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Hydrodynamic limit for a d-dimensional open symmetric
exclusion process
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Abstract

In this paper we focus on the open symmetric exclusion process with parameter m
(open SEP(m/2)), which allows m particles each site and has an open boundary. We
generalize the result about hydrodynamic limit for the open SEP(m/2) originally raised
in Theorem 4.12 of [8]. We prove that the hydrodynamic limit of the density profile
for a d-dimensional open SEP(m/2) solves the (d + 1)-dimensional heat equation with
certain initial condition and boundary condition.

Keywords: hydrodynamics; open symmetric exclusion process.
MSC2020 subject classifications: 60]J75.
Submitted to ECP on May 3, 2020, final version accepted on September 11, 2020.

1 Introduction

Different types of interacting processes with open boundary condition have been
studied in last few decades [4] [9] [10], where the boundaries were seen as particle
reservoirs and sinks. The systems conserve particle number away from boundaries and
exchange particles across their boundaries. The symmetric exclusion process with an
open boundary that allows up to m particles each site except for the boundary (open
SEP(m/2)) enjoys duality [5] [8]. In [8], duality between open SEP(m/2) with different
types of boundaries was used to get the hydrodynamic limit for density profile and height
function of a one-dimensional open SEP(m/2) on Z. In this paper, we start from the
duality result given in [8] and look into results about hydrodynamic limits in d dimension.
We use the method of Laplace transform to show that the hydrodynamic limits are
solutions of certain partial differential equations. To the best of the author’s knowledge,
this method has not occurred in proving the hydrodynamics of interacting processes.

We start by defining open SEP(m/2) and two types of boundaries.

Definition 1.1 (Open SEP(m/2)). Suppose G is a countable set, G is a subset of G,
and p is a symmetric stochastic matrix on G. The symmetric exclusion process with
parameter m € IN and open boundary 9G is a continuous time Markov process on particle
configurations on G. And m is the maximum number of particles allowed for each site
in the interior G° := G — 0§, k, € {0,1,--- ,m} is the occupation number at site y € G°,
o € [0,1] is the boundary parameter for each x € 9G. The jump rate for a particle from

*Texas A&M University, United States of America. E-mail: zyzhou@tamu.edu


https://doi.org/10.1214/20-ECP350
https://imstat.org/journals-and-publications/electronic-communications-in-probability/
https://ams.org/mathscinet/msc/msc2020.html
mailto:zyzhou@tamu.edu

Hydrodynamic limit for a d-dimensional open symmetric exclusion process

x € G toy € G is defined by

p(z,y)ay mky, ifr € 0G and y € G°.

p(x ,y)(l—ay)%, ifx € G° andy € 0G. (1.1)
p(z ,y)%mﬁky, ifz € G° andy € G°. ’
0, ifr € G and y € 9G.

Definition 1.2. (a). If o, = 0 for all z € 9G, the boundary for open SEP(m/2) is a sink
boundary. Each site x € 0G is a sink that absorbs particles from G°.

(b). If0 < a, <1 for all x € 0G, the boundary for open SEP(m/2) is a reservoir
boundary. Each site x € 0G is a reservoir with infinitely many particles.

Remark 1.3. In the case «, = 0, the jump rate from site € 9§ is 0. Thus the boundary
site z is absorbing, once a particle jumps there, it stays there forever. When 0 < a, <1,
the jump rate from x € 9G is independent of the occupation number at x.

In order to lighten the notation, we omit the dependence on the dimension d in
definitions. For example, the hitting time 7, and 7,;, the functions p;, ¢ and N are
- || denotes the Euclidean norm in the
corresponding dimension. Let B(0,7) be the open ball with radius r centered at 0 in R?,
and B(0,7)¢ be the complement of B(0, ).

Define the interior of Gz, as G := ZN B(0,vL)¢, the boundary of G, as 9Gr, := {z|z €
Z%,|z|| < VL, z is adjacent to a vertex in G§ }, and G, := G5 U9G,. Let p (z,z £ ey) = 5,
where {ex}1<r<q is the standard orthonormal basis for R.

Our main result is about the hydrodynamic limit of an open SEP(m/2).

Theorem 1.4. Let s; evolve as an open SEP(m/2) on G, C 74, with a,, = « for all
x € 0Gy, where 0 < o < 1. Set so(z) =0 for all z € G3. Let p,(x) be the density profile of
S¢, ie.

1
pi(z) = - (P(s¢(x) =1) +2-P(se(x) =2) + - +m - P(se(z) =m)). (1.2)
Then the hydrodynamic limit ¢(x,7) = imy o paam-r ([ XL'/2]) solves the heat equa-
tion 26 ) )
7)1
aT - 2A¢(X7 T)7 (13)

on {R% — B(0,1)} x [0,00) with initial condition ¢(x,0) = 0, and Dirichlet boundary
condition ¢(x,7)]|y||=1 = @. Here x = (z1,22--- ,24) € R? — B(0,1), and A = 3¢
is the d-dimensional Laplacian.

21890

2 Proof of Theorem 1.4
First, let us recall the definition of stochastic duality and the duality result given by
Theorem 4.11 in [8].
Definition 2.1 (Stochastic duality). Two Markov processes s; and s; on state spaces &
and &' are dual with duality function D on & x &' if
Es[D(s¢,8")] = E¢[D(s,s;)] foralls € 6, s’ € &, and t > 0. (2.1)

On the left hand side, E; means so = s and on the right hand side, E,; means s, = 5.

Theorem 2.2. Let 5; evolve as an open SEP(m/2) on G with a reservoir boundary 9G,
and s}, evolve as an open SEP(m/2) with a sink boundary 0G and finitely many particles.
Then s, and s; are dual with respect to the function

) (s/(m))
D(s,s') = H ag @ H o' ()

o )1{s<m)zs'<w>}~
ele zege \s'(z)

(2.2)
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Now we consider the special case of s} that only consists of a single particle starting
from site . By observation, s; is a simple random walk with jump rate 5 that stops at
the boundary 0Gy,. Apply the duality relation, we have:

pr(2) = Ba[D(s1,8)] = Ea[D(s,5))] = - Pof inf |5l < V). 2.3)

Next, rescale time by 2dm, so that the jump rate becomes 1, we have

pt(a:):a-]Px(Oi<nf<t||s’S||§\FL).:a~]PI(O inf ||S,]] < VL), (2.4)

52(1

where S, is the d-dimensional continuous time random walks with jump rate 1, and initial
condition Sy = x.

Now recall functional central limit theorem, which says ﬁSt . — B, with Sy =
|vV/Lx| and By = x, where B; is the standard d-dimensional Brownian motion. Thus, let
t=2dm7L, and x = L\/Exj with ||x|| > 1,

6067) = Jm_paimes(IVIX) = Jim aP\yp( inf, 1S, < V)

(2.5)
= aP,( inf_||B.|| < 1) = aPy(n <7),

where 7, is the hitting time of B(0,r) by B;.
From equation (2.5), the initial condition and boundary condition for ¢ follow easily

Next, we introduce Bessel process with index v. When v = 432 € {IN* /2 — 1}, Bessel
process with index v is identical in law with the Euclidean norm of the d-dimensional
Brownian motion. Now define 7, as the first hitting time to b of the Bessel process
starting at a. With this notation, we have

d(x,7) = alPy (11 < 7) = P71 < 7). (2.6)
Also, from [7], we know the Laplace transformation of IP(7},;,; < 7) with respect to 7

o K ([IXI1V2))
AKL(V2N)

where K,(z) is the second kind modified Bessel function of index v, which has integral
form

is

LIP(7y1.1 < TN = [Ix]| (2.7)

iy o [ cos(t)dt
Ky (2) =7 Y2T(v 4+ 1/2)(22) /0 (CESITEYeR (2.8)
It is a solution of the modified Bessel differential equation
&*f  df
52 2 2\ ¢ _
@—&—z% (2 +v°)f =0. (2.9)
Then, apply Laplace transform to the function
0p(x, T 10%¢(x, T d—19¢(x, T
Il 7) = qng ) 1 <Z>(X2) 3 ¢ 7). (2.10)
T 2 9lIxll 2[[xIl ollxll
Use the fact that for a differentiable function f(t),
L[f'](s) = sLIf](s) = £(07), (2.11)
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and the modified Bessel differential equation (2.9), we get

£yl 1) = s (2R 2 i

—V2X|IXII K, (V2X[XI1) + (2AIxIIP + UQ)KU(@HXH)) =0.
Thus, g(||x||,7) =0, i.e.

a¢(X7T) — lazqs(XaT) d—1 8¢(X7T) )
or 2 olIxI® 20l allxll

(2.13)

Recall the d-dimensional Laplacian A in polar coordinates, write x € R? as ||x||0y.,

Pfx)  d-10f(x) , 1
= + Aga-1 f(x). (2.14)
AllxIl Il allxIl  [IxI?
Here Aga-1 is the Laplace-Beltrami operator on the (d—1)-sphere. When f is independent
of 0, Aga—1 f = 0. From equation (2.6), it’s clear that function ¢ is radial in x, thus Ags-1¢

is zero. Then, equation (1.3) follows.

Af(x)

3 Some applications

In one-dimensional case, the hydrodynamic limit of the height function of the process
s is of great interest. The height function is usually defined as the number of particles
to the right of a site on Z at a given time. In higher dimension, we can generalize it as
the number of particles outside B(0, r) at time .

Corollary 3.1. Define

Ne(s) = > (Isi=1} + 2 Lspiy=2} - + 1 L, (g)=m}) » (3.1)
[lyl[>r
and
N(r,7) = Lh_)n;O E[m™'N_ 7, (52am-L)]- (3.2)

There exists a M € (0,00) such that N (r,7) solves the partial differential equation
ON(r,7) 182/\/'(7“,7) o d-1 ON(r,T)
aor 2 Or? 2r or
on (1,00) x [0, M] with initial condition N (r,0) = 0 and Neumann boundary condition

8/\/8(:’7) lp—1 = 7%04 when d > 1, and aNa(:’T) |r=1 = —a when d = 1.

(3.3)

3.1 Preliminaries
Before proving Corollary 3.1, we state some useful facts about functions P(r,; < 7),
erfc(z) and K, (z) that will be used in subsequent proof.

1. We have uniform estimates for W when r > 1 [31:

(a) For d > 3,

OP(11 < 7) r—1 e—(r=1)?%/27 1 (3.4)
or =y 73/2 7(d=3)/2 4 p(d=3)/2" :
(b) For d = 2,
1/2
OP(11 <) ~ = 167(#1)2/27 (r+71)" 1+ logr . (3.5)
or r 732 (1+log(1+ I))(1 + log(7 + 7))

Here f ~ g means that there exists strictly positive ¢; and ¢, depending only on d
such that c19 < f < cog.
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2. When d = 2, there is another bound for P when 0 < 7 < 2r2 [6]. There exists
positive constant ¢y, co such that

c1 cgr?

e T . (3.6)

P(r,1 <7)<
(rrp <7) < logr

3. The complementary function er fc(z) is defined by

erfe(z) = %/ et dt. (3.7)

When ||z|| — oo, it has asymptotic expansion [1]

_z2

_et (L qe@e D
erfc(z)—ﬁz (1 222—&— + (1) 227 + )

Y (o (B).

4. When [ph z| < 7, as ||z|| = oo, K,(z) has asymptotic expansion [2]

Ko(2) = ;—Ze—z (Z a,;(:)> - \/Ze—z (14 Ri(v,2)) (3.9)

k=0

(3.8)

W2-1

with error bound ||R; (v, 2)|| < QHL;SHB
5. The derivative of K,(z) has the expression

Ky (z) = ZKU(Z) — Ky (2). (3.10)

3.2 Proof of Corollary 3.1

Since the result for d = 1 is already given by Theorem 4.12 in [8], we omit its proof.
Next, we assume that the interchange of limits is justified in the following steps, some of
which will be shown at the end of this section.

By definition of A/ and equation (2.5), for d > 1,

dﬂ'd/2 00 i1
N (r,7) :/ P11 < 7)du = 7/ w - Py < 7)dw.  (3.11)
llul|>r il I(d/2+1) J,
The second equation is obtained by changing variables to polar coordinates. Then the
boundary condition and initial condition follow easily.
Next, we can write the partial derivatives of N in integral form as

ON(r,7)  dm?/? * w Pty <7)
or  T(d/2+ 1)0‘/T ar dw; (3.12)
ON(r,T) dn/2 de1 dn/2 ® QWP (11 < 7)

= — < = —_— 2 R

ar T P st =ranT 1)0‘/,. dw dw;
(3.13)

N (r,7) dmd/? ori='P(r,.1 < 1) dn/2 ® Pwl1P(1,1 < 7)
= - « : = @ : dw.
or? I'(d/2+1) or rd/2+1) J, ow?

(3.14)

Remark 3.2. Equations (3.12)-(3.14) are derived using the fundamental theorem of
calculus, where some boundary terms are omitted in the above equations because they
are zero, which will be shown later on.
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Now, define function g(w,t) = w?~!'P(r, ; < t). Then apply Laplace transformation to

dg(w,t) 1825(111, t) d—10g(w,t) d—1_

Hw, ) = ot 2 Jw? 2w Ow  2uw? glw,t), (3.15)
we have )
LIHw, D]\ = —— (2w \ + v?) K, (wV2))
2AK,(V2X) ( (3.16)

2w AK (wv/2N) — w\/mK;(w\/zA)) .
The modified Bessel equation (2.9) again yields that
L[H(w,t)] = 0. (3.17)
Thus, g(w, t) satisfies the partial differential equation
ot 2 Ow? 2w ow
Integrate with respect to w on both sides from r to infinity, the result for A/ follows.

To complete the proof, we need to show that the interchange of the integral and
partial differential operators in equation (3.12) is valid, and

d—1_
. .1
+ G 0w ) (3.18)

lim 74P (7., <7) =0, (3.19)
T—>00
=1p(r,, <
fim P sT) (3.20)
r—00 or

First, since P(7,1 < 7) is monotone and continuous in 7, we can pick 0 < M < oo such
d—1
that A(r, M) < oco. Then it suffices to show that for any fixed r > 1, [ 22~ Elrwas<m) gy,

r or
is uniformly convergent in 7 on the region [0, M]. We aim to use dominated convergence
theorem to show the uniform convergence. First, we need to find a dominated function
£ defllP(Tw,l <7)
or ——5 =,
Using equations (3.4) and (3.5), we obtain upper bounds listed below.

There exists positive constants C; and C/; depending only on d such that when d > 3,

8IF‘(7-111,1 < 7') <, w—1 e_(“’—l)z/QT
or wd—1/2  73/2
: h V3M +1 (3.21)
< m72 when w < +
T ety D Y whenw > VM 41
And when d = 2,
a]P(TwJ < 7') <C (w — 1)(w + M)% e—(qu—1)2/27'
or = w 3/2
> 3.22
<ol e when w < V3M + 1 (3.22)
> Uy P
(w+ M) =", whenw > V3M +1

Since the right most functions in inequalities (3.21) and (3.22) are integrable, we use

AP (1 < . .
o0 9w’ P(rwa=7) gy is uniformly

them as dominate functions. Thus, for any fixed r > 1, fT e
convergent.
Next, we proceed to prove equation (3.19). When d = 2, we can apply the bound in

inequality (3.6) directly. When d > 3, we use inequality (3.21) again,

P PN TC’ r—1 e—(r—1)2/2td <c T . e—(r—1)2/2td
(Tr1 <7) < o d@d-1/2" 43/2 t< Ca o (r— )T t
1 (3.23)
r—
=Cl-erfe(—).
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Use the expansion of function er f¢(z) in equation (3.8), we have that for any finite k£ > 0
and fixed 7 > 0,

lim 7 IP(TT 1<7)=0. (3.24)
As for W, we begin by investigating its Laplace transform
r |:6IP(TT71 < 7')} () = @ K] (rv2)\) v Ky(rv2)\) (3.25)
or VK, (V2N UK, (V2N '
Next, write K/ (z) as in equation (3.10), by observation, it suffices to show
lim porip-t | Ken (V2D (3.26)
r—oo f \K, (./ A)

Since all the zeros of K, (z) have negative real part [11], the inverse Laplace transform
could be written as

-1

KU+1(T\/2)\)] 1 [ Ky (rV2X)

| = —————d\. 3.27
VK, (V2)X) 270 J1—ioo ‘ VK, (V2)) ( )

For any fixed A € 1 4 ¢RR, using the asymptotic expansion (3.8), we have

lim r”*lw V2X) — (3.28)
00 VAK,(V2))
Last, we can bound H N R Tﬁ) H by the module of e~ ("~DV2X then apply dominated

convergence theorem again, equation (3.26) is proved by taking the limit inside the
integral.

Left to show that H Ko (rv23) H is bounded by H —(r= UFH Let \=1+iy, y € R

VAK,(V2X)
and define -
Ky1(rv2X)
\/X-;;'u(\/ﬁ) 1|1+ Ri(v+1,7v2X)
fly) =||———=||=r"2||—= , (3.29)
e—(r=1)v2Xx Az (1+ Ry(v,v2)))

where in second equation, equation (3.9) is used. Also, with the upper bound listed
below equation (3.9) for || Ry (v, 2)||, (v,2)|] = 0. So, for
any fixed r, f(y) is a continuous function from R to R with

lim f(y) = lim f(y) =0. (3.30)

Yy——00 Yy— 00

Thus, for each fixed r, there exists a finite M, such that 0 < f(y) < M,. Moreover,
this upper bound M, could be chosen such that it is decreasing in r. The fact that

et’\e*(”*l)‘/ﬁH is integrable finishes the proof.
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