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This note corrects Lemma 3.7 in our paper (Ann. Probab. 44 (2016)
3740-3803). The main results of the paper remain correct as stated.

This note corrects an error in [1], Lemma 3.7. The lemma is not correct as stated, and the
first conclusion must instead be stated as a hypothesis. This erratum corrects the statement
of the lemma and then shows that the additional hypothesis is satisfied in each of the three
applications of the lemma later in the paper. The main results of the paper remain unchanged.

The error in [1], Lemma 3.7, is at the end of the “first step” of the proof. Specifically,
the last equation before the “second step” (lines 5—6 of page 3769) is not accurate, because
the preceding equation was proven only for all F/‘-measurable functions ¢1(x), not for all
]-'# -measurable functions. We rewrite the lemma as follows, stating equivalence between its
two claims as well as a third and often more convenient form.

LEMMA 3.7%. Let P € PP(R2) such that (B, W) is a Wiener process with respect to the
filtration (}"E’B’W’“’A’X),e[oyr] under P, and define p := P o (§, B, W, w~ L Suppose that
(1) and (3) of Definition 3.4 are satisfied, that P(Xo = &) = 1, and that the state equation
(3.3) holds under P. The following are equivalent:

(A) For P o u~'-almost every v € PP(X), it holds that (Wi)iepo,1] is an (FtW’A’X)te[Q,T]-
Wiener process under v.

(B) Under P, .7:71?’“ \/.7-',§’W’A is independent of o {Wy — W, :s € [t, T]} foreveryt €0, T).

(C) P isan MFG pre-solution

PROOF. (A) = (C): Let Q=P o (¢, B, W, u, AL Assuming (A) holds, the second
and third steps of the original proof [1], Lemma 3.7, are correct and show that O € A(p). As
all of the other defining properties of an MFG pre-solution hold by assumption, we deduce
©).

(C) = (B): Note that (C) entails that ]-',A is conditionally independent of ]-'";’B’W’“ given
Eg’B’W’“ under P, for every ¢t € [0, T). Fix t € [0, T'), and fix bounded functions ¢;, ¥r,
Yy, and hyy such that ¢;(A) is .EA—measurable, Yr(B, ) is ff’”—measurable, Y (E, W)
is ]-"f ’W—measurable, and h,Jr(W) is o{Wy — W; : s € [t, T]}-measurable. The conditional
independence yields

E[¢ (M F5 5V ] = B[ (M1 F PV as,

The independence of &, (B, u), and W easily implies that ]-'f v ]-'f Wis independent of
o{Wy — W, :s €[t, T]}, and we deduce

E[¢: (M Y7 (B, i)Y (€, W)hi(W)]
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= E[E[¢: (M) FE 5" yrr (B, w) v (€, Wk (W)]

= E[E[¢: (M) FE 5" 1yrr (B, w) v (€, W)]E[hr (W)]
= E[¢: (MW7 (B, i)W (€, W ]E [y (W)].

(B) = (A): Because the state equation (3.3) holds, and because strong uniqueness holds for
this SDE, we have FX ¢ Fi'®W 4 a5, which implies 2 v FV-4X = gl Fo A
a.s. under P, for each ¢. Hence, (B) implies ]-'f By .EW’A’X is independent of o {Wy; — W, :
s € [t, T]} under P, for each ¢. Now fix ¢ € [0, T'), and fix bounded functions {7, ¢;, and
h;, such that {7 (w) is }"TL—measurable, ¢ (W, A, X) is .EW’A‘X—measurable, and hy (W)
is o{W; — W; : s € [t, T]}-measurable. The fixed point condition (3) of Definition 3.4 and
independence imply

Ep[wm) fxqst(w,q,x)ht+<w>u(dw,dq,dx>]

=EP [y () de (W, A, X)he i (W)]
=EP[Yr (Wi (W, A, X)JEL [hrr(W)]

=E”[w<m [ ¢>z<w,q,x)u<dw,dq,dx)]EP[h,+<W>].

As this holds for every F’TL -measurable 7, we deduce

‘/;Yqbt(w,q,x)h,+(w)u(dw,dq,dx):EP[hH_(W)]/X(l),(w,q,x),u(dw,dq,dx) a.s.

By working with a countable convergence-determining class, we conclude that J-",W’A’X is
independent of o {W; — W; : s € [t, T']}, under P-a.e. realization of u. Finally, use conditions

(1) and (3) of Definition 3.4 to deduce that
poW l=PWe B,u)=PoW™ as.
Thus, vo W! equals Wiener measure for P o ;L_l—a.e. v € PP(X), and (A) follows. [

We next show how to apply Lemma 3.7* in each of the places the original [1], Lemma 3.7,
was applied, in the proofs of Lemma 3.6, Lemma 3.16, and Theorem 4.1.

Addition to Proof of Lemma 3.6. To check the condition (B) of Lemma 3.7%, it suffices
to check that }'ﬁ’“ \% ]-'f’W’A is independent of o {W, — W, : s € [t, T']} for every ¢t € [0, T),
under P, for each n. Indeed, this independence readily passes to the n — oo limit. Under
P,,, we have ]-",“ C ]-",B a.s., for each r. Hence, it suffices to check that ]-"ﬁ \% .7-"; WA g
independent of o {W; — W, : s € [t, T} for every t € [0, T), under P,,. But this follows from

the independence of}"f’B’W’A, o{Ws—W,:se[t, T]},ando{B; — B; :s € [t, T]}.

Addition to Proof of Lemma 3.16. We again check that P satisfies the condition (B) of
Lemma 3.7*. To see this, note that each P,, is an MFG pre-solution and thus satisfies (B), by
Lemma 3.7*. Passing to the limit P,, — P, we deduce that P also satisfies (B).

Addition to Proof of Theorem 4.1. We will check that P=P o(&B,W, A, X)_1
satisfies condition (B) of Lemma 3.7%*. First, because P’ € R.A(p), it is immediate that
P’ satisfies properties (1) and (2) of Definition 3.4. Using the implication (C) = (B) of
Lemma 3.7*, it holds under P’ that ff’“ \/]-","’&’W’A isindependent of o {Ws, — W; :s € [, T},
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for each ¢. Because  is (B, p)-measurable, this implies that ]-"f oy .Ff WA g independent
of 6 {Wy, — W; : s €[t, T}, for each ¢, under P’. Lemma 3.7* then implies that P is an MFG
pre-solution.
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