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In this paper we consider the Anderson Hamiltonian with white noise
potential on the box [0, L]2 with Dirichlet boundary conditions. We show that
all of the eigenvalues divided by log L, converge as L — 0o, almost surely to
the same deterministic constant which is given by a variational formula.

1. Introduction. We consider the Anderson Hamiltonian (also called random
Schrodinger operator), formally defined by JZ = A + &, under Dirichlet boundary condi-
tions on the two-dimensional box [0, L]?, where & is considered to be white noise. We are
interested in the behaviour of this operator, as the size of the box, L, tends to infinity. In this
paper we prove the following asymptotics of the eigenvalues. Let A(L) = A1 (L) > Ap(L) >
A3(L) - - - be the eigenvalues of the Anderson Hamiltonian on [0, L]?. For all n € N, almost
surely

. An(L)
lim 2% =4 sup I3 - [ 1w P =y,
LS00 8 VeCE®2) R

lwi2,=1

where x is the smallest C > 0 such that || f|[7, < C|IV f|13, ] |12, for all f € H'(R?) (this
is Ladyzhenskaya’s inequality).

1.1. Main challenge and literature. In the one-dimensional setting, that is, on the box
[0, L], the Anderson Hamiltonian can be defined using the associated Dirichlet form, as the
white noise is sufficiently regular; see Fukushima and Nakao [14] (see [35] for the regularity
of white noise). In dimension two the regularity of white noise is too small to allow for the
same approach. A naive way to tackle the problem of the construction is to take a smooth
approximation of the white noise &, so that the operator 772 = A + &, is well defined as
an unbounded selfadjoint operator, and then take the limit ¢ | 0. However, % does not
converge, but .7, — ¢, does converge to an operator .7 for certain renormalisation constants
¢e /"¢10 00. This has been shown by Allez and Chouk [1] for periodic boundary conditions,
using the techniques of paracontrolled distributions introduced by Gubinelli, Imkeller and
Perkowski [16] in order to study singular stochastic partial differential equations. In this
paper we extend this to Dirichlet boundary conditions.

Recently, also Labbé [21] constructed the Anderson Hamiltonian with both periodic and
Dirichlet boundary conditions, using the tools of regularity structures. Gubinelli, Ugurcan
and Zachhuber [17] extend the work of Allez and Chouk to define the Anderson Hamiltonian
with periodic boundary conditions also for dimension 3.

One of the main interests in the study of this operator is due to its universal property,
more precisely, it was proved by Chouk, Gairing and Perkowski [8], Theorem 6.1, that, under
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periodic boundary conditions, the operator ¢ is the limit under a suitable renormalisation
of the discrete Anderson Hamiltonian J#y = Ay + %n N, defined on the periodic lattice

(%Z/ NZ)2, where Ay is discrete Laplacian and (ny(i),i € Z?) are centred LID. random
variables with normalised variance and finite pth moment, for some p > 6.

Recently, Dumaz and Labbé [13] proved the Anderson localization for the one-dimensional
case for the largest eigenvalues, and they obtain the exact fluctuation of the eigenvalue and
the exact behaviour of the eigenfunctions near their maxima. Unfortunately, their approach
used to tackle the Anderson localization in the one-dimensional setting is strongly attached
to the SDE, obtained by the so-called Riccati transform, and cannot be adapted to the two-
dimensional setting. Also, Chen [7] not only the one-dimensional setting for the white noise

(and shows A(L) =~ (log L) %) but also a higher-dimensional setting for the more regular frac-
tional white noise (where A(L) =~ (log L)# for some B e (%, 1) (and B € (%, %) ford =1),
where f is a function of the degree of singularity of the covariance at zero). The techniques
in his work do not allow for an extension to a higher-dimensional setting with a white noise
potential.

The asymptotics of the principal eigenvalue is of particular interest for the asymptotics
of the total mass of the solution to the parabolic Anderson model: d;,u = Au + &u = Fu.
Chen [7] shows that with U (¢), the total mass of u(z, -), one has log U (¢) ~ tA(L;) for some
almost linear L, so that the asymptotics of A(L) lead to asymptotics of logU (t): Ind =1
with & white noise, log U (¢) ~ ¢t (log t)%; for d > 1 with & a fractional white noise log U (¢) ~
t(logt)?, with B as above. For smooth Gaussian fields £, Carmona and Molchanov [5] show
logU(t) ~ t(logt)%. In a future work by Konig, Perkowski and van Zuijlen, the following
asymptotics of the total mass of the solution to the parabolic Anderson model with white
noise potential in two dimensions will be shown: log U (¢) = t logt.

For a general overview about the parabolic Anderson model and the Anderson Hamilto-
nian, we refer to the book by Konig [20].

Let us mention that our main result is already applied in [27] to prove that the super Brow-
nian motion in static random environment is almost surely super-exponentially persistent.

1.2. Outline. In Section 2 we state the main results of this paper. In Section 3 we give a
proof of the tail bounds of the eigenvalues, using the other ingredients presented in Section 2,
and use this to prove the main theorem. The definitions of our Dirichlet and Neumann (Besov)
spaces and para- and resonance products between those spaces are given in Section 4. With
the definitions given we can properly define the Anderson Hamiltonian on its Dirichlet do-
main and state the spectral properties in Section 5. In Section 6 we prove the convergence to
enhanced white noise that will be used to extend properties for smooth potentials to analogue
properties where enhanced white noise is taken. In Section 7 we prove scaling and translation
properties. In Section 8 we compare eigenvalues on boxes of different size. In Section 9 we
prove the large deviation principle of the enhanced white noise. This leads to the large devia-
tion principle for the eigenvalues. In Section 10 we study infima over the large deviation rate
function which are used to express the limit of the eigenvalues. The more cumbersome cal-
culations needed to prove convergence to enhanced white noise are postponed to Section 11
and Section 12.

1.3. Notation. N={1,2,...}, No={0} UN, N_; ={—1} UNp. 8 is the Kronecker
delta, that is, 6y y =1 and 8¢y =0 fork #1. 1= /—1. For f, g€ LZ(D), for some domain
D c R? we write (f, g) L2(D) = Ip fg. We write ’]I“If for the d-dimensional torus of length
L > 0, thatis, RY/LZ%. (2, P) will be our underlying complete probability space. In order to
avoid cumbersome administration of constants, for families (a;);cr and (b;);er in R, we also
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write a; < b; to denote that there exists a C > 0 such that a; < Cb; forall i € I and a; = b;
to denote that both a; < b; and a; 2 b; (i.e., b; S a;). We write C2°(A) for those functions in
C°°(A) that have compact support in A°.

2. Main results. In this section we give the main results of this paper without the tech-
nical details and definitions; the main theorem is Theorem 2.8.

We build on the methods on the construction of the Anderson Hamiltonian in [1]. In that
paper the operator is considered on the torus or, differently said, on a box with periodic
boundary conditions. In order to consider Dirichlet boundary conditions, we will consider
the domain to be a subset of H(}. The construction in [1] relies on Bony estimates for para-
and resonance products. We therefore have to find the right space in which we take £ in order
to be able to take para- and resonance products of £ with elements in the domain. For this

reason we construct the framework of Dirichlet, Bg";, and Neumann Besov spaces, B;’Z‘ in

Section 4. We will show that Hg agrees with Bg%/ and show that the Bony estimates extend
to products between elements of Dirichlet and Neumann spaces. Basically, the idea is as
follows, for d = 1 and L = 1. Instead of the basis for the periodic Besov space L2, given by
x > >k we build the Dirichlet Besov space by the basis of L? given by x +> sin(kx)
and the Neumann Besov space by x +— cos(irkx). The elements of the Dirichlet/Neumann
Besov space on [0, L] then extend oddly/evenly to elements of the periodic Besov space on
T>r. We show that the extension of a product is the same as the product of the respective
extensions which allows us to obtain the Bony estimates from the periodic spaces. Moreover,
this also allows us to extend the main theorem in [1] to Dirichlet boundary conditions on
0 =10, L]Z, as we present in the following theorem. We will consider £ in C and its
enhancement in X;; which are the Neumann analogues of C* and X“.

THEOREM 2.1 (Summary of Theorem 5.4). Let @ € (—%‘, —1). Let y € R%, L > 0 and
I' =y + Q. For an enhanced Neumann distribution § = (&£, B) € X3(I"), we construct
a stongly paracontrolled Dirichlet domain @2(1") such that the Anderson Hamiltonian on

QE(F) maps in L*(T) and is selfadjoint as an operator on L*(T") with a countable spectrum
given by eigenvalues M(I', &) = L (', &) > (I, &) > - -+ (counting multiplicities). For all
n €N, the map & — A, (T, &) is locally Lipschitz. Moreover, a Courant—Fischer formula is
given for A, (see (44)).

In Section 6 we show that there exists a canonical enhanced white noise in X7

THEOREM 2.2 (See Theorem 6.4 and 6.5). Leto € (—%, —1). Forall y € R2 and L > 0,

there exists a canonical «S{ = (%‘z, E{) € X%(y + Q) such that éiv is a white noise (in the
sense that is described in that theorem).

We will write &, =’;‘%,5L =52, 8y = E% and, for 8 > 0,

MG+ 00, B =My + 0L, (B, B’E])). M+ 0L)=A(y+0rL.1).

Now, we have the framework set and can get to the key ingredients, of which two are given
in Section 7, the scaling and translation properties:

2.3.
(a) (Lemma 7.3) For L, B,e >0, 1,(0L, B) 4 ﬁkn(Qg,Eﬁ) + ﬁlogs-

(b) (Lemma 7.4) For y € R? and L, B>0,A1,(0L,P8) 4 An(y + Qr, B). Moreover, if
y+ 05 NQJ =d,thenr,(Qr, ) and A,(y + Qr, B) are independent.
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In [15], Proposition 1, and [3], Lemma 4.6, the principal eigenvalue on a large box is
bounded by maxima of principal eigenvalues on smaller boxes. We extend these results from
smooth potentials to enhanced potentials.

THEOREM 2.4 (Consequence of Theorem 8.6').  There exists a K > 0 such that, for all
e>0and L >r > 1, the following inequalities hold almost surely:

4K
max X(rk+Qr78)SA'(QL’8)S max A.(rk+Q§r,€)+—2.
keNZ, lkloo<L—1 keNZ [kl <L +1 2 r

Moreover, forn e Nand L >r > 1,ifx,y € R2 and x + O, Cy+Qp,then Ay(x+ Qy, ) <
Ay + 0L, 8 ify, v, ..., yu € R? are such that (y; + Q,)7_, are pairwise disjoint subsets
of y + QL, then almost surely Ay (y + Qr, &) > minjeqi,...n} A + Or, €).

Another important tool that we prove is the large deviations of the eigenvalues, which—
by the contraction principle and continuity of the eigenvalues in terms of its enhanced
distribution—is a consequence of the large deviations of (,/e&., ¢ E1), proven in Section 9.

THEOREM 2.5 (See Corollary 9.3). A,(Qr,/€) = A(QL, (\/€EL, eBL)) satisfies the
large deviation principle with rate ¢ and rate function 11, , : R — [0, oo] given by

. 1
Iax)= inf  Z|V]7..
ver2io,) 2
A (QL,V)=x

In Section 10 we study infima over the large deviation rate function over half-lines, in
terms of which the almost sure limit of the eigenvalues will be described.

THEOREM 2.6. There exists a C > 0 such that, for all n € N, ¢, = inf; .¢inf 1 ,[1,
o0) =limy o inf Iy 4[1, 00) > C and

2
(D) — =4 sup sup inf / —|V¢|2+ VK[/Z
On Vec®®?) FrcP®?) VSE R2
V]2, <1 dimF=n i, =1
L
Moreover,
2 ) ,
@ —=4 sup Yl — | IVVI"=x,
Q1 YeCX(R2) R
Ii7,=1

where x is the smallest C > 0 such that IIfII‘z4 < C||Vf||%2||f||2L2 forall f e HY(R?) (this
is Ladyzhenskaya’s inequality).

Using the scaling and translation properties of 2.3, the comparison of the eigenvalue with
maxima of eigenvalues of smaller boxes in Theorem 2.4 and the large deviations in Theo-
rem 2.5, we obtain the following tail bounds in Section 3.

I1n this statement we have choosen a = %r.
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THEOREM 2.7. Let K > 0 be as in Theorem 8.6. Let r, B > 0. We will abbreviate 1,1 by

I.. For all u > infI.(1, 00) and k < ian%r[l — 1?—2K), there exists an M > O such that, for

all L,x >0 with L\/x > M,

2log L— 45 x

e B x
3) POQLB) =) zexp(~ ).

@ P(QL. B) = x) < —xe’ BE T,
:

Using the tail bounds and the limit in Theorem 2.6 we obtain our main result by a Borel—-
Cantelli argument and the “moreover” part of Theorem 2.4. For the details, see Section 3.

THEOREM 2.8. Let 1 C (1, 00) be an unbounded countable set, and let 8 > 0. For L € 1
let y; € R? be such that y, + Q, C y + Qp forr, L € Lwith L > r. Then, for n € N,

g AnOL+ 0L ) _ 28
m ——— = —
Lel log L 01

L—o00

= /32)( a.s.

3. Proofs of Theorem 2.7 and Theorem 2.8. In this section we prove Theorem 2.7 and
Theorem 2.8 by using 2.1-2.6.
3.1. Let K > 0 be as in Theorem 2.4. To simplify notation, we take 8 = 1. By consec-

utively applying the scaling in 2.3(a), the bounds in Theorem 2.4 and then the independence
and translation properties in 2.3(b), we get, for L, r, & > 0 with % >r>1,

2
P(2A(Q1) < 1) = ]P’(X(Qé,e) n ;—nloge < 1)

®)

IA

2
IP’( max Ark+ Q,,8)<1— ;—log 8)
T

keNZ, |kloo<L —1

&2 #keNZ:|kloo <L —1}
]P’<X(Qr,8) <1l- —loge?) .
27

and, similarly,

2
P01 = 1) =P(M(Qu.e)+ 5 loge = 1)

(6)

IA

IP( Ak + 0 )+4K+821 >1)
max r 3.,€E — T ——10g¢& =
keNZ, Ikloo <L 41 2! r2 2w

) L 4K &2
<#lkeNj:lkloo <—+ 1P X(Q;r,s)zl——z——loge .
er 2 r 2
As#{keN%:|k|oo§n}:(n+1)2forneN,wehave
#lkeNZ: |kloo <M £ 1}
m =1.
M—o0 M2

Observe that there exists an M > 0 such that, for all L, r, ¢ > 0 with é >M,

1/L\? ) L L\?
2(5) =tkemimn < x1) <2 )
2\er er er
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By combining the above observations we have obtained the following.

LEMMA 3.2. Let K > 0 be as in Theorem 8.6. Let B > 0. There exists an M > 1 such
that, for all L, r, e > 0 with % >Mr>r>1,

2 82 2(£r)2
™ P(e2A(Qy. B) < 1) sP(x(Qr,eﬂ) <1- Eloge) ,

L\? 4K &2
(8) P(e*A(Qr, ) > 1) < 2<8—r> IP’(X(Q%,, fz1-—7 - ;—Nlogs).

3.3. Letr>0. Let us now use the large deviation principle in Corollary 9.3. First, ob-
serve that as limg o 5 loge =0, also A(Q;, eB) + 5 i — log ¢ satisfies the large deviation prin-
ciple with the rate function =21, (by exponentlal equ1valence see [10], Theorem 4.2.13).
Hence, for all p > inf 7, ,(1, 00) and « < infl%r’n[l — 4K , 00), there exists a &y such that,
for ¢ € (0, &9), we have the following bound on the probablhty appearing in (7) (using that
1 —x <e* forx>0):

2 o 7—82’;2
©) IP’(MQr,Eﬁ) <1- 2—logs) oo @ <ot
T
4K g2 £ 7
(10) P<X(Q§,,sﬁ)zl——2——10g8)<e &
2 r 21

PROOF OF THEOREM 2.7. This now follows by Lemma 3.2 and the bounds (9) and (10).
O

First, we prove the convergence of the eigenvalues along the set {2 : m € N} before prov-
ing Theorem 2.8. Observe that in Theorem 3.4, contrary to Theorem 2.8, we do not impose a
condition on the sequence (V;;)meN-

THEOREM 3.4. Letn € Nand B > 0. For any sequence (yp)men in R%.

A 282
lim nQm + Q. f) = 25 =482 sup sup , — VY 1P+ Vy? as.

m
meN,m— oo 10g2 o1 Vecgo(]Rz) z//eCEO(]Rz)
VIR, <ty ,=1

PROOF. Without loss of generality, we may assume y;,, = 0 for all m € N and take 8 = 1:
e First, we prove the convergence of the principal eigenvalue, that is, we consider n = 1.

Let p,q € R be such that p < Q% < ¢g. We show that
- Qo) A(Qom)
lim inf >p as., lim sup <gq as.
m—00 log m m— 00 ]Og

By the lemma of Borel-Cantelli, it is sufficient to show that

A(Qom = [A(Q2m)
Z [logém p]<oo, ZP[ logém >qi|<oo

m=1 m=1

By Lemma 10.1,

16K
lim inf/,(1,00) = lim infl3r[1 - oo) =01.
r—00 r—00 2 r
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Let r > 0 be large enough such that
. . 16K
pinfl.(1,00) <2 < qlan%r 11— r—z,oo)

16K

Let u > inf I, (1, 00) be such that pu < 2 and « < ian%r[ 6K , 00) be such that gk > 2.

By Theorem 2.7 for M € N large enough,

o0 )" - )2(2 prym

> ) p)< 3 T
log 2™

m=M

p Q2=pr)m
8r2

00 00
Z P[X(QZ’”) >q] < Z 2m1§g22(2—lcq)m,

o log 2™ PR

which is finite because > 1 for large m, as 2 — pu > 0. Also

which is finite, as 2 — k¢ < 0 (and because 27"m — 0 for « > 0).
o Let n € N. Let us first observe that, as A,(Qx) < A(Qyn), we have

limsup,,_, l»}«éngzz) < %. Let x1, ..., x, € Qo be such that (x; + Q1)}_, are disjoint. By
Theorem 2.4 we obtain almost surely
An(Qonim) . AQ2"xi + Qom)
liminf —=——=> min lim ————=— = —,
m—00  Jog2"t™Mm T jgfl,..,njm—>00 log2" +log2™ O

PROOF OF THEOREM 2.8. The condition on y; is assumed in order to have the mono-
tonicity of L — A, (yr) on . Therefore and for convenience, we assume y; =0 for all L € 1.
Also, we take 8 = 1. Write s = Q%. Let € € (0, s). By Theorem 3.4 there exists an M such
that, forall m > M,

(log2™)(s — &) < Ay (Q2m) < (log2™)(s +¢) as.
Let a € [1, 2], then almost surely, as L — A, (Qp) is an increasing function

(loga2™ 1) (s — &) < An(Q2am) < Ap(Qaam) < Ap(Qoms1) < (loga2™ (s +e),

and
log?2 log?2
(1 _ 8 )(s—s) < (1— L)(s—g)
log(2™) log(a2™)
A m log?2
(QaZ ) < (1 + og )(S+8).
10g(a2'") log(2™)
From this it follows that almost surely limzey 71— 00 loé(QLL)) =s. O

4. Dirichlet and Neumann Besov spaces, para- and resonance products. Letd € N.
Let L > 0. We will first introduce Dirichlet and Neumann spaces on Q7 = [0, L]d. In order
to do this, we use three different bases of LZ([0, L]¢), one standard (the e;’s), one as an
underlying basis for Dirichlet spaces (the 9;’s) and one as an underlying basis for Neumann
spaces (the ng’s). After defining these spaces (in Definition 4.9), we prove a few results that
compare Besov and Sobolev spaces. Later, in Definition 4.19 we show how to generalize this
to spaces on general boxes of the form l—[l‘-izl [ai, b;]. Then, we present bounds on Fourier
multipliers (Theorem 4.20) and define para- and resonance products (Definition 4.24) and
state their Bony estimates (Theorem 4.26).
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In the following we will introduce some notation. For q € {—1, 1}4 and x € R?, we use the
following shorthand notation (g o x is known as the Hadamard product):

d
(ITa)=TTai.  aox=(@x1, ..., daxa).
i=1

We call a function f : [—L, L1Y — C odd if f(x) = ([]1q) f(qox) forall g € {—1, 1}d, and,
similarly, we Call f evenif f(x) = f(qox) forall qe {—1,1}¢. Forany f:[0,L]¢ — C,
we write f —L, L% — C for its odd extension (the ~ notation is taken as it looks like
the graph of an odd function) and f : [—L, L] — C for its even extension (similarly, the
notation—is taken, as it looks like the graph of an even function), that is, for the functions
that satisfy

f@oxy=([Ta)f(,  F@ox)=f(x) forallxe0,L] qe{-1,1)".

If a function f : [—L, L1¢ — C is periodic, which means that f(y, L) = f(y, —L) and
f(L,y)= f(—L,y) forall y e [—L, L], then it can be extended periodically on R? (with
period 2L); we will also consider it to be a function on the domain T‘zi .- Note that if f is
periodic and odd, then f =0 on 9[0, L9,

Fork = (ki,...,kq) € Ng, let v, = 2_%#{i:ki20}, and write 0, 7, and ny ;, or, simply, 0 and
ny for the functions [0, L]¢ — C and ek 21 or, simply, e, for the function [—L, LY —C

given by:
% d

(11 ok,L(x>=ak<x)=( ) Tsin( Fkix:).
i=1
% d

(12) nkL<x>—nk<x>—vk( ) TTeos(Fhixi).

i=1
13 — e = (L) s
(13) ecant) = el = (57 ) e

Note that 9y (x) equals thg right-hand side of (11) and ng (x) equals the right—hand~side of (12)
for x € [—L, L]? so that 3 and m, are elements of COO('JI‘E"L). We can also write 0 and ny as

follows:
d JHhixi _
l_[ - 216 = (_l)d Z (l_[ q)eqok (-x)a

a9y ww=(7)
i=1 qe{—1,1}4

2 %d kx’—}—e L
as  wmw=vn(;) I S D)

i=1 qe{—1,1}¢

mi
— T kix;

For an integrable function f : T‘Zl ;. — C, its kth Fourier coefficient is defined by

Fx)e~ T k) gy (k € Z9).

d
TZL

Fflk)y=(f ex) =

4.1. TItis not difficult to see that for ¢, ¢ € Lz([O, L]d), the following equalities hold:
(16) F@ @ =([Ta)F@@ok) forallkeZ!,qe (-1, 1),
(17) F(@)(k)=0 forall k € Z% with k; = 0 for some i,
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(18) F@)(k)=F @) (qok) forallkeZ? qe{—1,1}4,
(19) (@ V)2 r. oy =20 V) 20,000 = (@ V) p2p_ 1 Ly

(20) (@, ) =1 F (@) (k) forall k e N,

@h (p.nx) = F(@)(k) forall k e Nj.

4.2. By partial integration one obtains that F (3% f)(k) = (”Tik)“}"(f)(k). So that
F(Af) (k) = —|FkI*F(f)(k). Consequently, (Af,0) = —|Fk[*(f,0r) and (Afiwy) =
—|%k|2(f, ng). This will be used later to define (a — A)~! fora e R\ {0}.

. . . 2
Moreover, from this one obtains that the spectrum of —A is given by {% k|2 : k € Z4)} and
that every ey is an eigenvector.

LEMMA 4.3. {0y :k € Nd} and {n 1k € Ng}form orthonormal bases for L2([0, L1%).

PROOF. We leave it to the reader to check that those sets are orthonormal. Let ¢ €
L*([0, L1%). By expressing ¢ and @ in terms of the basis {e; : k € Z¢} and using 4.1, one
obtains gZ) = ZkeNd <§0, Dk)LZ[O’L]ZDk and a = ZkENg <§0, nk>L2[0’L]2t_1k. O

DEFINITION 4.4, We define the set of test functions on [0, L]¢ that oddly and evenly
extend to smooth functions on sz ;. (here S (Tfj )= C°°(']I‘§L)),
So([0, L1%) :== {9 € C>([0, L1) : $ € S(T4,)},
Sa([0, L1%) := {p € ([0, L1Y) : @ € S(T49, )}
We equip So([0, L1¢), Sa([0, L1¢) and S (TgL) with the Schwarz-seminorms. Note that?
C2([0, L]?) is a subset of both Sy([0, L]1¢) and S, ([0, L]¢).

In the following theorem we state how one can represent elements of S, Sp and Sy, and of
S’, S8 and Sy, in terms of series in terms of e, Ok and ny.

THEOREM 4.5. (a) Every w € S(TgL), @ € So([0, L1%) and ¥ € S ([0, L1¢) can be rep-
resented by

(22) w= ) are, o= bidy, Y= awm,

keZd keNd keNg

where (ai)cyd, (bi)gend and (Ck)keNg in C are such that
vneN: sup(1+ [k])"|ax| < oo, sup (1 + [k])" b < oo,
kezd keNd

sup (14 [k])"|cx| < oo,
keNg

(23)

and ay = (w, ek), by = (¢, 0k) and cx = (Y, nk).
Conversely, if (ar)ezd, (br)gene and (Ck)keNg satisfy (23), then Y . czd akek, Y rend bk
and ZkeNg ckW converge in S(’]I‘gL), So([0, L1%) and Sx([0, L]d), respectively.

2For the notation, see Section 1.3.
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(b) Every w € S/(']TgL), u € S;([0, L1 andv e S;([0, L1%) can be represented by

24) w= Z aier, u= Z by oy, V= Z Cik,

kezd keNd keNd

where (ai)yezd, (bi)gend and (Ck)keNg in C are such that

|a| |Dr |

dneN: sup 00, sup ———— <
keNd (1 + |k|)n

—_— <
kezd (1 + |k|)n

|kl
Sup ———— < 00
keNd (1 + k]

9

(25)

and ay = (w, ex), by = (u, 0x) and ¢y = (v, ng).
Conversely, if (ak) ez, (br)end and (Ck)keNg satisfy (25), then ) _ czd areg, Y _rend bidk
and ZkeNg ckhy converge in S/(']I‘gL), S, ([0, L1%) and S;([0, L1%), respectively.

PROOF. Letw e S(T‘ziL). As one has the relation F(A"w) (k) = (—Z—; |k|?)" F (w) (k) for

all n € No, we have (23) and Ypezup <y F@) Kex ——=> w in S(T4,); see also [33],
Corollary 2.2.4.

Let ¢ € Sp([0, L19). Using the shown convergence above for w = @, by (14), (16), (17)
and (20)

Y F@Wer= Y, > F(@@okegr= Y (p.0)%.
keZ¢ keNd ge{—1,1} keN¢
lk|=N lkl=N lkI<N
Hence, } ;e k< n (%, k) 0k converges to ¢ in So([0, L1%).
Let ¢ € Sn([0, L1%). Using the shown convergence above for ¥, by (15), (18) and (21),

Y F@) K=Y 27HHR=0 N FA(gok)eqor = Y cxlik.
kezd keNd qe{—1,13¢ keNd
[k|<N |k|<N |k|<N
Hence, ZkeNd:|k‘SN(w, ng)ng converges to ¥ in Sy ([0, L19).
(b) follows from (a). [

For ¢ € Sy([0, L1%), note that ¢ = > kend (@, 91 )0k. Moreover, note that @ € S(']I‘EJL) is
odd if and only if (w, eqox) = ([19){w, ex) for all k € 7% and qe{-—1, 1}4. This motivates
the following definition.

DEFINITION 4.6.  For u € S;([0, L1%), we write @ for the distribution in S’(TE’L) given
by ii = Y e (U, 0x) k. For v € S/([0, L1%), we write v for the distribution in S/(’]I'gL) given
by v = ZkeNg(u, e, A w e S’(T’ZjL) is called odd if (w, eqor) = ([]1q)(w, ex) for all
ke 74 and q € {—1,1}4. If instead (w, eqox) = (w, ex) for all k € Z¢ and q € {1, 1}¢, then
w is called even.

Note that i is odd and v is even.

By (19) and Theorem 4.5, for u € S)([0, L1¢), ¢ € So([0, L1?) and v € S, ([0, L19), ¥ €
Sﬂ([07 L]d)’

(26) w,0)=2"Ua, @), (v, ¥)=2"90, ).



EIGENVALUES OF ANDERSON HAMILTONIAN 1927

THEOREM 4.7.

(a) We have
So(T4,) :={¢: 9 € So(0, L1} = | € S(TS,) : ¥ is odd),
Sa(T5,) = {70 € Sa(10. L)} = {¢ € S(T3,) : ¥ is even},

and So(T4,) and Sy (T4, ) are closed in S(Tay).
(b) S(T‘ZiL), So([0, L1¢) and Sy ([0, L1%) are complete.
(c) We have

SH(T4,) := i :u e S)(10, L1} = {w € S'(TY,) : w is odd),
S, (Td,):={v:ve8,(10, L1} = {w € S'(T,) : w is even),

and 5’6 (T‘ZiL) and 3:1 ('H‘gL) are closed in S’ (']I“ziL).
(d) S/(’]I'gL), Sy ([0, L1%) and S([0, L19) are (weak*) sequentially complete.

PROOF. (a) follows as convergence in S implies pointwise convergence and, therefore,
the limit of odd and even functions is again odd and even, respectlvely (b) follows from (a),
as S ('}I“2 1) is complete (see [12], Page 134). (c) If a net (w,),e1 in S converges in S’ to some

w, then (w,, ex) — (w, ¢x) for all k so that w is odd. (d) follows from (c), as S'(T¢ 51) 18
weak™ sequentially complete (see [12], page 137). [

As we index the basis e, 0x and ng by elements k in Z4 and not in %Zd , in the next defi-

nition of a Fourier multiplier we have an additional % factor in the argument of the functions
Tando.

DEFINITION 4.8. Let7:R? - R, 0:[0,00)? - R, w € §'(T4,), u € S)([0, L1?) and
v e S, ([0, L1?). We define (at least formally) the so-called Fourier multipliers by

tDw=Y_ r(%)(w, ex)er

kezd
@7) D=3 a(%)(u,okm,
keNd
ocDu= Y 0<k>(v )
keNg L

Let (pj) jen_, form a dyadic partition of unity, that is, p_ and pg are C* radial functions
on R?, where p_; is supported in a ball and py is supported in an annulus, pj= (271 for
j € Np, and

1
(28) > =1 5= X pi(M* <1 (yeR9),
jeN_; JeN_
(29) lj—kl=2 = supppjNsupppxr =9 (j,k € No).

Let w € S'(T4,), u € S)([0, L19) and v € S,([0, L]¢). We define the Littlewood-Paley
blocks A jw, Ajuand Ajvfor j e N1 by Ajw=p;(D)w, Aju=p;jDu, Ajv=p;[D)v,
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that is,
k
Ajw= Z(w,ek)pj I3 ek,
kezd
k
Aju= Z(M,Dk),oj I 0k,
keNd
k
Ajv= Z(v,nk),oj I Ng.
keNg

Let 7 : RY — R be the even extension of o, that is, o(qox)=o(x) forall x € [0, 00)? and
qe {11} As 0 (D)o = 0 ()2 and 7(D)dx = o' (£)d, by Theorem 4.5 we obtain that,
for all u € S}([0, L19) and v € S}([0, L19),

(30) oc(Du=5(D)u, oc(D)v =7 (D)v.
d
Moreover, with ag , =2 7 for p < oo and ag,c = 1 we have, for all p € [1, oc],

o (D)u ”LP([O,L]d) =aq,p|o(D)u ”LP(T‘ZIL) =aq,p |7 (D)i HLP(TgL)’
lo @] Lo 0,14y = ad.plo D)0 Lo (xg ) = @a.p[6DV] Lo -

Therefore, by applying the above to o = p;, with || - || BY, the standard Besov norm,

ag plitllsg, = 1N Aiulr)ien lgar @@ plTlsg, = [ NAIL); e, -

This motivates the following definition.

DEFINITION 4.9. Let o € R, p,q € [1,00]. We define the Dirichlet Besov space

B%%([0, L1?) to be the space of u € Sy([0, L1%) for which [lu|| poe = dd,pllil]l By, < oo

Similarly, we define the Neumann Besov space B;:Z([O, L1%) as the space of v € S/ ([0, L1%)
for which ||v||32:g = ad,p”E”Bg,q < Q.

We will abbreviate C¥ = Bgé‘f‘oo, HY = ng . In Theorem 4.14 we show Hj = BS'; .

As Bg,q(TgL) is a Banach space, | - ”B,?;j," is a norm on BEZZ([O’ L1%) under which it is
a Banach space. Similarly, || - || B is a norm on B;:‘ZI‘([O, L1%) under which it is a Banach
space.

THEOREM 4.10.  C2°([0, L]?) is dense in BS,2([0, L1?) for alla € R, p,q € [1, 00).

PROOF. The proof follows the same strategy as the proof of [2], Proposition 2.74. [

THEOREM 4.11. For o > 0, H*(RY) = Bg’z(Rd) = A%Z(Rd) and their norms are
equivalent (for the definitions, see [34], p. 36).

PROOF. For H*(R?) = F§,(RY), see [34], p. 88; for F§',(RY) = B§,(RY), see [34],
p. 47, and for By ,(R?) = AS ,(RY), see [34],p. 90. O
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LEMMA 4.12. For @ € R, the spaces Bg’z(TgL) and H“('H‘gL) (see [31], p. 168) are

equal with equivalent norms. Here, H* (TgL) is the space of distributions in S’ (TgL) for
which ||u|| ge < 00, where

2\ @

) e

e = | 3 (147

keNg

PROOF. Observe that by the properties of the dyadic partition, for all & € R, there exist
Ca» Co > 0 such that
2)0(

Therefore, the equivalence of the norms follows by Plancherel’s formula. [

2\ o i k 2 k
) <> 2“’p,~<z> SCa<1+‘Z

k
(31) ca(l + ‘—
JeN_;

L

The following is a consequence of the fact that the norms of H* (']Tg 1) (see [31], p. 168)
and Bg 2(T§i 1) are equivalent.

THEOREM 4.13.  For all @ € R, we have, for u € S ([0, LY andv e S, ([0, L1%),

k k 2\ o
) w0

2\ o
no ~o - 2 a ~ —
lgge = | X (14 7] ) ot mige= | X (147

keNg keNg

THEOREM 4.14. For a > 0, the spaces B;’g([O, L1%) and H ([0, L1%) are equal with
equivalent norms, where Hg ([0, L19) is the closure of C ([0, L1%) in H*(RY).

PROOF. As CZ°([0, L1?) is dense in Bg”g([o, L1%) (Theorem 4.10), it is sufficient to
prove the equivalence of the norms on CZ°([0, L1%). Let f e (o, L]d). By definition

o — o BfF = B F o a ==
of the A2,2 norm, ||f||A%'2(T¢£) ||f||A2,2(Rd). As DP f = DP f, we have ||f||A2‘2(T21L)

d x d ..
22 ||f||A%{,2(T(Z). Because ”f”B‘g‘_z(T‘z’L) =22 ||f||Bza,.2a([0,L]d) (by definition), the proof follows
by Theorem 4.11. [J

THEOREM 4.15. Let p,g €[l,00]and B,y € R, y < B. Then, Bg,q(TgL) is compactly
embedded in B},/,q (TgL), that is, every bounded set in Bqu(TgL) is compact in BZ,Q(T‘;L).
The analogous statement holds for Bg:g ([0, L1%) and B;jg ([0, L1%) spaces. In particular, the
injection j : H(’)g([O, L) — Hé’([O, L) is a compact operator.

PROOF. We consider the underlying space to be TgL, that is, periodic boundary condi-
tions; the other cases follow by Theorem 4.7. Suppose that u, € Bqu and ||uy|| gh = 1 for
P.q

all n € N. We prove that there is a subsequence of (u,),cN that converges in Bqu. By [2],
Theorem 2.72, there exists a subsequence of (u,),cn, Which we assume to be the sequence
itself, such that u, — u in S’ and ||M||Bﬂ < 1. As (uy, ex) — (u,e) for all k € Z9, we

have ||Aj(u, —u)||Lr — O forall j € N_l’. Let ¢ > 0. Choose J € N large enough such that
200=P)J ~ ¢ g0 that, for all n € N,

I (2yj | A Gn —u) ”Ll’);iJ—H = 20=P I (Zﬂj | A Gun —u) “Lp)j‘ijﬂ | ea

<20 (lunll gy A Nl g ) < 2.
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Then, by choosing N € N large enough such that || (2vi 1Ay —u) ||Lp)JJ.:_l llea < & for all
n > N, one has with the above bound that ||u, — ”||B}§q <3eforalln>N. [

4.16. Observe that by Lemma 4.3 HY([0, L]) = HY([0, L1¢) = L?([0, L]%) and | -
lgo =~ I g =~ 11~ Wl 2

4.17. By4.2wehave (a — A)" ! f=0o(D)f foro(x) = (a +7%x|>)"L.
4.18. For any function ¢ and A € R, we write [, ¢ for the function x — ¢(Ax). For a
distribution u we write [, u for the distribution given by (l,u, ¢) = A‘d(u, lig). Aslyer o =
A

)f%ek’zTL and {lu, ekvaL) —)% (u, ex21), we have, for u € S’(']I‘gL),
(32) I, [0 (AD)u] = o (D)[Lul.
Similarly, (32) holds for u € S)([0, L1%) and u € S, ([0, L1%) (use, e.g., 4.1).

DEFINITION 4.19. Let y € RY, 5 € (0,00)¢ and T' = y + []%,[0,s;]. Let [ :
]_[?:1[0, si1— [0, 11¢ be given by [ (x) = (’;—11, e %)' For a function ¢ we define new func-
tions /¢ and T,¢ by lp(x) = ¢ ol(x) and T,¢(x) = ¢(x — ), and for a distribution u we
define the distributions lu and Tyu by (lu, @) = |det!|~ (u, ™ ) and (Tyu, ) = (u, T, '¢).
We define

So(D) := THl[So([0, 11%)],  SH(I) := T (S)(10, 119)),
o (D)u :=T,I[1o)D)((Ty1)"'u)] for u € S)(T).

Note that the definition of o (D)u is consistent with (27) by 4.18. Moreover, we define A; =
pi (D) (as in (33)) and

(33)

il g (0) i= [ N Al r)ery., oo

Similarly, we define Sy (T"), S;,(I), B;”‘;(F) and || - ||B;"f}(1“)-

The following theorem gives a bound on Fourier multipliers, similar as in [2], Theo-
rem 2.78. However, considering the particular choice HY (T;" L) = B%/ Z(Tg 1) allows us to
reduce condition to control all derivatives of o to a condition that only controls the growth of
o itself.

THEOREM 4.20. Lety,m € R and M > Q. There exists a C > 0 such that the following
statements hold:

(a) For all bounded o : RY — R such that |o (x)| < M(1 + |x|)™" forall x € R4,
(34) lo@)w| yyim < Cllwllgr  (weS'(T4,)).

By (30), one may replace “H” and “S’(’]I‘gL)” by “Hy” and “86([0, L1%)” or “Hy,” and
“SH([0, L19)” in (34).

(b) Forall o : R — R, which are C*® on R? \ {0}, such that |3% (x)| < M|x|~"~ 1 for
all x € R\ {0} and o € N& with || <21+ 4],

(35) lo @)W gysm < Cllwller  (w e S'(T9,)).
By (30), one may replace “C” and “S’(T;"L) " by “Cn” and “C[ ([0, L1%)” in (35).
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PROOF. Let a > 0 be such that p(k) = 0 if |k| < a. Then, for j > 0 one has
lpj(k)o (k)| <M1 + %)_m,oj k) < MLma_m2_j’”pj(k) for all k € Z4. As o is bounded
on the support of p_1, there exists a C > 0 such that, for all j € N_y,

k|2 .
||a(D)Ajw||L2:J 3 |w(ek)|2’o<z>‘ 0 (> < C27Im | A w2
kezd

(35) follows from [2], Lemma 2.2. [J

4.21. Using the multivariate chain rule (Faa di Bruno’s formula), one can prove that
o(x) = (14 72%|x|?)~! satisfies the conditions in Theorem 4.20 (those needed for (35)).

One other bound that we will refer to is a special case of [2], Proposition 2.71.

THEOREM 4.22.  For all a € R, there exists a C > 0 such that |[w|ce < Cllw]| wtd for
H

n

all w € S ([0, L1%).

Now, we consider (para- and resonance-) products between elements of S;([0, L1%) and
S0, L1%) and between elements of S;([0, L1%).

4.23. Letwi,wy € S’(T‘ZZL) be represented by w1 = Y ;74 akex and wy =Y.z biey.
Then, formally, wiwz =, czd Cmem, With ¢ = 34 174 ft1=m kb1

Of course this series is not always convergent (e.g., take ay = by = |k|"* for some n € N
and see (25)). But if it does, then due to the identities

(36) QLSHm=v Y pipels
pef{—1,1}¢
(37) D 33 =D" Y vty (TTe)Fespor
pef{—1,1}4
d_ _ Vievp _
(33) L)y = Nktpol»
pe{—l,l}d Vk—|—pol

the product obeys the following rules:
even X even = even, odd x even = odd, odd x odd = even.

For example, if u € S and v € S and uv exists in a proper sense, then uv € .

DEFINITION 4.24.  For u € S)([0, L1%) U S,([0, L]¢) and v € S}([0, L1%), we write (at
least formally)

39) uu=vQu= Z Ajuljv, Uu@Qu= Z Ajuljv.
i,jeN_4 i,jeN_4
i<j-—1 li—jl=1

4.25. As O/IQH; = i, and Tgn,, = AT, we have (at least formally)

(40) UOV=0OT, UOV=0i0T, HOV=00T1,
41 uuv=um, uUV=uodm, UuQUV=u@®u.

With this one can extend the Bony estimates on the (para-/resonance) products on the torus to

Bony estimates between elements of BZ’,Z ([0, L1%) and ngg ([0, L1%) and between elements

of Bng ([0, L ). We list some Bony estimates in Theorem 4.26.
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THEOREM 4.26 (Bony estimates).

(a) Foralla <0, y € R, there exists a C > 0 such that, for all L > 0,
If @&l yorr = Cllf Iy lElleg  (f €S(10. L1%). & € S,(10. L1)).

(b) Forall§ >0,y > —3§ and B € R, there exists a C > 0 such that, for all L > 0,
If ©&l,p-s < Clf g IElles  (f €Sp(10, L17), & € Sy(10, L1Y)).

(c) Foralla,y e Rwitha + y > 0, there exists a C > 0 such that, for all L > 0,
If ©&llyar <Cllf Iy lElleg  (f € SH(10. L1%). & € S,(10. L1)).

If ©&llgarr < ClifllerElleg (£, & € Sy(10, L1%).

(d) Forall o,y e Rwitha +y > 0 and § > 0, there exists a C > 0 such that, for all
L>0,

1€l yorr—s < CIf gy lElleg (€ So(10, L1%), & € S,(10, L))

The above statements also hold by simultaneously replacing “Ho” and “S|,” with “Hy” and
“S]{l-”

PROOF. By 4.25 it is sufficient to consider the analogue statements with periodic bound-
ary conditions, that is, considering the underlying space ’]I‘EIL. For (a) and (b), see [28],
Lemma 2.1, and [2], Proposition 2.82, where the underlying space is R¢ rather than the
torus. For (c), see [2], Proposition 2.85. (d) follows from the rest. [J

The last observation we make is that one can also define Besov spaces with mixed bound-
ary conditions, to which we refer in Definition 5.2.

4.27 (Besov spaces with mixed boundary conditions). Beside the Dirichlet and Neu-
mann Besov spaces one can define Besov spaces with mixed boundary conditions as follows.
First, observe that, for k € Ng, the function 0 1 is the product of the one-dimensional func-
tions .7, in the sense that 0z (x) = [T%_, 0k,.2 (x;). Similarly, ng 7 (x) = [T ;.2 (x0).
One could interpret this as taking Dirichlet (or Neumann) boundary conditions in ev-
ery direction. Instead, one could, for example, for d = 2, take the function f; r(x) =
Ok, L(X1)0k,y, 2 (x2) and, analogously to Definition 4.9, define a Besov space with mixed
boundary conditions. Moreover, analogous to Definition 4.24 one can define the para- and
resonance products as in (39) and obtain the Bony estimates as in Theorem 4.26 for elements
with “opposite boundary conditions.”

5. The operator A + & with Dirichlet boundary conditions. We define the Anderson
Hamiltonian with Dirichlet boundary conditions and study its spectral properties that will be
used in the rest of the paper. In this section we assume d =2, y € R? and s € (0, 00)* and
write ' =y + ]_[12:1 [0, si]. Moreover, we let « € (—%, —1) and & € CY(I"). We abbreviate
Ci (") by Cy, Hé’(F) by Hg, etc. We write o : R? — (0, 00) for the function given by

1
T4 m2x)?

o(x)

Additional assumptions are given in 5.10. Remember, see 4.17 that o (D) = (1 — AL
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DEFINITION 5.1. For B € R, we define the space of enhanced Neumann distributions,

written %,’3 , to be the closure in C,’f X C,%ﬂ T2 of the set

{(¢,c©0oD)t —c): ¢ €Sn,ceR}.
We equip %g with the relative topology with respect to Cf X C,%ﬂ 2,

We will now define the Dirichlet domain of the Anderson Hamiltonian analogously to [1]
did on the torus.

DEFINITION 5.2. La;::@,E)e%ﬁibrye(aa-+m,weddmepgy={fezﬁ%
f¥ e Hg ¥}, where f% := f — f © o(D)&. Moreover, we define an inner product on Dg’y,
written (-,-) oy, by (£ 8) oy = (f: 8) gy + (F58%) o

For y € (=%,a + 2), we define the space of strongly paracontrolled distributions by
Dy ={f € H : f** € H), where "% := f*% — B(f,&) and B(/.§) =0 (D)(fE+ f &
E—(A-1Df)ooD)E — 22?:1 Oy, [ © dy;0(D)&) (for the paraproducts under the sum,
see 4.27). We define an inner product on ”}Dz’y, written (-, '>®D,y, by (f, g>©tl,y = (f, g)Hg +

£ &
(f%, gbé)Hg. As in the periodic setting, one has QZ’V C H(‘)”z* forally € (—%, o +2). We
write D = {f € Hy*?™ : f* € Hg).

We will define the Anderson Hamiltonian on the Dirichlet domain in a similar sense, as is

done on the periodic domain; however, we choose to change the sign in front of the Laplacian,
as this is more common in literature on the parabolic Anderson model.

DEFINITION 5.3. Lety € (=5, +2), § € X7. We define? the operator H Dg’y —
y—2
Hy ~ by
K f =Af+ f8,
where fo&=f Q&+ fH O&+R(f.0(D)E.E)+ fE+ fO& and R(f. 8. h) :=(f ©
gOh—f(goOh).

We state the main results about the spectrum of the Anderson Hamiltonian on its Dirichlet
domain. These results are analogous to the Anderson Hamiltonian on the torus [1] (one can
just read the theorem below without the Dirichlet and Neumann notations, i.e., the sub- or
superscripts “0, 9, n”” and with the spaces interpreted to be defined on a torus). Moreover, they
are similar to the results of [21] which proof is based on the theory of regularity structures.

THEOREM 5.4. Fory € (—%,a + 2), there exists a C > 0 such that
42) 1 £l -2 = CllFllpor (14 1Ellz)* (f € D7 & € X0).

H (5‘32) C L? and H C‘Dg — L? is closed and selfadjoint as an operator on L?, and 5‘32 is
dense in L?. There exist 1{(T', €) > Ao (I, &) > A3(I', €) > - -+ such that lim,_ oo A (T, &) =

3The definition needs, of course, justification to show Hg s really the codomain; this is shown in Theo-
rem 5.4.
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—00, 0(Hz) = 0p(Hz) = {Ay(I',§) :n € N} and #{n € N : A,(I', §) = A} = dimker(A —
Hz) < oo for all A € o (Hz). One has

D= P ker(h— ).
reo (Hg)

There exists an M > 0 such that, for alln e N and §,0 € XY,

(43) (0, 8) = An (T, 0)] < MIIE — Ol (1+ &1z + 110115)".
With the notation C for “is a linear subspace of,”
(44) ML, 8)= sup  inf (Hgy, )2
FCD} ‘/’EF_I
it 1=

In pal’l‘lculal‘, )\,](F, s) == Supl//e@g”w”LZZI (% w, W)LZ

REMARK 5.5. Let us mention that, in an analogous way, one can state (and prove) the

[139% 2]

same statement for the operator with Neumann boundary conditions by replacing “0” by “n
and ‘4H0” by ‘GHn"’

REMARK 5.6. In [1] it is pointed out that in (44) one may replace @2 by Dg for y €

(3,a+2) and (JG Y, ¥) 2 by pr (HV. ) gy whete iy () - Hy" x H] — Ris the
continuous bilinear map (see [2], Theorem 2.76) given by
a8y = D (Aif Ajg) .

i,jeN_;
li—jl=<1

This is done for the periodic setting, but the arguments can easily be adapted to our setting.
5.7. Letn e L? (which equals H?, see 4.16). By Theorem 4.20 ¢ (D)n € H2 which is
included in CI{ by Theorem 4.22. Then, by Theorem 4.26, n ©® o (D)n € Hnl. Moreover, if

ne — n in L?, then n, ® o(D)n. — n ® o(D)7 in Ht,} (by the same theorems). Hence, by
Theorem 4.22 we obtain the following convergence in X} for all « < —1:

(16, e © 0 (D)ng) = (1,1 © o (D)n).
We write A, (I", n) = A, (I", (n, n © o (D)n)).

By 5.7 and the continuity of & — A, (T, &) (see (43) in Theorem 5.4), we obtain the fol-
lowing lemma.

LEMMA 5.8. The map L*(I') — R, n+ A, (', n) is continuous.

5.9. Let ¢ € 8. Then, £ :=({,; © o (D)) € Xh, f @ a(D)¢ € H forall B e R
and B(f,¢) € HO2 and f € Hg with y € (0, 1) (use Theorems 4.20, 4.21 and 4.26). There-
fore, for all y € (0,1), Dy” = Hy” and Dy = H} and for f € H], f O ¢ = fX O ¢ +
R(f,0(D)¢, &)+ f(& ©o(D)E) so that
(45) M f = Af + f¢ = K f.

Now, suppose ¢ € L> C C°. Then, ¢ := (¢, ©a(D)¢) € .’{g, but the Bony estimates give
feoD) e Hg_ (and not € Hg). Nevertheless, by the Kato—Rellich theorem [29], Theorem
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X.12, on the domain Hg, the operator 777, defined as in (45), is selfadjoint. As the injection
map, HO2 — L? is compact (see Theorem 4.15); every resolvent is compact. Hence, by the
Riesz—Schauder theorem [29], Theorem VI.15, and the Hilbert—Schmidt theorem [29], The-
orem VI.16, there exist A1 (", ) > A2(I', ¢) = - -+ such that 0 () = 0, (A7) = (A (T, ) :
n € N} and #{n e N: 1, (", {) = A} = dimker(A — J7¢) < oo for all A € o (). Moreover,
by Fischer’s principle [23], Section 28, Theorem 4, p. 318,% and Lemma A.2,

An(r, ;) = Sup lnf <%ws 1/”)LZ
S A

G0yl 2 =1
(46)
= sup inf /—|w|2+;1/f2.
FECOO l//GF

dim F=p ¥l 2=1

The proof of Theorem 5.4 follows from the results of the Anderson Hamiltonian on the
torus with the help of Lemma 5.12. The proof is written below Lemma 5.12. We may restrict
ourselves to the case I' = Q.

5.10. For the rest of this section y =0 and b; = L for all i, that is, ' = Q1 =[O0, L)%

5.11. For g€ {—1,1}¢ and w € S', we write lqw for the element in S’ given by
(lqw, @) = (w,@(q o -)) for ¢ € S. Then, w is odd if and only if w = ([[q)/qw for all
qe{—1,1}¢, and w is even if and only if w = lqw forall g € {—1, 1}4.

LEMMA 5.12. Let§ € XY. Let 3 <y <o +2. Write § = (£, B), D} :D;_’(TE’L), @sl =
d .
@%(’]I‘ZL).

—_~

(@ D7 = {w e DY : wis odd, ;7 = {w e DY : wis odd), Hf = A [ and
||f||,D§,y ~ ||f||D€g uniformly for all f € Dg’y and ||f||©§,y ~ ||f||®g uniformly for all f €

;7.

(b) H4(DY") C HY 72, A4 @}7) € L2,

() (o f)=lqH5f forall f € ’Dg and q € {—1, 1}2.

(d) o(%) C 6(%%) (for the operators either on the D or ®© domains) and for all a €
C\ UC%%) the inverse of a — H : @2 — L? is selfadjoint and compact.

(e) @2 is dense in Dg’y, and Dg’y is dense in L?.

PROOF. (a) follows from the identities (40), f% = f%&, B/(]\C_E) B(F,E), /7% = /%
and because ||g||gy =~ ||g||Hy forally e Rand g € Ho ([0, L1%) (indeed, ||g||Ba y = ||g||B22

by definition and || - ||Hy ~| - || 2.y and || - ||By ~ |l - lg» by Theorems 4.11 and4 14).
(b) follows from (a) as (DV) C HY ™2 and #(Dg) C H® (see [1]).

(c) follows by a stralghtforward calculation; use that Flgf)=14F(f). lgpi = pi, 1€ =&
and lqu =Eforqe{—1,1)2

“4In this reference the operator is actually assumed to be compact and symmetric, whereas we apply it to .
But the compactness is only assumed to guarantee that the spectrum is countable and ordered so that the arguments
still hold.
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(d) Let a € C be such that a — J“i”g has a bounded inverse R,. By (¢) (a — j%) f is odd
if and only if f is odd; indeed, if (a — %”g)f is odd, then (a — jfg)[f - (Il f1=0
(see 5.11), and, thus, f = ([]q)lqf. Hence, a — 7% has a bounded inverse RZ such that
R = R,h. From the fact that R, is selfadjoint and compact, it follows that R is too.

So and thus L? is dense in Hé’ -2 (see [2], Theorem 2.74, and Theorem 4.14), therefore,
fora ¢ 0 (/3) and Gy = (a — #4) ™", DY = G, L2 is dense in D" = G, H] . That D} 7 is
dense in L? follows from the periodic counterpart which is proven in [1], Lemma 4.12. This
proves (e). [

PROOF OF THEOREM 5.4. By Lemma 5.12 it follows that 77 is a closed densely de-
fined symmetric operator and that o (/%) C o (,%%) so that .7 is indeed selfadjoint (see [9],
Theorem X.2.9). As the resolvents are compact, the statements in Theorem 5.4 up to (43) fol-
low by the Riesz—Schauder theorem [29], Theorem VI.15, and the Hilbert—Schmidt theorem
[29], Theorem VI.16, because of the following identity, where R, = (u — %ﬂg)*l:

1
o) =ap( ) = = 3 ihea, ROV O;

this means that A — R, is boundedly invertible (or injective) if and only if p© — % — Hg is
and, in turn, follows from the identity

1
M5 =) == )~ 1= = R = )

= (U — Hh— 1= (n— )~ Ry).

As every eigenvalue of .77 is an eigenvalue of %”g, which is locally lipschitz in the analogues
sense of (43), also (43) holds by the equivalences of norms in Lemma 5.12(a). (44) follows
from Fischer’s principle [23], Section 28, Theorem 4, p. 318. That A; > A, or, in other words
that the first eigenvalue is simple, follows from [30], Theorem XIII.44. The only condition
to prove for that theorem is that the semigroup e’”% is positivity improving or, differently,
called the strong maximum principle for e/”%. The strategy to obtain this we borrow from
[4], Theorem 5.1. With u, := ¢’ & up, the map (¢, x) — u,;(x) is the solution to the parabolic
Anderson model d,u = Au + u ¢ §, hence satisfies sups(o llusll go.1— < oo for all & >0
(see [16]; the extension to Dirichlet boundary conditions follows similar as the extension of
the operator) and u; = Pug + [é Pi_s(us o &)ds, where Piug(x) = p; * up(x) and p; the

X2
standard heat kernel p;(x) = (Znt)f%le_%. The next step is to prove that P;u is larger than
the supremum norm of fé P, _s(us © &)ds. In [4] it is shown that, for all p > 0, there exists

a1, such that P;1g(x 5 > JTﬂB(x,5+p,) for t € (0, 7,]. On the other hand, one can prove that,
for ¢ € (0, 1), there exists a C > 0 such that || fé P_s(us < &) ds”B&i,o < Cr'~¢. Hence, we

can choose 79 € (0, ,) such that Ct&_s < %. This implies that u; > % on B(x,d + pty). Let

T, p > 0, by choosing n such that % < 19, by repeating the argument we have ur > (%)”

on B(x,8 + pT). As this holds for arbitrary p > 0, this implies that U7 is strictly positive
everywhere. [

6. Enhanced white noise. In this section we prove Theorem 6.4; we first recall a defi-
nition and introduce notation.

DEFINITION 6.1. A white noise on R? is a random variable W : Q@ — S’ (R4, R) such
that, for all f € S(R?, R), the random variable (W, f) is a centered Gaussian random vari-
able.
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6.2. Because ||[(W, f)lle(QVP) = ||f||L2(Rd), the function f — (W, f) extends to a
bounded linear operator W : L?(RY) — L%(2,P) such that, for all f e L%(RY), W f
is a complex Gaussian random variable, Wf = W f and E[W fWg] = (f, g), for all
f.g € L2(RY).

6.3. Let W be a white noise on R? and W be as in 6.2. For the rest of this section, we
fix L > 0. Unless mentioned otherwise, T € C2° (Rd , [0, 1]) is an even function that is equal
to 1 on a neighbourhood of 0. Define &1 . € 5,,([0, L]d) by (for (W, ny 1), we interpret ny 1,
to be the function in Lz(Rd ) being equal to ny ;, on [0, L4 and equal to O elsewhere)

@7) fe= Y r(ik)wv, L)L

keNg L
For k € Ng, define Zy := (W, ny ). Then, Z; is a (real) normal random variable with
(48) E[Z] =0, E[ZkZi] = k1.

Before we state the convergence to the enhanced white noise, let us discuss our choice of
regularization (47). We use the regularisation by means of a Fourier multiplier, as in [1]. This
basically means we “project” the white noise on the Neumann space on the box and then
take the regularisation corresponding to a Fourier multiplier. Another option is to consider
mollified white noise on the full space by convolution and then project the white noise on
the Neumann space. In a future work by Konig, Perkowski and van Zuijlen, it will be shown
that both choices lead to the same limiting object (up to a constant, by using techniques
from Section 11). This also confirms that our construction of the Anderson Hamiltonian with
enhanced white noise agrees with the construction of the Anderson Hamiltonian in [21],
where the Anderson Hamiltonian is considered a limit of the operators with mollified white
noise as potentials.

THEOREM 6.4. Letd =2. Foralla < —1, there exists a §; € XY such that the following
convergence holds almost surely in XY, that is, on a measurable set Q@ with P(Q) = 1:

49 i ’ 5 e
49) E\LO,EE(IQI}‘%(O,OO)(SL’E ELe ©o(D)eL ¢ Ca) £

where c; = % log(%) ~+ c; € R and c; only depends on t. &1 does not depend on the choice
of T. &L is a white noise in the sense that for o, ¥ € Sy(Qpr), &1 (@) and &1 (¥) are Gaussian
random variables with

(50 E[£L(p)] =0, E[L(0)EL ()] = (@, ¥) 120, 119)-

Moreover, for ¢ € C2°(Q1) one has almost surely (i.e., on Q1)

(€L, @) =limEL e, @)= > W, m 1) (L, 9) = (W, ).
e keNd

Hence, for every L > 0, the W viewed as an element of D'(Q) extends almost surely
uniquely to a &y in CY.

Instead of taking Qr as an underlying space, we can also take a shift of the box, that is,
y+0r.
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6.5. ForyeR?, we define

£ .= 7;[ > r(%k)(Ty_lW, nk,L)nk,L}

d
keNj

If d =2, by Theorem 6.4 there exists a i;‘{ = (fz, E{) € X7 (y + Q1) such that almost surely

(51) lim (s,{e, £ ., 00D, — L1og(§>) =&

£10,eeQN(0,00) 21

and such that & z is a white noise in the sense described in Theorem 6.4 (i.e., 7_ & Z satisfies

(50)).

For the rest of this section, we fix L > 0 and drop the subindex L; we write §; =& . and
N =Nk L.

DEFINITION 6.6. Define 2, € 5,(Q1) by
(52) Be(x) =& © 0(D)&(x) — E[&; © 0(D)&:(x)].

The strategy of the proof of the following theorem is rather similar to the proof on the torus
in [1], but, due to the differences of the Dirichlet setting and for the sake of selfcontainedness,
we provide the proof.

THEOREM 6.7. Forall a < —%, & converges almost surely as ¢ | 0 in CJ to the white
noise & (as in Theorem 6.4). Moreover, for d =2 and all o < —1, E; converges almost
surely as € |, 0 in Cg“”; the limit is independent of the choice of T.

PROOF. The proof relies on the Kolmogorov—Chentsov theorem (Theorem 6.8). Lem-
ma 6.10(a) shows that the required bound for this theorem can be reduced to bounds on the
second moments of A; (&, — &s5)(x) and A;(E, — Es)(x), given in 6.11 (the proofs of these
bounds are lengthy and, therefore, postponed to Section 11). (50) follows from

E[(Ee, ) (&, W) = D T(ek)* (@, m) (W, i) s Y (o) (¥ ) = (@, ).

keNg keNg

That the limit of &, is independent of the choice of 7, follows from Theorem 11.2 (a). [

THEOREM 6.8 (Kolmogorov—Chentsov theorem). Let ¢; be a random variable with val-

ues in a Banach space X for all ¢ > 0. Suppose there exist a,b, C > 0 such that, for all
g,6>0,

E[llz — &%) < Cle — 8] 7.

Then, there exists a random variable ¢ with values in X such that in L°(2, X) and almost
Surely hmsLO,seQﬂ(O,oo) §8 = é‘

PROOF. This follows from the proof of [19], Theorem 2.23. [J

In Lemma 6.10(a) we show how we obtain L? bounds on the C, norm from bounds on
squares of the Littlewood—Paley blocks. Lemma 6.10(b) follows from (a) and will be used in
Section 8 to prove Theorem 8.7.

To prove Lemma 6.10, we use the following auxiliary lemma. It is generally known that
the pth moment of a centered Gaussian random variable Z can be bounded by its second
moment, as E[|Z|P] = (p — 1)!!E[|Z|2]g (see [26], p- 110). We will use the generalisation of
this bound which is a consequence of the so-called hypercontractivity.
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LEMMA 6.9 ([25], Theorem 1.4.1 and equation (1.71)). Suppose that Z,, for n € N are
independent standard Gaussian random variables. If Z is a random variable in the first or
second Wiener chaos, which means it is of the form ) _,cxanZy or 3 e nm(ZnZm —
El(Z,Z,,]) with ay,, ay m € C, then, for p > 1,

r
2

E[|Z|7] < pPE[1Z]>.

LEMMA 6.10. Let A >0anda € R:

(a) Suppose ¢ is a random variable with values in S} ([0, L1%) such that Ail(x) is a
random variable of the form as Z is, as in Lemma 6.9 for all i € N_| and x € [0, L9,
Suppose that, for all i e N_y, x € [0, L]¢

(53) E[|Aic(x)]*] < A2%.
Then, for all k > 0, there exists a C > 0 independent of ¢ such that, for all p > 1,
(54) E[Izl1” ,  ,]<CpPLiA%.

cll

(b) Suppose that (£e)e0 is a family of such random variables for which (53) holds for all
ieN_jandx €0, L]d, and that, for all k € Né |

(55) E[|(¢, ne..) "] > 0.
Then, forallk >0 and p > 1,

[IICsllp

Consequently, we have ¢ LN 0 (convergence in probability) in Cy, T ([0, L1%).

PROOF. (a) For k > 0, by Lemma 6.9 with C,, = 372, 27,

14 (- **K)pl prd pKi prd

E(ICI”, e _ Y 2B acl],] < prL (22 >A2<Cp LIAS.
p:p i=—1 i=—1

Using the embedding property of Besov spaces [2], Proposition 2.71, which implies the ex-

istence of a C > 0 such that || - || 7771(7; <ClJ-| n—-g—c, ONE obtains (54).
Bp.p

(b) By Lemma 6.9 (and Fublm)

BI85, < 7 [ Bllaicol]f ar s prid( ¥ p,(,’i)zE[|<;e,nk>|2]> ,

keNd

(S8

and so

[||;g|| ] <pPL"(

pp

3 2-5- K)pz(z pz( ) (140, n0)| 2]>3+A§ )3 2—/(1')‘

i=—1 ke Nd i>I1+1

The latter becomes arbitrarily small by choosing / large and subsequently & small. [

6.11. The following two statements are proved in Section 11:

(a) (Lemma 11.4) For all y € (0, 1), there exists a C > 0 such that, foralli e N_y, ¢, § >
0,x €0, L],

E[|Ai (& — &) (x)|*] < C2U+i e — 5)7.
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(b) (Lemma 11.11) Let d = 2. For all y € (0, 1), there exists a C > 0 such that, for all
ieN_1,66>0,xe€ 0y,

E[|Ai (B, — Bs)(x)|*] < €22 |e —5]".

DEFINITION 6.12. Define ¢, ; € R by

2
56 y Z 63

k622 1 + 12 |k|2

In the periodic setting, one has that with &, defined as in [1], E[&; ® o (D)&:(x)] = c¢, L.
Observe that it is independent of x. In our setting, the Dirichlet setting, we have (remember

(48) and use that 3-; jen | ji—jj<1 ,0;(%),0;(%) =1)

T(k)? 2
(57) E[£ © 0 (D)&:(x)] = ) Tznk(x)
keNg I+ 121k
By (38), as ng(x) = % = % and vy = Vg,
) 1 1 2 2 U2
(58 mx) = = 57 Vkn2k(x) + 2L v n(zk, 0)(X) + 5= ﬂ(o %) () + 77
Note that
T(£k)? V2
(59) cer=3, — =5 —5=2E[& ©0oDEO)].
keN? 1 + |k|2 L

Lemma 6.15 deals with this x dependence of E[§; ® o (D)&.(x)].
The following observations will be used multiple times.

6.13. As0<p; <1 and thereis a b > 1 such that p; is supported in a ball of radius 2ip
foralli e N_;, one has, foralli e N_;, x € R4 and y >0

2 2 !
(60) pl-(x)g( b1+|x|) .

THEOREM 6.14. Let T : R? — [0, 1] be a compactly supported even function that equals
1 on a neighbourhood of 0. There exists a C > 0 such that, for ally e R, L >0 and h €
HY (QL), we have |h — ©(eD)hllyy — O and, for g <y,

[h =D p < Ce” P hll .

PROOF. By assumption on 7, there exists an a > 0 such that 7 =1 on B(0, @). Then,

£ L
1—z(Zk) =0, k| < =2,
L 3

k| 2\P-r L
<1+H ) e k= =2
L e

By the following bounds the theorem is proved; by Theorem 4.13

k 2\ B e 2
I =t D]y < Z(HH) (1=7(55)) b2 <Pl

keNg g
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LEMMA 6.15. Let T : R? — [0, 1] be a compactly supported even function that equals 1
on a neighbourhood of 0. Then, x — E[&; ©® 0 (D), (x)] — ¢, converges in Cn_y to a limit
that is independent of T, as € |, 0 for all y > 0.

PROOF. Let y > 0. As there are only finitely many k € N(Z) for which 7($k) #0, x >
Elé: © o (D)éc(x)] —ce L is smooth. We can rewrite (58) and find uniformly bounded ay, by
2
such that ng(x)2 — Z—" 2L [k + axn,,0) + bino,ky)1(2x). By (59) this means that E[, ©
o (D)&:(x)] (see (57)) can be decomposed into three sums.
For the first sum (by taking the part with “n;”), as ép € H, I and (80, i) = % for all
ke N3,

1 T(£k)? 1
7 %nk(bc) = [r(eD)?0 (D)do](2x).

keN3 1

By Theorem 4.20 o (D)8 € H,!, so that by Theorem 6.14 7 (¢D)20 (D)8 — o (D)8 in Hy ”
and thus in C; ” (by [2], Theorem 2.71). This convergence is “stable” under “multiplying the
argument by 2” (see also 4.18).

Now, let us show the convergence of the other sums. We only consider the sum with
“agnk,,0)” in it, as the sum with “bgn g r,)” follows similarly. Let us write A for

£, 2
he(x)= > wzdm) 2)a(z,m)n(l,0)(x)-
m

2
Lmeny 1+ 12 (% +

. ; 2 _
With (60) [ Aing,o)llze < lpi(4,0) S 2Y (1 4 £5)77. Hence,

. Yt(£(,m))? —1
sup 2~Vi H A;(he — hg) HLOO S Z (1 + L2) | ( ( 2)) |
ieN_; [,meNy 1+ 2(1 tm )

By Lebesgue’s dominated convergence theorem and the next bound, it follows that i € Cy, ”
and i, — hoin Cy?. By using that 1 + 12 +m2 > (1 +D)'"2(1 +m)'*7,

2
0 #)V<Z 1

1+% 1 =
LmeNy 1 + 72 (1% 4+ m?) LmeN, (L +D 721 +m) ™2

By these convergences and by plugging in the factor 2 also here, the convergence is proved.
]

Before we give the proof of Theorem 6.4, we study the behaviour of ¢, ..

LEMMA 6.16. Let v : R? — [0, 1] be almost everywhere continuous, be equal to 1 on
B(0, a) and zero outside B(0, b) for some a,b with 0 < a < b. There exist a c; € R that

only depends on t, and (Cr)r>1 in R that do not depend on t with Cp, Lo 0 such that

ch—2nlog——c,i>CLf0rallL>1

PROOF. We define |y] = (Ly1], Ly2)) and hy (y) = (L? + 7%|y|>)~! for y € R%. Then,
dee L = [p2T(¥ Ly])?hr(Ly]) dy. We first show that 4. 1, — f2 ‘[(%y)zhL(y) dy — 0. Write
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A(s, t) for the annulus {y € R2:5 < |y| < t}. To shorten notation, we write 6 = % As ||yl —

yI<V2,
P 2
deer— [ o(5y) moay

= h —h d
po.0—yp (D) L dy

51y])* —(8y)? ]
+/A(gﬁ’g+ﬁ;( Ly)"he(ly]) = 7@y he () dy

Ashp(ly) —he(y) =h(LyDhe )y =1Ly ]13). ke (Ly])) She(y) and (Jy]* = |Ly]1H) S
1+ |yl, we have Az (ly]) — hr(y) < (1 4 [yDhz(y)?. As the latter function is integrable

over R?, it follows by Lebesgue’s dominated convergence theorem that | B(0.4—2) hr(lyl)—

hr(y)dy converges in R to a Cy, for which Cp L_>—OO> 0. On the other hand, the integral over
the annulus can be written as
/‘ T(815))? T(x)?
— X
Aa—/28,b+v28) 82L% + 282|512 82L2 + m?|x|?

(61)

Again, by a domination argument (note that # is integrable over annuli), using that |§|2 <
4+2|5] |2 <4(L?+| L5 1), we conclude that (61) converges to 0. Observe that

/‘ 7(x)2 &) / 7(x)?
- Y dx
Ala—/28,b+/25) 82L% + 72 |x|? Aa,b) TT2|x |2
By some substitutions (remember § = %), fore <a
1 /‘ b () d /1 S et /‘? S 4 /a s
— = ——ds ——ds — -
27 JB©,4-v2) L= T 252 114+ 722 a—Y2 €2 + 7252

The last integral converges as ¢ ¢ 0 to zero. For the second integral we consider

/% s q /% 1 q 1 . <a)
——ds = s, ——ds = —log( — ).
| 1+72s2 72 1 s(l—Hr2 2) 1 m3s 72 OB\

Observe that if < 1, then fA(a’l) de = —;loga, andif a > 1, then [, 4 ﬁ dx =

ds.

2 .
= loga. Therefore, with

2 1 00
T(x 1 21s 2
cr = —2( )2 x—/ 33 2dx—|—/ 722ds—/ 722ds
Aanl,b) T=|x| Aanl,1) T%|x| o 1+mss 1 ws(l+m2s?)

0
we obtain that ¢, ; — % logé —CL — ¢t 8—¢—> 0. Observe that c¢; does not depend on the
choice of a, b (such that t = 1 on B(0, a) and T = 0 outside B(0, b)). [

PROOF OF THEOREM 6.4. This is a consequence of Theorem 6.7 and Lemmas 6.15 and
6.16. O

7. Scaling and translation. In this section we prove the scaling properties of the eigen-
values by scaling the size of the box and the noise. In this section we fix L > 0 and n € N.

LEMMA 7.1.  Suppose that V € L*([0, L1¢). For all B > 0,

An([0, L1, V) = %,\nQO, ET, ﬁZV(ﬁ-)>.

B
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PROOF. Fix n € N, and write A = A, ([0, L), V). Suppose that g € HO2 (see 5.9) is an
eigenfunction for A of A + V. With gg(x) := g(Bx), we have, for almost all x,

Agp(x) + B2V (Bx) = B2(Ag)(Bx) + B2V (Bx) = B*rgp(x).

So that B2A is an eigenvalue of A + B2V (B-) on [0, %]d . As the multiplicities of the eigen-
values on [0, L]¢ and [0, %]d are the same, 24 = A, ([0, %]d, B2V (B)). O

7.2. Forye R2, L > 0and B € R, we write
M+ 0L B) =2y + QL. (B&]. B°E])). My + Q) =Au(y+ QL. D),
where &) = (Sz, E{) is asin 6.5.
LEMMA 7.3. Fora,B >0,

1 1
An(QL. B) S —An(QL,af) + —— loga.
o o 2

PROOF. For simplicity, we take 8 = 1. al,&; is a white noise on Q: so that

(alubr, ) L (EL, ) for all k € N2, and, thus, 2&, £ [,5,. By 4.18, lyEp . =
d

T(D)laéL] = G6L

)»n<QL, (SL,S, §L.e ©0 (D)L — %105;(%)))

=M (0L, 8Le) — %mg(l)

&

. So that by Lemma 7.1,

)

a1 1 1
= —<M(QL,aéL &) — —log(—>
o a @ 2 3

d 1

1 1
L hn(0n (ks 0er 0oz ; — 5 t0g(%)])) + o toge
a2 o o’a o’a o’a 27‘[ £ 27‘[

Now, we can subtract ¢; from both sides and take the limit & | 0. [

LEMMA 7.4. Forye€ R? and B >0,

M(OL. B) L0, (v + Q1. B).

Moreover, if y + Q5 N Q] =, then A, (Qr, B) and L, (y + Q1, B) are independent.

PROOF. As (see also Definition 4.19, in particular, (33)) %’éz f= 7}(%”7-_‘, £ (T=y f)), it
is sufficient to show & < T_ &7 . As T_yW LW, we have T &7 . o &1, and hence obtain

£, L 7,67 by (49) and (51).
For the “moreover,” note that ((Ty_lW, g.L)) keN2 and (W, ng L)) keN? are independent

when y + Q7 N QF =@ (as E[(7;_1W, e L)W, )1 = (Tyng L, m ) =0). O
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8. Comparing eigenvalues on boxes of different size.

8.1. Bounded potentials. 1In this section we prove the bounds comparing eigenvalues on
large boxes with eigenvalues on smaller boxes for bounded potentials; see Lemma 8.1, The-
orem 8.4 and Theorem 8.5. In Section 8.2, Theorem 8.6, we extend this for white noise
potentials. We fix d € N and use the notation |k|oc = max;eq1,... ) |kil.

LEMMA 8.1. Let L >r > 0and¢ € L*([0, L1?). For all y € R? such that y +1[0,r]% C
[0, L]d, we have

An(y +10,71%,2) < 20 (10, L1%, €).

PROOF. This follows from (46), as one can identify a finite-dimensional F' Hoz(y +
[0, 7]9) with a linear subspace of HOZ([O, L1?) with the same dimension. [

We will now prove an upper bound for A,(Qy, ¢) in terms of a maximum over smaller
boxes. For this we cover Q; by smaller boxes that overlap and correct the potential with a
function that takes into account the overlaps. We use the following lemma.

LEMMA 8.2. Letr > a > 0. There exists a smooth function n : R¢ — [0, 1] with n = 1
on [0,r — al? and suppn C [—a, r1¢ such that |V n|s < % for some K > 0 that does not
depend on r and a, and

(62) Y onx—rk*=1 (xeRY).
kezd

PROOF. We adapt the proof of [15], Proposition 1, and [3], Lemma 4.6. Let ¢ : R —
[0, 1] be smooth, ¢ =0 on (—oo0, —1] and ¢ =1 on [1, co) for all x € R. Let

o b))

Then, ¢ = 0 outside [—a,r], ¢ =1 on [0,r —a], and ) ;7 {(x — rk)? = 1. Moreover,
1€ lso < 2[1I/@ llso + Iv/T—¢llsc]. Hence, with 1 : RY — [0, 1], defined by n(x) =
]_[?:1 Z(x;), we have (62) and ||[V7]loo < % for some C > 0. [

8.3 (IMS formula). Write ng(x) = n(x — rk). Then,
AV + AMRY) — 20 A(my) = ¥ Ve,
Consequently, with JG = ni 7€ (niyr) (Where 7 = J4;) and ® = 74 [Vie|?

(63) H—0=" .
keZd
(63) is also called the IMS-formula; see also [32], Lemma 3.1, with references to first works

in which it appears. The technique to prove [15], Proposition 1, which we slightly generalize,
is basically the IMS-formula.

THEOREM 8.4. Forallr > a > 0, there is a smooth function @, , : R — [0, 00) whose
support is contained in the a-neighbourhood of the grid rZ¢ + 3[0, r1¢, is periodic in each
coordinate with period r, with | P4 r|lco < % for some K > 0 that does not depend on a and

r such that t € L°(R%) and L > r,

64) A([0,L1%,¢) — X <A([0, L1, ¢ — @) < max Ark +[—a,r1%,¢).
a keNd, lkloo<L +1
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PROOF. Let n be as in Lemma 8.2, ni(x) =n(x —rk) and ®,, = ® =) ;7 |Ve|2.
By Lemma 8.2 it follows that ||| < % for some K > 0 that does not depend on a and r.
Observe that ZkeNg:|k|oo<%+1 n,% equals 1 on [0, L]?. With % as in 8.3, 4 is selfadjoint,
and 7, < A(rk + [—a, r]d)n,% for all k € Z?. Hence, we have by the IMS-formula (63) on

2 d

H— D < Z )»(rk+[—a,r]d)n;%§ max )\_(rk_i_[_a’r]d)‘
keNG, [kloo<£+1 keNd, [k|oo <L 41 -

THEOREM 8.5. Let¢ € L®(RY). Let x, V1y.-es Yn € R4, L > r > 0 be such that (vi +
[0, r]‘]l)?:1 are pairwise disjoint subsets of x + [0, L]d. Then,

(65) An(x +10,L1%,¢) > .e{r{nn })»(yi +10,r19,¢).

.....

PROOF. By (46) (see also (110)),

dn(x +10,L14,¢) = sup _InmﬁL/—ﬁVfH2+¢f?,
FiECE(i+0.71),11 fill 2 =1
which proves (65) by (46) withn =1. [
8.2. White noise as potential. In this section we prove analogous bounds to those in

Lemma 8.1, Theorem 8.4 and Theorem 8.5 by replacing the bounded potential { by white
noise, that is, we prove Theorem 8.6.

THEOREM 8.6. Let L >r>1.
Forall k > 0and x,y € R* such that y + Q, C x + Oy,

(66) AM(y+ Qr, k) SAn(x + Qr. k) as.
There exists a K > 0 such that, for all k > 0, x € R2anda e O, r),
K
(67) Ax+Qr,k) < max Ax+rk+ Qrya. k) +— as.
keNZ, [kloo<L+1 a
Fork >0and x, y1, ..., y, € R? such that (y; + Q,)7_, are pairwise disjoint subsets of
x+ 0L,
(68) An(x+Qp,k) = _e{nlnin }k(yi + Or. k) as.
ie{l,..., n

Let us describe how the proof of Theorem 8.6 follows from the following theorem. Let
L >r >1,k > 0. By performing a translation over x, we may assume x = 0.

It is sufficient to show that, for all y € R? and r > 0 such that y + Q, C Qy, one has the
following convergences in probability (and thus almost surely along a sequence (&,)neN in
(0, 1) that converges to 0),

(69) dn(y 4 Qr k(€] o — L)) = An(y + Q1 &)

for the right choices & i . and c.. Indeed, for (66) and (68) this is clearly sufficient. For (67)
this is sufficient by “replacing L in (69) with “3L” and “replacing r” with either “L” or
G‘r + aj’
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In this case we choose §i’€ like &7 . in (47) but with v/ = Ly instead of t and

c, = % logé + ¢+ (the choice of T/ = Ty is convenient for calculations in Section 12).
Observe that

}Vn(y + Oy, Kgl/”g) = )‘n(y + 0O, Kegy) = )\n(y + Oy, (Kegﬂ K29€y QO'(D)ng))
for 6 (which equals éL.ely+o, In L%(y + Q,)), given by

0 = Z (EL.e» 7}nk,r>L2(y+Q,)7;nk,r
keNg

&
= Z Z ]]-(—1,1)2<Zm>(wv 1‘1m,L><nm,La 7-ynk,r>L2(y+Qr)7;1nk,r-

keN2 meN3

(70)

Therefore, the following theorem resembles the missing part of the proof. Observe that 67 ®
a(D)6; e Hr} C Cg as 0 e L? = H]? (see also 5.7).

THEOREM 8.7. LetL >r>1landx,y € R2 be such thaty+ Q, Cx+ QL. Let 67 be as
in (70). Then, (§] ,.&; . ©o (D)} —c}) = &, in X§(Q1), and (67,6} © 0 (D)6 —c}) >
&) in X3 (y+ Q).

We prove Theorem 8.7 in Section 11; it follows from Theorem 11.3.

9. Large deviation principle of the enhancement of white noise. In this section we as-
sume L > 0 and write & = (&, E) for the limit &, , as in Theorem 6.4. We prove the following
theorem.

THEOREM 9.1. ( /¢&, eE) satisfies the large deviation principle with rate ¢ and rate
function X% — [0, 00], (Y1, ¥2) = 5l1¥1112,.

REMARK 9.2. Analogously, by some lines of the proof in a straightforward way, the
statement in Theorem 9.1 holds with underlying space the torus and (§, 2) being the analogue
limit, as in Theorem 6.4 as is considered in [1].

As a direct consequence of this large deviation principle and the continuity of the eigen-
values in the (enhanced) noise (see (43)), we obtain the following by an application of the
contraction principle (see [10], Theorem 4.2.1).

COROLLARY 9.3. X,(Qr,¢€) = A (01, (¢k1, 2B 1)) satisfies the large deviation prin-
ciple with rate €? and rate function I L.n: R — [0, 00] given by

. 1
(71) ILa(x)=inf  Z||V|[3,.
veL2(0p) 2
M (QL,V)=x

Theorem 9.1 is an extension of the following theorem. A proof can be given by using [11],
Theorem 3.4.5, but as our proof is rather simple and, to our knowledge, different from proofs
in literature, we include it.

THEOREM 9.4. /¢ satisfies the large deviation principle with rate function
C2([0, L1%) — [0, 00] given by ¥ > 3[|v[|2,.
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PROOF. We use the Dawson—Gdértner projective limit theorem [10], Theorem 4.6.1, and
the inverse contraction principle [10], Theorem 4.2.4. Let J = N with its natural ordering.
Let ), =R/ foralli € J. Let p; ; be the projection )); — ); on the first i-coordinates. Let
Y be the projective limit lim._ Y; (see [10], above Theorem 4.6.1, it is a subset of [ ] jed V).
Let p; : YV — ) be the canonical projection.

Lets: N — Ng be a bijection. Write d), = 04(,). Let @ : CJ ([0, L1?) — Y be given by
®(u) = ((u,0)), ..., (u,9),))nen. This ® is continuous and injective. We first prove that o &
satisfies the large deviation principle.

For every n € N, the vector ((£, 0’1) ., (€,0))) is an n-dimensional standard normal
variable, whence /((§,2}),..., (£,0},) ) = ( f&‘ ) f&, ) sat1sﬁes a large de-
viation principle on R” w1th rate function given by I (y) = 2| y|2 3 Z lyl . By the
Dawson-Giirtner projective limit theorem, the sequence /e ((&, D/ )y oooy (£,0),)nen satisfies
the large deviation principle on ) with rate function

H(1s -+ Y)nen) = sup Ly(y1, ..., Yu) = sup = 3 Zyl
neN neN

The image of C;y under & is measurable, which follows from the followmg identity:

Z Pi ( (L ") )anail
neN

As P(®(/€€) € ®(CY)) =1 and the domain on which 7 is finite is contained in ®(CY),
that is, {y € Y : I(y) < oo} C ®(CY), by [10], Theorem 4.1.5, & (/&) satisfies the large
deviation principle on ®(CY) with rate function / (restricted to ®(Cy)).

Now, we apply the inverse contraction principle. ® : Cy — ®(CY) is a continuous bijec-
tion. Also, o ® () = % |y ||%2 (by Parseval’s identity). Hence, the proof is finished by show-
ing that \/¢& is exponentially tight in C¥. Let m > 0 and K, :={¢ € CS : I o ®(¢) < m}.
As L? is compactly embedded in Hﬁ‘“ by Theorem 4.15, which is continuously embedded
in CY (by [2], Theorem 2.71, K, is relatively compact in C;y. By the large deviation principle
of ®(/g&) on ®(CY) and because K, C K&, it follows that

limsupelogP(v/e& € K,,*) =limsupe logP(d(Veg) e [y € V: [ <m)) < —
el0 el0

@(C,i‘):{(ah.. s An)neN © Sup
ieN_;

<ool.
o0

This proves the exponential tightness of \/¢& in C§ which finishes the proof. [
To prove Theorem 9.1, we use Theorem 9.4 and the extension of the contraction principle:

THEOREM 9.5 ([10], Theorem 4.2.23). Let X be a Hausdorff space and (), d) be a met-
ric space. Suppose that (1g)e>0 are random variables with values in X that satisfy the large
deviation principle with (rate ¢ and) rate function I : X — [0, oo]. Furthermore, suppose
that Fs : X — Y is a continuous map for all § > 0, F : X — Y is measurable and that, for
all g € [0, 00),

(72) lim sup d(Fs(x), F(x))=0
80 xex:1(x)<q

and that Fs(n.) are exponential good approximations for F (n.), that is, if for all k > 0,
(73) limlimsup e log P(d (Fs(ne), F(ne)) > k) = —o0.
810 ¢10

Then, F (n.) satisfies the large deviation principle with rate function ) — [0, 0o] given by

V> inf I(x).
xeX:F(x)=y
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LEMMA 9.6. Leta € (—%, —1). Let T : R?> — [0, 1] be a compactly supported function
that equals 1 on a neighbourhood of 0. Write hs = t(8D)h. There exists a C > 0 such that,
forall 8 >0andh e L?,

(74) ||h5 OoDhs—ho O'(D)]’l||c‘21a+2 < cs—o! ||h||iz-

PROOF. This follows by Theorem 4.26 (note 2o + 4 > 0), Theorem 4.22 (also using
||h5”H,‘f+‘ S Al et SR 2, see also 4.16) and Theorem 6.14,

||h5 ®oD)hs —h©oD)h ||cr21a+2
<|(h —hs) ® o (D)hs]| 2o+ + |h®o(D)(hs —h)| 2o+

—a—1 2
Slh = ksl a2l gart S 87 |11 O

PROOF OF THEOREM 9.1. For § > 0, we write hs = t(§D)A for T as in 6.3 and define
Fs:CR(QL) — X7 (QL) by

Fs(h) = (h, hs © o (D)hs).

We define F : CY(Q1) — X5(Qr) as follows. If for h € C(Qy) the function hs ® o (D)hs
converges in Cﬁ‘”’z, then F'(h) =limso(h, hs © o (D)hs); if hs © o (D)hs does not converge,
but /15 ® o (D)hs — cs does (where c5 = 5 log(3) + ¢7), then define F(h) = limso(h, hs ©
o (D)hs — cs5); whereas if hs © o (D)hs — c;s also does not converge, then F(h) = 0.

With X =C3(Qr) and Y = X%(Q) and n, = /€&, by Theorem 9.4 and Theorem 9.5 it is
sufficient to prove that (72) and (73) hold, because when F(¢) = (¥, ¥2) # 0, then ¢ = y:

o First, we check (72). By Lemma 9.6 we have (F(h) = (h, h ® o0 (D)h) and)

sup [Fsh) = F(h)] o S8747 42,
heC(Qr):|Ihll,2<q "

for all g > 0, that is, (72) holds.

e Now, we check (73). Let k > 0. We have that E :=limg 0 &5 © o (D)&s — ¢5 exists almost
surely by Theorem 6.4. Hence, for p > 1,

p
B(| Fs(/26) = F(V88) | x5 > ) = SE[|6 © 0 D)8 — &[]

=

gb2r p
o (c5 +E[l& © 0 ()& — c5 — Bl o).

Let n = —(2a + 2). By Lemmas 6.10, 6.15, 6.16 and 11.11, there exists a C > 0 such that,
forall p> 1,

E[||&s © o (D)&s — cs — a||é’2a+2] < CPpPsmP.

Therefore (using that a?” + b? < (a + b)?),
2¢e P
B Fo(VEE) = FW/E0)gy = ) = | ~“es+ Cos") |
Hence, with p = % we obtain

2
limsup e logP(| F5(v€§) — F(V€E) | 3o > &) <lim suplog[—(eca + Cén)}
£l0 " €l0 K

2C
< 10g<—8'7).
K
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So that
%Siil(‘)llimsupelog]P’(H F5(J/€§) — F(J€E) | o > k) = —00,
£l0 "
that is, (73) holds. [

10. Infima over the large deviation rate function. In this section we consider infima
over sets of the rate function I, ,, as in (71). We prove the results summarized in Theo-
rem 2.6.

LEMMA 10.1. Fora,beR andall § > 0,

1 1
(1 —8)inf I ,[b, o0) + 5(1 - g)L%ﬂ <infIy ,[b+a, o)

<1 +4+6)infl »[b, o0) + 5(1 + §>L a“.

Consequently, for (ap) -0 in R with limyp . Lay, =0,

lim inflp ,[b,00) = lim inflp ,[b+ar, o0)
L—oo L—o0

= lim inf/; ,(b+ap,o00) = lim infl; ,(b, 00).
L—00 L—o0

PROOF. As A,(Qr,V)+a=»21,(01,V +alg,), lalg, |l;» =aL,and 2(V,alg,) <
8| VII2, + 5a*L? forall § > 0

1
infIy, ,[b+a,o0) = inf =V +alg,
vel2(0p) 2
M (QL,V)=b

2
IZ2¢0,)

<d+8 L +1(1+1) 22
1m — — — la .
- VELZ(QL) 2 Lz(QL) 2 8
)Ln(QLaV)zb

The lower bound can be proven similarly. [J
We define
(75) mp.n i=1inf I 4[1, 00), On = inf pup n.
L>0

We prove that g, is bounded away from 0 uniformly in #» (Lemma 10.4) and give an alterna-
tive variational formula for g, (Lemma 10.5) from which we conclude Theorem 2.6.

LEMMA 10.2.  pr, =inflz »(1,00) =inf yeewi,, SIVI2..
hn(QL. V)1

PROOF. The first equality follows by Lemma 10.1. The second follows by Lemma 5.8.
O

We will use Ladyzhenskaya’s inequality [22] which is a special case of the Gagliardo—
Nirenberg interpolation inequality [24].

LEMMA 10.3 (Ladyzhenskaya’s inequality). There exists a C > O such that, for f €
H'(R),

(76) I£ll}4 < CIVFIENFI .
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LEMMA 10.4. Let C > 0 be as in Lemma 10.3. Then, o, > %for alln e N.

PROOF. LetneN.LetL>0ande >0.Let Ve CX°(Qr) be such that 1,(Qr, V) > 1
and 2||V||L2 < L+ €. By (46) there is a Y € C2°(Qr) with ||¥|[;2 = 1 such that (by
integration by parts)

1—ss—||vw||iz+fvw25—||vw||iz+||V||Lz||w||§4.
Hence, by using Ladyzhenskaya’s inequality (76), which implies ||V1p||2 > ||1ﬁ|| 14>

l—e+ VY2, 1-—¢
Vi > L > ||w|| .
¢ 12, w12, L

As a® 4+ b* = 2ab, we have pr, + & > 5||V||2, = 2425, As this holds for all & > 0, we
conclude that uy , > & for all L > 0. Hence, o, > % D

LEMMA 10.5. ForallneN, a >0,
1

77 inf inf % =inf inf ——.
(77) L>0 vec(op) 2” ”LZ(Q ) L>0vec Q) 2)\n(QL» V)
An(QL.V)za IVIZ, <%

Moreover, i, is decreasing in L, and one could replace “infy~” in (77) by “limy . .”
In particular, 0, =limp o U1, p-

PROOF. With W = L?V(L-), we have W € C°(Q)), ||W||L2(Q) LYV and

by Theorem 7.1 1,,(Qr, V) =1, (0, ﬁW(Z')) = ﬁkn(Ql, W). Therefore,

201 ®

11

78 inf 1% inf w ,
( ) Vec® (o) o) ” ”LZ(QL) Wec® (o)) 2 L2 ” ||L2(Q1)
M(QL.V)za A (Q1,W)=al?

1 L?
(79) inf —=inf ———.
vecp) 2An(QL, V) wee @) 2, (01, W)
IVIZ,<4 W7, <5

With this, (77) follows directly from Lemma 10.6. That . , and the left-hand side of (79)
are decreasing in L follows from Lemma 8.1. [

LEMMA 10.6. Let Y be a topological space and f, g : y — R be continuous functions.
Let a > 0, and suppose that ¢ := infy o infyecy: f(w)>aL ( > 0. Then,

w

if inf S _inf it

L>0 wey L L>0 wey f(w)
f(w)=alL g(w)<7

PROOF. By definition, we have VL >0 Vw € Y : %g(w) <o = f(w) <alL; by conti-
nuity of f and g, we obtain (by taking K = Loa)

fw)

K
VK >0Vwe): gw)<— =
a K

=<

QI»—
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Let ¢ > 0. Then, there exists an L > 0 and wy € ) such that f(wy) > alL and %g(wL) <

; _ _ gw) 1 fw) 1
o +¢. Then, with K = La(o + ¢), we have for w = wy, that = < - and “—— > o So

that supg_osup ey %:é. 0
gw)<4

PROOF OF THEOREM 2.6. By (46) and Lemma 10.5 (for a = 1), we have

2 .
— =4sup sup sup inf — VY2 + V2,
On L>0vec®(p) FeeXwp , VSH /0L
1vi2,<t dimF=n 1V1;,=1
2=

from which (1) follows. By Cauchy—Schwarz, for ¢ € CZ° (R?), the supremum of f V2
2

with respect to V € C° (R?) with L? norm equal to 1 is attained at V = H w";” > therefore,
L
this supremum equals ||y ||i4, and, hence, we derive the first equality in (2). In Lemma 10.4

we have already seen that p% < x. For the other inequality we refer to [6], Theorem C.1
(basically the trick is to replace “y¥” by “Af(A-)” and optimise over A > 0 first, then over
feL?with | fl2=1). O

11. Convergence of Gaussians. In this section we prove the convergence of Gaussians
mentioned in Section 6 and Section 8. We bundle the proofs together in a general setting, as
they rely on similar techniques.

Forr > 1, we let X; , and Y}, be centered Gaussian variables for k € Ng, & > 0 such that

every finite subset of {¥;  :k € Ng, >0 U{X], ke N(‘)l, & > 0} is jointly Gaussian for all
r > 1. We write

(80) Sre= D YiMer  Ore= D Xi, M
keNd keNd

Also, we introduce the notation

p© RYx RIS R, PP,y = Y. pi(x)p;j(y),
i,jeN_;
li—jl<1

Ore =0yc ©(D)b,.c —E[6.c © 0 (D)b,.c].

Epe = ‘i:r,s O] U(D)ér,s - E[Sr,s O] U(D)ér,s]-
LEMMA 11.1. Letd =2. Write F, . (k,l) = IE[X,?rXf’r]. Let I C[1, 00). Suppose that

V8 >03C>0Vrel Yk, leNjVe>0:
®1) d 51
|Frele, D] <C T+ ki —1:])" .
i=1
Forall y € (0, 1), there exists a € > 0 such that, forallr € I,i e N_1,e>0,x € Q,,

(82) E[|Ai6yc|(x)*] < 272337 EB[|A;0,|(x)*] < €r?727",

PROOF. This follows from Lemma 11.5 and Lemma 11.12. O
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Observe that
Gr,a O] O'(D)Qr e — Sr e © O—(D)sr,s

(33) )
= Z qunl,r[Xli,rXf,r - Ylf,rYlg,r]'

THEOREM 11.2. Letd =2, 1 C[1,00). We write R = {(k,]) € N§ x N2 : ki # 11,k #
I} Let Gy g(k, 1) = E[XlirXir - Y,f’rYfr]. Consider the following conditions:

84) VkeN2vrel; E[|X{, — ¥, 1250,

VreIV8>03C >03g > 0Ve € (0, 0) Vk,l € N3 :

IE[ 1 N 1
LTk — DT T Tl = EDIY
(85) [Gre(k,D|<C{'3 | |

+ b
,.:ZIIHk,-—ng—S 1 [l — Lpi=s

(k,1) € R,

(k,1) € N3 x N3\ .

(a) Suppose that (84) holds and that (81) holds for F c(k,l) being either E[X,f’rXf’r],
E[X,‘arYl"fr] or E[Y,ferlfr]. Then, forr € I, o < —1, in X3 we have

P
(Qr,e - gr,(s’ ®r,s - dr,e) — 0.

(b) Suppose (85) holds. Then, E[6,, ® 0 (D)0, — & © 0 (D)&..] = 0 in Co’ for all
y>0andrel.

Consequently, if the above assumptions in (a) and (b) hold, then withc =0, forr € I, a < —1,
in Xy

(86) (Qr,s - Sr,e, Gr,s ®© O'(D)er,s - Sr,s ®© O'(D)gr,e) ﬂ O, 0).

PROOF. (a) We use Lemma 6.10(b). By Lemma 11.1 we obtain (53) for £ =6, — §,¢
witha =2+y andfor{ =0, — &, witha =2y for y € (0, 1). (84) implies that E[| (6, . —
&re, nk,r)|2] — 0, that is, (55) holds for ¢ =6, — &, .. In Lemma 11.13 we show that (55)
holds for ¢, = ©, . — B, ;.

(b) is shown in Lemma 11.14. [

THEOREM 11.3. Lett € Cé’o(]Rz, [0, 1]) and T/ : R? — [0, 1] be compactly supported
functions. Suppose T and T’ are equal to 1 on a neighbourhood of 0:

(a) For all r > 1 (86) holds with ¢ = ¢y — c¢ in case X}, = ' (2k)Zx and Yy, =
T(2k) Zy.
(b) Let L >r>1andy € R? be such that y + Q, C Qr. With W as in 6.2, for
Zy=W.tmr),  Zk=W.Tywr) = Y Zumr. Tk 1200,),

2
meNj

&
X]ir = Z 1].( 1 1)2( )Zm(nva,'];ﬂk,r)Lz(Qr), Ylir :]]_(_1’1)2(;k>2k.

meN2

(86) holds with ¢ =0.
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PROOF. (a) That (84) holds is clear. As |IE[X,‘§JXISJ]| \Y |E[X,i7rYl‘fr]| \Y |E[Y,fﬁrYf7r]| <
20k, (81) also holds for each of those expectations, and, thus, the conditions of The-
orem 11.2(a) hold. Therefore, it is sufficient to show that E[6,, ® c(D)8,, — & ©

o(D)& (] LN ¢y — ¢p in Cy ¥ for all y > 0. This follows by Lemma 6.15 and Lemma 6.16,
as they show that E[6, . © 0 (D)0, ¢] — c. — ¢, and E[§, . © 0 (D)§;,¢] — ce — ¢, converge to
the same limit in C, ”.

(b) We prove this in Theorem 12.1. [

11.1. Terms in the first Wiener chaos.

LEMMA 11.4. Consider the setting of 6.3, that is, Ykgyr = t(£k) Z for i.i.d. standard

normal random variables (Zk)keN‘O’ and v € C° (R2, [0, 1]). For all y € (0, 1), there exists a
C > 0 such that, forallr >1,i e N_1,¢,§ >0,x € Q,,

(87) E[|Ai (&re — &,5) (0[] < C26W+i | — 5]
PROOF. Lety € (0, 1). As Ai(re — &r5)(¥) = Xy pi (M) (x () — (85 Zpmy » (x),
and |y 12, < (3), by (60) we have

(t(ck) — T(8k))>

E[|AiGre — &) 0)] Srod2@l 3

d+2y
Sy (HIRD
As |7(ek) — T(8K)] < [ Vlloole — 8][k] and [|7[|oo = 1,
(88) (t(ek) — T(8Kk))* S IVTlLle — 817 k|7

% < 00, we obtain (87). [J

Therefore, as >, (174 r—d (1+|,]:|
r

LEMMA 11.5. Suppose that (81) holds for Fy (k1) = E[X,i’rXf’r]. For all y € (0, 1),
there exists a C > 0 (independent of r) such that, foralli e N_1,¢ >0, x € O,
(89) E[|Aib,. (x)[*] < Crév2@+ni,

PROOF. By (60) 277 || Ay rlloe S 721+ 1ED~F <, 31, (L + )~ Let 5 >

0 be such that § < y (so that in particular § < HT)/)' As |IE[X,§JX,8J]| < ]_[?:1(1 + ki —
L)1 = ]_[fl:1 r‘s_l(% + |% — lr—”|)‘3_l, we have, by using Lemma 11.7,

2~ DR[| A6 ()7 ]
1 1 F-2 )d
1+ I+y (1 —
ety G+ AT GHIk=IDI

5—1 d s—y\d
<( > = ! <(r(! <,
~ 1 Ly Ly s ~ r ~
i G0 A 0

In the following two lemmas we present tools to bound sums by integrals which will be
frequently used.

<

~
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LEMMA 11.6. Let M € N and f : [0, M] —> R be a decreasing measurable func-
tion. Then, Z —1 f(m) < fo fx)dx < Z f (m). If f instead is increasing, then

Y ) < J f)dx <M fm).

LEMMA 11.7. Lety,8 > 0 be such that § <y < 1. There exists a C > 0 such that, for
allrzl,b>0andu veR

1
90 1 e
o lgw:(, (b+|— ul)? (b+ % —o)i- — <C(b+u v))’”
and for all | € R?,
1 p®k, 1)
1) > r_zm_ c +|l|)

1 N2
ke;No

PROOF. We can bound both sums by “their corresponding integral” by observing the
following. For k € Z¢ and x € R? with [x — £|o < - and thus [x — &| < @ for u e RY,

k k k d
(92) |x—u|§'——u+x——§——u‘ £
r r r 2r
So that
I _ ey ey
B+1E—uh)” = (b ofd 41k _ypyy ~ b+lx—uD?

Then, (90) follows by Lemma B.1 and by Lemma 11.9 we have >, 1 cIN? 1 _pOkD < 1+

EACERI TN
2—
2”f‘m oy S A+ DT O

11.2. Terms in the second Wiener chaos. In order to bound terms in the second Wiener
chaos, that is, E,, 0, and E[0,, © 0 (D)6, — & . © 0 (D), ], we start by presenting
auxiliary lemma’s and observations.

THEOREM 11.8 (Wick’s theorem, [18], Theorem 1.28). Let A, B, C, D be jointly Gaus-
sian random variables. Then,

E[ABCD]=E[ABJE[CD]+ E[AC]E[BD]+ E[AD]E[BC].
LEMMA 11.9. There exist b > 0 and ¢ > 1 such that
1
supp p© C B(0, b)> U {(x, VeR!xRY: Zix| < |yl < c|x|}
c

Consequently, uniformly in x, y € R?

pP(x,y) _ p®(x,y)

93 ~ .
&) +1x1) A +1yP)

PROOF. Let 0 <a < b be such that supppg C {x € R? :q < |x| < b} and supp p—1 C
B(0,b). Let i, j € N_; and x, y € R? be such that pi(x)pj(y) #0.If i, j € {—1,0}, then
x,y € B(0,b). Suppose i, j > 0 and |i — j| < 1. Then, |x| € [2'a, 2'pland |y| € [2/a, 2/b] C
[2’_1a, 2i*1p]. This in turn implies

2b 2b

- _21 21 1 < <2l+1 <= <7 .
|x|_2b b=2""a<ly| b p a_a|x| O
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11.10. Letk,l,z¢€ N‘O". We write ny = n , here. By (38) (and using (26)) and as ngox =
ny forall g € {—1, 1}¢,
1737/

_d
(e, mz) 29,y = (2r) 2 (Mpols N2) 120,

pE{—l,l}d Vk—f—pol

(94) .

d
—(2r)?
pae(-11)

5qok+pol,z-
d vk-i—qopol

By combining this with (60), using that [ng(x)| < (%)_% , we have, for x € (0, r)¢ and y >0,

qok+pol> 2vi

d| A .
(95) A S Y Pz( T E—Tp

.
p.ge{—1,1}¢

LEMMA 11.11. Letd = 2. Consider the setting of 6.3, as we did in Lemma 11.4. For all
y € (0, 1), there exists a C > 0 (independent of r) such that, foralli e N_1,¢,5 >0, x € Q,,

(96) E[|Ai(E e — Ers)(x)|?] < Cle — 8|7 22"

1(8 )T (6 )
1+ 7r2 |l|2
rem 11.8 and (95) (as both contributions & ;,8; » and 8k 6, can be bounded by the same

expression by Lemma 11.9),

2_2yiEHAi (Er,g - Er,é)(x) |]

1 pO*,D? [t(ek)t(el) — T(8k)T(8])]?

S Z 41 2122 1 k 12
~Y _ y
k,ze;Ngr (1 +m2|11%) I+ D)

PROOF. First, observe B, =} IeNZ P (r r) [ZkZ; — bk.1]nim;. By Theo-

As 2(ab —cd) = (a — c)(b+d) + (a + ¢)(b — d) similar to (88), as in the proof of
Lemma 11.4, we obtain

|T(ek)T(el) — r(6k)r(8l)|2 <4|Vr|Lle =81 (1k|Y +|1]").
Using Lemma 11.9 and (91), we obtain
rt p®(k,1)*

2R A1 (Bre — Er) ] Sle =8 Y o Y
3 s ~Y _V _ 2}/
(are A IDTY 2o, A+ k=D
Py
<le—4| —
art (141> -

LEMMA 11.12.  Suppose that (81) holds for F, ¢(k,l) = E[X,f’rXf’r]. Forall y € (0, 00),
there exists a C > 0 (independent of r) such that, for alli e N_, ¢ > 0,

97) E[|Ai©,.(x)|*] < Crv2rt,

Ok
PROOE.  First note that Oy = ¥ ;2 ﬁ;i)nk o, IXE XS, — EIXE, X¢, 11 By

2| |2
Theorem 11.8,
E([Xli,rxir _E[Xli,rxir]][xg X, _E[Xii,rxz,r]])

m,r-—-n,r

= ]E[Xli,rxfn,r]E[XlE,rXrEl,r] + E[Xk,rxz,r]E[Xierii,r]'
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By exploiting symmetries using Lemma 11.9 and by (95), we have
r=p®k, Dp® (m, n)|ELXE XE, JELXE X, 1]
(L + 1k =17 (1 + |m —n))7 L+ 1A + |m[?)

2WE[|A0,.0PS Y

1 ny2
k,l,m,ne;NO

We will bound the p© function by 1, use the bound (81) for some § > 0 (will be chosen small
enough later) and we “separate the dimensions” by using that 1+ [k|?> > (1 +k1)(1 + k) and

A+ k=1 =+ 1k =12 + k2 — b))% and obtain
2 IR[|A;O,. (x)|*]

(X

1
k,l,m,ne;NO

(98)

PGk =mD’ T G A 1= n) )2
Grk—prd +m—nD2d +0d +my/

For § < ¥ we have, by Lemma 11.7,

2 v

1 1
ne Ny ke Ny

r (41 —n))?!

(L pm —np?

r Gk —m) T 1
k= T dtm—1pr?

and for 6 < %, the square root of the right-hand side of (98) can be bounded by

2

m,le 1Ny

Hence, we obtain (97). O

25—2 25—1
1 . 11 11 52 1r 11 SRS
GH+lm—1)r=2 2 +m - +1 e Thg GG+Dr=38 L 4+1

LEMMA 11.13.  Suppose that (84) holds and that (81) holds for F, ¢ (k,l), being either
ELX{ X! ) E[X] ,Yf, ] or E[Yf Yf,]. Then, B[|(®.c — B¢, n:)|*] — 0 forall z € Nj.

PROOF. Fix z € N%. Given a function H : (Ng)4 — R, let us use the following (formal)
notation:

SH)= )

k,l,m,ne

POk, 1) p®(m,n)

2 2
v L+ SR 1+ S

Z 8tol<+pol,z550m+qon,zI'I(k, l,m, n).
p.v,q.5e{—1,1}2

By (94), as § < v < 1 forall k e N,
E[[(Or = Ereno) '] S S(E0),

where
E(’?(k’ L,m, n) = E([Xli,rxir - Ylf,rYl&,‘r][Xii,rX;i,r - Ylf’l,l’Ylf,)’])
- IE[XI‘E,ere,r - Ylf,rYlfr]E[X;,rXfl,r - Ylfi,ryrir]'

We decompose E, using Wick’s theorem (Theorem 11.8). Let us for a few lines write Ay =
X7, and By =Y; ., then we obtain

E([AxA; — BkB/llAmAn — BnBy]) — E[ArA; — By Bi1E[Ay Ay — By By
=E[AxA1AmAn]l — E[Ax A1 By By] — E[Bx Bi A Anl + E[ By By Bin By
— (E[AxA;] — E[BiBi])(E[A;, Ayl — E[B, B,])
=E[AxAn]E[A1An] — E[Ax BnJE[A; By] — E[Br A E[B1 An] + E[ Bk By ]E[ By By]
+ E[Ar A]E[An Al] — E[Ag By ]E[By A1l — E[Br ApJE[ Ay B] + E[ Bk BLJE[ By Bi].
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Observe that
E[AxrAn]IE[A;Ay] — E[Ax By JE[A; By]
= E[AkAm]E[Al(An - Bn)] - E[Ak(Bm - Am)]E[Al(Bn - An)]
— E[Ak(Bn — Am)|E[AIA,].
Hence, as E[|Ay — Bi|*] =E[|X{ , — Y{,|] - 0 by (84), we have E(k,l,m,n) — 0 for
allk,l,m,n e N%. We show that G(E;) converges to zero by a dominated convergence argu-
ment. Let us write
2

T, 2omn) = [0+ 1k —mil)’ ™ (1 1 = ni)
i=1

6—1

and f(k, l,m,n)=J(k,l,n,m). Then, by (81) we have E, < J + J and, by the symmetries
obtained by Lemma 11.9, &(J) < &(J). Moreover, by “merging the p, q,t,s and k, [, m, n
variables” (in the sense of summing over k € Z? instead of q o k with qge{—1, 1)2 and k €
N(z)), we have

2

&)< Z 1 1 H(1+|ll~—ni|)28_2,

2 2
l,n€Z2 1 + 7:_2|l|2 1 + 7:_2|n|2 i=1

which is finite by Lemma 11.7. [

LEMMA 11.14. If (85) holds, then E[6,.: ® 6 (D)6, —&.. ©® 0(D)&,.] — 0in C,” for
all y > 0.

PROOF. Let us abbreviate G, . (k,[) = E[X,i’rXf’r — Ylf,rYle,r]' By (83) and (95),

sup 27V AE[Bre © 0 (D) — &re © 0 (D)ere]] o
1eN_q
pPk.1) |Gre(k, D)

S 2
i I A+ k=D

We use (85) and consider the sums over R and N% X N% \ R as in Theorem 11.2 separately.
e [Sum over SR] By exploiting symmetries using Lemma 11.9,

©
5 P2kD 16k Dl oo
Wt TP (L =1y ~ 7o

pO(k, 1) 1 1 1

S, 1=
! kgz(1+ll|2)(1+lk—ll)7(1+|§—11|)1_5(1+|§—12|)1_‘3
»elp

pO(k, 1) 1 1 1

85,2: Z 2 7 =5 - —.
cigp AU A+ = 1D A+ 17 =HD™ (A +1F —kal)

By (91), by using that (1 + 111>) > (1 +1;)(1 + ) and by using (90) with § < y,

S <<§ ! ! )2<(1+r>s_y< y—38
slN r — ~ - NS *
TG anE A+ —me E
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For S, 7, by Lemma 11.9 there exist b > 0, ¢ > 1 such that (using that |k —[| > |k; —[1])

p= (k. 1) 1
2 (I + k=17 A+ 1§ — ko'

keNZ
1 1
S + _— :
kZNz (1 +15 — kD!~ kl;% (I+ ks =LY kﬁZNO (141 —ka)' -3
Iklsb ky=cll| ka<cll|

We will bound the second sum on the right-hand side by its corresponding integrals (see
Lemma 11.6) and will bound these to get a bound on the sum over k. Straightforward calcu-
lations show

cll] 1 1—
/ ————dx S (1 + 1)) Y
o (I+|x—=0LDY
On the other hand, for § > 0 and z > 0,

z 1 r 2 7 28 5
/ fdxglog@—i——) (1+Z)§(1+—) 1+4+2)°.
o I+15—x| e &

Hence, for all § > 0 (we use (90) for the last inequality),

1 1 26
S 1+1 +1 1—V+5(1+—)
e 1%2<1+|l|2><1+| R ¢

1 1 28
< 14+ =
2 (1+11+lz)1+” SA+1L— 11|)1_8< +8)

1eNZ
1 ( 1 268 1 56—y
< 1+—> §<1+—) .
,§ (1+lz)1+3,§ <1+11>V WAL e e

Therefore, by choosing § < %, we also obtain S; » — 0:

e [Sum over N3 x N2\ 93] Observe that N3 x N3\ Rt = {(k,]) e N3 x N3 :3i € {1,2}
ki = [;}. Therefore, again by exploiting symmetries using Lemma 11.9 (we bound the sum
over N(z) X N(Z) \ R by the sum over all [ € N%, k> € Ng and take k; = /1) and using (90) for
8 < %,

POk, D) 1Gre(k, D)
2 (L+112) (1 + k=117

(k,l)eNszg\%

1 1

! 1 1\2-v
~ Z 146§ 1=58 by 3 5(1_'__) ]
lN2 (1+ll) (1+12) (1+|__12|) e .

12. Proof of Theorem 11.3(b). In this section we considerd =2, L >r>1andy € R?
such that y + Q, C Qp. We write T = 1_; ;2. We consider X,i’r and Y,f’r, as in Theo-
rem 11.3(b). Form,l € Ny and z € [0, L — r], we write

99) b,zn ;= (WL, Enl,r)LZ([o,r])-
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Then, we have
3
Xi, =Y r(zm>Zml_[b,yn’ - Yk,—r( ) Z Z ]_[by’
meN(z) i=l1
And so with G, ¢ (k, ) = E[X,i,rXf,r — Y,f,rYf’r], as in Theorem 11.2

(100) Grell, =Y (Hbml B )[ (%m)Z_T(§k>5k,,].

meN2 i=1
THEOREM 12.1. (84), (81) and (85) hold (for I =[1, L])

PROOF. For (84) we have
E[[(6r.c — &rco n) 1= B[ X}, — ¢, ]
& & 2 2 . 2
3 (5 () Loz
meNj i=1

By Lebesgue’s dominated convergence theorem this converges to zero. (81) follows by The-
orem 12.4 by observing that E[X,i,rYfr] = r(%k)E[Xi’rXf’r], E[Y,irY,fr] < 28k and that
IBLXE,XE 1 < TTi2) (Cen, 1By 1, o 1 - (85) follows by Lemma 12.7. [

12.2. The estimates (81) and (85) will rely on bounds on b* py for m,l € Ng and z €
sm(nx) and 1—cos(mx)
X

[0, L —r]. Let us calculate bZ b here. For notational convenience we put
for x =0 equal to 1 here. By using some trigonometric rules, one can compute that

Z r 1 T (T
(101) bm’,= Z;vmvl Sfm.icos Zmz + gm.181n Zmz ,

where
sin(ww (ym + pl))

1 —cos(m(ym +pl))
m +pl '

Tm+pl

fm,l = Z

pe(-1.1}

9 gm,l = Z

pe(=1.1}

Let us demonstrate (101) in the easier case z = 0. Due to the identities 2 cos(a) cos(b) =
Zpe{_l’l} cos(a + pb) and sin(w(a £1)) = (—1)!'sin(a) for a,b € R and [ € Z, we obtain

2 r T g
(W, nl,r)[}([()’r]) = ﬁvmw A cos(zmx> cos(;lx) dx
1 sin(w (2 4 pl
L S il a0
L I + pl

As a consequence we obtain the following.

(102)

LEMMA 12.3. There exists a C > 0 (independent of r and L) such that, for all z €
[0,L —r]and m,l € Ny,
1

7
103 by ,|<C|——F—.
( ) ’m,l|— L1+|%m—l|
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. . . sin(7r x) 1
PROOF. This follows from the expression (101) by using that [*==| < 5 T and
1—cos(mx) 1
X S 14+|x|* O

THEOREM 12.4. For all § > 0, there exists a C > 0 (independent of L and r) such that,
forallk,l € Ny and z € [0, L —r],

(104) 3 1BE Y < C(L+ 1k — 1)

meNy

PROOF.  This follows by Lemma 12.3 and by (90), as 1 + |m —u| > (1+[ym — u|)1_%
for§ >0. O

12.5. Let C > 0be asin Lemma 12.3.

(a) Forall z€ [0, L —r]and M, k,l € Ng such that ; M <[ <k, by Lemma 11.6

M—1 . . 5 M 1 5 1
bt b: | <C / ——— I <,
2}' N o (+l—fx2 " =" T5i—IMm|

(b) Similarly, for all z € [0, L —r] and M, k,l € No such that/ <k < ; M,

o0
b: b | <(CP4+1)———m——.

As a consequence of the above and 3, by, 1Dy, | = Sk.1, we obtain the following lemma.

LEMMA 12.6. There exists a C > 0 such that for all z € [0,L —r], M € [0, o0) and
k,1 € No: If either k #1 or k =1 < M, then

1 1 1

(105  — b b ‘ < N ’
¢ meNOX,n:1>M mATm L = (U k= 2MDYY T (L + L= E M)

and if either k #lork=1> t M,

(106) — b bt | < + .
¢ meNOZ,n:1<M mAkTm = (A k= 2 MDY (L= S M

PRrROOF. By (103) we may assume M € Ny. The statements for k =/ follow immediately
by the bounds in 12.5. For k # [, we have 3., cny m<m O kb1 = ZmeNg,m=m oy 1B 1 5O
that the rest follows by 12.5, and by observing that if [ < 7 M <k that | 3, cny m<m Dy, 1 X
bfn’ IS m by Theorem 12.4 which is less than the right-hand side of both (105) and
(106).
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LEMMA 12.7. Write G, (k1) = E[X,i’rXf,r — Y,f’rYfr]. There exists a C > 0 such that,
foralle >0andk,l € N2,
2 1 1
H Tniss T r 1=
i A+ ki = 2D I+ —=ZD
if fori € (1,2} either ki #1;
r

Orki=li2—,
1 ¢ 1
! Tk — I T A1 —Ipi
(107) E|Gr’8(k’l)‘§ (I +1ki — 3D ( +|l—rg|)
if either ki #1; or k; =1; > —
&

r
and kz_; =13_; < —,

1 ¢ 1
i ryl—s
(1+ k1 — grl) (I+lk2— 2D
ki=1; <—forie{l,2}.
£

PROOF. Let (k, /) € N} x Nj be such that k = with |k|oe < £. Then (see (100)),

2
Y Ik s] oo+ ey

2. L=
meNZ:|m|qo>L =1

‘Gr,s(k» l)’ =

If k and [ are not like that, then

Gr,g<k,l>=< > b,ﬁ,k,bii,z,)( > biikzbi?,zz)»
L

meNo,m<% meNo,m<;

so that the bound (107) follows from Lemma 12.6. [J

APPENDIX A: THE MIN-MAX FORMULA FOR SMOOTH POTENTIALS

LEMMA A.1. Let f1,..., fu be pairwise orthogonal in HOZ. There exist pairwise orthog-
onal fik,..., fux in CX for k € N such that, for all i,
(108) fn =% 6 in HR

PROOF. Let g;x € C° be such that g; x — fi in Hg for all i. By doing a Gram—Schmidt
procedure on g1 k, . . ., &n.k, W€ can give the proof by induction. We prove the induction step,
assuming that fi x = g1k, ..., fu—1.k = &n—1.k are pairwise independent. We define

n—1
fak=8nk— ) o fik
e ; (fikr fin) ™

Then, f, i is pairwise independent from fj k, ..., fu—1k- Asfori e {l,...,n — 1}, we have

(gn,ka fi,k> - <fn7 fl) =0;
it follows that f, y — f,. U

LEMMA A.2. Lett € L*®°, n e Nand L > 0. Then, (for notation, see 5.4),
(109) M (QL,¢)= sup wlan (A, ¥r) = sup erlg (Hp, ¥r).

FCHg € FCCX® "
dim Fap 1V 1221 dim Fin 11 2=1
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PRrROOF. First observe that

M(Qr,¢) = sup inf (A, ).
Floee fn€HZ v=>2i_1afi

2
(fhfj)l_[g:aij @ €[0,1], 350 7 =1

Let f1,..., fun € HO2 with ( fi, fj)Hg =;j. By Lemma A.1 there exist fi,..., fux in C°
with (f; k, fjak>H02 = §;; (by renormalising) such that (108) holds. Then,

inf (FCp, Py — inf (A, )
p=xaf, ¢ p=STaifie |
a;€[0, 11,57 a?=1 a;€[0,11,Y7_ a?=1

< sup (A, ) 12 — (Ao, 0) 12|

‘//'=Z:'1:1 o fi,fp=Z7:1 ai fik
o; €[0,11, 37, a?=1

i=1"i
n n
Yoaifi— ) aifik
i=1

i=1

S sup
a; €0, 11,57 a?=1

n
< Y Ifi = fikllgg = 0.
2 =1

H, 0
This proves

(110) M(QL,C)=  sup inf (A, W)
floes fueC® V=i fi
<flsfj>H5:8U aie[o,l],z?:l Ollzzl

and, therefore, (109). [

APPENDIX B: USEFUL BOUND ON AN INTEGRAL

LEMMA B.1. Lety,0 €(0,1) and y + 60 > 1. There exists a C > 0 such that, for all
b>0andu e R,

> 1 1 1—y—6
(b /0 G G K ESCeF )

Consequently, there exists a C > 0 such that, for all b > 0 and u,v e R,

1 1 _ 1—y—6
(112) /R(b—i-|x—u|)7’(b+|x—v|)9dxic(b+|u vl) .

PROOF. By a simple substitution argument we may assume » = 1. We have uniformly in
ae0,1),

[l e [T e [ asirata g
YY) T a .
0o (a+x)A+x)?  —Ji xrte 0o (a+x)y ™ ~

Hence, for all u > 0,

00 1 1
/ dx
w (I+x—u)? (1+x)?

S 1
(113) =/ ~dx
o I+x)rd+u+x)
:(1+u)1‘y‘9/oo ! ! de <A +u)t—r?,
0 (+xy d+xf 7~
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On the other hand, we have

i 1 W\ (51
de <1+ = — dx<qa 1—)/—9’

and, similarly, |, %‘ mmdx < (1 +u)!=r=% In case u is negative, the bound is
already proved in (113) (by interchanging 6 and y).
For (112) it is sufficient to observe that

o0 1 1 00 1 1
/ dx=/ dx,
v (I+x—ul)” A +]x —v))? 0o (I+lx+v—ul) (1+x)°

v 1 1 o 1 1
—oo (14 |x —u)? (14 |x —v) o (I+fx+u—v)h” (1+x)
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