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Abstract. In this paper, we consider the averaging principle for a class of McKean—Vlasov stochastic differential equations with slow
and fast time-scales. Under some proper assumptions on the coefficients, we first prove that the slow component strongly converges to
the solution of the corresponding averaged equation with convergence order 1/3 using the approach of time discretization. Furthermore,
under stronger regularity conditions on the coefficients, we use the technique of Poisson equation to improve the order to 1/2, which
is the optimal order of strong convergence in general.

Résumé. Dans cet article, nous considérons le principe de moyennisation pour une classe d’équations différentielles stochastiques
de type McKean—Vlasov avec une échelle de temps lente et une échelle de temps rapide. Sous des hypotheses adéquates sur les
coefficients, nous montrons d’abord que la composante lente converge vers la solution de 1’équation moyennée correspondante avec
un ordre de convergence 1/3 en utilisant une approche par discrétisation en temps. D’autre part, sous des hypotheses de régularité plus
fortes sur les coefficients, nous utilisons la technique de 1’équation de Poisson pour améliorer 1’ordre a 1/2, ce qui est 1’ordre optimal
de la convergence forte en général.
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1. Introduction

Let {th},zo and {Wtz},zo be mutually independent d; and d> dimensional standard Brownian motions on a complete
probability space (2, ¥,P) and {¥;, ¢ > 0} be the natural filtration generated by W,1 and W,z. Let the following maps
b=bt,x,u,y),c=0(t,x,n), f=f(=t x,u,y)and g =g(t,x, u, y) be given:

b:[0,00) x R" x # x R™" — R";

0 :[0,00) x R" x P, — R,

f:[0,00) x R" x 2, x R" — R";

g :[0,00) x R" x £, x R™ — R"*%

such that b, o, f and g are continuous in (¢, x, i, y) € [0, 00) x R" x #» x R™, where # is defined by

=7°2i={uee7’:u(|-|2):=/

lx|?u(dx) < oo},
Rn
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where & is the set of all probability measure on (R"?, B(R")). Then #, is a polish space under the L2-Wasserstein
distance, i.e.,

1/2
Wa(ur, o) = inf [/ |x—y|2n<dx,dy>} . w e
R xR2

TECU 1y

where €y, ., is the set of all couplings for 11 and .
In this paper, we consider the following slow—fast McKean—Vlasov stochastic differential equations (SDEs):

dX§=b(t, X, Lxe, Yi)dt +o(t, X, Lx)dW}, X§=x€eR", .
dYf = %f(t, Xf, Lxe, YO)dr + ﬁg(r, Xt Lxe, YE)dW2, Y5 =yeR", (.1
where Ly is the law of X7, € is a small and positive parameter describing the ratio of the time scale between the slow
component X; € R" and fast component Y € R™.

The averaging principle has a long and rich history in multiscale models, which have wide applications in material
sciences, chemistry, fluid dynamics, biology, ecology, climate dynamics etc., see e.g., [1,13,14,23,29,41] and references
therein. The averaging principle is essential to describe the asymptotic behavior of the slow component as € — 0, i.e., the
slow component will convergence to the so-called averaged equation. Bogoliubov and Mitropolsky [2] first studied the
averaging principle for deterministic systems. The averaging principle for SDEs was first studied by Khasminskii in [24],
see e.g., [20-22,25,28,37] for further developments. The averaging principle for slow—fast stochastic partial differential
equations (SPDEs) was first investigated by Cerrai and Freidlin in [9], see e.g., [3,7,8,10-12,15-19,27,36,39,40] for
further developments.

The McKean—Vlasov SDEs (also called distribution dependent SDEs) describe stochastic systems whose evolution is
determined by both the microcosmic location and the macrocosmic distribution of the particle. The time marginal laws
of the solution of such SDEs satisfies a nonlinear Fokker—Planck—Kolmogorov equation. The existence and uniqueness
of weak and strong solutions have been studied intensively (see e.g., [30,38]), and see [35] for the case of singular drifts.
Further properties, such as the Harnack inequality or the Bismut formula for the Lions Derivative have been investigated
in [38] and [33] respectively. However, to the authors’ knowledge, this paper is the first in which the averaging principle
for two-time scale distribution dependent SDE:s is considered.

As is well-known, the exponential ergodicity of the transition semigroup of the corresponding frozen equation plays
an important role in the proof of strong averaging convergence. However it does not hold if the coefficients of equation
(1.1) depend on the law of the fast component. So, we focus on the coefficients depending only on the law of the slow
component here. In addition, it is worth pointing out that the assumption, that the diffusion coefficient o of equation (1.1)
does not depend on the fast component Y/, is necessary. Otherwise, the strong convergence will be incorrect (please see
the counter-example in [25, Section 4.1]).

For numerical purposes, however, only studying the strong convergence of the slow component to the corresponding
averaged equation is not enough, since in addition one needs to know the rate of convergence. Hence, the main purpose
of our paper is to study the strong convergence rate for two-time scale distribution dependent SDEs. More precisely, one
tries to find the largest possible o > 0 such that

sup E|X¢—X,|* < Ce?, (1.2)
te[0,T]

where C is a constant depending on 7T, |x|, |y|, and X is the solution of the corresponding averaged equation (see
Eq. (2.18) below).

In the distribution-independent case, the strong convergence rate for two-time scale stochastic system has been studied
in a number of papers (see e.g., [20,21,25,34] for the finite dimensional case, and [3,4] for the infinite dimensional case).
The approach based on Khasminskii’s technique of time discretization is often used to study the strong convergence
rate (see [3,20,21,25]). Recently, the technique of Poisson equation has been used to study the strong convergence rate
in [4,34], and the optimal convergence order was obtained in general. Motivated by this, in this paper we will use the
techniques of time discretization and Poisson equation to study the strong convergence rate for two-time scale distribution
dependent SDEs separately. More precisely, under some proper assumptions on the coefficients, we use the technique of
time discretization to obtain the convergence order 1/3, which is however usually not the optimal order. It turns out that
under some stronger assumptions on the coefficients, the optimal convergence order 1/2 can indeed be obtained by the
method of Poisson equation.

If the technique of Poisson equation (see [31,32,34]) is applied to prove our main result, the main difficulty is to
analyse the regularity of the solution ®(¢, x, i, y) of the corresponding Poisson equation with respect to (w.r.t.) the
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parameter p. Indeed, this method highly depends on the regularity of ® w.r.z. parameters. However, due to the coefficients
dependence on the distribution, ® will also depend on the distribution . Unlike as for classical SDEs, we have to apply
1t6’s formula to ® composed with the process (¢, X7, £ X6 Yf), which in particular, means that we have to differentiate
in the measure ©. As a consequence, some additional terms involving the Lions derivative of ® appear, so we have to
estimate the regularity of ® w.rz. the parameter p carefully.

The paper is organized as follows. In the next section, we introduce some notation and assumptions that we use
throughout the paper, and present out the main results. Sections 3 and 4 are devoted to proving the strong convergence
rate by using the techniques of time discretization and Poisson equation respectively. We give an example in Section 5.
In the Appendix, we give the detailed proof of the existence and uniqueness of solutions for our system and prove some
important estimates.

We note that throughout this paper C and Cr denote positive constants which may change from line to line, where the
subscript T is used to emphasize that the constant depends on 7.

2. Notations and main results

Now, we first remind the reader of the definition of differentiability on the Wasserstein space. Following the idea in [6,
Section 6], for u : > — R we denote by U its “extension” to L2(Q, P; R") defined by

UX):=u(Ly), XeL*(Q P;R").

Then we say that u is differentiable at u € #, if there exists X € Lz(Q, P; R™) such that £Lx = u and U is Fréchet
differentiable at X. By Riesz’ theorem, the Fréchet derivative DU (X), viewed as an element of LZ(Q, P; R™), can be
represented as

DU(X) = d,u(Lx)(X),

where 0,u(Lx) : R" — R", which is called Lions derivative of u at u = £Lx. Moreover, d,u(u) € L%(u: R"), for
€ &P». Furthermore, if d,u(u)(z) : R" — R”" is differentiable at z € R", we denote its derivative by 9,9,u(u)(z) :
R" — R" x R".

Let | - | be the Euclidean vector norm, (-, -) be the Euclidean inner product and || - || be the matrix norm or the
operator norm if there is no confusion possible. We call a vector-valued, or matrix-valued function u () = (u;; (1)) dif-
ferentiable at u € 5, if all its components are differentiable at ., and set 9,,u(u) := (9,u;; (1)) and ||8Mu(u)||%2(m =
Zi)j fRn |8,Luij(u)(z)|2,u(dz). Furthermore, we call d,u(u)(z) differentiable at z € R”, if all its components are dif-
ferentiable at z, and set 9,0,u(u)(z) := (3,0, u;;(1)(z)) and ||828Mu(u)||%2w) = Zi,j fRn ||3Zauuij(ﬂ)(2)llzu(d1)'
For convenience, we write u € C11(£5, R"), if the R"-valued map p +— u(p) is differentiable at any p € 5, and
dupu(p)(z) : R" — R" is differentiable at any z € R".

For a vector-valued or matrix-valued function F' (¢, x, y) defined on [0, co) x R" x R™. For any u, v € {t, x, y}, we
use 3, F to denote the first order partial derivative of F w.r.t. component u and 32, F to denote its second order partial
derivatives of F w.r.t. components u and v. For convenience, we say an R”-valued F belongs to C122([0, co) x R" x
R™, R"), if 0, F (¢, x, y), 02, F (t, x,y) and 87, F (¢, x, y) exist for any (7, x, y) € [0, 00) x R" x R"™.

We suppose that for any 7 > 0, there exist constants C7, 8 € (0,00) and y1, 2 € (0, 1] such that the following
conditions hold for all ¢, #1, 1, € [0, T], x, x1,x20 € R*, u, w1, 2 € P, y, y1, y» € R™.

A1 (Conditions on b, o, f and g).

b1, x1, w1, y1) — btz X2, 2, y2) | + ||o (11, x1, 1) — 0 (12, X2, 1) |

< Crlltn — ool + |x1 — xal + [y1 = y2l + Wa(ur, u2)]; 2.1)
| f @, x1,n, 1) — [, x2, w2, y2) | + || g X1, ien, 1) — (12, X2, w2, y2) |

< Cr[lti — o + |x1 — x2 + |y1 — y2 + Wa 1, u2) ] (2.2)

and

2(f (1, %, 1y y1) = ftx, 11,32, v — v2) 4 3| €t x, 11, y1) — 8, %, 1, ) | < —Blyi — 2. (2.3)
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A 2 (Conditions on first-order partial derivatives). The first-order partial derivatives 0,;b(t, x, v, y), 0xb(t, x, i, y),
Oub(t,x, 1, y) and 3yb(t, x, , y) exist for any (t, x,y, 1) € [0,00) x R" x R" x $5. Moreover,

sup |9:b(t, x, u, y1) — 3b(t, x, ., y2)| < Crlyr — 2" (2.4)
tel0,T],xeR", ueP,

sup [8xb(t, x, . y1) — dxb(t, x, w, y2)| < Crlyr — yo|"'; (2.5)
tel0,T],xeR", ueP,

sup  [[8ub(t, x, 11 y1) = 8ub(t, x, 1y 2) | 12,y < Crlyt = 32075 (2.6)
t€l0,T],xeR", ueP,

sup [8yb(t, x, 1t, y1) — dyb(t, x, i1, y2)| < Crlyr — y2I". 2.7)
t€l0,T],xeR", ueP,

Furthermore, if b is replaced by f and g, the properties (2.4)—(2.7) also hold.

A 3 (Conditions on second-order partial derivatives). The second-order partial derivatives fob(t, X, 4, Y), afyb(t, X,
uw,y) and 8}2,yb(t,x,u,y) exist (t,x,y,u) € [0,00) x R" x R"™ x P>, and b(t,x,-,y) € CI’I(J’Z,R"). Moreover,
8§yb(t, X, U, y), B}Z,yb(t, X, i, y) are uniformly bounded and

sup (82,6t x, 11, y1) — 92:b(t, x, w, y2) | < Crlyr — yol?%; (2.8)
t€l0,T],xeR", ueP,

sup 03,6t x. 10, y1) — 83, b(t, x, 11, y2) | < Crlyr — y21™; (2.9)
tel0,T],xeR", uep,

sup |07,b(t, x, 1, y1) = 05,b(t, x, 1, y2) | < Crlyr — 2™ (2.10)

tel0,T],xeR", ueP,

sup 19202, x, g, y1) = 8:8ub(t, X, 1, ¥2) | 12,y < Crlyt = y2I™. (2.11)

tel0,T],xeR", ueP,

Furthermore, if b is replaced by f and g, the properties (2.8)—(2.11) also hold, and

E

|

2
sup max{” O, St x, 1, y)
tel0,T],xeR" , ueP,,yeR™

E

|9:8, f 2. x, I'L’y)”LZ([L)’ \

s

R x| |07, f @ x, . y)

|2ee @, x, i |, 95,8 x, 1, 9. 05,8 x, 11, 1)),

’

8Zaug(tv-x9 M, y) ”LZ(M)} < CT-

Remark 2.1. We here give some comments on the conditions above.

e Conditions (2.1) and (2.2) imply that for any 7' > 0, there exists C7 > 0 such that for any x e R", y e R”, u € P,
1€[0,T],

Ib(t, %, 1, )| + ot x, 0] < Cr{1+ 1xl + 1yl + [(1 - 9] 2.12)

and

£, |+ [ gx, | < Crft+ Ixl+ Iyl + [(- 1P)]?) (2.13)

e Conditions (2.2) and (2.3) imply that for any 7' > 0, there exists C7 > 0 such that for any x e R", y e R™, u € 5,
1€[0,T],
2 _—B
2f(t,x, o y), ¥)+ 3] g, x, 1, || < 7|y|2 +Cr[1+IxP+u(l-17)] (2.14)
e Condition (2.3) is used to guarantee the existence and uniqueness of an invariant measure for the frozen equation (see
Eq. (2.19) below) and the solution of system (1.1) has finite fourth moment.
e Using the time discretization approach, to prove the strong convergence order we need assumptions Al and A2. How-
ever, if using the technique of Poisson equation to prove the strong convergence order, we needs the assumption A3
additionally.
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The following theorem is the existence and uniqueness of strong solutions for system (1.1), which can be obtained by
using the result due to Wang in [38] and whose detailed proof will be presented in the Appendix.

Theorem 2.2. Suppose that conditions (2.1) and (2.2) hold. For any € > 0, any given initial value x € R", y € R™, there
exists a unique solution {(X5,Y(),t > 0} to system (1.1) and for all T > 0, (X¢,Y€) € C([0, T]; R*) x C([0, T]; R™),
P-a.s. and

X§=x+ [y b(s, XS, Lxe, Y ds + [§ o (s, XE, Lx)dW],
:Yf =y L £ XE Lxe, YO ds + 2 o (s, XS, £xe, Y AW, 2.15)
Now we formulate our first main result.
Theorem 2.3. Suppose that assumptions Al and A2 hold. Then for any x e R", y e R" and T > 0, we have
sup E|X¢ — X,|* < e, (2.16)

tel0,7T]

where C is a constant depending on T, |x|, |y|. Furthermore, if there is no noise in the slow equation (i.e., 0 =0), we
have

sup E|X¢ —X,|” < Ce. 2.17)
te(0,7T]

Here X is the solution of the following averaged equation,

- (2.18)

dX; =b(t, X;, L3 )dt +0(t,X;, L5 )dW],
Xo=rx,

where l;(t, X, ) = me b(t, x, i, y)vO*(dy) and v-*** denotes the unique invariant measure for the transition semi-
group of the following frozen equation:

idYS‘Zf(tvxvuvYS‘)ds+g(tv-x7MaYS‘)dWy2a (2 19)

Yo=y,
where {WSZ} s>0 is a dy-dimensional Brownian motion on another complete probability space (fZ, F, ]@).

Remark 2.4. The estimates (2.16) and (2.17) imply that the slow component X strongly converges to the solution X; of
the corresponding averaged equation with convergence order €!/3 and €!/? respectively. Usually, the convergence order
€!/2 should be optimal. Hence, under more regularity conditions on the coefficients, we will use the technique of Poisson
equation to obtain the optimal convergence order in the general case (i.e., o 7 0), which is stated in the following theorem.

Theorem 2.5. Suppose that assumptions A1-A3 hold. Then for any x e R*, y e R" and T > 0, we have

sup E|X¢ - X,|” < Ce, (2.20)
te[0,T]

where C is a constant depending on T, |x|, |y|, and X is the solution of the corresponding averaged equation (2.18).

3. Proof of Theorem 2.3

In this section, we intend to use the approach of time discretization to get the strong convergence order. The proof consists
of four parts, each of which is presented in the respective subsection below. In Section 3.1, we give some a-priori estimates
of the solution (X, Y/). In Section 3.2, we introduce an auxiliary process ()2 €, f/f), and obtain the convergence rate of
the difference process X7 — X ¢ . We study the frozen equation, and prove the exponential ergodicity of the corresponding
semigroup in Section 3.3. In the final subsection, we prove a crucial estimate for sup, o 7y IE|)A(,6 — X, | which relies on
somewhat delicate arguments. Note that we always assume conditions Al and A2 to hold, and the initial values x € R",
y € R™ are fixed in this section.
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3.1. Some a-priori estimates for (X§,Y,)

Firstly, we prove some uniform bounds w.zt. € € (0, 1) for the 4th moment of the solution (X7, Y) to system (1.1).

Lemma 3.1. For any T > 0, there exists a constant Ct > 0 such that

sup  sup I[-E|Xf|4 <cr(l+x*+1y%)
€€(0,1) r€[0,T]

and

4
sup sup E|YE|" < Cr(1+Ix* + Iyl*).
€e(0,1)1€[0,T]

Proof. By Itd’s formula and estimate (2.12), we obtain for any ¢ € [0, T],

t t
X1 = [ PO (o X g s+ 4 [ XS 0 5 X5 ) )

+4/; (s, X, Lxc) ds+2/ X (5. X, L) |
t
< et cr [ X s (1 PPy s+ [ ISP o s, X6 £x0) W),
0 0
Note that £ xe (] - 1) =]E|X§|2. Hence, we have

T T
sup ]E|Xf|4§CT(|x|4+1)+CT/ E|Y;|4dz+CT/ E|x¢|*dr.
tel0,T] 0 0

Using It6 formula again and taking expectation, we get

4 t
By =ttt + 2 Bl PUr G X5 v0). i s

2

t 4 t
+ 2[RI Plats X5 a9 s+ 2 [ I 005, X5, e, )P
By (2.14), there exists 8 > 0 such that for any ¢ € [0, T],

d 1

LB -E[4|Yf|2<f<r, X Ly YE). V) + 6] Pleo. X5 £ ¥

<——E|Y€| + (E|X€| +1).

The comparison theorem implies

t —S
E|ve[* < Iylfe® + ﬁf e E]XC[ + 1) ds

<y +CT( sup IE}XG} +1)
s€[0,1]
This and (3.1) yield
4 T 4
sup E|X¢| SCT(|X|4+|y|4+1)+CTf sup E|X{["dr.
tel0,T] 0 s5€[0,7]

Then by Grownall’s inequality, we finally obtain

sup ]E|Xf|4 <Cr(lxI*+1yl*+1),
1€10,7)

3.1)

(3.2)
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which also gives

sup ]E’Yf’4 < CT(|x|4 + |y|4 + 1).
1€[0,T]

The proof is complete. (]
Lemma 3.2. Forany T >0,0<t <t+h <T and € € (0, 1), there exists a constant Ct > 0 such that
E|XE,, Xf| <Cr(1+ x>+ yI*)h.

Proof. It is easy to see that

t+h t+h
f+h—Xf=/ b(s,X§,£X§,Yf)ds+/ o (s, XS, Lxe)dW,.
' t

Then by estimate (2.12) and Lemma 3.1, we obtain

2
+CE

2

) t+h t+h
E|X{,, — X;| §CEV b(s, X5, Lxe, Ys)ds f a(s,x;acxf_)dwj
t t

h 2 t+h )
<CE|[ " [b(s. X L. YE)| ds +cf Ello (s, X, Lxc) |2 ds
t

t+h

t+h
< CThE/, (1+ x> + v + E|x¢]%) ds—i—CT/t E(1+|X¢|* +E|x¢[*) ds
< Cr(L+ x>+ [y*)h.
The proof is complete. U
3.2. Estimates for the auxiliary process (X € YE)
Following the idea of Khasminskii in [24], we introduce an auxiliary process (}2’ € I?f) € R" x R™ and divide [0, T'] into

intervals of size 8, where 6 is a fixed positive number depending on €, which will be chosen later. We construct a process
Y with initial value Y5 = Y = y such that for # € [k6, min((k + 1), T)],

N
y;=Yk€5+_/ £k, X5s, Lxe, . ¥, )ds+—/ (k8, Xf5, Lxg, i) AW,
€ Jks
i.e.,
o 1 (! . 2
Yi=y+o | (56, X5y, L, Y )ds+— 8(s(0). Xi5)s Lxs,» F7) WS,

where s(6) = [s/5]8, and [s/8] is the integer part of s/§. Also, we define the process )A(f by

t t
Xf=x+/0 b(s((S),Xf,(a),oCX:e(s),Y;)ds+/0 U(S,Xﬁ,\,fo_)WY

By the construction of I?f and by similar argument as in the proof of Lemma 3.1, it is easy to obtain the following
estimate, whose proof is omitted here.

Lemma 3.3. Forany T > 0, there exists a constant Ct > 0 such that

e id
sup sup E|YE|" < Cr(1+Ix* + Iyl*).
€e(0,1)1€[0,T]

Now, we intend to estimate the difference process Y, — fff and furthermore the difference process Xy — X ‘.
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Lemma 3.4. For any T > 0, there exists a constant Ct > 0 such that

Ge 2
sup sup E|YS —Y|" < Cr(1+ x> +[y%)8.
€€(0,1)t€[0,T]

Proof. Note that

I I R
Yf—YfZE/O [f(s. X5, Lxg. YE) = £(s(8). XS5, Lxe,, - ¥i) ] ds
1

t
o 2
- ﬁ ,/(; [g(s, XSG’ "CX§’ YSE) - g(s(S), X§(3)’ °CXf(a>’ Ye)]dWs :
By Itd’s formula, we have for any ¢ € [0, T'],

E|vf — ¥f

1 [ 5 5
= _/0 E[2(f (s, X5, Lx¢. YE) = f(s8). XSy Lxe - ¥5), ¥s = ¥i )] ds

| 2

€

[ N
2 [ Bl X5 £, 1) — (5000 X L, T s

t
< é./o E[2(f (s, X5, Lxe, Y5) — f(s, X5, Lxe, )?;)’ Ye — )}Se)
+3]8(s, X5 x5, 70) = (5, X5, L5, 70) s

2 (! A N A
+_/0 E[(f(s. XE Lxe, VE) = £ (s, XS0 L, V). YE — VS]] ds

€ ®’

30! N N
+ g A ]EHg(S’ X§’ QCX§’ YSE) - g(s(a)’ X?((s)’ £X§(5), YSE) ||2ds'
Then using the following estimate

2
Wa(Lxe, Lxe,)* <E[XS = X5)]

N

and the conditions (2.2), (2.3), there exists 8 > 0 such that for any 7 € [0, T'],

d - - - C
EE|YIE - Yze|2 = TﬂE|Yt€ - Yze|2 + TT]E[‘Sz +[X7 - Xte(é)‘2 +W2(£Xf"£xf<a))2]

sei2 C 2 Cré?
S—EE|Y,€—Y,E| +—T]E|Xf—Xf(5)| + =2
€ € €
Finally, the comparison theorem and Lemma 3.2 yield
sz Cr 1 _pa=n 2 Cré2 [t pus
B =¥ == e T EIXI - X s + = foe T

< Cr(1+ x>+ [yl?)s.
The proof is complete.
Lemma 3.5. For any T > 0, there exists a constant Ct > 0 such that

sup E|XS — X¢|P < Cr(1+ 1x + [y?)s.
te[0,7T]

Proof. Recall that

t t
Xf:x—i—/ b(s,Xse,chg,Yf)ds—i—/ U(S,X§,£X§)dWsl
0 0
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and that

" t n t

X§=x+/ b(s(S),Xg(a),DCXg@),Y;)ds—i—/ o(s, X, Lxe)dW,.

0 ' 0
Then we have
A t A
X — X¢ =/ [b(s, X5, Lxe, Ys) = b(s(8), X5, Lxe, Ye)]ds.
0

By Lemmas 3.2 and 3.4, we obtain

T 2
sup E|X¢ — X¢|” SE[/ |b(s, XE, Lxe, Y5) —b(s(a),X§(5),£Xe(5),?;)|ds}
1€[0,T] 0 ' '

T
2 562
<o [ (04X = X+ e, g, )P4 |1 = o) ds
2 2
< Cr(1+ x>+ [y[%)s.
The proof is complete. (]

3.3. The frozen equation

We first introduce the frozen equation associated to the fast motion for fixed t > 0, x € R” and u € 5,

IdYS = f(t.x, . Ys)ds + g(t, x, ju, Ys) dW2, 53

Yo=y,
where {Wf}szo is a dp-dimensional Brownian motion on another complete probability space (fZ, F, ]f”) and {‘f}, t>0}is
the natural filtration generated by W,2.

Under the conditions (2.2) and (2.3), it is easy to prove for any initial data y € R™ that Eq. (3.3) has a unique strong
solution {Y;**¥};=0, which is a homogeneous Markov process. Moreover, for any ¢ € [0, T, Sup;> By, Y2 <

Crll+ x>+ 1y1> 4+ u( - ).

Let { PI"""}5=0 be the transition semigroup of ¥;****”

, 1.e., for any bounded measurable function ¢ : R” — R,
Pl Ho(y) i=Ep(Yy "), yeR™ s>0,

where [ is the expectation on (€2, ¥, P). Then . g. by [26, Theorem 4.3.9], under the assumption Al, it is easy to see that
Pl has a unique invariant measure v>*'# satisfying

wp/me%m§ﬁh+m+m0HW?
tel0,7T] m

Lemma 3.6. Forany T > 0,5 >0,t; €[0,T],x; e R", u; € P and y; e R™,i =1, 2, we have
| y{oromen _yprmian |2 o e Py — P + Crllt — H* + |x1 — xof? +W2(M1,M2)2].
Proof. Note that

)
1,X1,41,y 12,X2,42,Y: 11,X1,141, 1,X2,42,
Ys'x””“—Ys””“z:yl—yfr/[f(tl,xl,m,Yr’""“yl)—f(tz,m,uz,Yr””m)]d”
0

N
+/ [g(r1, x1, 1, Y100 — g (1, x0, po, Y7272 1292) | a W2,
0
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By It6’s formula we have

T X1 12,X2,142,Y2 |2
E|Ysl ”“y'—YSZ 2,42,)2

— /S E[Z(f(tl X1, 1 le‘lm,m,yl) _ f(lz X2, 42 Yrtz,n,uz,yz) Yrtlm,lu,w _ Yrt2,X2,lt2,y2>
0
M X242, |12
+ | gt x1, prs y M) — g(r2, x2, 2, Y2k )] dr.
Then by Young’s inequality and conditions (2.2) and (2.3), there exists 8 > 0 such that

d - 1,x H,x 012
—]E|Ysl’ LALYL vl 2:142,)2

ds
=I~E[2<f(t1 X1, 1 YYll,XuMl,yl)_f(tz X2, 42 lez,m,uzyyz) thl,xwtl,yl _nyz,myuz,yz)

+ | g(t1, x1, 1. Yst]’x"m’yl) — g(12, x2, p2, Yfz’xz’m’yz) “2]

<]E[2(f(t1 X1, 1 valxxl,lil,)’l)_f(tl X1, 1 Y;z%z,m’yz) nyl,)ﬂ,m,yl _Yylz,XZ’Mz,m)
+ 3] g (tr, xr un, YUY — g (1, X1, Y;Z’Xz’m’yz)”z]

+ fEP(f(fl, X1, W1, Ys[z’xz'm’yz) - f(fz, X2, 142, lez’xz’m’yz), yyle Ystz’x2’m’yz>]
+ %Eng(h,m, 1, Y2 (1, 30, o, Y|
<R[y y 2222 2 Crfl =+ x — x4 Waur, 12)?].
Hence, the comparison theorem yields for any s > 0,
B[y — y 22222 < =By — P Crlin — 0l + v — xaf? + W, w2)?].
The proof is complete.
Proposition 3.7. Forany T >0,t€[0,T],x e R", ue€ $,s >0and y e R",
[Bb(r, . YY) = bt x, )] < Cre™ T {1 1l + Iyl + [w(1-19)]72)s
where b(t,x, 1) = [gu b(t, x, w, V"1 (dz).

Proof. By the definition of an invariant measure and Lemma 3.6, for any s > 0 we have

m

[Eb (2, x, p, YY) = bt x, w)| = 'fEb(nx, o YY) — f b(t,x, pr. DV (d2)

f [Eb(r,x. . YI5P0) — Bb(r. x o, Y1) ol o0 (d)

S CT/ I"E|Yst,x,ll»y _ Y;,X,M,Z|vl,x,u(dz)
Rm

<Cre / ly — z|v! " (dz)
< Cre~ {1+ Ixl+ Iyl + [~ 7)]72).

The proof is complete.

(3.4)



Strong convergence order for slow—fast MVSDE 557
3.4. The averaged equation

We can introduce the averaged equation as follows,

_ 35
XOZXERn, ( )

:df(, =b(t, Xy, L3)dt + 01, Xy, L3 )W,
with
Bt x. 1) = / bt x. . V' (d2),
Rm

where v'+*# is the unique invariant measure for Eq. (3.3).
The following lemma gives the existence, uniqueness and uniformly estimates for the solution of Eq. (3.5), whose
proof will be presented in the Appendix.

Lemma 3.8. For any x € R", Eq. (3.5) has a unique solution X,. Moreover, for any T > 0, there exists a constant Ct > (
such that

sup E|X;[* < Cr(1+ |x]?). (3.6)
1€0,T]

Now, we estimate the error between the auxiliary process X ¢ and the solution X, of the averaged equation.

Lemma 3.9. For any T > 0, there exists a constant Ct > 0 such that

2
o o 12 € €
sup E\Xf—X,| 5CT(l+|x|3+|y|3)<m+€+?+5).
te[0,T]

Proof. We will divide the proof into three steps.
Step 1. Recall that

XX, = fo [b(s6), X, Lxc,) V5) = bs, X, £3,)]ds
+/0t[0'(s,X§,oCX§)—a(s,)_(s,oc)}s)]dWS]
= /Ot[b(s(é), XS (50 £, Y$) = b(s(8). X&) Lxe, )]ds
+ /Ot[l;(s(S), Xioy Lxey ) = b(s, X5, Lxe)] ds
+/OI[B(S,X§,£X§)—l;(s,)_(S,QC;(S)]ds
+/()[[0(S,X§,£x§)—a(s,)_(s,gﬁgs)]dWsl.
Then it is esay to see that for any 7 € [0, T'], we have

E|Re - %P < CIE' [ b6, X5 £, 72) = B0, X5 £, )

s(8)

t
+ CTE/O |b(s(8), XE(S)’ "CXE(s)) - b(s, X5, £X§)|2ds

t
+CT]E/ 1B(s, XE, L£xc) — b(s, Xy, L3 )|*ds
i .
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t
—l—CE/ o (s, XS, Lxe) — o (5. Xy, L) ds
0

4
=YL (3.7)
i=1
For I>(¢) we have by the Lipschitz property of b(-,-,-) (see (A.2) below) that

T
sup L(t) < CT62+]E/ |Xf,(8) —X§|2ds
tel0,T] 0

<Cr(L+Ix*+ [y?)s. (3.8)

For I;(¢), i = 3,4, Lemma 3.5 implies

T
sup I3(t)§CT/ E|X§-X,|2dt
t€[0,T] 0

r Se|2 L S 2
sCrf E|Xf — X{| dt+CT/ E|Xf — X;|"dt
0 0

T
§CT(1+|x|2+|y|2)8+CT/ E|X¢ - X,|*dr. (3.9)
0

Similarly, by condition (2.1),

T
sup I4(t)§CT(1+|x|2~I—|y|2)5+CT/ E|X¢ - X, | dr. (3.10)
tel0,T] 0

Therefore, (3.7)—(3.10) yield

5 )
sup E|XE—X,|" < sup Li(t) +Cr (1 + x> +1y%)s
t€[0,T] t€[0,T]

T
+CT/ E|X¢ — X, | dt. (3.11)
0

Then combining this with the following estimate of I (z),

2
€ €
sup I;(t) < Cr(1+|x* + |y|3)<—51/2 tet <+ 52), (3.12)
tel0,T]

which will be proved in Step 2, we obtain

2 T
~ _ € € ~ _
sup ]E|Xf—X,|2SCT(1+|x|3+|y|3)<m+e+—+5>+/ E|X¢ — X,|*dt.
1€10.7] 8 8 0
Hence, the Grownall’s inequality yields
be % |2 3 3 _€ e’
sup E[XE—X,|" <Cr(1+ x> +yP) sz et +3).
t€[0,T]

which completes the proof.
Step 2. In this step, we intend to prove estimate (3.12). Note that

2

t -
/0 [b(s (). X5y Lxe,s s Y{) —b(s), XSy °CX§<6))] ds

[z/8]-1 2

(k+1)8 A ]
<2 /ka [b(k(g, Xli&’ GCXZS Y;) — b(k(s’ X]isv £X;6)]ds

k=0
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t 2
+2ft(8)[ (2(5), x,(a),ccxe()yv) b(1(8), X5 Lxe @)]d
(/8= k+1)s B 2

=2 /ka [b(ks, Xg5. Lixe,. YE) — b(ks. Xfs. Lxz,)] ds
k=0

(i+1)8 . _
+4 Z </ [b(i8, X{5, Lxe,, V) — b(is, X5, Lxe, )] ds,
O<i<j<[t/8]—1 V10

(+1)s .
fa [6(75. XSy Lxc, ¥) — B3, st,eﬁx;a)]ds>
J

t 2

+2/ | [B(rG). Xf). Lixg, . V) = b(1(5). Xfy). L, )] ds

t(8)

11 (7). (3.13)

Il
i

For I13(¢), by estimate (A.3) below, Lemmas 3.1 and 3.3, it is easy to prove that

t
sup 1E113(t)<CT5]E/ [ X5 |+ E[X )|+ [F7[ ] ds
t€[0,T1] 1(8)

< Cr(1+Ix* + Iyl?)s%. (3.14)

For the term I71(¢), we have

[r/81-1 (k+1)8 _ 2
Bl () =2 Z E/ka [b(k, X5, Lxe, Ye) - b(ks, Xi5, Lxe )] ds
k=0
[t/81—1 5/6 2
=2 Z k‘S’XZs’efX‘» se+k5) b(k‘s’Xlia’iXia)]ds
[t/8] 1

8/e pdje
/ f Wi (s, r)dsdr,

where forany 0 <r <s < §/e,

Wi (s, r) :=E[(b(k8, Xf5, Lxe,, Y is) — b(kS, X, Lxe)s

b(k‘s’XliawCXEa r6+k6) b(k‘S»XlecawCX;a))]-

For any s > 0, i € #, and random variables x, y € ¥, we consider the following equation

- 1 t
Y,G’S’x’u’y=y+;f f(sxu,Y”x“ydr—i-—/ S, X, [, ”x’”)sz t>s.
s

Then by the construction of Y ¢, for any k € N, we have

A ek, X, Lye YE
ve=7, FTRTE e ks, (k+ 1)6],

which implies

ko X Lye Vs

Wi (s, r) = E[(b(ks, Xiss Lxe,s Yieyns

) — E(kS,X,ia,DCXZS),

LekB Xy Ly B _ .
b(kS Xk5’°CXk5’ re+ks ) b(k‘syxka’iX;;))]'
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Note that since for any fixed x € R", y € R", Y¢ elfkg ¥ is independent of Fis, and X§j, )A’,fa are Fis-measurable, we
have

B . ~€.k8, X5, °CX%’ (A - .
Wi(s. r) = E{E[(b(k8. X5, Lxz,. Ve ss ) — b(k8, Xi5, Lxc,),

€.k8, X5, Lye Y _
b{ks. Xy Lxgy Ty ) = blks. Xy L)) | Fin)(@)]

e,k8, X< (w)JisY(a)) _
= E{E[(b(ks. X{s(@), Lxc,. ¥ Ly 2 = b(kS, X{s(w), Lxz, ).

ekBXG(a))oCe P (@) —
b(k8, Xs(@), Lxe, ¥l ) = b(ks, XEs(w). Lxg,))])-

By the definition of the process {Y;’S’x’”’y},zo, it is easy to see that

=e,ks 1 [setks ) se+ks "
P =y L [ e T ar +_/ 05 ) a2
ks s
! * cek8,x, .y e k&, x, 1,y 2.k$
=yt [ T a2 [ e T aw?
S
=y +/0 f(k8,x, e, Yfé’jr‘slég,u,y) dr +f0 g(k8, x, 11, VS ’fkg ) AW, (3.15)
Where {Wrz To= Wr2+k6 Wka}r>0 and {W2 k. \}-Wz k‘s},>o. Recall the solution of the frozen equation satisfies
N
(3.16)

S
Ysk‘s’x’“’yzy—i—/ f(k8 X, M,Ykaxﬂy)dr—i—/ (k(S X, ,u,Yk‘s“”)sz
0 0

The uniqueness of the solutions of Eq. (3.15) and Eq. (3.16) implies that the distribution of {Y_
with the distribution of {¥X3-*#Y }o<s<s/e. Then by Proposition 3.7, we have

cekd,x .y .
etk }o<s<s/e coincides

k8, X55 (@), Lye Jis(@)
Wi (s, r) = B[R (kS Xfs (@), L, Vs 0T~ b(k8, Xy(). Lxs, ).

kSX (w),L ye V63 (w) _
b(k8 Xk(;(a)) oCXI‘ , Ly SR ) b(k(S,XZS(a)),QCng))]

~ i~ kBXe(w).,CsY(a))
=E[E(E[b(k. X{5@), Lx5,. Ys ) | F])@) bk, X5(@). Lx,).

k8, XE (@), L ye ,VE(w)
b(ks, X§s(@), Lxc,. Yr T @) — b(ks, Xiy (), Ly ))]

XEs(@), oL ye Vis(@)
< CT[E{ [1 + |Xk8(w)‘ +| k(@) xgo Lis (P (CZ))}Z+°CXZS(| . |2)]e—[(s—r)ﬁ]/2}

< CrE(1 + |X55|" + [75 ] + E| X[ *)e 10012
< CT(I + x>+ |y|2)e_[(s_’)ﬂ]2,

where the last inequality is consequence of Lemmas 3.1 and 3.3. Hence we have

2 p8fe pl
€ € o
sup ]Elll(t)§CT(1+|x|2+|y|2)?/O / e 16=PB2 gs ar
r

t€l0,T]
1 1

/3 s

=CT(1+|x|2+|y|2);(ﬂ—e—ﬁ+ﬁe )
2 2 e?

< Cr(1+Ix|” + [yl )<e+§> (3.17)
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For the term 115 (%), in Step 3 we will prove the following estimate:

sup ]Ellg(t)§CT(1+|x|3+|y|3)<W+e) (3.18)
1€0,T] 3

As a consequence, estimates (3.13), (3.14), (3.17) and (3.18) imply (3.12).

L €,i8, XS5, Lye TS
Step 3. In this step, we intend to prove estimate (3.18). For convenience, for any i € N, setting Zf, :=Y, e
with i§ < t, we obtain that

{dZ? Lfas, X,S,ocxfszf,)dwr[g(za X, Lye . ZE,) AW, 3.19)
Zl€l5 - Y1€8
By the definition above, it is easy to see that
Zf, =Y5, telks, (k+1)s]
and continuity implies that
Zi eayo = Zisrarns = Ve
Let E; be the conditional expectation w.r.t. 5, s > 0. Then forany 0 <i < j <[t/§] — 1,
i+1)8 A _
E</ [6(i5, X5, Lxe, 7<) — B(i5, X5, L£x2)] ds,
is
(j+1s A _
/ [6(j8. Xg. Lixe,. ¥5) = b(j8, X15,£X;8)]ds>
Js
G+1)8 p(+D8 . _
=/ / E(b(i8, Xfs, Lxg,. Y5) — b(i8, X{5, Lxe,),
is jé
b(j8, XS5, Lxe,, V) = b(j8, XS5, Lxe,))ds di
(i+1)s </+1)a ; B
f / E{|b(i8, X{5, £xe,, Ys) — b(i8, X5, Lxe)|
i8 jé
|Eisns[b(j8, XS5 Lxc, Y, YE) —b(js, X/8,£X;5)]|}dsdt
(i+1)s p(j+1)3 ,\ —
SCT/ /5 E{(1+ |X55] + Y5 ) [Eq0s[ (0078, X550 Lxe,. V) = b(j8, X550 Lx,))
= (0(G+ 18, Xy 150 L5,y Zirn) = (G + D8, XG50 L, )|} dsdr
(+D8 p(j+1)8
+CT/ f E{(1+|X5| +|¥<])
i jé
’ |E(i+1)5[ ((’ + 134, X(z+1)5’ °£X(+1)5 Zi€+],t) ((l + 14, X(z+1)6’ °£X(,+1)5)]|}d5 dt
— B+ By, (3.20)

On one hand, by a similar argument for /11(¢), we obtain

(i+1)3]

(+Ds  ,(j+D8 —Bli—
Bo<Cr [ [ UBIO# [ R+ X ]+ 17 s DJe ™ ds
i J

(+D8 pGHDS g s
§CT(1+|x|2+|y|2)f6 / o™ e dsdt
l

< Cr(1+ 12 + [yP)ese 5 (1 — e 5). (321)
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On the other hand,
(+1)s p(i+Ds J=1
m=cr [ [ 5 B0 G DB+ D5 X £ i)
k=i+1

- b((k + 1)8 X(k+1)5’ c£X(k+1)3)) - (b(k8’ X]iﬁ’ °CXE5’ ZZ,I) - l;(ka’ X]ib" °£X;i5))]|}ds dt

(+D8 i+ J 1
e[ (0 X5+ 1) ks 0+ 18 X £, Zir )
k= 1+l

((k + 1)8 X(k+l)8’ £X(k+])5)) - (b(ka’ XZS’ °CX;5’ ZZ,I) - 5(k5’ XZ(S’ £X;5))]|}ds dt
Thanks to the Markov property, we get

Bis[b((k+ 18, X{y1y50 L5, 10 Zige) =BG+ D8 XG5 Lxe, )]
=Exs[6((k + D8, X{p iy L, 1,0 Y- [t — k+ 18] /e)]
and
Ers[b(k8, Xiss Lxc,0 Z5,) —b(kS, Xf5, Lxc,)]
=Bs[b(ks, X550 Lxe,» Y s [t — (k+1D8]/e)].

where b(t,x, 11, y,8) 1= Eb(e, x, 10, Y, ") = b(e, x, .
Recall the following properties of b (see the detailed proof in Section A.3):

e Forany 7,1, €[0,T],s >0, xeR", ye R" and u € »
b1, x, .y, 8) = b(t2, x, 1, 3. 5)|
< Crlty — tale ™ {14 " + [y + [ (1 - )] (3.22)
e Foranyr€[0,T],s >0,x;,x2€R", yeR" and u € P
|b(t, x1, 1, y,8) = b(t,x2, 1, . 9)]
< Crlxi = xale™™ {1+ 0" + " + 131" + [1(- )]} (3.23)
e Foranyr€[0,T],s >0, x e R", y e R" and pu1, ur € 9,
|b(t, x, w1, y.5) — bt x, 2, . 5)|
< CrWa(un, u2)e ™ {14 e+ [y + [ (1 P)]2 + a1 - P)] 2, (3.24)
where 7 is a positive constant. Then by estimates (3.22)—(3.24) and Lemma 3.1, we have

(i+D8 pG+DS J 1
Bl<C/ / (1+ x5+ 7€)

k= t+1
x B((k+ 18, X 1ys: Lxt 50 Yierns [ = k+18]/€)

B(kS’Xka’in Yicins: [t = G+ D8] /e€) |} ds

j—1

(418 p(+1)s I ) y -
<CTf / Z [0+ [X55] + Y5 (1 + X5 + | XGs "+
k=i+1

X (8 4+ | X515 — Xis| + [E[XG 415 — X5[]

)

1/2\1 —Bli=Gk+D3]
/)]e de dsdt
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(+Ds pG+Ds T
<cr(l +|x|3+|y|3)51/2/5 fa Y e w  dsdt
i J

k=i+1
(+Ds (s L=
SCT(1+|x|3+|y|3)81/2f / ——— dsdt
is js 1 —ede
< Cr(1+ x> + IyP)s%%e. (3.25)

Combining estimates (3.20), (3.21) and (3.25), we obtain

sup Elpa(r) < Cr(1+ |xP + IYI3) Z [53/26 +65e_ﬂ(z{5i>8 (1- e}—is)]

tel0.7] 0<i<j<[T/8]—1
€
=< CT(I + x| + |Y|3)<m +6>,
which is the estimate (3.18). The proof is complete. ([

Now we are in a position to complete our first result.

Proof of Theorem 2.3. Taking § = ¢%/3, Lemmas 3.5 and 3.9 imply that for any T > 0, initial values x € R” and y € R,
there exists C7 > 0 such that

sup E}Xf — }_(,|2 < CT(I +xP + |y|3)62/3,
1€[0,T]

which proves the first part of Theorem 2.3, i.e., (2.16) holds.
Furthermore, if there is no noise in the slow equation (i.e., 0 = 0), we can improve the Holder continuity in time in
Lemma 3.2,ie.,forany T > 0,0 <t <t + h < T, there exists a positive constant Ct such that
€ € 2
sup ]EXZM—X,]
€€(0,1)

< Cr(1+ x>+ [y[*)h*.

Then, following almost the same procedure as above, it is easy to see that

2
- €
sup E|X¢ — X,|2 <Cr(1+xP+ |y|3)(e + — +52>.
1€[0,T] 8
Hence, taking § = € yields (2.17). The proof is complete. (]

4. Proof of Theorem 2.5

In this section, we will use the technique of Poisson equation to prove the strong convergence order, which is quite dif-
ferent from the method used in Section 3. Because we will study the regularity of second-order derivatives of the solution
for the corresponding Poisson equation, more conditions (see assumption A3) are needed. This section is divided into two
subsections. In Section 4.1, we study the regularity of the solution for the corresponding Poisson equation. In Section 4.2,
we prove Theorem 2.5 by using the technique of Poisson equation. Note that we always assume conditions A1-A3 hold.

4.1. Poisson equation
Consider the following Poisson equation:

—La(t, x, WP, x, 1, y) = b(t, x, u, y) = b(t, x, ), (4.1)
where (¢, x, u, y) = (P1(t, x, 1, ), ..., Pn(t, x, 1, y)),

Lot x, WP, x, n, y) = (Lot x, WP, X, 1, ¥), ..., L2, x, WPy (t, x, 1, y))



564 M. Rockner, X. Sun and Y. Xie
andforany k=1, ...,n,
Lo(t, x, WPk (t, x, 1, y)
=(f 0 x, pay), 0y (e, x, 1, y)) + %Tr[gg*(t,x, 1, )35, Ot x, 1, y)].
The smoothness of the solution of the Poisson equation with respect to parameters have been studied in many refer-
ences, see [31,32,34] for example. Note that here the solution for the Poisson equation (4.1) depends on the parameter u,

so here we have to check the regularity w.zt. n. The main result of this subsection is the following:

Proposition 4.1. Assume the assumptions A1-A3 hold. Define
x | —
O )= [ E[b{exu ¥ < bex o ds. (42)
0

Then ®(t,x, 1, y) is the unique solution of Eq. (4.1) and it satisfies that (-, -, u,-) € CL22([0, 00) x R x R™ RM),
O, x,-,y) € C“(J’z, R™). Moreover, for any t € [0, T],

max{| (. x. . y)|. 3@ x. . ). [3 D 2. . ). 3P W)L [8u P 2. 1 9] 2,)
< Cr{t+Ixl+ 1yl + [u(- )] 4.3)
and
max{ |87, @, x, 11, ), 020, D, %, 11, IO 12,0}
<Cr{t+Ixl+ 1yl + [u(- )]} (4.4)

Proof. We will divide the proof into three steps.

Step 1. Noting that «£,(¢, x, i) is the infinitesimal generator of the frozen process (Yi5 "y, we easily check that
(4.2) is the unique solution of the Poisson equation (4.1) under the assumptions A1-A3. Moreover, by a straightforward
computation, we also have that ®(-, -, i1, -) € C122([0, 00) x R" x R”, R"), ®(t, x, -, y) € CL1 (P, R").

By Proposition 3.7, we get

o0
|(I>(l,x, “w, y)} < /0 |I~E[b(t,x, ", Y;’x’”’y)] — l;(t,x, ,u)|ds

o0
< Cr{t+ x4+ Iyl + [n(- |2)]1/2}/0 % ds

<cr{t+1Ixl+ Iyl +[n(- )]
By Lemma 3.6, we have E||3, Yy " ||> < Cre™#*, which implies
[y @, x, . y)|| < Cr.

Furthermore, the remaining estimates in (4.3) can be obtained easily by (3.22)—(3.24). Therefore, it is sufficient to estimate
(4.4) below.
We first recall that (see Section A.3 in the Appendix)

by (t, %, 1, ¥, 8) = b(t,x, 10, y,s) —b(t,x, 1t,y, s+ 50),
where b(t, x, i1, y, 5) = Eb(t, x, u, YI°"Y). Note that

lim ESO(I, X, U, y,8)= fE[b(r, X, I, Y;’X‘M’y)] — l;(t, X, ).
50— 00

So, in order to prove (4.4), it suffices to show there exists n > 0 such that for any sg > 0,¢ € [0, T],s >0, x e R", y € R"
and u € P,

102, bs, (2, %, 11, v, )| < Cre ™ {1+ x| + Iyl + [1(1 - 1P)]"?) 4.5)
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and

[3:8, @t . 1. 9O 12, = Cre™ (U bl Iyl [ - P)] 7). 4.6)

which will be proved in the following two steps.
Step 2. In this step, we intend to prove estimate (4.5). We recall that in (A.5) below

byt %, 11, ¥, 8) = b(t, x, 1, y, 8) —Bb(1, x, 1, Y s).
Then the chain rule yields
ey (£, X, 0, y,8) = 3cb(t,x, 11, y,s) — By b(; X, YT )
—E[ayb(r.x, . Vg 5) - 9, Y5 )
and furthermore,
Oz by (. x, 1.y, )
= 02.b(t,x, 1, y,5) —EO2.b(t, x, p, Yi 7 s)
— B[O b(t, x, 1, Y 5) - 0, ¥
CR{[02 (1, x, 1, YT ) 4 0251, 1, YT 5) 0 YETE] V)
—E[ayb(t, x, pu, V=" 5) - 02, v
-3
(i) For the term J;, note that
bt x, wy,s) =E[a:b(t, x, p, Yy ) + E[0yb(t, x, p, Y5 ) - a vy,
which implies
29 < EILbxe 1T]4 EISLx T) ar1)
FE[ bt V) 5,1
+B[0,b(t, %, 1, "“”) (B YT By o]
B{ab{r v V) 25
Then for any y|, y; € R™,
[82.5(t, x, 11, y1,5) — 82.b(t, x, jt, y2,8) |
< |E[a2eb(r. x. 1. Yf“”‘) 02.b (1 x, 1. VP )]|
LB )00 s ) 1)
R R RN R
+ B350 %, 1, ”’”‘) (ast”x’“’y‘,axY;’x’“’yl)
—83},b(t X, YOO R) (3, v v )|

+”E[ayb(taxvﬂyyst’x’ﬂ’yl) 92 vt —0,b(t, x, M’thuyz) 2. ’xﬂ«yz]”

5
=2 47
i=1
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By condition (2.8) and Lemma 3.6, there exists 7 > 0 such that
Jn < CrE[Yy ™I -y 22 < Cre™ | y) — yo| 2.
By the boundedness of |07, b|| and condition (2.9), we have
Ji2 < E|0g,b(r e, p, YO o YO — 00 b(rx p, YT2) v M|
B0 bt o ) VY 2 (0 ) -,
< B[[02,b(¢, %, YIS = 02 b (1, x, u, YESP) | o vi ]
+E03b(r, ., Yo ) [y — by g
= Cr[Blyy o —y{ e P2 g,y 2]
+ CrR[ 9, ¥ — 9,772

yxssy2

where 9, Yy satisfies

A0y Yy = (00 F(tx V) 40y f (1w Y0 ds
[0 (s x, 11, YEPY) b i@t x, o, YD), VI | d W2,
3 Yy =0,

Note that condition (2.3) in (A1) implies that for any (¢, x, i, y) € [0, ] x R" x £, x R™,

200, £t x, 1, ) - ¥, ¥) + 3| dvg(t, x, 1, v) - v [P < —BlyI>

Then by It6’s formula, the boundedness of d, f, d; g, and a straightforward computation, we obtain that

= 1,x, L,y (|4
sup E”BXYS || <Cr,
t€[0,T],s>0,xeR" yeR™ neP>

and by Lemma 3.6 and the boundedness of 0y f, dyy f, dxyg and 9y, g, we have

= 1x,u, 1,x, 10,2 1|2 b 2
sup Bl oYy — 0,y |7 < Crem 2 [y — ol
tel0,T],xeR", ueP,

Then Lemma 3.6, (4.10) and (4.11) imply that there exists n > 0 such that
Ji2 <Cre P (ly1 — yal +1).
By condition (2.9) and a similar arguments as in estimating J», we also have
Ji3 < Ce ™ (Iy1 — yal +1).
By condition (2.10) and a straightforward computation,
Tia SE0]b(t,x, 0, Y ) (0 g, vt
— 02 (1. VI L (B YT gy |
02,51, x. 1, YINHI2) - (0 i g )
=021 V) (B gy |
< B3, e 1, YY) < 82 b(e,x. . Vi) g ]
+ B350 2, iR vy = vy R (v 4 oy )]
< Cr[Rlyy -yt PR R g vt ]

+Cr[Efa i — oy TR o )]

4.8)

4.9)

(4.10)

@11

(4.12)

4.13)
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Then by Lemma 3.6, (4.10) and (4.11), we get

Jia < Cre™ ™ (ly1 — yal +1). (4.14)

Under the assumptions A1-A3, it is easy to prove that

d 2 X,y |2
sup E|;,Y; |"<cr (4.15)

te[0,T],s>0,xeR”, yeR™ uep,

and
Tl a2 yiXs i) 2 yhx,m,y2 |2 —2ns 2
sup E|az, Ys —3:,. s |” < Cre™" |y — ya 2.

te[0,T],xeR", uePs

Then, we get

Jis < Cre " |y1 — 2| (4.16)
Hence, by (4.7), (4.8), (4.12), (4.13), (4.14) and (4.16) we obtain
N < Ce (Ely — v+ 1) < Cre ™ {1+ x|+ Iyl + [1( - )] %)
(ii) For the term J,, note that
b, x, 1, y,9)
= W E[acb (e, x, pu, Yy )] + 8 E[0yb (. x, w, YY) 9, v ]
=E[07,b(t.x, 0, Yo )oY Y L B9yb (1, x, g, Y )02 vt
+HE[07,b(r x Y ) (0, v YY) ]

Lemma 3.6 and (4.11) imply

sup (& oy Yoo |2 + B0, v ) < Cre
te[0,T],xeR", uePs, yeRm

Hence we have

2 _bs
sup || 8xyb(t,x, w,y,s) H <Cre 7.
t€[0,T],xeR", ueP,,yeR™

Hence, it is easy to see that
_Bs ~ =Bs
h<Cre” TE[a, v " < Cre v .

(iii) For the term J3, by a similar argument as in (ii), we have

2 A _Bs
sup |50, x, 11, y,9)|| < Cre™3
te[0,T],xeR", ueP,,yeR™

and

2 7 :y
sup || 8yyb(t,x, w,y,s) H <Cre 7.
te[0,T],xeR, ueP,,yeR™

Hence, it is easy to see that
;ﬁs
J3<Cre .
(iv) For the term Jy, by estimates (4.15) and (A.7), we easily get
—Bs
Jy <Cre 4.

Hence, combining (i)—(iv), we prove estimate (4.5).
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Step 3. In this step, we intend to prove estimate (4.6). Recall that
by (1, %, 1, y, $)(2) = 8,b (1, x, 1, y, $)(z) — EBMI;(t,x, , Y h 5)(2)
B0, 1 Y 5), 0,5
So we have
8Z3,L1;SO(I,X, W, y,8)(2) = Bzaﬂl;(t,x, w,y,s)(z) — EBZB,LI;(Z,)C, “w, Yf(;x’”’y, s)(z)
— B [{ayb(r,x. . YEERY ), 8.0, Y55 )],
where 8,8, Y (z) satisfies

dd 8, Ye " (2) = 0.0, f (1, x, , Yo P Y @) ds 4 8y f (2, x, w, Yot H)8,0, Y MY () ds

+ [828H«g([7 X, /’Lv Y;’x,”ﬂy)(z) + 8}‘g(tv X, /’Lv Y;,x’””y)azall«yst’x’u’y(Z)] dW&‘Z’

90, Y (2) =0.

Under the assumptions A1-A3, it is easy to prove that for any 7" > 0, we have

= X0,y 12
Sup E”azauyv o ”LZ(M) E CT
te[0,T],5>0,xeR" yeR", uepP>
and there exists 1 > 0 such that
= 1%, 1, 1,0,y |12 —2n; 2
sup E“azaﬂys M- 020, Y5 » HLz(M) < Cre |y =yl

tel0,T],xeR", uePy

Then we have
”azaﬂé(tax’ s Y1, S) - 828}11307 X5 W Y2, s)”Lz(;,L)

8.0 x, 1, YY) = 8,0, Fb (e, V)

< E[8:0b(t, x, i, Vi) = 9,0, (t, 0, 1, Y 2) |

+E[ayb (e, x, Yy 0:0, Y (2) = yb(r e, e YoH) 88, Y o

< B[00, i) = 0,000, 1 Y1) | o

+ ]E” 8yb(t, X, W, Y;’x’”’yl)azZ)MY;'x’“’yl - Byb(t, X, W, Y;‘X‘M’yz)azauYst’x’M'yl ”Lz(u)

By (1. Y08, Y b (e x e, )08, Y

3
= ZKi.
i=1

For the terms K| and K>, it follows from condition (2.11) that

t

K, < CTI’E|Y;,X,IJ«,)7| _ Ys,x,ll»y2|3/2 < CTe—nslyl _ y2|y2

and by (4.18)

K < CT]EH(Y;’X’“’” _ Y;,x,u,yz)azaﬂyg,x,u,yl ”L?(m
< CT[E’Y:,x,u,yl —yhm ]I/Z[INEHSZBMYYI’X’M’M HZLZ(M)]I/Z

|2
—Bs
<Cre 2 |y1 =yl
For the term K3, by (4.19), it is easy to see that

- t,Xx, L,y X, L, —
K3 < CrE[9;0, Y5 — 9.0, o ) < Cre ™ |y — ya|”.

()

(4.17)

(4.18)

(4.19)

(4.20)

4.21)

4.22)
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Therefore, estimates (4.20) to (4.22) imply
19282, x, 11 y1,8) = 8:8,b(1, x, 11, y2,9) | 2y < Cre™ (It = yal +1).
Hence, we finally have
19:8,ubso (2 %, 11, . 9) ||L2([,L)
< 0:0,b, x, 1, 3, $)(@) = Bo9ub (1, x, 1, Yig ™", 5) (D 1
+E[ayb (e, x, 1, Y5, 5) [0:80 Y5 2]

< Cre (Bly = Y5 +1) + Cre P [B[a8, 1 |12y,

I;
L2()
_ns 1/2
< Cre ™ {1+ Ixl+ Iyl + [u(- )]}
which completes the proof of estimate (4.6). (]
4.2. Proof of Theorem 2.5

Proof. Note that

X —X, = /{;l[b(s, XS, Lxe, Y5) —b(s, Xy, Lg,)]ds
+/0t[a(s, XS, Lxe) —os, )_(s»"c)’(s)]dWs]
_ /Ol[b(s, XE, Lxe, YE) —b(s. XE, Lx¢)]ds
+/(;t[l;(s,X§,£X§) — b(s, Xy, £g)]ds

t
+/ [o(s. XS, Lxe) —o (s, Xy, Lz )] dW].
0

Then it is easy to see that for any ¢ € [0, T'], we have

2
sup E|X§ — )_(,|2 <C sup E
1€[0,T] 1€[0.T]

t
/ b(s, X5, Lxe. YS) = b(s. X5, Lx¢) ds
0

T
+CT]E/ |X¢ - X,|”dr.
0

Then Grownall’s inequality implies that

2
sup IEXf—)_(, 2§CT sup E
t€[0,T] 1€[0,T]

4.23)

t
/ b(S,Xf,,efx:e,Y;) —B(S,X§,£x§)ds
0

By Proposition 4.1, there exists ®(¢, x, i, y) such that

—Lo(t, x, W), x, 1, y) =b(t,x, 1, y) — b(t, x, ).
Then by 1t6’s formula for a function which depends on measures (see [5, Theorem 7.1]), we have
(1, X5, Lxe, Yf)

t

=®(0,x,8,y) +/ O D (s, X5, Lxe, Ys)ds
A »
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t
+/(; E[b S’X§’°CX§’Yse)al/«cD(s’x"u’y)(XSE)]|x=X§,p.=£Xe,y=Y§ ds
E

"1
+[3
t
+ [ Li(s, Lxe, YD (s, X5, Lxe, Yy)ds

0

1 t
+g/0 La(s, X5, Lxe)D(s, X5, Lxe, Ye)ds + M +7M€2,

where L1(t, p, y)O(t, x, 1, y) ;== (L1t 0, )18, x, 1, y), ..., L2, u, y)®p(t, x, 1, y)) with

(
Tr[oo™ (s, X5, Lx¢)0:0, (s, x, 1, y)(X§)]’x=X§,M=£Xs,y=Y§ ds

L, ) Pr(t, x, p, y) := (b(t, x, 1, ), 0 P(t,x, 1, ))

1
+ ETr[oa*(t,x, M)afdek(t,x, “w, y)], k=1,...,n,

and MS', M&? are two martingales, which are defined by

t
Mf’1:=/ 9 @(s, XS, Lxe) - o (s, XE, Lxe)dW,;
0
t
M =/ By D (s, XS, Lxe) - g(s, X, Lxe, YE) dW?.
0

Then we have

t 2
sup ]E/ b(s Xy,QCXe ) B(S,X§,£X§)ds
ref0,71 1Jo
t 2
= Ssup E/ £2(S,X§,£X§)(D(S,XSE,£X§,Y;)ds
t€[0,T] 0

t
<é? sup E‘ (t Xt,oﬁxe ) @0, x,8;,y) — /O ¢(S,X§,£X§,Yf)ds

1€[0,T]
t
- /0 E[b(s, X5, Lxe, Yi) 0, P(s, x, u, y)(Xﬁ)]‘XZX?M:oCXsy:YE ds

t
— /(; ETr[oo*(s, X¢, £X§)8Z8Md>(s, X, L, y)(XE)]|X=X§,M=£x<,y:Y_§ ds

¢ 2
_/ £1(S,OCX§,Yf)@(S,X§,£X§,Yf)dS
0

+ € sup E|M€1| +e€ sup ]E’M€2|2
t€[0,T] te[0,T]

By It6’s isometry and estimates (4.3) and (4.4), we finally get
2

t
/h(s,Xf,,cﬁxg,Yf)—I;(S,X§,£X§)ds
0

<CT6[ sup E}X€| + sup ]E‘Ye‘ +1]

tel0,

sup E
t€[0,T]

<Ccr(l+ Ix* + 1y )6.

This and (4.23) imply the assertion.
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5. Example
Here we give a simple example as an application of our results.

Example 5.1. Let by : R” x R" — R”, fo:R" x R" — R™ and satisfying the following conditions:

(1) The first-order partial derivatives dxbo(x, ), dybo(x, y), dx fo(x, y), 9y fo(x, y) exist for any x € R", y € R". More-
over, all these first-order partial derivatives are bounded uniformly in (x, y) and Lipschitz continuous w.rf. y uni-
formly in x.

(2) There exists 8 > 0 such that for any x € R" and y{, y» € R™,

(folx. y1) = folx.y2). y1 = y2) < —Bly1 — y2I*:
(3) The second-order partial derivatives fobo(x, y), Bgybo(x, ), 33); fo(x,y) and ny Sfo(x,y) exist for any x € R",

y € R™. Moreover, all these second-order partial derivatives are bounded uniformly in (x, y) and Lipschitz continuous
w.r.t. y uniformly in x.

Now, let us consider the following slow—fast distribution dependent stochastic differential equations,

5.1
dyfzéf(Xf,oCX;,Yf)dtJriedW,z, Y5 =y eR™, ©-1)

{dXtE:b(XG,oCxtf,Yf)dt—FdWl, XS:xeR"’
NG

where {th }t>0 and {W,z},zo are mutually independent n- and m-dimensional standard Brownian motions and

b(x, u,y):= fRn bo(x + z, y)u(dz), S, y) = /Rn Jo(x +z, y)u(dz).
Then we have

Qub(x, i, )() = dxbo(x ++.y),  9;0ub(x, 1, y)(2) =05, bo(x + 2, y)
and

Ouf (6, s, O = fox 4+, 3), 00, f (X, 1, Y)(2) = 05, fo(x +2, ).

If the conditions (1) and (2) hold, it is easy to check that the coefficients above satisfy assumptions A1-A2. Hence, by
Theorem 2.3, we have

sup E|X{ — X’,|2 <Ce*,
tel0,7T]

where X solves the corresponding averaged equation.
If the conditions (1)—(3) hold, it is easy to check that the coefficients above satisfy assumptions A1-A3. Hence, by

Theorem 2.5, we have

sup E}Xf — X',|2 < Ce,
te(0,7T]

where X solves the corresponding averaged equation.
Appendix

In this section, by using the result due to Wang in [38], we prove the existence and uniqueness of solutions to system (1.1)
and the corresponding averaged equation.
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A.1. Proof of Theorem 2.2

Proof. We set

X¢ ~ . b(t,x,u,y) )
zZE=("1]), beé(t,x,y, L) =
! <Yf6> ( Y M) (éf(f,x, M, y)

and

~ ~ o(t,x,u) 0 wl
Gt x,y, 1) = i , Wi :=< hs
O ﬁg(I’X,ny) Wt

where t >0, x e R", y e R™, i € £ (R*™) with its marginal distribution 1 on R”. Then system (1.1) can be rewritten
as the following equation:

Az =b (1, Zf, Lz¢)dt +65(t, Z5, L7¢) AWy, zg:(”y‘). (A.1)

Under the assumption A1, we intend to prove that the coefficients in equation (A.1) satisfy Lipschitz and linear growth
conditions, uniformly w.z.t. ¢ € [0, T'].
In fact, for T > 0, and any z; = (x;, y;) € R"™™ [i; € £ (R"™) with its marginal distributions x; on R", i = 1,2,

tel0,T]

|I;€(tv Zlv[’ll) _Ee(tv 22, ﬂ2)| + ||&€(t’ 21, [Ll) _&€(tv 22, ﬂ2)||

S |b(t7-x]7“]7y1) _b(t»x%l/«27y2)| + ||U(tax15 Ml) _U(t,xb MZ)”

1 1
- g}f(t,xum,y]) — [t x2, 2, )| + EHg(t,m,m,yl) —g(t,x2, 12, )|
1
< CT<1 + g)[lm —x2| + [yt = y2l + Wa(pr, 12)]

1
< CT<1 + g)[lZl — 22|+ Wa (i1, i2)].
Furthermore,
|6°(t. 21, )|+ ||6€ (. 21, ) |

< bt xts 0] + o @ o] + £ [+ 2 lgm p )|
scT<1 - é)[l +lxil+ il +pa(1-17)]
scT<1 + é)[l +lzil+ (- 17)].
Hence by [38, Theorem 4.1], there exists a unique solution {(X¢, Y), t > 0} to system (1.1). The proof is complete. [

A.2. Proof of Lemma 3.8

Proof. We first check that the coefficients of Eq. (3.5) satisfy the following condition:
For any T > 0, there exists Ct > O such that forany #; € [0, T], x; e R", u; € P2,i =1, 2,

|b(11, x1, 1) — b(t2, X2, w2)| + o (11, X1, 1) — 0 (12, x2, 1) |
< Crlltn — o2l + |x1 — x2| + Wa (1, )] (A.2)
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Indeed, by Proposition 3.7 and Lemma 3.6, for any s > 0, we have

|b(t1, x1, 1) = b(t2, x2, )| + o (11, x1, 1) — 0 (12, X2, p2) |
<|b(tr, x1, 1) — Bb(tr, x1, 1, Y H0)| 4 [Eb (12, x2, pa, Y2 2H20) — b1,

+E[b(tr, x1, 1, Y0 — b1, x0, pa, Y22H20) [+ o (1, x1, 1) — 0 (12, 32, 12) |
<Cre~ T (1 Il + lwal + [ (1 2)]2 + [ua (1 1)]7%)

+Cr{it — o] + |x) — xo| + E|y/trrm0 — ylx2m20) LWy (g, po) )
< Cre~ T {1+l + ool + [ (1- 2] + a1 - )] V%)

+ Cr[ln — ta] + x1 — x2| + Wa(r, )]

Then (A.2) follows by letting s — co. Moreover, the estimate (A.2) implies

b1, %1, w0)| + o, x| < Cr{1+ 1l + [ (- 12)]2)- (A3)

Hence by [38, Theorem 4.1], there exists a unique solution {X,, r > 0} to Eq. (3.5) and (3.6) can be easily obtained by
following the same arguments as in the proof of Lemma 3.1. The proof is complete. (]

A3. Proof of (3.22)~(3.24)

Proof. We here only prove (3.24). (3.22) and (3.23) can be proved by the same procedure. For any s > 0, we define
E‘YU(I’X’M’ y’s) ::B(t’x’ M’y’s) _E(trxa I'L’ y7s +S0)7
where b(t, x, i1, y, s) := Eb(t, x, w, Yo", Proposition 3.7 implies that

lim b(t X, 1, Y, s +50) =b(t, x, ).

50— 00

As a consequence, it is easy to see that

lim bso(t X, L, Y, s)—b(t X, U, V,8)— l;(t,x,u):l;(t,x,u,y,s).

50— 00

Hence, in order to prove (3.24), it suffices to show there exists n > 0 such that for any so > 0,7 € [0, T],s >0, x € R",
yERm and,ul,uzefl’

|BS()(t7xv M1, y7s) _BS()([v-xﬂ M2, yvs)|
< CrWa(ur, w2)e ™™ {1+ [x " + 1y17 + i (1 )] + (w2 (- )]},

which can be obtained by

sup. Haubso(t X0 1032 ) | 2y < Cre ™ {14 1P+ Iy + (1 12)]") (A4)

tel0

Indeed, by the Markov property,

byo(t,x, 11, y,5) = b(t,x, .y, 8) —Eb(r,x, u, Y5")

=b(t,x, .y, ) = B{E[b(r, x, 1, Y150) | 5o ]
:l;(t,x,//,,y,s) fEl;(t X, W, tx”y,s). (A.S5)
Then we obtain

dubsy (t, %, 1, y,8) = 3y b(t,x, ;. y,s) —Ed b(; X, M’thﬂ‘,s)
— E[(oyb(r,x. o Y™ ). 9,5 )]- (A6)
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Next, we intend to prove the following two statements.

e Foranyr€[0,7T],s>0,x e R", ye R" and u € 55,

A Bs
loyb(t, x, 1, y.5)| <Cre 2. (A.7)
e Foranyr€[0,7T],s >0, x e R", y;, y2 e R" and u € 55,
9Bt %, s y1,9) = 3ubt,x, 11 32,9 | 2y < Cre ™ Iy1 = yal. (A.8)
For the first statement, by Lemma 3.6,

|b(t,x, 11, y1,8) = b(t, x, 1, y2,9)| = [Eb(t, x, o, Yy M) —Eb(t, x, p, ¥ 5"2)|

< CTE‘Y;,x,u,yl _ Lo

_Bs
<Cre Z|y1—yl,

which implies (A.7).
For the second statement, the assumptions Al and A2 imply Y that is differentiable w.r1. w and its derivative
BMYSZ’X’M’y(z) satisfies

dap Yy " () = f (e, x, 1, Yo ) @) ds + By £ (8, x, YU 8, Y (2) ds

+ 18,8ty x, w, Yy ) (@) + Byg (e, x, w0, Yo )8, Y0 Y (2)1d W2, (A.9)
9. Y () =0.

Moreover, it is easy to see that for any 7 > 0, there exists C7 such that

= 1,x,/0,y (|2
sup E|a, Yy |72 = Cr-
tel0,T],5>0,xeR" yeR", uep,

Then we have

Haul;(t3 X, H/v ylvs) - aué(tv X, H‘v }’Z,S)HLz(M)

— |0 Eb (. YY) = 8, Eb(r 1, ) |

< BJb(0. . V) < b V)

+ ]E” 8yb(t, X, W, Y;’x’”’yl)aﬂYSt’x’M’yl — 8yb(t, X, W, Y;,X,M,yz)aﬂyst,x,u»yz ”LZ(m
< BJ0ub(0. . V) < b V)
FR| b0, x, o VI, TE g b1, V) PO

+ B ayb(r, ., YEF) B, Y =B b (YR, v

3
::ZSi-
i=1

For the terms Sy and S5, it follows from conditions (2.6), (2.7) and Lemma 3.6 that there exists n > 0 such that
Sy < CrE|Yy ™ — yg 2 < Crem Py — |V (A.10)
and

S, < CT[]E|Y§’X’“’y‘ _ Yst,x,u,yz|2V1]1/2[E“8MY§,L/LJ1 ]1/2

2
“ L2(p)

<Cre ™|y —y". (A.11)



Strong convergence order for slow—fast MVSDE 575

For the term S3, by a straightforward computer, we obtain that

= 1.X, 1)1 X0, Y2 |2 S 2
B[, x5 =, Y2 o) < Cre” 2 Iy = 3™,

which implies

~ : =Bs
83 < CTE[9, Y5 =9, Y5 | 1o,y < Cre ™ Iy =yl (A.12)

Therefore, estimates (A.10) to (A.12) imply (A.8).
Finally, by estimates (A.6), (A.7) and (A.8), there exists n > 0 such that

[P CENT V) 12 = Ce PEly — v " + Ce™

< Cre ™ {1+ Ix" + Iy + [u()- 7))

which proves (A.4). The proof is complete. |
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