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First passage time of the frog model has a sublinear
variance
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Abstract

In this paper, we show that the first passage time in the frog model on Z¢ with
d > 2 has a sublinear variance. This implies that the central limit theorem does not
hold at least with the standard diffusive scaling. The proof is based on the method
introduced in [4, 11] combined with a control of the maximal weight of paths in a
locally dependent site-percolation. We also apply this method to get the linearity of
the lengths of optimal paths.
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1 Introduction

Frog models are simple but well-known models in the study of the spread of infection.
In these models, individuals (also called frogs) move on the integer lattice 74, which
have one of two states infected (active) and healthy (passive). We assume that at the
beginning, there is only one infected frog at the origin, and there are healthy frogs at
other sites of Z%¢. When a healthy frog encounters with an infected one, it becomes
infected forever. While the healthy frogs do not move, the frogs perform independent
simple random walks once they get infected. We are interested in the long time behavior
of the infected individuals.

To the best of our knowledge, the first result on frog models is due to Tecls and
Wormald [23], where they proved the recurrence of the model (more precisely, they
showed that the origin is visited infinitely often a.s. by infected frogs). Since then,
there are numerous results on the behavior of the model under various settings of initial
configurations, mechanism of walks, or underlying graphs, see[1, 3, 6, 13, 14, 15, 16, 18].
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Sublinear variance of first passage time of frog model

In particular, Popov and some authors study the phase transition of the recurrence versus
transience for the model with Bernoulli initial configurations and for the model with
drift, see [2, 12, 14, 22]. Another interesting feature in the frog model is that it can be
described in the first passage percolation context, which is explained below. In fact,
Alves, Machado and Popov used this property to prove a shape theorem [1]. Moreover,
the large deviation estimate for the first passage time is derived in [8, 19] recently.

The frog model can be defined formally as follows. Let d > 2 and {(S7),ew,z € VAS:
be independent SRWs such that S¢ = x for any = € Z¢. For z,y € Z¢, let

The first passage time from x to y is defined by

k
T(z,y) = inf { Zt(mi,l,xi) i x = xg,...,x; =y for some k}

i=1

The quantity T(z,y) can be seen as the first time when the frog at y becomes infected
assuming that the frog at x was the only infected one at the beginning. For the simplicity
of notation, we write T(z) instead of T(0,z). A path v = (z;)¢_, with 29 = z and z, = y is
said to be optimal if T(z,y) = Zle t(x;_1, ;). For any x,y € Z%, such a path certainly
exists since T(z,y) is a finite natural number almost surely by Lemma 2.1.
It has been shown in [1] that the first passage time is subadditive, i.e., for any
T,Y,2 € Z-
T(z,2) < T(z,y) + T(y, 2). (1.1)

The authors of [1] also show that the sequence {T((k — 1)z, kz)};>1 is stationary and
ergodic for any z € Z%. As a consequence of Kingman’s subadditive ergodic theorem
(see [17] or [1, Theorem 3.1]), one has

T
lim m — K, a.S., (1.2)
n—oo n
with
Kk, = inf L(T(nz))
nE]NZl n

Furthermore, a shape theorem for the set of active frogs has been also proved, see [1,
Theorem 1.1]. The convergence (1.2), which can be seen as a law of large numbers,
implies that for any = € Z“ the first passage time T(z) grows linearly in |z|;. A natural
question is whether the standard central limit theorem holds for T(z). The first task is
to understand the behavior of variance of T(z). In [19], the author proves some large
deviation estimates for T(x), see in particular Lemma 2.2 below. As a consequence, one
can show that Var(T(z)) = O(|z|;(1 + log |z|1)?4), for some constant A, see Corollary 2.3.
However, this result is not enough to answer the question on the standard central limit
theorem.

Our main result is to show that the first passage time has sublinear variance and thus
the central limit theorem with the standard diffusive scaling! is not true.

Theorem 1.1. Let d > 2. Then there exists a positive constant C' = C(d) such that for
any = € Z¢,

C|ar|1
Var(T(x)) < .
( ( ) log ||

lIndeed, it follows from Theorem 1.1 and Chebyshev’s inequality that IP L(2)-BI(z)) >t) < <
VE(T (2)) t? log |z[1

0 as |z|1 — oo. This rules out the possibility of holding the standard central limit theorem.
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The frog model on Z (i.e., d = 1 in our setting) has been carefully investigated
by many authors, see e.g., [6, 4, 14]. In particular, Commets, Quastel and Ramirez
[10] proved the standard Gaussian fluctuation for the first passage time T(z). As a
consequence, Var(T(x)) =< |z|; and the standard central limit theorem for T(z) holds.
We also notice that not only the fluctuation but also the large deviation behavior of T(x)
in one dimension is different from that in higher dimensions. Indeed, in the forthcoming
paper [8], we and Kubota prove that ¢(z) = —logP(T(x) > (1 4+ ¢)E(T(z)) behaves
differently when the dimension increases. More precisely, we show that if d = 1 then
o(z) is of order +/|z[1, if d = 2 then ¢(z) is of order |z|;/log|z|; and if d > 3 then ¢(z) is
of order |z|; as |z]|; — oc.

The sublinearity of variance as in Theorem 1.1, which is also called the supercon-
centration, was first discovered in the first passage percolation with Bernoulli edge
weights by Benjamini, Kalai and Schramm [5]. Hence, this result is sometimes called
BKS-inequality. Chatterjee [9] found the connection among properties of superconcen-
tration, chaos and multiple valleys in, for example, the gaussian polymer model and
Sherrington-Kirkpatrick model (see Chapter 5 and 10 in [9]). This relation is expected
to hold in general models. Therefore, the superconcentration is not only an interesting
result itself but also an important property to study the structure of optimal paths and
the energy landscape.

The method in [5] has been improved by Benaim and Rossignol in [4] to show the
sublinearity of the variance of T(z) in the first passage percolation with a wide class of
edge weight distributions, which they called “nearly gamma”. Finally, Damron, Hanson
and Sosoe in [11] generalized the result to all edge weight distributions with 2 + log finite
moment. In this paper, we closely follows the method given in [5, 4, 11]. However, there
are some other difficulties to prove the sublinear variance in the frog models, which will
be explained in a sketch of the proof below.

1.1 Sketch of the proof

First, we define F,, the spatial average of T(z) as

1
Fo = Z T(z, 2z + x),
#B(m) z€B(m)

with m = [\a:|1/4} and we prove in Proposition 3.1 that |Var(T(z)) — Var(F,,)| = O(|x\‘;’/4+€)

for any € > 0. That means we only need to study Var(F,,). As in [4, 11] we consider the
martingale decomposition of F,,,

Fm - E(Fm) - Z Ak’v
k=1

where
Ak- = E(Fm | ]rk-) - E(Fm | Fk—l)v

with F}, the sigma-algebra generated by SRWs { (Sfi) jen,i=1,...,k} and Fj the trivial
sigma-algebra. Note that here we enumerate Z“ as {r1,22,...}. As we will see later,
with the help of the weighted logarithmic Sobolev inequality (Lemma 2.8) and the Falik-
Smorodnisky inequality (Lemma 3.2), our problem is reduced to prove a series of lemmas
3.4, 3.7 and 3.8. For illustration, we sketch here the proof of Lemma 3.4, where we show
that as L — oo,

—1
]E( max ZTl(yi,yi+1)> = O(L), (1.3)
1

Y=(y:){—1 €PL i
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where T, is a modified first passage time, and P, is the set of paths in the box [ L, L]?
with length less than L (see (3.19) and section 1.3 for precise definitions). Although
the passage times {T;(y;,yi+1)}: are concentrated around their means, the correlation
among them makes the above problem difficult and interesting. Fortunately, the passage
times have the local-dependency property. Indeed, we will show in Lemma 3.9 that

(01) for any u,v € Z% M > 1, the event {T;(u,v) = M} depends only on SRWs
{(8%) : | —uly < M},
(O2) there exist an integer C; > 1 and a constant €; > 0 such that for any u,v € 7,

P(T1(u,v) > Ciu—vl) < exp(lu = vl").

Starting from these observations, for any path v = (y;)¢_,, we consider the following
bound

-1

ST Tiwiyicn) < DY (CL1M +k)aG, (1.4)

i=1 M>1k>0
where

Ao = Z I(lyi — yiv1l = M, T1(yi, yiv1) < C1 M),
Yi €Y
and for k > 1,
apg = Z I(lyi — yit1l = M, T1(yi, yir1) = C1M + k).

Yi €Y

Hence

ZT1 (i, yis1) < Cilyli+ ) kaly (1.5)

M>1k>1
with |v|; = Zf;ll ly; — yix1]. It is obvious that
W < Xarp(y) =Y I, (1.6)
yey

where
IMk I3z: |z —yli <M, Ti(y,2) = C1 M + k).

Now we arrive at

-1
max T1(yi, yiv1) < C1L + max EX vk ( (1.7)
S er, 2 Ser 2

Here considering the site-percolation on Z¢ generated by the collection of Bernoulli
random variables {I}"* y € Z%}, Xy (7) is the total weight of v on this percolation.
Thanks to the observation (01), the site-percolation is (Cy M + k)-dependent and by the
union bound and (02),

Q= sup B(I)"F) < (2(C1M + k) + 1) exp(—(C1M + k)1).
yezZ*

In the next section, we prove Lemma 2.6 to control the maximal weight of paths in locally
dependent site-percolation by using a known result for independent site-percolation and
tessellation arguments. In particular, we can show that, with some constant C' > 0,

E (max Xre(y )) < CL(C1M + k)%qy,
YEPL

< CL(CiM + k)™ exp(—(C1 M + k)= /d).
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Plugging this estimate into (1.7), we get (1.3).
Our approach seems to be robust and useful for other problems. In particular, using
a similar method, we also prove the linearity of the length of optimal paths.

1.2 The linearity of the lengths of optimal paths

Given z,y € Z4, let us denote by O(z, ) the set of all optimal paths from z to y. We
simply write O(x) for O(0, x). For any path v = (y;){_, C Z¢, we denote the length of
as l(y) = ¢. We will prove that the lengths of optimal paths from 0 to x grow linearly in
|z|1 despite of the fact that optimal paths may have jumps with size tending to infinity as
|x]1 — oc.

Proposition 1.2. Let d > 2. Then there exist positive constants ¢, ¢ and C such that for
any z € Z4¢

P ( ¢zl < min I(y) < max I(y) < Clz]; ) >1—e 7,
(cleh < min 1) < max 1) < Clal ) >
1.3 Notation

o Ifx = (21,...,74) € Z%, we denote |z|; = |z1| + ... + |24

s For any n > 1, we denote B(n) = [-n,n]%.

+ For any / > 1, we call a sequence of / distinct vertices v = (y;)¢_, in Z? a path of
length ¢, we denote |v|1 = |y2 —y1]1 + - .- + |ye — ye—1]1-

* Given y = y; € v, we define 4§ = y;41 the next point of y in v with the convention
that g, = ye.

* We write y ~ y € v if ¢ is the next point of y in ~.

e For L > 1, we write
Pr={y=Wi)iz1 CBL)| W < L, yi #y; if i # j}.

» If f and g are two functions, we write f = O(g) if there exists a positive constant C
such that f(x) < Cg(z) for any x.

* We use C > 0 for a large constant and ¢ for a small constant. Note that they may
change from line to line.

* Given a set A C Z4, we denote by |A| the number of elements of A.

1.4 Organization of this paper

The paper is organized as follows. In Section 2, we present some preliminary results
including large deviation estimates on the first passage time and an estimate to control
the tail distribution of maximal weight of paths in site-percolation, the introduction
and properties of entropy. In Sections 3 and 4, we prove the main theorem 1.1 and
Proposition 1.2, respectively.

2 Preliminaries

2.1 Large deviation estimates on first passage times
We present here some useful estimates on the deviation of first passage times.

Lemma 2.1. [19, Proposition 2.4] There exists an integer C; > 1 and a positive constant
¢1 such that for any z,y € Z? and t > Cy|z —y

1,

P (T(z,y)>t) <e *".
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We notice that Lemma 2.1 was first proved in [1, Lemma 4.2] for the case t = Ci|x—yl|;.
It follows from Lemma 2.1 that there exists C' > 0 such that for any z € Z¢,

ET(z) < Clzl;. (2.1)

The following concentration inequality is derived in [19].

Lemma 2.2. [19, Theorem 1.4] For any C > 0, there exist positive constants a,b and A
such that for any = € Z? and (2 + log|z|1)* <t < C+/|z]1,

P(|T(x) — ET(z)| > t/[a]1) < e "

As a direct consequence of Lemmas 2.1 and 2.2, we have the following.

Corollary 2.3. There exists a positive constant A such that
Var(T(z)) = O(|z|1(1 + log |z[1)?4).

Proof. We take a positive constant C sufficiently large such that Lemma 2.1 and (2.1)
hold. By using the fact E(X?) = [, 2tP(X > t)dt for any non-negative random variable
X, we get

Var(T(z)) = /O T oP(T(2) — ET(x)| > H)dt
(2410 2[4 +/ToTs
_ / %P (|T(z) — ET(z)| > t)dt
0
o e 2P(|T(x) — BT(2)] > t)dt
(2+log |2[1)A/Jal1 B
+/Oo 2tP(|T(xz) — ET(z)| > t)dt. (2.2)
QC\w\l

The first term of the right hand side (2.2) can be bounded from above by
/(2+10g z]1)* /][4

0

2tdt < (2 + log|z|1)?4|x|;.
By Lemma 2.2, the second term is bounded from above by
2|1 /OOO 2t dt = O(|x)y).
Finally, by (2.1) and Lemma 2.1, the third term is bounded from above by

/ 2tIP(T(x)2t/2)dt§/ 2te= /D™ dt = O(1).
2C |z |1 2C |z |1

Combining these estimates, we get the conclusion. O
Lemma 2.4. There exists a positive constant e, such that for any =,y € Z% and M > 1,
P(T(x,y) = t(z,y) = M) < e M7,

Proof. If |z —y|; < M?/3, then the result follows from Lemma 2.1. Assume that |z —y|; >
M?/3, Then a well-known estimate for the trajectory of random walk (see [20, Proposition
2.1.2]) shows that for some positive constants ¢ and C,

P ( max |S§ -z > r) < Ce=c’/k, (2.3)
0<j<k
Therefore,
P(t(z,y) =M) <P < max [S7 — x|y > MQ/S) < Qe M’ O
0<j<M
EJP 24 (2019), paper 76. http://www.imstat.org/ejp/
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2.2 The maximal weight of paths in site-percolation

2.2.1 The case of independent percolation

Let {I,},cze be a collection of independent random variables such that P(I, = 1) =
1 —P(I, = 0) = p, < p with a parameter p € [0,1] for all x € Z¢. For any A C Z<, we
define the weight of A as X (A) = > 4 I.. The maximal weight of paths in Pz, is defined

as

X, = X ().
L = max ()

The tail distribution and expectation of X; can be controlled by the following lemma.

Lemma 2.5. There exist positive constants A; and A, such that the following statements
hold.

(i) If min{sLp'/? s} > A; then
P (XL > stl/d) < exp (—stl/d/2> .
(ii) Foranyp € (0,1)and L > 1,
E(Xp) < AyLp'/e.

Proof. We start by recalling a result in [11] on the maximal weight of lattice animals
(i.e., connected sets containing 0). Define

Np, =sup{X(A):0¢€ A, Ais connected,

Al < L+1}. (2.4)

In Lemma 6.8 in [11], the authors show that there exist positive constants A} and A}
such that

(a) if Lp'/¢ > 1 and s > A’, then
P (NL > stl/d) < exp (stpl/d/Q) ,

(b) forany p € (0,1) and L > 1,
E(Ny) < AyLp'/.

(d+ 1)L with yo = 0. Considering shortest paths from y;_; to y; for 1 < ¢ < £ in the lattice
74, there exists a connected set A C Z“ such thaty C Aand |A| < 1+ Zle lys —yi—1l1 <
(d+1)L + 1. Therefore X (v) < X(A) < N(g41), forall v € Pr. Hence

Let v = (yi)le € Pr. Then v C B(L) and Zsz lyi —yi—1]1 < L. Thus Zle lyi — yi—1]1 <

X1 < Nigsnyr- (2.5)
Using (2.5) and (b), we obtain (ii). We now prove that (i) holds for A; = (d + 1) A} with

A asin (a). Let us denote by PP, the probability measure of site-percolation with density
p. Using (2.5),

P, (XL > stl/d) <P, (N(dH)L > stl/d) ~P, (N(dH)L > 2(d+ 1)Lp1/d) . (2.6)

Suppose min{sLp'/? s} > A;. If (d + 1)Lp*/® > 1, then using (a) and 79 > Al

P, (N(M)L > S(d+ 1)Lp1/d) < exp (—stl/d/Q) . 2.7)

EJP 24 (2019), paper 76. http://www.imstat.org/ejp/
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For the case (d + 1)Lp/? < 1, we define ¢ = L~¢. Then p < g and (d + 1)Lg"/® > 1. Thus
using the monotonicity of P, in p and (a),

r, (N(d-i-l)L > SLpl/d) < P, (N(d+1)L > SLpl/d)
/d
= Py (N(d+1)L > ffH (d+ 1)Lq1/d)
< exp (—stl/d/Q) , (2.8)
since Sflf’H > A}. Combining (2.7) and (2.8) we get (i). O

Given M > 1, let {1,z € Z%} be a collection of Bernoulli random variables such that

(E1) {I,,z € Zd} is M-dependent, i.e., for all z € Z¢, the variable I, is independent of
all variables {I, : |y — z|1 > M},
(E2) qu = supyeza E(L;) < (3M + 1)~

For any path v in Z¢, we also define

=> L, Xp=maxX(y) (2.9)
xey V€L

Lemma 2.6. Let M > 1 and {I,,z € Z%} be a collection of random variables satisfying
(E1) and (E2). Then there exists a positive constant C' = C(d) such that

(i) forany L > 1,

E(X,) < CLM* gl (2.10)
(i) if n > CM%max{1, MLg},"}, then
P (X1 >n) < 2%exp(—n/(16M)%). (2.11)

Proof. For each M > 1, let us consider a standard tessellation of Z¢ constructed as
follows. Enumerate {0,1}% as {w;,i = 1,...,2%}. Then for any i € {1,...,2¢} and z € Z¢,
we define

BM = 3M (w; + 2z) + [0,3M]". (2.12)

Then (B” )i,~ are boxes of side length 30/ satisfying

(a) for all y € Z¢, there exists BM containing v,
(b) foranyi=1,...,2% the boxes in the i-th group, (B}) satisfy that the distance |- |,
between two arbitrary boxes is larger than 3M.

Fori=1,...,2% 2z € Z% and v € P;, define

Xi-()=X(ynBY)= Y L.

zeyNBM,
Then by (a),
2d
X)€Y Xolo) @.13)
=1 ze74
Itis clear thatforalli=1,...,27,
Z Xi.(v) < (3M +1)4 Z (2.14)
2€7Z4 zenhM
EJP 24 (2019), paper 76. http://www.imstat.org/ejp/
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where n*M is the projected path of v defined by
nM = {z € ZdzvﬁBf-‘é + o},
and ‘
Y} =1 (3 € B}, such that [, =1).

Since v € Pr, we have
M € Proyeu-

Hence,

Y/ <  max Y= X} (2.15)
Z NEPIL/(3M)] ; LM

Combining this inequality with (2.13) and (2.14) yields that

2d

LfmaxZZX” (BM+1)"> "X} . (2.16)

€PrL
v 1=1 zeZ4d =1

By (b) and (E1), (Y;)Zezd are independent Bernoulli random variables. Moreover, by the
union bound and (E2)

pu = sup B(Y?) = supP(3z € B I, =1)
(i:2) (:2) (2.17)
< (3M + 1)qp < 1.

Now applying Lemma 2.5 to the set of random variables (Y),c« and the set of paths
'P[L/ (3m)], we get

E(X: ) < As[L/BM)]py, (2.18)
with A5 as in Lemma 2.5 (ii). Combining (2.16), (2.17) and (2.18) gives

E(Xy) < A2Y[L/(3M)|(3M + 1)%p),"
< CLM*g? (2.19)

for some C' = C(d). This proves (ii). We now turn to prove (i). Observe that by (2.16), for
all n

24 24
P(X,>n) <P Y X} >n/@M)* | <> P (X] 5 >n/BM)%). (2.20)
=1 =1

By Lemma 2.5 (i), foralli =1,...,2¢%

n

i n dy _ i 1/d
P (XL,M >n/8M)") =P (XL,M > 801)1 [L/(3Mﬂp}\4d [L/(3M)]py; )

< exp (—n/(28M)7))

provided that
n

n
{ (8M)™" (41 fL/(zMﬂp”d}
with A; as in Lemma 2.5 (i). Using (2.17), the condition (2.21) follows if

min > Al, (221)

n > Ay (8M)*max{1, [L/(3M)](3M + 1)q"/*}, (2.22)

EJP 24 (2019), paper 76. http://www.imstat.org/ejp/
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which is satisfied if
n > CM%max{1, MLq},"}, (2.23)

for some C' = C(A;,d). In conclusion, if (2.23) holds then

P (X1 >n) < 2%exp(—n/(16M)%). (2.24)

2.3 Entropy
Let (Q, F, i) be a probability space and X € L!(f2, 1) an non-negative random variable.
Then the entropy of X with respect to i is defined as
Ent,(X) =E,(X1logX) —E,(X)logE,(X).

Note that by Jensen'’s inequality, Ent,(X) > 0. The following tensorization property of
entropy is well-known and we refer the reader to [7] for the proof.

Lemma 2.7. [7, Theorem 4.22] Let X be a non-negative L? random variable on a product

space
<HQ“J—'.,M = ]:[/%) )
i=1 i=1

where F = /2, G;, and each triple (£;,G;, 11;) is a probability space. Then
Ent,(X) <> E,Ent;(X),
i=1

where Ent;(X) is the entropy of X (w) = X((w1,...,w;,...)) with respect to p;, as a
function of the ¢-th coordinate (with all other values fixed).

The following weighted logarithmic Sobolev inequality will be useful for estimating
the entropy of martingale difference.

Lemma 2.8. [21, Lemma 2.6] Assume that & > 2. Let f : {1,...,k} — R be a function
and v be the uniform distribution on {1,...,k}. Then

Ent, (f%) < KE((f(U) — f(U))?),
where E is the expectation with respect to two independent random variables U, U, which
have the same distribution v.
3 Proof of Theorem 1.1

3.1 Spatial average of the first passage time

We consider a spatial average of T(z) defined as

1

F,, = T(z,z 4+ x), (3.1)
FB(m) ZEBZ(m) (2.7 4 )
where
4
m = [|z|;].

Proposition 3.1. For any ¢ > 0, it holds that

[Var(T(z)) — Var(F,,)| = O(|z[;/*+).

EJP 24 (2019), paper 76. http://www.imstat.org/ejp/
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Proof. For any variables X and Y, by writing X = X — E(X) and || X[, = (E(X?2))!/2
and using the Cauchy-Schwarz inequality, we get

[Var(X) — Var(Y)| = |[E(X? - Y?)| [1X + Y l2]|X = Y1l

(I1X]l2 + 1Y ]|2)||X = Y2 (3.2)

VARV

We aim to apply (3.2) for T(z) and F,,,. Observe that

||F STz 2+ @)l = 170, 2) |2, (3.3)

1
mlle < 57—
#B(m) z2€EB,

by translation invariance. By Corollary 2.3,
IT(0,2)[|2 = /Var(T(z)) = O(|z|i/*(1 + log |z]1)?). (3.4)
Using the subadditivity (1.1),

IT(0,2) = Fnll3 = [|T(2) — Finl[3
2

1

= 30y | 2 (@ - T+ o)

z€B(m) )

2

< > (T(2) + T(w, 2+ ) + T(2,0) + T(z + 7, 2))
= #B(m)? o T,z+x z, z+z,x

z€B(m) ,

B4(m Ze%(:m) {ET )2 + ET(z, 2 + 2)? + ET(2,0)? + ET(z + z, z)?

<16 max ET(2)?, (3.5)

z€B(m)
where we used the following inequality in the 4-th line,
2 2,32, 2 2
(Zaj+bj+cj+dj> §4‘A|Z(CL] +bj +Cj+dj)7
JEA JEA

and we used the translation invariant in the last line.
Since ET(z)? = Var(T(z)) + (ET(2))?, by using (3.5), (2.1) and Corollary 2.3,

10(0,2) = B3 = O(m?) = O(|z]y"?). (3.6)
Combining (3.2)-(3.6), we get the desired result. O

3.2 Martingale decomposition of F,, and the proof of Theorem 1.1
Enumerate the vertices of Z¢ as x1, x2, . ... We consider the martingale decomposition
of F,,, as follows

Fp—E(Fm) =) Ay, (3.7)

where
Ak = E(Fm | JT"k;) - E(Fm | fk—1)7

with 7, the sigma-algebra generated by SRWs {(S7");en,i = 1,...,k} and Fo the trivial
sigma-algebra. In [11], using the Falik-Samorodnitsky lemma, the authors give an upper
bound for the variance of F,, in term of Ent(A?), and E(|A]|).

EJP 24 (2019), paper 76. http://www.imstat.org/ejp/
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Lemma 3.2.[11, Lemma 3.3] We have

Var(F,,)

> Ent(A}) > Var(F,,) log > o1 (E(AL])?

E>1

Now, our main task is to estimate Ent(A?) and E(|A|).
Proposition 3.3. As |z|; tends to infinity,
1)
> Ent(A7) = O(|a/1).

k>1
(ii)

S (E(AL)? = 0 <|x|f4d ).

k>1

Proof of Theorem 1.1 assuming Proposition 3.3. Since d > 2, Proposition 3.3 (ii)
implies that ), -, (E(|A]))*> = O (|x|i'/4). Therefore, using Propositions 3.1, 3.3 and
Lemma 3.2, for any € > 0, there exists a positive constant C' such that

Var(T(z)) < Var(F,)+ Claf3/*

O | a3 + |2y

IA

log
3/4
| 1/

V<Fm>H | 56)

If Var(F,,) < |x|1/8, then Var(T(z)) = O(|:L'|I/8) and Theorem 1.1 follows. Otherwise, if
Var(F,,,) > \xmg, using (3.8) we get that Var(T(x)) = O(|z|;/log|x|1) and Theorem 1.1
also follows. ]

3.3 Proof of Proposition 3.3
By the definition of A, we have

1
|Ax| = 705 )IE Z T(z,z+z) | Fr| — E Z T(z,z+x) | Fr—1
m z€B(m) z€B(m)
1
< oo 2 [BITG 4 a) | Bl -E[T(, 2 +0) | Fal | (3.9)
# (m) z€B(m)

We precise the dependence of first passage times on trajectories of SRWs by writing
T(u,v) = T(u,v, (57)ien)-

For any k, let us define
Xk (u,v) = E(T(u,v) | Fr).
Then Xj,(u,v) is a function of trajectories of (5%);<j, so we write
X (u,0) = X (u, 0)[(ST)i<h, (S7)]-

Let (5%),cz« be an independent copy of (S%),cz«. We observe that
E(| X (u, v) — BF (X (u,v))]) < ESPEPE* (| Xk (u,v) — Xi(u,v)]), (3.10)

where

Xi(u,v) = Xpo(u, 0)[(ST)i<k, (579)],

EJP 24 (2019), paper 76. http://www.imstat.org/ejp/
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and E<* ¥, and [E* denote the expectations with respect to SRWs (S%),4, (S*) and
(S®) respectively. Then the inequality (3.10) becomes

E\E[T(z,z4+2) | Fr] - E[T(z,2+ z) | Fr-1] ‘ < EIEk‘T(Z,Z-i-J?) — Ty, (2,2 + )|, (3.11)

where for u,v € Z% and k > 1

ka (UJ U) = T(u7 U)[(S?Ui)i<k7 (Slk% (Sll)z>k]

By the symmetry T(z,z + ) — Ty, (2,2 + z),

IEIE’C‘T(Z, z4a) = To (2,2 + )

- ((Tu (2,24 2) = T(z, 2+ 2)I(Tay (2,2 + ) > T(z, 2 + x))) . (3.12)

For any u,v € Z% we choose an optimal path for T(u,v) with a deterministic rule
breaking ties and denote it by 7, ,. We observe that if x5, & 7, then Ty, (u,v) < T(u,v).
Otherwise, if zj, € 7., then

T(u,v) = T(u,z) + T(zk, T) + T(Tk, v), (3.13)

where Zj, is the next point of x;, in v, (recall also that we denote by y ~ § € « if i is the
next point of y in ). Due to the subadditivity,

Te, (0,v) < Tup(u,21) + Ta, (xr, Z1) + T, (Tg, v). (3.14)

It is clear that any optimal path for T(u, z)) does not use the simple random walk (S7+).
Hence,

Ty, (u, zx) < T(u, z). (3.15)

In addition, since Zj, is the next point of z, in v, ,, the optimal path for T(z;,v) does not
use the simple random walk (S?*). Thus

Ty (Zg,v) < T(Tg, v). (3.16)
It follows from (3.13)—(3.16) that

Ty, (u,v) — T(u,v) < ka (Tk, Tg)-

Therefore, we have

(Te,(z,2+2) — T(2,2 4+ 2))I(Ty, (2,2 + ) > T(2,2 + x))
< Ta,k (l‘k, .fk)]l(.]?k S sz,z+7;)~ (317)
We notice here that the complete notation of z; should be Zj(7,, .+,) to highlight the
dependence of Z;, on the path . ;.. However, for the simplicity of notation, we shortly

write it by Z; when the fact z; € v, .4, is precise. Combining (3.9), (3.11), (3.12) and
(3.17), we get

2 ~ _
E(Ag) < #B(m) E®? Z Tuy (T, Te) LTk € V2 zta)
z€B(m)
2 ®2 T
— #B(m)E Z Top—z(xr — 2,25 — 2)l(xp — 2 € Y0,2)
z€B(m)
2 ®2 ad _
yEx—B(m)
2 ~ _
= ¥B(m) Z E®? Z Ty (y, Iy € 70,2)L(Ek,L) | (3.18)
L>0 yEx—B(m)
EJP 24 (2019), paper 76. http://www.imstat.org/ejp/
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where E®? is the expectation with respect to two independent collections of SRWs
(S*);en and (S%);cn, and we define

EpL = Z ly—yh =L

Y€50,2N(zr—B(m))

Notice that for the second equation, we have used the invariant translation. Let us define

k
T[Z](u,v) = inf{Zt(yl,l,yl) U =1g,...,Ys = v,y #2zVI>1, for some k},
1=1

as the first passage time from u« to v not using the frog at z, and set

Ty(u,v) = max TM(z0)4+1. (3.19)

z: |z—u|1=1

Then, it holds that

Tu(u,v) < T (u,v). (3.20)
Using (3.20), we obtain
~ —

Z Ty(ya ;U)]I(y € ’YO,w)]I(gk,L) < max B L) Z yuyz-i-l (gk,L)
y€(zx—B(m)) =i 1|S|(1$<kL )i
-1

< max > T (i, vir ) I(E L)
Y=y 1|C|(kaB(m+L))l 1

y1<

Therefore, with C'; > 1 as in Lemma 2.1,

4dC1m

> B S T, 9y € v0.0)LEL)
L=

y€(zr—B(m+L))

< E ZT1 (Yis yi+1)
= (y,)l 1C(a:;L B(8dC1im)) i—1
[v|1<4dC1m
= E max ZT1 Yi Yit1)
v=(yi){=1 CB(8dC1m) —
lv|1<4dCim
-1
< E max > Ty, vir) | (3.21)
y=(y:)¢_1€Psac,m =1
and
—1
> max D Ty is )k 1)
L3440y m41 7= W)in C@x—B(m+L)) =7
= [v[1<L
-1
< Z E o m%(lX ( ))ZTl Yi, Yi+1)L(Ek,1)
Y=(yi);—1 C(xx—B(2L
L>4dCim+1 ";‘ <2kL =1
2 1/2
< > E oyt X ZTl (Yis Yi+1) P(&,1)"?
Y=Yi); C Tk B 2L
L>4dCim+1 |w1|1<2L
EJP 24 (2019), paper 76. http://www.imstat.org/ejp/
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o7 1/2

-1
< > E( max ZTl(yi,yi+1)> P(Exr)'?, (3.22)

— Y4
L>4dCim+1 v=:)i=1 €P20 i

where we have used the Cauchy-Schwarz inequality in the second inequality.
These yield that

—1
EA — K max T (ys, ys
| k| o #B( ) <’Y_(yi)f1€7’8dclm Z: 1(y Y +1)>

=1

97 1/2
2
+ E max T1 Yir Yit1) P(gk,L)l/Q-
(3.23)
Using similar arguments for (3.18), (3.21) and (3.22), we can show that
o]
S E(A) (3.24)
— -
< = E®?T,, (g, Zp)I(2h € Vaoota)
#B(m) ; Ze;:m) ' 7
= 2B | 3 T4, 9)I(y € Y0,
yeZd
<

-1
oF, max Tl (yla yi+1)
(7—(yi)f167’c1|z|1 ;
97 1/2

{—1
+2 Z E ( max ZTl(yi,yiJrl)) IP(SL)I/Q, (325)

— (2. )2
L>Cyle|+1 v=Wi)iz1 €PL ;T

where we define
= L}.

Lemma 3.4. There exists a positive constant C such that forall L > 1,
(1)
E max T1(yi,yix1) | < CL.
< yl i= 1EPL Zz; *
(ii)
-1 2
E ( max ZTl(yi,yH_l)) < CL*.

v=(i){_1 €PL

We postpone the proof of this lemma to Section 3.4.
Lemma 3.5. Given a path v = (y;)¢_, C Z¢, we define the maximal jump

M(v) = 1620 [Yi = Yita 1.

Then, there exists ¢ > 0 independent of z such that for any L > m = \;z:|1/ 4

P(M(yo.0) 2 L) < e

EJP 24 (2019), paper 76. http://www.imstat.org/ejp/
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Proof. We write Y0,z = (yz)le If ‘yl — yi—&-l‘l Z L, then T(yiyyi-&-l) = t(yiayi—i-l) Z L. By
the union bound, Lemma 2.1 and Lemma 2.4, we have

P(M(v0,0) > L)
<P(3u,v € B(Ci|z]1 + L) s.t. T(u,v) =t(u,v) > L) +P(|y0,4)1 > Cilz1| + L)
u’

<HBCilah + DP | mox | B(T(wv) = t0,0) 2 1) + B(T0,2) 2 Cilar| + 1)
<e L,

(3.26)

for some constant € > 0. O

3.3.1 Proof of Proposition 3.3 (ii)

Fix k > 1. We first estimate P(& ). Assume that & ;, occurs and v , N (xx — B(m)) =
(yi)_,. Then

-1
L= Z ly =yl < Zt(yivyiJrl)—’_t(ybgl) =T(y1,9e).
i=1

YEY0,2 Nz —B(m)

Moreover, g, € x; — B(m + M(7y0..)), since |ye — ge)1 < M(y,:) and yp € x, — B(m).
Therefore, using the union bound, Lemma 2.1 and Lemma 3.5, for L > 4dCim + 1,

IP(E]C’L) P (Elu, Vv E T — B(m + M(’Y073;)) such that T(u, ’U) > L)
P (Ju,v € B(m + (L/4dC1)) such that T(u,v) > L) + P(M (o) > L/4dCh)

(2(m + L)*e " + 75 < (4(m + L))*4e ",

ININ TN

Combining this inequality with (3.23) and Lemma 3.4, we obtain that there exists C' > 0
such that forany k£ > 1

C =
E(Ax) £ on= (m+ L*(4(m+ L)% ¥/
e "L
= O(m*%) = Oz~ (3.27)

Since T(z) > |70,2|1, by using Lemma 2.1, for any L > C4|z|;

P(&) <P(T(x) > L) < e X7, (3.28)

Using this inequality, (3.24) and Lemma 3.4, we get

> T E(|AL) Cllzh+ > L7

k>1 L>C1 x|y
O(|z|1). (3.29)

IN

Now, Proposition 3.3 (ii) follows from (3.27) and (3.29), since

SE(ADP < (maxElan) | S EIAL

k>1 k>1

EJP 24 (2019), paper 76. http://www.imstat.org/ejp/
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3.3.2 Proof of Proposition 3.3 (i)

To estimate Ent(Aj), we decompose a simple random walk (S*#) into the sum of i.i.d.
random variables. More precisely, for any z; € Z¢ and j > 1, we write

J
T;
SjL =x; + § Wi,r,
r=1

where (w; ) r>1 is an array of i.i.d. uniform random variables taking value in the set of
canonical coordinates in Z¢, denoted by

Bd = {61, .. .762d}.

Therefore, we can view T(u,v) and F,, as a function of (w; ), and hence we sometimes
write T(u,v) = T(u,v,w) to make the dependence of T(u,v) on w precise. We define

2= 1] 2
i,j€EN

where ; ; is a copy of Bq. The measure on Q is m = [[; ;. 7;,;, where m; ; is the uniform
measure on §); ;. Then we can consider F,, as a random variable on the probability space
(Q,7). Given w € Q,e € B; and i, j € IN, we define a new configuration w"7¢ as

e _ J ke AE (k) # (0, 5)
Bt e if (k) = (i,g).
We define

1/2

Aisf = [E(|f(oﬂ’j’U) —f(oﬂﬂ'vU)P)] 7 (3.30)

where the expectation runs over two independent random variables U and U, with the
same law as the uniform distribution on 5.

Lemma 3.6. We have
> Ent(A) <24 > EL[(AijFm)?).
k=1 i=1 j=1

Proof. We recall that Ay, = E(F,, | i) — E(F,, | Fr—1), where

Fr = O’((S;i),i <k j>1)=o0(w;,i<k,j>1).

Notice that A? € L?, since T(z) € L* by Lemma 2.1. Hence, using the tensorization of
entropy (Lemma 2.7), we have for k > 1,

oo o0
Ent(A7) = Ent. (A7) <Er Y Y Entr, A},
i=1 j=1
By Lemma 2.8,
Entﬂ-lJAi S Zd(Ai,jAk)2.
Thus
> Ent(A}) < 2d > Ex((Ai ;AR (3.31)
k=1 j=11i=1 k=1
EJP 24 (2019), paper 76. http://www.imstat.org/ejp/
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We fix i, j. We define the filtration Fj, as Fj, = Fy if k < 4, and Fy, = Fj, V o(U, U) if k> 1.
For simplicity of notation, we denote It = E;E. Since

Ex[(Ai ;A1)
= B[P (o47) ~
= E[(E[F7n(wi7j7U) -

(@) Fi] = ElF (@) = B0 Fioa)?

F
Fon (@0)] Fi)?) = B(B[Fp (@) = B (w7)] Fra])?),

and
Jim BI(E[F (") = Fun (@) Fil)*) = Eal(AiFm)?)
—00
we get
D LA AR = Er[(Ai jF)?,
for any 4, j. Combining this equation with (3.31), we get the desired result. O

Proof of Proposition 3.3 (i). Using Lemma 3.6 and Jensen’s inequality, we get

iEm(Ai) < 2dZZE (A ;F)?
k=1

1=1 j=1

< z ZZE (A;;T(z,2 +2))2. (3.32)

zEB(m)Z 15=1

By the translation invariance of the passage times, we reach

ZEnt (A2) < ZdZZE N2 (3.33)

=1 j=1

On the other hand,

Ex[(Ai;T(2))*] = Ex[(E[T(z,w""Y) = T(z,w™)])?]

[
< BRE[T(x,w" ) - T(z,w™0)
= EE[T(z,w"Y) - T(z)|*]
= 2EE[(T(z,0""Y) = T(2))*I(T(z,w""") > T(x))].
We observe that if z; & 70,4, Or z; € Y0, but T(x;,Z;) < j, then

T(z,w"Y) < T().
Otherwise, assume that z; € v, and T(x;,Z;) > j. Then for any e € By,
T(xi, %) > T, T; + € — wi j,w"),

since if we only replace w; ; by e, by t(z;, Z;) (also equals T(z;,Z;), as z; ~ Z; € Yo,2)
steps, the simple random walk (S**) arrives at Z; + ¢ — w; ;. Moreover,

T(mi,wi’j’e) = T(x;), T(fci,x,wi’j’e) < T(Z;,x),

and
T(x) = T(x;)+ T(ai,3;) + T(2,2),
T(z,w™) < T(ws,w™°) + T(xs, T — € + wi j,we)
—‘v"l-‘(ﬂ’j‘z —e+w;;, T, wi,j,e) + T(.f?“ z, wi,j,e).
EJP 24 (2019), paper 76. http://www.imstat.org/ejp/

Page 18/27


https://doi.org/10.1214/19-EJP334
http://www.imstat.org/ejp/

Sublinear variance of first passage time of frog model

Therefore, we reach

Te,w ) = T(@) <T@ = Ut wig, @) < max Ty, 7,0 Y).
YHYy—Til1>

Furthermore, since w differs from w®7:V only in the trajectory of (S*¢), for any u,v € Z<,

T(u, v,wV) < Tl (4, 0) < Ty (u,v), (3.34)
where we define
Ty(u,v) = sup TE (u,v). (3.35)
2E€Z2

Therefore, we have
EW[(AZJT(if))Q] < 2E|: max Tz(y,i'z)2]l($l ~ T; € Y0,z T(LUZ,LEZ) > ])j|7

y:ly—Zi|1<2

and thus
D Ea(AT(x))
j=1

o0

QE[ max T y,a‘ciQ]Ia:iwiiG’yx,Tzi,fizj]
T €20 T2 )

IN

= 2E {T(%,fz‘) max  Ta(y, ;) L(z; ~ T; € '70,2:)]
yily—2;[1<2

IN

E {(T(Qﬁi, fi)Q + max Tg(y7 Lfl)4)]l($l ~ T € ’)/Q’w)} .
yily—3i[1<2

This yields that

(T(ﬂ«%ﬂ?i)Q +  max T2(ya§7i)4)l($i ~T; € 70,1)}

< IE[

- z:zl yily—%i[1<2

= E[ Tl’i7i'i2+ max T ,:Ei4]Ixi~;Ei€ x:|
S (Twwa® o s Talo.2) K o)

< E T(y,5)* | +E Z max  To(u,y)* | . (3.36)
YEY0,2 yemo,, WU S2

Now using the same arguments for (3.22) and (3.24), we get

E Z max Ta(u, y) (3.37)

u—yl|1<2
YEY0,2 lu=yl

¢
< E( ()max Z max Tg(u,yi)‘l)
v=(yi

‘ leepclml i—1 |u—y;|1 <2

27 1/2
+ Z E max Z max  To(u,y;)* P(EL)Y/2.
Y=(yi){—1 €Pr {7 lu—yil1<2
L>Ci|x|1+1 i=1
EJP 24 (2019), paper 76. http://www.imstat.org/ejp/
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Lemma 3.7. As |z|; tends to infinity,

El S T4.9)? ] = 0(zh).

YEY0,z
Lemma 3.8. There exists a positive constant C such that for any L > 1,
(1)
Vi
E ( max Z max  Ta(u, yi)4> < CL.
r=(

yi)i_1 €PL im1 uilu—y;|1<2
(i)

-1 2
E ( ( max Z max  Ta(u, yi)4> < CLY.
y=

vi)¢_ EPL = uilu—y;[1<2

We postpone the proofs of the above two lemmas to Section 3.4 and complete the
proof of Proposition 3.3. Combining (3.28), (3.36), (3.37) and Lemmas 3.7 and 3.8, we
get

Z ZIEJW(AZ»JT(QL‘))2 < C|lx)+ Z L2e~L71/2
i=1j=1 L>Cy x|y
= O(|zh).
Thus, we can conclude the proof of Proposition 3.3 by (3.33). O

3.4 Proof of Lemmas 3.4, 3.7 and 3.8

Before presenting the proof of these lemmas, we first show the large deviation
estimates as in Lemma 2.1 for T; and Ts.

Lemma 3.9. The following statements hold.

(i) Foranyu,v € Z%and n > 1, the events {T(u,v) < n}, {Ti(u,v) < n} and {Ta(u,v) <
n} depend only on SRWs {(S5%) : |z — u|; < n}.

(ii) There exist an integer C; > 1 and a positive constant ¢; such that for k > C4|y

1,

max{P(T(0,y) > k), P(T1(0,y) > k), P(Ta(0,y) > k)} < e .

Proof. For any u € Z% and n > 1, an event A is called F*“-measurable if A depends only
on the SRWs {(5%) : |z — u|y < n}. It directly follows from definition of T that the event
{T(u,v) < n} is F¥-measurable. By definition of T as in (3.19),

{T1(u,v) <n} = m {T(z,v) <n-—1}. (3.38)

zi|z—u|<1

In addition the event {T(z,v) < n —1} is F?_,-measurable and 7', C Frif |z —u|; <1,
so the event {T;(u,v) < n} is F¥-measurable. Moreover, since {T!*l(u,v) < n} is
Fl-measurable for any z € Z?, the event {Ta(u,v) < n} = N {TE(u,v) < n} is Fi-
measurable. We now prove (ii).

By repeating the arguments of the proof of Lemma 2.1 (see [19, Proposition 2.4] or
[1, Lemma 4.2]), we can show that there exist positive constants C and ¢ such that for
any y,z € Z¢, and t > C|y

1,

e

P (T[ZJ(o,y) > t) <et, (3.39)
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By the union bound, for ¢ > Cs|y|; with Cy = 2C, we have

P(T1(0,y) >t) < Y PTO(zy) >t-1)
sestlzh=1 (3.40)

< 2de~(t=1)° < e_tgz,

with some &5 > 0, where we have used (3.39) for ¢t — 1 > 2C|y|; — 1 > C|z — y|1.
We observe also that if T(y) < k then T*1(0,y) = T(y) for z ¢ B(k). Therefore, for
k > C3|y|1 with Cg = max{C’l, CQ},

P (T2(0,y) > k) < P(T(y) > k) +P(T(y) <k, T2(0,y) > k)
< P(T(y) > k) ZIP(TZ]Oy )
z€B(k)
< e TR L 2k 4 1)%e R < e7h (3.41)
with some €3 > 0. Combining (3.40) and (3.41) with Lemma 2.1, we get (ii). O

3.4.1 Proof of Lemma 3.7
We decompose

E| > T(y)?

YEY0,z
= B| Y T@wp% T <Clh|+E| > Ty?% T(x) > Clz)
YEY0,z YEY0,z
By a similar argument as in Lemma 2.2, the second term can be bounded from above by
97\ 1/2

E|l > Twg? P (170,61 > Cilz|1])'/?
v (3.42)

< (B [T@)Y)° P(T() > C |a]s])"/?
gC\xﬁe_'“"i/Q,

and thus for all |z|; large enough,
E| Y Twy*|<E| Y Tn* T@) <Cla)|+1. (3.43)
YET0,x YEY0,x

For any v = (y;){_,, we define

Ay = {vier:T(Wi,yis1) = M}
Then, we can express
-1
ZT(yiayi+1)2 = Z MP#AY,. (3.44)
i=1 M>1
EJP 24 (2019), paper 76. http://www.imstat.org/ejp/
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By definition of A7,

#AU(T(x) < Cilzl) < T(v00 € Poyep,) Y, U(T(y,9) = M)
YEY0,z

= H(’YO,QL‘ S PC1\1|1) Z H(T(y’g) = t(yvg) = M)

YEY0,z

< 1Yo € Peyiely) D, Iy, (3.45)

YEY0,2

where
I,={32€Z%: |z —yl, <M, T(y,2) = t(y,z) = M}. (3.46)

By Lemma 3.9 (i), {Iy, Yy € Zd} is a collection of M-dependent Bernoulli random variables,
and thus the condition (E1) in Lemma 2.6 holds. In addition, it follows from the union
bound and Lemma 2.4 that

qu = sup P(3z€Z%: |z —y|y < M,T(y,2) = t(y,2) = M)
yEZI (3.47)
< (2M 4+ 1)de™™M",

with € > 0 as in Lemma 2.4. Therefore, the condition (E2) that ¢ < (3M + 1)‘d follows
if exp(M®) > ((2M 4+ 1)(3M + 1))d, which holds for all M > M, with My = My(d,e) a
large constant. Now using (3.45) and Lemma 2.6, we obtain that for M > M,

IN

E(#A"I(T(z) < Ci|z)1)) <E ( max ny) C\x|1Md+1q]1V§d

eP
TEFCy |zl ye~y

IN

C' ||y MH2e=M/d_(3.48)

For M < My, it is obvious that

Cl|17|1

#A 7 I(T(z) < Chlz]y) < i

(3.49)

Combining the last two estimates with (3.44), we arrive at

E| Y T(9?% T(z) < Clafy

YE€EY0,2

=B | M’#A};"; T(z) < Clafy

M>1

Mo—1
<Clafy | Y, M+ > M exp(—=M°/d)| = O(|z]).

M=1 M>M,

Combining this estimate with (3.43), we get the desired result.

3.4.2 Proof of Lemma 3.4

We begin with part (ii), which is easier than (i). Observe that

max T (s, )<L max Ti(u,v
—)l lem; ) = E i) )
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Using the union bound and Lemma 3.9 (ii), for any k£ > 4dC L,

P ( max Ty (u,v) > k) < (2L +1)%eF",
u,vEB(L)

The last two inequalities yield that

2

-1
E max ZTl(yiayi+1) < oL* 1+ (2L + 1)2d Z ke k!
Y=(yi)i=, €PL im1 k> 4400 L
= O(LY).
We now prove (i). For any v = (y;)¢_, € Pz, we define
Ay = A{yiev:lyi—yirl = M},
Ao = Hvi€ Ay Ty, yivr) < CiMY,
Ay = Ay € Ay Ti(yi, yia) = C1M + k},
with C; as in Lemma 3.9 (ii). Then
#A =D #A 0 > M#A, =|yh < L. (3.50)
k>0 M>1
Therefore,
-1 ) )
SN Tiliyi) <Y | CuM#A,, + Y (C1M + k)#A,,
i=1 M>1 E>1
< CiL+ > Y Ck#AY (3.51)
M>1k>1

We shall apply the same arguments as in the proof of Lemma 3.7 to deal with the sum
above. Similarly to (3.45),

#AY <D I, (3.52)
yey
where
I,=1(32€Z%: |z —y|y <Ci1M +k,Ti(y,2) = C1M + k) . (3.53)

By Lemma 3.9 (i), {I,,,y € Z%} is a collection of (C; M + k)-dependent Bernoulli random
variables. Hence, using the same arguments for (3.48), we can prove that for C1M + k >
My, with My = My(d) some large constant,

E (359; #A?V17k> < CL(CiM + k)d“q}vﬁjik, (3.54)
where
gy = sup P (32 c 7% ly — 2z < C1M + Kk, Ty (u,v) = C1 M + k:)
yezZ4

IN

(2(C1 M + k) + 1)de (CrM+R)™

by using the union bound and Lemma 3.9 (ii). It is obvious that #AXL e < v/ (CiM + k)
for all M, k. Hence,

> k# AL, < Mgl (3.55)
M, k:C1 M+k<M
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Combining (3.51) and (3.54), we have

=
E < meax ZTl(yiayi+1)> <CL|1+ Z (C1M + k)d+36*(C1M+k)€1/d
7= € P o M ,k:Cy M+k> Mo

= 0(L),

for some C = C(d, My), which proves (i).

3.4.3 Proof of Lemma 3.8

To show (ii), we notice that

0—1
max max  To(u,y; 4<L max T U,V 4, (3.56)
'Y:(yi)§:1€7)L ;u:lu—yi\1§2 2( 4 ) T w,weB(L+2) 2( )

Now part (ii) follows from (3.9) and (3.56) by using the same arguments as in Lemma
3.4 (ii).

The proof of (i) is similar to that of Lemma 3.7. As in Lemma 3.7, we define for v € Py,
and M > 1,

A/]\’} = #{y € y: \ .lqu_lalx<2T2(u7y)4 = M} = ZI;,
Ty = yey
where
I =1 ( max  To(u,y)* = M) : (3.57)
: wlu—yl1 <2

By Lemma 3.9 (i), for M > 16, {I;,y IS Zd} is a collection of M-dependent Bernoulli
random variables. By Lemma 3.9 (ii) and the union bound,

¢y = sup IP( max Ty(u,y)* = M> < e M7 (3.58)
yEZd wlu—yl1<2

for some € > 0 small. Repeating the arguments as in the proof of Lemma 3.7 with AG\Z[, dhy
instead of A;\Q, qnr, we can show that

l
E max max  To(u,y:)* | = OL) | M2 + M+2e=M/d | _ o, ,
<7—(yi)f1e73L P wiu—y;1<2 2( ) > ( ) 0 M;\/IO ( )

with My = My(d) a large constant, which proves (i).

4 Proof of Proposition 1.2

Proof. The upper bound on the length of optimal paths is a consequence of Lemma 2.1.
Indeed, if v € O(x), then I(y) < T(z). Hence, by Lemma 2.1,

P ( max [(y) > C’lx|1> < P(T(x) > Cilz|r) 4.1)
v€0(x)

< el (4.2)

with e; and C positive constants as in Lemma 2.1. We start the proof of the lower bound
by recalling a definition in the proof of Lemma 3.7. Given a path v = (yi)fzo, define

Ay, ={0<i<{l—1:T(yi,yi+1) = t(ys, yix1) = M}.
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Note that I(y) > >_,/, #A}, for any . Thus, for any v € O(z) and K > 1

2y < T(x) = Y M#A;, < KZ#A + > M#A,

M>1 M>K

+ ) M#A],. (4.3)

M>K

IN

Rearranging it, we obtain that for any K > 1,

1
min [ > — | |z/1 — max M#A},
i i) 2 g 1o s 57 ar
1
¥
> 174 |z — ZM’YIG%aé #AL, |- (4.4)

M>K

Note that if T(z) < Cy|z

1, then v € P, ||, for any v € O(x), and thus

M max #A7, < M max #A7,. (4.5)
]\/[gK 7€0(2) ok €Peilen "

We define
1/2(d+3
M, = [|ofy/ @)

and
E = {VM > M,,Vy e PCl\xlw #AX/[ = 0}.

Then, by using the union bound and Lemma 2.4, we get
P(&¢) < P(Ju,v € B(C1|z|1) such that T(u,v) = t(u,v) > M)
< @Gzl + 1) Y e M < el (4.6)
M>M,

for some positive constants C' and . We recall from the proof of Lemma 3.7 that

<D I, (4.7)
yeY
where {I,,y € Z%} is a collection of M-dependent Bernoulli random variables
I, =13z € 74z — vyl < M, T(y, 2) = t(y, z) = M),

and

gv = sup E(I,) < (2M + 1)deM, (4.8)
yez?

Then, the conditions (E1) and (E2) of Lemma 2.6 are satisfied. Using Lemma 2.6 (i), we
obtain that
P < max #A}, > |x|1M_3> < 2%exp (—\x|1/((16M)d+3)) , (4.9)
YEPC |2y
provided that |z|; M—3 > CM?max{1, |z|; Mq},"}, which holds for |z|; > 2C M5 and

M > K with K a large constant. By (4.9) and the fact that M, = [|x|}/2(d+3)] =
o[zl "),

M, M, M,
P M max #A) >zl Y M7?) < P <M max #A7, > |x1M2>
r—x Y€Pcien MoK MoK VEPCy =)
M(I?
< 2 exp (=t
= P\~ @emas ) -
M=K
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Therefore,
S 2
P ( M max #AJ, > 21> < e Mol (4.10)

for some ¢ > 0. Combining (4.4), (4.5), (4.6) and (4.10) yields that

M,
P ( min () < |x|1) <P(T(zx) > Cilz)1) + P(E°) + P M max #A], > l2ly
~eO(x) 2K M=K YEPCy |2l 2
< Ce—\mli,
which completes the proof of Proposition 1.2. O
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