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In this paper we establish the necessary and sufficient criterion for the
contact process on Galton—Watson trees (resp., random graphs) to exhibit the
phase of extinction (resp., short survival). We prove that the survival threshold
A1 for a Galton—Watson tree is strictly positive if and only if its offspring
distribution £ has an exponential tail, that is, Ee$ < oo for some ¢ > 0,
settling a conjecture by Huang and Durrett (2018). On the random graph with
degree distribution p, we show that if © has an exponential tail, then for small
enough A the contact process with the all-infected initial condition survives
for n!to(D _time whp (short survival), while for large enough A it runs over
@™ _time whp (long survival). When u is subexponential, we prove that the
contact process whp displays long survival for any fixed A > 0.

1. Introduction. The contact process is a model of epidemics on networks introduced
by Harris in 1974 [11]. Its transitions are given as follows:

e Each vertex is either infected or healthy.

e Each infected vertex infects each of its neighbors independently at rate A, and it is healed
at rate 1 independently of all the infections.

e Infection and recovery events in the process happen independently from vertex to vertex.

The phase diagrams of the contact processes on Z¢ and on T, the infinite d-ary tree, are
well understood. In particular, the contact process on an infinite tree has drawn particular
interest, as it has two distinct phase transitions. In a series of beautiful works [16, 26, 29], it
was shown that the contact process on Ty for d > 2, with an initial infection at the root, has
two different thresholds O < A; < A, such that:

e (Extinction) For A < A1, the infection becomes extinct almost surely.

o (Weak survival) For A € (A1, A2), the infection survives with positive probability, but the
root is infected finitely many times almost surely.

o (Strong survival) For A > A, the infection survives, and the root gets infected infinitely
many times with positive probability.

A natural interest is then to study the phase diagram of the contact process on Galton—
Watson trees. In this paper we establish the necessary and sufficient criterion for A; > 0.
In particular, we provide the first known result for extinction in Galton—Watson trees with
unbounded offspring distribution.

THEOREM 1. Consider the contact process on the Galton—Watson tree with offspring
distribution &, and suppose that only the root of the tree is initially infected. If & has an
exponential tail, that is, Ee < 0o for some c > 0, then there exists Ao = Lo(§) > 0 such that
for all & < Ao, the process dies out almost surely.
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Recently, Huang and Durrett [12] proved that, on Galton—Watson trees, A, = 0 if the off-
spring distribution & is subexponential, that is, Ee® = oo for all ¢ > 0. Combining Theo-
rem 1 with their result, we have the complete characterization on the existence of extinction
on Galton—Watson trees. Moreover, Theorem 1 establishes a stronger version of the following
conjecture by Huang and Durrett.

CONJECTURE 2 ([12]). Suppose that P(§¢ = k) = (1 — p)k for all k larger than some
constant K, and consider the contact process on the Galton—Watson tree with offspring dis-
tribution &. Then, L», the weak-strong survival threshold, is strictly positive.

The challenge in understanding the infection time on trees with unbounded degree distri-
butions is that the infection persists for a long time around high-degree vertices, as there are
many neighbors from which it can be reinfected. Indeed, it was shown in [2] that the infec-
tion will last time e“*? in a neighborhood of a vertex of degree d with positive probability for
some c;, > 0. Thus, exponential tails on the degree distribution are needed for there to be few
enough high degree vertices in the tree for extinction to be certain.

The next object of interest is the contact process on random graphs. For the contact process
on the Erd6s—Rényi random graph G, 4/, no rigorous results were known regarding its phase
diagram—whether it shows short or long survival, or both. In this work we prove that, on
Gn,d/n» the contact process exhibits two different phases depending on A as a consequence of
an analogous criterion on more general random graphs.

We focus on studying the contact process on the random graph with degree distribution pu,
which we denote by G ~ G(n, i) (definitions given in Section 2.2). For the contact process
on G ~ G(n, u), our main goal is to study how long the process survives in terms of the
size of the graph. The second result of this paper establishes the necessary and sufficient
criterion for the contact process on G ~ G(n, i) to display the short survival phase. We
assume throughout that p satisfies

(1.1 Ep~yD(D—2)>0 and Ep-,D* < oo

in order to ensure the existence of the giant component and take advantage of the configura-
tion model. For details on (1.1), see Section 2.2.

THEOREM 3. Suppose that u satisfies (1.1) and there exists some constant ¢ > 0 such
that IEDN,LeCD < 00. Consider the contact process on G_~ G(n, ) where all vertices are
initially infected. Then, there exist constants 0 < A(j) < A(u) < oo such that the following
hold:

(1) For all A < A, the survival time of the process is at most n't°D_time whp.
(2) For all )\ > X, the survival time of the process is ¢® -time whp.

THEOREM 4. Suppose that | satisfies (1.1) and EDNMe"D = 00 for all ¢ > 0. Consider
the contact process on G ~ G(n, u) where all vertices are initially infected. Then for any
fixed A > 0, the survival time of the process is ¢®™ -time whp.

REMARK 1.1. In the statements of Theorems 3 and 4 (and Corollary 5 below as well),
the notion whp covers the randomness coming from both the choice of graph G and the
contact process. Therefore, they should be understood as,

“There exists an event A over the choice of G which occurs whp, such that the statement
holds whp over the contact process on G given G € A.”
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For the case of Erd6s—Rényi random graphs, which are contiguous to G(n, ) with u =
Pois(d) (see Section 2.2 for details), we can show that the contact process on G, 4/, exhibits
two different phases as a consequence of Theorem 3.

COROLLARY 5.  For any fixed d > 1, consider the contact process on G ~ Gy 4/n Where
all vertices are initially infected. Then, there exist constants 0 < A(d) < A(d) < oo such that
the following hold.

(1) For all A < A, the survival time of the process is at most n1 oW _time whp.
(2) For all A > X, the survival time of the process is ¢® -time whp.

REMARK 1.2. One might be interested in studying the contact process on G ~ G(n, u),
with the initial condition such that only a single vertex is infected. When a uniformly random
vertex in G is infected, initially, while all the other ones are healthy, we will later see that
Theorems 3 and 4 continue to hold, if we change “whp” to “with positive probability” at the
end of the statements of Theorems 3(2) and 4. To be precise, by “with positive probability,”
we mean whp over the choice of G ~ G(n, u), with positive probability over the choice of
the initially infected vertex v and with positive probability over the contact process. Proofs
are given in Remark 5.5 for exponential distributions and Remark 6.4 for subexponential
distributions.

To sum up, we establish a “universality” criterion for the contact process on Galton—
Watson trees (resp., random graphs with given degree distributions) on the existence of the
phase of extinction (resp., short survival). Our methods do not give sharp estimates on the
critical value, and it is an interesting open problem to determine the location of the phase
transition. We also believe that the two critical values in Theorems 1 and 3 coincide. Pre-
cisely, we conjecture that A1 (GW(u')) = A.(G(n, 1)), where:

e A1 (GW(u')) is the death—survival threshold of the Galton—Watson tree with offspring
distribution w’, the size-biased distribution of w (see Section 2.2 for details).
e A.(G(n, n)) is the short-long survival threshold of G(n, ).

1.1. Related works. 1In[11], Harris first introduced the contact process on 74 and showed
that the death—survival threshold A.(Z¢) satisfies 0 < A.(Z¢) < oo for any d. Building upon
this work, the model on Z¢ has been studied intensively, and we refer to Liggett [17] for
a survey of results. Pemantle [26] studied the contact process on the infinite d-ary tree Ty
and showed that it exhibits three different phases—extinction, weak survival and strong
survival—for d > 3. This result was later generalized by Liggett [16] for the case d = 2.
Stacey [29] gave a shorter proof that applies for any d > 2.

Less is known for the contact process on general Galton—Watson trees. Recently, Huang
and Durrett [12] proved that, on Galton—Watson trees, Ap = 0 if the offspring distribution &
is subexponential. Along with Theorem 1, we now have the complete characterization of the
existence of extinction in the contact process on Galton—Watson trees.

There has been considerable work studying the phase transitions of survival times on large
finite graphs. Stacey [28] and Cranston et al. [6] studied the contact process on the d-ary tree
’]I‘Z of depth & starting from the all-infected state, and their results show that the survival time

Ty, as h — oo, satisfies (i) T,/ h — y) in probability if A < A2(Ty); (ii) |Tﬁ’1|*110g ET, — y»

in probability and Ty, /ET}, LY Exp(1) if A > A2(Ty), where y1, y» are constants depending on
d, ). In[8, 9, 24], similar results were established for the case of the lattice cube {1, ..., n}d .

Recently, in work of Mourrat and Valesin [25] and Lalley and Su [15], it was shown that,
for any d > 3, the contact process on the random d-regular graph, whose initial configuration
is the all-infected state, exhibits the following phase transition:
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e (Short survival) For A < A1(Ty), it survives for O (logn)-time whp.
e (Long survival) For . > A1(Ty), it survives for e®_time whp.

Moreover, in [15] a “cutoff phenomenon” of the fraction of infected vertices was established.
In [25], the same result as above is proven for G ~ G(n, u) with bounded & (Theorems 1.3
and 1.4). For an unbounded degree distribution w, Chatterjee and Durrett [5] proved that if
i obeys a power law, then the contact process always displays long survival for any A > 0,

though their survival time was slightly weaker than exponential (e”lﬂS for any & > 0). This
result was later generalized in [22] to an exponential survival. Our Theorems 3 and 4 extend
the aforementioned results to any general w. In [27], a long survival on general graphs for
A > Ac(Z) was settled, with survival time at least exp(|G|/{log|G|}*) for any « > 1. [4]
studied the contact process under similar settings as Theorem 3(2) and Corollary 5(2) with
additional assumptions on the degree distribution and showed that the expected survival time
is exponentially large in n.

On random graphs with power-law degree distributions, metastability properties on the
size of infected vertices were studied in [3, 23]. For other types of random graphs, recently
in [20] it was shown that the contact process on random geometric graphs exhibits both short
and long survival.

1.2. Main techniques. We sketch the ideas in the paper before giving the full proofs. The
analysis of the subcritical contact process (i.e., extinction and short survival) relies on three
main ideas which we now describe. Here, we assume that the offspring distribution of the
Galton—Watson trees and the degree distribution of the random graphs have exponential tails.

» Modified process: Preventing recoveries at the root. One main difficulty in studying
the contact process on Galton—Watson trees comes from complicated dependencies inside
the given tree. To overcome this obstacle, we consider the following modification of the
process:

e A vertex is added above the root that is always infected. As such the chain no longer has
an absorbing state.

e Recoveries at the root only occur when none of its descendants are infected at the time
of recovery. All the other infections and recoveries are the same as the original process.

In the modified process, when the root is infected, the processes inside each subtree from a
child of the root behave independently. By relating the stationary probability of the root being
uninfected to the extinction time we develop a recursive relationship over the tree height. As
a result, we show that the expected survival time of the contact process with small enough A
is bounded by a constant, for any finite-depth Galton—Watson trees.

» Exponential decay of infection depth: The delayed process. To relate the finite Galton—
Watson trees to the infinite tree, we prove that the probability that the infection goes deeper
than depth £ decays exponentially in /. To this end, we introduce the delayed process, which
spends exponentially longer time at states containing deeper infections. Based on a similar
argument introduced above, we show that the expected survival time of the delayed process
on the Galton—Watson tree is bounded by a constant if A is small enough. This will imply
that, in the original process, the infection can go deeper than / at most with an exponentially
small probability in /. Thus, the contact process on the infinite Galton—Watson tree can be
regarded as that on a large-depth finite tree, and hence we establish Theorem 1.

» Coupling the local neighborhoods of G(n, ). To study the contact process on G ~
G(n, ) exhibiting short survival, we attempt to dominate the local neighborhoods of the
graph by Galton—Watson trees, in terms of isomorphic inclusions of graphs. However, some
of the local neighborhoods N (v, r) will contain a cycle, and hence we introduce modified
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Galton—Watson type processes that contain a cycle and behave similarly as the Galton—
Watson trees. After dominating the local neighborhoods of G by the new branching pro-
cesses, we study the contact process on the latter graphs and bound its survival time based on
the aforementioned ideas.

On the other hand, when studying the long survival for G ~ G(n, u), we rely on the ex-
istence of what we call embedded expanders inside the graph. Roughly speaking, we call a
subset W of vertices in G an embedded expander, if: (i) all vertices in W have high degree,
say, at least M, and (ii) distance R-neighborhood of every subset W' C W of at most a certain
size intersects with W at more than 2|W’| vertices (see a precise definition in Lemma 5.2). As
noted above, we expect an infection at a degree M vertex to last for at least time exponential
in M.

Intuitively, if a subset W’ of an embedded expander W is infected, then the infections
inside W’ would happen repeatedly for a reasonably long time due to its large degrees, and
hence it will not die out whp before infecting its neighbors within distance R. Thus, if W is an
embedded expander, then the infection is likely to spread over 2| W’| vertices after some time.
In Sections 5 and 6 we make this intuition rigorous and prove the existence of an embedded
expander inside G. For the latter argument we partially rely on the cut-off line algorithm
(Definition 7.3), which was introduced in [14], to find the cores of random graphs.

For Theorem 4 we show that if @ is subexponential, then we can find an embedded ex-
pander in G such that R is arbitrarily smaller than M. Therefore, even if A is very small, it
will be possible for infections in the embedded expander to travel the distance of R before
dying out.

1.3. Organization. The rest of the paper is organized as follows. After we set up nota-
tions and review some preliminary facts in Section 2, we prove Theorem 1, Theorem 3(1),
Theorem 3(2) in Sections 3, 4 and 5, respectively. In Section 6 we prove Theorems 4. In
Section 7 we prove a structural lemma on the embedded expanders mentioned above which
plays a crucial role in establishing Theorems 3(2) and 4.

1.4. Notations. For two positive sequences (a,) and (b,), we say that a, = O(b,) or
b, = Q(ay,) if there exists a constant C independent of n such that a, < Cb, for all n. If
a, = O(by) and b, = O(a,), we write a, = O(b,).

2. Preliminaries. In this section we set up notation and briefly describe some basic prop-
erties of the contact process and random graphs which will be used throughout the paper.

For a graph G = (V, E) (finite or infinite), the contact process on G with infection rate A is
the continuous-time Markov chain on the state space {0, 1}V, where 0 (resp., 1) corresponds
to the healthy (resp., infected) state. If the initial state is 14, that is, the vertices in A C V are
infected, we denote the process by

(X;) ~ CP*(G; 14).

We will frequently use the notation 0 for the all-healthy state 0 = 15 and write 1, = 1) if
the state has a single infected vertex v. The transition rule of the process can be described as
follows:

e X; becomes X; — 1, with rate 1 for each v such that X,(v) = 1.
e X; becomes X; + 1, with rate AN, (u) for each u with X,(u) = 0, where N;(u) is the
number of neighbors v of u with X;(v) = 1.

We sometimes write CP*(G) when the initial condition is unnecessary. For convenience, we
usually denote the state space by {0, 1}©.
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———————————————————— r=s
A)
t=0
1 2 3 4 5
FI1G. 1. A realization of the contact process on the interval V = {1, ..., 5} with initial condition Xo = 1y . The

blue lines describe the spread of infection. We see that Xs = 1{2 3).

2.1. Graphical representation of contact processes. We briefly discuss a coupling
method of the contact processes using a graphical representation based on Chapter 3, Sec-
tion 6 of [18]. The idea is to record the infections and recoveries in CP*(G; 14) on the
space-time domain G x R.. Define i.i.d. Poisson processes {/N,(?)},cy with rate 1 and i.i.d.
Poisson processes { N (1)} . 3 with rate A, where E = {uv, vu : (uv) € E} is the set of
directed edges. Further, we let {N,(¢)}yev and {N;; (t)}uﬁvef to be mutually independent.
Then, the graphical representation is defined as follows:

1. Initially, we have the empty domain V x R,.
2. For each v € V, mark X at the point (v, ¢) at each event time ¢ of N,(-).

- - .
3. Foreach uv € E, add an arrow from (u, t) to (v, t) at each event time ¢ of N, (-).

This gives a geometric picture of CP*(G; 1,), and further provides a coupling of the pro-
cesses over all possible initial states. Figure 1 tells us how to interpret the infections at time
t based on this graphical representation. We point out two lemmas which are easy conse-
quences of the above construction. For proofs, see, for example, [18].

LEMMA 2.1. Suppose that we have the aforementioned coupling among the contact pro-
cesses on a graph G. Let T, and Tg be the first time when CP*(G; 1,) and CP*(G; 1¢) reach
the all-healthy state 0, respectively. Then, we have Tg = max{T, : v € G}.

LEMMA 2.2. For a given graph G = (V,E) and any A C V, let (X;) ~ CP*(G; 1,).
Consider any (random) subset T of R, and define (X;) to be the coupled process of (X,) that
has the same initial state, infections and recoveries, except that the recoveries at a fixed vertex
v are ignored at times t € L. Then, for any t > 0, we have X; < X}, that is, X;(v) < X;(v)
forall v.

2.2. Random graphs. Let u be a probability distribution on N and n be any integer. The
random graph G(n, ) with degree distribution p is defined by the following procedure:

e Letdy,...,d, benii.d. samples from u conditioned on {er'lzl d; is even}.
e Sample G by taking a simple graph on n vertices with degrees {d;};_; uniformly at
random among all possible choices.

Further, we consider a variant of G(n, i) which is constructed as follows:

e Sample dy, ..., d, as above. Here, d; denotes the number of half-edges attached to ver-
tex i.
e Pair all the half-edges uniformly at random.
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The resulting graph G is called the configuration model which is denoted by Gt (n, ). The
difference here is that G is not necessarily a simple graph. However, if the second moment
of u is finite, we have the following contiguity between the two models. For details, see, for
example, [30], Chapter 7.

LEMMA 2.3 ([13, 30]). Suppose that I[EDNMD2 < 00. Then, uniformly in n, we have
PG~Gen,10) (G is simple) € (0, 1).
In particular, for any subset A,, of graphs with n vertices,

PGNch(ﬂ,u) (GeA,) — 0 implies PGNg(n’M) (GeA,)—0.

Throughout the paper we study the configuration model G¢(n, p) instead of G(n, ), under
the assumption IEEDNMD2 < o00. Further, it is well known that G ~ G(n, u) (and hence,
G ~ G(n, 1)) whp contains the unique connected component of size linear in #, if and only
if Ep~, D(D —2) > 0 (for details, see [21]). Hence, we always assume Ep~,D(D —2) >0
which is the most interesting case for us. Otherwise, the graph decomposes into many small
components, and the contact process would not exhibit ¢®-survival time for any A > 0.

2.3. Local weak convergence. Given a sequence of random graphs G, let N (v, r) be an
induced subgraph of G, consisting of vertices of distance at most r from v. Let P, be the
distribution of the neighborhood N (v, r) where v is a uniformly chosen vertex of G,,. We say
that a random rooted tree 7 is the local weak limit of G, if for any finite r and any rooted
tree T of depth at most r,

lim Py (N(v,r)=T) =T, =T),

where 7, is the subtree of the first » generations of 7.
We shall use the following known convergence of G (n, ) to its corresponding Galton—
Watson tree. Define the size-biased distribution p’ to be

k (k)

,Qi] ip(i) ’
Note that if & = Pois(d), then ' = . Let T () ~ GW(u, ) be the size-biased Galton—
Watson tree in which the number of children of the root has distribution @ and the number of
children of an ith generation vertex (i > 1) has distribution x". We also stress that the Galton—
Watson tree is supercritical if and only if E D/NM/D’ > 1, equivalent to Ep~,D(D —2) > 0,
which we saw above.

Wk—1)= =1,2,...

LEMMA 2.4 ([7], Section 2.1). Assume that | has finite mean. Then, the size-biased
Galton—Watson tree T (i) is the local weak limit of G(n, u). The Galton—Watson tree with
degree distribution Pois(d) is the local weak limit of the Erd6s—Rényi random graph Gy q/n.

3. Extinction in Galton—Watson trees. Let £ be a random variable on N having an
exponential tail, namely, Eexp(c§) = M < oo for some constants ¢, M > 0. Throughout this
section we assume [E£ > 1, which makes 7 ~ GW(§), the Galton—Watson tree with offspring
distribution &, survive forever with positive probability. We also denote the depth-L Galton—
Watson tree by 7; ~ GW(&), and its root denoted by p.

The goal of this section is to establish Theorem 1. To this end, we prove the following in
the next two sections:
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e We first show that, for small enough A, the expected survival time of CP*(77; 1 o) 18
bounded by a constant uniform in L.

e Then, we prove that, for small enough A, the probability that the infection in
CP*(T1: 1 p) goes deeper than i decays exponentially in /.

At the end we will combine the two to see that the death—survival threshold A of the in-
finite Galton—Watson tree is strictly positive. Moreover, both properties will be essential in
Section 4.

3.1. Expected survival time in finite trees. In this section we prove the following theorem.

THEOREM 3.1. Let L be an arbitrary integer and &, Ty, be defined as above. Let Ry,
be the first time when CP* (Tr;1,) reaches state 0. Then, there exist constants C, Ly > 0,
depending only on &, such that for any . < Ao and L, we have ERp < C.

Let D ~ & denote the degree of the root p and vy, ..., vp be the children of p. Further,
let 7,, denote the subtree of 7 rooted at v;. To establish Theorem 3.1, our attempt is to study
the effect of joining the subtrees 7, together at p, and hence expressing Ry in terms of
R;_1. The main difficulty of this approach comes from the fact that the contact process on
71, does not behave independently on each subtree 7,,. To overcome this obstacle, we study
the contact process in a slightly different setting, that is, by adding a parent p™* above the root
p which is infected permanently.

DEFINITION 3.2 (Root-added contact process). Let T be a finite tree rooted at p. Let T+
be the tree that has a parent vertex o™ of p which is connected only with p. The root-added
contact process on T is the continuous-time Markov chain on the state space {0, 1}7, defined
as the contact process on T with p* set to be infected permanently (hence, we exclude p™
from the state space). That is, p™ is infected initially, and it does not have a recovery clock
attached to itself. Let CP;\)Jr (T; x0) denote the root-added contact process on T with initial

condition xq € {0, 1}7.

By adding a permanently infected parent, we can take advantage of independence between
different subtrees as well as the stationary distribution of the process, as briefly discussed in
Section 1.2. In the following lemma we formally introduce the “modified process” explained
in Section 1.2 and construct a quantitative recursion argument in terms of the tree depth.

LEMMA 3.3. Let L be an arbitrary integer and &, Ty be defined as above. Define Sy, to
be the first time when CPzJr (’7'L+; 1,) reaches state 0. Then, there exists a constant Ay > 0,

depending only on &, such that for any .. < Ao and L, ESy <e.

PROOF. We build an inductive argument in terms of L, by considering the modified
contact process ()N( 1)~ (f)T:’/A)Jr; p(T+; 1,) defined as follows:

° ()~( ¢) is coupled with (X;) ~ CP;+ (T;H:1 p) in the sense that they share the same loca-

tions of recovery and infection clocks. In particular, p™ is permanently infected in (X)).

e In (X,), the recovery at p at time s is valid if and only if X, =1 p- Otherwise, we ignore
the recovery at p. In other words, when there exists an infected vertex other than p and p ™,
the recovery at p is neglected.

Let S LNbe the first time when X ; reaches the gll—healthy state 0. Then, Lemma 2.2 tells us that
S1 < Sr. Assume that we started running (X;) from ¢ = 0. Then, there are two possibilities
for the transition to the second state from the initial state 1,:
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A. p is healed.
B. p infects one of its children, say, v;.

When A happens, then Sy is just the time elapsed until encountering A. If we let D denote
the number of children of p, then probability of the event A is Hﬁ and also

E[S.|A] =

1+ 1D

On the other hand, when B happens, then the recoveries at p are neglected until all of its
descendants are healthy. Therefore, the infection and recovery occurring inside the subtrees
Tv; U {p} become independent of each other until all of them become completely healthy at
the same time. Hence, after the occurrence of B, where we have 1, ,,} as its new initial state,
(X;) can be viewed as the product chain (X®) of root-added contact processes, defined as
follows:

D
(X®) ~ CPE(TL; 1y,) := (® CP (T, 0)) ® CP(T,F: 1y,).

2
(Here, for each T,;, we view p as its permanently infected parent of the root v;.) Note that
this perspective is valid until X; returns back to 1,.

Let §i® denote the time that the above product chain on UJD:1 Ty, started from the state 1,,
reaches the all-healthy state 0. At time s = §l® , X, is again in the state 1,; hence, it again
meets with either A or B in the next step. Note that in this situation the expected waiting
time to encounter either event is Hﬁ' Also, define S® to be the average of §1-® over all i,
recalling that when event B occurs, each child v; is infected with equal probability. Then, if
we continue this procedure until X, reaches 0, we get

s AD)kl

BISL1TL]= Z(l +iD) 144D
(3.1) k=0

<@+

I® .
kB[S |{7;,..,e[D]}]].

Simplifying the sum then gives

E[S. | T2]1=1+ADE[S® | {Ty, :i € [D]1}]
which implies
(3.2) E[S. | D1=1+ »DE[S® | D].

The next step of the proof is to estimate E[S®|D] by relating it to the stationary distributions
of the root-added contact processes. Let 77(P) be the stationary distribution of the product
chain CP%’ (T1) (when defining 7 ©), note that the initial state of the process is irrelevant).

We also let ; be the stationary distribution of CP:\) (7;+). Then, we have

D
JT(D) = ®7T,‘.
i=1

For any state x on 77 \ {p}, 7P)(x) is proportional to the expected time that the chain
(X ? ) ~ CP%’ (TL) stays at state x. Moreover, the expected time for the chain to stay at 0 is
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(AD)~!, and, after escaping from 0, it spends time E[S®|7;] in expectation before returning
back to 0. Therefore,

(AD)~! B 1
(AD)~' +E[S® |Tz] 1+ ADE[S® |T.]’

(3.3) 7P 0) =

Similarly, we have
1
1+ AE[SL 1| Ty, ]
where S;_; is the first time when (X;) ~ CP%(TJ; 1,,) reaches state 0. Here, note that

S1—1 matches with the definition from the statement of this lemma since 7,, ~ GW(§)_1.
Therefore, we obtain that

(3.4 7i(0) =

D
(3.5) 14+ ADE[S® | T.] = ]‘[1+,\ESL 11 To1)-

Since {7y, }i>1 are i.i.d. GW(&) . for all i, 1ntegrat1ng (3.5) over the randomness of {7y, :
D1} tells us that

1+ ADE[S® | D] = (1 + AE[S;_11)” < exp{(AE[SL_1]) D}.
Combining this with (3.2), we get
(3.6) E[S;. | D] < exp{(AE[S._1])D}.

In the last step of the proof, we complete the inductive argument using the fact that D ~ &
has an exponential tail. Let us set ¢, M > 0 to be the constants satisfying Eexp(cD) =
When L =0, we trivially have that ESy = 1. Define K and Ag as

K =e-max{logM, 1}, A= —.
Suppose that E[S; 1] < e. Then, for any A < Ag, we have

~ AE[S; -
ES;, <ESp <Ep~¢[exp(AE[Sz—1]1D)] =Ep~¢ [exp(M . cD>]

C

<e

— &

AE[SL—
E exp{log MM}
c

where we used Jensen’s inequality to deduce the first inequality in the second line. Finally,
an elementary induction argument implies the desired result. [

PROOF OF THEOREM 3.1. For R;, S; defined as in the statement of Theorem 3.1 and
Lemma 3.3, respectively, we have ER; <ESy due to Lemma 2.2. Therefore, setting A¢ as in
the proof of Lemma 3.3 and C = ¢, we obtain ER; < C forall A <Agand L. [

3.2. Exponential decay of the infection depth. In this section we show that the maximal
depth that the infection can reach before dying out decays exponentially.

For any integer L, let 7, ~ GW(&), and 7‘+ be the graph obtained by adding a new parent
root p* above p in 77, as before. For each state x € {0, 1}7Z, define the depth of x in 7'+ to
be

r(x) =r(x; 7;5) =max{d(pt,v) : x(v) = 1}.
For x = 0, we set r(0) = 0. Consider the root-added process (X;) ~ CP/A) (T ») (Def-

inition 3.2), and let Sy be the first time when the process reaches the state 0. Let H =
max{r(X;) : t € [0, S.]} be the maximal depth that the process reaches during an excursion
from 0. Our goal in this section is to establish the following theorem and conclude the proof
of Theorem 1.



254 BHAMIDI, NAM, NGUYEN AND SLY

THEOREM 3.4. Let L > 0 be any integer and let Ty, Sp and H be as above. There exist
constants K, Ay > 0, depending only on &, such that for all A < ,o, h > 0 and m > 0, we
have

P(H > h|T.) <2m(KL)"

with probability at least | —m™" over the choice of Ty
In order to control the deepest depth of infection, we introduce the delayed contact process.

DEFINITION 3.5 (Delayed contact process). Let ST be a graph rooted at p™ and S =
ST\ {p™}. For any two states x, y € {0, 1}, let O,y be the rate of transition from x to y in
the contact process CPzJr (S8T). For a fixed constant 6 € (0, 1), the delayed contact process,
denoted by DPz’f (ST x0), is the continuous-time Markov chain on {0, 1}° with initial state
xo and transition rate

.Gt
) =00, =0,

According to the definition, in the delayed contact process we spend exponentially longer
time in the states with deeper depths. Let mg, vg denote the stationary distributions of

CP;+ (8T) and DP;\)’f (S8™T), respectively. Then,

0" rs(x)
Y, 0 s (y)’
where the summation is over all possible states y € {0, 1}°.

Suppose we have a lower bound on vg (0). Then, this implies an upper bound on 7s(x),
by

(3.7) vi(x) =

0" 8 (x) - 0"l (x)
2 0 ONE() T vE(0)
which intuitively infers that it is (exponentially) unlikely to see states of having very deep in-

fections until the process comes back to 0. Based on this intuition, we establish the following
proposition.

ws(x) =

’

PROPOSITION 3.6. Let L > 0 be any integer and Ty ~ GW(E) . Set v% to denote
the stationary distribution of DPz’f (7'L+) on the space {0, 1}7L. Then, there exist constants
K, Ao > 0, depending only on &, such that for all A < A9 and L,

E[g, )~ <2,

where 0 is given by 6 = K.

PROOF. Let Sg be the first time when (X;) ~ DPz’f (7,71 p) reaches state 0. We first
derive an analog of (3.2) based on the methods from Lemma 3.3. To this end, define ()~( ()~
ﬁ’ﬁf : p(T+; 1,) to be the modification of (X;) in such a way that:

1. ()? +) shares the same infection and recovery clocks as (X;).
2. In (X,), healing attempt at p is ignored if there exists an infected vertex other than p™
and p at that moment.
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Let D ~ & denote the number of children of p, and let {7,, :i =1, ..., D} be the subtrees
from the children u1, ..., up of p. Then, when there is an infected vertex other than p™ and
o in X ¢, it can be regarded as the slowed-down version of process DPﬁ’Q (71), where it spends
longer time by the factor of 0! at each state, since the tree 77 is one depth lower than 7'L+.
Note that in DPﬁ’e (Tr), p is the permanently infected parent that has D children.

Let Eg be the first time when X + becomes 0. Also, let EIQ be the first time when
DP)AO’Q(TL; 1,,) is 0, and set S? to be the average of §le overi =1,...,D. Then, we can
apply the same argument as Lemma 3.3 to this setting and deduce that

OOAD)kl[k+l k

~0 B -
48) E[SL|72]_]§)<1+)LD 14+AD 0(1+AD)+9E[S |’TL]:|

= é(l +ADE[S? | T.]).

Now we relate these equations with the stationary distributions. Let U% , v% ~ be the station-
ary distributions of DPIKJ*Q(TL), DP2’9(7;7L), respectively. Further, define v% l: i’il v%l_ .In
contrast to what we had in Lemma 3.3, we do not necessarily have T)’% = v% .

For each state x € Qj := {0, I}UiilT”i of DP?,’Q(TL), we decompose it into x = (x,-)i’;l,
where x; € @; := {0, 1}77‘1‘. Setting nT,. to be the stationary distribution of CP)AO (7';;) and
71% =Q~2, 7, the equation (3.7) implies that

9*’0“71)71% (x) 6T l‘[f;l T, (xi)

Y e Q—r(y;ﬁ)n% 0 e, 0—r(TL) ]‘[i'il T i)’

~0
V7L (x) =
D 0" i Ty

Do (x;)
® Tu; \Ai
39 g =] _ ]
( ) - l:l_ll Zy,'EQ,' 0 (yl’ni)nlnti i)

_yD T
I A T D

_ _ .
— 2 is u; D
Yyeq, 07 Z= 0TI o (1)

Notice that

D
r(x; Tp) =max{r(x;; Tp,) :i=1,...,D} < Zr(xl-; Tui)-
i=1

Therefore, deeper states tend to have larger weight in v% than in i% which implies that
v2 (0) <75 (0).

Moreover, we have the following equations as an analog of (3.3), (3.4):

1 D 1
3.10 W (0) = - , 20)= [ ]
G109 O Y AR AR 1:[1 1+ AELSY | | Tl

We combine our discussion with (3.8) to deduce that

- 1D
BISY | 72] <BISY I 72) < 2 [[(1+4B[S]_, | T,
i=1



256 BHAMIDI, NAM, NGUYEN AND SLY

and hence
1
(3.11) E[s?] < SEn~g [exp(AE[SY_,]D)].

The final step is to adjust the constants and to deduce the conclusion. Let ¢, M > 0 be
constants satisfying Ep~¢ exp(cD) = M. We set K, Ag > 0 and 6 as

2log M } 1

A= —, 0=KAx,
2K

where A € (0, Ag] is arbitrary. For L = 0, we have ESg =61 Suppose that IESg_l <2/6.
Then, the right-hand side of (3.11) can be bounded by

1 1 AE[S?
SEo-elexp(uE[S{_ 1D)] = e [exp( S ep)]

K:max{ ,
clog?2

1 1 2
< 5exp{logM< E[S) 1])} < GMLK < 5
where the first inequality is due to Jensen’s inequality. Therefore, for K, Ao as above, we have
ESE <2/6 for all L < Ao with & = KA. Finally, note that v% (0) is given by
1
L+ AE[S] | TL]

Thus, we obtain the desired conclusion by taking expectation over its reciprocal and plugging
in the estimate IESg <2/6. O

v (0) =

PROOF OF THEOREM 3.4. Let L > 0be an arbitrary integer, and let 7, ~ GW(&) . Also,
let K, Ag be the constants given by Lemma 3.6, and let ;| v% be the stationary distributions

of CP?)Jr (7'L+) and DPZ’f (TL+), respectively, with 6 = KA.
Set 2 = {0, I}TL, and define
Ai={xeQ:r(x;T;") = h}.
We first observe that

7,(A) _ S ren 0TI (x) A
w7, (0) 7,(0) —%w'

Proposition 3.6 and Markov’s inequality imply that with probability 1 — m ! over the choice
of 71, we have V! ”72 (0)~!' < 2m, and hence for such choices

77, (A)
77, (0)

Moreover, if (X;) ~ CPKX)Jr (7'L+) hits A, then the expected time needed for X; to escape from

A is at least 1. Indeed, it takes a unit expected time just to heal one infected site of depth at
least 4. In other words, if we set S, H as in the statement and define y7 (h) :=|{t € [0, S.]:
X; € A}| where | - | denotes the Lebesgue measure, then

ElyL(h) | H=h, T ] = 1.
Combining this with (3.12) tells us that
P(H > h|TL) <E[yL(h) | H = h, TL]P(H = h | Tr) <E[yr(h) | TL]
< T ok,
77;(0)

with probability 1 —m~! over the choice of 7. O

(3.12) <2m(KM)".




EPIDEMICS ON RANDOM GRAPHS 257

We conclude this section by completing the proof of Theorem 1.

PROOF OF THEOREM 1. Let K, Ao be given as Theorem 3.4, and set A < Ag to be a
constant such that KA < 1. Let § > 0 be any given small number, and set % to be the constant
satisfying (K1) = %. Further, let 7 ~ GW(&) and p be its root.

Define E(h) to be the event that the infection inside CP*(7; 1 p) does not go deeper than
depth / until dying out. Then, Theorem 3.4 implies that

P(E(h)>1—6

which can be seen by setting m = %

Let 7, be the truncated tree of 7 at depth 4, and couple the processes CP*(T; 1,)
and CP*(Tj; 1,) by identifying the recoveries and infections inside 7,. Then, on E(h),
CPM(T; 1,) can be regarded as CP*(Th; 1,). Let R and R;, be the times when CPM(T; 1,)
and CP*(Tj; 1 p) reaches 0. Then, Theorem 3.1 tells us that

E[R | E(h)] =E[Ry | E(b)] < ERy  _

— P(E(h))
Thus, for (X;) ~ CP*(T; 1,), we have
P(X; #0 for all t > 0) <34.

Since this holds true for all § > 0, we conclude that A; (GW(§)) > 1 > 0. 0O

4. Short survival in random graphs. We turn our attention to the contact process on
random graphs G ~ G(n, u). Throughout the rest of the paper, u is a probability distribution
on N that satisfies for D ~ u,

ED(D — 1)
A |
ED

as discussed in Section 2.2. In this section, in particular, we assume that p has an exponential
tail, that is, E exp(c D) < oo for some ¢ > 0. Our goal is to establish Theorem 3(1) by proving
the following.

02:=ED* <00 and b:=

’

THEOREM 4.1. Let u be as above, and G ~ G(n, u). For a vertex v € G, let T, de-
note the time when CP*(G; 1,) reaches the state 0. Then, there exist events &1, £2(G) and
constants B, Ag > 0, depending on ., such that the following hold:

e & is an event over the random graphs such that P(G € £1) =1 — o(1).
e &£ (G) is an event over the contact process CP*(G) such that

P& 1Ge&)=1—-o0(1).

e Forall A € (0, Lg), we have

1
- > E[T,|Ge&l<B
nveG

for all large enough n.

Then, our main theorem follows simply by applying Markov’s inequality.
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PROOF OF THEOREM 3(1). Let T be the time when CP*(G:; 1) reaches the state 0. On
the event £ and & = & (G) given in Theorem 4.1, for any constant C > 0 we have

P(T > Cn | &,&) =P(maxT, > Cn | &1, &)
veG

B
< E P(Ty, > Cn | &1, &) < —,
C

veG

where the first equality is due to Lemma 2.1, and the second is from Markov’s inequality.
Since the events £ and & given G € & both hold whp, we obtain the conclusion. [

In the rest of the section, we focus on proving Theorem 4.1. Our proof relies much on
the fact that the local neighborhood N (v, L) := {u € G : dist(u, v) < L} of a fixed vertex v
roughly looks like a Galton—Watson branching process. Hence, the results from Section 3
will play a huge role in this section as well.

However, since G (n, ) contains cycles with nontrivial probability, we introduce a variant
of Galton—Watson trees that can cover the effect of cycles in G(n, 1), and develop a delicate
coupling argument with the local neighborhood N (v, L). This new branching process will
stochastically dominate N (v, L) in terms of isomorphic embeddings of graphs, and hence
the contact process will survive for a longer time. The result will then follow by showing
Theorem 4.1 for this new graph.

4.1. Coupling the local neighborhood. Let G ~ G(n, 1), where u has an exponential
tail, and let ©’ denote the size-biased distribution of . As discussed in Section 2.2, it
is well known that the local neighborhood N (v, L) around v € G behaves roughly as the
Galton—-Watson process GW(u, ') .. However, the standard coupling between the two ob-
jects produces an error at least ® (n~!). Therefore, we consider augmented versions of s, it/
to stochastically dominate N (v, L) by a larger geometry.

DEFINITION 4.2 (Augmented distribution). Let i be a probability distribution on N with
an exponential tail. Let kg = max{k : ijk JPj = 1/2}, and kmax := max{k : py > 0}, with
kmax = +o00 if the maximum does not exist. When ko < kmax, we define the augmented dis-
tribution * of u by

g0 _ L pj/2 if j <ko;
w(j) = o
Z \J/p;j if j> ko,
where Z =3 i Pj/2+ X jsky o/Pj- If ko = kmax, then we let

g L pj/2 if j <ko;
u(j)= o
zZ |Jp; ifj=ko,

where Z =i 4 Pj/2+ /Pko-

We observe some of the basic properties of augmented distributions in the following
lemma. The proof is based on elementary applications of estimating large deviation events
and is postponed to Appendix (Section A.1) since it is a bit technical and less related with the
main theme of the work.

LEMMA 4.3. Let u be a probability distribution on N:

(1) If i has an exponential tail, then so does p*.
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(2) Let Dy, ..., Dy, be n independent samples of jv. For a subset A C [n], let { pkA}k denote
the empirical distribution of { D;}ie[n)\a. With high probability over the choice of D;’s, {pkA}k
is stochastically dominated by u*, for any A € [n] with |A| <n/3.

REMARK 4.4. The i.i.d D; in the second condition of Lemma 4.3 can be viewed as a
degree sequence of G ~ G(n, u). Consider the exploration procedure starting from a single
fixed vertex v which, at each step, reveals a vertex adjacent to the current explored neigh-
borhood and the half-edges incident to the new vertex. Then, the second statement says that,
when the exploration process revealed N < n/3 vertices inside the local neighborhood of v,
the empirical degree distribution of the n — N unexplored vertices is stochastically dominated
by u* with high probability.

Using the above properties of augmented distributions, we develop a coupling argument
to dominate N (v, L) C G by a Galton—Watson type branching process. To this end, we first
take account of the effect of emerging cycles in N (v, L).

For a constant y > 0, let A(y) be the event that N (v, y logn) in G contains at most
one cycle for all v € G. The following lemma shows that we typically have A(y) for some
constant y .

LEMMA 4.5. There exists y = y () > 0 such that for G ~ G(n, u), P(G € A(y)) =
1 —o(l).

This is a well-known property that holds true in general for various types of random graphs.
Our proof of this lemma will be very similar to that of Lemma 2.1 in [19]. Howeyver, it is more
technical, due to generality of the model, and hence we postpone the proof to Section A.2.

Fix a constant y; > 0 satisfying the condition in Lemma 4.5, and let A = A(y;) for con-
venience. In the following we define two Galton—Watson type branching processes which are
used to stochastically dominate N (v, y1 logn).

DEFINITION 4.6 (Galton—Watson-on-cycle process). Let s, L be positive integers with
s > 2, and let £ be a probability distribution on N. We define the Galton—Watson-on-cycle
process (in short, GWC-process), denoted by GWC(&; s) ., as follows:

1. Let C be a cycle of length s, and distinguish one vertex as the root p.
2. On C we add (s — 1) independent GW(&) trees, each rooted at a vertex of C except
for p.

The vertex p is called the root of GWC(§; s) L.

DEFINITION 4.7 (Edge-added Galton—Watson process). Let [, s, L be positive integers
with s > 2 and [ < L, and let £ be a probability distribution on N. We define EGW(§; 1, s)r,
the edge-added Galton—Watson process (in short, EGW-process), as follows:

1. Generate a GW() tree, conditioned on survival until depth /.
2. At each vertex v at depth /, add an independent GWC(&; s);—; process rooted at v.
Here, we preserve the existing subtrees from v.

Let & be another probability measure on N. Then, EGW(&, &'; 1, s). denotes the EGW-
process where the root has degree distribution &, and all the descendants have &’. Here, we
also add GWC(&'; s).—; in the second step of the definition.
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We now develop an argument showing that the local neighborhood N (v, L) is dominated
by a combined law of EGW-processes. In what follows, for two probability measures vy and
vy on graphs, we say vy stochastically dominates v, and write v > Vo if there exists a
coupling between S ~ v; and S7 ~ v, such that S C S} in terms of isomorphic embeddings
of graphs, that is, there exists an injective graph homomorphism from S, into Sj.

Fix a vertex v € G, and consider its local neighborhood N (v, L,) where L, = y;logn
with y; as in Lemma 4.5. For each /,s with s > 2, we define the event B; ;(v) to be the
subevent of A such that, in addition to A, N (v, L,,) forms a cycle of length s at distance [
from v.

For the given degree distribution w, let i be its size-biased distribution, and i := /LEL )
denote the distribution ' conditioned on being in the interval [1, c0). Let u* and i be
the augmented distributions of p and [z, respectively. Further, let n, n; s and no denote the
probability measures on rooted graphs describing the laws of N (v, L,,), EGW(u*, fi*; 1, 5) 1,
and GW(u?, i), , respectively.

LEMMA 4.8. Under the above setting and for a fixed vertex v € G, we have the following
stochastic domination:

nlg <y Z bs,lns,l+b0n0s

l,s:5>2

where by s =P(B;5(v)), bo=1— 3 s bs,.

PROOF. We study N (v, L,), from an exploration procedure point of view, in terms of
the breadth-first search algorithm. Initially, before exploring anything we have n vertices
with each of them having i.i.d. u half-edges. The term “explore” means that we match a pair
of half-edges and form an edge between their endpoint vertices. For convenience, we initially
impose an arbitrary ordering on all half-edges before exploring anything. We consider the
following exploration procedure:

e We start from the single vertex v and the half-edges adjacent to it.

e Suppose that we explored up to depth-r neighborhood of v. Let dN (v, ¢) denote the
unmatched half-edges on the boundary of N (v, t), and we explore the half-edges in dN (v, t)
one by one, respecting the aforementioned ordering. During the (¢, i)th exploration step for
1 <i <|9N(v,t)|, the ith half-edge in N (v, t) is paired with a uniformly random unex-
plored half-edge.

Let N(v,t; i) denote the explored neighborhood until (z, i)th exploration step. Also, let
H; =|0N (v, t)|. During the (¢, i)th exploration step, the ith half-edge of dN (v, t) seeks for
its uniformly random pair from the unexplored half-edges. Therefore, if we have yet explored
fewer than 5 vertices, then, after pairing a half-edge, the number of newly added half-edges
to N(v,t;i) from N (v, t;i — 1) is stochastically dominated by %, due to Lemma 4.3. This
implies that, conditioned on the event that N (v, ¢; i) does not contain any cycles, N (v, t; i) is
stochastically dominated by 7; ;, where 7; ; is generated by adding new offsprings according
to fi¥ to i vertices of depth ¢ to the Galton—Watson tree 7; ~ GW(u*, fi%);.

Define (T, I) to be the index of the exploration step when a cycle is formed. In other
words, the /th half-edge in N (v, T') is either paired to a jth half-edge in d N (v, T') for some
j > I or to one of the newly explored half-edges during the (7, k)th exploration step for
some k < I. Note that on the event A, either the unique (7', I) exists or it does not exist up
to exploring N (v, Lj).

Suppose that there exists unique valid (7', 7). Let C be the cycle formed at this step and
v(C) be the vertex in C that is closest to v. Up to the (T, I — 1)th exploration step, we
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can stochastically dominate N (v, T; I — 1) by 77,71 as mentioned above. Let w(C) be the
vertex in 7 7—1 corresponding to v(C) via an isomorphic embedding of N (v, T; I — 1) into
Tr.1—1. At (T, I)th exploration step, we add S ~ GWC (it |C|)L, at w(C). Note that this
GWC-process S can be coupled with C and its descendants in N (v, L) in the sense that each
Galton—Watson subtree hanging to the cycle of S stochastically dominates the corresponding
subtree in N (v, L;) hanging to C.

Let [ denote the distance from v to v(C). Completing the rest of the exploration as dis-
cussed above, N (v, L) is stochastically dominated by EGW(u?, ﬁﬁ; [,|C|)L,, given that
there exists the unique valid (7T, I). This implies that on the event A, N (v, L) is stochasti-
cally dominated by a combined law of EGW-processes, and, in this combination, the prob-
ability mass of appearance of EGW (u?, li%; 1, s) L, should be b; s =P(B; ). This concludes
the proof of the claimed result. [J

4.2. Estimating the survival time. Thanks to Lemma 4.8, we now study the contact pro-
cess on edge-added Galton—Watson processes. On such graphs, we first show that the ex-
pected survival time of the contact process is bounded by a constant, when the infection rate
is small enough, as an analog of Theorem 3.1.

PROPOSITION 4.9. Let l,s, L be any integers such that s > 2 and L > I. Let R s |,
denote the first time when CP* (S;1,) reaches at state 0, where S ~ EGW(uﬁ, ﬁﬁ; L,s)r
rooted at p. Then, there exist constants C, Ay > 0, depending only on ., such that for all
A <Xy, s,land L,we have ER; ;1 <C.

REMARK 4.10. Since the coupling given in Lemma 4.8 only works until depth L, =
y1logn, we need to show that the contact process on edge-added Galton—Watson process
does not go deeper than y; logn with probability 1 — o(n~!). Note that the o(n™") error is
needed when applying a union bound over all vertices in order to translate our results to
G ~ G(n, ). This will be done in the next section based on Theorem 3.4.

To establish Proposition 4.9, we develop a recursive argument on both s and L to deduce
an analog of Lemma 3.3 for GWC- and EGW-processes. The idea will be similar to that
of Lemma 3.3 which is to utilize the notion of root-added contact process (Definition 3.2).
We first extend the result of Lemma 3.3 to the case of GWC-processes: in the following
lemma we estimate the time that the root-added contact process CP/A) (S) reaches 0, where
S ~ GWC([i%; s) (note that the state space is now {0, 1}°\?}). Here, we fix the root p of
S to be the permanently infected parent. There is a slight difference from the previous root-
added contact processes considered in Lemma 3.3, since now the permanently infected parent
has two children rather than one. We pick a child v of p and study CP; (S; 1).

LEMMA 4.11. Lets, L be any integers with s > 2, and let S ~ GWC(ﬁn; s)r be a GWC-
process rooted at p, with [i* as before. Let v be any neighbor of p, and let Sy, | denote the
first time when CP?) (S; 1) reaches at state 0. Then, there exists a constant Ao > 0, depending
only on ., such that for any . < Ao and s, L, ESs | <2e.

PROOF. Let us first study the case of s > 3. We will develop an inductive argument on
s, similarly as in Lemma 3.3. Let (X;) ~ CP; (S;1,), and consider the modified version

(X)) ~CP. (S: 1,) of (X,), defined as:

1. (X)) is coupled with (X;) in the sense that they share the same locations of recoveries
and infections. In particular, p is infected in (X;).
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2. In ()N( +), the recovery at v at time s is valid if and only if X s = 1. Otherwise, we ignore
the recovery at v. In other words, when there exists an infected vertex other than p and v, the
recovery at v is neglected.

The modified process éT:’z;v(S ; 1,) plays the same role as the éTD—process introduced in the
proof of Lemma 3.3, which we now detail. Let D ~ [i¥ to satisfy deg(v) = D + 2, and
let uy,...,up be the neighbors of v which are not on the cycle of S. Let 7,, denote the
subtrees branching from u;, which has the law of i.i.d GW(fi*);_1, and regard v € 7;; as the
permanently infected parent of u;. Further, call S’ = S\ U2 | T, and define CPQ’U(S/ ) to
be the contact process on S’ in which p and v are set to be infected permanently. As we run
the process ()N(t) from t = 0:

A. The second state of X, is 0 with probability m. Here, D 4 2 comes from D + 1
possible new infections from v, and one possible infection from p to its child other than v.
When this happens, the expected waiting time until the transition to 0 is m.

B. Otherwise, {p, v} infects a uniformly random neighbor U before v is healed, and ()N( )
then can be regarded as a product chain of CP?),U(S’ ) and {CPﬁ (7;;) :i € [D]} with initial

state 1y, until X ¢ returns back to 1,. Denote this product chain by CP%’;v(S) (whose state

space is {0, 1}5\MP-v}) Here, U can be thought of the first infected vertex besides {p, v} in
CP% (S; 0).

Let §S,L be the first time that 6[32; ,(S;1,) becomes 0, and let S® denote the first time that

CP? ,(8; 1y) reaches all-healthy state except o, v. Then, similarly as in Lemma 3.3, the
above reasoning implies that

X/ (D+2)r )k 1

E[Ss.z |3]=1§<1+(D+2)A I+ (D +2)2

4.1 [ k41
1+ (D +2m
=1+ (D +2)AE[S® | S].

+ kE[S® | S]}

Therefore, we have
4.2) E[Ss.. | D1=1+ (D +2)AE[S® | D].

Now, we take account of the stationary distributions of the above processes to obtain the
conclusion. Let 7%, 7" and m; be the stationary distributions of CPfiv(S), CP?)’U(S/ ) and

CP;} (7:[), respectively. Then, clearly, 7% = (®I-’;1 ;) ® '. We can relate these objects
with the running times similarly as (3.3), (3.4), by:

1
o .
O =T b Ese | S
1
(4.3) O = RS T
7'(0) = :

14+ 2AE[Ss—1. | ST

where S;_; denotes the first time when CPﬁ (7;[?; 1,,) becomes 0 and Ss_; ; is the time it
takes for CPQ’U(S/ ; 0) to return to 0 after the first infection, besides {p, v}, occurs. Note that
the existence of the infection other than {p, v} in CP)AO’U (S’; 0) is guaranteed by the condition
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s > 3. Also, notice that S’ can be regarded as S” ~ GWC(ji*; s — 1), since the processes
CP?)’U(S/; 1,,) (with w being a neighbor of {p, v} in §’) and CP/A)/ (S8”; 1,) for the root p’ and
one of its neighbor v’ of §” share the same law. This implies that the notation Ss_1 1 in (4.3)
matches with the definition of it given in the statement of the lemma.

Therefore, combining (4.2) and (4.3) gives that

(4.4) E[Ss. | DI <E[S;.1 | D] < (1+2AE[S;—1,.])(1 + AE[S.-1])”.

Since we already have a bound for E[S; ] due to Lemma 3.3, we deduce the desired result
by manipulating (4.4), as in the final step of the proof of Lemma 3.3. Namely, for any A <
min{Ag, (4e)~ !} with Ag given as in Lemma 3.3, (4.4) gives us that

E[Ss, 2] <e(l +2AE[Ss—1..]),

and hence E[S;_1, 1] < 2e implies E[S; 1] < 2e.

The case s = 2 is simpler, since GWC(fi%; 2); is the same as the law of 7'L+ for 7, ~
GW(j1%) 1, except that the parent p™ of p in 7'L+ is now connected with p by two edges. From
the contact process point of view, this means that the intensity of infection from p™ to p is 2
and everything else is identical to the case of GW(fi*) . Hence, the same proof as Lemma 3.3
can be replicated, and we obtain that there exists a constant Ao > 0 such that E[S; ;] < 2e for
all A < . We leave the details of the proof to the reader. [l

PROOF OF PROPOSITION 4.9. It can be proven by the same way as Lemma 4.11. For
completeness, we present the proof in the Appendix, Section A.3. [

4.3. Proof of Theorem 4.1. Let [, s, L be arbitrary integers with s > 2 and L > [, and
consider an edge-added Galton—Watson process S ~ EGW(u?, ii%; 1, s) 1.

We can extend the result of Theorem 3.4 and Proposition 3.6 to the case of edge-added
Galton—Watson processes. The method will be the same as Proposition 4.9 and Lemma 4.11,
appropriately adjusted to the current setting of delayed contact process (Definition 3.5).
We state the result in the following lemma, whose proof is deferred to the Appendix (Sec-
tion A.4), since it is similar to the previous proofs but more technical.

LEMMA 4.12. Let S ~ EGW(,uﬁ, ﬁﬁ; l,s); and vg be the stationary distribution of
Dsz (ST) on the space {0,1}°. Then, there exist constants C, Lo > 0, depending only on
W, such that for all A < Ay, we have E[vg(())_l] <2for6=CA\.

Based on Proposition 3.6 and Lemma 4.12, we have an analog of Theorem 3.4 for EGW-
processes. Thus, we can complete the proof of Theorem 3(1) by combining the previous
results to build up a coupling between the contact processes on local neighborhood N (v, L)
and on EGW-processes.

PROOF OF THEOREM 4.1. Let G ~ G(n, u) for any large enough n, and let y; > 0 be the
constant satisfying Lemma 4.5. For each v € G, let A, be the event that N, := N (v, y; logn)
in G contains at most one cycle. Then, the proof of Lemma 4.5 tells us P(A4,) > 1 — o(n™h.

Let A;, be the minimum between the A¢’s given by Proposition 4.9 and Lemma 4.12, C be
asin4.12 and 0 = CA for A < AE). Further, let (X;) ~ CP*(N,: 1,) and H, := max{r(X,) :
t > 0}, where r(X;) denotes the maximal depth among the infected sites in X;. Note that
r(X;) stays O after X; becomes 0.

Define the event B, as

B, :={P(H, > h | N,) <2n*(CA)", for all h}.
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Following the same proof as Theorem 3.4 based on Lemma 4.12, we have P(B,) > 1 —n™2

by dominating N, by the EGW-processes as Lemma 4.8. Assume that (CA)”! logn < ;=4 py
making A;, smaller if needed. Then, the event C, given by

Cy =Cy(G) :={H, < y1logn}

satisfies P(C,|.A, N By) = O(n~2). Note that A, N 13, is an event over the random graph G,
while C, is an event over the contact process (X;) given the graph G. By the aforementioned
coupling of N,, and the EGW-process, Proposition 4.9 gives that

4.5) E[T,|Ge A,NB,,Cy]1<B

for some constant B = B(u) > 0.
Define the events

&= (A NBy) and &(G):= [ C.
veG veG
Then, the above discussion shows that P(G € £1) =1 —o0(1) and P((X;) € £&2(G) | G € &) =
1 — o(1), and hence (4.5) holds the same given £ and £ (G), namely,

E[T, | G € &1, £(G)] < B,

under a possible modification of B if needed. Therefore, by linearity of expectation, summing
the above over all v € G gives the conclusion. [

PROOF OF COROLLARY 5(1). The statement follows immediately from the contiguity
of Gei(n, Pois(d)) and G, 4/, ([14], Theorem 1.1). To be precise, for any subset A, of graphs
with n vertices,

PG~Ge(n,1)(G € Ap) - 0 implies  Pg~g, ;,(G € Ay) — 0,

where pu = Pois(d). Since the statement is true whp for G ~ Gg(n, ), the configuration
model, it is also true whp for G ~ Gy, 4/n. O

5. Long survival in random graphs: Proof of Theorem 3, part 2.

5.1. A structural lemma. Our main tool to prove long survival time is the following struc-
tural lemma whose proof is deferred to Section 7. As mentioned in Section 1.2, we show that
the random graph G, contains a large («, R)-embedded expander. Once some subset of this
expander is infected, it is likely to spread the infection over its R-neighborhood whose size
more than doubles the original subset. We define an embedded expander as follows.

DEFINITION 5.1 (Embedded expander). For two positive numbers « and R, we say that
a subset of vertices Wy is an («, R)-embedded expander of G, if for every subset A C Wy
with |A| < a|Wy|, we have

(5.1) IN(A, R) N Wo| > 2|4,
where N (A, R) is the collection of all vertices in G, of distance at most R from A.

The following lemma concerns the existence of such an («, R)-embedded expander in the
random graph G,.

LEMMA 5.2. Suppose that | satisfies (1.1) and there exists some constant ¢ > 0 such
that IEDNMeCD < 00. Let G ~ G(n, ). There exist positive constants a, B, R, j such that the
following holds whp. There exist a subgraph G,, of G, whose maximal degree is at most 2 j
and an (a, R)-embedded expander Wy of G, with |Wp| > Bn.
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5.2. Proof of Theorem 3, part 2. We first make a simple observation.

LEMMA 5.3. Let R be a positive integer constant. Consider the contact process Y; with
infection rate A on a path of length at most R connecting two vertices v and u. Then, there
exist positive constants C and L, depending only on R, such that for all . > Ay, we have

3
P(MEYH-CWEYJZZ

PROOF. Let C be a sufficiently large constant compared to R. Let A be the event that the

infection on N (v, 1) survives in the entire time interval [z, ¢ + C].
By [5], Lemma 1.1, for sufficiently large A compared to C,

99
P Y;) > —
(Alve Z)_IOO

Since there is a path of length at most R from v to u, by [5], Lemma 2.4,

P(u € Y, forsome t” € [t',t' + R] | N(v, 1) N Yy # &) > %
e

and so, as C is large compared to R, we have

P(u € Yy forsomet' € [t,t + C+ R]|veY;)

1 1
> p(Bin( 5 g5 ) 21) - 155 2 > 8
R’ ¢OR 100 100°

Assume that u € Y, for some ¢’ € [¢, 1 + C + R]. Fix a neighbor " of u. By [5], Lemma 1.1,
again, the contact process on the edge (u, u’) survives in the entire interval [/, ¢’ + 3C] with
probability at least %. Since 1 + C + R € [t/, 1’ + 2C], there is at least one clock ring in
[t +C + R, 4+ 3C], and the last clock ring before time ¢ + 3C i 1s an infection clock from u’
to u, rather than the recovery clock at u, with probability at least - 100 If u’ is already infected
at that time, u will be infected. Otherwise, u has already been 1nfected and remains infected.
In either case, u is infected at time ¢ 4+ 3C with probability at least - 100 00 By replacing C
by C/3, we complete the proof. [l

Let o, B, j, R, C_;n and Wy as in Lemma 5.2. It suffices to show that the contact process
(X;) on G, with all vertices infected initially survives for ¢®-time with probability at least
1 — e~ 9™ over the contact process. For the rest of this proof, all the vertices, edges, paths
and balls are of G, unless otherwise noted.

Let X? = X; N Wy be the collection of infected vertices of Wy at time . We show that,
thanks to the expander property of Wy, with very high probability, after some time C, the
number of infected vertices in Wy increases.

LEMMA 5.4. Let C and Ly be the constants in Lemma 5.3. There exists a positive

constant C', depending only on j and R, such that for all . > Ao and for every integer
a € (0, aBn],

(5.2) (|X,+C ~a |[x?] :a) < Zexp(—%)

PROOF. We will use Azuma’s inequality. Let G, ; be the induced subgraph of G, on
the set UU€X9 N (v, R). Let (X;)y¢[s,1+c) be the contact process on G, ; with X, := X? (so

()A(,/) only uses the infection and recovery clocks of vertices and edges inside G, ;). Let
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)A(?, = X, N Wo. Let X be the infected vertices u of X 0 ¢ such that there exists v € X9 and
a directed path of infection on the graphical representation of (}A( ) from (v, t) to (u,t + C),
and the vertices of the path lie entirely in B(v, R). We have

X CX}\c CXyc

Since the maximal degree in (_}n is at most 2, the number of vertices, denoted by a’,
in G, is at most a(2j)R+1. Enumerate the vertices in G, ; by vy, ..., v,. For each i =
0,1,2,...,d, let F; be the o-algebra generated by the randomness of the recovery clocks
and infection clocks during time (¢, t 4+ C] on the vertices vy, ..., v; and edges connecting
them. Let

X =E(X]| Fi, X0, |X°| = a).

We have &,y = X. By Azuma’s inequality we have, for every s > 0,

s2
(5.3) ]P)(lxa/_X0| ZS)SZGXP<_2Q/K2)’

where

K = mjax X — Xj—illoo < |B(vit1, R)| < Q)R+
From Lemma 5.3 and the expander properties of Wy as in Lemma 5.2, we obtain
(5.4) Xo=E(1X] | |X?|:a)z§|N(X?,R)ﬂWO|z37a.
Thus, by (5.3) for s = 7 and the fact that A < |X?+C|, we obtain (5.2). [

PROOF OF THEOREM 3(2). For the lower bound on survival time, initially, all vertices
in Wy are infected so |X8| > fBn. Let 11 be the first time that |X?1 | =afn. Attime tp =t +C,

we have |X?2| > %a/ﬂn with probability at least 1 — % where m := exp(%) by Lemma 5.4.

Let 73 be the first time after #, that |X?3| = offin again. Repeating this process m times, we
get that the contact process survives until time mC with probability at least 1 —2/m by the
union bound, proving the lower bound for Theorem 3(2).

As for the upper bound, observe that, for any time 7, the probability that the contact process
dies out during the time interval [z, r 4 1] is at least the probability that, for each vertex v in
G, at least one of the infection clocks from a neighbor # of v to v or the recovery clock at v
rings in [¢, ¢ + 1] and the last clock rings before time 7 + 1 is the recovery clock at v. Thus, the
probability that the process dies out during [¢, # 4 1] is at least [ [, m. By Cauchy—-Schwarz

—cn

inequality and the fact that whp, the total degrees in G, is O (n), we have [, ﬁ.(v) >e
for some small constants ¢, ¢’. Therefore, whp, the contact process, dies out before time e,
O

REMARK 5.5. To prove the corresponding result (Remark 1.2) for u having an exponen-
tial tail, when initially, there is only one uniformly chosen vertex v infected in G,, observe
that with positive probability over the choice of v, v belongs to Wy. Thus, it suffices to con-
dition on this event and show that with positive probability over the contact process, the
process survives until time e“* for some constant c. Let A9, g, Cg and C 3% be the constants Ag,
C and C’ corresponding to R in Lemmas 5.3 and 5.4, respectively. By (5.1), for any bounded
number k£ we have

IN (v, kR) N Wp| = 2

for sufficiently large n.
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We now show that, for sufficiently large A, at some time there will be a lot of infected ver-
tices in Wy. This will then allow to take the union bound of the tail probability occurring in
Lemma 5.4. Let k be a sufficiently large constant. Since the number of vertices in N (v, kR) is
at most (2j)kRJrl = Oj k,r(1), there are Ok g(1) edges in N (v, kR). Thus, there exist con-
stants A x g, fj k,g such that, for all A > A ; g, the probability that each vertex in N (v, kR)
is infected before time 7; x g and that there are no recovery clocks ring before time ¢ i g is
at least 3/4. Hence, with probability at least 3/4, there exists 7] <t ;g at which all vertices
in N (v, kR) are infected. This implies | X | > 2% > (5/4)%.

Conditioning on this event and applying Lemma 5.4, we get that with probability at least

5!
1— 2
Z exp( CR4I)

there exists a time ¢ > #; at which |X?| > afin. Since k is a sufficiently large constant, this
probability is at least 1/2. Finally, conditioned on this event, the same argument as in the
proof of Theorem 3(2) shows that, starting from this ¢, the contact process survives until time
e~ whp. Altogether, the contact process (X,) starting from v survives until time e~
with probability at least 1/4 — o(1) for all A > max{io g, Ak r} as desired.

REMARK 5.6. Corollary 5(2) follows from Theorem 3(2) in the exact same way as we
deduced Corollary 5(1) from Theorem 3(1).

6. Long survival in random graphs: Proof of Theorem 4. In this section, following the
same strategy as in the proof of Theorem 3(2), we prove Theorem 4. The following structural
lemma is an analog of Lemma 5.2 for subexponential distributions.

LEMMA 6.1. Suppose that u satisfies (1.1) and EDNMeCD =oo forall c > 0. Let G ~
G, u). For any § > 0, there exist a, B, j, R > 0 with R < §j such that the following holds
whp. There exists a subgraph G, of G, whose maximal degree is at most 2j and an («, R)-
embedded expander Wy of G, with |Wy| > Bn and degg, w = j/2 for all w € Wy.

Fix A > 0. Let o, 8, J, R, G,, W be as in Lemma 6.1 where § > 0 is a sufficiently small
constant depending on A. It suffices to show that the contact process (X;) on G,, with all
vertices infected, initially survives for %" -time with probability at least 1 — e~ over
the contact process. For the rest of the proof, all the vertices, edges, paths and balls are of G,,.

Let X 9 be the collection of infected vertices of Wy at time . We show the following analog
of Lemma 5.3.

LEMMA 6.2. There exists a constant c, depending only on A, such that for sufficiently
large n and for every u € N (v, R) N Wy, we have

(6.1) PueXx® , lveXx?) >

3
t+2e¢i Z
Assuming Lemma 6.2, we prove the following analog of Lemma 5.4.

LEMMA 6.3. Let ¢ be the constant in Lemma 6.2. There exists a positive constant C0,’
depending only on j and R, such that for every integer a € (0, afn],

a
(6.2) <|Xt+ec, < —a | |X0|_a) <26xp< C/)
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The proof of this lemma is identical to the proof of Lemma 5.4. Using this lemma, the
proof of Theorem 4 is identical to that of Theorem 3(2). It remains to prove Lemma 6.2.

PROOF OF LEMMA 6.2. Let I" be a path of length at most R connecting v and u. Since
ve Wy, Ny :={v}U(NN(v,1)\T') contains a star with j/4 leaves. Let A be the event that
the infection on N, , survives in the entire time interval [¢, ¢ + ¢ for some constant c,
depending only on A.

By [2], Lemma 5.3, by choosing § sufficiently small in Lemma 6.1 and using the inequality
j=>R/56>1/8, we have

99
PAJve X)) > ——.
(AlveXD) = 150
Since there is a path of length at most R from v to u, by [5], Lemma 2.4, there exists a
constant ¢’ > 0, depending only on A, such that for any time ¢/,
P(u e XY, for some 1" € [, '+ R+ 1] | Nyu N X?/ + @) > /R

t//

Thus,
P(u eX?/ for some ¢’ € [t,t + e + R+ 1]|ve X?)

cj
> P(Bin(e—, c’R“) > 1) b
- R - 100
cR/$§
> ]P’(Bin(e—, c/R“) > 1) _ L - ﬁ
- R - 100 — 100

by choosing § sufficiently small (e.g., § = —) in Lemma 6.1. Since R < §j, we

can replace the interval [z, 4+ ¢/ + R + 1] in the above inequality by the bigger interval
1,1+ 2e].

Assume that u € X ?, for some ¢’ € [t, 1 + 2¢%]. By the third inequality in [5], Lemma 2.3,
and Markov’s inequality, with probability at least %, there exists a time " € [t', 1’ + /]
such that there are at least Aj /4 neighbors of u infected at time 7”. By [5], Lemma 2.2, with
probability at least %, there are at least Aj/10 neighbors of u infected at any time in the
time interval [¢”, t” 4 3e¢/]. Since t +2¢% € [t”, 1" + 3e¢/], the probability that u is infected
at time 7 4 2¢% is at least the probability that the last clock rings before time ¢ + 2¢</ is an
infection clock rather than the recovery clock at u. Since there are at least Aj/10 neighbors
of u infected at any time in the interval [¢”, ¢ 4 2¢%/], the probability of the above event is

A2j/10 29
A2j/10+1 7 100
That completes the proof of Lemma 6.2. [

REMARK 6.4. To prove the corresponding result (Remark 1.2) for subexponential w,
when initially there is only one uniformly chosen vertex v infected in G, observe that with
positive probability over the choice of v, v belongs to Wy. Thus, it suffices to condition on this
event and show that with positive probability over the contact process, the process survives
until time ™,

Since Wy is an (¢, R)-embedded expander, observe that for every A C Wy with [A] <
o|Wp|/4, we have

IN(A,2R)| > 4/|A|.
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Thus, using the same proof as for Lemmas and 6.2 and 6.3, one can see that there exist
constants ¢’ and C” such that for all integer a € (0, «fn /4],

0 a
(6.3) (|Xz+ vil <2a||X]|=a) <2exp )

Let k be the largest number such that 2F < afn /4. Let Ag be the event that X 8 = {v} C Wp.
Foreachi =1,...,k, let A; be the event that

X0 | =2

iec's
Let A* be the event that the contact process survives up to time ¢, We want to show that
(6.4) P(A* | X§ = {v}) = Q(1).
In fact,

k
P(A* | X) = (v}) >P(ﬂ AN A*

Xy = {v})

k
l_[ P(A; | Ai—1)P(A* | Ag).

By (6.3), for each i = 1,...,k, P(A4;|Ai—1) > 1 — 2exp(—2lc—_,,1). Finally, by the same ar-
gument as in the proof of Theorem 3(2), once there are about ®(n) vertices in Wy in-
fected, the contact process survives for an exponentially long time whp. In other words,
P(A*|Ax) = 1 — o(1). Let k’ be the smallest number such that 28 ~1 > 10C”. Combining
all of these inequalities, we obtain

k' 2i—1

P(A* | Xg = {v}) > 19080 H(l —zeXp<_ C” ))

X | H (1 —2exp<—2;_”1>>

i=k'+1

98

K i1
21
>—1—410||<1—2 (——)):Ql
as desired. That completes the proof of Remark 1.2.

7. Proof of the structural lemma. In this section we prove the structural Lemmas 5.2
and 6.1. We start by proving Lemma 6.1 for subexponential p in Section 7.1. The proof of
Lemma 5.2 is very similar and is presented in Section 7.2.

7.1. Proof of Lemma 6.1. Step 1. Preprocessing. In this step we eliminate high-degree
vertices in G, so that the degrees become bounded. This will allow us to control the size
of the neighborhoods that we explore in the next steps. We prove in Lemma 7.1 that the

elimination does not significantly affect relevant parameters of G,.
Y ld=Du)

Leth = =5 "
For a constant j, consider the graph G, obtained from G, by deleting all vertices with degree
at least 2j + 1 together with their half-edges and their matches. Let n be the number of

vertices of G, and 0 <d; < --- < d; <2j be the degree sequence of vertices in G,,.

> 1 be the branching rate of 1. Let d be the meand =Ep~, D > 1.
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The branching rate b of a (deterministic) degree sequence (d;) is defined to be the branch-
ing rate of the empirical measure generated by (d;), namely,

00— D#{i 1 d; =1
S i di = 1)

Throughout the proof, & can be any small constant (e.g., ¢ = 1/2).

S

LEMMA 7.1 (Eliminating high-degree vertices). Let jo, € be any positive constants with
& < 1. There exists a positive constant j > jo such that the following hold whp:

1. Conditioned on the degree sequence (di,...,d;), the edges of G, form a uniformly
chosen perfect matching of its half-edges. B
2. The number of vertices and the total degree in G, (which is twice the number of edges

of G,,) satisfy
n>{1—-e&n and di+---+die(l—¢,1+¢e)nd.

3. The branching rate b of the degree sequence of G, satisfies b € (1 — ¢, 1 + €)b.
4. Foralli,0<d; <2j. The number of vertices with large degree is, as expected,

#{ie{l,...,ﬁ}:d,- € [%,Zj” >enulj,2j].

To simplify the notation, for the rest of this Section 7 we define
uj 1= ulj. 21

PROOF. Since the proof of Items 1-3 is rather standard, we defer it to the Appendix,
Section A.5. Here, we only prove Item 4. Choose j large enough such that

Ep~yDlp>zji1 <e/4.
For each vertex v € G,,, consider the random variable

Xy = dean (v)ldean (W)>2j+1-

These random variables are independent with mean at most £ /4 and variance bounded by the
second moment of ©. By Chebyshev’s inequality, whp

> X, <en)2.

veGy,

Thus, whp, the total number of removed half-edges from vertices of degree in [0, 2] in G,
isatmost 3, Xv <en/2.

By Chernof’sf inequality, whp, the number of half-edges of G,, of vertices of degree in
[0, ) and [},2)], are (1 —¢,1 + ¢)nd and (1 — ¢,2 + 2¢) jnu;, respectively. Since j is
sufficiently large, ju; is very small compared to d. The first deleted half-edge has probability

roughly JTuj to be from vertices of degree in [j,2j]. Ideally, one expects to delete at most

Jngnd half-edges from these vertices. We will show that it is the case, namely,

CLAM 7.2. The number of half-edges deleted from vertices of degree in [j,2]] is, at
most,

10gjnu; whp.
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Assuming the claim, the number of vertices originally with degree in G, in [j, 2] and
with degree less than j/2 in G, is, at most,

10gjnu;
Jr2
By Chernof’sf inequality, in G,, the number of vertices of degree in [j/2,2j] is in (1 — ¢,
2 + 2¢)nu; (where we choose j so that u[j/2, j) < (1 + ¢)u;). Hence, whp, the number of
vertices in G, with degree in [j/2,2j]is in (1 — 21e,2 + 2¢)nu;, completing the proof of
Item4. [

=20enu; whp.

To prove Claim 7.2, we will use the following cut-off line algorithm to find the random
matches of the deleted high-degree vertices in G,,.

DEFINITION 7.3 (Cut-off line algorithm). Given a graph G, in which each vertex v has
degree dg, (v), a perfect matching of the half-edges of G, is obtained through the following
algorithm:

e Fach half-edge of a vertex v is assigned a height uniformly chosen in [0, 1] and is placed
on the line of vertex v.

e Set the cut-off line at height 1.

e Pick an unmatched half-edge independent of the heights of all unmatched half-edges
and match it to the highest unmatched half-edge. Move the cut-off line to the height of the
latter half-edge.

Figure 2 illustrates the algorithm.

PROOF OF CLAIM 7.2. For each half-edge of a vertex in G, with degree at least 2j + 1,
we choose their matches according to the above algorithm. Assume that at the end of this
process of deleting half-edges of vertices with degree at least 2j + 1, the cut-off line is at
height 4 € (0, 1). Note that a half-edge of a vertex whose degree in G, lies in [j,2j] is
deleted if and only if it is above the cut-off line. We show that whp, & > 1 — 4¢. Indeed,
Item 2 implies that the number of half-edges of G, is at least (1 — ¢)nd /2, and in choosing
the heights of these half-edges the number of half-edges with heights above 1 — 4¢ is at least

cut-off line
o el Rl S e -new cut-off line

V1 ) V3 U

FIG. 2. The circles “o” represent matched half-edges and the crosses “x” represent unmatched half-edges.
The blue half-edge is chosen and matched to the red half-edge which is the highest unmatched half-edge. Then,
the cut-off line is moved to the new cut-off line (dashed).
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2¢(1 — 2¢)nd whp, by Chernoff’s inequality, which contradicts the event that we only delete
at most end half-edges altogether. Hence, the cut-off line is above 1 — 4¢ whp. Since the
number of half-edges with degree in G, belonging to [j, 2] is at most (1 + &)2 jnu; whp,
the number of half-edges above 1 —4e is at most 8¢ (1 +¢) jnu; < 10gjnu; as claimed. That
proves Claim 7.2. [

Step 2. Exploration. Let W be the set of vertices in G,, whose degrees belong to [j/2,2/].
We shall find the desired (o, R)-embedded expander Wy inside W. In this step we explore
the R-neighborhoods of these high-degree vertices in W.

After having preprocessed the graph G, to obtain G,, the remaining randomness is the
perfect matching of the half-edges in G,,. In this step we condition on the preprocessing step
and write the probability in terms of the randomness of the perfect matching in G,. We run
the following exploration process to perform some matchings of the half-edges of G,. Let R
and v be some large (bounded) numbers to be chosen (they are chosen in (7.15)):

1. For each vertex v e W, setr, = 1.

2. If ry < R for all v € W, explore the neighborhood B¢ (v, ry) simultaneously for all
v € W; noting that if u € Bg (v,ry) N B(-;n(v/ , 1), we stop exploring the branch starting
atu. If r, > R for some v € W, the process terminates. Otherwise, go to (3).

3. For each vertex v € W, if N (v, r,) intersects at most 100t other balls B(-;n W', ry)
(v € W), set ry :=r, + 1. Otherwise, keep r, intact. If none of the r, is increases in this
step, the process terminates. Otherwise, go back to (2).

We show that, when the exploration process terminates, the number of vertices v € W at
which the process stops before reaching radius R is insignificant. For that, we choose R and
v so that the expected number of vertices of W that lie in a neighborhood N (v, 2R) is small
compared to t (see (7.1)). And so, it is unlikely that the different neighborhoods N (v, R)
intersect frequently.

LEMMA 7.4. Let R and ¢ be positive numbers bounded by some constants and satisfying
p2R-1 jzuj _

d ~ 10
The number of v € W with r, = R is at least 0.98| W | whp.

(7.1)

Note that b is a random variable and so are R and t. Nevertheless, we will choose R and t
so that they are bounded.

PROOF. For this proof we write N (v, r,) for BGn (v, ry) for simplicity. We first show that
for each v € W, it is likely that r, = R; more specifically,

(7.2) P(r, = R) > 0.99.

Indeed, if r, < R, then N (v, R) intersects more than 100t other balls N (u, R) (v € W) which
implies that N (v, 2R) contains more than 100t elements of W. By Markov’s inequality,
EIN(w,2R)N W]
100v

P@ry <R) <

By Items 2 and 4 of Lemma 7.1, we have

52R712j(2+8)nuj .

E|N(,2R) N W| <2j 0 —omd =

9’

where we used (7.1). Thus, we get (7.2).
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It remains to show that whp, at least 0.98| W| vertices v satisfy r, = R. We derive this from
(7.2) and Azuma’s inequality. Let X be the number of vertices v € W with r, = R. By (7.2)
and Item 4 of Lemma 7.1,

EX > 0.99|W| > 0.99(1 — &)nu;.

Enumerate the vertices of G, by uy,...,u;. Let F; be the o-algebra generated by the
matchings of the half-edges of vertices uy, ..., u;. We will apply Azuma’s inequality to the
martingale E(X —EX|F;),i =0, ..., . Since the maximal degree in G, is 2, we have that,
for every i,

(7.3) [E(X —EX | Fir1) — B(X —EX | F;)| <4j max|N(u, 2R)| <4j(2))*,

ueG,
where in the first inequality, we observed that for any fixed matching of the half-edges of
vertices uy, ..., u; and any two different matchings of the half-edges of u; 1, there exists a
bijection between the extensions of these matchings into perfect matchings of G,, such that
the number of different matchings are at most 4j. Using Azuma’s inequality and the fact that
j and R are constants, we obtain

e2(EX)?
211(4j(2j)?R)?
Thus, whp, X > (1 —&)EX > 0.98|W|, as stated. [

(7.4) P(IX —EX| > ¢EX) < exp( ) =exp(—Q(n)).

Step 3. Finding Wy. We now find the desired embedded expander Wy. Our strategy is
roughly as follows. In step 2 we have explored the R-neighborhoods of the high-degree ver-
tices in W. We shall show (in Lemma 7.5) that most of these neighborhoods have a lot of
unmatched half-edges. If we think about a new graph in which each of these neighborhoods
acts as a single vertex with high degree, then a high-degree core of this new graph corresponds
to the desired Wj.

Consider a new graph G/, with vertex set V' U V" where V" are the vertices of G, that
have not been touched in the exploration step 2 and each element of V' is a ball N (v, r,) in
step 2 whose half-edges are the unmatched half-edges of N (v, ;). If there is an unmatched
half-edge that belongs to at least two balls, we choose one such ball at random and associate
this half-edge to that ball. The remaining randomness is the uniform perfect matching of the
half-edges in G/,. We show that many vertices in V' have high degree. Note that |V'| = |W]|.

LEMMA 7.5 (V' has high degree). There exist positive constants €', " and Ry, depend-
ing only on [, such that for all bounded positive numbers Ry, R, ¢ satisfying
Ro<min{R;,R— R}, 800t <&?(b(1—¢"))"171},
(7.5) PRy, PRyt
— =< PPYER - 5 S 1A
d — 104 d 10
the number of vertices in V' with degree at least M is at least %/|V/| whp where
8/3 l; 1—¢” R—1;
y= SO0

(7.6)

We note that in (7.5), the last two inequalities are for Lemma 7.4 to hold. The constant R
is mainly for technical reasons. The condition that 800t < &’(b(1 — &”))®1~1 j is there so that
when we ignore at most 100t possible common branches, the number of remaining branches
is still significant.

PrOOF. First, we will show that:
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CLAIM 7.6. For every v € W, with probability at least &', the number of half-edges on
the boundary of N (v, R) that do not belong to any of the balls N(v', R),v' € W \ {v} is at
least M.

. . . bR 2y
Indeed, let uy,...,u; be the vertices of distance R; from v. Since % < #,

by Lemma 7.4, with probability at least 0.99, N (v, R;) does not intersect any other balls

Since w < %, by Lemma 7.4, with probability at least 0.99, N (v, R) intersects
at most 100t other balls N (v’, R), v’ € W. Consider the branches B(uj,, R — Ry) consisting
of vertices at distance r from v and distance » — R; from uj, for Ry <r < R. Conditioned
onug,...,u, it suffices to show that with probability at least 0.9, for any choices of sets
ACI|l,...,I]with |A] <100,

(7.7)

J 9B@w R—Rp|=M.
hell,...[NA

Letting Z g/ be the number of children in the R’th generation of the corresponding size-biased

S — converges almost surely to
(b(1—&")k

some random variable Z (with Z not identically 0 and taking values in [0, 0o]) as R" — o0
(see, e.g., [1], pages 24-29). For some sufficiently small constant ¢’ (that only depends on 1),

we have

Galton—Watson process, we have for any ¢” € (0, 1),

P(Z > 4¢") > 4¢'.
Thus, for a sufficiently large Ry and Ry < Ry, Ro < R — Rj, we have

Pl =& (b(1—e") ")) =

and
P(|dB(up, R — Ry)| = &' (b(1 —&"))* Ry > ¢,

We can choose ¢” so small that b(1 — &”) > 1. Under the event that [ > ¢'(b(1 — &”))K1=1;,
let X;, (h=1,...,1) be the indicator of the event that |d B(u,, R — R1)| > &'(b(1 —&"))R—E1,
When Ry is sufficiently large, [ is also large. Thus, with probability at least 0.9, at least &'l /4
indices i € [1,...,1] have X;, = 1. Under this event, since 100t < &'l/8 by (7.5), for any
choices of sets A C [1,...,[] with |A| < 100t, there are at least £'//8 indices h ¢ A with
X5, = 1 which implies

> |9Bun, R — Ry)| = ?(b(1— ") " M1y8.
hell,...,INA

Since j, b and R are bounded by some constant, for each v the boundaries d B(uy,, R — R1)
are disjoint with probability at least 0.9, proving (7.7) and Claim 7.6.

Next, by using Azuma’s inequality the same way that we used it in proving Lemma 7.4,
we obtain that whp; there are at least (1 — &)e’|W| vertices v satisfying the event in Claim 7.6
simultaneously. Combining this with Lemma 7.4 completes the proof of Lemma 7.5. [

Note that the (random) edges of G/, form a uniformly chosen perfect matching of its half-
edges. On the half-edges of G/, consider the following coloring scheme on the half-edges:

e For each vertex v with at least M half-edges in G/,, choose exactly M half-edges among
them uniformly at random and color them blue.
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e Perform the uniform random matching among all half-edges in G, and let W/ be the
induced subgraph on vertices with degree at least M.

e Let 8 be the number of blue edges, formed by two blue half-edges, and for each v € W/,
let deg; (v) be the number of blue edges adjacent to v.

Conditioned on K, we see that the distribution of {degb(v)}vewl/ is given by
(7.8) {Bv}veW{v B, ~1.i.d.Bin(M, 0) conditioned on Z B, =2R.
veW|

Note that, due to the conditioning on the sum of {B,}, their distribution is well defined re-
gardless of the specific value of 6. However, for explicitness, we let

2R
0:= -
MIW|

LEMMA 7.7. Let &' be as in Lemma 7.5. With high probability,

gu;M
7.9 6>—1—.
(79 - 60d
PROOF. By Item 4 of Lemma 7.1, Lemmas 7.4 and 7.5, the number of vertices in Wl’ is
at least % > s/n%

Thus, the total number of blue half-edges in Wl/ is at least & m;j M whp, while the total

degree in G/, is at most 2nd by Item 2 of Lemma 7.1. Let

#{number of blue half-edges in W[}  dw; - gu;iM
0= = — _

#{number of half-edges in G} } ’ dg; — 4d

Since dW{ = M|Wj{], it suffices to show that whp, & > QodW]r /12. Indeed, splitting the set

of blue half-edges of W/ into two parts of equal size A and B (independent of their heights).
We perform the cut-off line algorithm 7.3 to match the half-edges of A first. Since at least
a’er /4 = 6odg; /4 highest half-edges in G/, have been matched during this step, the cut-off

line is below 1 — % whp (otherwise, by Chernoff’s inequality, the number of half-edges above
the cut-off line is at most 6pdg; /4). By Chernoff’s inequality again, the number of half-edges
of B that lie above 1 — 6y/5 is at least Qodwl/ /12 whp. Since all edges between A and B are

inside W{, R > Bodyy; /12 whp. [
Lemma 7.7 allows to find a high-degree core of Wj.

LEMMA 7.8. Let M and 0 be as in Lemmas 7.5 and 7.7. Assume that O M > 100. Then,
whp, W/ contains a subgraph W, with the following properties:

o The number of vertices in Wy is at least |[W{|/2.

e Each vertex in W(/) has degree at least 92—1‘61 inside W(/); in other words, Wé is an gz—lg—core.

e Each vertex in W has degree at most (2] )R,

PROOF. Lets = %. The last property follows from the fact that the maximum degree
of vertices in V' is (2j). For the rest of this proof, we only look at the blue half-edges in
W/ that are matched to another blue half-edge in W|. To find W), we use the cut-off line
algorithm 7.3 to find a uniform perfect matching of these half-edges of W] as follows. Each
of these half-edges is reassigned a height uniformly chosen in [0, 1]. If there is a vertex in
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W/ with less than s unmatched half-edges (equivalently, less than s half-edges below the cut-
off line), match its half-edges to the highest unmatched half-edges and move the cut-off line
accordingly. Remove this vertex. Repeat this step until there are no such vertices left.

Let Wé be the set of remaining vertices. It remains to show that |W6| > @ whp. Note
that, since & = ®(n), the probability that Zvew; B, =28 in (7.8) happens with probability

Q(n~%). In the rest of this proof, the tail probabilities are exponentially small in n without
conditioning on the event ), ew B, =28&. And so, we can forget about the conditioning and

assume that the number of internal half-edges of each vertex v € W{ has degree distribution
Bin(M, 9).
We show that, after the removal, the cut-off line is above 2/3 whp. Assuming this, we have
Wl = W] = N,
where N’ is the number of vertices in W| having less than s half-edges below the line 2/3. By
Lemma 7.7 the number of internal half-edges of each vertex v € W| has degree distribution

Bin(M, 6). Thus, the distribution of the number of its half-edges that lie below the line 2/3
is Bin(M, %). So, the probability that v has less than s half-edges below the line 2/3 is at

most
. 20 oM oM 1
P(Bm(M, _) < _) < exp<__) <
3 20 12 200

where we used the Chernoff inequality and the assumption &M > 100. By Chernoff’s in-
equality we have whp, N’ < %. And so, |Wy| > %ﬂ as desired.

Now, we prove that, after the removal process above, the cut-off line is above 2/3 whp. Let
a be the number of removed vertices (0 <a < IW{ |). The total number of matched half-edges
is at most 2as because each time we remove a vertex, at most 2s half-edges are matched.
Thus, the total number of half-edges above the cut-off line is at most 2as < 2s|W1/|.

On the other hand, given a vertex v with degree distribution Bin(M, 6), the distribution
of the number of its half-edges that lie above the line 2/3 is Bin(M, %). By Chernoft’s in-
equality, the number of half-edges of W| above the line 2/3 is at least MO|W/|/4 = 5s|W|| >

2s|W{|. Thus, whp, the cut-off line is above 2/3, completing the proof of Lemma 7.8. [J
Next, we show that W is an embedded expander.

LEMMA 7.9. Let M and 0 be as in Lemmas 7.5 and 7.7. Assume that O M > 100. There
exists a constant a > 0 such that whp, W(/) is an (a, 1)-embedded expander.

PROOF. Let N = |W6|, s = %. Note that N = ®(n) and s > 5 is a constant. It suffices
to show that, for any subset A of the vertex set of W(’) of size o N, the size of N(A, 1) is at
least twice that of A. In other words, whp, for every m < N and subsets of vertices A, B
with |A| = m, |B| = 2m, the neighbors of A are not contained fully in B. Fix two sets A
and B with |A| =m, |B| = 2m. By Lemma 7.8 the number of half-edges in A is at least ms,
the number of half-edges in B is b < (27)%2m and the total number of half-edges in W, is
¢ > Ns. The probability that all the neighbors of A belong to B is at most

b b—1 b—ms+1 <( b )’”“<<4(2j)Rm)mS
c—1c=3 ""¢c—2ms+1 " \Ns—2ms+1 - Ns '

Taking the union bound over m and choices of A, B, we get that the probability that W, is
not an («, 1)-embedded expander is at most

aN 2 \R logn s—4 aN
N 4(127) m\"™s Clog’ "n —am
(7.10) 3 <2m> (T) =2 ot X (G

m=1 m=1 m=logn
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for some constant C, depending only on j, R and s. Choosing « < % makes the RHS of
(7.10) of order o(1). This completes the proof of Lemma 7.9. [

PROOF OF LEMMA 6.1. Since Wé is a subset of V', each of its vertices is a ball N (v, ry)
in Gy, a subgraph of G,. Let Wy be the collection of all such centers v. Clearly, |Wy| =
|W6| = 0O(n) and Wy is an («, 2R + 1)-embedded expander of G,. To finish the proof of
Lemma 6.1 for subexponential degree distributions, it remains to show that there exists a
choice of j, R, v satisfying the assumptions of the previous lemmas (in particular, Lemmas
7.4,7.5,7.8 and 7.9). In other words, for any given positive constants Ry, § and &’ (§ and &’
can be arbitrarily small and Rg can be arbitrarily large), we show that there exist a constant j
and random variables R, R1, t such that the following conditions hold:

(7.11) R <§j,
(7.12) Rofmin{Rl,R—Rl},

pRRI-1 2, 1 . ~

7{1] U< o7 800t < &2 (b(1—&")™ 7,
(7.13) Rl

b Jou;j - i,

d — 10
8/7(5(1 _ 8//))2R—2j2u,

7.14 . > 100.
( ) 64 - 60d -

Note that (7.11) comes merely from the statement of Lemma 5.2. For given j and b, we
define ¢, R and R; by the following equations so that (7.13) holds automatically:

PRy, PR 2y, v

d 10 d 10
Since p has finite second moment, lim;_, ju j =0 and so (7.12) holds when j is suffi-
ciently large. Since u is subexponential, u; > e~/ for any constant &9 > 0 and for large ;.
By choosing &g to be small compared to &, (7.11) holds. The inequality (7.14) holds automat-
ically. This completes the proof of Lemma 6.1 for subexponential distributions p. [J

(7.15) 800t = &2 (b(1 —¢"))®1 71},

REMARK 7.10. Observe that in the above subgraph Wy is also an («, 2R + 1)-embedded
expander of the graph G, with degz w > j/2 for all w € Wy.

7.2. Proof of Lemma5.2. In Section 7.1 we used the assumption that u is subexponential
only in the last step of choosing the parameters R, Ry and v. In particular, we used this
assumption to obtain that j can be an arbitrarily large constant while u; := u[j, 2j] remains
positive and u; > e~%0J The inequality u; > e~50J ig only used to show that, with the choice
of parameters R, Ry, t as in (7.15), (7.11) holds as stated in Lemma 6.1. Here, when u has
an exponential tail, Lemma 5.2 does not assert that R < §;, and so there is no need for
u; >e %0/,

! Thus, if 1 has an infinite support, one can still find an arbitrarily large constant j for which
u; > 0. This is, therefore, enough for the rest of the proof of Section 7.1 to follow, proving
Lemma 5.2 for such .

If the support of w is finite, let j be the largest integer in the support of w. Let u; be
an arbitrarily small constant with u; < u[j,2j] = u(j) (u; could be much smaller than
wu(j)). Since the degrees in G, are already bounded, there is no need to run the Step 1 of
preprocessing the graph as in Section 7.1. So, for this case, G, = G,,n =n,b = b and so
on. For the exploration, Step 2, we choose W by assigning each vertex in G, of degree j to
W independently with probability % The rest of the proof follows without any changes.

In (7.15) we choose u; to be sufficiently small so that (7.12) holds and so does (7.14). [
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APPENDIX

A.1. Proof of Lemma 4.3. Here, we prove Lemma 4.3 which is based on an elementary
analysis of large deviation events.

PROOF OF LEMMA 4.3. The first statement follows directly from the Cauchy—Schwarz
inequality: If we have Ep~, exp(3e D) < oo for some ¢ > 0, then

2
(Z eekm> < (Z e3ekpk> (Z e—sk) oo,
k k k
For the second statement, let n be a given large enough integer, and define

A S

= nloglogn

Let D; fori =1, ...n be i.i.d samples from w. We start by studying the empirical distri-
bution of the D;. First, by a simple union bound, the definition of k,, implies that

P(3i € [n]: D;i > ky) <

D).
loglogn =o)

Moreover, since u has an exponential tail, there exists a constant C > 0 depending on u such
that k, < Clogn. Recall the definition of ko = max{k : }_ ;- /Pk = 1/2}. Our next goal is

to show that, with high probability, the number of i such that D; = k is at most %n J Pk for
all kg <k <k,. We consider two possible cases of k as follows:

1. For k such that p; < (nlog®n)~', Markov’s inequality implies that
(A.16) P(|{i : D; =k}| > 1) < (log?n)~".

2. For k such that p; > (nlog?n)~!, we use the following large deviation estimate for
binomials (Corollary 22.9 of [10]): for ¢ > 1,

P(Bin(n, p) > cnp) < exp{—np(clogc + 1 —¢)}.
This gives that

1
IP<|{i: -_k}|z§ «/Pk)
(A.17)

1
< exp(ina/pk(l —2/pk + log(2«/pk))) <exp(—n'/3).
Since k;,, < C logn, applying a union bound on (A.16), (A.17) tells us that

(A.18) IP’(EIk0<k<k ti: Di =k}| > n\/_)_o(l)

When p satisfies kg < kmax, (A.18) implies that the empirical distribution of {D; : i € [n]} is
stochastically dominated by ,un, since /,Ljj (k) > /P by the definition of ky. On the other hand,
if kg = kmax, the stochastic domination becomes trivial because we only augment the weight
of kmax in u. Since taking out any n/3 entries from [r] can only increase each probability
mass of the empirical distribution of {D; : i € [n]} by a factor of 3/2, with high probability
we have for each kg <k,

3
{i:Di=k}| < Z" Dk>

and hence we conclude the second statement of Lemma 4.3. 0O
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A.2. Proof of Lemma 4.5. In this section we prove Lemma 4.5. We use Lemma 4.3 to
bound the probability of N (v, clogn) having at least two cycles.

PROOF OF LEMMA 4.5. Let v be an arbitrary vertex in G ~ G(n, u), fixed before we
explore the matchings of half-edges. We again study the local neighborhood N (v, L) by
exploration process, particularly in terms of the breadth-first search perspective. We start
exploring from the single vertex v, and, at time s, we explore all the vertices of distance s
from v, based on what we explored until time s — 1. Let V; be the collection of vertices
explored at time s, and set Xy = | Vj].

We will bound the probability of discovering at least two cycles during the exploration
process until depth L = clogn (¢ will be determined later). Let ;% be the augmented distri-
bution (Definition 4.2), and let fi¥ := (,uﬁ)[ 1.00) denote its size-biased distribution conditioned

on being inside the interval [1, co). Also, let T ~ GW(u?, fi%) 7, and let Y, be the number
of vertices in 7 at depth s. Then, Lemma 4.3 implies that there exists a coupling between
(Xs)s<r and (Yy)s<r in such a way that Xy < Y, for all s < L, as long as Zsto X; <n/3.
Define B to be the event that Zsto Xs <n/3.0n B we clearly have

2n
>, deg(v)= -
U¢U5§L Vs

Assume that, when moving from V to Vi1, we pair the half-edges adjacent to V, one by
one. Let H; be the number of unpaired half-edges adjacent to the vertices in V. For s < L
and 1 <i < Hj, let F,; be the o-algebra generated by the exploration process until pairing
the (i — 1)th half-edge. Set W ; to be the collection of unpaired half-edges at that moment.
Further, let A, ; be the event that the ith half-edge adjacent to Vj is paired with a half-edge
in W; ;. Then, clearly,

P(Ayi | Fi B) = 00
n
We bound the size of W, ; based on the following observations:

1. Since the exploration of half-edges in Hs;_1 for s > 1 is done independently step by
step, we can stochastically dominate | H| by i.i.d {; ~ if as

Ys
d
| Hs| <st ZC} = Ls+1-
Jj=l1

2. Since ¢ ~ i? satisfies ¢ > 1, we can bound | Wy ;| similarly by

Yq1

H;
d
|Ws,i|§st E é‘j St E {j: s+2-

Therefore, combining above argument gives that

’

3Ys+2)

H;
,; Ly, <o Bin(¥eer, >

where the LHS is conditioned on the event B. Notice that the LHS of the above inequality
stochastically dominates the number of cycles formulated during the exploration of depth
from s to s 4+ 1. Hence, the number of cycles in N (v, L) conditioned on B is stochastically
dominated by

(A.19) Bin( ) ¥, :
s=1

2n
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Now, we bound the size of Y; to conclude our argument. Let ¢ ~ u® and ¢’ ~ [i¥, and let
e, M be the constants that satisfy max{Ee®*,Ee®S } < M. Set K to be a large constant such
that M/K = ¢¢. Then, we observe that Y. s/ K* has an exponential tail for all s, since

ol Bl )
< E[MYS—l/KS] = E[exp(e I?s__ll >:|,

where the inequality is due to Jensen’s inequality. Iterating this (s — 1)-times gives that the
LHS is bounded by e°. Set ¢ > 0 to be the constant satisfying K ¢1°2"+3 = 51/ Based on the
above observation, we bound the quantity (A.19) as follows:

Laa ) S 15 3 a5
P(Bin( > v, >2 §P<Bin(n P n ) zz)
o 2n 2

L2
+]p(z v, an/s).

s=1

(A.20)

(A.21)

It is easy to see that the first term in the RHS is bounded by o(n~!). The second term can be
bounded using (A.20). Namely,

L+2 o L+2
IP’(Z Y, > n1/5> <e E|:exp<eK_(L+3) Z K;)}
s=1

s=1

L+1
< 6_8”1/30E|:exp<gK—(L+3) Z Ys) '6XP(8K_(L+2)YL+1):|‘

s=1

Iterating this (L + 1) more times, we obtain

L+2 1/3 L+2
P(Z Y, > n1/5> <e " E[exp(s(z K_s>):|
s=1 s=1

<exp(e(1 = ') = o(n”"),

as long as K > 2. Applying our estimates to (A.21), we conclude the desired result. [J
A.3. Proof of Proposition 4.9. The proof follows the same technique as Lemma 4.11.

PROOF OF PROPOSITION 4.9. Let s > 2 and L be any integers, and we build up an
inductive argument starting from / = 0.

Let So ~ EGW(uf, i%:0,5)r, and pt € SJ be the parent of p as before. Define Sp s, 1.
to be the first time when (X;) ~ CP;Jr (ST:1 p) reaches state 0. Similarly, as in Lemmas 3.3

and 4.11 we consider ()?,) ~ 6|52+;p(8+; 1,), which is coupled with (X;) in such a way that
they share the same infection and recovery clocks, except that in (X,), the recovery at p is
ignored if at that time there exists an infected vertex other than p and p*. Letting D ~ u* be
D + 3 = deg(p; SO+), Tuys -« Tup be the iid GW(i*)1_ subtrees from the children of p
and S’ be the GWC(ji¥; s) 1. process that also hangs at p, we obtain the following by repeating
the same argument in Lemma 4.11:

(A.22) E[So,5,2 | D] < (1+ AE[Sz—11)” (1 + 2AE[S;,]).

where S;—1, Ss, are as in the statements of Lemmas 3.3 and 4.11, respectively.
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For general [ # 0, we first develop the same argument in terms of S; ~ EGW(i%; 1, 5)L.
Let Sl/,va be the first time when CP2+((S,/)+; 1,) reaches at 0. For D' ~ fi¥, denoting D’ +
1 = deg(p; (S))T), the subgraphs of descendents from the children of p consist of D’ i.i.d
EGW(fi%; I — 1, s) processes. Therefore, repeating the previous reasoning gives that
(A.23) B[S}, 11D] < (1 +2E[S] 1, .])”

Finally, the subgraphs of descendents (from children of p) of S; ~ EGW(Mﬁ, ne:1,s) for
[ > 1 withdeg(p) = D consist of D i.i.d EGW(i% 1 —1,5)1 processes. Therefore, we deduce
that Sj g, 1., the first time when CP?)Jr (815 1)) reaches 0, satisfies
(A.24) E[Sr,5,.1D1 < (1+AE[S]_; , ;])"

Here, the law of D follows the conditional distribution of u* being inside the interval [1, 00).

Combining the three equations (A.22), (A.23) and (A.24), we obtain that there exists a
constant Aqg such that forall L <X, [,s and L,

E[SI,S,L] S 285

by manipulating the constants in the same way as Lemma 4.11. Then, the standard coupling
between contact processes tells us that R; s 1 <g S.5,z Which concludes the proof. [J

A4. Proof of Lemma 4.12. To establish Lemma 4.12, we first prove the result for
GWC-processes. Let [i* be as in Section 4. Namely, fi* is the augmented distribution of
,uh’oo), where “El, ) is the size-biased distribution of @ conditioned on being in [1, 00).

LEMMA A.11. Let S ~ GWC(ii%; s); and vg be the stationary distribution ofDPﬁ*e(S)

on the space {0, 1}5MPY vwhich is the delayed contact process on S with p set to be infected
permanently. Then, there exist constants C, Ly > 0, depending only on w, such that for all
A <MXtoands,L withs > 2, we have E[vg(ﬂ)_l] <2for0=Ch.

PROOF. Let v, v’ be the two neighbors of p in S. Let Sff denote the first time when
DP%;G(S; 1,) reaches 0, and define Sf, analogously. Then, we set Sz = %(Sg + Sf/).

As before, we build up an inductive argument on s. The case s = 2 is essentially the same
as Proposition 3.6, since S ~ GWC(fi*; 2); can be thought of as ’TL+ with Tz ~ GW(iH) 1,
where p7 in ’TL+ is connected with p by a double-edge. Thus, the same proof of Proposi-
tion 3.6 can be applied, and we leave the details to the reader.

The general case s > 3 is also similar to the previous arguments of Propositions 4.9 and 3.6,
but there is a subtle difference in comparing the stationary distributions which makes the cur-
rent case more technical. As before, we start with introducing a modified process as follows.

Let v be a neighbor of p in S, and (X;) ~ DP%’G(S; 1,). Define (}?,) ~ ﬁ’ﬁ;i(& 1,) as:

1. ()~( ¢) has the same infection and recovery clocks at (X;).
2. In (X;), any recovery attempt at v is ignored if there exists an infected vertex other than
p and v at that moment.

If {p,v} infects a (random) neighbor U before v is healed, then (il) behaves as
DP%’,Z (S; 1y) (meaning that we fix both p, v to be infected forever), until X, comes back

to1,. Let §f 1, denote the first time when 5[322 (S; 1,) becomes 0, and S? be the first time it
takes for DP;:?) (S; 0) to return to 0 after infecting a (random) vertex U other than p and v.
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Setting D ~ % to be deg(v) = D + 2, the same reasoning as (3.1), (4.1) implies that

X/ (D+2)r )k 1

E[S? = (
55,0151 kg 1+ (D+2x) 1+ (D +2)n

(A.25) y [ KL [ 5]}
61+ (D +2)))

= %(1 + (D +2)A0E[S? | S)).

Now, we take account of the stationary measures to compare the running times. We first
set up some notations as follows:

° vfs and 7 fs are the stationary distribution of DP)AO: ?) (S) and CP?)’U(S ), respectively.

® Tus..., Tup denote the subtrees from the children u1, ..., up of v outside the cycle.
Note that glese subtrees are i.i.d GW&[iﬁ)L_l. N

e Set S=S\U2, T DP?):%(S) denotes the delayed contact process on S that fixes

both p, v to be infected permanently which has the depth r (x; S) computed with respect to
p. In particular, all possible states of DP?):?) (S) have depth r(x) at least one, since v is always
infected. _

° V7, and vz are the stationary distributions of DP%*O(’ET) and DPﬁ”g (S), respectively.

Moreover, 77, and 7wz denote the stationary distributions of CPﬁ(fj) and CPZ’U(g), re-
spectively. Also, set

D
v? = (@Vﬁi) ® vg.
i=1

Note that 75 = (®l~’;1 717;1,) ® mg. Keeping in mind that 7(0; S) =1 in DP?):?) (S), we obtain
by using (3.9) that

(A.26) V5(0) > vE(0).

Moreover, observe that if we merge p and v in S into a single vertex p’, then the resulting
graph &’ satisfies S’ ~ GWC(fi*;s — 1)z, and we can consider the natural one-to-one corre-
spondence between the two state spaces {0, 1}5\?*} and {0, 1}5/\{”/}. Thus, we can regard
them as

Q = {0, NS\ vl — (0, 1)\,
For any x € Q\ {0}, note that
r(x;8) e {r(x; g/),r(x; §’) +1}.
In particular, r(x; S) — 1 < r(x: 8"). Further, we have r(0; S) = 1 and r(0; S’) = 0. This
implies that if vg denotes the stationary distribution of DP;;G (g "), then
13 (0) <vz(0).

Therefore, combining with (A.26), we have

D
(A.27) v5(0) > (]_[ VT (0)) vz (0).

i=1
We can relate the quantities in (A.27) with the running times of the delayed processes. Let
Si_ | be the first time when DP?;Q(Z,Z.; 1,,) returns to 0. Similarly, let vy, v2 ¢ {p, v} be the
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two neighbors of { ,0 v} in &, let S9 be the first time when DPA 9(8’ 1,,) reaches 0 and

observe that SQ L= (59 + 59 ), where the definition of S 1, 1s given in the beginning
of the proof. Contmumg 51m11arly as (4.3), (3.10), we get that

/ _ 1 N
vsO =17 (D +2)A0E[S? | S’
1
0) =
(A.28) v7; (0) 1+ AE[SY || T
1
Ug/(())

1+ 22E[S?_, , 18]

where the additional factor of € in the first identity comes from the fact that »(0; S) =1 in
PX 9(S). Plugging these into (A.27) and using (A.25), we obtain that

B[s¢, | D] < B[S0, D] < 3 (1+AE[s]_ )" (1 + 2E[sL, ,))

Arguing similarly as Lemma 4.11 and Proposition 3.6, we deduce that there exist constants
C, Ao > 0, depending on pu, such that for all A < Xp and s, L with s > 2, E[Se < 3/6 for
6 = CA. Setting C to satisfy C > 3 and applying this to the right-hand side of the above
equation (which is written in terms of (s — 1, L)) gives the desired conclusion. [

PROOF OF LEMMA 4.12. To finish the proof of Lemma 4.12, we argue similarly as
Proposition 4.9. Namely, we establish the result for EGW([lﬁ; [, s)r and then extend it to the
general case EGW(u?, fi¥; 1, s)z. In both steps we appeal to the same technique as Proposi-
tion 3.6 which is simpler than what is done here for the GWC-processes. We omit the details
due to similarity. [J

A.5. Proof of Lemma 7.1, Items 1-3. Item 1 follows from the definition of G,, that its
edges are obtained from a uniformly chosen perfect matching of the half-edges.
For Item 2, choose j large enough such that
6:= EDNMDIDEQJ'_H < 8/4.
For each vertex v € G,,, consider the random variable

X, = dean(v)ldegcn(u)zzj‘ﬂ.

These random variables are independent with mean § and variance bounded by the second
moment of u. By Chebyshev’s inequality, whp

Z Xy <eéen/2.
veGy,

Thus, whp, the total number of removed half-edges, is at most ZZveGn X, < é¢n, and so is
the number of removed vertices. Thus, 7 > (1 — ¢)n. Applying Chernoft’s inequality to the
random variables X, := dean (v)ldean (v)<2j, We obtain that whp,

Y Xye(—¢14¢)nd.
veGy,
Combining this with the fact that the total number of deleted half-edges is at most end whp,
we get
(1-2emd< > Xy—en<di+--+di< Y Xy<(l+end
veG, veG,

completing the proof of Item 2.
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To prove Item 3, let ¢’ = min{e, e(b — 1)}. Let ko be a large constant such that for all
h > ko, the branching rate of po.x) € (1 — &', 1 + &')b, namely

Ep~uD(D — 1D)1p<p<p

(A.29)
Ep~uDlo<p<p

e(1—¢,1+¢")b,

Ep~uDlo<p<k, € (1—¢',14+¢')d, and
(A.30) -
EDN/LDZIOSDS]C() = ;EDNMDZIIC()<D-
Let k > ko be such that
2 2 2
(A.31) Ep~uD 1yy<p<k > ;EDWD 1i<p,
which k exists because of the boundedness of Ep~, D?. Note that (A.31) implies that
2
(A.32) Ep~u(Dlgy<p<k) = S Ep~pu(Dli<p).
&
We now show that for all constant j >k, b € (1 —¢’, 1 4+ ¢')b whp. Let E; and E; be the

number of half-edges attached to vertices of degree [ in G,, and G ,, respectively. We need to
show that whp

2j
_ HE
(A.33) b= u e(l—e,1+e)b.
>
Since j is a constant and E; =/ ZveGn ldean (v)=1» by Chernoft’s inequality, whp we have

2j 2j
Y Ere(l—¢,1+¢)) Iuhn and
1=0 1=0

A34

( ) 2j 2j
Y U-DEe(l—¢ 1+€)) 10 —Dudn.
1=0 1=0

This together with (A.29) and (A.30) give

2j 2]
- E
Zizol = DB 5 1130 and Yl e (1— 61 4 &),
YLy El =0

Since the total number of removed half-edges is at most e'nd whp,

2j
ZE;GZEH— —&',0)nd C (1 —2¢",1+2¢ ZE;
=0

From this and (A.34), (A.33) reduces to proving that

2j 2j
Y IE e(1—¢14€)) IE.
=0 =0

The upper bound is straightforward. To prove the lower bound, let N; be the number of
vertices of degree / in G,. Since the number of deleted half-edges is at most 3272, ., INi,
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we have by Markov’s inequality, (A.32) and Chernoff’s inequality, whp

2j ~ 0 1 00
Y(E-Ey< Y INN<=E > IN
=0

1=2j+1 £ =241
(A.35)
2j
E Z IN; < Z IN;.
I=ko+1 I=ko+1
Thus, we have
2j
(A.36) Y UE - Ep) < Z PNy <¢ leNl—e ZIEZ,
1=0 I=ko+1

where the first inequality follows from (A.35) and the fact that the left-hand side of (A.36)

is largest when the deleted half-edges counted in Z = 0(E  — E;) are drawn from vertices of
highest degrees possible and the second inequality follows from the Chernoff inequality and
(A.30). That completes the proof of (A.33) and hence Item 3. [
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