢y, c; > 0 are
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independent of N. On the other hand, for the CPDE starting at any 7, with |7| large
enough it is easy to show that, with a very large probability, at least one of the initially
infected sites is contained on a connected interval of length c¢2 In(|ng]), where ¢2 > 0
depends on p. It follows that in the static case we have

Exo,p(Text | m0) > colno|™,

while for v > 0 as in the theorem we have E ,, ,(7ext | 70) < Bolog(|no|) + 81 so, for large
initial conditions, the infection running on a static environment is more resilient than
the same infection running on a slightly dynamical one.

A natural question raised by Theorem 2.4 is whether there are (small, but positive)
values of v and/or p such that \¢(v,p) = oo, which means that infections always die out,
regardless of their infection rates. We will say in such a case that the network is immune,
and we define the immunity region J accordingly as

3= {(v,p) € (0,00) x (0,1), Ao(v,p) = 00}.

Note that all finite static graphs are immune while all infinite connected static graphs
are not, so the existence of a non-trivial immunity region would show that, in a sense, our
dynamic random graph {(Z, E;) };>¢ lies halfway between the two cases (all connected
clusters are finite at any given time, but for any two sites z and y and any given ¢t > 0
there is a.s. some path connecting (z,t) and (y, s) for s > ¢ sufficiently large). Our next
result shows that if instead of taking v small as in Theorem 2.4 we take p close to zero,
then we do have immunity, and in this scenario the expected extinction time also grows
at most logarithmically with the initial condition:

Theorem 2.6.

(a) For all v > 0 there is a po(v) € (0,1) such that \g(v,p) = oo for all p < po(v). In
other words, there is a curve v € (0,00) — po(v) € (0,1) such that {(v,p) : 0 <p <
po(v)} € 7.

(b) Furthermore, for v fixed and any p < po(v) there are constants f3y, 51 > 0 (which
may depend on p and v, but not on \) such that for any initial condition r, we have

IE(Te)(t | 770) S BO 10g(|770|) + Bl
where |ng| and 7ex. are as in Theorem 2.4.

Note that we are saying that, no matter how large we take v, a small enough density
p of open edges yields immunity. This may seem to be slightly counterintuitive, and in
particular it seems to contradict our intuition for the case v > 1, where we argued that
Ao ~ %. Notice, however, that in that argument we took p fixed and v — oo instead of
v fixed and p \, 0 (see Figure 1). In the opposite direction, since small values of v can
be seen as hurting the infection (Theorem 2.4(a)), it is natural to ask whether for any p
one can find a small enough v which guarantees immunity. The next theorem provides a
(partial) negative answer to this question:

Theorem 2.7. There exists 0 < p; < 1 such that for all p € (p1,1), M(v,p) < oo for all
v > 0.

From Proposition 2.1 we know that \¢(v, p) = co implies Ag(v/,p’) = co for all v’ < w
and p’ < p. As a consequence of this and Theorems 2.6 and 2.7, we obtain the following:

Corollary 2.8. There exists p; € (0,1) such that for every p > pi, Ao(v,p) < oo for all
v > 0, while for every p < p1, there is a v > 0 with A\¢(v,p) = co.
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In words, there exists a threshold parameter p; (note p; = lim,_,o po(v) with pg(v) as
in Theorem 2.6) which separates the scenario where there is immunity for small v, and
the one where immunity cannot occur in the network. From these considerations, one
expects the upper boundary of J to be the graph of a decreasing function, see Figure 1.

Figure 1: Expected shape of J.

2.3 Extensions to vertex-transitive regular graphs

Let (G, E) be any infinite vertex-transitive graph with (finite) constant degree. The
CPDE can be defined on G exactly as in Section 2.1, and the definition of A\¢(v, p) is the
same in this case. As we mentioned at the end of the introduction, most of our results
are valid in this more general case. We state this as follows:

Theorem 2.9. All of the results of Section 2.2 excgpt for Theorem 2.4 are valid for the
CPDE running on G (after replacing the parameter A by the critical value \g of the static
contact process running on G).

We will prove the results mentioned in this theorem in Section 3 in the more general
setting of vertex-transitive regular graphs. The only exception is Theorem 2.7 which we
will only prove on Z, since it is enough to do so because any infinite vertex-transitive
graph G contains a copy of Z.

Our proof of Theorem 2.4, on the other hand, uses one-dimensional methods, so it
cannot be extended directly to general G. We believe, although we have not pursued this
any further, that a version of (a) in that result should hold in the general setting; more
precisely, one expects that as v — 0 the critical parameter \y(v,p) should converge to
the critical X for the (static) contact process running on an edge percolation cluster on
G with parameter p (note that the critical p for edge percolation on Z is p. = 1, so this is
consistent with Theorem 2.4(a)).

3 Proofs

3.1 Graphical representation

In this section, we provide an equivalent description of our model by a convenient
graphical representation with the help of the following independent Poisson point
processes on (0, 00):

* {O¢}eck and {C¢}.c g, with intensities vp and v(1 — p) respectively. These represent
the opening and closing events of the edge e. We also consider 4¢ = O° U C°¢, the
updating events of e.

* {Z°}.cp, with intensity A. These represent potential infection events along the
edge e.

* {R*},ez, with intensity 1. These represent recovery events.

We construct the environment process (; by choosing ( according to a Bernoulli product
measure 7 with parameter p, and then setting (;(e) = 1 if and only if the last updating
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event in U° N [0,¢] was in O° (or if (p(e) = 1 in case the intersection is empty). The
infection process 7; is then constructed in the usual manner (see [17, Sec. 3.6]), using
the recovery events R” and the valid infection events Z¢ = {t € Z¢, (;(e) = 1} as follows:
consider the graphical space Z x R™ C R x R, with the addition of horizontal segments
of the form [z, x + 1] x {t} with t € Z{#**+1} By assigning a * symbol at each point (z, t)
with z € Z and t € R*, we say that a continuous path P in this space is valid if it does
not contain * symbols and if the second component is non-decreasing. We define 7; as
the set of all 2z € Z such that there is a valid path P from initially infected sites to (z,t).

This construction will be used persistently throughout the paper, providing simple
and intuitive couplings between the CPDE and other processes which are easier to
analyze.

3.2 Proof of Proposition 2.1

Suppose that the infection process survives with positive probability for given A, v, p
and take any v’ > v; rescaling time by a factor of v/v’ gives a process constructed in
the same way as the CPDE but where the Poisson point processes Z¢, O¢, C¢ and R”
have intensities %)\7 v'(1 —p), v'pand v’ /v respectively. Since v’ /v > 1, we can couple
R”* with a Poisson point process R” with intensity rate 1 in such a way that R* C R%;
the process constructed with R* instead of R is a CPDE with parameters %)\, v’ and
p. From the coupling it is obvious that survival is easier when replacing R* by R”, so
Ao(v',p) < %)\, and since this inequality holds for all A > \g(v, p) it holds for \o(v, p) as
well, giving the result.

3.3 Proof of Proposition 2.2

The lower bound for \¢(v, p) comes simply from comparing with Ag(v, 1), or in other
words with a contact process constructed directly using {Z¢}.cr and {R"}.cr respec-
tively as the infection and recovery events. For the contact process dominating the
CPDE from below, which yields the upper bound, fix any e € E and use the events
{0} ecr, {C°}ecr, and {Z¢}.ck in the graphical representation to construct a process
{(¢:(e), Ni(e)) }+>0 where (;(e) is the environment defined above and N;(e) = |Z¢ N [0, ]|
is the number of valid infections occuring at e up to time ¢. It can be easily checked that
this process is Markov and its transition rates are of the form

1,k) at rate wvp,

0,k) atrate (1 —p),
0,k+1) atrate 0,
1L,k+1) atrate A

From [3, Thm. 1.4], ((;(e), N:(e)) can be coupled with a Poisson process P;(e) with
intensity 5(\, v, p), in such a way that every jump of P;(e) coincides with a jump of N;(e).
It follows that P;(e) defines a Poisson process P¢ C Z¢ and from the independence of
the processes across edges, the family {P°}.c g is independent. The result follows from
constructing a contact process with the P marking infection events and the R* marking
recoveries.

Remark 3.1. A similar argument appears in the proof of Theorem 1(c) of the published
version of [18], but unfortunately that proof is flawed, and in fact the argument cannot
be applied in the setting of that paper (see the updated arXiv version cited in [18]).
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3.4 Proof of Theorem 2.3

Fix p € (0,1]. From Proposition 2.2 we already deduced that if A > \/p, then for
any v sufficiently large the process survives, so to prove Theorem 2.3 we need only to
show that if A\ < A\/p, then for v large enough the CPDE dies out. The key idea of the
proof is that if we fix an edge e € E and call 4,19, ... the elements of 7¢ in increasing
order, then if v is large most intervals (¢;,t;+1) will contain an updating event s € U°,
and, conditional on that, the infection ¢;,; is valid with probability p independently of
all previous infection events (and from the ones taking place at different edges). At a
heuristic level, this means that we can treat 7; as the usual contact process on G with
rate Ap < \g, which is subcritical.

In order to turn this heuristic into an actual proof we need to control the infection
events that do not satisfy the property stated above and show that these cannot account
for survival of ;. We keep track of these infections with the aid of a sequence of
processes (Fi(e)).cr defined as follows:

Definition 3.2. For each e € E define a cadlag process F}(e) with values in {0, 1} which
starts with Fy(e) = 0 and jumps at times t € Z¢ UU* with

File) 0 ifte e,
e) =
i 1 ift e Uue.

We say that at time ¢t > 0 the edge e is fresh if F;-(e) = 1.

In other words, F; serves as an indicator function of the set of edges whose latest
event in [0,¢) is an update. In order to control the infections taking place at unre-
freshed edges we will actually work with a “worst-case scenario” process 1" in which all
infections taking place at unrefreshed edges are treated as valid.

Definition 3.3. We say that an infection event t € 7¢ is weakly valid if either F;-(e) = 0
or I, (e) = 1 and t € 1¢. Weakly valid paths are defined analogously to valid paths in
Section 3.1, but instead of using only valid infections for the paths to move horizontally,
we use weakly valid ones. The process (n/):>o is defined analogously to the CPDE
starting with an initially infected site at {0}, where n'(x) = 1 if and only if there is a
weakly valid path from (0,0) to (x,t).

Any valid infection is also weakly valid, so : < 7}, and hence in order to show that 7
dies out it suffices to show that 7} does. We will do this by studying a third process n?
which we define using an extension of the graphical construction, and which evolves as
the desired contact process with rate Ap:

Definition 3.4. Consider an enlarged version of the graphical construction in which
we split each Z° into two independent Poisson processes, 1§ and I% with rates A\p and
A1 — p) respectively. We say that an infection event t € Z¢ is p-weakly valid if either
F,-(e) =1andt € 1% orif F, (e) = 0 and t € 4. In words, an infection taking place
at a fresh edge is p-weakly valid if valid, and at an unrefreshed edge we flip a coin to
decide. p-weakly valid paths are defined analogously to weakly valid paths, and with
them we construct a process (n!):>o analogously to ", starting with an initially infected
site at {0}.

It follows from its definition that any infection event is p-weakly valid with probability
p independently of all previous infections so that, as desired, n? evolves as the (usual)
contact process with rate Ap. On the other hand, notice that every p-weakly valid
infection is also weakly valid, so the processes above satisfy ! < n}¥ for each ¢ > 0;
in fact, the two processes essentially drift apart only at times 7y, 7o,... at which n"
propagates to healthy sites but 7P does not. We formally introduce said times as follows:
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Definition 3.5. Take 1) = 0 and for each k > 1 define
7, = inf{t > 7,1, Je={z,y} € E, nf(z) =0, n(y) =1 with F;-(e) =0 and t € Zj}.

We use the notation z to denote the vertex in e at time 7, for which n?, (x) = 0. We also
use the notation N, to refer to the largest k € IN U {oo} such that 1, < co.

Observe that any 7 is associated to an infection taking place at an unrefreshed
edge, so as v — oo we expect to have N, = 0, which at a heuristic level would give
n" ~ nP. This in turn allows us to control n", since we already know that n” behaves as a
subcritical contact process from our choice of A. The next lemma, which formally states
our claims about N, and n?, will be key in the proof of the theorem:

Lemma 3.6. Fix A < \/p. For any (, € {0,1}¥ we have
Po, (o #0 ¥ > 0) = 0,

where P, stands for the law of the process with initial environment configuration (p.
Furthermore,
lim sup E¢, (N,) =0,

V—00 CO

where the supremum is taken over all initial configurations ¢y € {0, 1}7.

Using this final ingredient, whose proof we defer to the end of the section, we are
now able to prove Theorem 2.3. We will actually show something a little bit stronger,
namely that for every initial condition (y, we have that n" dies out, i.e. that

Pe, (Vt >0, n #0) = 0. (3.1)

Define the event
A={Fto>0,ny =0Vt >to},

which by Lemma 3.6 occurs with probability 1; in particular, the left hand side of (3.1)
equals P¢, ({(0,0) > oo} N A), where for y € Z and ¢ > 0 the event (y,t) — oo stands for
the existence of a weakly valid path P starting at (y,t) which is unbounded in its time
component. Take a realization of the extended graphical construction and suppose P is
such a path (so that (0,0) = oo). Then, on A, P must traverse a weakly valid infection
event ({z,y},t) which is not p-weakly valid, and such that 7?'(z) = 0 and 7} (y) = 1 (since,
otherwise, P would also count as a weakly valid path). Hence the left hand side of (3.1)
is equal to

P, ({3k € N, 73, < 00 and (z, 74) — 00} N A) < ZIPCO (7i < 0o and (z, 7k) — 00).
k=1

The 71, are stopping times so by the strong Markov property we get
IPCO (Tk < oo and (l‘kﬂ'k) i> OO) = ECU (1{Tk<oo}IP(((Ek:7 0) l) o0 | C.,-k7FTk)).

But n"V is decreasing with respect to Fy, so by taking Fy, = 0 and then taking the
supremum with respect to (y, we can use the translation invariance (in law) of % to
deduce

P¢, (1 < 0o and (x4, 74) — 00) < Pe, (7 < 00) sup P ((0,0) < o)

0

= P, (Tr < 00)sup Pey (1" # 0, V¢ > 0).
o
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Now, 7, < oo if and only if N, > k, so from the above arguments we get

P, (' # 0, ¥Vt > 0) < Pe, (N, > k)sup Py (nf' # 0, Vt > 0)
k=1 Co

= E¢, (Np) Sp P (nf # 0, vt >0),
0

and taking the supremum over (, we conclude that

Sup Pe, (i # 0, vt =2 0) < sup E¢, (Np) sup Pe () #0, vt 2 0).
0 0 0

But from Lemma 3.6 we know that if v is large then sup. ¢, (N,) < 1, so the last
inequality gives sup,, P¢,(n}" # 0, ¥t > 0) = 0, proving the theorem.

Proof of Lemma 3.6. Observe that if the initial configuration for the environment were
to be chosen at random, then from a previous discussion the law of n? would be that
of a contact process with rate A\p and hence it would die out. However, since we start
with a fixed, given (y and Fy = 0, the first infection event at every edge could have a
higher chance to be a p-weakly valid one, which means that in n” the time until the first
infection event in each edge has a different distribution; our goal then is to show that
this feature cannot account for survival. To this end fix any v > 1 and choose ¢ > 0 small
sothat AM(p+¢) < ) (recall we are assuming A\p < )). Next, take s = log(l_Tp) (which is
of course positive if ¢ < 1 — p) and finally fix any initial condition Fy and (y. To show that
nP dies out we bound it from above by a process 7P defined as follows:

e From times 0 to s, 77” evolves as a SI process with rate ), i.e. without recoveries
and behaving as if all edges are open, starting with only one infected site at 0.
During this time interval the process is constructed using only Z.

* From time s onwards, 7? is constructed in the same way as nP.

Observe that |72| has finite expectation (since G has bounded degree) and it is indepen-
dent of ¢. Also, for any s’ > s the law of {,/ is a product measure with

P(Co(e) =1) = Co(e) exp(—vs’) + p(1 — exp(—vs’)) < p+e,

from our choice of s and our assumption v > 1. Now, it follows that each infection event
after time s has probability at most p + ¢ of being a p-weakly valid one, independently of
all other infection events, so that (77}, ,):>0 is bounded from above by a contact process
running on G with rate A(p + ¢) and with initial condition 7?. Since G is vertex-transitive
it follows from Theorem 1.2. in [1] that for any subcritical contact process A; we have

/OOOE(|At| | Ag = {0})dt < oo,

so from a union bound, translation invariance and the independence between 7% and ¢,
we conclude similarly that

Bt < sy +e( [
<)+ B( [ 1B | - o)) )

oo

() | 77) dt)

= B(ED(s+ [ Bl |7 = 0D dr) < .
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which in particular gives that n? dies out almost surely.

We turn now to the second part of the lemma. We begin by noticing that the
expectation is maximized when (, = 1 so it is enough to prove the result under this initial
condition, which we now fix. Define an increasing sequence of events

An = {¥(z,t) ¢ B(0,n) x [0,n], 17 (z) = 0},

and then use the fact that n? dies out almost surely for all initial configurations to write

E(Np) = Z ]E(NplAn\An—l)'
n=1

As before, observe that each 7, corresponds to an infection event taking place at an
unrefreshed edge, and that, on the event A, n!(zr) = 1 implies that (z,t) € B(0,n) x
[0,n] so that N, is bounded by the amount M,, of said infections taking place inside
B(0,n) x [0,n]. Thus

E(Nplana, ) < E(M,).

We claim that each such term goes to zero as v — co. Indeed, fix some n € IN and take
v > 16A%?n2. Next, divide M,, into M,, = Uee nB(0,n) Mn,c, where each M, . corresponds
to the number of infections occuring at edge e at times when e was not fresh and
before time n. By translation invariance we obtain that all the M,, . have the same
law, so E(M,,) < |B(0,n)|E(M, ) for any fixed edge e. Call t; = 0 and t;,1o,... the
elements of Z¢. The variable M, . is equal to the cardinality of the set {k: eN, t, <
n AU (tpo1,ti) = (Z)}, so its expectation is equal to

S P(th<n AU (b, tr) = 0).

k=1
If & < /v we bound the above probability by P(U° N (t;_1,t;) = 0), which is the
probability that the next event in Z7¢ Ui/ following ¢;_; belongs to Z¢, and hence is equal
to A/(v+ A). Otherwise, if k > /v we bound by P(¢; < n), which by a large deviation
argument and our assumption on v, is less than (e/4)*. Using these bounds, we conclude
that, as desired,

oo

VO e\ Vv
Since each IE(N,14,\4,_,) converges to zero, in order to finish the proof it is enough (by
the Dominated Convergence Theorem) to show that these expectations can be bounded
by the terms of a convergent series. To achieve this we construct a random variable
N, similar to N,, as follows: N, equals the cardinality of the set of all infection events
t € RT that are not p-weakly valid, and taking place at edges {x,y} € E for which either
ni(x) =1 or n:(y) = 1. We have N,, < N,, almost surely, so

E(Nylana, ) < E(Nylaa,_,)

for each n and hence all we need to show is that ., (xn E(Np14,\ 4, ;) = E(N,) < co.
Observe that for each edge e € E the first ¢t € Z° UU*° is a p-weakly valid infection event
if and only if ¢ € Z¢, while all subsequent times are p-weakly valid with probability p,
independently from one another. Hence the p-weakly and non p-weakly valid infections
can be seen as resulting from the following construction:

e For each e € E consider an exponential time ¢, with rate A + v, a Bernoulli random
variable ¢, with probability A/(v + A), and two Poisson point processes Z¢,, and Z¢,
with rates A\p and A(1 — p), respectively. All of these variables and processes are
independent from one another.
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* The p-weakly valid infections are the elements ¢t € Z¢, with ¢t > t.; t. itself is
p-weakly valid if ¢, = 1.

* The non p-weakly valid infections are the elements ¢t ¢ Z:, with ¢ > ¢..

With this alternative construction, it follows that n? is constructed using the R”, ¢, t.
and c. but not the Z;. Fix a realization of the former processes giving a construction of
n? and observe that

BN, [77) < .S B({te I n@) = 1 [77) < DD A1 -p / iy (x) dt

zeG y~z z€G y~z

A(1 - p) deg(G) / In?|dt,
0

where in the second inequality we used that the Z:, are Poisson processes, so that each
variable |{t € 72 n,(x) = 1}| is Poisson with mean A(1 — p) o nf(x)dt. We deduce
that E(V,) < A(1 — p) deg(G fo (|n¥|) dt, which is finite from our previous analysis on
nP. O

3.5 Proof of Theorem 2.4

In this part we work on Z. In this case, and as we mentioned above, our evolving
networks can be thought of as lying halfway between a finite and an infinite graph: even
though at all times Z is partitioned into finite components, every two sites are eventually
connected by space-time paths. The proof of Theorem 2.4 relies on showing that in this
regime the finite aspect of the evolving network dominates. The idea is simple: for small
enough values of v, in the time scale of the infection, typical connected components
look almost static, so the process becomes extinct within them; exceptionally large
components, on the other hand, are unstable, quickly dividing into smaller ones, so they
cannot account for survival.

To define what “typical connected components” are in a useful way, consider the set
roZ. where ro € IN is some large integer to define later as a function of p. The main idea
is to partition Z into intervals around a family of elements chosen from this set in such a
way that we can control the infection inside them. However, since our network evolves
in time, we will need to allow these blocks to evolve as well. To this end we partition
R* into time intervals of the form [nT, (n + 1)T'), with 7" > 0 a large parameter to be
fixed later as a function of A and ry; our space-time blocks will always have the form
By X [nT, (n 4+ 1)T) with (Bg), <, Spatial blocks partitioning Z, which depend on the
time parameter n and are constructed as follows.

Say that an edge e € E is n-closed if (;(e) = 0 for all ¢ € [nT, (n + 1)T'); this means
that e acts as a barrier for the infection throughout the whole time interval. Using these
barriers we introduce random variables Vi 111}, @s

V{k,kJrl},n =1y edge e in [krg, (k + 1)rg] is n-closed

so that Vi r41y,» = 0 indicates that the infection cannot spread between kro and (k+1)rg
during the time interval [nT, (n+1)T"). Next let ey, ,, be the leftmost n-closed edge between
kro and (k + 1)rg, if there is some, and ey ,, = {(k + 1)1 — 1, (k + 1)r¢} if there is none,
that is, ey, is the last edge traversed when moving to the right of kry until either hitting
a barrier or (k + 1)ro. Using these variables we finally let By, = [e}_; ,,, €, ], where e~
and e™ represent the left and right vertices of e, respectively; see Figure 2 for a picture.

The construction of the By, ,,, which is random (depending on (), satisfies the following
properties, which are easy to check:

* The blocks (B, x [nT, (n+1)T)) partition Z x R™.

k,n€eZ
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Figure 2: Gray rectangles represent intervals where the edge is absent, and hatched
rectangles represent the barriers given by n-closed edges. In this case there are no
0-closed edges between —ry and 0, so the block By o x [0,T) (in red) goes from 0 to the
first barrier it encounters to the right. The block By x [T, 2T) (in blue), on the other
hand, goes from the leftmost barrier between —ry and 0, to the leftmost one between 0
and 7.

» The vertex kro always belongs to By ,,. In particular, each B, has length between
1 and 2rg — 1.

* EVi_1ky,n = Vigks1),n =0, then there are barriers separating By, ,, from By_1
and Bj11,,. This implies that any infection in By, ,, gets locally quarantined during
the time interval [T, (n + 1)T).

The key property is the last one, since it implies that the infection should die out in By, ,,
with high probability if T is large enough (compared to ry). Define now

Uk,n = Lihere is a valid path contained in By, ,, X [nT, (n 4+ 1)T") which starts at time n7" and ends at time (n + 1)7*

While the V variables account for the connectivity between intervals, the U variables
account for the behaviour of the infection inside them; together they will give us enough
information to control 5. To this end we identify the blocks By, ,, x [nT, (n + 1)T) with
their respective indices (k,n) € Z x IN and use them as vertices of a graph H whose
edge set is obtained from the U and V variables according to the following rules:

1. If Uy, =1, then add the edges between (k,n) and each of (k —1,n+ 1), (k,n + 1),
and (k+1,n+1).

2. If Vigpr13,n = 1, then add edges as in the previous point as if Uy, = 1 and
Uk+1,» = 1, and also the edge between (k,n) and (k + 1,n).

We say that a path between (ko,no), (k1,n1),...,(ks,ny) in H is H-valid if the se-
quence ny, ..., ny is non-decreasing and there is no 7 < f such that n; = ny.

Finally, define a discrete-time process {Z, }nen (which we call Z(U, V) when empha-
sizing the dependency on the U and V variables) taking values in the family of finite
subsets of 7, with Z; being the set of all £ € Z such that Bj( contains an initially
infected site, and for n > 1, Z,, is the set of all the k£ € Z such that there is some H-valid
path starting at Z x {0} and ending in (k,n). The next result shows that {Z,, } ,en in fact
provides a suitable upper bound for 7:

Proposition 3.7. Take k € Z and n € IN. Outside a null probability event, if there is

some v € Z with x € By, such that n,r(z) = 1, then k € Z,. In particular, Z,, = ()
implies that n,7 = 0 almost surely.
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Figure 3: Construction of H using the U and V variables (in red and blue, respectively).
Observe that the second vertex from the left at the bottom is isolated, yet its U variable
is equal to 1, meaning that the infection is able to survive there, which is the reason it is
connected to the vertices on the row above.

Figure 4: An H-valid path from node a to node c. The path represents that an infection
starting at the block a is able to propagate to block b between times 0 and 7', and some
of the infected vertices can belong to block c at time 7.

Proof. If n = 0, then there is some = € By such that ny(z) = 1 and the result fol-
lows from the definition of Z;. Now suppose that n > 1 and take some z € By,
such that n,r(z) = 1. Using the graphical construction from Section 3.1 we deduce
that there must be a valid path between some (xg,0) with no(xo) = 1, and (z,nT).
Even further, assuming that there are no infection events at times of the form nT (as
is almost surely the case), this path defines a unique sequence of space-time points
(0,0), (1, T),...,(xn-1,(n—1)T), (zn,nT) of points, which in turn defines a sequence of
indices (ko,0), (k1,1), ..., (kn,n) representing the blocks containing these points. Notic-
ing that k¢ € Zy, it will be enough to show that there is an H-valid path connecting all
the (k;,7)’s. Observing that joining two H-valid paths results in a H-valid path, it will
actually be enough to show that there is such a path connecting (kg, 0) and (%1, 1). To do
so we consider two cases.

Suppose first that the path joining (z¢,0) and (z1,T) is entirely contained in By, ¢ x
[0,T). Observe that in this case x; necessarily belongs to By, ¢ and hence (kg — 1)ryp <
x1 < (ko + 1)ro, so in particular ky — 1 < k1 < kg + 1. Now, since there is a valid path
contained in By, o x [0,T) (joining points at the top and the bottom of the block), then
we necessarily have Uy, o = 1 and hence the edge between (ko, 0) and (k1, 1) belongs to
H, defining an H-valid path.

Next suppose that the path joining (z(,0) and (z1,T) is not entirely contained in
By,0 % [0,T). Let then kj be the index of the interval By, o containing z1, and observe
that if k{ = ko, then we have kg — 1 < k; < ko + 1 as before, and since the path is not
contained in By, o x [0,T) we deduce that either Vi, _1 13,0 = 1 o Vi ro413,0 = 1 0O
there are edges in H as if Uy, o = 1 and we conclude as before. Suppose now that &k, > ko
(the case k{, < ko is analogous) and observe that for any ky < j < k{, we necessarily have
Viji+11,0 = 1, giving that the edge between (j,0) and (j + 1,0) belongs to H. As before,
we also know that the edge between (&, 0) and (k1, 1) belongs to H and hence the path
(ko,0), (ko + 1,0),...,(k{,0), (k1,1) is H-valid, giving the result. O

It follows from its definition that Z is a Markov process obtained as a particular

variant of oriented percolation. We say that this process dies out (or gets extinct) if
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it ever reaches () and call Ny its extinction time, which, from the proposition above,
satisfies Text < T Next almost surely (where 7.4 is the extinction time of the CPDE). It
follows that if we can prove a version of Theorem 2.4 for Z, that is, Ny < 00 a.s. and
E(Next|Zo) < Bolog(|Zo|) + 51, then Tex < 0o a.s. and

E(Text|10) < E(TNext| Zo(10)) < T(Bolog(|Zo|) + 1) < Bolog(|no|) + B,

where we have used that |Zy| < |no| since every k € Z, represents an interval By g
containing an initially infected site.

The construction of Z is relatively simple, but the complexity of the CPDE still remains
hidden within the U and V variables, and thus obtaining the result for Z could be just as
hard as obtaining it for the original process. What saves us is that, as can be checked
directly, Z(U, V) is increasing in the U and V variables, meaning that if for each k and
n we have Uy, < Uy, and Vi py1yn < V{/k,kJrl},n’ then Z,,(U,V) C Z,,,(U’",V’) for all m.
It will be enough then to show that we can find a family of i.i.d. variables U’ and V' as
above which dominate the U and V variables, and prove a version of Theorem 2.4 for
Z(U',V"). We begin by showing this latter result:

Lemma 3.8. Suppose that the U,;’ and V/ (kk41},n @T€ independent Bernoulli random
variables with parameter e > 0. Ife is small enough, then Z(U’, V') dies out a.s. for any
finite initial configuration. Furthermore, there are 3y, 51 > 0 such that

E(Next|Zo) < Bolog(|Zo|) + B

Proof. Consider i.i.d. uniform random variables v}, , and v} k1) n on [0,1] and, for some
given e >0, let U;, , = 1 and V{k kt1},n = Lif uy, , < e and v{k kt+1},n < € (this serves the
usual purpose of coupling realizations of these variables for different values of ¢). Fix
then some value of € and define for any finite set A C Z the function Fa(n) = P(Nex <
n|Zy = A). Conditioned on Z; = A, we have Nex < n if and only if the event

ﬂ {there are no H-valid paths from (a,0) to Z x {n}}
a€A
occurs. Each of the events in this intersection is decreasing in the U’ and V' variables
so we can apply the FKG inequality to obtain
Fa(n) > H P(there are no H-valid paths from (a,0) to Z x {n})
acA
= PP(there are no H-valid paths from (0,0) to Z x {n})!4l = (F{O}(n))lAl,

where we have used translation invariance. Take now g(z,¢) to be the probability
generating function of the variable | Z;| conditioned on Z, = {0}, that is,

g(z,€) ZIP |Z1| = k| Zo = {0}) 2"

k=0

and use the inequality above along with total probabilities and the Markov property to
deduce

Flop(n+1)= Y P(New <n+1, Z1 = B| Zo = {0})

> P(New < n, | Zo = B)P(Z1 = B| Zy = {0})

> Y (Fym)'P(20 = B| Zy = {0}) = g(Fio) (n). o).
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Since ¢(-, €) is monotone, we get

Fioy(n) > g™ (Fi3(0),€) = g™ (0,¢)

where ¢(" (-, ¢) is defined inductively as (") (x, €) = g(g\™)(z, ), ). Now for any fixed ¢
we have that for all z € (0, 1),

1—zF

1—2x

S < B(|Z:1| 20 = {0}),

1-g(z.e) _ <
—== = ) P(|Z4] = k| Z = {0})
k=1
so that 1 —g("*t1)(0,¢) < E(|Z,| | Zy = {0})[1 — ¢ (0, ¢)] and hence we deduce inductively
that
1= Fiop(n) < 19" (0,€) < E(1Z1][ Zo = {0})".

From the construction of the U’ and V' variables and the fact that Z is increasing in
them, it follows that |Z;| decreases to zero a.s. as e — 0, so if E(|Z1|| Zy = {0}) < o0
monotone convergence shows that for small enough €

v=E(2Z1|[ 20 = {0}) < 1,
from which we conclude Fo)(n) — 1. We deduce that for any finite B C Z

P(Nex = 00| Zy = B) = lim (1~ Fp(n)) < lim (1 - F(n)!?) = 0,
and hence that Z dies out almost surely. Furthermore, for such small € an easy calculation
gives

oo

E(Next | Zo = B) :i(l—FB(k)) < (1- (1—Vk)|B‘)
k=1 k=1

k=T~ log (|B)]

and if | B| is large, using the inequality 1 — > ¢~2% for small = the sum on the right
can be bounded by /7 tog., (1B])] 2|BIy* < f%‘y— log., (|B]) _ % giving the required
bound on the expectation.

It only remains to prove E(|Zi|| Zy = {0}) < co. To this end observe that given
Zy = {0}, Z, is either empty or an interval containing 0, and in the latter case, this
interval is given as [e; , e, | where ¢; and e, are the first edges to the left and right of 0,
respectively, such that Ve’70 = 0. Fixing ¢ as before, it follows that for each k£ > 4 there are
k — 2 possible such intervals of length k, each one occurring with probability ¥ ~3(1 — ¢)?,

and hence the sum Y ;7  kP(|Z1| = k| Zy = {0}) is finite. O

Thanks to the lemma, all that remains to prove is that forany A > 0, p € (0,1) and € >
0, we can choose v, T and 7y in such a way that we can couple our U and V variables with

an i.i.d. Ber(e) family. To this end take v = 1/T and fix Jy = 671+(17f)_(if§71)787p ePe
(0,1), which, as we will show later with the aid of (3.2), is a lower bound for the
probability of an edge being n-closed for this choice of v. Next, take ry € IN large enough
so that (1 — §p)™ < ¢, and choose T' > 0 to be sufficiently large so that, letting 7ex be the
extinction time of the standatd contact process running on the interval [0, 2r¢] starting
with every vertex infected, we have P(7ex; > T) < e.

Now, observe that all the V variables depend only on ¢, and that given a realization
of the environment the U variables depend on the 7 and R processes on disjoint sets, so

they are independent. Furthermore, each block By, ,, has length at most 2ry — 1 so our
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choice of T yields P(Uy,, = 1| ¢) < € as desired for any realization of (. On the other
hand, each Vi 141y,, depends on the U/ process and the C variables on By ,,, so V., and
Ver m are independent as long as e # ¢’. So all that remains to prove now is that

IP(Ve,n =1 ‘ ‘/e,n—la to 7‘/670) <e
for any e € E and n € IN. This inequality will follow from the next result, whose easy but
tedious proof is deferred until the end of this section.

Proposition 3.9. Fixv,p andT. For given e € £ define w;, = 1¢,(¢)=1 for some t € [nT, (n+1)T)-
Then for alln > 1,

Pl = 0[wf, y...wf) > 5= e T [ SHEREEE TR @)

and for n = 0 we have P(w§) > 4.

Notice that replacing v = 1/T in the definition of § we recover , and using that
Vikk+1y,n = 1 <= for all edges in [kro, (k + 1)ro] we have w;, = 1,

Proposition 3.9, together with the independence of the (; processes on different edges,
imply that
IP(V;E’m =1 | Ven-1,- »Ve,o) < (1—6p)° <e.

This completes the proof of the theorem.

3.6 Proof of Theorem 2.6

The proof of this theorem follows closely what was done in the proof of Theorem
2.4, where for fixed p and A we were able to couple the CPDE running on Z with a
process Z which dies out provided that v was sufficiently small. Surprisingly enough,
when taking v fixed and p small instead, it is possible to adapt the proof to obtain not
only that the result holds for general G, but also that the coupled process Z dies out
independently of the value of . Indeed, we will show that if p is sufficiently small, then
we can divide time into intervals of the form [nT, (n + 1)T") where every edge has a very
large probability of being n-closed (as opposed to our previous proof, where we could
only find some n-closed edge within a large enough interval By, ,,). In particular, most
vertices will be isolated throughout these intervals and as a result, infections confined to
these quarantined vertices die out in time of order 1.

Fix A > 0, v > 0, and take ¢ > 0 small (to be fixed later), which we use to define an
auxiliary parameter M = 2max{e !, vlog(¢~!)}. Next choose p small enough so that

e~ PM e_MJr(lf;llJ)_(ljpeI:IM)fe_pM] >1—¢ (3.3)

(which is possible by our choice of M because the expression on the left goes to 1 —
— M

1= — >1— 1 asp— 0). Next, partition R* into time intervals of the form [nT, (n+1)T),

where T' = M /v, and define the variables {V, ,,} and {U, ,} forz € G,e € Eandn € N

as

‘/e,n = ]-Ct(e):l for some t€[nT,(n+1)T)>
Uzn = 1RennT,(n+1)T)=0-

Observe that if V. ,, = 0 then the infection cannot use e to spread throughout [nT, (n +
1)T') and hence if 3, _ Vis 4} = 0 we deduce that z is isolated during this time period.
We will show that this is very likely to happen, and in that scenario, U, ,, = 0 implies that
any infection at = dies out before time (n + 1)T. Using these variables, which do not
depend on the infection processes, we construct a graph H with vertex set G x IN and
whose edge set is obtained from the U and V variables according to the following rules:

1. If U, = 1, then add the edge between (z,n) and (x,n + 1).
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2. For e = {z,y}, if V. ,, = 1, then add edges as if U, , = 1 and U, ,, = 1, and also the
edge between (z,n) and (y,n).

The resulting graph is similar to the one defined in the proof of Theorem 2.4, and in terms
of it we define H-valid paths and the process Z analogously to what was done there. It
can be checked that for this new process Z analogous versions of Proposition 3.7 and
Lemma 3.8 hold, so in order to conclude both statements of the theorem, it is enough to
bound the U and V variables by an i.i.d. family of Bernoulli random variables with small
enough parameter €. Notice that the U variables are independent from one another, and
are also independent from the V variables, which in turn are also independent among
themselves whenever indexed by different edges. As a result, all we need to show is that

IP(Uz,n = 1) <eg and ]P(‘/(’,'IL =1 | Vve,n—lf o ;Vve,O) <eg

for any « € G, e € E and n € IN. For the first inequality, observe that P (U, = 1) =
e~T = ¢=M/v < ¢ from our choice of M, while for the second inequality we can use

Proposition 3.9 directly with wi, = V. ,, to obtain
IP(Ve,n =1 | ‘/E,’VL—17 o ;Ve,O) < 1-90

with § as defined in (3.2). Replacing 7' = M /v we see that ¢ is equal to the expression on
the left hand side of (3.3), and the desired inequality follows. We conclude that Z (and
hence the CPDE) dies out, and the result then follows from noticing that the construction
does not depend on A, so that \y(v,p) = 0.

3.7 Proof of Theorem 2.7

Our goal is to prove that if p is sufficiently close to 1, then for every v > 0 we can
take X\ large enough so that the infection process 7 survives. To this end we use again
a block construction argument, this time based on the usual comparison with oriented
percolation as introduced in [9]. As mentioned in Section 2.3 it is enough to prove this
result in the case G = Z, so we make this assumption.

For any T > 0 we divide Z x [0,00) into A
blocks By, the form By, = Jy, % [nT,(n+1)T) with B, Boo|Bi2]|Bao
Tk = {4k —2n,...,4k — 2n+ 3}. Note that, with this :
choice, half of each block lies on top of each of the two ad- B_1.1) B.1 | Bia

jacent blocks in the row below it, as shown in the picture.
For each k and n we say that the block By, ,, is “good”, an
event which we denote as Wy, ,,, if the following conditions < 0 >
hold:

B_2 olB—1,0§ Bo,o | B1,0

(c1) For each edge e lying inside Jj,, we have O°¢ N [nT, (n + 1)T) # 0.
(c2) For each edge e lying inside Jj,, we have C¢ N [nT, (n+ 1)T) = 0.

(c3) Let Thn = Uy o inside 2, . (R UCE U O) N[0T, (n + 1)T). Then |t; — ta| > 4 for all
t1,t9 € Tk,n @] {TLT, (TL + 1)T}

(c4) For all edge e lying inside Jj ,, we have Z¢ N |nT + %, n1 + % # () for all
0<i<$

In words, conditions (c1) and (c2) say that all edges lying inside J} , become available
at some time in [nT, (n + 1)T) and remain so until time (n + 1)7', while conditions (c3)
and (c4), on the other hand, ensure that between two non-infection events there is a (not
necessarily valid) infection between each pair of neighbouring vertices in Jy, ,,.
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Next we choose the parameters of our model and our block construction. Fix € > 0
and take M > 0 large enough so that e~*/2 < ¢/12 and then p close enough to 1 so
that 1 — e~ M1-p) < €/12 (this will determine the value of the parameter p; which we
are looking for in Theorem 2.7). Now fix v > 0 and take T = M /v. Focusing on a
single block By, we have that: P(cl) = (1 — e MP)3 > 1 — ¢ from our choice of M;
P(c2) = e 31=PM > 1 — £ from our choice of p; P(c3) /1 as § \, 0, so we can choose
0 > 0 small enough such that P(c3) > 1—¢/4; and having fixed §, P(c4) 1 as A 7~ oo, so
we can take ) large enough such that P(c4) > 1—¢/4. From this choice of the parameters
we conclude that P(W,) > 1 — ¢ for each k and n.

Take now the directed graph with vertex set {By , }rez nenw and where each block
By.,n has By p41 and Bj1,,+1 as directed neighbors. Since all of the events W, ,, are
independent, by taking the subgraph of all the blocks satisfying these events we recover
the two-dimensional site percolation model of [8] with percolation parameter at least
1 — . By choosing ¢ sufficiently small we deduce that with positive probability there is
an infinite path (B, »)nen starting at By ¢ (which, from our construction of the network
satisfies k11 € {kn, k, + 1} for each n). Observe that by choosing ¢ we fix the value of
p = p1, while the parameter v only determines 7. We claim that on the event where this
infinite path exists, we obtain survival of 1 as soon as Jy o contains two adjacent vertices
9, Yo such that no(zo) = 10(v0) = Co({z0,y0}) = 1.

To prove this claim, observe that conditions (c1)-(c4) imply that at time T, ny(z) =1
and (r(e) = 1 for each vertex x and edge e in Jy . Indeed, from condition (c1), if an edge
is absent in Jy ¢ at time 0, then it appears at some point in the time interval [0,7). On the
other hand, from condition (c2) no edge can disappear in this interval. We deduce that
the edge {zo, yo } remains available throughout [0,7) and that all edges are available at
time 7', giving (7 = 1 inside Jg q.

Furthermore, observe that from condition (c3) we can ac-
tually deduce that (r_s = 1 inside Jg o, since there are no
updating or recovery events in [T — 4, T]. To deduce the anal- *
ogous result for n enumerate the recovery events of o and
Yo as r1,72,.... Conditions (c3) and (c4) imply that there is %
always an infection event between these vertices at each inter- x
val (rj,7;41) which is valid since the edge {z, y} is available at
all times. In particular, we deduce that at time 7'—§ either x or A
y (or both) are infected, but in the time interval [T'— 4§, T') there
are no infection or recovery events and all edges are available,
so from condition (c4) we can easily obtain the existence of
valid infection paths from z and y to all sites in Jg .

Now half of the block By, ; lies on top of By o, so from the observation, Jj, 1 contains
two adjacent vertices 1, y; such that nr(x1) = nr(y1) = (r({z1,¥1}) = 1, and we can
repeat the argument above to conclude that at time 27, nor(z) = 1 and (or(e) = 1 for
each vertex x and edge e in Ji, ;. Repeating this argument iteratively we conclude that
at each time nT there are vertices z,y € Jy, ,, such that n,r(z) = 1,7 (y) = 1, yielding
survival of 7.

AL
N

(V3
N

3.8 Proof of Proposition 3.9

Recall that w¢ = 0 is equivalent to {;(e) = 0 for all ¢t € [nT, (n + 1)T) and notice that
P(ws = 0|F,r) = e P11 (c)=0}. Wwhere Fy,1 is the o-algebra generated by ¢ up until
time nT'. Thus it is enough to show the improved inequality

P(Cur(e) = 0lws_y, Cnonyr(€), wl_g, .. wh) > @’”T+<1—1;>_<ijff>—f”” — P T — ¢
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for n > 1 and P((p(e) = 0) = (1 — p) > ¢’ for n = 0. Observing that the probability above
is equal to P({r(e) = 0Jw§, (o(e)) due to the Markov property and homogeneity of the
environment, there are three cases to be considered when n > 1.

Assume first that (p(e) = 1, which by definition implies w§ = 1. Then {r(e) = 0 if and
only if Y N [0,T) # () and the last updating event is in C¢. The probability of such an event
is (1 —p)(1 — e~T), and hence we need to show that this expression is larger than ¢’. To
do so, observe that after multiplying by e’?” — 1 and rearranging terms, the inequality
(1 —p)(1 —e¥T) > § is equivalent to

e—(l—p)’uT + (1 —p)(l _ e—vT) -1 S O,

which always holds, since the function z — e =27 4 (1 — e~*T) — 1 is convex and equal
to zero at z = 0 and x = 1. Observe that this bound also gives the result for n = 0, since
P(Co(e) = 0) > (1 —p)(1 —e—T) > &'

Assume now that {y(e) = 0 and w§ = 1. Here we compute the conditional probability
directly. For the numerator, it is easy to see that the event {(r(e) =0, w§ =1, (o(e) = 0}
corresponds to (y(e) = 0 and |4/° N [0,T)| > 2 with the last updating event belonging
to C¢ and from the rest at least one belonging to O°. The probability of this event is
1-p)2 S, 1= (1 =p) e T — (1 p)le T +(1—p)(1—e*T) —e~PT]. For the
denominator, the event {w§ = 1, (y(e) = 0} corresponds to (y(e) = 0and O°N[0,T) # 0,
so it has probability (1 — p)(1 — e~??T). Dividing the two expressions we obtain §’.

Finally, for the case (p(e) = 0 and w§ = 0, we have by definition of w§ that (r(e) =0,
so the conditional probability is equal to 1, and the result follows.
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