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Random perturbations of hyperbolic dynamics
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Abstract

A sequence of large invertible matrices given by a small random perturbation around
a fixed diagonal and positive matrix induces a random dynamics on a high-dimensional
sphere. For a certain class of rotationally invariant random perturbations it is shown
that the dynamics approaches the stable fixed points of the unperturbed matrix up
to errors even if the strength of the perturbation is large compared to the relative
increase of nearby diagonal entries of the unperturbed matrix specifying the local
hyperbolicity.
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1 Model, main results and comments

Let us consider the random dynamics on the L-dimensional sphere S-, L > 2, given by
vn = Tpn-Up-1, nEN, (1.1)

where the action - : GL(L + 1,RR) x St — S' of the general linear group is

Tv
T-v = , (1.2)
[Tl
and the random matrices 7,, are of the form
Tn = R+ M, Uy) neN. (1.3)
Here R = diag(kL41,-.-,1) is a fixed unperturbed positive diagonal matrix whose
entries satisfy x; > --- > k41 > 0 and a random perturbation Ar,U, is given by a

coupling constant A € [0,1), a scalar radial randomness r,, and an angular randomness
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Random perturbations of hyperbolic dynamics

induced by orthogonal matrices U,,. The main assumption is that both the U,, and r,, are
independent and identically distributed (i.i.d.) with O(L + 1)-valued and Haar distributed
U, and [0, 1]-valued 7, # 0. This includes, e.g., the case r, = 1. Hence the object of study
is a particular Markov process on the continuous state space S'.

The above is the standard set-up of the theory of products of random matrices [3]
except that usually the action is studied on the projective space and not its double cover
by S%, but for sake of simplicity we suppress this difference. By Furstenberg’s Theorem
the random action has a unique invariant probability measure . » on St if X # 0 (see [3],
Part A, Theorem I11.4.3). This paper is about obtaining further quantitative information
about this invariant measure in the special case described above. Hence the paper
is thematically located at the interface between random matrix theory, the theory of
products of random matrices and random dynamical systems. One of the key technical
elements in the proofs is a stochastic order underlying the process (1.1) with R = 1, see
Proposition 2.11 below.

Let us begin by describing the dynamics (1.1) heuristically. The unperturbed deter-
ministic dynamics R- induced by R is maximally hyperbolic if the deterministic local
expansion rates

SR, — Ki — Kit1
, = —
Kit+1
are strictly positive for all i = 1,...,L. Then there is a simple stable fixed point given

by the unit vector e ;; corresponding to the last component (the fixed point is unique
only on projective space). The deterministic dynamics R" - vy converges to the unit
vector e; if j is the largest index such that the jth component of the initial condition vg
does not vanish. However, e; is an unstable fixed point of R- if j < L. All these facts are
elementary to check. In the following, we also speak of the unit eigenvector e ;,_; of
the eigenvalue k; as the jth channel specified by the unperturbed dynamics. We will not
assume maximal hyperbolicity in the following.

If now the strength of the perturbation is non-zero and satisfies A < 2-*min{éR1, 1},
one can prove that the random dynamics leaves any unstable fixed point and is driven
to the vicinity of the stable fixed point in which it then remains. Thus in this case the
Furstenberg invariant measure p, » is supported only by a strict subset of St, which
is a neighborhood of the stable fixed point. More generally, the theorem below states
that if A < 27*min{dR;, 1} for some i, then supp(y,,) is a strict subset of S'. From the
proof one can infer that the support is a small (in a quantitative manner) neighborhood
of {0}t+1=% x S*~1. The main interest of this paper is, however, to analyze the situation
where several of the §R; vanish or are at least all smaller than A. Hence the unperturbed
dynamics may be merely partially hyperbolic. In this situation the random perturbation
is not small compared to the local hyperbolicity of R. Intuitively, it is clear that the
random dynamics may then visit all points on S' because the randomness can overcome
the hyperbolic character of R and lead to significant escapes from anywhere. This just
means that the support of the invariant measure is the whole sphere S'. This last fact is
precisely part of the following first result.

Theorem 1.1. Suppose that A € (0,1), that the i.i.d. r, # 0 are [0,1]-valued and that
the i.i.d. U, are Haar distributed on O(L + 1). Then the Furstenberg measure j, » is
absolutely continuous w.r.t. the normalized surface measure v_. IfP(r = 0) = 0 holds,
then the random variables vy € St are distributed absolutely continuously w.r.t. 1 on S*-
even for any N > 1 and initial condition vy. Provided that A < 2~*min{0R;, 1} for some
i=1,...,L, the support of i, is a strict subset of S-. If A\ > §R; for alli=1,...,L and
1 € supp(r), then the support of i, » is the whole sphere St.

Now let us suppose that the randomness, while being large compared to the local
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expansion rates A > dR;, is small compared to the expansion rates

Ri — Rj
(SRi,j = py s
J

from channel i to channel j for some j > i. Then if A < 6R; ;, there is some contraction
hyperbolicity on this larger scale, even though the local hyperbolicity is dominated
by the randomness. Hence a finer analysis of the interplay between the randomness
and the hyperbolic unperturbed dynamics is needed. Intuitively, one certainly expects
the random dynamics to spend little time in the channel j and this should lead to a
small weight of the Furstenberg measure on this channel. Roughly this is what we
actually prove below. To state our main result more precisely, we need some further
notations. Let us partition the channels into three parts (L,, Lp, L) € N x N x N, namely
Le +Le + L = L+ 1. Each vector v = (vy,...,v4+1)T € R-! is split into its upper part
a(v) € Rbe, middle part b(v) € R+ and lower part ¢(v) € Rt via

a(“) = ('Ul""a'ULu)Tv b(v) = (vLa+1ﬂ"'7vLu+Lb)Tv C(U) = (vLu+Lb+17"'7vL+1)T .

Moreover, let us introduce the macroscopic gap v = v (R, Ls, L) between the upper and
lower parts by

Ki
¥ = minql, —— — 15 € [0,1] . (1.4)
RletLe+1
Note that the macroscopic gap 7 is positive provided that x., > ki,+L.+1. Now the
deviation of the random path (v, ),en defined by (1.1) and (1.3) from the attractive part
{0}te x StetLe—1 of the phase space can be measured as the norm of the upper part
lla(vn)|l. The main result provides a quantitative bound on the expectation value of
|la(vn)||? for sufficiently large N when the expectation is taken over the randomness

contained in 7, forn =1,..., N.

Theorem 1.2. Suppose that the i.i.d. r, # 0 are |0, 1]-valued and that the i.i.d. U, are
Haar distributed on O(L + 1). Furthermore suppose (Lq,Ly) # (1,1) and v > 0. Then, for
all 0 < A < 1 there exist Ny = No(L, L, \) € N such that

Lat+lp—2 Le
|__|_1 Lc+2 6 L 2+L¢
Elal(vn)]® < 2< > (“V) (1.5)
[a(on)|I” < . 5L

for all N > Ny and v € S-.

Using the invariance property of the Furstenberg measure p, », one deduces the
following

Corollary 1.3. Under the same hypothesis as in Theorem 1.2,

Latlp—2 Le
) L1\ S (6L, )%
) <o 2L O Zay 1.
/du A) la@)]” < <La+|—b S L (1.6)

The estimates (1.5) and (1.6) strongly differ from the behavior for R = 1 where no
hyperbolicity is present. Then E|ja(vy)||? ~ L,L~! holds for large N independent of
A > 0 which just reflects the equidistribution of the random dynamics on all channels
(this follows from Proposition 2.14 below). To us, the most interesting regime is that of
large L, Ly and L., say all a fraction of L, and of v of the order of 1 (but possibly less
than 1). Then the r.h.s. in (1.5) and (1.6) is approximately proportional to A2 which is
the expected behavior. Indeed, the random kicks of order A are uniform and thus do not
distinguish between channels, and hence the drift into each channel is given by their
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variance or \?, so that E|a(v)||? should be of the order A\? times the proportion L,L~! of
channels in a(v).

Our main motivation for the present study are potential applications to the field
of discrete random Schrodinger operators like the Anderson model, see [3, 4, 1] for
general mathematical background information. Little is known rigorously about the
so-called weak localization regime of such operators in space dimension higher than
or equal to 3. In this regime, the eigenfunctions are not expected to be exponentially
localized and the quantum dynamics is believed to be diffusive like in a Brownian
motion. Furthermore, random matrix theory is expected to provide a good description
of the eigenvalues and eigenfunctions locally in space and within a suitable range of
energies. In infinite volume the spectral measures likely have an absolutely continuous
component. The approach to this problem closest to the present study is the transfer
matrix method. It allows to construct (generalized) eigenfunctions and Green functions
of finite volume approximations. Best understood is then the quasi-one-dimensional
limit in which one has strong Anderson localization, that is, pure-point spectrum with
exponentially localized eigenfunctions with a rate called the inverse localization length
[3, 4, 5]. In a perturbative regime of small coupling of the randomness, one can calculate
this localization length [14, 10] and, more generally, the whole Lyapunov spectrum
[11, 12] provided the random dynamics of the transfer matrices is well understood. For
such systems, one can also derive flow equations for the finite volume growth exponents,
the so-called DMPK-equations [2, 15, 13]. Beneath these works, only [14, 13] address
the hyperbolic character of the unperturbed dynamics (corresponding to the R above),
however, only in the regime A\ < dR; of very small randomness [14] or even a randomness
vanishing at a suitable rate in the system size, namely the number of random matrices
T, involved [13].

In order to apply the results of this paper (notably Theorem 1.2) to the transfer
matrices of the Anderson model and extract relevant information on its eigenfunctions,
several non-trivial extensions have to be worked out. First of all, the transfer matrices at
real energies have a symplectic symmetry that has to be implemented and then leads, in
particular, to a supplementary symmetry in the Lyapunov spectrum. This can be done
as in [3, 14, 8]. Then one has to consider the dynamics not only on unit vectors, but
rather on the whole flag manifold [3, 14]. Furthermore, while the transfer matrices
can be brought in the form (1.3) [14], the random matrices U, stemming from the
Anderson model are not Haar distributed and contain much fewer random entries. In
the quasi-one-dimensional regime, this can be dealt with using commutator methods,
see [5] and [12] for a perturbative result when R is elliptic, that is, of unit norm.

Theorem 1.2 also has some short-comings by itself. First of all, it and its proof do
not provide a good quantitative estimate on Ny. Furthermore, the proof does not readily
transpose to the case where 1 + \rU is replaced by exp(ArU). Actually, many of the
arguments below depend heavily on geometric considerations and explicit calculations
exploring formulas for averages over the Haar measure.

2 Outline of the proofs of Theorems 1.1 and 1.2

Throughout the remainder of the paper we assume that A € (0,1) and that (r,)nen
are i.i.d., [0, 1]-valued and satisfy P(r,, = 0) < 1. Furthermore (U,,),en are supposed to be
O(L + 1)-valued and i.i.d. according to the Haar measure. The one-dimensional Lebesgue
measure will be denoted by x. We also abbreviate absolutely continuous and absolute
continuity by a.c..

Lemma 2.1. The random variable (v,(1 4+ \rU) -v) is [V1— A2 1]-valued for all v € S*.
Moreover, its distribution is independent of v € S*.
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Let us denote the Borel probability distribution of (v, (1 + ArU) - v) by
wrA(A) = P({v, (1 + ArU)-v) € A), Ae B([Vi-x321]).
The aim of the next lemma is to analyze its canonical decomposition into pure-point,
singular continuous and absolutely continuous component:
weA = WL+ @+ Wy
Lemma 2.2. One has w}", = P(r = 0) 6, and @}°, = 0.
The next lemma states an elementary invariance property.
Lemma 2.3. For all v € S* the random variable (1 + \rU) - v is distributed axially
symmetrically w.r.t. v. More precisely, for all Borel subsets A € %(S'), any orthogonal
V € O(L + 1) and all pairs (¥,v) € O(L + 1) x S- with ¥ v = v, one has
P(L+XMU) ved) =P((1+MU)-VveVA) (2.1)
=P((1+MNU) - veVA). (2.2)

Lemmata 2.2 and 2.3 allow to consider the Borel probability distribution on St of the
random variable (1 + ArU) - v:

orrw(A) = P(L+MU)-ved), AcBSH.
The next lemma analyzes its canonical decomposition o, ., = )5 , +0i% , 5% , W.I.t. .
Lemma 2.4. Let v,w € S-. Then
o, =PBr=03,, o, =0, (2.3)
and the Radon-Nikodym derivative of the absolutely continuous part ¢}, , w.r.t. v, obeys
the following symmetry property:
dg?%\ v dQ$C/\ w
—2 (w) = —2(v). 2.4
L ) (2.4)
The final preparatory result involves the deterministic hyperbolic part R- of the
dynamics.
Lemma 2.5. The absolute continuity of Borel measures on S- w.r.t. v is preserved
under (R:)..
Once all these lemmata are proved (once again, see Section 3), it is possible to
complete the proof of the first part of Theorem 1.1, namely to prove the absolute
continuity stated therein.

Proof of Theorem 1.1. For n € N, let us denote the distribution of v, for some given
initial condition vy € St by ¢,. It can be computed iteratively by

o = / dens () (R)e(raa))() s 0 = Bup . 2.5)
SL

Now, let & € Z(S") be a v -nullset. Then, R is also an ((R-).(¢3% ,,))-nullset by Lemma 2.5.
Therefore (2.5) combined with (2.3) implies that

) = [ dsumaw) (R)-eran) )
= [ dsuaw) (R, 26
= Pr=0) [ dsuaw) (R)-(5.)09
= P(r =0) (R)x(sn-1))(N) .
EJP 24 (2019), paper 89. http://www.imstat.org/ejp/
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By iteratively applying (2.6) from n = 1 to some /N > 1 and inserting ¢, = §,,, one obtains

v (®) = Blr=0)N (RN).(0))®) = Blr=0)N (RV).(0,))N).  (2.7)

An iterative application of the invariance property of the Furstenberg measure p,  yields

Hr X = /d,l.h-)\(’l}) gN‘vg:'u’
st

which implies together with (2.7) that

1 = [ dia@ s, = PO =0 (R¥). (1)) < B =0, @8
st

Due to the assumption r #Z 0, i.e., P(r = 0) < 1, the absolute continuity of fr o W.LE 1
follows from (2.8) in the limit N — co. If P(r = 0) = 0 holds, then (2.7) implies that even
the distribution of vy is absolutely continuous w.r.t. v forall N > 1.

The penultimate statement of Theorem 1.1 is Lemma 2.6 below. Let us now focus
on the last claim, namely the fact that the support of the Furstenberg measure is the
whole sphere St if A > §R; for all i. More precisely, we show that s, y(Bc(w)) > 0 holds
for every ball of radius ¢ > 0 around any arbitrary point w € S-. For this purpose, let
us pick some u € supp(u, ). In view of Lemma 2.7 (see also below), there exists a
path of finite length from « to w, i.e., there exists N € N and {sn}nN=1 C supp(r) and
{%n}gzl C O(L + 1) = supp(U) such that

holds. Obviously, the event

N N
I TIRA + 2t = TT RO+ Asua) | < ¢
n=1 n=1

has positive probability for all ¢ > 0 and the map (A, v) — A - v is continuous. Therefore,
there exists some ¢ > 0 such that P(vy € Be(w)) > 0 for all vy € Be(u). Now every ball
Be(u) of radius £ > 0 around u € supp(p.,») satisfies i, x(Bg(u)) > 0. This allows to infer
that

or(Be(w)) = / Qjir 2 (v0) P(v € Bo(w)) > / Aty x(v0) Ploy € Bo(w)) > 0,
st Be(u)

which proves the claim. O

Lemma 2.6. If \ < 2-*min{dR;, 1} for somei=1,...,L, then supp(u, ) # S*.
Lemma 2.7. Suppose that A\ > max;—1. L 0R; and that 1 € supp(r). Then for every
couple u,w € S" there exist N € N and s1,...,sy € supp(r) and %, ..., %y € O(L + 1)

such that
N
w = H’R(1+)\5n62/n)~u.
n=1
Next let us outline the proof of Theorem 1.2. It will be useful to split each 7,, into the

unperturbed, deterministic action R and a random perturbation 1 + ArU, and analyze
the action of both factors separately. The unperturbed action R- leads to a decrease of
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the norm of the upper part and an increase of the norm of the lower part. More precisely,
provided that x> ki, 41,11, one has for any v € St obeying ||a(v)|| # 0 # ||c(v)| the
bounds

[a(R-v)[| < fla@)l . [[e(R-v)[| > [e(v)] . (2.9)
The former inequality is now strengthened.
Lemma 2.8. Forallv € S,

v
la®R-w)l* < (1= @I ) la)]? - 2.10)
This implies that the unperturbed dynamics obeys

1 N . =
]\}gnoo a(RY -v9) =0

if ||c(vo)|| > 0 and K, > KL, +L.+1- The random perturbation, on the other hand, may aug-

ment [a(v)|. However, in expectation this growth is bounded by a term of order O(\?).
Lemma 2.9. Let \ € (0,1] and L > 3. Then forallv € S,

3L

Efa((L+x0) o) < a@)f + 3 - (2.11)

At first glance, it may now appear straightforward to prove upper bounds on

E|la(vy)||? for large N by combining Lemmata 2.8 and 2.9. An iterative application

turns out to be more involved, however. The core task is to deal with the expectation

value of products ||a(v,)||? [|¢(v,)]|® in (2.10). This is tackled by the following elementary
lemma.

Lemma 2.10. S‘-valued random variables u with arbitrary distribution satisfy
E fla()l* e@)” = 8 [E lla)]> = P(Icw]* < 9)] 212)

for all ¢ € [0,1].
Consequently the next aim is to bound

P([le (1 +XU) - v,)|? < 6) (2.13)

from above so that inequalities (2.10) and (2.12) can be used. This turns out to be
possible by comparing the random dynamics (1.1) generated by (1.3) with the random
dynamics generated by 1 + A\r, U, instead of 7, that is, the case of R = 1 which has no
hyperbolicity. The comparison of the cumulative distribution function (2.13) under these
two random dynamics is based on the next result.

Proposition 2.11. Let (L,,Ly) # (1,1) and v,w € St be such that |[¢(v)|| > ||c(w)]||. For
alle € [0,1] and X € (0, 1], one then has

P(lc((1+XU)-v)| <€) < P(le((T+AU)-w)| <e). (2.14)
Remark 2.12. Since |[¢ ((1 + ArU) - v)|| and |[c ((1 + ArU) - w)|| are R-valued, the validity
of (2.14) for all € € [0, 1] is equivalent to the stochastic order

P([lc((1+XU) v)] €) >a P(Jc(A+MU)-w)] €, (2.15)

as defined, e.g., in Section 17.7 of [6].

Now one can iteratively combine the second part of (2.9) and Proposition 2.11. For
ordered products, we use the following notation:

k .
. F <k
IIFZ: k VR j_ )
, 1, i>k.
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Corollary 2.13. Let (Lq,Ly) # (1,1). Then forallv €S-, e € [0,1], N € Nand X € (0, 1],

N-—1 N
IP(HC((1+/\TNUN) n];[l R(1+ N Up) H < e) < IP’(H 1:[1 1+)\rnUn)-v)H < e) . (2.16)

Corollary 2.13 allows to bound (2.13) by the r.h.s. of (2.16) with § = €2, This r.h.s.
can readily be estimated if one knows the invariant probability measure on S- under
the dynamics (1 + ArU)- (it is again unique and given by the Furstenberg measure).
The following proposition shows that this invariant measure is equal to the normalized
invariant surface measure v, on St. In the terminology of [12, 11] this means that the
dynamics (1 + ArU)- has the so-called random phase property.

Proposition 2.14. For all A € (0, 1] and h € L*°(S"), one has

/dVL(U)IEh((1+/\rU)~v) = / dv (v) h(v). (2.17)
st st

Atlarge N, the r.h.s. of (2.16) therefore approaches v ({v € St : |[¢(v)]|?> < §}) (see [3],
Part A, Theorem 4.3). Therefore the following geometric identity will be needed.

Lemma 2.15. Forall § € [0,1],

F(ﬂ

8 La+Lp
w ({vest: k@I’ <a}) = r<L>r<)+> / dx(z) 25 11— 2) =51 (2.18)
2 2

which just means that ||c(v)|? is distributed according to the beta distribution with

parameters (tte Loy For (Lq,Ly) # (1,1) this can, moreover, be bounded as follows:

a(fres i <o) < (CE TN 04D e

The following Corollary 2.16 combines Proposition 2.14 and Lemma 2.15 and con-
cludes the transient focus on the special case of R = 1.
Corollary 2.16. Let (L,,Ly) # (1,1) and § € (0,1). Then there exist Ny = No(L, L, ) € N
and n = n(L,L.,d) > 0 such that

2

Latly

(T ) <0) < (G172 -0 eao

holds for all N > Ny and v € S*.

Lemmata 2.8, 2.9, 2.10 and Corollaries 2.13 and 2.16 now allow to conclude.

Proof of Theorem 1.2. Let § € (0,1) and n = n(L,L.,d) > 0 and Ny = NO(L, L.,6) € Nbe
as in Corollary 2.16. Moreover, let us choose N > Ny. Then Lemmata 2.8, 2.9, 2.10 and
Corollaries 2.13 and 2.16 imply the estimate

E ||a(”1\7+1)||2 = Ella(R(1+ )‘7"1\7+1UN+1) : UN)||2

4 ¥d

< (1= 3) Elal+ Mgy Ug ) o) 1P+ 5 B>1((+ Arg 1 Ug ) - vg)I* < 9)

La+Llp L¢

7o { 2 . \2 3La} [( L+1 )T—l(L—kl )7 }75

< (1- 2 |Ea(vg A — §)° ==
76 Ll

< (1—7)EHC‘(UN)||2 + Ms — 5
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where
Latly 4
2

My -2 3le ke (LL+1 )

L+1 5+
( i )7
L+1  2(L+1) \Ly+ Ly L.

An iterative application of this inequality from N=NytoN —1 yields

Y6\ N—N, ~on YO\ N—N
Ela(on)|® < (1= 5)" Elalog)I® + [Ms — 7] > (1-5)" "
N=No
Y6\ N—No 2 Y¥on
< (1= = M -
< (-1 = [y — 2]
for all N > N,. Thus for all
~ lo
N - g(n)ﬁ
log (1 - %)
one has
2 Mj
E 2 ¢ 200 2.21
a(on)[I® < ¥ ( )
Now, the right side of (1.5) is larger than 1 if
L (6/\2La)ﬁ (Lu+Lb>L°¢i";2
L4+1\ AL L+1

satisfies 4 > 1. If this is violated, the choice § = d is possible and optimizes the order of
the right side of (2.21) in A\ and proves (1.5). O

3 Details of the proof of Theorem 1.1

Proof of Lemma 2.1. The first item is obvious. As for the dependence of the distribution
of (v,(1+MrU) -v) onv € ST, let w € St and # € O(L + 1) be such that #w = v. For all
s €[0,1) and % € O(L + 1) one has

(W, (1 4+Xs%)-v) = [[(1+As%)v| ™" (v, (1 + \s% )v)
= QA+ XU || (w, (1 + AW *UW )w)
= (w,(L+ s UW ) -w) ,

but #*UW is distributed identically to U due to the invariance of the Haar measure. O

Proof of Lemma 2.2. The normalized surface measure 1 on S’ is equal to the push-
forward (r,), (0.) = 6L o (r,)”" of the Haar measure 6 on O(L + 1) under the map
7, : O(L + 1) — St given by 7,(U) = Uv, independently of the choice of v € S* (see [9],
Chapter 3). Considering, moreover, the projection g, : S- — R into the direction v given
by ¢, (w) = (v, w), it is also known that the push-forward (s,), (1) = 1o (s,) "' of 11 is
a.c. w.r.t. x with a Radon-Nikodym density given by

e

Var(5)

The action (1.2) can be spelled out explicitly in terms of the random variable Y = (v, Uv)
as

~—

(1-(3)" X - (3.1)

[N

B 14+ MY
VI 22rY + 222

(v, X+ ArU) - v) (3.2)
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Thus let us denote the r.h.s. of (3.2) by G(r,Y). As Y is distributed according to (s,), (v),
itis a.c. w.rt. x on [-1,1]. For s € (0,1], let HS : [V/1 — A2s2,1] — R be the two inverse
branches of y — G(s,y). They are given by

1
Hi(z) = [zQ —1+2(2" — 1+ A%s%) 2} (As)™t.
For every x-nullset X one thus has

G(s,)'(R) = |J Hz(Rn [V1-2252,1]).
o=%

As a consequence,
Gs,) 7 () = HE(NN{vV1-X2s?}) U [ Hy (0 (V1= A2s%1])

o=+
= (HL(N)Nn{=As}) U [J Hi(Xn (V1I-A2%21]) .
o=%

Now Hj are locally Lipschitz continuous on ( 1— \2s2, 1}. This implies that also
G(s,-)71(N) is an x-nullset. Due to the absolutely continuous distribution of ¥ w.r.t. x,
one therefore has

P(G(r,Y) €N) = /dIP’(r € )(s) P(G(s,Y) € )

= /(0 ; dP(r € )(s) P(Y € G(s,-) "' (R)) + xx(1) P(r = 0)

= xx(1) P(r =0)
— Pr=0)5,(8)

and this concludes the proof. O

Proof of Lemma 2.3. Let (s,%) € [0,1] x O(L + 1). Then,

L4+ As%)-v = [[(L4+ )| (1 + As v
1% (14 Xs% || " V¥ (1 + \s% v
(L +XsVU ||~ V(1 + AV U v

= YV*A+AVU) v

holds. But ¥U is distributed identically to U and this implies (2.2). As (1 + As% ) - Vv =
V(14 AsV*%V) - v, the proof of (2.1) follows in a similar manner. O

Proof of Lemma 2.4. By Lemma 2.2, the pure point part of the probability distribu-
tion w, ) of the [v1— A% 1]-valued random variable Z = (v, (1 + ArU) - v) is given by
wf)p/\ = P(r = 0) é;. This implies the first equality in (2.3), since Z = 1 is equivalent to
A+ U)-v=nv.

As for the continuous part of g, » ., let us write

L+XU)-v = Zv + (1—-2%)20, , (3.3)

where v, € S' is a random unit vector orthogonal to v. By Lemma 2.3, the dis-
tribution of v, is invariant under the fixed point group of v, namely the action of
{# €0(L+1) : ¥v=wv}. Thus the distribution of v, is given by the push-forward of
(iy)«(vL_1) under a natural embedding 4, : S+~ — {w € S* : w L v}. Furthermore, Z

EJP 24 (2019), paper 89. http://www.imstat.org/ejp/
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and v, are independent. Indeed, by (3.2) Z only depends on the component Y = (v, Uv)
of the vector Uv in the direction of v, while for Z # 1

PL((].—F)\T’U)'U) PJ_U’U

-z PO

v =

with P, being the projection onto the orthogonal complement of the span of v, so that
vy only depends on the direction of the component of Uv orthogonal to v, which is
independent of the component parallel to v.

Now by the above and Lemma 2.2 the distribution of (Z, (i,)~!(v,)) is equal to
(@A + @2%) ® 11 and therefore

Or v = (E})*(WEPA ®VL—1) + (E})*(W?F)\ ®VL—1) y (34)

where the function

N|=

F,: | 1—/\2,1]><SL_1—>SL, (zy,w) = zv + (1 —2%)2 iy (w)

maps the set {1} x S-=! to the point v and the set [VI=X2,1) x St—1 bijectively onto
{uest: (u,v) € [vi=2%,1)}. Using

(Fo)« (@ @ 1) ({v}) = P(r=0)
and

(Fo)e (@ @) (S"\ {v}) = (@ @) (VI—A21) xS
= B (VTR ) o (6)
0

)

combined with the first identity in (2.3), one infers that (F,).(wh ©@ v—1) and % ,
coincide. This, in turn, implies together with (3.4) that

(Fv)*<W?«S\ ®VL71) = ‘Qif:)\,v + Qf‘(,:)\,v (3.5)

holds and (3.5) is continuous. Now, since the restriction of F), to any compact subset of
[V1=X%,1) xSt~ is bi-Lipschitz, the preimage of any v/ - nullset contained in St\ {v} under
F, is an x ® v _;-nullset and hence, in particular, a @w®% ® v _;-nullset. Therefore, (3.5)
is even absoluely continuous, i.e., the second 1dent1ty 1n (2.3) holds.

As for the proof of (2.4), one may assume that v # w, as (2.4) is trivial otherwise. Now
let Ve O(L+1) such that Vv = w. Since (v, Vv) = (v, V*v), the vectors Vv and V*v have
the same projection in the direction of v. Hence there exists a ¥ € O(L + 1) satisfying
Y v = v such that 7 V*v = Vv. Now by applying both (2.1) and (2.2) one deduces that
for every ball B.(v) C St of radius € > 0 around v

o (Be(v)) = B((1+ M) w € B(v))
=P((A+XU) -veP¥V*B(v))
= P((1+M\U)-v € Be(w))
= oraw(Be(w)).

If e < ||v — w| and due to (2.3), this is equivalent to

0raw(Be(v)) = 0550 (Be(w)) -

Taking the Radon-Nikodym derivatives now implies (2.4). O
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Proof of Lemma 2.5. The map R~'- is Lipschitz because for all v;,v; € S one has

1
IR o — R | = (IR eall = R o)) gt 4 R 1 — v2)

IR~ oz || H

IR~ 1v I
<RI (|IIR vel| = IR || + IR (0r = e2)])
< 2RI [R™ (o1 — wo)|
< 2|[R| [|R™H| flor = vall -
Thus R~! - Nis a v -nullset for any v -nullset X, which implies the claim. O

Proof of Lemma 2.6. Let A < 27%§'R; where 0'R; = min{0R;,1}. Let us denote the
orthogonal projections onto R-1-% x {0} and {0}-"1~ x Ri by 2] and 27}, respectively.
One has the estimates

|2IR-w)? = (1+ |2}/ Rw|?| 2] Ruw|~?)

< (V+mEn A2l 2wl )

|2} w]? (1+ (ki + 1) 0R; || 2wl |? )

IN

|2} wl? (1 + 20R, | 2Ful?)

IN

|2]w)? (1= 6'Rill 2wl?)
and
|21+ As2) - w)l? = 1= |2HL+ A2 || (1 + A5 |2
L= 2+ Aol 2 |1+ s ]
| 2Tl + 22 (|20 + As@ Yl = 2} ) w, 2 w)

IN

A28 <<@jw, (@j + 2/\502/) w>
|2 w]? + 2Xs(1 4 As)? + A2s2(1 + 2)s)

IN

IN

7
|2Fwl? + £
for all w € St, s € [0,1] and % € O(L + 1). Combining these estimates leads to
|21+ AZIR W) = A= N2 P]o]? < SR PToll — TR PTo)? + 47, (3.6)

holding for all v € St, s € [0,1] and % € O(L + 1). For these parameters, (3.6) now
implies the following statements:

O |20l € 3 (1+ [-L VT =T6AER) ) = [Z2H((A+As2)R-0)|> < (1= 3)|2]0],
i) | 2> < 2 (1 - VI-16A0'R) 1) = || 2] (1 +Xs%)R-v)|* < L(1—/T-16A(ER;) ).

As for the dynamics {v,, }»en defined by (1.1) and (1.3), statements (i) and (ii) guarantee
the existence of N € N such that all n € N satisfy

P <||<@jvn+1\,||2 <1(1-T=16A0'R:)- ’ | Plo|? < (14T 16A(5/Ri)—1)) =1
and thus

P (||9>jvn+N||2 <la- \/71—1&(5/7@)*1)) > P (\\@JUH\P <1+ IR T 16)\(6’711-)*1)) .

EJP 24 (2019), paper 89. http://www.imstat.org/ejp/
Page 12/23


https://doi.org/10.1214/19-EJP340
http://www.imstat.org/ejp/

Random perturbations of hyperbolic dynamics

Therefore,
o ({v €82 1700 < 4 (1 - yT=Tx@moT) })
= [ deaton) P (12T ox | < 4 (1 - v ToXERTT)

St
> /dﬂr,A(UO) X{veSL:ngv”K% (1+ \/W)}(Uo)
St

= o (frest Izl <t 0+ @RI })
which is equivalent to
o ({0 €841 4 (1= VI m@RIT) < 210l < 4 (14 vimERrT) ) = 0,

which proves supp(u,») # St. O

Proof of Lemma 2.7. The aim is to construct (s, )n=1,... ~ in supp(r) and (%, )n=1,... .~ in
O(L + 1) such that for a given couple u,w € S

N
HR(IJr)\sn%n)'u = w,
n=1

where v is an initial condition which we may choose to be the stable fixed point e 41, as
the motion from some arbitrary v towards this stable fixed point e ;; via a finite path
is somewhat straightforward and is thus left to the reader. To accommodate notations,
let us use the unit vectors ¢; = e 42— so that Re; = x;¢;. Then w = ;Zi
(w1, ...,w 41)T. Further let us introduce K = max{J € {1,...,L+ 1} : wy # 0}.

wje; =

n

Step 1. There exist N1 € Ny and (%i)nzlw,Nl in O(L + 1) such that

Ny
[[RO+ %F) & = e

n=1
One can assume K # 1 as the statement is trivial otherwise. Let us set

1

62/1i = ‘ 1
0 =+1
1 0

Then R (1 + A%li) €1 = troAéa+ki1€1. Nextforn € {2,..., Ny —1} with N; to be chosen
later, we choose %, = diag(1,...,1,—1). It follows that R (1 + A\%,}) = diag(xL41(1 +
Aoy k2(1+X),k1(1 — X)) so that

N;—1
[T R+azE)ér = £+ N radéa + [ (1 = NV ko

n=1

The assumption on A guarantees that x2(1+ A) > x1(1 — A) and therefore one can choose
Np such that

(1= NNk < )\([ng(1+/\)]N1_1m2)\) :

EJP 24 (2019), paper 89. http://www.imstat.org/ejp/
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Hence, there exists some ¢ < X such that the proportionality relation

Ni—1
[I RO+ M) e « +é + e
n=1

holds. Now, one can choose %ﬁl in such a way that

</\02/J$1(:|:‘ég+6é1),‘él> = —e€

and
U (£8 +€61),86) = 0, ¥V Je{3,...,L+1},

are satisfied. It follows that

lel
1+ xzy) [ RO+A%5)é < +é,
n=1
and thus
Ny
[[RO+ ) & = +é
n=1
holds. In the same vein, one may construct paths from é;_; to é; for J € {3,...,K}. This

finishes the proof of Step 1.

Nextlet us set K=min{J € {1,...,K} : ky = kk}.
Step 2. There exist Ny € Ny, sequences (sp)n=1,...N, in supp(r) and (%,)n=1,....N, in
O(L + 1) such that

Na K K .
[[RQ+Nsu)- ek = ZwJéJHZwJéJH . 3.7)
n=1 J=K J=K

Let Uka 41 bean O(K— K+ 1)-valued random variable distributed according to the Haar
measure. It induces an O(L+1)-valued random variable by UR,K =1 11-k®Uy_g19Lg_y-
Since kx = --- = kg, the action R- is trivial on the submanifold .7 , = {0}-F17% x
SK-K x {O}R_1 and commutes with (1 + )\TUKK)- which acts transitively on .7  (see
Proposition 2.14 for a detailed proof). This shows Step 2. Combined with the above, the
next step concludes the proof.

Step 3. There exist N3 € Ny and (%,)n=1,... N, in O(L + 1) such that

Ns K K 4
HR(1+A%)-ZwJéJHZwJéJH —w. (3.8)
n=1 J=K J=K

One can assume (wR_l, .. .,wl)T # 0, as the statement is trivial otherwise. Let us

abbreviate

K
-1 -
y = (wK,...,’lUR)THZ'UJJéJH e RK-K+I
J=K
and use the notation (xi4+1,...,21)7 := 21(0,...,0,y,0,...0)T with %, to be chosen later.

Set %, = 1forn € {2,..., N3}, where N5 will also be chosen later. Now the L.h.s. of (3.8)
is proportional to

N- N
AR P41, - RcE Trg)T
N
RN (14+X24)(0,...,0,5,0,...0)T = | & (y+Max,--..22)T) |,
N: N:
AMEg? (Tg_s--- s k1 °@1)T
EJP 24 (2019), paper 89. http://www.imstat.org/ejp/
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which in turn has to be proportional to w so that, for some ¢ € (0, ),

N N
)\(ﬁzbilmL“’ <o RGP (Witt1s ooy wksn)T
KR® (y+>\(xK,...,xR)T) = c (Wi, ..., wg)T . (3.9)
)\(fﬁgilxk_l,...,m%xlﬁ (Wg_qs---rw1)T
Now (wi41,--.,wk+1)T = (0,...,0)T requires the choice (x| 11,...,2k+1)T = (0,...,0)T.
Moreover, since y is proportional to (wk, ..., wg)T, the middle part of (3.9) forces us to
set
2 2 \3
(K, .. zg)T = y(l—xl — *Ik,l)z ,
where z;_,,...,z1 are given by the lower part of (3.9) as
o = € W1 po= S
K-1 — Y "~ N3 ° ey 1 — 5 N3
A e A k1

where ¢ and N3 have still to be chosen appropriately in order to satisfy the remaining
middle part, which is now of the (scalar) form

2 K—1

Wl 23 ()

(NI

| = el uw]] -
It hence suffices to demonstrate the existence of some N3 € N such that the function
)

has a zero. As fn,(-) is continuous, it suffices to demonstrate that it attains both negative
and positive values. It is obvious that fx,(0) < 0. Setting

wy
N3
ky

2 K—1
e€0.00) = fre) = elltu )T — mE[1A(1- 53 (
J=1

Cmax(N3) = )\(i (%)2)—1/2

=1
one observes that
N K-1 KR\ 2y —1/2
s (ema(N3) = w8 (A, w) T (3 (w0 255) ) =1]
J=1 Ky
Since ’;—*j < 1 for J € {1,...,R — 1}, positive values are reached for sufficiently
large Nj. O

4 Details of the proof of Theorem 1.2
This section contains the proofs of the preparatory lemmas for the proof of Theo-

rem 1.2.

Proof of Lemma 2.8. Inequality (2.10) is obviously satisfied if a(v) = 0, as in this case
a(R -v) = 0 holds. Now, let a(v) # 0. Then, its validity is demonstrated by the esti-
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mate

2 2\ —
u(R-vm2=:<1+'w<R”W ++k<Rwﬂ|>

la (Rv)]?

p) 2
(KLy4Let1)” lla(v)

— 2 2 KL, 2 !
”WM'G+M”'KMme'*D
< Jla(o)|)? (1 + [le(v)]|? min {1, (KL'{“':LH) _ 1})

2 le()* r. )
<[la()|l (1 — 5 —min {1, (fbeJrLLcH) — 1}) 7

in which we used that [|a(v)||* + [|b(v)||* + |[c(v)]|> = 1 in the third step. Due to the
definition (1.4) this implies the result. O

g@+muwﬂfmmf+mTmej‘

Proof of Lemma 2.9. Let % € O(L + 1) and s € [0,1]. We apply the bound (1 + 2)~! <
1 —xz+22% for z > —1 to z = 2As (v,Uv) + A\*s* where A < 1. This yields the estimate

(1 + As%) || = (1+2Xs (v, Zv) + N\°s 2)_1
<1— (2Xs (v, Zv) + A?s?) + 2 (2As (v, % v) + N’s 2)
= [1- 2257 + 20%51] — 2Xs(1 — 4N2s%) (0, 2 v) + 8A252 (v, U w)®

As any term of odd order in the entries of U is centered, this implies for the average
over U

E [|a ((1 4 AsU)0)||* (1 4 AsU) v||

[1— AZs2 + 20454] <||a(v)||2 + 222K ||a(Uv)||2)

—4 X221 — 4AN*SH E (a(Uv), a(v)) (v, Uv)

+ 8A2g2 (||a(v)|\2E(v,Uv>2 282K [|a(U0)||? (v, UU>2) .

E|la((1+ AsU) -v)|?

IN

The averages on the r.h.s. can now be evaluated explicitly, e.g., using Lemma 2 in [8],

Ela@o)l® = Bt [or (5 ) ulol] =

L+1°

* 1

E (v, Uv)? = E tr[U*|o)(v|Uv)(v] = o
* Le+2
E [[a(Uv)| (v, Uv)? = E tr { < > U o) (ol U0)¢ ] L+1|| L(+)|l))
* 1 a 0 a
E(a(Uv),a(v)) (v,Uv) = Etr [U (6 0>| Vw|U|0) (v @ _ ”L+1
EJP 24 (2019), paper 89. http://www.imstat.org/ejp/
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We obtain

La
Efla((1+As0) o) < [L= X%+ 2Xs"] (Ia<v>||2 A% L+1>

_ 4)\252(1 _ 4A282) ||CL(IU)||2
L+1

2o la@IP | 12 o La+2]a(w)]?
+8ATs < Cr1 Y Lr DLt

B L-3 16(L+4) 9
= (1 — 22 1 + \tst 7@ )L+ 3)> (o)l

L-5 L
1— A% = +2M%6% ) A%
+< R R
This, in turn, implies (2.11), since A < 1 and L > 3. O

Proof of Lemma 2.10. Using conditional expectations, one obtains the estimate

E a(@)* e@)* = E(la@)I l«@)I? | @) > 8) B(le(w)[” > o)
> SE(la@)I | @)l > 8) Ble(w)® > 5)
= 3 [Ella@)I” = E(la@I® | €W < ¢) P(lew)|* <9)]
> 8 [E fla(o)|” = B(I@)I < 5)] -
This proves (2.12). O

Proof of Proposition 2.11. The proof is split into two intermediate steps. The first one is
similar to Lemma 2.3:

Step 1. Let v, w € St satisfy ||c(v)|| = ||¢(w)]||. Then the random variables ||c ((1+ArU) - v)||
and ||¢ (1 + ArU) - w)|| are distributed identically, that is

P(lc((X+XU)-v)|]€-) = P(lc((1+MU) -w)| €-) . (4.1)

For the proof, let us first note that the assumption of |[¢(v)|| = ||c(w)|| guarantees the
existence of (#1, #s) € O(L~u + Lp) x O(L) such that # = #, @ #5 € O(Lq + Lp) ® O(L,)
satisfies w = #'v. Next let L be either equal to L. or equal to L + 1. Furthermore let &;

denote the orthogonal projection onto {0}'—*1*[ x RL. It is obvious that #* commutes
with ;. Hence, all (s, %) € [0,1] x O(L + 1) obey

|2:(1+ A w||* = |72 L+ s Wl = | 2L+ A uw Yo

This identity is now used in the third equality in the following calculation:

le (14 As2 )w)|| [[(1+ As% )w| ™"

120 (1 + A% )l | Pia (1 + A Jw]| ™

|2 (L + X U || PLia (L + AsH*UW Yo| ™!
= e ((M+ s UW )| (X + As# U W )|~

= lc((L+Xs#*UW)-v)| .

le (L + As%) - w)|

But #*U# is distributed identically to U so that (4.1) and thus Step 1 follows.
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In view of Step 1, (2.14) is equivalent to the existence of a path ¢ : [0,1] — S* such
that ||c(+)|| o ¢ : [0,1] — [0,1] is non-decreasing and surjective and that for all € € [0, 1] the
map ¢ — P(||c((1+ ArU) - ¢(t))|| < €) is non-increasing. Hence the proof of the lemma is
completed by the following

Step 2. The map f. : [0, Z] — [0, 1] defined by

fe®) = P(|le((1 + MU) - (cos(t),0,...,0,sin(t)T)]| <e) (4.2)

is non-increasing for all e € [0, 1].

To prove this monotonicity property, it is not necessary to calculate the probability
explicitly, but only proportionality is needed. As mentioned in the proof of Theorem 1.1,
the normalized surface measure v is distributed identically to the pushforward (h,), (6.)
of the Haar measure 6, on O(L+1) under the map h,, : O(L+1) — S* given by h,(U) = Uv
for any v € St. Thus, (1 + M\U) - (cos(),0,...,0,sin(t))T is distributed identically to

(cos(t) + Arzy, Arza, ..., Arzy,sin(t) + Arzp41)7
| (cos(t) + Arz1, Arza, ..., Arzy,sin(t) + Arzp 1)

where (z1,...,2141)7 is assumed to be distributed according to . It follows that

P( ||C ((1 + )‘TU) ’ (COS(t),(L s 7O7Sin<t))T)H < 6) =P (Wet(r7 215 Zlg4Le+1s -0 ZL+1) < 0) )

where
WEh(r, 21, 20 4Ly t1s -+ > 2Lt1) = /\ZTQZE_H + 2X\r(1 — €2 sin(t) 241 + sin®(2)

+ N2 | (2L tg 15+ 20 T2 = (1 + X212 + 2)r cos(t)z1) €2 .
Now WZ(r, 21,20, 4Ly+1,-- -, 2L+1) is @ parabola in z 1 with unique minimum. It attains

non-positive values if and only if

[14+ X%r% 4+ 2Arcos(t)z — (2 — €7) sin2(t)} e > M2, ety - 20T (4.3)

Let us use the notation n.(z) = ||(2L,+1,+1,---,2L)T||?. If (4.3) holds, then the inequality
W, 21, 2L 4Ly +1, - - - » 21+1) < 0 is equivalent to

ai)_(r, 21,mc(2)) < Arzpeg < aﬁ7+(r, z1,nc(2)) , (4.4)

where the two roots of the polynomial are

1
2

aﬁ’i(r, 21,nc(2)) = (€2 =1)sin(t) % | (1+A21r2 42\ cos(t) 2, — (2—€?) Sing(t))e2—)\2r2nc(z)}

For later use, let us note that a! , (7, z1,n(z)) is non-increasing in ¢.

Next let s, € [0,1] and u € [-1,1] and set psua = AsV1—u? —a. Now r and
(21, 2L, +Lg+1,- - - » 2L+1)T are independent, and, provided that ||(21, 2L, L, +1,-- -, 20)T||> =
u? + @ is fixed, 2z 4 is distributed equally to one component of a uniformly distributed
vector on the sphere V1 — u2 — @ Stette—! of radius v/1 — u2 — @. Therefore one has the
proportionality for the derivative of the conditional distribution

5 Llatly—3

d ~ .
@P()\T‘ZL_;_l < x‘ (r,z1,n(2)) = (s,u,u)) x (1-w?—i— %) 2 X[=pe.v.aps.u.a] (T) -

This is similar to (3.1) for v = e 1. Combining this proportionality relation with (4.4),
still under the assumption that (4.3) is satisfied, one deduces that

P(W:(r, 21y 2Ll t1y - - -5 241) <O (1, 21,mc(2)) = (s,u,'&))
al  (s,u,d) ) 5 Llatly—3
= [ ax() (1= w2 =i = 582)  ° Xpuoponal@® . (45)
at _(s,u,a)
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On the other hand, the probability on the 1.h.s. vanishes if (4.3) is violated. By using that
the Lh.s. of (4.3) is non-increasing in ¢ as long as it is non-negative, this is equivalent
tot € [be(r, 21, 2Ly +Lo+1, -+ -5 2L), 5] fOr some be(r, 21, 2,41, 41,---,2) € [0,F]. Hence it
suffices to demonstrate that the r.h.s. of (4.5) is non-increasing in ¢ under the condition
that (4.3) holds. As one has the inequality |a , (s,u,@)| < —al (s, u,@), it is sufficient
to consider the cases

(1) ps,u,ﬁ S [07 |a’i,+(3a u, a)” )
(i) psua € (Jab o (s,u, @), —al _(s,u,a)],

(i) psu.a € (—al _(s,u, @), As] .

In these cases the r.h.s. of (4.5) reads respectively:

Ps,u,a 5 Lat+lp—3
2

O oo (0l () [ axta) (1wt —a- )

Ps,u,i

La+ly—3
p)

az,Jr(s,u,ﬂ) )
(ii) / dx(z) (1 —u® — 0@ — %) ;

Ps,u,i

a; | (s,u,@) 5 Llatly—3
(iii) / dx(z) (1—u® -0 —%5) °
al _(s,u,a)
Now, still under the condition that (4.3) holds, aﬁ7+(s, u, ) is non-increasing in ¢ and,
thus so is (4.5) in the cases (i) and (ii). Moreover, one has the inequality

d ~ d -
&az7+(s,u,u) < aai}_(s,u,u) <0.

If L, + Ly > 3, the case (iii) is therefore dealt with by

2 Latlp—3

Z(l—uQ—ﬂ_w) 2

A2s2

t ~\2 Latly—3
(e
In conclusion, (4.5) is non-increasing in ¢ for all s,a € [0,1] and v € [-1,1]. Due to
L, + Ly > 3, this finishes the proof of Step 2 and hence also the propostion. O

Proof of Corollary 2.13. For w € S-, N € N, N € {1,...,N} and M > N + 1, let us
consider the stochastic order

P(fe(l TI @ +xaU]R w)l|€) =a P(|le(] 11 (14 A U)] - w) € ) .

n:1\~/'+1
(4.6)

For M = N + 1, it follows from Proposition 2.11 and the estimate

[N

le(w)l

(14 ()2 ()] + o)) () 2 le(uw) | 7]

Nl

< [1+ (la(Re) P + o(Rw) ) fle(Raw) | ]
= le(R-w)| .

holding true whenever ||¢(w)|| > 0. Next we show by an iterative argument that (4.6)
also holds for larger M. This is based on the general fact that the expectations of any
non-decreasing function of a pair of stochastically ordered random variable is ordered
(see e.g. [6], p. 385). Due to (4.1), the map g, : [0,1] — [0,1] given by

ge(@) = P(lle((1+ArU) - @) > e [e(w)]| = )

EJP 24 (2019), paper 89. http://www.imstat.org/ejp/
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is well-defined for all ¢ € [0,1]. Moreover, it is non-decreasing by Proposition 2.11
and can be extended to a non-decreasing function on R. Thus if (4.6) holds for some
Me{N+1,...,N —1}, then all € € [0, 1] satisfy

M M
Eg (e T @+ xR w)ll) = Eg.(|le( TT (0 +xrta)-w)]])
n=N+1 n=N+1
or, equivalently,
M+1 M+1
P(le(f TT @+ watwR-w)|[ <€) < P(e( TT 1+ amt)-w)| <),
n=N+1 n=N+1

namely (4.6) remains valid if M is replaced by M + 1 so that it also holds for M = N. As
w € S* is arbitrary in the above, one infers that all (v,€) € St x [0, 1] obey

B (e fv[ (1+Arals H (1+2rU) o) | <€)

A=N+1 =

= /SL dP((1+ArgUg) TINZ R @+ Araln) v € ) (w) P([[e (T2 g4, @+ Araln)) R w) | <€)

21

IN

/SL dP((1+ArgUg) TINS R @+ Araln) v € ) (w) P([Je (T g,y (14 Araln) - w) | <

2

= P(Hc( ﬁ (1 + ArpUz) 1:[1 R(L+ M, Uy) U)H < e) )
A

An iterative application of this bound yields (2.16). O

Proof of Proposition 2.14. Let h € L>°(S"). Using Tonelli’s theorem in the second step as
well as (2.4) in the penultimate step, one finds

dgg,ck,v
/S'— dv(v) /S'- du (w) TVL(U)) h(w)
_ dgg?)\,v
= /S'— dy (w) /S'- dv (v) T/L(w) h(w)

dgr,/\,v
/SL du (w) h(w) /SL du (v) TyL(w)

o,
N
g
4
N—
T
o,
=)
=S
;O
=
IS
N—
>
—
&
Il

Il
=)
;
>
[

7]

A

S~—
T

o,

N
kS
—~
S~—

>
—~~
E

Combining this with (2.3) yields
/SL du(v) Eh((1+ArU)-v) = /L du (v) /SL dorau(w) h(w)
= [ [ g ) nw) + [ ane) [ a0 b
= o8 [ dnw) ) + 656 [ dnw) b
— QT’M)(SL) /SL dy (w) h(w).

Since g, is normalized, the claim (2.17) follows. O
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Proof of Lemma 2.15. The measure v is given by the normalized restriction of the L-
dimensional Hausdorff measure in R-*! to the sphere S* (see e.g.[9]). LetL = LT +L=+1.
Later on, we will choose L~ = L. — 1. Then let us decompose v € R-*! as follows

o= (Gt )

where r = ||v]|, [0, 2] and v* € St ¢ RL*+1 are unit vectors which are then described

by angles (9%, ceey Gli) € [0,27) x [0,7T)X'-i*1 using the standard spherical coordinates,
namely v = v*(65, ..., 0%, ) has the components
Li
= H sin(0%) , v = cos(6F ) H sin(6F) | vl_iiﬂ = cos(fE) .
n=~k

This provides a bijection from R""! to (0,00) x (0, %) x (0,2m)*2 x (0,7)*-"+" =2 up to
sets of zero measure. The Jacobian of the transformation is

7 — det cos(f)vT  —rsin(@)vt  rcos(0)dy+vt 0
— U \sin0)v-  reos(O)v- 0 rsin(0)0p-v= )

which can be evaluated explicitly

J = rtcos(6)t sin(0 (H sin(6;7)"~ 1) ( ﬁ sin(@;)”’1> :
n=l

Hence
f”““‘(“) dx(6) sin(6)- cos(0)-
f(f dx(6) sin(f)- cos()L*

Setting L~ = L. — 1, substituting = = sin(f)? and evaluating the integral in the numerator
leads to the identity (2.18). The generalized binomial coefficient can be bounded as

follows: )
<5( L+1) *1<L+1>7‘
)y T2 La + Le L.
Latlp

Furthermore, as (Lq,Ly) # (1,1), the factor (1 —2)~ = ! can be bounded by (1 — %) so
that the numerator in (2.18) is bounded by

9 L Latlg L 2 1) 2 L )
d R e < =071 - .
/0 (@) a2 (1—z) = < Q[Lc Lc+2} =L d 6}

This proves (2.19). O

v ({vest : sin()* <d}) =

Latlg

Proof of Corollary 2.16. Let ¢ € (0,1) and € € (0, min{d, 1 — §}). Clearly
supp(L+ ArU) = {1+ As% | (s,%) € supp(r) x O(L+ 1)}

is both contracting and strongly irreducible (see [3], Part A, Definition III. 1.3 & III. 2.1),
since r # 0 and A > 0. By Furstenberg’s theorem, it follows that there is a unique
invariant measure which due to Proposition 2.14 is given by the Haar measure 1, on S'.
Furthermore, by Theorem II1.4.3 in [3], one has for any continuous function & : St — R
that

N
lim sup H 1+ Ar,Uy) - v) — / dy (w) h(w) | = 0.
N—oo st el st
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Let us choose
hse(v) = min{1a€_1 (5+€— [[e(v)]] )} X{[lc(w)|2<s+e} (V) -

By construction, hs . is continuous. Thus there exists an Ny = NO(L, L¢,d,¢) € N such
that all N > N, and v € S* satisfy

< €. (4.7)

N
E h5 . H 1+ A, Up) - v) — / dui (v) hs,e(v)
oot st

Further, h; . can be bounded from below and above by indicator functions:

X{le@)2<ey < hse < X{je(w)|2<dte} - (4.8)

Now using (4.7), (4.8) as well as (2.19) with § + ¢ instead of ¢ it follows that

e 1;[11+>\rn W) -o)|* < 9)

N

E hé,e( [T +xls) - v)

n=1

/ du (v) h'&e(v) +e
n({le@)* <d+e}) +
L+1 \=4"-1/L+1 &
= (LaiLb) 2 ( :r (‘He)) 2 (“%) te
(ST e,
the last equation simply by definition of 7(e, §). Now one readily checks that lim. o (e, d)

is positive and therefore, by continuity of 7(e, §), there exists a positive e for which the
bound (2.20) is satisfied for some positive n = n(L, L., d) > 0. O

IN

IN

IN
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