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Abstract. We establish the general equivalence between rare event process for arbitrary continuous functions whose maximal values
are achieved on non-trivial sets, and the entry times distribution for arbitrary measure zero sets. We then use it to show that for
differentiable maps on a compact Riemannian manifold that can be modeled by Young’s towers, the rare event process and the limiting
entry times distribution both converge to compound Poisson distributions. A similar result is also obtained on Gibbs—Markov systems,
for both cylinders and open sets. We also give explicit expressions for the parameters of the limiting distribution, and a simple criterion
for the limiting distribution to be Poisson. This can be applied to a large family of continuous observables that achieve their maximum
on a non-trivial set with zero measure.

Résumé. Nous établissons 1’équivalence générale entre les processus d’événements rares pour des fonctions continues arbitraires dont
les valeurs maximales sont atteintes sur des ensembles non-triviaux, et la distribution des temps d’entrée pour des ensembles de mesure
nulle arbitraires. Nous utilisons ensuite cette équivalence afin de montrer que, pour des applications différentiables sur une variété
riemannienne compacte qui peuvent étre réalisées par des tours de Young, le processus d’événements rares et la distribution limite des
temps d’entrée convergent tous deux vers des lois de Poisson composées. Un résultat similaire est également obtenu pour des systemes
de Gibbs—Markov, a la fois pour des ensembles cylindriques et ouverts. Nous donnons également des expressions explicites pour les
parametres de la loi limite, et un critere simple garantissant que cette derniere est une loi de Poisson. Tout ceci peut étre appliqué a une
grande famille d’observables continues qui atteignent leur maximum sur un ensemble non-trivial de mesure nulle.
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1. Introduction

The extreme value theory and its relation with entry/return times statistics have been a hot topic for the last decade. For
a given potential function, one observes the occurrence of extreme phenomenon, when the observation of the potential
along the underlying dynamical systems achieves a very high value. When the maximal value of the potential is achieved
at a generic point, the extreme value distribution is known to converge to one of the three limiting laws (Gumbel, Fréchet,
or Weibull distribution, all of which are of the form e~7), which agrees with the classical extreme value theory. We invite
the reader to the book [11] for more details. However, when the maximal value is achieved on a periodic point, one will
pick up a point mass at the origin. This is because the periodic behavior will generate a cluster of exceedances, which
will prevent generic points from entering its neighborhoods. It is then shown in [15] that for non-periodic points, the total
number of exceedances within a time scale suggested by Kac’s theorem is Poissonian in limit, while for periodic points
the limiting distribution is compound Poisson. In particular, the compound part is a geometric distribution, with parameter
6 given by the portion of points that remains in the neighborhood under the iteration of f™ where m is the period. This is
generally known as the P6lya—Aeppli distribution, and the parameter 6 is sometimes called the extremal index.

For the limiting distribution of entry/return times, Pitskel [26] proved that for Markov chains, the number of entries to
cylinder neighborhoods around a generic point is Poissonian. This result is later generalized to systems with various types
of mixing properties, see for example [1], and to dynamically defined Bowen-balls (see [20]). The same result holds for
geometric balls when the map is modeled by Young’s towers, which is proven by Collet, Chazottes [9] for towers with
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exponential tails, and Haydn, Wasilewska [17], Pene, Saussol [24] for polynomial tails. In the case of periodic points, it
is shown in [18] that the number of returns is close to a Pélya—Aeppli distribution.

It is not a coincidence that extreme value distributions and entry times distributions agree for both non-periodic and
periodic points. This is proven in [14], where the authors show that these distributions are equivalent if one considers
potential functions that have certain symmetry and regularity near the maximal value.

An important yet very difficult step forward is to study the entry/exceedance distribution for the neighborhoods of any
measure zero set. One of the key motivations lies in the shortest distance between different orbits, which is studied in [7].
If one defines ¢ (x, y) = —log minp<x<p—1{d (f kx, £¥y)} which is the shortest distance between the orbits segments of x
and y before time 7, then ¢ can be seen as a potential function on the product system f x f: M x M — M x M which
achieves its maximal value (infinity) along the diagonal {(x, x) : x € M}. Then to study the distribution property of ¢, one
is forced to look at the entry/return times to the diagonal under the product system. Another motivation is given in [13],
where the authors study the extreme value distribution near a Cantor set.

One of the most important advances in this direction is in [12], where it is shown that the marked rare event point
process (i.e., one considers not only the number of exceedances, but also the spatial position where such exceedances
happen) will converge to the compound Poisson process with intensity 6 and multiplicity d.f. 7, under the assumption
that:

(1) the thresholds {u,} are taken such that the measure of {X( > u,} is of order 1/n; here X( = ¢ is the potential function
(below we will refer to it as the observable);
(2) there is a normalizing sequence {a,} and 6 € [0, 1], a probability distribution 7 (x) such that

i IED(R[LO(Mna x/an)) _
1m =
n P(Uy)

9(1 — n(x));

(3) two technical conditions 2, (un)* and 1, (un)* hold;
(4) the Condition ULC ), (u,,) (Unlikely Long Clusters).

More importantly, the conditions [, (¢n)* and L, (un)* can be verified if one assumes that the system has decay of
correlations against L' functions. However, this is known to be a very strong assumption as it implies the decay of

correlations against L functions at exponential speed. In the meantime, it is unclear when the intensity, 6 and the
distribution, 7 (x) exist.

A more recent breakthrough is obtained in [19]. In this paper, the authors establish the existence of the parameters 6
and {)\,} for the compound Poisson distribution using the short return probabilities {a,}; they also prove the convergence
of the entry times distribution using a compound binomial approximation theorem. One of the key ingredients in the
proof is the desynchronization of the neighborhoods U,, with the cut-off of the short return time K (previously, the short
return time depends on n. See equations (2) and (8)). This allows them to easily show convergence without worrying
about the meaning of a ‘short’ return. Then, they consider a family of systems that are ‘mostly’ hyperbolic which was
first introduced in [21] by Haydn and the author of this paper. Such systems satisfy:

(a) the stable and unstable disks are globally defined;

(b) the contraction/expansion/distortion on such disks are ‘good’ except on a set with small measure;
(c) the measure can be globally decomposed into conditional measures along the unstable disks;

(d) the system has polynomial decay of correlations. !

In this paper, we will consider both cylinders and open neighborhoods around an arbitrary null set. The main goal is to
establish the convergence of the (unmarked) rare event process> to the compound Poisson distribution, for maps that are
either Gibbs—Markov or modeled by Young’s towers. Note that we do not assume how the measure of such neighborhoods
approach zero, nor do we impose any condition such as ULC(u,). Following the work of [19], the parameters {A;} will
be determined explicitly by the short return probabilities of such neighborhoods. We will demonstrate how to control the
error term in the compound binomially approximation theorem (which are, unsurprisingly, very similar to the conditions
I and 24 in [12]), using either ¢-mixing or decay of correlations against L functions, both at polynomial speed.

We also obtain several approximation results under general settings (Lemmas 5.6, 5.7) along the way, which allows
one to approximate open neighborhoods with cylinders. As a corollary, we provide an easy-to-check criterion for the

It s likely that such maps are, in fact, modeled by Young’s towers with polynomial tails; see [3] and [5].

2Using the word ‘process’ may be a slight exaggeration, as we will only show the convergence of the limiting distribution instead of the convergence of
entire process. However, we believe that such convergence can be obtained by modifying the compound binomial approximation theorem in [19] (i.e.,
show the approximation by the compound binomial process) following the work of [12,15], which will probably require a standalone paper.
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limiting distribution to be Poisson. We also show that for potential functions achieving their maximal value on a null set,
the extreme value distribution converges to e~*1" (with o] being the extremal index).

The secondary products of our proof are Proposition 5.4 and Proposition 6.2, where we show that whether or not one
synchronizes K with n will not affect the parameter of the limiting distribution. This, in particular, proves that the o
defined by (5) below is indeed the extremal index studied in [13].

We do not aim to provide specific examples in this paper, as it has been shown in [4] that every system with an
absolutely continuous physical measure and sufficient decay of correlations must admit Young’s tower. On the other
hand, computing the parameters and verifying assumptions, in particular 3 and 4, are usually lengthy (see, for instance,
those examples in [12,13,16,19]), and will be carried out in a standalone paper.

2. Statement of results

A random variable W is compound Poisson distributed, if there exists i.i.d. random variables Z;, j = 1,2, ... taking value
in positive integers, and an independent Poisson distributed random variable P, such that W = Z;;] Z; (with W =0
when P = 0). In other words, the number of occurrences within each time interval can be partitioned into independent
clusters, whose total number follows a Poisson distribution while the number of occurrences within each cluster is dis-
tributed according to Z;. If we set Ay =P(Z; =¢), £ =1,2,... and let s be the parameter for P, then we say that W is a
compound Poisson distributed for the parameters {sX,}. More details on the compound Poisson distribution will be given
in Section 3.

Throughout this paper, unless otherwise specified, we will assume that (M, B, i, f) is a measure preserving systems
with M a compact Riemann manifold, f : M — M a differentiable map, 55 the Borel o-algebra and p an f-invariant
probability measure. We will frequently write P = . when we interpret ((A) as the probability of the event A.

We take a continuous observable (potential function)

¢ :M— RU {300},

such that the maximal value of f (which could be positive infinite) is achieved on a u measure zero closed set A, and
consider the process generated by the dynamics of f and the observable ¢:

Xo=09, Xi=g¢of, X =9o f*,

Let {u,} be a non-decreasing sequence of real numbers and {w,} a non-decreasing sequence of integers with u,, — sup f
and w, — +00, such that

w,P(Xo>u,) - t€Rt asn— oo (H

for some positive real number . We will think of u, as a sequence of thresholds, and the event {X; > u,} marks an
exceedance above the threshold u,,. Also denote by U, the open set

U, ={Xo > u,}.
We are interested in the total number of such exceedances before time N . To this end, we define, for integers n and N,

N—-1

";:L{\n] (x) = Z H{Xk>u,,}(x)»

k=0

where [y is the indicator function of the set U. This is known as the rare event process in [15], under the special case
wy, =n.

To characterize the limiting distribution of EMA; as n — oo we first observe that since {u,} is non-decreasing and f is
continuous, we have U,, C U,,_1, and

ﬂUnzA.
n

It then follows that w(U,) \y 0 = i (A). Furthermore, (1) means that the measure of U, is of the order t/wy;,.
To state the parameters of the compound Poisson distribution, we assume that the following limits exist for K large
enough and every ¢ > 1:

~ . . 0—1
= <
w Klgl})o nlglc}o KUy (rU” - K) ’ 2)
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where uy, (7:5:] < K) is the conditional probability of having at least (¢ — 1) returns to U,, before time K. We will see
later that one only need to assume that the limit in n exists, since @(K) := lim,— o iU, (rf]n_1 < K) is monotonic in K.
See the discussion in Section 3.1.

Then we put for every integer £ > 0 and K > 0,

P 1y, 0 fi=10)

re(K,Up) = , .
! IP)(Z?EO ]IUn o fl = 1)

3)

In other words, 1¢(K, Uy,) is, conditioned on having an entry to the set U, the probability to have precisely £ entries in
the following time interval with length 2K 4 1.
We will see later that the existence of the limits defining &, implies the existence of the following limits:

A= lim lim Ae(K, Uy,), 4)

K—+4ocon—00

and

o] = lim lim Hu, (‘L’Un > K) (5)
K—oon—>o0
The real number o1 € (0, 1) is generally known as the extremal index (EI). See Freitas et al [15].

More importantly, assuming the existence of {a&,}, we will see that {A,} satisfies ), A, = 1 (thus can be realized as
the distribution of some random variable X(), and can be explicitly determined using {&,}. The relation between these
sequences can be found in Section 3.1, in particular, Theorem 3.4.

Next, we turn our attention to the nested sequence {U,}. In the most general setting, the geometry of the set U, can
be quite bizarre. To deal with this issue, we will make the following assumption on the shape of U,,. For each r,, > 0, we
approximate U, by two open sets (‘0’ and ‘i’ stand for ‘outer’ and ‘inner’):

i Unin o i\ (U 55
xeUy, xedU,

It is easy to see that

U_,’;CU,, and U, cU°

n?
with

d(UL, U)) = ra. and  d(Ty. (US)) = 1.

n
The following assumption requires U, to be well approximable by U,i,/ ’.

Assumption 1. There exists a positive, decreasing sequence of real numbers {r,} with r, — 0 (whose rate will be
specified later, see Theorem E), such that

1(Ug\Uy) = o(Hp(Uy). ©6)

Here o(1) means the term goes to zero under the limit n — oo. This also applies to the rest of the paper.
We will also impose an assumption on the topological boundary of U,,.

Assumption 2. The sets U, have ‘small boundaries’, in the sense that for r small enough (but doesn’t need to be too
small, depending on n), u(B,(U,)) = u(U,) + F(r) where B, (U,) = Uer" B, (x), and F(r) is a function of r with
F(r) — 0as r — 0 (with certain rate that will be specified later, see Theorems D and E).

Next, we have to assume that the set {U,} consists mainly of ‘good points’, in the sense that the tail of the tower
has small measure in U,. This assumption is more technical and as a result, the precise statement will be postponed to
Section 6 (see the statement of Theorem E).
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Assumption 3.3 There exists Ko > 0 and p” > 1, such that for every n large enough and every Ky < k < wj,, there is
0 < s(k) <« k/2, such that the set (for the precise definition, see (28)):

Q= {x € Qo,; : the last visit to ¢ before time k is in Q¢ ,; With R, < s(k)}
satisfies

> R o (f T U N (R0, \ ) ,
= P

Gk) = Ck~
® w(Un)

Finally, if f is invertible, we will make the following additional assumption on the conditional measure of U,,.
Assumption 4. 4 There exists C > 0, such that for each 0 < b < s(1/u(Uy)) and y* € T'*, we have

tye (f2Un N Qo) < Cu(Un),

for n large enough. Here Q is the base of the tower, and p,« are the conditional measures of o = u|q, along leaves in
['* (the precise definition of g and T'* are in Section 3.3).

Note that the assumption holds trivially for those y* € I'* that do not intersect with f =2 (U,,).
With that we are ready to state the main theorem of this article.

Theorem A. Assume that f : M — M is a C't% non-invertible map that can be modeled by Young’s towers with
summable tail. Let ¢ : M — R U {f00} be a continuous observable, achieving its maximum on a closed set A with
W(A) = 0. Assume that there exists a sequence of thresholds {u,} such that (1) is satisfied, and the corresponding sets Uy,
satisfy Assumptions 1 and 2, such that {&¢} defined by (2) exists and satisfies Y ,o £y < 00.

Suppose one of the following two assumptions holds:

(1) either the tower is defined using the first return map, and U, C Q for n large enoughi
(2) or Assumption 3 holds, and the decay rate satisfies C(k) = o(k™").

Then we have
P& =k) = m({k})
as n — 0o, where m is the compound Poisson distribution for the parameters {Ta1A¢}e.

The previous theorem has a similar formulation in the invertible case:

Theorem B. Assume that f : M — M is a C'*% (local) diffeomorphism that can be modeled by Young’s towers, with
decay rate C(k) = o(k™Y). Let ¢ :M — R U {00} be a continuous observable, achieving its maximum on a closed set
A with t(A) = 0. Assume that there exists a sequence of thresholds {u,} such that (1) is satisfied, and the corresponding
sets Uy satisfy Assumption 1 1o 4, with 52, £y < 00.

Then the rare event process E,ﬁi = Z,](V:_Ol Lix, >u,) satisfies

IE”(S;‘:!” = k) — m({k})

as n — 0o, where m is the compound Poisson distribution for the parameters {To1A¢}e.

Remark 2.1. In both theorems, the assumption on the continuity of ¢ can be weakened. One only need ¢ to be upper
semi-continuous, and take U,, to be the closed set {X¢ > u,} or its interior. The proof applies without any change. In fact,
the proof below does not depend on whether U, is open or not. This is particularly useful when one considers Cantor-like
sets. See for instance [13].

3 A similar condition is verified for geometric balls in [9], see in particular the appendix there. The proof uses the Besicovitch covering lemma, which
clearly does not hold for arbitrary open sets. Therefore we state it as a technical assumption.

4This assumption can be weakened so that Ky f —b Uy N Q) < Cu(Up) holds for all y except on a sequence of sets whose measures (with respect
to the transversal measure on I'*) are small comparing to the measure of Uy,. One only need to slightly modify the proof in Section 6.2.
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As the first corollary, we give a simple criterion for the limiting distribution to be indeed Poisson. For any measurable
set U C M, we define the periodic of U, denoted by 7w (U), as:

n(U)=min{k>0: f*UNU #2}.

This can be seen as the first time that some point in U returns to U. We also define the essential periodic® for a positive
measure set U to be

Tess(U) = min{k > 0: u(f~*UNU) > 0}.

Clearly one has m(U) < megs(U). On the other hand, w is supported on the entire manifold M and U is open, then we
have 7 (U) = mess(U), as the nonempty intersection picked up by 7 (U) must be an open set with positive measure.

Definition 1. We say that a set A intersects every forward orbit at most once, if for every x € M we have
#k>0: ffyen) <1
Equivalently, if for every x € A, {k >0 ffxyen =2.

Corollary 2.2. Assume that the nested sequence {U,} satisfies mwess(Uy) — 00. Then the parameters oy and {\;} exist
and satisfy a1 = 1 = Ay, A¢ = 0 for £ > 2. Furthermore, if the assumptions of either Theorem A or B hold, then the rare
event process &,, converges to a Poisson distribution with parameter t.

In particular, if A = (), U, intersects every forward orbit at most once, then the rare event process &,, converges to a
Poisson distribution with parameter .

In particular, if x is a non-periodic point then it is easy to see that w(B,.(x)) — oo as r — 0. We then recover the
classical result on the Poisson distribution for metric balls at non-periodic points. For a non-trivial example, let f be
the Arnold’s cat map on T2. Let p be a fixed point of f and take any x € Wi .(p). We then take A to be the segment
between x and f(x) inside W} (p) (with either x or f(x) excluded), then A intersect every forward orbit at most once.
In particular, we have o1 = 1. The same result is obtained in a later work [8, Theorem 2.1(3)] where the proof is much
more involved.

We would also like to point out that a similar condition is observed by Freitas et al in [13, Theorem 3.2] for interval
maps and Cantor sets, where they formulate it as “the dynamics considered is not compatible with the self-similar structure
of the maximal set”.

The second corollary deals with the rare event distribution for the process { X }. A similar result is obtained in a recent
work by Freitas et al in [13], assuming two technical conditions, namely /1 and [, hold.®

Corollary 2.3. Assume that the conditions of Theorem A or B hold. Then the extremal value process
M, =max{X;,k=0,...,n—1}
satisfies

P(My, <up)—>e %7

as n — o0. In particular, if 7ess(Uy,) — 00 then the limiting distribution is e 7.

This corollary easily follows from the observation that {M,,, <u,} = {S;‘,’, " = 0}, and for a compound Poisson distri-
bution m with parameters {«;tA¢}, m({0}) =P(P =0) = ¢~ “!" where P is the Poisson part of m. See the discussion on
the properties of compound Poisson distribution in Section 3.2.

This paper is organized in the following way: in Section 3 we collect some existing results on the return and entry
times to an arbitrary null set A, and establish the existence of the parameters {A¢} and «;. We will also introduce an

5The period 7 (-) has been studied extensively in a series of papers (see for example, [27] for the asymptotic behavior, [2] for the fluctuation and [22]
for its relation with the local escape rate. However, as far as the author is aware, the essential period mess(-) has not been previously studied.)

6Similar to the conditions I, (un)* and Jp,(un)* mentioned earlier, such conditions can be checked if one has decay of correlations against all L!
observables. However, this assumption does not hold for Young’s towers with sub-exponential tails. See the discussion in Remark 3.10.
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abstract compound binomial approximation theorem which will be the main tool to show convergence to a compound
Poisson process.

In Section 4, we will establish the general equivalence between rare event process and entry times, thus converting the
limiting distribution of rare event process for the observable ¢ to the limiting entry times distribution of the set A, on
which ¢ achieves its maximum. The novelty here is that we do not assume the measure of the sets { Xy > u,} to be of
order t/n. This is done in Theorem C.

Then in Sections 5 and 6, we prove the convergence of the entry times distribution to the compound Poisson process, for
non-invertible and invertible systems respectively. To make the paper more interesting, we will use completely different
techniques for these two cases: in the case of non-invertible maps, we will prove the convergence to the compound Poisson
distribution for the induced system using ¢-mixing property, then apply an inducing argument to extend the result to the
original map. This yields an interesting theorem by itself (Theorem D), and will allow us to get rid of the very technical
Assumption 3; in the case of invertible maps, we will use fast decay of correlations which is used by [9] and [17].

We would like to point out that in all the theorems in this paper, we do not assume the measure u to be the SRB measure
(in the invertible case) or the absolutely continuous invariant probability (in the non-invertible case). As is shown in [25]
and several recent papers, Young’s tower usually support many interesting measures other than the SRB measure. Among
them are the equilibrium states of geometric potentials, and sometimes the measure of maximal entropy, where our results
can be applied.

3. Preliminaries

In this section, we will introduce several notations that will be used throughout the paper. Most importantly, we will
introduce the short return and entry times on a sequence of nested sets, and deal with the existence of A;’s defined by
(4). Then we will state a compound binomial approximation theorem developed in [19], which will enable us to show the
convergence to the compound Poisson distribution. The last subsection contains the general definition of Young’s towers
for both invertible and non-invertible maps.

3.1. Return and entry times on a sequence of nested sets

In this section we recall the general results on the number of entries to an arbitrary null set A within a cluster. For this
purpose, we write, for any subset U C M,

rU(x):min{jzlzfj(x)eU}

the first entry time to the set U. Then ty |y is the first return time for points in U. Higher order entry times can be defined
recursively:

=1, and tlj}(x) = tljfl(x) + 1y (f’ij_1 (x)).

For simplicity, we write ‘L'g =0onU.
Given a sequence of nested sets U,, n = 1,2, ... with U,y C Uy, (), Un = A and p(U,) — 0, we will fix a large
integer K > 0 (which will be sent to infinity later), and assume that the limit

&e(K) = lim py, (z, ' < K)

exists for K sufficiently large and for every ¢ € N. By definition &y (K) > &y+1(K) for all £, and @;(K) = 1 due to our
choice of 7°. Also note that &, (K) is non-decreasing in K for every £. As a result, we have for every £ > 1:

oy = Klim a¢(K) exists forevery £,and &) = 1, Q¢ > Qy41. @)
—00

Note that in the definition of &, the cut-off for the short return time K does not depend on the set U,,. Another way to
study the short return properties for the nested sequence U, is to look at
= lim e
Be= lim puy, (2" < s0) ®)
for some increasing sequence of integers {s,}, with s, u(U,) — 0 as n — oo. In other words, one can synchronize K
and n in the same limit. This is the approach taken by Freitas et al in [13]. However, we will see later in Proposition 5.4
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and 6.2 that under our settings, we have 8y = &y, while the latter is significantly easier to use (also potentially easier for
numerical simulation).

To demonstrate the power of desynchronizing K from n, recall that for any set U, the essential periodic of U is given
by:

Tegs(U) :min{k >0: ,u(f_kU N U) > 0}.
Then the following lemma can be easily verified using the definition of a:

Lemma 3.1. Let U, be a sequence of nested sets. Assume that mes(U,) — 00 as n — 00, then ay exists and equals zero
forall £ >72.

Proof. For each K, one can take ng large enough such that mes(U,) > K for all n > ng. Then for £ > 2,
K
wu, (5, <K) <, (U U, Un> =0
k=0

since all the intersections have zero measure. O

Note that the converse of this lemma does not hold. Also note that the similar result for 8, will require information on
the rate at which 7 (U,,) or 7ess(U,) — 00.” See [22] for more detail.
Now let us come back to the properties of &;. We assume that the limit

T 2
pi = Jlim o, (v, =)

exists for every i > 0, £ > 1. This is the limit of the conditional probability of the level sets of the £th return time rf]n.

Then it is shown in [19] that the following relation holds between {d&,} and { pf}.
Lemma 3.2 ([19, Lemma 1]). For every £ > 2, we have
&g = Z pf.
i
Note that & (K) is the conditional probability to have at least £ — 1 returns in a cluster with length K. If we consider
the level set:
T -1 4
ar(K) = lim py, (" <K <7p,)
and its limit

oy = lim oy(K), 9)
K—o0

then it is easy to see that oy = &; — &¢+1 Which, in particular, implies the existence of cy. It also follows from the previous
lemma that

ar=Y (pi~" = pf)
i

for £ > 2. In the special case £ = 1, we have

ar= lim lim py, (g, > K)=1-Y_p}. (10)
i

K—oon—00

7Since it is not always possible to take s, = mess(Up) — 1. See for example the recent work [8] where U, is taken to be a neighborhood of a line segment

with radius %, and the system in question is Anosov. In several cases of [8, Theorem 2.1] the authors chose s, = (log n)s, which is much larger than
Tess(Un).
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To see the relation between {c¢} and {A;} defined by (3) and (4), we put

2K
=> Iy, of
i=0

which counts the number of entries to U, in a cluster with length 2K . Then «¢(2K) = lim, uy, (Z,f = (), and (3) can be
written as

P(zK =¢)

MK, Uy) =P(ZK =¢12K > 0) = —=2 — 7
f( n) ( n | n > ) ]P(Zrll(>0)

Let us also introduce the notation
K—1
ZE= =Y "Iy, of, and ZFFT= ZHU o f'.

Then ZX = 2K~ + 75+ (9) then becomes

ac= lim lim P(zX~ =¢u,) = 11rn lim IP’(Z,{“’ =5 Uy), (11)

K—oon—o0 —o0n—>
where the second equality follows from the invariance of . Note that the same expression holds in the case £ = 1.
Define WX ="K 1y, o 1 = ZX~ + 1y, o £¥. Then it follows that

ac= lim lim P(WK =¢|U,).

K—oon—>o0

The next lemma controls the probability to have a very long cluster of entries.

Lemma 3.3 ([19, Lemma 2]). Assume that the limits in (7) and (9) exist and satisfy Z?’;l Lay < oo. Then for every
n > 0, there exists Ko > 0 such that for all K' > K > Kg, we have

PUH(WK KOfK>O)Snv
for all n large enough (depending on K and K').
Finally, we give the relation between {A,} and {o}.

Theorem 3.4 ([19, Theorem 2]). Assume that U, is a sequence of nested sets with (1 (U,) — 0. Assume that the limits in
(7) exist for K large enough and every £ > 1. Also assume that y_,- , L&y < 0.
Then

Oy —Opy
)»e=—+,
)

where oy = &g — ag+1. In particular, the limit defining Ay exists. Moreover, the average length of the cluster of entries
satisfies

Note that by (4), A, > 0 as long as they exist. This in turn shows that {c,} is a non-increasing sequence in £, which,
surprisingly enough, cannot be easily seen from their definitions. We also have ), A¢ =1 due to the telescoping sum.
The following lemma is a byproduct of the proof of the previous theorem. Write I' =1, o f*, we get:

Lemma 3.5. For every n > 0, we have
Pz~ =k z2f T =t -k 15 =1)-P(zX =K. 25t =¢— k. TF =1)| < nuUy)

forall 0 <k, k' < £, provided that K and n are large enough.
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To conclude this section, we introduce the next lemma on the entry times (note that the probability below is NOT
conditioned on U, ), which will be used to show the convergence of the parameters of the compound Poisson distribution:

Lemma 3.6 ([19, Lemma 3]). Under the assumptions of Theorem 3.4, we have

Py, <K) _

lim lim ————— =q;.
K—ocon—oo  Kpu(Uy,)

3.2. Compound Poisson distribution and a compound binomial approximation theorem

Here we review the general properties of compound Poisson distributions and state the approximation theorem that was
proven in [19].

A probability measure m on Ng = N U {0} is compound Poisson distributed with parameters {si, : £ > 1}, if the
probability generating function ¢, is given by

om (2) =e><p</0 (zF - 1)dp(x)>,

where p is the measure on N defined by p = Zz sh¢dy; here §; is the point mass at £. If we write L = Ze si¢, then
L~!p becomes a probability measure. Let P be a Poisson random variable with parameter L, and Z j»j=1,...aniid.
sequence of random variables with

P(Z;j =€) =h¢=L"sh.

Then the random variable W = Zle Z; has a compound Poisson distribution. We will refer to P as the Poisson part,
and Z; as the compound part of W. If we have in addition that ) ,.; A¢ = 1 (which is the case in this paper due to
Theorem 3.4 and the remark afterward), then L = s, and E(W) = sE(Z;). Moreover, we will see later (Remark 3.8) that
s = tay, which is the desired parameter for Theorems A and B.

Just like the classical Poisson distribution can be approximated by binomial distributions, compound Poisson distribu-
tion can be approximated by compound binomial distributions with the same compound part. For this purpose, we take a
large integer N, a parameter s > 0 and put p =s/N. Let O be a binomially distributed random variable with parameters
(N, p), and define

where Z}s are i.i.d. random variables as before. W’ has generating function ¢y (z) = (p(¢z, — 1)+ 1V, where 9z,(2) =
) ztA¢ is the generating function of Z;. Note that as N tends to infinity, Q converges to a Poisson distribution with
parameter s, thus W’ will converge to a compound Poisson distribution W with parameters {sA,}. This can be easily
proven by checking the convergence of the generating function.

The following theorem gives the convergence of a dependent, stationary {0, 1}-valued process to a compound binomial
distribution:

Theorem 3.7 ([19, Theorem 3]). Let {X,},en be a stationary {0, 1}-valued process and wN = ZzNzo X; for some
large integer N. Let K, A be positive integers such that ALK + 1) < N and define Z = Zizfo Xi, Wab = Z?:u X;.
Let m be the compound binomial distribution measure where the binomial distribution has values p = P(Z > 1) and
N’ = N/Q2K + 1), and the compound part has probabilities Ay =P(Z =€)/ p.

Then there exists a constant C, independent of K and A, such that

|P(WN =k) —m({k})| < C(N'(R1 + R2)) + AP(Xo = 1),

where
q—1
MQK+1 MQK+1
Ri= sup Z(P(Z =UuUA WA((2K+1)) =q—u)-P(Z= M)P(WA(gK—&-l)) =q—u))|.
MelANT |2

ge(O,N'—A)
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and

A
Ra=) P(Z=1AZo fEKTDn>1),
n=2

Remark 3.8. If one takes a sequence of nested sets {U,} with u(U,) — 0, then the parameters of the binomial part are
p=P(ty, <2K) and N' = m Then as n — oo then K — oo, the binomial part will converge to a Poisson
distribution with parameter:

L , ... P(ry, <2K)
s =limlim pN’ = rlimlim ——————+— =10,
K n K n Q2K+ Du(Uy)

due to Lemma 3.6. As a result, the parameters of the compound part will converge to si¢, = Ta1 Ay, as desired.

Remark 3.9. This theorem and its proof are similar to the abstract Poisson approximation theorem by Collet and Cha-
zottes [9], where the error terms R and R, are also similar to the error terms in the classical Chen—Stein method by
Arratia el al [6]. A Chen—Stein method approach to the compound Poisson distribution is also under development by
Gallo, Haydn and Vaienti [16].

However, we would like to point out that the Chen—Stein method may not be suitable for invertible maps with Young’s
towers, due to the gap in both error terms being opened towards the past, making it difficult to apply the decay of
correlations.

Remark 3.10. The error terms R and R, are similar to the conditions D, (u,)* and D;,(u,,)* used by Freitas et al in
[15]. As we will see later, R can be verified similar to D, using decay of correlations against L functions. On the
other hand, the proof of D;, in [15] requires decay of correlations against L' functions, which does not hold for Young’s
towers with less than exponential tail. This is because decay of correlations against L! functions at summable rate implies
the decay of correlations again all L°° functions with exponential rate [4, Theorem B].

However, as we will see in later sections, the error term R is very easy to verify due to the desynchronization between
K and n.

3.3. Young’s towers

Young’s towers, also known as the Gibbs—Markov—Young structure, were first introduced by Young in [29] and [30] as a
discrete time suspension over a countable Markov map. The base of the tower is constructed in a way such that every time
a partition set returns, it will be mapped to the entire base, with well controlled hyperbolicity and distortion estimates. It
turns out that the decay of correlations for the tower depends on the time it takes for points to return. The first paper, [29],
deals with the local diffeomorphisms on compact manifolds whereas the second paper, [30], contains a more abstract
setting for non-invertible systems. Below, we will discuss these two cases separately.

3.3.1. The non-invertible case
In this subsection we assume that f is a differentiable map of a Riemannian manifold M. Assume that there is a subset
Qo C M with the following properties:

(1) o is partitioned into disjoint sets 29 ;, i = 1,2, ... and there is a return time function R : Q¢ — N, constant on
the partition elements 2o ;, such that f R maps €2o,; bijectively to the entire set Qy. We write R; = R|q;-

(i) For j =1,2,..., R — 1 put Q,; = {(x, j) : x € )} and define = [J, Uf;gl Q. Note that {(x,0) : x €
Qp,;} can be naturally identified with Q¢ ;. 2 is called the Markov tower for the map f. It has the associated partition
A={Q;;:0<j<R;,i=1,2,...} which typically is countably infinite. The map F : Q& — Q is given by

: (x,j+1) ifj<Ri —1,
F(X, J) = o
(Tx,0) if j=R; — 1,
where we put 7 = fR for the induced map on Qq. If we denote by g : @ — M, mo((x, j)) = f/(x) then 7q semi-
conjugates F and f.
(iii) Non-uniformly expanding: there is O < ¥ < 1 such that for all x,y € Q¢ ;, d(Tx,Ty) > K Vd(x, y). Moreover,
there is C > 0 such that d(f*x, f¥y) < Cd(Tx, Ty) forall x, y € Qo and 0 <k < R;.
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(iv) The separation time function s(x,y), x,y € S, is defined as the largest positive n so that (f®)/x and
(fR)jy lie in the same sub-partition elements for 0 < j < n, i.e. (fR)jx, (fR)jy € Qo,,'j for some ig,i1,...,0h—1
while (f®)/x and (f®)/y belong to different Q2 ;’s. We extend the separation time function to all of € by putting
s(x,y)= s(FR=Jx, FR_jy) forx,y e Qj;.

(v) There is a finite given ‘reference’ measure on 2o which can be lifted to 2 by F'. We denote the measure on 2y by

—1
vo and the lifted measure by v, and assume that the Jacobian J F = w is Holder continuous in the following sense:
there exists a A € (0, 1) so that
R
Jf X 1l < Cz)»‘Y(TX’Ty)
JfRy 1T

forallx,yeQo;,i=1,2,....
The reference measure on €2 is often taken to be the Riemannian volume restricted to 2. If the return time R is
integrable with respect to vy, i.e.,

/ Rdvy < o0,
Qo

then by [30, Theorem 1], there exists an F-invariant probability measure i on 2 which is absolutely continuous with
respect to v. Then the pushed forward measure p = 7, /1 is a measure on M which is absolutely continuous with respect
to the Riemannian volume.

When the return time function R is the first return time of x to the base o, i.e., R(x) = 7q,(x), then we say that the
tower is defined using the first return map. In this case, the semi-conjugacy 7 indeed conjugates the tower with the real
dynamics.

The set {x : (R(x) > k)} is usually referred to as the tail of the tower. It has been shown in [30] that if vo(R > k) <
Ck~P for some C > 0 and p > 1, then the system has decay of correlations for Holder (or Lipschitz) functions against
L functions at polynomial rate: let C? be the space of y-Holder functions from M to R; then for any functions ¢ € CY
and ¢ € L, we have

Mq¢'1ﬂ0fkdu—/M¢du/MI/fdu

where C (k) is a positive, decreasing sequence with C(k) — 0 as k — oo, with rate depending on vy(R(x) > k).

< Cliglly 1Vl eC k), 12)

3.3.2. The invertible case

Next we consider the invertible case. We refer the readers to [29] and [3] for the precise definition. Roughly speaking, a
(local) diffeomorphism f is modeled by Young’s towers if there exists a set A and two continuous families I'* = {y}
and I'* = {y}} of smooth stable and unstable disks with dimy* 4 dim y* = dimM, such that A consists of points that
are the (unique) transverse intersection of disks in I'* and I'*. Without loss of generality, we assume that the diameter of
all the disks in I'* and I'* are between 1/2 and 1.

It is then assumed that there is a partition of I'* = _J; I'}. One should think of each A; as the ‘product’ of the Qg ;
with entire stable disks. If we denote by A; the intersection of disks in I'} with disks in ', then {A;} is a partition of A.
Consider the return time function R, which is a function that is constant on each A; (thus R is constant on every stable
disk), such that fR(A;) consists of entire u-disks intersecting with A. In particular, this means that £ has the Markov

property:
Ryr@)cy (fRw), and R @) >y (R ).

Similar to (iii) of the non-invertible towers, we assume that on unstable disks, f is backward contracting at polynomial
rate:

C
Vy* el x,yey*,n>0, wehave d(f_"x, f_”y) <—. (13)
n
Similarly, f is forward contracting at polynomial rate along stable disks:3
vy el x,yey’,n=0, wehaved(f"x, f"y) < —. (14)
n

81n most examples (such as those in [5,29] and [28]), the contracting rates along both stable and unstable disks are indeed exponential. This is because the
measures in question are usually hyperbolic (i.e., all the Lyapunov exponents are non-zero), and the return map is defined using ‘hyperbolic times’. To
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Note that such contracting/expanding rate only applies to disks in I'* and I'%, which are usually only defined inside a very
small open ball in M.

The separation function s(x, y) is defined in a similar way as in the non-invertible case, with the extra assumption
that s (x, y) only depends on the stable disks that contain x and y. The reference measure v is usually taken such that the
conditional measures of v are the restriction of the Riemannian volume on the unstable disks, which we denote by v,u.
Then it is assumed that the Jacobian of the return map, J f ¥ [, is Holder continuous: for every y* e I' and x, y € y¥,

R
II OO s fRon,

log ——~ — ~

ST R () =

We also need the Jacobian of the holonomy map along stable disks, denoted by ©,ur ,,u YYNA—py“NA,tobe
absolutely continuous with respect to the reference measure v,u’.

It is shown in [29] and [3] that under the above assumptions, if the return time function R is integrable with respect
to some v,«, then there exists a measure (i, supported on €29, whose conditional measures along y" are absolutely
continuous with respect to vyu. g can be lifted to a measure (v on the entire tower, which is an SRB measure. Moreover,
the system has decay of correlations for Holder functions against L°° functions that are constant on stable disks: if
vyu(R > k) < Ck™? for some y* e I'*, C > 0 and p > 1, then one has

‘/M¢~¢Ofkdu—/M¢dM/deu

for ¢ € C¥ and y € L* such that y/|,s is constant for every y*. Here C(k) is a positive, decreasing sequence with C(k) —
0 as k — oo, with rate depending on vo(R(x) > k).  The rate function C(k) is of order k=@~ 1 if vyu(R > k) < Ck™?,
and is (stretched) exponential if vy« (R > k) is (stretched) exponential.

= Cliglly IVl L=Ck), s)

4. Equivalence of rare event process and entry times distribution

In this section we will establish the relation between rare event process and entry times distributions. Such relation was
first discovered by Freitas et al in [14] for rare event laws and first entry times distributions, in the case w, = n and
U = B,(x).

Recall that {U,} is a sequence of nested sets whose measures satisfy (1), and éx = Z,ivz_ol Iix;>u,) is the rare event
process defined with respect to {u, } and the process X ; = go f J. On the other hand, we define the entry times distribution
of aset U as

N-—1
o =Y Iyoft. (16)
k=0

The next general theorem states that the distribution of S,Z and glll\i, are the same:

Theorem C. For any measure preserving system (M, B, u, f) and any continuous function ¢ : M — R U {£o00}, let
{un}, {w,} be two non-decreasing sequences such that (1) holds for the process X; = ¢ o f/. Then for the nested sets
U, ={Xo > u,}, the following statements are equivalent:

(1) there exists a distribution m such that P(é;fl" =k) - m({k}) as n — oo for every k;

(2) there exists a distribution m such that P(¢ v/ (Un

U, ) = k) > m({k}) as n — oo for every k.

Here v > 0 is given by (1).

be more precise, for n € (0, 1), a positive integer n is called a (1, u)-hyperbolic time of x, if for every 0 < k < n, we have H;!:k II Df_1 (fj )| gu)| <
C n”‘j . (n, s)-hyperbolic times are defined similarly using the forward iterations of f.

Every hyperbolic measure has plenty of hyperbolic times for typical points of the measure, due to the Pliss lemma. Also note that if n is a hyperbolic
time of x and m is a hyperbolic time of f”(x), then n + m is a hyperbolic time of x. Therefore, one can ask the contracting estimate to hold for every
n > 0 as long as all the return times R(x) are hyperbolic times of x. We refer the readers to [5] for more details on hyperbolic times and how to use
them to construct Young’s towers.

In [3] the decay of correlation is proven when ¢ and y are both Holder continuous. However, since the proof there uses the quotient along stable disks
to obtain a non-invertible tower, where the decay of correlations is known for ¥ € L by [30, Theorem 3], one can easily check that the same proof
carries over to L°° functions ¥ that are constant on stable disks.
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Remark 4.1. Note that in this theorem, we do not assume any type of mixing condition, nor do we need any regularity
assumptions on U, such as Assumption 1. Also note that the distribution m depends implicitly on 7 > 0.

Remark 4.2. Due to the Kac’s theorem, the average of the return time on any positive measure set U is given by
This coincides with the normalizing factor t/u(Uy,).

1
wy-
An a simple corollary, we obtain the equivalence between extremal value laws and first entry times distribution for any

continuous observable:

Corollary 4.3. Under the assumptions of Theorem C, the following statements are equivalent:

(1) the extremal value process M, = max{Xy,k=0,...,n — 1} satisfies P(M,,, < u,) — G () for some function G;
(2) the first entry time Ty, satisfies P(ty, > m) — G (1) for some function G.

Proof of Theorem C. From the definition of X; and U,, we see that

{Xk>un}={§0°fk>un}

= Mo >un)
= f_kUna
which means
N—1 N-1
EN = Tixoun =Y Luy,
k=0 k=0
N—1
=Y Iy, o f*
k=0
= 53{1'

To prove the theorem, it suffices to show that
[P(s2 = k) — P(¢/" " = k)| —> 0

for each £, since then the convergence of either one of them to m ({k}) will imply the convergence of the other to the same
limit. To this end, we write

an =min{wy,, t/nU,)} and b, =max{w,, t/u(Uy)},
then we have
bn—1
(e = };{ca,i“””:k}c{zﬂunoszl},
k=ay

where — is the symmetric difference.
It then follows that

[P(Es = k) —B(eg)" ™ = k)|

bp—1
SIP’(Z Iy, o /5> 1)

k=a,

u(bol f_kUn>

k=ay,

< (by — ap)u(Uy)
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w(Uy)

= (W, —

‘ ")
= |wnpt(Uy) — 7| =0,

thanks to (1). This finishes the proof of Theorem C. O

Proof of Corollary 4.3. Note that

{My, <un)={Xj <u,forall j=0,1,...,w, — 1}

= {gr =0},
On the other hand,
i ©/i(Un)
Ty, > = =0f.
{ 1(Up) } 4, }
So the corollary follows from Theorem C by taking k = 0, and considering m ({0}) as a function of . ([

Remark 4.4. Corollary 4.3 is first obtained in [14] for functions ¢ where the maximal value is achieved at a single point
x, for the case w, = n. Moreover, it is assumed that the function has certain regularity near x. It turns out that such
regularity assumption will make the extremal value distribution to be either Gumbel, Fréchet, or Weibull distribution. See
the book [11] for more discussion on this topic.

5. Proof of Theorem A when U, C 2

This Section contains the proof of Theorem A, under the additional assumption that U, C ¢ for n large enough and that
the tower is defined using the first return map. The general case will be dealt with in the next section.

In view of Theorem C, we only need to show that under the assumptions of Theorem A, the distribution of the entry
times ¢y, converges to the compound Poisson distribution with parameters {or;TA¢}. The proof is carried out in four
steps:

(1) first we show that for ¢-mixing measures, the entry times distribution for a union of cylinders can be approximated
by a compound binomial distribution;

(2) furthermore, assume that the system is Gibbs—Markov, we will show the convergence to the compound Poisson
distribution, for a sequence of nested cylinder sets; this step yields a theorem that is interesting in itself (Theorem D);

(3) then we will approximate the sets U,, from inside by unions of cylinders, and prove that the entry times distribution
will converge to the same limit;

(4) finally, we verify that the return maps for the Young’s towers, T = f&, satisfy the assumptions above; then an
inducing argument will carry the convergence to the original map f.

One thing to keep in mind is that, in this section, we will not use Assumption 3 or 4. In the meantime, Assumptions 1 and
2 are only used when one considers open sets U, (Theorem 5.5).

5.1. Compound binomial distribution of cylinder sets for ¢p-mixing measures

In this subsection, we let T be a map on a probability space 2 and p be a T-invariant probability measure on Q2. We
assume that there is a measurable partition (finite or countably infinite) A of Q and denote by A" = \/;f;(l) T~/ Aits nth
join. A" is a partition of 2 and its elements are called n-cylinders. For a point x € 2 we denote by A, (x) € A" the unique
n-cylinder that contains the point x. We assume that A is generating, that is (1), A,(x) consists of the singleton {x}.

Definition 2. The measure u is left ¢p-mixing with respect to A if
[1(ANT ™" B) — u(A)u(B)| < ¢ (k)pu(A)

forall Aco(A"),neNand Beo(l j A7), where ¢ (k) is a decreasing function which converges to zero as k — oo.
Here o (A") is the o -algebra generated by n-cylinders.
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For simplicity we will drop the superscript in ¢ (as it is always coupled with the measure of U) and write

T/unU)-1

é-Uzgé/M(U)z Z HUofk-

k=0

We will also write S < B if there is a universal constant C such that § < C - B. Recall that A(K, U) is defined by (3) and
a1 (K, U) = pny(ty > K).
The next theorem is the compound binomial approximation for a union of n-cylinders. A similar result is obtained in
[16] using the Chen—Stein method. Here we will prove it using the compound binomial distribution theorem in Section 3.
To simplify the notation, we let K be an integer and put Z; = Zl(]: —;.g(lgfr)l)_l X; as the jth block, with X; =1y o T?
as before. We will also write

o' )=o)

j=k

for the tail sum of ¢.

Theorem 5.1. Let 1 be a T-invariant probability measure that is left ¢p-mixing with respect to an at most countable,
generating partition A. Assume that ¢ (k) is summable in k. Let U € o (A") be a union of n-cylinders with positive
measure.

Then there exists a constant C > 0, such that for all integers K, A with AQK + 1) < t/u(U) and every k € Ny, one
has

|P(cy =k) —m({k})| < Co(A/2) + 2K +2)ApU) + ¢" (K)
Jo

! Y P(Zoz 1252 ), (17)
j=1

Kk e

where m is compound binomial with parameters (t/((2K + 1) (U)), P(ty < 2K)) on the binomial part, {A¢(K,U)} on
the compound part, and jo=[n/2K + 1)] + 2.

Proof. We employ the compound binomial approximation theorem in Section 3 on N = [t/u(U)]. Put Vab = Zé’-za Z;.
Then forany 2 < A < N'= N/(2K + 1) (where we assume N’ is an integer for simplicity), we have

[P(VY =k) —m(k})| < CN' (R + Ra) + An(U),

where
qg—1
Ri= sup Z(]P’(Zo:u/\vglzq—u)—IP’(Z():u)IP’(Vg’I:q—u)) ,
Me[A,N'T |,—
ge(0,N'—A)
and
A
Ra=) P(Zo=1AZ;>1).
j=1

Here m is the compound binomial distribution with parameter N’ = t/(2K + D)u(U)), p = P(Z; > 1) =P(ty <2K)
in the binomial part, and (1/p)P(Z; =£) = A¢(K, U) in the compound part.

Next we will estimate the error terms 7R and R, using the left ¢-mixing property. We will also use the following
trivial estimate:

2K

P(Zo>1) = “(U T~ U) <K + DHu(U).

i=0

1. Estimate R 1.
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Note that {Zg = u} € o (A"P2K+1) ‘and (VY = g —u} € T"%0 (J; A/). Therefore, if A >2(n + 2K + 1) then we
get from the mixing property,

qg—1
Ri<p(A/2) Y P(Zo=u)

u=1
<P(A/2)P(ty <2K + 1)
<¢(A/DQ2K + D).
2. Estimate Ry. To estimate Ry, we first note that since {Zo > 1} € o/ (A"****1), and n will be sent to infinity while K

is fixed,!© one cannot use the mixing assumption on P(Zg > 1 A Z; > 1) for small values of j.
To solve this issue, we write

jo=[n/QK +1D]+2.

When j > jo, we have a gap between {Zy > 1} € o (A" T2K+1) and {(Z;>1} e T_j(2K+1)o(Uj AJ) with size at least K .
The mixing property then yields:

P(Zo= 1A Z;j= 1) <P(Zy= D(P(Z; = 1) +¢(( — DQK +1) —n))
=P(Zo= 1> +P(Zo = D¢((j — D@K + 1) —n),

where the second line follows from stationarity. Sum over j > jo and recall that ¢ (k) < k=7 for some p > 1, we obtain

A
Z]P(zozmzjz])
Jj=Jjo

A
< S P(Zo= 1 +P(Zo= D((j — DK + 1) —n)
J=Jo

< AQK + 1D ) + QK + ) Y ¢(( — DQK +1) —n)
Jj=Jjo
SAQK +1)*u(U)* + QK + Hu(U)$' (K).

3. Collect the error terms.
Now we collect the estimates above and obtain (recall that N/ = N/Q2K + 1) = /(2K + D (U))):

1w = k) — m({k})|
SN <¢>(A/2)<2K + D) + ACK + 1)>u(U)?

Jjo
+ ZP(ZO >1AZ; >+ QK+ 1),u(U)¢1(K)) + Au(U)
j=1
- Jo
SOA/2)+ QK +2)AuU) + ¢ (K) + —————— > P(Zo= 1A Z; > 1).
j=1

QK + DHu(U) O

Remark 5.2. The first two terms on the right-hand-side of (17) will converge to zero if one considers a sequence of
nested sets U,, with u(U,) — 0 and let A = M(U,,)_l/ 2. The third term can be dealt with by sending K to infinity on
a second limit (recall that ¢ is assumed to be summable). Doing so will also make the compound binomial distribution

10This fact is not used in this theorem, but is essential for the convergence to the compound Poisson distribution in our setup, as the convergence of
parameters A¢ (K, U) require two separate limits.
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m converge to a compound Poisson distribution with the desired parameters {rajA¢}, as we have seen in Remark 3.8,
Section 3.2. However, controlling the last term will require more information on other structures of the system. This is
carried out in the next subsection.

5.2. Gibbs Markov systems

Recall that amap 7 : Q — Q is called Markov if there is a countable measurable partition A on € with u(A) > 0 for all
A € A, such that forall A € A, T(A) is injective and can be written as a union of elements in .A. Write A" = \/’};(1) T/ A
as before, it is also assumed that A is (one-sided) generating.

Fix any A € (0, 1) and define the metric dj on Q by d; (x, y) = A**Y) where s(x, y) is the largest positive integer n
such that x, y lie in the same n-cylinder. Define the Jacobian g = JT~! = dZI:T and ggr=g-goT---goTk L
The map T is called Gibbs—Markov if it preserves the measure p, and also satisfies the following two assumptions:

(i) The big image property: there exists C > 0 such that (7T (A)) > C forall A € A.
(i1) Distortion: log g|4 is Lipschitz for all A € A.

For example, if a differentiable map f is modeled by Young’s towers with a base Q, then the return map 7 = fR :
Qo — o is a Gibbs—Markov map with respect to the invariant measure u|o, = (hv)|q, and the partition {0 ;}, since
T(R0,i) = Q0.

In view of (i) and (ii), there exists a constant D > 1 such that for all x, y in the same n-cylinder, we have the following
distortion bound:

815 | < pay (17x, ),
&n(y)
and the Gibbs property:

-1 (A, (x)) -
&n(x)

It is well known (see, for example, Lemma 2.4(b) in [23]) that Gibbs—Markov systems are exponentially ¢-mixing, that
is, ¢ (k) < n* for some n € (0, 1).

Before stating the next theorem, we will make some assumption on the sizes of the nested sequence {U, }. We assume
that each U, is a union of «,-cylinders, for some integers x, — oo as n — oo. For each n and j > 1, we define C;(U,) =
{Ae A/, AN U, # o} the collection of all j-cylinders that have non-empty intersection with U,. Then we write

ui= |J 4

A€C; (Uy)

for the approximation of U, by j-cylinders from outside. For each fixed j, {U,{ }n is also nested, that is, U,{ e U,{ .
Obviously we have U,, C U; for all j,and U, = U if J > k. Also note that the diameter of j-cylinders are exponentially
small in j. Together with the distortion property (ii), we see that the measure of j-cylinders are also exponentially small
in j.

The next theorem shows the convergence to the compound Poisson distribution for a nested sequence of cylinder sets
U,, which is interesting in its own right:

Theorem D. Let T be a Gibbs—Markov system and U, € o (A*") a sequence of nested sets with k,u(U,) — 0. Assume
that {&,} defined in (2) exists, and satisfies y_ ¢ Lay < 00. We also assume that there are constants C > 0 and p’ > 1 such

that W(U;}) < w(Uy) + Cj ="' for every j <,

Then the entry times distribution {y, = Z,:/: ’B(U")_l I

v,of k satisfies
P(¢y, = k) — m({k})

as n — oo for every k € Ny, where m is the compound Poisson distribution with parameters {ta1 e} with L, a1 defined
by (4) and (5) respectively.
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Proof. In view of Theorem 5.1, Remark 3.8 and 5.2, we only need to show that the last term in (17):

Jo

‘ Y P(Zoz1AZ;2 1)
=

Q2K + Du(Uy)

converges to zero under the limit in n followed by a limitin K. Here jo =k, /(2K +1)]+2and Z; = Zf/:jg%ﬁgl)_l X;.

We start with some observations on the Gibbs-Markov systems. First, By the big image property, for any j-cylinder
A € A/, we have

u(T/A) = C, (18)

where C is the constant from (i).
Secondly, for any j-cylinder A and any set U € €2, the distortion property (ii) and the Gibbs property gives

pwna _ D,u(T-"(U'ﬂA))
u(A)y  — u(T7A)

Now we are ready to estimate w (U, N T-U,):

w(UNTU,) < Y w(T U, NA)
AECj(Un)

19)

_ Z w(T=IU, N A)

A
(A) n(A)

AECj(Un)

)3 w(T/(T~7U, N A))
w(TJ A)

S w(A)

A€C;(Uy)

S Y wUnu(A)

A€Cj(Uy)

=u<Un>u< U A>=M(Un)M(Ur{),

AEC./(UH)

where we use (19) and (18) on the third and forth line, respectively.
Then for j > 2,

P(Zoz1.Z;jz)< Y (T *U,nT "7y,
0<k,{<2K+1
(J+DQRK+1)

= Y (@K+D=|u—j@K+D)u(U.NT™"U,)

u=G—1)2K+1)

(+DQRK+1)
<Q2K+1) Z w(Un NTTU,).
u=G—-1)QK+1)

Summing over j from 2 to jp, we get

Jo Go+D@K+1)
ZJP’(ZO >1,Z;>1) <2QK + 1) Z w(Uy N T™U,)
j=2 u=Q2K+1)
Kn+22K+1)
SCK+huWy Y w(UY)
u=2K+1

5(2K+1m(un>((xn+4(2K+1))M(Un)+ 3 u—"’),
u=2K+1
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where the last line follows from the assumption that M(U,{ ) < u(Uy) +Cj ~P" and the observation that U,{ = U, for
J > ky. Dividing by 2K + 1) (U,), we see that

Jo

¢ Y PZoz1AZ21)
j=2

2K + Du(Uy)

S (ko +4QK + D)W+ Y u?
u>2K+1

< (kn +4QK + D)pu(Uy) + K77,

The first term goes to zero with n — 00, and the second term vanishes with K — oo (recall that p’ > 1).
We are only left with P(Zg > 1, Z; > 1). We take any K’ < K and split the sum in Z as:

2K+1
/ 4 /
Zy= E X;, and Zy=Zy—Z,.
i=2K+1-K’

Then
P(Zo=1,Z =) <P(Z{=1,Z = 1)+ P(Z, = 1)
<P(Z5=1,Z1 =1)+ K'n(Uy,).
For the first term on the right-hand-side, we follow the previous estimate to obtain:

P(zg=1.Z1=1)< >  w(TFu,nT~"CKDy,)

0<k<2K+1-K'
0<t<2K+1

202K+1)
SQK+1D) Y p(UaNT™"Uy)
u=K’

202K+1)

<QK+DpWy Y w(Uy)
u=K'

2Q2K+1)
< QK + D (Uy) <2(2K +DuU)+ Y u? )
u=K’
Divide by (2K + 1)1e(U,), we obtain that for any K’ < K,
K/

P(Zo= 1,212 D) S Ku(Un + (K) 7"+ 2.

T
2K + Du(Uy)

If we choose K’ = +/K then all three terms converge to zero under the limit n — oo then limit in K — o0o. This finishes
the proof of Theorem D. O

Remark 5.3. The assumption that «, 1 (U,) — 0 is very mild, as the measure of «,, cylinders are of the order A™**, so
one allows the number of «,-cylinders in U, to be exponentially large in k.

The same can be said a}bout the assumption wUD <uUy) +C j 7' In fact, we will see in the next subsection that
the difference between U;) and U, are precisely those j-cylinders that cross the topological boundary of U, .

Recall that B, is defined by (8) as an alternative way to study the short return properties of {U,} by synchronizing K
and n (thus taking only one limit). As a by-product of the previous theorem, we have the following relation between {S¢}
and {ay}:

Proposition 5.4. Under the assumptions of Theorem D, for any increasing sequence {s, } with s, — oo and s,u(U,) — 0,
the sequence {B¢} defined by (8) exists and satisfies By = &y for all £ > 1.
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Proof. We estimate |8; — d&¢| by writing:

|\, (tp " < sn) — po, (r ' < 2K)|

Sn
SMU,,( Z Xi21>

i=2K+1
su/QK+1)

Z P(Xo=1,Z; > 1)
j=1

1
<
~ w(Un)

<I+1,

where [ is the sum over j from 1 to jo = [«,/(2K + 1)] 4+ 2, and /I is the sum from jj to s,/ (2K + 1).

For 11, we follow the estimation of R, in the proof of Theorem 5.1 and obtain by the ¢-mixing assumption:

sn/K+1)
Z pUDP(Zo = 1)+ nUn)¢((j — DRK + 1) — k)
J=Jo

snpt(Un) 1
< 2 K),
T 2K +1 oK)
where ¢! is the tail sum of ¢ as before.
For I, we use the argument in the proof of Theorem D and get:

L
I = P(Xo=1,Z;>1)
(Un) ; !
1 Jo (+DQ2K+1)
= (Up) :g:: :E:: LL(l]'rw 7r7kl]”)
M &n j=1 k=j(2K+1)
| Co+DEK+D
M) ok
| Go+DEK+D _
= 0 > wWon(Ui)
M) ok

Kn
< (kn H4QK + D)W+ Y j77
J=2K+1

< (kn 4+ 4QK + D)u(Uy) + K71,
Collecting the estimations above and sending » to infinity, we obtain
|Be — & QK| S ¢'(K) + K7D,

which converges to zero following the limit in K. This concludes the proof.

1123

O

Recall that o] is defined by (5) and satisfies & = & — &». In particular, this proposition shows that «; coincides with

the extremal index 6 = lim,, uy, (ty, > s,) defined in [13].

5.3. From cylinders to open sets

Now we shift our attention to U,’s that are not necessarily unions of cylinder sets. For this purpose, let 2 =M be a
compact Riemannian manifold and 7 = f a differentiable map on M. We will still assume that there is a (at most)
countable partition A, with respect to which the system is Gibbs—Markov. Examples of such systems include Markov
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interval maps, higher dimensional expanding maps with Markov partition, and the return map of Young’s towers for
non-invertible maps.

We will take {U,} a sequence of nested open sets with measure converging to zero. In particular, one can take a
continuous function ¢ : M — R U {£o0} and a sequence of thresholds {u,}, and let U, = {x : f(x) > u,}. As before,
we are interested in the limiting distribution of P(¢y, = k), which can be immediately translated into the distribution of
P(&,," = k) according to Theorem C, where {w,} is a sequence of integers satisfying (1).

Note that the sets U, are very likely not unions of cylinders in A", thus one cannot directly apply Theorem D. To
solve this issue, we will approximate U, by unions of cylinders from inside. Given any set U C M and p > 0, we write
B,(U) = ey Bp(x) for the p-neighborhood of U.

The main result of this section is the following theorem:

Theorem 5.5. Let M, u, f, A) be a Gibbs—Markov system, and {U,} be a nested sequence of open sets that satisfies
Assumption 1. Assume that {Q¢} defined by (2) exists and satisfies ), €& < 0o. Write k, the smallest positive integer
with diam A" < r,, where r,, is the sequence in Assumption 1. We assume that:

(@ xpu(Uy) = 0;
(b) U, have small boundary: there exists C > 0 and p’ > 1, such that

M( U A) <Cj7" forall j <k,

AeAl,ACB,, 3U,)

Iy, o f* satisfies

Then the entry times distribution {y, = Z,Z/: %(U”)fl

P(¢y, = k) — m({k})

as n — oo for every k € Ny, where m is the compound Poisson distribution with parameters {ta1Ag}.
In particular, the rare event process & has the same limiting distribution:

P(&0m =k) — m({k}),

where wy, is a sequence of integers given by (1).

To prove this theorem we first introduce some notations. Let r,, be the sequence of real numbers given by Assumption 1.
For each n, we take «, to be the smallest integer such that diam(A*") < r,, and put

V, = U A.

Ae A ACU,
In other words, V,, is the approximation of U,, from inside by k,-cylinders. Due to the choice of «,, we have
Ul cV, C U,

and

w(Un \ Vy)
—— —~ —=o(]). 20

It then follows that «;, ;1 (V,,) — 0, provided that «, u(U,) — 0.

Theorem D requires us to estimate the measure of V,/ , which is the union of j-cylinders that has non-empty intersection
with V,,. Observe that

an C U A;

Ac Al ANU, #2
moreover, the difference between V,, and V,,] satisfies

VI\V,C U A.
Ae Al ,ACB,, (0Uy)
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This gives
(Vi) smvn)w( U A) Su)+j77, 1)
Ae Al ACB,, (0U,)

thanks to the assumption (b).
Then we can apply Theorem D on the sequence of nested cylinder sets V,, € A" to get

P(¢y, =k) — m({k}),

where m is the compound Poisson distribution with parameters {c; rAV} defined using {V},}. It remains to show that
the parameters 0‘1 , AU defined using {U,} coincides with those defined using {V,}, and that ¢y, has the same limiting
distribution with ¢y, .

In view of Theorem 3.4, to prove that parameters satisfy AV = )LX, we only need to show the following lemma:

Lemma 5.6. Let V,,, U, be two sequences of nested sets with V,, C U, for each n. Put

&; = lim lim ,u*n( = 15[(), *x=U,V.

K—oon—00 T
Then &g = &X provided that (20) holds.
Proof. To simplify the notation, we drop the index on U,. We have to estimate:

o (™ < K) =y (n < K))
1

= oy SKAU)‘“W*S“V)H% v(y ' =K)
_ {—1 L

M(U)W( 'SKAU)—u(wT <K AU)|+ (U)m \V)

LEUAD e

u)

The second and third term on the right-hand-side converge to zero as n — 0o, thanks to (20). The first term is estimated
as

M(U) — (e <K AU) = (g™ <K AU))|
<uy(ty\v =K)

<%KM(U\V)—>O as n — oo.

This finishes the proof of the lemma. O

As a simple consequence of this lemma, we have )", £&,” < oo, provided that }_, £&Y < occ.
Finally we control the difference between ¢y, and Zy,.

Lemma 5.7. Assume that {U,}, {V,} are two sequences of nested sets with V,, C U,,. Moreover, assume that (20) holds.
Then

[P(¢y, =k) = P(gy, =k)| =0

asn — oQ.
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. 1 1 . .
Proof. First note that MUAREUA LS v, contains more terms. We have

1 1/n(Va) ‘
[Py, =k) =Py, =k)| < P<TUH\%l =< —) +P< Y Iyof= 1)

#(Un) =1/ (Un)
< al\V)+-(U)< ! ! > 0
< W 2 -
G . AV wUn)
The proof is finished. ]

With these lemmas, we conclude the proof of Theorem 5.5.

Remark 5.8. It can be seen from the proof that one does not need V,, to be a subset of U,,. If {V,} is a nested sequence
such that

w(Uy = Vp)

— 0 asn— oo,
w(Un)

where — is the symmetric difference, then the same proof will show that &g’ = &X for all £ > 1. Similarly, {y, and ¢y,
must converge to the same compound Poisson distribution with the same parameters.

Note that the proof of the previous two lemmas does not require the system to be Gibbs—Markov or even mixing. The
proof also applies to invertible systems without any change.

Remark 5.9. Note that in the assumption (b), we only need the estimate on the boundary of U, for j < k. This coincides
with our statement of Assumption 2 at the beginning of the paper, where we need r to be small but not too small, where
the lower bound depends on 7.

Assumption (a) of Theorem D is rather mild. Normally the sets U,, are the p,-neighborhood of A for some p, > 0, and
the measure of U, are of order p;; for some a > 0. Then Assumption 1 holds with r, = ,0,11’ for some b > 1 large enough.
Since the diameter of n-cylinders are exponentially small, «, is of order |log p,|. In this case, «, it (U,) — 0 holds.

On the other hand, to achieve assumption (b) in Theorem 5.5, note that diam A/ < A, so V) is the (pn + 2)-
neighborhood of A, and V;/ \ V, consists of the (A/)-neighborhood of dU,, whose measure can be controlled if p is
absolutely continuous with respect to the volume on M and if A is ‘nice’ (for example, a embedded submanifold with
dimension less than dim M).

We conclude this subsection with the following observation:

Remark 5.10. Note that the proof of the previous theorem does not depend on whether the system is non-invertible or not.
In particular, Theorem 5.5 holds when the system is invertible and ¢-mixing (where the partition A" should be defined
using two-sided join, i.e., A" = \/7__, f~'.A). Such systems include Axiom A diffeomorphisms with equilibrium states
and dispersing billiards.

Similarly, Theorem D also holds for the systems mentioned above, as the only ingredient in the proof is the distortion
estimate, which holds as long as the systems has sufficient hyperbolicity.

5.4. The inducing argument

Now let f be a non-invertible, differentiable map f on a compact manifold M, preserving an invariant measure . We
assume that ¢ : M — R U {400} is a continuous function that achieves its maximum on a set A with zero measure. The
following theorem is proven in [12]:

Theorem 5.11 ([12, Theorem 2.C]). Assume that there is a set 2 C M with positive (& measure, with A C Q. Assume
that there is a sequence of thresholds {u,}, such that the sets U,, = {x : ¢(x) > u,} are contained in <2 for n large enough.
Moreover, assume that the induced map T : Q2 — Q2 is defined using the first return map of f on 2, such that the return
time function is integrable with respect to the induced measure (Lo = |L|q.

Then if the rare event process & for the induced system (2, T, o) is compound Poisson distributed, so is the rare event
process for the original system (M, f, jv).
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Then if f is modeled by Young’s tower defined using the first return map, and U, C 2 (as we have assumed at the
beginning of this section), then one can apply Theorem 5.5 on the induced Gibbs—Markov map T = f& to obtain the
compound Poisson distribution for the induced rare event process. Theorem 5.11 will then guarantee that the original
system has the same distribution. This finishes the proof of Theorem A, under the extra assumption that U, is contained
in the induced base €2 and that the tower is defined using the first return map. As a trade-off, we do not need (the very
technical) Assumption 3.

This result is not very satisfactory, however, as in higher dimensions, €2¢ is usually a Cantor set with empty interior,
and the tower is often defined using a higher order return map.!! The general case of Theorem A will be dealt with in the
next section.

6. Proof of Theorem B and the general case of Theorem A

In this section, we will prove Theorems A and B using an argument that is similar to [19], which was originally motivated
by [9]. Roughly speaking, we will approximate indicator functions I;z,—,) by Holder continuous functions ¢, and approx-
imate I VM =g—u) by L functions v that are constant on stable disks. This will allow us to use decay of correlations (15)

to estimate terms like P(Zy = u, Vg” =g — u). More importantly, we do not need to consider the case j < jo separately
while controlling R;. As a trade-off, we have to construct ¢ and i very carefully, which will require assumptions on
the topological boundary of U,. Also note that the desynchronization between n and K plays an important role in the
approximation.

In view of Theorem C, we need to show that the hitting times distribution ¢y, converges to the compound Poisson
distribution with parameters {toA,}. This is stated as the following theorem:

Theorem E. Let f be either a C'*2 (local) diffeomorphism or a non-invertible map that can be modeled by Young’s
tower, with the decay rating satisfying C(k) = o(1/k). Assume that {U,} is a sequence of nested sets with u(U,) — 0 and
Zz £ay < oo. Furthermore, assume that Assumptions 1 to 4 hold with:

(1) r,= o(c’(‘g{’})z) ) for a sequence A, /' co with A,u(U,) — 0; here C is the rate in the decay of correlations given by
(12) or (15);

(2) for Assumption 2:
(a) in the non-invertible case, u(B,(0U,)) = (’)(r”/)for p' > 1/a; here a > 0 is given by (13);
(b) in the invertible case, w(B,(0U,)) = C’)(r”,)for p >2/a;

(3) p” > 1 in Assumption 3.

Then the entry times distribution {y, satisfies
P(¢y, = k) — m({k})

as n — oo for every k € Ny, where m is the compound Poisson distribution with parameters {to e} with Ay, o1 defined
by (4) and (5) respectively.

The rest of this section is devoted to the proof of this theorem.

(G+DEK+1D)—1
) i=j(2K+1)

Iy, o f'. Then we apply Theorem 3.7 on the sequence {X ;} with N = 7/u(Uy,), and estimate

We use the same notation as in the last section. For an integer K we write Z; = ) X;, where X; =

[P(V =k) —m(k})| < CN' (R + Ra) + Au(U),
where N’ = t/(2K + 1) (U,)), and

q—1
Ri= sup Z(P(Zozu/\vg’[:q —u) —IP’(Z():u)]P’(Vg’I:q—u)) ,
Me[ANT |,—;
qe(0,N'—A)
and
A

Ro=)» P(Zo=1AZ;>1).
j=l

UTn the case of C1H¢ surface diffeomorphisms, one can always construct towers using the first return map. See [10, Theorem B]
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6.1. Estimate R

To simply notation, we will drop the index in U,, from now on. Write

Ri(g,u) = |(]P’(Z()=u A Viw =q —u) —]P’(Z()zu)IP(VAM =q —u))

’

which is non-vanishing only if u <2K + 1.
The set {Zy = u} is a disjoint union of the sets

u
Zy=()fvun () five
j=1 i¢{v;}
where v = (vy, ..., v,) with0 <v; < --- < v, < 2K marks the u entries to U before time 2K . Note that for u > 2K + 1
(and possibly for certain ¥ with u < 2K + 1), Z; will be empty.

Recall that U’ and U? in Assumption 1 are the approximations of U from inside and outside, respectively. This invites
us to define

u
Zg — m f—v_,' U() N m f—i (Ui)C’
Jj=l1 i¢{vj}

as the approximations of Z; from outside. Clearly one has Z; C Z¢ for all vectors v. Moreover, there are Lipschitz
functions ¢2 that satisfy

1, xeZ;,

5 (x) = !O, x g 22,

with Lipschitz constants bounded by Cg /r, for some constant K depending on f and K (but not on n, u or v), with r,,
as in Assumption 1.2 By the construction, we have

]IZ;, = 37
with difference bounded by
|68 =T dn = (23 29) = (U \ V) =o(u(0).

thanks to Assumption 1.
Then we have

|(P(Z5 A VA =g —u) = m(Ze)P(VA' = q —u))]

<X+Y+7Z, (22)

where

X = /M(¢§ - HZT))H{VéW:q—u}dM’

— o _ Q
Y_"/;w(j)a.]l{vg_q_u}du /I\/Id:vd,u/M]I{V%:q_u}du

_ 0
Z—/M(‘/’a _HZs)dM/MH{Vg”:q—u}dﬂ'

’

120pe simple way to construct such functions is to first construct Lipschitz functions on U i/0 with norm bounded by 1/ry, then iterate them under f.
Since one only needs to iterate no more than K times, the Lipschitz constant is affected by a constant C .
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Note that
X+222 [ (8 =Tz) dn=o(u(w). 23)

so we are left to estimate Y. One can easily check that the estimates below do not depend on M, ¢, u or v.
Case 1. f is non-invertible.
In this case, we apply directly the decay of correlations (12) for non-invertible towers to the Lipschitz function ¢2 and

L®° function ]I{ngqfu}. This gives

C
¥ < Cllog],Cea) = —=Ca). (24)

Case 2. f is invertible.
We need to approximate ]I{VAWI —

A’ < A and write, for k > 2K + 1)A/,

Ri—1
sscon= U U %)
i j=0

yel?
I (yNQ0,)NIUAD

by L functions that are constant on stable disks. We take any positive integer

for the union of stable disks (and their forward images before returning to ) whose image under f k will intersect with
the topological boundary of U. Note that f¥S;(U) is a union of f¥*/y for y € I'*. The polynomial contraction along
stable disks (14) gives

diam(f**/y) < C/tk+ )* < C/k*.

If we write B, (dU) for the r-neighborhood of dU, then the observation above yields
FESK(U) € Beyra (3U).

As aresult, we get by the invariance of p,

w(Sk(U)) < u(Beyre (3U)).
Now we define (and suppress the dependence on ¢, u, n, A and M for simplicity):

QK+1)(M+A'—A)

S= U Se(U).

k=QK+1)A’

Consider the L* function

Y= H{VZ+A’7A=(17M} 'ch-

We see that ¥ is constant on stable disks, since if x € {Vﬁ’,’ A=A q—u}n 8¢ hits U under the jth iteration of f for
jeIRK+ 1A, 2K +1)(M + A’ — A)], then the entire stable disk at x will be contained in U under the same iteration.

Meanwhile, we can easily estimate the L' norm of the difference between ¥ and H{v MAn-A_y
N -1

/1;4|1/I_H{V£’5+A/’A=q—u}|d11“:/Ml_HS"'dM

= 1(8)
QK+1)(M+A'—A)

< Yo w(S)

k=QK+1)A

< D w(Bepe@U)).

k>QK+1DA
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The term Y can now be estimated as

— o, , A=A _ 0 ,
Y—‘/Mfﬁg H{VK/{+A —A:q_u}of du ,/Md)v dM./I\/IH{VAA4’+A —A:q_u}d,u

/¢§-w0fA‘A/du—f ¢§dM/ wdu‘
M M M
2

=<

+ Z w(Beyke (30))
k>QK+1DA
c
<—fe(a-a)+2 > u(BepedU)) (25)

T ,
k>QK+DA

forany0 <A’ <A <N'.

Collect (22), (23) and (25) (or (24) in the non-invertible case) and sum over u and v, we get (recall that we are only
interested in the case u < 2K + 1, since otherwise {Zy = u} will be empty; therefore the total number of summands is
bounded by a constant that depends on K):

g—1
R1 < supZ Z |(]P’(Z,; A Vﬁ’l =q— u) — M(Z;)IP’(VAVI =q— u))|
M,y v=(V1,...,04),
0<vi<---<v,<2K

1
<G (ouU) + e =80+ X ulBene@u)). 26)
n k>Q2K+1)A’

where C) is a constant that does not depend on A, A" or U. The last term does not show up when f is non-invertible.
6.2. Estimate R

We use a strategy similar to the proof of Theorem D. Recall that p is the measure supported on 2 and is invariant under
T = fR, such that u is the lift of 1o given by

o0 R,‘—l

wB) =3 Y mo(f (BN Q).

i=1 k=0

In particular, we have

-1
(UMW) =33 no(Qoinf*un ).

o0 R,‘
i=1 k=0

6.2.1. Case 1. f is non-invertible .
Recall that T = f R is the induced map on 2¢. For each vector i; = (i1,i2,...,0]) € N, we define the -cylinder ]71 to be

17[ =0,i; N T_IQO,iz n---N T_(I_I)QOJ/'

We are particularly interested in those cylinders I; where the second last visited partition element €29 ;,_, has a short
return time R;, ,. To be more precise, for each integer s > 0, we define the collection of ‘good’ cylinders to be

I¢ =(I; :1>2, Ry <s).

I? consists of all /-cylinders where the travel time from Qg ;,_, to Qo is less than s. We also write, for each k large
enough, the collection of ‘good’ cylinders whose length (under the iteration of f) is around k:

-1 1
79 (k) = !1;1 e19: D Ri;<k<) Rit.
j=1 j=1
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So if 1?1 € Isg (k) then we have

-1 I
kEZRijZZRij—Rl‘Z>k—R,‘,2k—S.
j=1 j=1

For each vector ;1 = (i1, ..., 1) such that I?; € Isg (k), we write

i.e., we drop the last component from ?1.
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27

Now we turn to the estimate of R,. For given k < R;, ¥’ > K¢ and s = s(k + k") given by Assumption 3, we denote

by €; the union of all the ‘good’ (I — 1)-cylinders in 0,
~ _ /
Q= U 1171’
L ¢ (k+K'), 15, C 0.

where we slightly abuse the notation and write I;’ = I, otherwise the index becomes impossible to read.
1 !
The next lemma is similar to the distortion estimate in the proof of Theorem D.

Lemma 6.1. We have

@070 0 500) £ o U 0
B 1k €T (k') E 0900 f U2

Proof. We have
1o($y N f*u n &)

—(k+k
< > (/U
If, 25 €79 (k+k/),I{anO,imf_kU7&g

po(f~4 U
!
no(L)

- 3

! 23 €78 (k+K')., L2 NQNfku+e
1 1

™

po(T'=1(f~* Oy N 1))
—po(E)
po(T!=111) i
1

A

2

!k €T (K, I N0 f T UAD
1 1 :

™

where we used the distortion estimate on the last inequality.

(28)

Note that I;,/ are (I — 1)-cylinders, so the denominator satisfies ,uo(Tl_II;_’ ) = uo(2p) = 1. For the numerator, we
1 1

write, with b =k + k' = Y01 R, €0,5s1NN,
[=1( p—(k+k") [=1( p—(k+k')
po(TH (U N B)) = po(TH(F750)
= o X Rip =4k v)
=wo(f7U)
< Cou(f~"U) = Con(U)

for some constant Cy > 0 independent of 5.'3

13The existence of such Cy follows from the facts that ;g = Hlg, and po(R) < oo.
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Now we conclude that

wo(Qu N frun - H0U) 5 u(U)m( U I )

1
114/ 23 eT9 (k+k’),ll<_’[ﬂQO.,ﬂf’kU;éz 0

Note that if I;’ is a ‘good’ (I — 1)-cylinder that has non-empty intersection with f ~¥U, then the backward contraction
!
along unstable disks (13) gives

-1 -
diam(I{ ) < (Z R,-J.) <(k+K—s5) <K —5) "
j=1

As a result, such cylinders must be contained in the (k' — s)~%-neighborhood of dU. This together with the previous
lemma and Assumption 3 give:

p(Un W)

Ri—1 R;
=3 wo(@n U FEOUY YN o (U N (920,\ )
i k=0 i k=0

R;—1
SuWy oy > oK) + G (k) (V)

i k=0 p 24 €LY (k+k), 1L NQ ;N f U2
i i

< wU)(1(U U B 2y« (3U)) + (k/)_p”)
< @) (W) + K)™ + ®)").

The rest of the proof follows the lines of the proof of Theorem D, with «,, replaced by A. We obtain, for any K’ < K,

. oo —(p — K/
Ry < 2K + l)u(U)(AK,u(U)—i—Kmm{“P P L K@) + (K ”+?>.

6.2.2. Case 2. f is invertible
We define the cylinders 5 and the collection of ‘good’ cylinders I? (k) in the same way as before. We will estimate each

set Qo N 75U N f~* )y using the conditional measures of j0.
Recall that u,, are the conditional measures of g for y € I'. Similar to the proof of Lemma 6.1, we have

1y (€0 f7fu n & Oy)

—(k+k'
< > wy(funk)
B €19 (kK. 1 00,0 H U2

wy(F U L)
Ky (Il*/[)

-y

LiL ez9 (k+k), 1 NQNfFU£
1 1

™

[L);(Tl_l(f_(k-‘rk,)U N Ill ))
l
(T!-11’
,U«y(T I;.[)

A

2

! 23 €T (k+k), L. N ;N fFU£2
U U :

Hy (I;/,)

™

where y = )7(]7,’ )=y (T 'x) forx ey N [E/ . As before, the denominator is bounded from above, and the numerator
. ! !
satisfies

wp (TN (U N E)) <y (F7°0) Su)
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with b =k + k' — an_]l R;, €[0,s] NN, and the last inequality follows from Assumption 4. It then follows that (with

m(y) the transverse measure):

w(Un @)

Ri—1 R;
< / Y QiU U dm) + 30 ro(F7FU N (R00\ )

i k=0 i k=0
Ri—1

SM(U)/Z > > wo(L) dm(y) + G(K)u(U)

i k=0 17’ 25 eIsg(k-&-k’),Il-f NQiNf U+
1 1

< M(U)(f py (U U B 2y« (QU)) dm(y) + k_p”)

= w(U)(1(U U By oy« dU)) + k")
<) () + () + (K)™).
6.3. Collect the estimates

In the non-invertible case, we have

[P(VY = k) —m({k})| < CN'(R1 +Ra) + Ap(Uy)

C C A H / a
< Ko(l) + Ki() + AKu(Uy,) + g —minfep’,pTi+1 Ku(Uy)
Kryu(Uy)

_ . ’ /" K/
n (K,) min{ap’, p"}+1 + ? + Ap(U,).

Sending 7 to infinity then K to infinity with K’ = /K, we see that the error term goes to zero as n goes to infinity,
provided that

. :0( w() )
" C(A)2) )"

This will also make the compound binomial distribution to converge to the compound Poisson distribution, following
Remark 3.8. This finishes the proof of Theorem E in the non-invertible case.
In the invertible case,

[P(Ve" =k) —m({k})| < CN'(R1 +Ra) + Ap(Uy)

C(A) 1 )
<C 1 B o aUn AK Un
S K<0( )+ U + U kz(z;;lm/u( c/ke(@Uy)) | + AK pu(Uy)

. ’oon —mi "p" K,
+K—mm{ap,p 141 + K u(Uy) + (K/) min{ap’, p"}+1 n ? T+ ApUy).

The third term is estimated by Assumption 2. We take A = p(U)~'*¢ for & > 0 small enough, then

1
> w(Bejr(dUy))
1#(Un) k>QK+1)A

1 /
< —or
™~ u(Uy) Z

k>QK+DA’

< Cru(Uy) ™' A=@'=D

= Cxu(Uy) 7P =071,
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which vanishes as long as ap’ > 2 and ¢ is taken small enough. We conclude the proof of Theorem E in the invertible
case, and Theorems A, B follow.

6.4. Synchronizing K and n

The following proposition is a by-product from the proof of the previous theorem, which states that 8, defined in (8) by
synchronizing K and 7 is, in fact, the same as &;.

Proposition 6.2. Under the assumptions of Theorem E, for any increasing sequence {s,} with s,, — 0o and s,u(U,) — O,
the sequence {B¢} defined by (8) exists and satisfies By = &y for all £ > 1.

The proof follows the estimate on R, and is entirely similar to the proof of Proposition 5.4 and, therefore, will be
omitted.

6.5. Proof of Corollary 2.2

Assume that 7egs(U,) — 00. By Lemma 3.1 we have &; = 1 and &y = 0 for all £ > 2. Then Theorem 3.4 gives

A A

ap=a;—ay=1, and o,=0 forallf>2.

As a result, we have

=" 1 and i =0 forall £>2.
221

In view of Theorem C, we only need to show that the entry times distribution ¢y, converges to a Poisson distribution
with parameter t > 0, where t is given by (1). For this purpose, we apply Theorem E (or Theorem D and Theorem 5.5
when the tower is defined using the first return map). In this case, the compound part is a trivial distribution with P(Z; =
1) = 1. Then the compound Poisson distribution reduces to a Poisson distribution with parameter o;7 = 7.

To finish the proof, we state a general proposition regarding the periodic of U, . Note that the proof does not require
the system to be measure preserving, and A need not to have zero measure.

Proposition 6.3. Let f be a continuous map on the compact metric space M, and {U,,} a nested sequence of sets (need
not be open), such that (), U, =, Un. Then (U,) — oo if and only if A intersects every forward orbit at most once.

Proof. We first prove the ‘only if” part. Assume there exists a point x such that A N Orb™ (x) contains two points y and
y’ (if y = y’ then we are in the periodic point case). Without loss of generality, we take k > 0 such that y’ = f*(y). Then
we have w (U,,) <k for every n since y € U, N f_kUn, a contradiction.

For the ‘if” part, we prove by contradiction. First, observe that 7 (-) is monotonic, i.e., 7 (U) > 7 (V) if U C V. There-
fore, if the sequence 7 (U, ) does not go to infinity, it must remain bounded, thus has to converge to a finite number N.

It then follows that for each n large enough, there exists x;, € U, such that f N (x,) € Uy,. Take a subsequence if
necessary, we may assume that x, — x. Note that for each n, we have x € U,. This shows thatx € A = ﬂn U, . Since fis
continuous, fV(x,) — fV(x), which must be contained in A according to the same argument. Then either A N Orb™ (x)
contains at least two points, or x = f (x), which means x is a periodic points; both cases contradict with the assumption
that A intersect every forward orbit at most once. ]

Note that in our setting, the condition ﬂn U, = ﬂn U, holds from the construction. Now the final statement of Corol-

lary 2.2 follows from the observation that if A intersect every forward orbit at most once, then 7 (U, ) — oo, which means
Tess (Un) — 00. We conclude the proof of Corollary 2.2.

Acknowledgements

The author is grateful to Nicolai Haydn, Mike Todd and the anonymous referees for their careful reading and helpful
comments.



EVL and entry times for null sets 1135

References

(1]
[2]
[3]
[4]
[3]
(6]
(71
[8]
[9]

[10]
(11]

[12]
(13]
(14]
[15]

[16]
[17]

[18]
[19]
[20]

[21]

(22]
(23]
[24]
(25]
[26]
[27]

(28]
[29]

[30]

M. Abadi. Hitting, returning and the short correlation function. Bull. Braz. Math. Soc. 37 (4) (2006) 1-17. MR2284890 https://doi.org/10.1007/
s00574-006-0030- 1

M. Abadi and R. Lambert. The distribution of the short-return function. Nonlinearity 26 (5) (2013) 1143-1162. MR3043376 https://doi.org/10.
1088/0951-7715/26/5/1143

J. F. Alves and D. Azevedo. Statistical properties of diffeomorphisms with weak invariant manifolds. Discrete Contin. Dyn. Syst. 36 (2016) 1-41.
MR3369212 https://doi.org/10.3934/dcds.2016.36.1

J. E. Alves, J. M. Freitas, S. Luzzatto and S. Vaienti. From rates of mixing to recurrence times via large deviations. Adv. Math. 228 (2) (2011)
1203-1236. MR2822221 https://doi.org/10.1016/j.aim.2011.06.014

J. F. Alves and X. Li. Gibbs—Markov—Young structures with (stretched) exponential tail for partially hyperbolic attractors. Adv. Math. 279 (2017)
405-437. MR3345188 https://doi.org/10.1016/j.aim.2015.02.017

R. Arratia, L. Goldstein and L. Gordon. Two moments suffice for Poisson approximations: The Chen—Stein method. Ann. Probab. 17 (1989) 9-25.
MR0972770

V. Barros, L. Liao and J. Rousseau. On the shortest distance between orbits and the longest common substring problem. Adv. Math. 334 (2019)
311-339. MR3897435 https://doi.org/10.1016/j.aim.2019.01.001

M. Carney, M. Holland and M. Nicol. Extremes and extremal indices for level set observables on hyperbolic systems. Preprint. Available at
arXiv:1909.04748.

J. R. Chazottes and P. Collet. Poisson approximation for the number of visits to balls in nonuniformly hyperbolic dynamical systems. Ergodic
Theory Dynam. Systems 33 (2013) 49-80. MR3009103 https://doi.org/10.1017/S0143385711000897

V. Climenhaga, S. Luzzatto and Y. Pesin SRB measures and Young towers for surface diffeomorphisms. Preprint. Available at arXiv:1904.00034.
D. Faranda, A. C. Moreira Freitas, J. Milhazes Freitas, M. Holland, T. Kuna, V. Lucarini, M. Nicol, M. Todd and S. Vaienti. Extremes and
Recurrence in Dynamical Systems. Wiley, New York, 2016. MR3558780 https://doi.org/10.1002/9781118632321

A. C. M. Freitas, J. M. Freitas and M. Magalhaes. Convergence of marked point processes of excesses for dynamical systems. J. Eur. Math. Soc.
(JEMS) 20 (2018) 2131-2179. MR3836843 https://doi.org/10.4171/JEMS/808

A. C. M. Freitas, J. M. Freitas, F. B. Rodrigues and J. V. Soares Rare events for Cantor target sets. Preprint. Available at arXiv:1903.07200.
MR4124982 https://doi.org/10.1007/s00220-020-03794- 1

A. C. M. Freitas, J. M. Freitas and M. Todd. Hitting time statistics and extreme value theory. Probab. Theory Related Fields 147 (2010) 675-710.
MR2639719 https://doi.org/10.1007/s00440-009-0221-y

A. C. M. Freitas, J. M. Freitas and M. Todd. The compound Poisson limit ruling periodic extreme behaviour of non-uniformly hyperbolic dynam-
ics. Comm. Math. Phys. 321 (2013) 483-527. MR3063917 https://doi.org/10.1007/s00220-013-1695-0

S. Gallo, N. Haydn and S. Vaienti Limiting entry times distribution for arbitrary sets using Chen—Stein method. Preprint.

M. R. N. Haydn and K. Wassilewska. Limiting distribution and error terms for the number of visits to balls in non-uniformly hyperbolic dynamical
systems. Discrete Contin. Dyn. Syst. 36 (5) (2016) 2585-2611. MR3485409 https://doi.org/10.3934/dcds.2016.36.2585

N. Haydn and S. Vaienti. The distribution of return times near periodic orbits. Probab. Theory Related Fields 144 (2009) 517-542. MR2496441
https://doi.org/10.1007/s00440-008-0153-y

N. Haydn and S. Vaienti. Limiting entry times distribution for arbitrary null sets. Comm. Math. Phys. 378 (1) (2020) 149-184. MR4124984
https://doi.org/10.1007/s00220-020-03795-0

N. Haydn and F. Yang. Entry times distribution for dynamical balls on metric spaces. J. Stat. Phys. 167 (2) (2017) 297-316. MR3626631
https://doi.org/10.1007/s10955-017-1745-7

N. Haydn and F. Yang. A derivation of the Poisson law for returns of smooth maps with certain geometrical properties. In Dynamical Systems, Er-
godic Theory, and Probability: In Memory of Kolya Chernov 141-160. Contemp. Math. 698. Amer. Math. Soc., Providence, RI, 2017. MR3716090
https://doi.org/10.1090/conm/698/1403 1

N. Haydn and F. Yang. Local escape rates for ¢-mixing dynamical systems. Ergodic Theory Dynam. Systems 40 (10) (2019) 2854-2880.
MR4138913 https://doi.org/10.1017/etds.2019.21

I. Melbourne and M. Nicol. Almost sure invariance principle for nonuniformly hyperbolic systems. Comm. Math. Phys. 260 (2005) 131-146.
MR2175992 https://doi.org/10.1007/s00220-005-1407-5

F. Péne and B. Saussol. Poisson law for some non-uniformly hyperbolic dynamical systems with polynomial rate of mixing. Ergodic Theory
Dynam. Systems 36 (2016) 2602-2626. MR3570026 https://doi.org/10.1017/etds.2015.28

Y. Pesin, S. Senti and K. Zhang. Thermodynamics of towers of hyperbolic type. Trans. Amer. Math. Soc. 368 (12) (2016) 8519-8552. MR3551580
https://doi.org/10.1090/tran/6599

B. Pitskel. Poisson law for Markov chains. Ergodic Theory Dynam. Systems 11 (1991) 501-513. MR1125886 https://doi.org/10.1017/
S0143385700006301

B. Saussol, S. Troubetzkoy and S. Vaienti. Recurrence, dimensions and Lyapunov exponents. J. Stat. Phys. 106 (2002) 623-634. MR 1884547
https://doi.org/10.1023/A:1013710422755

J. Yang Geometrical and measure-theoretic structures of maps with mostly expanding center. Preprint. Available at arXiv:1904.10880.

L.-S. Young. Statistical properties of dynamical systems with some hyperbolicity. Ann. of Math. 7 (1998) 585-650. MR1637655 https://doi.org/10.
2307/120960

L.-S. Young. Recurrence time and rate of mixing. Israel J. Math. 110 (1999) 153-188. MR1750438 https://doi.org/10.1007/BF02808180


http://www.ams.org/mathscinet-getitem?mr=2284890
https://doi.org/10.1007/s00574-006-0030-1
http://www.ams.org/mathscinet-getitem?mr=3043376
https://doi.org/10.1088/0951-7715/26/5/1143
http://www.ams.org/mathscinet-getitem?mr=3369212
https://doi.org/10.3934/dcds.2016.36.1
http://www.ams.org/mathscinet-getitem?mr=2822221
https://doi.org/10.1016/j.aim.2011.06.014
http://www.ams.org/mathscinet-getitem?mr=3345188
https://doi.org/10.1016/j.aim.2015.02.017
http://www.ams.org/mathscinet-getitem?mr=0972770
http://www.ams.org/mathscinet-getitem?mr=3897435
https://doi.org/10.1016/j.aim.2019.01.001
http://arxiv.org/abs/arXiv:1909.04748
http://www.ams.org/mathscinet-getitem?mr=3009103
https://doi.org/10.1017/S0143385711000897
http://arxiv.org/abs/arXiv:1904.00034
http://www.ams.org/mathscinet-getitem?mr=3558780
https://doi.org/10.1002/9781118632321
http://www.ams.org/mathscinet-getitem?mr=3836843
https://doi.org/10.4171/JEMS/808
http://arxiv.org/abs/arXiv:1903.07200
http://www.ams.org/mathscinet-getitem?mr=4124982
https://doi.org/10.1007/s00220-020-03794-1
http://www.ams.org/mathscinet-getitem?mr=2639719
https://doi.org/10.1007/s00440-009-0221-y
http://www.ams.org/mathscinet-getitem?mr=3063917
https://doi.org/10.1007/s00220-013-1695-0
http://www.ams.org/mathscinet-getitem?mr=3485409
https://doi.org/10.3934/dcds.2016.36.2585
http://www.ams.org/mathscinet-getitem?mr=2496441
https://doi.org/10.1007/s00440-008-0153-y
http://www.ams.org/mathscinet-getitem?mr=4124984
https://doi.org/10.1007/s00220-020-03795-0
http://www.ams.org/mathscinet-getitem?mr=3626631
https://doi.org/10.1007/s10955-017-1745-7
http://www.ams.org/mathscinet-getitem?mr=3716090
https://doi.org/10.1090/conm/698/14031
http://www.ams.org/mathscinet-getitem?mr=4138913
https://doi.org/10.1017/etds.2019.21
http://www.ams.org/mathscinet-getitem?mr=2175992
https://doi.org/10.1007/s00220-005-1407-5
http://www.ams.org/mathscinet-getitem?mr=3570026
https://doi.org/10.1017/etds.2015.28
http://www.ams.org/mathscinet-getitem?mr=3551580
https://doi.org/10.1090/tran/6599
http://www.ams.org/mathscinet-getitem?mr=1125886
https://doi.org/10.1017/S0143385700006301
http://www.ams.org/mathscinet-getitem?mr=1884547
https://doi.org/10.1023/A:1013710422755
http://arxiv.org/abs/arXiv:1904.10880
http://www.ams.org/mathscinet-getitem?mr=1637655
https://doi.org/10.2307/120960
http://www.ams.org/mathscinet-getitem?mr=1750438
https://doi.org/10.1007/BF02808180
https://doi.org/10.1007/s00574-006-0030-1
https://doi.org/10.1088/0951-7715/26/5/1143
https://doi.org/10.1017/S0143385700006301
https://doi.org/10.2307/120960

	Introduction
	Statement of results
	Preliminaries
	Return and entry times on a sequence of nested sets
	Compound Poisson distribution and a compound binomial approximation theorem
	Young's towers
	The non-invertible case
	The invertible case


	Equivalence of rare event process and entry times distribution
	Proof of Theorem A when UnOmega0
	Compound binomial distribution of cylinder sets for phi-mixing measures
	Gibbs Markov systems
	From cylinders to open sets
	The inducing argument

	Proof of Theorem B and the general case of Theorem A
	Estimate R1
	Estimate R2
	Case 1. f is non-invertible
	Case 2. f is invertible

	Collect the estimates
	Synchronizing K and n
	Proof of Corollary 2.2

	Acknowledgements
	References

