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Abstract. We consider a random bistochastic matrix of size n of the form M Q where M is a uniformly distributed permutation matrix
and Q is a given bistochastic matrix. Under sparsity and regularity assumptions on Q, we prove that the second largest eigenvalue of
M Q is essentially bounded by the normalized Hilbert—Schmidt norm of Q when n grows large. We apply this result to random walks
on random regular digraphs.

Résumé. Considérons une matrice bi-stochastique aléatoire de taille n et de la forme M Q avec M une matrice de permutation unifor-
mément distribuée et O une matrice bi-stochastique fixée. Sous des conditions de parcimonie et de régularité sur Q, on démontre que
la deuxiéme plus grande valeur propre de M Q est essentiellement bornée par la norme de Hilbert—Schmidt normalisée de Q lorsque n
est tres grand. Ce résultat s’applique aux marches au hasard sur les graphes aléatoires dirigés réguliers.
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1. Introduction

1.1. Model and main result

For n > 1 integer, let [n] = {1,...,n}. Let Q € M,(C) be a bistochastic matrix of size n, that is, for any x, y in [n],
QOxy > 0 and the constant vector 1 = (1, ..., 1) € R" is an eigenvector of Q and its transpose O7:
01=0T1=1. ey

In probabilistic terms, Q is the transition matrix of a Markov chain on [r] which admits the uniform measure as an
invariant measure.

Let S, be the symmetric group on n elements. We will denote by | - | the cardinal number of a set and the usual absolute
value, P(-) and [E(-) are the probability and expectation under the uniform measure on S,,: for any subset E C S,,,

IE|
P(E) = —.
B =18
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Let o be a uniformly distributed random permutation in S,,. We denote by M the n x n permutation matrix of o. In
matrix notation, for all x, y € [n],

My = ﬂ(o(x) = y).
In this paper, we study the n x n random matrix
P=MQ, 2

or, in matrix notation, for all x, y € [n], Pxy = Qs (x)y. Then, P is the transition matrix of a Markov chain on [n] where
at each step, we compose with o before performing a step according to Q. Note that P itself is bistochastic and thus
the constant vector 1 is an eigenvector of P and its transpose PT with eigenvalue 1. From Perron—Frobenius theorem, it
follows that 1 is the largest eigenvalue of P. We order non-increasingly the moduli of the eigenvalues of P, A; = A;(P),

L=x1 = [ha| = = [Anl. 3)

The spectral gap is defined as 1 — |A,|. It measures the asymptotic mixing rate to equilibrium. For example, if P is
aperiodic and irreducible, then for any probability measure 7 on [r],
. t 1/t _
tim P! [ = ol
where m = 1/n is the invariant measure of P and, for a signed measure v on [n], ||v|ty = % > lv(x)| denotes the total
variation norm (we refer to [12]).
Our main result is a sharp probabilistic upper bound on |Az| which involves strikingly very few parameters of Q. For
A € M, (C), the normalized Hilbert—Schmidt norm is defined as

1
IAllns =/~ r(44%) = )
where the scalars s; (A), denote the singular values of A (that is, the eigenvalues of /AAT and v/ ATA).
The ¢! to £ norm of A € M,,(C) is
All1— 00 = max [Ayy].
X,y
For some applications, we introduce a relaxation of this norm. It is defined, for 0 < < 1, as
Al = inf A 5
IAIZ o = in max |Ayy|, (5)

Ecnl|El<n!—3x¢Ey

(1

1—o00

(note that this is not a norm for § # 1 and ||A||
A € M, (C), defined as

1Al o = max|{y : Ay # 0}

= ||All1 00)- We also introduce a usual sparsity parameter of

; (6)

(this is the ¢! to £° pseudo-norm for the pseudo-norm £° on C”, |ju o =", L(uyx #0)).
For the remainder of the text, we fix some 0 < § < 1 and set the following notation

d:=]070|,., and p:=1Qllus VIOl .

We will always assume that d > 2 (otherwise d = 1, Q itself is a permutation matrix and P and M have the same
distribution). We observe that d and p are intrinsic parameters of P since || Qllgs = | Pllus- ||Q||(18_)) o = ||P||§8_)) 002
19T Qlli—o = IPTP|l;—o- Note also that the singular values of P and Q are equal. Our main result asserts that |X,]| is

essentially bounded by p as long as d is not too large.

Theorem 1. Let n > 1 be an integer and let o be a uniformly distributed random permutation in S,. Let M be the
permutation matrix of o and Q € M, (R) be a bistochastic matrix as above. Let P = M Q. The eigenvalues of P are
denoted as in (3). Then for any 0 < co < § < 1, there exists a constant c¢1 > 0 (depending only on §, co) such that

P(|A2] = (1+¢)p) <n™,
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Fig. 1. Plot of the eigenvalues of P for a single realization of M when n =500 and Q = pl + (1 — p)I,;jo ® D where I, is the identity matrix
of size n, D is the matrix of size 2 given by D1j = Dy =0, Dy; = D1p =1 with p = 1/2 (left) and p = 1/3 (right). The circles in red have radii

1Qllus = v p?+ (1 — p)%.

where

See Figure 1 for numerical simulations. Theorem 1 implies that in many cases, the second largest eigenvalue of P is
much smaller than the second largest eigenvalue of Q. Assume for example that Q is symmetric (in probabilistic term,
Q is a reversible Markov chain) and that p = || Q||gg (that is || Q||§6_)> oo Z 1 Qllys)- Then the eigenvalues of Q are real
and their absolute values coincide with the singular values of Q. From (4), || Q||gs is the £?-average of the eigenvalues
of Q, the latter is typically much smaller than the second largest eigenvalue of Q in absolute value. Note also that the
eigenvalues of M are all of modulus 1 and that, with probability tending to 1 as n goes to infinity, M is non irreducible.
It follows that, even if the Markov chains Q and M have a small spectral gap (Q may even be non irreducible), the
composed Markov chain P = M Q has typically a large spectral gap.

The conclusion of Theorem 1 is especially interesting when p = || Q||gs- This is a condition on the inhomogeneity of
the matrix Q. Indeed, observe that

max Oy < /; 03,.

Assume that the right-hand side of the above inequality does not depend on x. Then we find that || Q|l; o < I|Qllus
and p = || Q||gs- The latter condition holds for example if Q is a transition matrix of simple random walk on the simple
regular graph.

We remark that the order n~° in Theorem 1 cannot be improved significantly when Q admits an invariant subspace
of small dimension spanned by vectors of the canonical basis (ey)ye[s]. More precisely, assume for example that H =
span(eq, ..., ex) is the invariant subspace of Q for some fixed integer 1 < k < n/2. Consider the event o ([k]) = [k]. It is
not hard to check that this event has probability 1/ (Z) > 1/n¥. On this event, H and its orthogonal H= are both invariant
by Q. Hence, on this event, .; = A = 1 and

P(lx2]=1) >n"*.

Similarly, if § = 0 (that is, p = || Q||gs), the conclusion of the theorem may be wrong. Assume for example that Q is
a bistochastic matrix such that the subset

S={x €[n]: Oy« =1 for some y, € [n]}
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is of positive proportion in [n#]. Then the probability that for at least one of such x € §, we have o (x) = y; is uniformly
lower bounded in n. On the latter event, A, = 1 since Py, = 1.

We expect that when p = || Q|lgs and d = exp(o(y/logn)), the conclusion of Theorem 1 is sharp. Namely, we con-
jecture that for any € > 0, |[L2| > (1 — &) p with probability tending to 1 as n goes to infinity. In the next subsection, we
will discuss some examples where the conjecture is true. There is an indirect evidence supporting this conjecture when
we replace the random permutation matrices by other random unitary matrices. Let U be a random unitary matrix of size
n sampled according to the Haar measure on the unitary group. Under mild assumptions on Q, it is known that the spec-
tral radius of U Q/|| Q| lys converge in probability to 1, see [9,10,16] and, for the connection to free probability [11,15].
More generally, from these references, we might also guess an asymptotic formula for the empirical distribution of the
eigenvalues of P/| Qllgs-

Theorem 1 is related to the recent work by Coste [6]. There, the author studies the spectral gap of the transition matrix
of simple random walk on a random digraph. With our notation, it corresponds to the second eigenvalue of a Markovian
matrix of size m, proportional to n, of the form ASBT, where S is uniformly distributed in S, and A, B are specific
matrices in My, ,(C) such that A1, =1,, and BT1,, = 1,,. In some cases treated in [6], the upper bound on || is also
given by (1 + 0(1))||BTA||gs- Our two results are thus of the same nature even if they are not directly comparable.

We remark finally that Theorem 1 can be extended to some extend beyond the uniform measure on S,;, see Remark 2
below, and beyond bistochastic matrices, see Remark 3 (for examples to matrices Q such that 1 is a common eigenvector
of Q and QT).

1.2. Random walks on random digraphs

In this section, we state some immediate consequences of Theorem 1.

A digraph G = (V, E) is the pair formed by a countable vertex set V and a set of oriented edges E C V x V. If
e = (u,v) € E then e is an incoming edge of v and an outgoing edge of u. For r € N, we say that G is r-regular if any
vertex has exactly r incoming and r outgoing edges. If the set E is symmetric then G can be interpreted as an undirected
graph.

Theorem 2. Let n > 1 and r > 2 be integers and Q be the transition matrix of a simple random walk on a r-regular
digraph G = (V, E) with V = [n]. Let o be a uniformly distributed permutation in S, and let M be its permutation
matrix. Let P = M Q be as in (2) with eigenvalues denoted as in (3). For any 0 < co < 1, there exists c1 > 0 (depending
only on cg) such that the conclusion of Theorem 1 holds with p = 1//r and d = r?.

In the above theorem, the matrix P is the transition matrix of the simple random walk on the random digraph G° =
(V, E°) where E® = {(c~'(x), x") : (x, x’) € E}. Note that G® will have many weak cycles of length 4 if G has many
weak cycles of length 4 where a weak cycle of length k > 1 is a sequence (v, ..., vx) in V such that vg = v and for each
t € [k], either (v;—1, v¢) € E or (vs, v,—1) € E (in words: it is a cycle in the undirected graph associated to G).

Theorem 2 can be applied to uniformly sampled r-regular digraphs.

Corollary 1. Let n > 1 and r > 2 be integers. Let P be sampled uniformly over bistochastic matrices of size n X n with
entries in {0, 1/r} and with eigenvalues as in (3). Then for any 0 < co < 1, there exists ¢ > 0 (depending only on cg)
such that the conclusion of Theorem 1 holds with p = 1//r and d = r2.

For r > 2 uniformly bounded in n, Corollary 1 is contained in [6, Corollary 1.2]. There is a converse of Corollary 1 in
some range of the degree r. It is a consequence of the main results in [5,13] that, if » <n — (log n)96 and r — o0, then,
for any & > 0, with probability tending to 1 as n goes to oo, |A2]| > (1 — &)p. Hence, if r — 0o and r = exp(o(/logn)),
|A2|/p converges in probability to 1 as n — oo.

Let us give another application of Theorem 1. From Birkhoff-von Neumann Theorem, the set of bistochastic matrices
is the convex hull of permutation matrices. We thus have the decomposition

.
Q=Y piM;, (7)

i=1
where M; are permutations matrices and (py, ..., p,) is a probability vector. This decomposition is not unique in general.

Our next result asserts that if O admits such decomposition with r not too large and matrices M; which have few common

non-zeros entries then the second largest eigenvalues of P is at most (1 4+ o(1)),/>_; pl.z.
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Theorem 3. Letn > 1 andr > 2 be integers, p = (p1, ..., pr) be a probability vector and o1, . . ., o, be permutations in
S, with associated permutation matrices M1, ..., M,. Assume that Q is given by (7). We set S = {x € [n] :3i #£ j, 0;(x) =
0j(x)}. Let o be a uniformly distributed permutation in S, and let M be its permutation matrix. Let P = M Q be as in
(2) with eigenvalues denoted as in (3). For any 0 < co < 6 < 1, there exists a constant ¢1 > 0 (depending only on §, cp)

such that if |S| < n'=%, then the conclusion of Theorem 1 holds with p = ./ Y pi2 and d =r?.

In Theorem 3, assume that S = &. Then G = (V, E) and G° = (V, E°) with V =[n], E = {(x,0;(x)) : x € V,i € [r]}
and E® = {(c ' (x),0;(x)) : x € V,i € [r]} are r-regular digraphs. The transition matrices Q and P correspond to
anisotropic random walks on G and G? . Interestingly, the scalar /> " pi2 is the spectral radius of the anisotropic random
walk on the infinite homogeneous directed tree, see the monograph [7].

Corollary 2. Let n > 1 and r > 2 be integers, p = (p1, ..., pr) be a probability vector and o1, ..., o, be independent
and uniformly distributed permutations in S, with associated permutation matrices M1, ..., M,. Set

.
P=Y piM;
i=1

with eigenvalue denoted as in (3). For any 0 < co < 1, there exists a constant ¢| > 0 (depending only on cg) such that the

conclusion of Theorem 1 holds with p = /3", pl.2 and d =r?.

Consider the setting of Corollary 2 in the case p; = 1/r foralli € [r]. Then p = 1/4/r. It follows from the main result
in [1] that if, for some ¢ > 0, (log n)12 <r < cn then for any ¢ > 0, |Az| > (1 — ¢)p with probability tending to 1 as n
goes to infinity. Hence, in the regime (logn)'? < r < exp(o(+/Iogn)), |A2|/p converges in probability to 1 as n goes to
infinity.

1.3. Strategy of proof of Theorem 1

The proof of Theorem 1 will follow the strategy developed in [2,3,14] to study the spectral gap of non-backtracking
operators of random graphs. This approach is quite general and it is designed to compute the top eigenvalues of a matrix
defined on a sparse random graph such that the successive powers of the matrix count some weighted paths with few
cycles.

Let us summarize the strategy of proof and its caveats. We will fix an integer £ of order logn. Since (1) also holds for
P, it is immediate to check that

P@
ol < (P g 5= max 102 ®

v)=0 lvll2

Our main result is an upper bound for the operator norm of P¢ on 1. By adjusting the constants cg, ¢, Theorem 1 is
an immediate consequence of (8) and the following result applied to £ ~ (co/3) logn/logd.

Theorem 4. For any 0 < co < 8 < 1, there exists a constant c| > 0 such that, for any integer £ > 1,

]P)(H(PK)HT || > é‘cl\/@pﬁ) < dﬁ+50\/loﬂn,q).

To prove Theorem 4, it would seem natural to introduce the matrix P = M Q where

1
M=M---11=M —EM, )
n
and
1®1=11T.

Indeed, from (1),

[P el = &)
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A usual route would then be estimating the operator norm || (P)*|| thanks to the high trace method. That is, we use for
any real random matrix B and integer m > 1,

E|B|*" =E|BBT|" <Eu[(BBT)"]. (10)

Our problem requires to use the above inequality with B = (P)* and £m > logn. However, as explained above, due
to the potential presence of low dimensional invariant subspaces in P, the event A, = 1 has probability at least n~¢ and
hence E[(P)||*" > n—¢, which may be much larger than p (1 4 £)2“" for ¢ small enough, in the regime £m >> logn.

To circumvent this difficulty, we have to remove beforehand some events. We will then use the crucial fact that with
high probability the random matrix M is free of {-tangles with the matrix Q, where a tangle is a path of length £ which
contains at least two cyles in a graph associated to the non-zero entries of P = M Q and Q or meet the subset £ C [n] (see
Definition 2 below for a precise definition). For an intuition, recall that the matrix P = (QM)" is the h-steps transition
of the Markov chain. Now every multiplication by M sends a point x € [n] to a random point o (x), and since Q has few
non zero entries, as long as # is not too large, for most starting points, it is unlikely that there exists trajectories which
come back at their starting point after / steps.

On this event, we will have the matrix identity

pt=p0Y,

where P is a matrix where the contribution of all tangles will vanish at once (see (13) below). Thanks to basic linear
algebra, we will then project the matrix P(©) on the orthogonal of the vector 1 and give a deterministic upper bound of
I (P()|1T || in terms of the operator norms of new matrices which will be expressed as weighted paths of length at most £.

In the remainder of the proof, we will use the high trace method to upper bound the operator norms of these new
matrices: if A is such matrix, we will use (10) for some integer m of order 4/logn. By construction, the expression on the
right-hand side of (10) is then an expected contribution of some weighted paths of lengths 2m ¢ of order £,/logn.

The study of the expected contribution of weighted paths in (10) will have a probabilistic and a combinatorial part.
The necessary probabilistic computations on the random permutation are gathered in Section 3. In Section 4, we will use
these computations together with combinatorial upper bounds on directed paths to deduce sharp enough bounds on our
operator norms. The success of this step will essentially rely on the fact that the contributions of tangles vanish in P©.
Finally, in Section 5, we gather all ingredients to conclude.

In the remainder of the paper, we let £ be a fixed subset of [1] of cardinality at most 7! =% which achieves the minimum
in (5) for A = Q.

2. Path decomposition

In this section, we fix o € §,, with permutation matrix M and a positive integer £. Our aim is to derive a deterministic
upper bound on the norm of (P*);. defined in (8) (in forthcoming Lemma 1) when M and Q satisfy a property which
will be called £-tangle-free. This can be studied by an expansion of paths in the graph. To this end, we introduce some
definition.

Definition 1. A path of length k is a sequence y = (x1, y1, X2, .. xk Vs Xk+1), With x¢, y; € [n] and Qy,x,,, > 0. The
set of paths of length & is denoted by I'*. If x, y € [1], we denote by va paths in '* such that x; = x, x; | = y.

A subpath of y is a path of the form (x;, ys, ..., yr, X/41) With 1 <s <t <k, or,if x; =x; forsome 1 <i < j<n,a
path of the form (xy, yg,...,X;, yj, ..., x41) With1 <s <i < j<t=<k.

We will use the convention that a product over an empty set is equal to 1 and the sum over an empty set is 0. By
construction, for integer k > 0, from (2) we find that

k
k
Xy = Z l_IMxthQ)'txtH’ (11)

ye]"i), t=1

where the sum is over all paths of length k from x to y. Note that, in the above expression for P¥, only the summand
depends on the permutation o. Observe that M defined in (9) is the orthogonal projection of M on 1+. The matrix
(P)k M Q)k can similarly be written as

(P) Z l_[_x,y, Q)’th+1'

yer(k’l‘ 1
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As pointed in Introduction, the matrix (P)* is orthogonal projection of PX on 11 but it is not suited for our probabilistic
analysis.

We will now introduce the central definition of tangled paths. Recall that £ C [n] is a fixed set of cardinality at most
n'~% which achieves the minimum in (5).

Definition 2. Fix the integer 4 := [204/logn].

e A coincidence is a path (x1, y1, ..., X, Y, X¢+1) With (x1, ..., x;) pairwise distinct such that ((QT Q)h)xlx,ﬂ > 0.
e An E-coincidence is a path (x1, yi, ..., X, Y, X¢+1) With (xq, ..., x;) pairwise distinct such that x; = x,4| isin £.
e A path y is tangle-free if it contains (as subpaths) at most one coincidence, no £-coincidence. It is tangled otherwise.

The subsets of tangle-free paths in I'* and Fﬁy will be denoted by F¥ and F ;‘y respectively.
The pair (M, Q) is £-tangle-free if for any k € [€] and y = (x1, y1, X2, ..., Xk, Yk, Xk+1) € Fk\Fk, we have

k
[ [Muy, =0.
t=1

Importantly, note that the definition of paths, coincidences and tangles do not depend on o, they depend only on the
non-zero entries of Q. For example, the set I'* does not depend on the permutation matrix M. Observe also that the
condition ((QT Q)"),,» > 0is equivalent to the existence of an integer 0 < k < h and sequences (xq, . .., xx), (Y1, ..., k)
such that xo = x, x; = x’, (x0, ..., xx) pairwise distinct and for any s € [k], min(Qy,x,_;» Qy,.x,) > 0.

Remark 1. Note that by our definition, a path following multiple times the same cycle may not be tangled. For example,
assume that xp, ..., x; are points in [n]\E such that there does not exist an integer 0 < s < h and i # j with ch,-, x> 0.
Then the following path

= (X1, Y1, X2, Y2, X3, Y3, X4, Y4, X2, Y2, X3, Y3, X4, Y4, X2, Y2, X3, Y3, X4, Y4, X5)

is tangle-free. Note however that if one of the x;’s in £ then the path is tangled.

If the pair (M, Q) is £-tangle-free then by definition, for any k € [¢] and for any y in T’ the summand on the

right-hand side of (11) is zero. Therefore,

}\ Xy’

pk— pth, 12)

where P® is defined by the following formula

k
(PO)y =D TTMu Crivian- (13)

yeFk 1=1

For k € [£], we define similarly the matrix P®) by

P(k) Z H(—)xt}t QJ’ter (14)

yeFk 1=1

Note that it is not necessarily true that even if the pair (M, Q) is £-tangle-free that (P)t = PO, Nevertheless, we may
still express P(Yv in terms of PYv for all v € 1 at the cost of adding an explicit error term. We start with the following
telescopic sum decomposition:

£ k—1

(P(l)) y “) + Z ZH(—xt}t)Qfo"H : kax}\ﬂ 1_[ Mxt\tQ)’txH—l’ (15)

yeFt k=11=1 t=k+1

which is a consequence of the identity,

L k-1

Ha, 1‘[@+Z]‘[b, (ax — by) - ]"[a,

k=11r=1 t=k+1



2978 C. Bordenave, Y. Qiu and Y. Zhang

We now rewrite (15) as a sum of matrix products for lower powers of P® and P% up to some remainder terms. For

k € [£], let T%* denote the set of paths y = (x1, y1, ..., ye, Xeq1) such that (i) y' = (x1, y1, ..., yk—1, xx) € FK1 (i)
= (Xk41> Vk+1s---5 Ve, Xo+1) € Ftk, (iii) y is tangled. We have the following picture:
Y= v v") = (1, V1o Yh—10 Xk, Yk Xkl Yk 1o -« Y X 1)-
yleFk—l y//eFéfk

Then, if Tfyik is the subset of y € T%* such that x; = x and Xg+1 =y, We set
k—1 4
0)
(Rk )xy = Z l_[(Mx,y,)Qy,x,H : Q}/ka+1 : l_[ My, y, Qy,xt+1~ (16)
yeTﬁ k=1 t=k+1
Let us rewrite (15) as

14 k—1
1
(P(Z)) xy P(e) + - Z Z l_[(—x,y,)Qszr+l QYAka : 1_[ Xt Yt nyszrl .

k=1 yeF)fV =1 t=k+1

S

denoted by S(k, x, y)
For fixed k € [€], let us rewrite the summand S(k, x, y). Using the following equality,

LTS = L U LI {0y e EG Ly e AL

xk€ln] xey1€ln] yi€lnl:Qy x>0

and using the definition (16) for (R ,EZ)) xy> We obtain that

[
S, x.y) = Z Z Z Z Z n(—Xxvt)Qytxm " Oyiexerr - H My, Qi — (R/g))xy

xp€ln] xir1€lnl yeelnl e pro ly epf k , =1 t=k+1

Z Z Z (B(k_l))xxk “Qyxirr (P(K_k))xkﬂy - (R]EE))xy

Xk€ln] xkr1€[n] yr€ln]

Y (), AT Q) - (PEN) (R,

xi€[n] xky1€ln]

=(P*Paenprth)

- (R),,

xy xy

where at the last line we have used that Q is bistochastic: 1® 1- @ =1& (1TQ) =1 ® 1. Therefore,

14 14
1 1
PO=pO 4+ -3 pkDagnpt=h -3 g,
N n k—l_ aeb n k=1 ¢

where we have set PO = PO = J. Observe that if (M, Q) is £-tangle-free, then (12) and P being bistochastic imply
1TPE0 =T ptk 1T,
Hence, if (M, Q) is £-tangle-free and (v, 1) =0, ||v]l» =1, we find
1
14 {4 (0)
[Pol, < 12T+ -3 IR
k=1

We mention here that the method used for the proof of the above inequality first appeared in [14] and was further
developed in [2,3,6].
We arrive at the following lemma.
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Lemma 1. Let £ > 1 be an integer and o € S,, with permutation matrix M be such that the pair (M, Q) is £-tangle-free.
Then,

| l
[Pl <1290+ =3 7R).
k=1

3. Computations on random permutation

In this section, we check that if o is uniformly distributed on S, then, with high probability the pair (M, Q) is £-tangle-
free provided that ¢ is not too large. We will then state a proposition on the expected product of entries of the permutation
matrix M. Recall that h = [204/logn] was defined in Definition 2.

Lemma 2. There exists ¢ > 0 such that for any integer £ > 1, the pair (M, Q) is £-tangle-free with probability at least
1 —ced"+hn=2,

Proof. We may assume without loss of generality that £ < n/2 (otherwise the content of the lemma is empty). Let us
say that a path y = (x1, ¥1,..., Yk, Xk41) occurs if for any t € [k], M,,, = 1 (that is o (x;) = y,). If the pair (M, Q) is
£-tangled then at least one of the three following paths occurs for some integers with 1 <k + k' <¢,1<i <k +k’ and
l<k<j<k+k+1:

(Ix x ;) There exists a path (x1, y1, ..., Xk+k+1), Where all x;’s are pairwise distinct except possibly x| = x4+ and
Xi = Xp4k'+1 such that (x1, y1, ..., xk+1) and (x;, yi, ..., Xg+r'+1) are distinct coincidences.

(Ili,k’,j) There exists a path (x1, y1, ..., Xg+r'+1) Where all x,’s are pairwise distinct except possibly x| = xx1¢/+1 such
that (xg, Yk, ..., x;) is a coincidence and (x1, y1, ... Xk4k+1) is a coincidence.

(II) There exists a path (xq, y1,..., Yk, Xk+1) which is an £-coincidence.

The configuration I j; describes the situation when y has two consecutive coincidences, I]:’ p,; accounts for the
possibility that one coincidence is contained in another. II; describes the possibility of a closed cycle containing an
element in £.

Let us bound the probability of the two different configurations. Recall that if {ay,...,a;} and {by, ..., b;} are two
subsets of cardinal ¢ then

1
IP’(a(al)=b1,...,o(a,)=b,)=—. 17
(n):
where (n); =nn—1)---(n—t+1).
Let us start with Iy i ;. Then, there are (n)g44—1 choices for (x;), j ¢ {k+ 1,k + k" + 1}, at most d" choices for Xk+1
and x; 41 and || QT ||1{J_r)k(; < d**¥ choices for the y,’s (since Q,y,., > 0 by the definition of a path). We apply (17) with
t =k + k' and a; = x,, by = y;, we arrive at

k-+k' 72N k-+k'+2h
R () PV - arti

Pl i) < <
(M) kx/ n

’

(where the last inequality uses £ < n/2).
The same argument gives

k+k' 12h k+k'+2h
A A gy

(M)ksx/ - n

P(I; ;) <

Similarly, for /Iy there are at most |€| choices for x1, (n)x—1 choices for (x), j ¢ {1} and d* choices for the y,’s. From
(17), we get

k+h k k
ANy _dHIEL _d

PWl) < -y <2——=2-

(where we have used the assumption that |£] < n!™?). ([l
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Letx=(x1,...,%),y=1,...,Vk) € [n]¥. We are interested in estimating for 0 < kg <k,
ko k
El||M,, v, M,,y,.
=1 t=ko+1

To this end, the arcs of (x,y) is defined as

Axy = {(xta yi)it € [k]}
The cardinal of Ayy is at most k. The multiplicity of e € Axy is m, = Zle 1((xt, yr) =e). Anarc e = (x, y) is consistent,
if {t: (s, )=, y)}={t:x; =x}={t:y, = y}. It is inconsistent otherwise. The following proposition is proved in

[2, Proposition 27].

Proposition 1. There exists a constant ¢ > 0 such that for any X = (x1, ..., xk), Y= V1, ..., k) € [(n1k with 2k < Jn

and any ko < k, we have
1\/ 3k \“
< (;) (%)
n Jn

where a = |Axyl, b is the number of inconsistent arcs of (X,y) and ay is the number of 1 <t < ko such that (x;, y;) is
consistent and has multiplicity 1 in Axy.

ko

k
E Mx,y, l—[ Mxt)’t
t=1 t=ko+1

4. Expected high trace method

In this section, we use the expected high trace method to derive upper bounds on the operator norms of P© and R,ED
defined respectively by (14) and (16). Before starting the formal proof, let us give an overview of the arguments.

The expected high trace method was introduced by Fiiredi and Komlés [8] in random matrix theory. It starts from the
two elementary observations: (i) for any matrix A € M, (R), ||A|| < tr((AAT)k )1/K) and these two terms are equivalent
if k> log(n) and (ii) if A is a random matrix, we may use to a great benefit the linearity of the trace and the expectation
to estimate this last expression:

Ew{(AAT) = 3 EJ](Au i Asyrin): (18)

XlyeesXom =1

where x2,,4+1 = x1 and the sum runs over all x;’s in [n]. The core of the argument is thus to capture which sequences

(x1,...,X2,) will dominate the sum on the right-hand side of (18). Drawing a parallel with statistical physics, there is
the usual tension between high energy terms (sequences (x1, ..., X2;,) such that E]_[;":l Ay 1301 Axgiy1xy 18 large) and
the entropic contribution (contributions of typical sequences (x1, ..., X2,)). In our context for A = P, the right-hand

side of (18) will depend on both the randomness of the permutation M and the structure of the matrix Q. In the definition
of p=[0llgs V Il Q||(8) high energy terms are responsible of the factor || Q||(8) while the entropic contribution is

1—o00’ 1—o00
captured by the factor || Q| ys-
The usual strategy to estimate the right-hand side of (18) is to interpret the sequence (x1, ..., X2,,) as a path on the

complete graph on [n] and try to bound E[]iL; A, xy; Axsiyixy; in terms of simple graph invariants such as the number
of vertices. The goal is then to count how many paths give rise to a graph with these invariants. The arguments are thus
quite technical and with a strong combinatorial flavor. In the seminal paper of Fiiredi and Komlés [8] it was sufficient to
keep track of the number of vertices. Our proof follows roughly the same strategy than [2—4,6,14] where similar random
matrices are studied and where it was possible to keep track of the number of vertices and the number of edges thanks
to an analog of our tangle-free assumption. In the present paper however, the argument is substantially more involved
because we have to take into account some features of the deterministic matrix Q. Due to this unusual situation, the
graph, denoted below by K, that we will associate to a path (x1, ..., x2,;) will depend on the matrix Q and there will be
three graph invariants: the number of vertices, the number of edges and a new parameter p which will somewhat quantify
how much the path interferes with the matrix Q.
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4.1. Operator norm of P©
In this paragraph, we prove the following proposition.

Proposition 2. Assume d < exp(+/logn). For any co > 0, there exists ¢; > 0 (depending on cg, 8) such that for any
integer 1 < ¢ <logn, with probability at least 1 —n™,

||£<£) || < eq«/@pf_

Recall the number / defined in Definition 2. Let m be a positive integer so that
6m < h. 19)

With the convention that x2,,+1 = x1, we find from (14),

|20 = 20207 < (20 20T)")

Z 1_[ P(Z) x21 1,X2i (P([))XZH—I X2i

XseenX2m i=1
m
= Z H Z H(M)le 1,1 Y2i—1, tozz 1, X2i— 1,141
Xlseens Xom i=1 Vi IEFXZI L "21
X |: Z H(M)x21 tY2it Q}Zl 1 X2i t+l:|
v2i €, 132
= Z Z 1_[ 1_[( )x21 1,6 Y2i—1,t Q)Zz AX2i—1,t+1 l_[( ))Cz, tY2it QyZI tX2it+1°
----- X2m “"s 2m i=1t=1
V2i- IEF"ZI 1%2;°
yz’EF‘ZH—I X2
where we used the notation y; = (x;,1, Yi.1, ..., Yi.e» Xi¢+1) € F¢.
Now, we define W ,, asthesetof y = (y1, ..., yam) suchthat y; = (x; 1, i1, .-, Yi.t, Xie+1) € Ftandforalli € [m],
X2i,1 =X2i41,1 and  X2; 1 ¢41 =X2i (41, (20)

with the convention that x2,,41,1 = x1,1. Using this notation, we obtain

2m L

|P(Z) ”2m Z HH(M)thth): tXi 41" (21)

YW mi=11=1

Our goal is to estimate the expectation of the above expression thanks to Proposition 1 and a counting argument which
will rely crucially on the fact that an element y € W, ,, is composed of 2m tangle-free paths, (y1, ..., Yom).

We will count the elements in Wy ,, in terms of a measure of the size of their support. For y = (y1, ¥2, ..., Y2m) € We.m,
we define X, = {x;; :i € [2m],t € [£]} and Y, = {y;, : i € [2m], t € [£]}. We then consider the graph K, with vertex set
X, and, for any x, x" in K, {x, x'} is an edge of K, if and only if

(Q70),, >0

(That is, there exists y € [n] such that min(Qyy, Qy,/) > 0). The graph K, induces an equivalence relation on X,,, where
each equivalence class is a connected component of K,,. We set

cc(x) := the equivalence class of x.
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(Note that cc depends implicitly on X, ). By definition, for any x’ € cc(x) with x" # x, there exists a sequence
(x0, X1, ..., xx) of distinct points in X,, such that

xo=x,x=x" and (QTQ) >0 foranyt e [k].

Xr—1Xt

The arcsof y = (y1, v2, ..., Y2m) € We,m, denoted by A, , is the set of distinct pairs (x; ;, y;i ;). We define We ;,, (s, a, p)
as the set of y € Wy ;,, with s =X, |, a =|A,| and s — p connected components in K,,. Then taking the expectation in
(21), we may write

2m £
EHE(Z) Hzm = E Z HHMXMM',: Qyi,txi,t+1 = Z Z ,u(y)q(y),
vEWmi=li=1 $,.a,pyeWy (s,a,p)

where for y € Wy ,,, we have defined

2m ¢ 2m £

n@)=E[1[[My,,, ad q)=[1]]Cuxr @2)

i=1t=1 i=1t=1

To estimate the above sum, we decompose further Wy ,, (s, a, p) into equivalence classes as follows. For y,y’ €
Wem(s, a, p), let us say y ~ y’ if there exist a pair of permutations « and B in S, such that the image of K, by « is
K, and for any (i, ), xlf’t =a(xiy), y;’l = B(yis) (Where y' = (y{,¥5, ..., v3,,) With y/ = (x{yl, ylf’l, ...,yi/’e,xlf’”l)).
We define Wy ,,, (s, a, p) as the set of equivalence classes. An element in Wy 5, (s, a, p) is unlabeled in the language of
combinatorics.

We notice that u(y) = u(y’) if y ~y’ and we obtain the bound,

E|PO|*" < Y [Wis,a, p)| max <|M(7/)| q(y/)) (23)
Ssazvp VEW(S,a,p) y’ewg(s,a,p):
v~y

To estimate the right-hand side of the above inequality, we will establish three results respectively. In Lemma 3, for a
given triple (s, a, p), we give a combinatorial bound on the number |W; ,,, (s, a, p)|. In Lemma 5, we produce a bound
for the sum of g(y) over all y in a single equivalence class. In Lemma 6, we estimate the probabilistic weight w(y).
Importantly all these bound are expressed in terms of the common genus g :=a + p —s + 1 of elements in Wy ,, (s, a, p).
To conclude the proof of Proposition 2, it will remain to combine the three lemmas in expression (23).

Lemma3. Ifg:=a+p—s+1<0or2g+2m> p, then Wy ,,(s, a, p) is empty. Otherwise, we have

Wem(s,a, p)| < 24”’P(as24)2m(g+3)‘

We start with an important lemma on the size of the connected components of K, . It is based on the assumption that
each y € Wy, is made of 2m tangle-free paths and that m is not too large.

Lemmad. Lety € Wy . Then for any x € X, cc(x) has at most 4m elements.

Proof. The proof is by contradiction. Assume that there exist x € X,, and k > 2 such that 2km +1 < |cc(x)| < 2(k+ 1)m.
Then, from the pigeonhole principle, there exists i € [2m] such that y; visits at least k£ + 1 distinct vertices in cc(x). That
is, there exist 1 <) <--- < ;41 < £ such that z; := x; ,, are distinct vertices in cc(x).

Let B(x,r) denote the ball of radius r in the graph K, around x. By definition, B(x,r) is contained in the set of
x' e X, such that ((QTQ)"),y > 0. We now claim that there exists a pair (s, s2) with 1 <s; < s <k + 1 such that
for any (s, s”) # (s1, $2), with 1 <s < s’ <k + 1, we have B(zs, h/2) N B(zy, h/2) = &. Indeed, otherwise, we could
find distinct s1 < s2 and s3 < s4 such that the distance between zy, - and zg, » is at most & with p € {1, 2}. In particular,
o Q)h)zszp,l sy, 0 and this contradicts the assumption that y; is tangle-free.

It follows also that for any 1 <s <k + 1, B(zs, h/2) contains at least h/2 vertices. Indeed, since k > 2, we may
consider s’ # s such that {s, s’} # {s1, s2}. Then from what precedes, the distance between z; and z, is at least h (recall
that % is even). In particular, the first #/2 vertices on the shortest path from z; to zy are in B(zs, h/2). We deduce that for
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any s,

B h
s )

So finally, since B(zs,h/2) N B(zy, h/2) is empty for all unordered pairs {s, s’} with s, s’, so, pairwise distinct, we

have proved that
B h - kh
“a)l=2

a(e
ZS5 2
On the other end, Uk'H B(zg, h/2) is contained in cc(x). Using that |cc(x)| < 2(k + 1)m, we deduce that

h

>~
-2

=2

SFES)

s=1
s=1

kh
— <2(k+ Dm.
2
Hence, since k > 2,
4
h<4m+ Em < 6m.
It contradicts (19). U

Proof of Lemma 3. The proof of Lemma 3 follows closely from [3, Lemma 17] and [2, Lemma 16]. Some new arguments
are however introduced to deal with the parameter p. In order to upper bound |W, ,, (s, a, p)|, we need to find an efficient
way to encode the paths y € Wy ,,(s,a, p) (that is, find an injective map from W, ,,(s,a, p) to a larger set whose
cardinality is easier to be upper bounded).

If y e Wem, i €2m], t € [£], we set y;; = (Xi, Yir» Xi.r+1). We shall explore the sequence (y; ;) in lexicographic
order denoted by < (thatis (i,7) < (i + 1,#) and (i,¢) < (i, + 1)). We think of the index (i, ) as a time. We define
(i, 1)~ as the largest index smaller than (i,¢): (i,1)” = (i,t — 1) ifr >2, ({,1)” = ({ — 1, £) if i > 2 and, by convention,
1, D)~ =(,0).

We now define a relevant information on y which characterizes its equivalence class. For y € Y,,, we define y as
the order of apparition of y in the sequence (y;)iec2m],re¢]- Similarly, for x € X,,, x is the order of apparition of x
in (x;;)iem],rere] and cc(x) is the order of apparition of cc(x) among the connected components of K, . Finally, if
x € X, we set X = (¥, s), where s, is the set of X’ with x’ € X, such that ¥’ < x and (QTQ),, > 0. For example
)21,1 = )_11,1 = C_Cy(xl’l) =1 and )_51,1 = (1, @). If X1,2 75 X1,1 and (QTQ)xllelvz > O, we would have ;1’2 = (2, {1})
Finally, we set y;.; = (Xi.;, Yi.r» Xi.r+1)- By construction, if the sequence (¥i,t)iel2m),tefe] 1s known then the equivalence
class of y can be determined unambiguously. We thus need to find an encoding of this sequence (¥; ;)ic[2m],re[e]-

To this end, we start by building a sequence of non-decreasing directed forests which will allow us to find this compact
representation of y € Wy (s, a, p). We set V), = [s — p], V,, will be thought as the set of connected components of
K, ordered by the order of their apparition (since y € W¢ (s, a, p), there are s — p such connected components). We
consider the colored directed graph I' = (V,,, E,) on the vertex set V,, defined as follows. For each time (i, 7), we put
the directed edge e; ; := (cc(x;1), cc(xi4+1)) in E, whose color is defined as the pair (x;;, yi,) (note that I' may have
loop edges of the form (c, ¢) or multiple edges of the form (c, ¢’) if ¢ is connected to ¢’ by distinct colored edges). By
definition, we have |E) | = a. By (20), the graph I" is weakly connected, that is, after forgetting the direction of the edges
of I, it becomes a connected undirected graph. Hence the genus of I" is non-negative:

O<g=IE)|-IVyl+1l=a—-(s—-—p)+1l=a—-s+p+1 24)

This already implies the first claim of the lemma.

We define I';; as the subgraph of I spanned by the edges e; s with (j,s) < (i,¢). We have 'y, ¢ = I'. We now
inductively define a spanning forest of I'; ; as follows. T ¢ has no edge and a vertex set {1}. We say that (i, ¢) is a first
time if adding the edge e; ; to T(; ;- does not create a (weak) cycle. Then, if (i, 1) is a first time, we add to T; ;- the edge
ejr. It gives T; ;. If (i, t) is not a first time, we set T; ; = T(; )-. By construction, 7; ; is a spanning forest of I'; ;. We set
T = To;m ¢. Due to (20), we have the following observations.

— If i is odd, T; ; is weakly connected for all ¢ € [£];
— If i is even, T; ; has at most two (weak) connected components for all ¢ € [¢ — 1] and T; , is weakly connected.

In particular, T = T5,, ¢ is a spanning tree of I" viewed as an undirected graph.
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For each even i, we define the merging time (i, t;) as the smallest time (i, t) such that T;; is weakly connected. Note
that the merging time will be a first time if #; > 2.
The edges of I'\T will be called excess edges. The genus g of I" defined by (24) is also the number of excess edges:

IT\T|=|E,|—|V,|+ 1.

We call (i, t) an important time if the visited edge e; ; is an excess edge.
By construction, the path y; can be decomposed by the successive repetition of

(1) asequence of first times (possibly empty);
(2) an important time or the merging time;
(3) apath using the colored edges of the forest defined so far (possibly empty).

Recall that there is at most one path between two vertices of an oriented forest. Hence, in step (3), it is sufficient to
know the starting and ending point to recover the path followed.

We can now build a first encoding of the sequence (¥ 1)ic[2m),re[¢]- Assume that the sequence (¥} s)(j,s)<(i,r) 1S known
and that we seen so far u vertices in X, and v elements in Y,,. Then, we observe that if (7, ¢) is a first time and not the
merging time, y; ; is fully determined:

—ift>2ort=1andi odd, X;; =X _+1, Xi+1=w+1, @) and y;; =v+1,
—ift=1andieven, X;;=wu+1,9),Xi2=wu+2,2) and y;1 =v+ 1.

Indeed, if t > 2 or t = 1 and i odd, we have )_c',',, = ;(j,t)7+1 by (20). Also, since (i, t) is a first time and not the merg-
ing time, cc(x; ;+1) has not been seen before. In particular, x; ;4| has not been seen before and for any (j,s) < (i, 1),
(QTQ)x; xi11 = 0. It follows that Xii+1 = (u + 1, @). Moreover, if we had y;; = yj ¢ for some (j,s) < (i, ), then,
by definition, Qy; x; ,, >0 and Qy; v\, = Oy, ,x;,, > 0. In particular, (QTQ)x; x4, > 0, this contradicts that
cc(x; ;+1) has not been seen before. We deduce that y; ; = v + 1. The case t = 1 and i even is similar.

If (i, ¢) is an important time, we mark the time (i, ¢) by the vector (y; s, X 1+1, Xi ), Where (i, T) is the next step outside
T; ; (by convention, if the path y; remains on the forest, we set T = £ + 1). By construction, (7, 7) is also the next first,
important or merging time. Note that x; ;11 or x; ; could be seen for the first time (then by construction, x; ;+1 or x; r
would belong to a connected component which has already been seen). If this is the case, we replace X; ;41 or X; ; by
ii, {41 O J_c'm and we call this extra mark the connected component mark. Similarly if (7, ¢) is the merging time, we mark
the time (i, t) by the merging time mark (yi ;, Xi 1+1, Xi,z), where (i, t) is the next step outside 7; ;. Again, if x; ;41 or x; ¢
are seen for the first time, we replace X; ;41 or x; ; by the connected component mark. It gives rise to our first encoding
of the sequence (Vi,¢)ie[2m],refe]-

Observe that p = Zf;f (li — 1) where [; is the size of the i-th connected component. Hence p is equal to the number
of connected component marks and it is upper bounded by the twice the number of excess edges plus the number of
merging times:

p=2g+m).

It proves the second statement of the lemma.

The issue with this first encoding is that the number of important times may be large. This is where the hypothesis
that each path y; is tangle-free comes into play, more precisely, by Lemma 4 and (19), the path y; can visit at most one
distinct cycle of ' (since the diameter of a connected graph is at most its number of vertices).

We are going to partition important times into three categories, namely short cycling, long cycling and superfluous
times. For each i, consider the smallest time (i, o) such that cc(x; ;+1) € {cc(x;1),...,cc(xi )} Let 1 <o <1y be
such that cc(x; sy41) = cc(x;,»). By assumption, C; = (cc(x; ), ..., cC(X; ;+1)) Will be the unique cycle of I' visited
by ;. The last important time (i, t) < (i, tp) will be called the short cycling time. We denote by (i, ) the smallest time
(i,1) = (i, o) such that cc(x; ;, 1) is not in C; (by convention 7 = £ 4 1 if y; remains on C;). If 7 > 7o + 2, this means that
the cycle C; has been visited several times from time (i, fo + 1) to time (i, f). We modify the mark of the short cycling
time as (y; ¢, Xi 1+1, 0, , Xiz), where (i,7), T > 7, is the next step outside 7;; (it is the next first or important time after
(i,1), by convention T = £ + 1 if the path remain on the tree). Important times (i,#') with 1 <t <t or t <t < { are
called long cycling times. The other important times are called superfluous. The key observation is that for each i € [2m],
the number of long cycling times in y; is bounded by g — 1 (since there is at most one cycle, no edge of I" can be seen by
y; twice outside the time interval between (i, ¢ + 1) and (i, 7), the —1 coming from the fact that the short cycling time is
an important time).

We now have our second encoding. We can reconstruct the sequence (y; /)ie[2m],se[¢] from the positions of the merging
times, the long cycling and the short cycling times and their respective marks. For each i, there are at most 1 short cycling
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time, 1 merging time and g — 1 long cycling times. There are at most £2”¢T1 ways to position them. By Lemma 4, for
any x, the number of x’ such that (QT Q),, > 0 is at most 4m. Hence, there are at most 24m possibilities for a connected
component mark. Also, note that |Y, | < a for any y € Wy ,,(s, a, p). Thus, there are at most as? different possible marks
for a long cycling time and as2¢? marks for a short cycling time. Finally, for even i, there are also at most as? possibilities
for the merging time mark. We deduce that

|Wg,m(s,a, p)| < £2m(g+l)(24m)l7(as2)m (as2)2m(g_l)(as2£2)2m

< 02m(g+3)pdmp (asz)Zm(gH)'
We find the last statement of the lemma. O

We now estimate of the sum of ¢(y) over all y in a single equivalence class. Recall the notion of multiplicity defined
above Proposition 1, the multiplicity of an arc (x, y) € A, is the number of times (i, #) such that (x;;, y; /) = (x, ).

Lemma 5. Assume further that m < giggz Then, there exists a constant ¢ > 0 (depending on §) such that for any

Y € Wem(s,a, p),

Z 6]()//) SCd2g+2(m—l)+a1+pns—pp2[m’

y’EWZ,m (s.a,p):
v~y

where g =a — s + p + 1 and ay is the number of arcs of A, with multiplicity one.

Proof. The proof relies on a decomposition of the product g(y) over edges in the graph I' = (V,,, E,,) defined in the
Lemma 3. Let e = (4, v) be an edge of I" with color (x, ¥) and multiplicity k = k(e). Let us define the out-degree
b = b(e) as the number of distinct elements X; ;41 such that (x;;, y; ;) = (x,y) (in words, b is the number of distinct
elements in the v-th connected component which are visited immediately after a visit of (x, ¥)). Now, the product g(y)
can be decomposed as

a) =[] @, - o%.. (25)
eckEy
where e = (u, v) is a generic edge as above and ky + ---+kp =k, k; > 1 and x1, ..., x; are in the v-th connected

component of y.
We thus have the upper bound

> a) =211 <Z QL ) (26)
yliy'~y * eckEy,

where the first sum ), is over all possible choices for the elements in X,/

To help the reader, let us first assume that || Q||(15_))OO = || Qll1— oo (for example if § = 1). Then p = || Qllgs V | Oll1-oc0-

If e = (1, v) is a generic edge as above, then

ZQm ok, <[] ,_olel o <do*, @7

where we have used

||QT||1—>0 = ” QTQ”1—>0 =d.

Besides, if b =1 and k > 2, we also have the bound
k k—
Y 0y < Z 0,102 <02 )03, (28)
y y

We now partition the edges e = (u, v) with color (x, y), multiplicity m and in-degree d in E,, in three sets, E is the
set of edges of multiplicity k = 1. E3; is the set of edges such that k > 2 and the v-th connected component is a singleton.
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Finally E»; is the set of edges such that £ > 2 and the v-th connected component has at least two elements. Note that any
edge e € E1 U E31 has out-degree b = 1 and by definition ay = |Eq|. If e is in E] U E2;, we use (27), if e is in Epq, we
use (28). For any y' € Wy (s, a, p), y' ~ y, we arrive at

a)< [ @ I1 <p"‘2;Q§x;), (29)

ecE\UEy ecEy

where in the second product, if e = (1, v) € E3y, xi € X, is the unique element in the v-th connected component of y'.

We may now estimate the (26). There are at most n*~?d” choices for the different elements in X, /. The term n°~”
accounts for the possibilities of the first element in each of s — p connected components. The term d” = || QT Q||f -0
is an upper bound on the choices for the remaining p elements in the connected components (we add the elements one
by one in each connected component in an order which preserves connectivity and we use that for any x there at most
1OT Qll1—0 other x” such that (QT Q). > 0). In (29), if ¢ is in E>;, we may sum over all xi € [n] (the possibilities for
the unique vertex in the v-th connected component), we get

Yooal)=wra? TT (@) [T (P IClis)
yliy'~y ecE|UEy ecEy
— ns—pdp+a1+|E22|p2£m’ (30)
where we have used that the sum of the multiplicities is equal to 2¢m.

It remains to give an upper bound on | E2;|. To this end, let si (respectively s> ) be the set of vertices of I' of in-degree
k (respectively > k). We have

so+s1+s=2=s5s—p and s1+2s2252ksk=a.
k

Subtracting to the right-hand side, twice the left hand side,
s1>2(s—p)—a—2s0>a—2g—2m+2.

Indeed, at the last step the bound s < m follows from the observation that only a vertex u € V,, such that u = cc(x;,1)
for some 1 < j <2m can be of in-degree 0. We observe also that s1 < aj + |E2| (vertices of in-degree 1 are in bijection
with their unique incoming edge, which cannot be in E3;). In particular,

|[Ex|=a—a) —|Epn|<a—s <2¢+2m—2. (3D

It concludes the proof when || Q||(8) =01 00-

1—o00
In the general case, the bounds (27)-(28) remain valid except when x; or x belong to £. To deal with this case, we first

observe the inequality

2
1=(Ten) =loTl L L e =a Y ok
Y y y

Summing over x, it implies that

1
— = <p. (32)
Nz 1Qllus < »
Hence, in (27)-(28) when x; or x belong to £, we may use the inequality Q,, <1 < Vdp. With the argument leading to
(29), we obtain for any y' € Wy (s, a, p), y' ~ v,

a(r)=a? [ @" ] <pk_2ZQ§x;> [T » (33)
ecE\UEy e€E21:xi¢8 y EEEZIZXieg

where u = u, is the number of times (i, 1), i € [2m],t € [£] such that x; 41 € & and Now, for any y’ € W, (s, a, p)
with " ~ y, let r =r,/ be the number of connected components which contain at least one element in £. We claim that
the number u,, defined in (33) satisfies

u <4amr.
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Indeed, since y; is tangle-free for each i € [2m], y; visits at most once each element in £ (to avoid a £-coincidence) and
at most 2 distinct elements in each connected components (to avoid two or more than two coincidences). Hence, for each
i € [2m], the number of ¢ € [£] such that xlf’t 41 € £ is at most 2r. It gives the claimed bound.

We thus deduce from (33) that

q(vy<a®™ [] (@) ] (PHZQ;;) [T »~ (34)

ecE1UEy ecEy x| ¢E ecEy:xjef

Now, in view of (34), we should upper bound the number of y’ € Wy, (s, a, p), ¥’ ~ y such that ryr =r. A rough
upper bound is given by

(s B p)nspr(|€|d4m)rdp < nsfpdp(sd“mn*a)r.
,

Indeed, on the left hand side, the binomial term bounds the number of choices for the connected components which
contain at least one element in £. As pointed above, the term d” bounds the possibilities for all but the first element in
each connected component. Finally the term |£|d*" is an upper bound for the number of possibilities of the first element
of a connected element which contains an element in £ (by Lemma 4, for any such element, say x, there exists a sequence
(X0, . .., X4mm) such that x4, € £ and (QT Q)x,_,x, > O for all s € [4m]).

Hence, from (34), the argument leading to (30) gives the upper bound

s—p
Z 6](]//) Sns‘fpdlﬂrulJrlEzz\IOZ(Zm Z(sdﬁmnﬂs)r.
viy'~y r=0

We have s < 2¢m < 10[logn]%/? from (19). Hence the assumption d%” < n® implies that (sd®"n=%) < 1/2 for all n large
enough. It follows that, for all n large enough, the above geometric series is bounded by 2 and

> q(y)) < 2nt-rartartibalp2im,
Y~y

From (31), it concludes the proof. O

Recall the definition (22) of w(y) of the average contribution of y in (21). Our final lemma will use Proposition 1 to
estimate this average contribution.

Lemma 6. There is a constant ¢ > 0 such that, if y € Wy (s, a, p), g =a — s+ p + 1 and a is the number of arcs in
A, which are visited exactly once in y, then we have

6¢m ) (a1 —4g—2m+2p)+

i

lu(y)| < C"”gn"(
Moreover, a; > 2(a — €m).

Proof. Let Ay C A, be the set of e = (x, y) which are visited exactly once in y, that is such that

2m L
Zzﬂ(e = (i1, )’i,t)) =1.
i=1 t=1

Let A’1 be the subset of A of consistent arcs and let A, the set of inconsistent arcs (recall the definition above Proposi-
tion 1). We have

|AT|+ 144 > A1l
Seta) =|A}| and a> =|A, \ Ay|. That s, a-> is the number of e € A, which are visited at least twice. We have

ai+as=r»=a and aj+2as>> <2lm.
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Therefore,
aiy >2(a —€tm).

It gives the second claim. Using the terminology of the proof of Lemma 3, a new inconsistent arc can appear after leaving
the forest constructed so far, at a first visit of an excess edge, or at the merging time (i even) of y;, i € [2m]. Every such
step can create 2 inconsistent arcs. A step outside the forest constructed so far is preceded by the visit of a new excess
edge. Hence, if b = |A,|, then

b<4g+2m
and
ay>aj —b.

The bound on b can be slightly improved. As already pointed in the proof of Lemma 3, p = Zf;f’ (l; — 1) where /; is
the size of the i-th connected component. The first visit to any element in the connected component beyond the first will be
anew excess edge but it will not create an inconsistent arc. It follows that b < 4g +2m —2p and a] > a; —4g —2m +2p.
It remains to apply Proposition 1. g

All ingredients have been gathered to prove Proposition 2.

Proof of Proposition 2. We define

m= [iﬁ/logn—‘. 35)

10

From (23) and Markov inequality, it suffices to prove that for some ¢ > 0,

2
S = Z |W(s, a, p)’ yevgl(zsl,);,p) (‘M(V)’ Z q(y’)) <ne™, (36)
5a.p V/Engm(s.a,p):
Y~y

where ¢/ =€+ 1+ 1/m and p(y) was defined in (22).
Lety € Wi (s, a, p) with a; arcs of multiplicity one. Set g = g(s,a, p) =a —s+ p —1, by Lemma 5 and Lemma 6,

60m ) (a1—4g—2m+2p)+

Jn

|M(V)| Z q()/) < Cd2g+2(m—1)+al+pns—pp2(imcm+gn—a<

y’EWLm(x,a,p):
v~y

Since d > 1, we have d%1 < g*¢+2m=2p4(@1—4g=2m+2p)+ Using a; > 2(a — £m), we deduce the following upper bound,

for some new constant ¢ > 1,

(6d£m)2 ) (a—(+1)m—2g+p)+

n

|M(V)| Z C[()//) < (cd)6g+4mn—g+1p2€m<

V/EWLm (s.a,p):
Y~y

For ease of notation, we set

2
&= M =o(1),

where we have used that d < exp(+/logn) and £m = O (log n)3/2. Now by Lemma 3, since a <2lm, s <2¢m+1 <3¢m,
for some new constant ¢ > 1 changing from line to line, we arrive at

S < np%m Z o4mp (as2£)2m(8+3)(Cd)6g+4mn—g8(s—€/m—g)+
s.a,p:g(s.a,p)=0,p=<2g(s,a,p)+2m
S n(cgm)24m (cd)4mp2£m Z 24mp (cgm)Smgdﬁgn—gg(s—e’m—g)+’

s,8,p:8>0,p<2g+2m
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where at the last line, we have performed the change of variable a — g =a + p — s + 1. Then, we may sum over p, using
(logn)¢ = €™M and d < e19M/8 we get for some new constant ¢ > 0,

8
S < necmzp%m Z £ S(S—Z/m—g)+’
- n

5,820

where we have set L = (c€m)¥"d®. We decompose the above sum as follows

S<S14+ 8+ 83,

where S is the sum over {1 <s <{'m,g >0}, S, over {{’m <5,0<g <s —€m},and Sz over {{'m <s5,g >s5 — {'m}
We start with the first term:

Um oo

2 L\¢

S| = ne" p22m§ :E :(n> ]
s=1g=0

For our choice of m in (35), for some ¢ > 0 and n large enough,

L ec(loglogn)./logn 1

_,—_— < —,

n n -2

In particular, for n large enough, the above geometric series converges:

U'm
2 o2
S S2necm p2im§ :Sne‘ m pZZm'
s=1

Adjusting the value of ¢/, the right-hand side of (36) is an upper bound for S;. Similarly, since L/(en) > 2, we find

[ s—f'm
8
2 L
S, < nec™m pZZm § : gs—f’m
en

s=0'm+1

§=0
00 s—t'm
< Znecmzp%m Z szi’m (L)
&n
s=0'm+1

2 > (L\F
= 2™ 2¢m )
e E ()
k=1
Again, for n large enough, the geometric series are convergent and the right-hand side of (36) is an upper bound for S
Finally, for n large enough,

o o g
2 L
S3 Sl’l@cm p2Em § : § (;)
s=l'm+1g=s—0'm+1

o]

) L s—0'm+1
< nem p2£m Z 2< )
n

s=0'm+1
00 k
2 L
= 2™ pZZmE :(_) )
n
k=0

For n large enough, the right-hand side of (36) is an upper bound for S3. It concludes the proof.

O
)
4.2. Operator norm of R,

We now adapt the above subsection for the treatment of R,Ee). A rougher bound will suffice for our purposes.
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Proposition 3. Assume d < exp(s/logn). For any co > 0, there exists ¢c| > 0 (depending on cq) such that with probability
at least 1 —n=, for all integers 1 <k < <logn,

LR
To help the reader, we use the same notation than in the Section 4.1, we add a prime exponent to our objects when the

definition differs from the corresponding definition in Section 4.1.
We fix for some positive integer m such that

12m < h. (37
We use the inequality
|ROP" <o {(REOROT)).

We may expand the trace. To this end, we define Wé m asthe setof y = (y1, ..., yam) such that y; = (x;,1, Yi,15 -+ Vit

Xig+1) € T%* and such that for all i € [m], the boundary condition (20) holds. Using this notation, the computation
leading to (21) gives

2m k—1 ¢
@) |2m
” Rk ” = Z HH(Mx,-,,yi,,)Qyi,rxz‘,rH ’ Qyi,kxz'.k+1 : 1_[ Mxi,r)’i.toi,txi,t+l‘ (38)
yeWémi:l t=1 t=k+1
We set
! "
Vi = (X1, Yisls - Yik=1>Xi k) and ¥y = (Xik+1s Yik+1s s Vi fs Xi04+1)-

By construction y; and y;” are tangle-free paths.

As in Section 4.1, for y = (y1,¥2,...,Y2m) € Wé’m, we define X, = {x;; :1 € 2m],t € [£]} and Y}, = {y;, :
i € [2m],t € [£]}. We consider the same graph K, with vertex set X, and, for any x,x’ in Ky, {x,x’} is an edge
of K, if and only if (QTQ),, > 0. We denote by cc(x) the connected component of x € X,, in K,,. The arcs of
Y =1, V20> Vom) € Wé’m, denoted by A;/, is the set of distinct pairs (x;;, yi;) with # # k. We define Wé,m(s, a, p)
as the set of y € Wy, with s =X, |, a = |A;,| and s — p connected components in K, . We take the expectation in (38)
and write

ERO" <> > Wmaw.

$a.Pyew,  (s.a,p)

where for y € W, , we have defined

2m k—1 l 2m £
W) =E[[[[Mu,0, T1 Mu, and a0 =TT Qureirnr- (39)
i=1t=1 t=k+1 i=lt=1

We decompose further Wlf (8, a, p) into equivalence classes as follows. For y, y’ € Wlf m(8,a, p), letus say y ~ y'
if there exist a pair of permutations & and 8 in §,, such that the image of K, by « is K, and for any (i, 1), xlf’t =a(xis),
Vi, = BQis) (Where y' = (v, v3, ..., vp,) With ¥/ = (X[ 1, ¥} 1, ] g X[ o1 ))- We define W, (s, a, p) as the set of
equivalence classes. Since u(y) = u(y’) if y ~ y’, we obtain the bound,

E[R|™ < Y W (s.a.p)|  max (Wy)\ q(y’)). (40)
k MZ’,) yeW/(s,a,p) y/EWg_mZ(s,a,p):
Y~y

We start by bounding the cardinality of WAm (s,a, p).

Lemma7. If ¢’ :=a+p—s <0o0r2g +10m > p, then W; , (s, a, p) is empty. Otherwise, we have

[Wem(ssa. p)| = 24mp((a + 2m)2s25)4m(g/+4).
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We have the following analog of Lemma 4.
Lemma 8. Let y € W, , . Then for any x € X,,, cc(x) has at most 8m elements.

Proof. We repeat the proof of Lemma 4, we use this time that y is composed of 4m tangle-free paths: y/, y/”, fori € [2m].
By contradiction, we assume that there exist x € X,, and k > 2 such that 4km + 1 < |cc(x)| < 4(k + 1)m. Then, from the
pigeonhole principle, there exists i € [2m] and € € {!,”} such that y visits at least k 4 1 distinct vertices in cc(x). We
then repeat verbatim the proof of Lemma 4 and use (37). ]

Proof of Lemma 7. We repeat the proof of Lemma 3. If y € Wz/,m’ i €[2m], t € [£], weset y; s = (Xir, Viors Xir+1). We
shall explore the sequence (y;) in lexicographic order denoted by < (thatis (i,#) < (i + 1,#) and (i,¢) < (i,7 + 1)).
We think of the index (i,#) as a time. We define (i,¢)” as the largest index smaller than (i, ¢) and, by convention,
1, D)~ =(,0).

As in Lemma 3, for y € Y,,, we define y as the order of apparition of y in the sequence (¥i)ie[2m],re[¢]- Similarly,
for x € X, x is the order of apparition of x in (x;)ie[2m), refe 1 and cc(x) is the order of apparltlon of cc(x) among
the connected components of K, . Finally, if x € X, we set X = (X, s,), where s, is the set of x’ with x’ € X, such
that ¥’ < x and (QT Q). > 0. Finally, we set ;. = (Xit, Yir, Xi,r+1). By construction, if the sequence (¥;.;)ie[am].re[e]
is known then the equivalence class of y can be determined unambiguously. We thus need to find an encoding of this
sequence (Vi,¢)ie[2m],re[f]-

We set V), = [s — p] and consider the colored directed graph I'" = (V,, E},) on the vertex set V), defined as follows.
For each time (i, t), with ¢ # k, we put the directed edge e; ; := (cc(x; ;), cc(x; ;+1)) in E]’/ whose color is defined as the
pair (X; s, yi). By definition, we have |E )’/| =a. Let I' be the associated undirected graph (that is the undirected graph
obtained by forgetting the direction of the edges of I'"). We observe that each connected component of I'’ contains at least
a cycle. Indeed, by assumption y; is tangled while y/ and y,” is tangle-free. Hence if the image of the paths of y/ and y/,
on I'” do not intersect then each one contains a distinct cycle. Otherwise, the images of the paths intersect, then they are
in the same connected component of I’ and their union has at least two distinct cycles. Hence the number of edges of I/
is at least the number of vertices:

0<g' =IEy|—IVy|=a—s+p.

This is the first claim of the lemma.

We define F’ as the subgraph of I'” spanned by the edges ¢; ; with (j,s) < (i,7). We have I'} = [. Asin Lemma 3,
we now 1nduct1vely define a spanning forest T; ; of I'; , as follows. T1 ¢ has no edge and a vertex set {1}. We say that (i, 1)
is a first time if adding the edge e; ; to T(; - does not create a (weak) cycle. Then, if (i, ¢) is a first time, we add to T; ;-
the edge e; ;. It gives T; ;. If (i, ¢) is not a first time, we set T; ; = T(; ;-. We set T = Toyp ¢.

For each even i, we define the first merging time (i, tl./ ) as the smallest time (i, r) with 1 <t <k — 1 such that 7; ; and
T{; 1y~ have the same number of connected components. If this time does not exist, we set ti’ = k. Similarly, for each i,
the second merging time (i, ti” ) is the smallest time (i, #) with k <t < £ such that T; ; and T{; 4)- have the same number
of connected components. If this time does not exist, we set ti” =/ + 1.If i is even then by (20), we have ti” </{.

Note that the merging time will be a first time if #; > 2.

The edges of I"\T will be called excess edges. We call (i, r) an important time if the visited edge ¢;; is an excess
edge. The total number of excess edges is |E, | — |V, |+ N, = g’ + N,, where 1 < N,, <2m is the number of connected
components of I''. However, since each connected component has at least a cycle, in each connected component of T,
there are at most g’ 4 1 excess edges.

By construction, the path y; or /" can be decomposed by the successive repetition of

(1) asequence of first times (possibly empty);
(2) an important time or the merging time;
(3) a path using the colored edges of the forest defined so far (possibly empty).

We build a first encoding of the sequence (y;;)icram].re(e] as follows. If (i, ¢) is an important time, we mark the
time (i,¢) by the vector (yi, Xir+1,Xi.r), where (i, T) is the next step outside 7;, (by convention, if the path y; re-
mains on the forest, we set T = £ 4+ 1). By construction, (i, 7) is also the next first, important or merging time. Note
that x; ;41 or x;; could be seen for the first time (then by construction, x; ;41 or x; ; would belong to a connected
component which has already been seen). If this is the case, we replace X; ;41 OF X;.; by X; ;41 or X; ; and we call this
extra mark the connected component mark. Similarly if (7, t) is a first merging time, we mark the time (7, ) by the first
merging time mark (y; s, Xi 1+1, Xi ), where (i, T) is the next step outside T; ;. Similarly, the second merging time mark
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1S (¥ik, Yi.t» Xi,t+1, Xi ). Again, if x; ;41 or x;  are seen for the first time, we replace X; ;41 or X; ; by the connected
component mark. Arguing as in the proof of Lemma 3, it gives a first encoding of the sequence (¥; ;)ie[2m],re[f]-

Observe that p = Zf;f (li — 1) where [; is the size of the i-th connected component of K, . Hence p is equal to the
number of connected component marks and it is upper bounded by twice the number of excess edges plus the number of
merging times:

p=< 2(g/+ N, —|—3m) <2g' + 10m.

It proves the second statement of the lemma.

Arguing as in the proof of Lemma 3, to improve on the first encoding we use the hypothesis that each path y/ or y”
is tangle-free. We partition important times into three categories short cycling, long cycling and superfluous times. For
each i and ¢ € {’,”}, consider the smallest time (i, fp) such that cc(x; 5,41) € {cc(xi 1), ..., cc(xiq)}. Let 1 <o <1y be
such that cc(xj ¢y+1) = cc(xi s ). By assumption, C; = (¢c(xi,5), .., CC(Xi z+1)) Will be the unique cycle of T'' visited
by yf . The last important time (i, t) < (i, #p) will be called the short cycling time. We denote by (i, f) the smallest time
(i,7) = (i, 0) such that cc(x; ;) is not in C; (by convention 7 = £ + 1 if y remains on C;). We modify the mark of
the short cycling time as (y; s, Xi s+1, O, f, Xiz), where (i,7), T > f, is the next step outside T; ; (it is the next first or
important time after (i, 1), by convention T = £ + 1 if the path remain on the tree). Important times (i, ") with 1 <¢' <¢
or T <1’ < { are called long cycling times. The other important times are called superfluous. As argued in the proof of
Lemma 3, for each i € [2m] and ¢ € {',” }, the number of long cycling times in y/° is bounded by ¢’ (recall that there are
at most g’ 4 1 excess edges in the connected component of ,°).

We now have our second encoding. We can reconstruct the sequence (y; /)ic[2m],s<[¢] from the positions of the merging
times, the long cycling and the short cycling times and their respective marks. For each i and ¢ € {’,” }, there are at most
1 short cycling time, 1 merging times and g’ long cycling times. There are at most g4m(g'+2) ways to position them.
Note that |Y, | <a +2m = a’, the term 2m coming from the elements y; x, i € [2m]. Hence, as argued in the proof of
Lemma 3, there are at most 2*" possibilities for a connected component mark, at most a’s> different possible marks for
a long cycling time, a’s%¢% marks for a short cycling time, at most a’s? marks for the first merging time mark and a’ 252
for the second merging time. We deduce that

Wi (s, )| = 7D )0 (o2 (50 (52) 7 (a2
< E4m(g’+4)24mp(a/2S2)4m(8/+1).
It concludes the proof. O

Lemma9. Foranyy € Wé m(8:a, p), we have

> ab)zamer

Y EW (vnp)
V “‘V

Proof. The proof follows easily from the proof of Lemma 5. Let I = (V,,, E ;,) be the graph defined in Proposition 7.
Arguing as in (26), we have an upper bound of the form

> a0 =X T (e ey

yliyl~y * ecky,

where the first sum ), is over all possible choices for the distinct elements in X, and the positive integers k; and the
elements x} € X, are determined by the edge e. Since k; > 1 and Zy Oyx =1, we have

kd
ZQVXIH yx =L

It follows that Zy,:ylwy g (y") is upper bounded by number of possible choices for X, . The latter is bounded by d”n*~7?
as explained in the proof of Lemma 5. (]

We finally estimate u/(y).
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Lemma 10. There is a constant ¢ > 0 such that, if y € Wy (s, a, p), g =a — s + p and ay is the number of arcs in A,
which are visited exactly once in y, then we have
|IL/(V)| < cm+g n-4.

Proof. Let A, be the set of inconsistent arcs of A;/ (as defined above Proposition 1). Using the terminology of the proof
of Proposition 7 and as argued in Lemma 10, |A,| is upper bounded by four times the number of excess edges plus twice
the number of merging times. There are at most g’ + 2m excess edges and 3m merging times, hence,

|Axl <4(g" +2m) + 6m.
It remains to apply Proposition 1. d

We are ready to prove Proposition 3.

Proof of Proposition 3. We define

m = [y/logn]. 41

For this choice of m, n!/" < exp(+/logn). Hence, from (23) and Markov inequality, it suffices to prove that for some
c>0,

_ ’ ’ ’ cm?
S=Y [Ws.a.p) omax (|u » Y. aly )) e “42)
s,a,p y’eWzvm(s.a,p):
Y~y

Lety € Wé,m(s, a,p).Setg' =g'(s,a, p) =a— s+ p,by Lemma 9 and Lemma 10,

wol > aly)= APt s
y’eWé.m(s,a,p):
v~y

Now, by Lemma 7, since a < 2¢m, s <2¢m + 1 < 3¢m, for some new constant ¢ > 1 changing from line to line,

S < Z 24mp((a+2m)2s2£)4m(g/+4)dpl’l_glcm+gl

s,a,p:g'(s,a,p)=0,p=<2¢g'(s,a,p)+10m
’ —o
< " (ctm)®" > 24P (ctm)* "¢ dPn~¥

s5,8',p:g'>0,p<2g'+10m

where at the last line, we have performed the change of variable a — g’ = a + p — s. Then, we may sum over p, using
(logn)¢ = e°™ and d < e™, we get for some new constant ¢ > 0,

where we have set L = (c£m)?”™. Since s < 3¢m = ¢°"™ and L/n = o(1), we deduce that (42) holds. O

5. Proof of Theorem 4

All ingredients are finally gathered to prove Theorem 4. We start by reducing the range of £ and d where there is something
to be proven. Up to adjusting the final constant c;, we may assume without loss of generality that d < exp(4/logn) and
£ <logn/logd (otherwise the probabilistic bound is larger than 1). We fix any 0 < ¢o < ¢;, < 8. Then by Lemma 2 and
Lemma 1, if €2 is the event that G is ¢-tangle-free, for any ¢ > 0,

P(| P, | = VP2 o) = P(| P || = €087 pb; @) + O (a2 ~0)

< P(J > eca/lognpf) + 0(d2+2hn—c(’))’
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where
1<y
J=[2O+ =R
k=1

On the other end, by Propositions 2-3, for some c’1 > 0, with probability at least 1 — 2n‘”6,

J2
J< ec’P/lognp(f + l Zec’]«/logn
n
k=1

< (ec’la/logn +€e§10gd—logn)p€’
where we have used p > 1/\/3 by (32). Since £ <logn/logd, we find that the event

/ 14
J< ci/logn + 12
B (8 i)’

has probability at least 1 — 2n¢. We take any ¢ > ¢} and it remains to adjust the final constant ¢ > ¢ to deal with
bounded values of n. It concludes the proof of Theorem 4.

Remark 2. Lemma 2 and Proposition 1 are the only properties of the uniform measures on S,, which have been used in
the proof. Proposition 1 is used in Lemma 6 and Lemma 10 where we use that the number of inconsistent arcs is at most
c(g + m). The proof may thus be extended to other probability measures on S, with other notions of inconsistency. For
example, if n is even, the set of matching M, is the subset of permutations o € S,, such that o (x) # x and o2(x) = x for
all x € [n]. Following [2], analogs of Lemma 2 and Proposition 1 hold for the uniform measure on M,, (the definition of
a consistent arc is slightly more constrained for matchings, but in Lemma 6 and Lemma 10, we may still upper bound the
number of inconsistent arcs by c(m + g)).

Remark 3. Proposition 2 and Proposition 3 are true beyond bistochastic matrices. An inspection of the proof reveals that
they hold for any matrix Q provided that max, ) y |Qxyl < ¢ for some constant ¢ > 0 (which will have an influence on
all other constants).

6. Proof of corollaries
6.1. Proof of Theorem 2

By construction, we have Oy = 1((x, y) € E)/r. It follows that

1
1Qlh—oo =" and [|Qllns = (43)

1
NG
It remains to apply Theorem 1 with 6 = 1.

6.2. Proof of Corollary 1

Let P be the set of bi-stochastic matrices of size n with entries in {0, 1/r}. From the proof of Theorem 2, for any
Q € P, (43) holds. Note that A = M B for some permutation matrix M is equivalent to M*A = B. It follows that for any
permutation matrix M, if P is uniformly sampled over P, P and M P have the same distribution. In particular, P and
M P have the same distribution for M uniformly distributed and independent of P. We may thus apply Theorem 2 to M P
by conditioning on the value of P.

6.3. Proof of Theorem 3

Up to increasing the constant ¢, we may assume that » < exp(y/logn). Obviously, if x ¢ S,

max Qyy =max p; < E pl.z.
y i V&
1
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From our assumption on S, it follows that || Q||(15_)) o S/ 2 piz.
Moreover, we have

QTO=> pipiMiM;=Y pll+> pipiM;M;.
i,j i JFI

From the triangle inequality, we deduce that

n

+ X pm MMy = (30243 pis |3 1(oi0 = oy).

HS J#i i#] x=1

1Qllus <

Zpizl
i

It follows that || Qs < p + +/[ST/n < (1 +r'/?n73/2) p (where we have used Yipi=land ) ; pi2 > 1/r). It remains
to apply Theorem 1.

6.4. Proof of Corollary 2

Let 0 < ¢o < 1 and fix some ¢y < § < 1. Up to increasing the constant ¢, we may assume that r < exp(+/logn). For any
permutation matrix M, P has the same distribution as M P. In particular, P and M P have the same distribution for M
uniformly distributed and independent of My, ..., M,. Now, let § = {x € [n] : 3i # j, 0;(x) = 0;(x)}. From the union
bound, we have

r(r—1)

n

EIS| < r(r — DP(01(x) = 02(x)) =

Hence, from Markov inequality,
P(|S| > nl_’s) < r2n®2,

Finally, on the event {S < n!~%}, we apply Theorem 3 for M P by conditioning on the value of P.
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