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DIRECTED POLYMERS IN HEAVY-TAIL RANDOM
ENVIRONMENT!

BY QUENTIN BERGER? AND NICCOLO TORRI?

Sorbonne Université

We study the directed polymer model in dimension 1 + 1 when the envi-
ronment is heavy-tailed, with a decay exponent « € (0, 2). We give all possi-
ble scaling limits of the model in the weak-coupling regime, that is, when the
inverse temperature temperature 8 = S, vanishes as the size of the system
n goes to infinity. When « € (1/2,2), we show that all possible transversal
fluctuations /n < h, < n can be achieved by tuning properly S, allowing
to interpolate between all superdiffusive scales. Moreover, we determine the
scaling limit of the model, answering a conjecture by Dey and Zygouras [Ann.
Probab. 44 (2016) 4006-4048]—we actually identify five different regimes.
On the other hand, when o < 1/2, we show that there are only two regimes:
the transversal fluctuations are either /n or n. As a key ingredient, we use the
Entropy-controlled Last-Passage Percolation (E-LPP), introduced in a com-
panion paper [Ann. Appl. Probab. 29 (2019) 1878-1903].
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1. Introduction: Directed polymers in random environment.

1.1. General setting. We consider the directed polymer model: it has been
introduced by Huse and Henley [16] as an effective model for an interface in the
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Ising model with random interactions, and is now used to describe a stretched
polymer interacting with an inhomogeneous solvent.

Let S be a nearest-neighbor simple symmetric random walk on 74, d > 1,
whose law is denoted by P, and let (w; x);c yez¢ be a field of i.i.d. random vari-
ables (the environment) with law P (w will denote a random variable which has the
common distribution of the w; ). The directed random walk (i, S;);cN, represents
a polymer trajectory and interacts with its environment via a coupling parameter
B > 0 (the inverse temperature). The model is defined through a Gibbs measure,

dP®
(1.1) dPﬁ (s):—Tﬁexp< Za)l s,)

where Znﬁ is the partition function of the model.
One of the main questions about this model is that of the localization and super-
diffusivity of paths trajectories drawn from the measure P{ s The transversal

exponent & describes the fluctuation of the endpoint, that is, IEE,‘;’ |S,| &~ né as
n — oo. Another quantity of interest is the fluctuation exponent y, that describes
the fluctuations of log Z) 4, that is, |log Z7 ; — ElogZ; 4| ~ n* as n — oo.

This model has been widely studied in the physical and mathematical literature
(we refer to [11, 12] for a general overview), in particular when w, , have an ex-
ponential moment. The case of the dimension d =1 has attracted much attention
in recent years, in particular because the model is in the KPZ universality class
(logZy n B is seen as a discretization of the Hopf—Cole solution of the KPZ equa-
tion). It is conjectured that the transversal and fluctuation exponents are £ =2/3
and x = 1/3, respectively. Moreover, it is expected that the point-to-point parti-
tion function, when properly centered and renormalized, converges in distribution
to the GUE distribution. Such scalings have been proved so far only for some spe-
cial models; cf. [6, 21, 22].

A recent and fruitful approach to proving universality results for this model
has been to consider weak-coupling limits, that is, when the coupling parame-
ter B is close to criticality. This means that we allow 8 = B, to depend on n,
with 8, — 0 as n — oo. In [2, 3] and [10] (in dimension d = 1), the authors let
Bn = En_y, y = 1/4 for some fixed E > 0, and they prove that the model (one
may focus on its partition function Z’ ' ,) converges to a nontrivial (i.e., disor-
dered) continuous version of the model This is called the intermediate disorder
regime, since it somehow interpolates between weak disorder and strong disorder
behaviors. More precisely, they showed that

log Z, B —ni(Bp) &) longE asn — oo,

where A(s) := logE[¢*®]. The process B — log Z V2B is the so-called cross-over

process, and is conjectured to interpolate between Gaussian and GUE scalings as ,3
goes from 0 to oo (see [4]). These results were obtained under the assumption that
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 has exponential moments, but the universality of the limit was conjectured to
hold under the assumption of six moments [3]. In [13], Dey and Zygouras proved
this conjecture, and they suggested that this result is a part of a bigger picture
(when A(s) is not defined a different centering is necessary). We mention that
in [19], the transversal fluctuations are determined in the intermediate disorder
regime, in the special case of a semi-discrete directed polymer (the O’Connell-
Yor model, known to be exactly solvable).

1.2. The case of a heavy-tail environment. In the rest of the paper, we will
focus on the dimension d = 1 for simplicity. We consider the case where the en-
vironment distribution w is nonnegative (for simplicity, nothing deep is hidden in
that assumption) and has some heavy tail distribution: there is some o > 0 and
some slowly varying function L(-) such that

(1.2) P(w > x) = L(x)x“.

In the case where 8 > 0 does not depend on n, the £ =2/3, x = 1/3 picture
is expected to be modified, depending on the value of «. According to the heuris-
tics (and terminology) of [9, 14], three regimes should occur, with different paths
behaviors:

(a) if a > 5, there should be a collective optimization and we should have & =
2/3, KPZ universality class, as in the finite exponential moment case;

(b) if o € (2, 5), the optimization strategy should be elitist: most of the total
energy collected should be via a small fraction of the points visited by the path,
and we should have & = 7~ tll ;

(c) if @ € (0, 2), the strategy is individual: the polymer targets few exceptional
points, and we have & = 1. This case is treated in [5, 15].

As suggested by [13], this is part of a larger picture, when the inverse temper-
ature § is allowed to depend on n. Setting 8, = En"’ for some B > 0 and some
y € R, then we have three different classes of coupling. When y = 0, we recover
the standard directed polymer model; when y > 0, we have a weak-coupling limit.
In [13], the authors suggest that the fluctuation exponent depends on «, y in the
following manner (in [1] the case o = 00 is considered):

w frazsl__z;/,—%sygé—ll,
(1.3) &=
1 11— -2y 2
M fOI'O(E y,——lf)/f—.
20 — 1 l—y « 2

The first part is derived in [1], based on Airy process considerations, and the second
part is derived in [13], based on a Flory argument inspired by [9]. Moreover, in the
two regions of the («, y) plane defined by (1.3), the KPZ scaling relation x =
2& — 1 should hold. Outside of these regions, one should have & = 1/2 (y large)
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I region A: £ =1
region B: £ =1/2

region C: & = %

region D: £ = %(1 —7)

|
T
0 1/2 2 5 6 «

F1G. 1. We identify four regions in the («, y) plane. Region A with o < 2 is treated in [5] and Re-
gion Bwitha > 1/2 in [13]. Regions C and D are still open, and the KPZ scaling relation x =2& —1
should hold in these two regions. Our main result is to settle the picture in the case a € (0, 2).

or £ =1 (y small). This is summarized in Figure 1 below, which is the analogy of
[13], Figure 1.

This picture is far from being settled, and so far only the border cases where
& =1 or £ = 1/2 have been studied: Dey and Zygouras [13] proved that £ =1/2
inthecasesa > 6,y =1/4anda € (1/2,6), y = 3/2a; Auffinger and Louidor [5]
proved that £ = 1 for « € (0,2) and y = % — 1. Here we complete the picture in
the case o € (0, 2). For a € (1/2,2), we go beyond the cases £ = 1/2 or & =1: we
identify the correct order for the transversal fluctuations (they interpolate between
§ =1/2 and § = 1), and we prove the convergence of logZ;’ , in all possible
intermediate disorder regimes—this proves Conjecture 1.7 in [13] For o < 1/2,
we show that a sharp transition occurs on the line y = % — 1, between a regime
where £ = 1 and a regime where £ = 1/2.

2. Main results: Weak-coupling limits in the case « € (0,2). From now on,
we consider the case of a (nonnegative) environment w verifying (1.2) with o €
(0, 2). For the inverse temperature, we will consider arbitrary sequences (B,;),>1,
but a reference example is 8, =n~" for some y € R.

For two sequences (au)n>1,(bn)n>1, we use the notation a, ~ b, if
limy, 00 @y /by = 1, a, K by, if limy,, o a,, /b, = 0, and a,, < by, if 0 < liminfa,/
b, <limsupay,/b, < co.

2.1. First definitions and heuristics. First of all, let us present a brief en-
ergy/entropy argument to justify what the correct transversal fluctuations of the
polymer should be. Let F(x) = P(w < x) be the disorder distribution, and define
the function m(x) by

2.1 m(x) := F1<1 — %) so we have P(w > m(x)) = —

Note that the second identity characterizes m (x) up to asymptotic equivalence: we
have that m(-) is a regularly varying function with exponent 1/c.
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Assuming that the transversal fluctuations are of order &, (we necessarily have
A/n < h, < n), then the amount of weight collected by a path should be of order
m(nhy) (it should be dominated by the maximal value of w in [0, n] X [—hy, hy]).
On the other hand, thanks to moderate deviations estimates for the simple random
walk, the entropic cost of having fluctuations of order 4, is roughly hﬁ/ n at the
exponential level—at least when h, > /nlogn; see (2.14) below. It therefore
leads us to define 4, (seen as a function of 8,) up to asymptotic equivalence by
the relation

(2.2) Bum(nhy) ~ h2/n.

In the case 8, =n~7 and o € (1/2,2), we recover (1.3), that is, we get that
hy = nf+00 with & = 2200 (which s in (1/2, 1) for y € (2 — 1, 5). When
a € (0, 1/2), there is no hy, verifying (2.2) with \/n < h,, < n, leading to believe
that intermediate transversal fluctuations (i.e., & € (1/2, 1)) cannot occur. In the
following, we separate the cases « € (1/2,2) and « € (0, 1/2).

2.2. A natural candidate for the scaling limit. Once we have identified in (2.2)
the scale &, for the transversal fluctuations, we are able to rescale both path tra-
jectories and the field (w; x), so that we can define the rescaled “entropy” and “en-
ergy” of a path, and the corresponding continuous quantities. The rescaled paths
will be in the following set:

(2.3) 2 :={s:[0, 11— R; s continuous and a.e. differentiable},

and the (continuum) entropy of a path s € & will derive from the rate function of
the moderate deviation of the simple random walk (see [23] or (2.14) below), that
is,

1
2.4) Ent(s) = %/0 (s/(t))zdt fors € 9.

As far as the disorder field is concerned, we let P := {(w;, #;, x;)}i>1 be
a Poisson point process on [0,00) x [0, 1] x R of intensity u(dwdtdx) =
%w‘“‘11{w>o} dwdtdx. For a quenched realization of P, the energy of a con-

tinuous path s € & is then defined by

(2.5) m(s)=mp(s) =Y. wlgwes

(w,t,x)€P

where the notation (¢, x) € s means that s; = x.

Then a natural guess for the continuous scaling limit of the partition function
is to consider an energy—entropy competition variational problem. For any g €
(0, +00], we let

(2.6) T = sup {B7(s) — Ent(s)}.

s€Z,Ent(s) <400
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This variational problem was originally introduced by Dey and Zygouras [13],
Conjecture 1.7, conjecturing that it was well defined as long as o € (1/2,2) and
that it was the good candidate for the scaling limit. In [7], Theorem 2.4, we show
that the variational problem (2.6) is indeed well defined as long as @ € (1/2,2). In
Theorem 2.5 below, we prove the second part of [13], Conjecture 1.7.

THEOREM 2.1 ([7], Theorem 2.4). For a € (1/2,2), we have that Tg €
(0, +00) for all B > 0 a.s. On the other hand, for o € (0, 1/2] we have Tg = 400
forall B >0 a.s.

Let us mention here that in [5], the authors consider the case of transversal fluc-
tuations of order n. The natural candidate for the limit is 7T, defined analogously
to (2.6) by 7g =0 for B =0, and for g > 0,

~ 1~
2.7) Tg = sup {n(s) — —Ent(s)}.
seLip; B
Here the supremum is taken over the set Lip; of 1-Lipschitz functions, and the
entropy Ent(s) derives from the rate function of the large deviations for the simple
random walk, that is,

1
Ent(s) :/0 e(s'(1))dt  with e(x) = %(1 +x)log(1+x) + %(1 —x)log(1 —x).

2.3. Main results I. The case o € (1/2,2). Our first result deals with the
transversal fluctuations of the polymer: we prove that /, defined in (2.2) indeed
gives the correct order for the transversal fluctuations.

THEOREM 2.2. Assume that o € (1/2,2), that ﬂ”m(nz) — 0 and that
ﬂnm(n3/2) — +00, and define h, as in (2.2): then /n < h, < n. Then there
are constants cy, co and v > 0 such that for any sequences A, > 1 we have for all
n>1

—c1A2n2 _
2.8) ]P’( ?i),ﬁn(‘}lgﬂst" zAnhn)Zne c1A2 n/n) <A

In particular, this proves that if 4, defined in (2.2) is larger than a constant times
J/nlogn, then ne—c1Ahi/n goes to 0 as n — oo provided that A is large enough:
the transversal fluctuations are at most Ak, with high P-probability. On the other
hand, if &, is much smaller than \/nlogn, then this theorem does not give sharp
information: we still find that the transversal fluctuations must be smaller than
A/nlogn, with high P-probability. Anyway, in the course of the demonstration
of our results, it will be clear that the main contribution to the partition function
comes from trajectories with transversal fluctuations of order exactly 4,,.
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REMARK 2.3. Inthe case L(x) = 1, Theorem 2.2 tells that if 8, =n~" with
2 1<y <2, thenh, =nf with & = T2 (see (1.3)) and

P(Pe s, (ngag 1Si1 > Anf) > =445 <7,

We stress that the cases ,Bnm(nz) — B € (0,+o0] and ,Bnm(n3/2) — B €0, 00)
have already been considered by Auffinger and Louidor [5] and Dey and Zy-
gouras [13], respectively: they find that the transversal fluctuations are of order
n, respectively, +/n. We state their results below, see Theorem 2.4 and Theo-
rem 2.10, respectively. Our first series of results consists in identifying three new
regimes for the transversal fluctuations (y/nlogn < h, < n, h, < /nlogn, and
J/n < h, < /nlogn), that interpolate between the Auffinger Louidor regime
(hn =< n) and the Dey Zygouras regime (h, < /n). We now describe more pre-
cisely these five different regimes.

Regime 1: Transversal fluctuations of order n. Consider the case where

(R1) Bun~'m(n?) = B € (0, o0l

which corresponds to having transversal fluctuations of order n. If L(x) =1, it
occurs when B, = Bn~7 with y < % — 1. Auffinger and Louidor showed that,

properly rescaled, log Z7 g, converges to ’/7\73 defined in (2.7).

THEOREM 2.4 (Regime 1, [5]). Assume o € (0, 2), and consider B, such that
(R1) holds. Then we have the following convergence:

4 ~
WlogZiiﬂn Q) Tg asn— oo,
n

with ’77; defined in (2.7). For « € [1/2,2), we have ’/773 > 0a.s. forall B > 0.
Regime 2: /nlogn < h, < n. Consider the case when

(R2) Bun~'m(n*) =0 and B,(logn)~'m(n¥? /logn) — oo,

which corresponds to having transversal fluctuations /nlogn < h, < n, see
(2.2).If L(x) = 1, itoccurs when 8, = fn~" (B € (0, +00)) with % —l<y< %,
and we then have h, ~ 8 20%—0711115 with § = W We find that, properly

rescaled, logZ;? p, converges to 71 defined in (2.6)—this proves Conjecture 1.7
in [13].

THEOREM 2.5 (Regime 2). Assume that a € (1/2,2), and consider B, such
that (R2) holds. Defining hy, as in (2.2), then /nlogn < h, < n, and we have

1 d
(2.9) W(log Z,L,lo’ﬂn - nﬂnE[w]1{az3/2}) (—)) ﬂ asn— o0,
n n

with Ty defined in (2.6).
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We stress here that we need to recenter log Z? b by nB,E[w] only when neces-
sary, that is when n/m(nh,) does not go to 0: in terms of the picture described in
Figure 1, this can happen only when y > 4 — 2«, and in particular when o > 3/2
(this is stressed in the statement of the theorem).

REMARK 2.6. We stress that the renormalization in Theorem 2.5 verifies
Bum(nhy) ~ h% /n, so that the energy and the entropy are exactly of the same
order. Roughly speaking, we have
2

h
i Ent(s)}.
n

This explains why there is no 8-dependence in the limiting variational problem (it
is “hidden” in the renormalization, which is the correct one both for the energy
term and the entropy term).

log 2y, ~ sup| B k) s)

Regime 3: h,, < \/nlogn. Consider the case

(R3) Bn(logn)~'m(n*?% Jlogn) — B € (0, 0),

which from (2.2) corresponds to transversal fluctuations /i, ~ /31/ 2«/n10gn; see
(2.2).If L(x) = 1, it occurs if B, = B(logn)*n~" with y = 5 and ¢ = 2%
find the correct scaling of logZ? ; , which can be of two different natures (and go
to +o0 or 0); see Theorems 2. 7 2.8 below.

We first need to introduce a few more notation. For a quenched continuum en-
ergy field P (as defined in Section 2.2), we define for a path s the number of
weights w it collects:

(2.10) N(s):= D e
(w,t,x)eP

Then we define a new (continuum) energy—entropy variational problem: for a fixed
realization of P, define for any k > 1

773[](] = 7~;3[k] P) = qu%)) k{n(s) Ent(s) — ﬁ} and
7,N (s)=
2.11) s€
T = sup THH.
k>r

When r =0, we denote by 7}5 the quantity 7~'[>0] In Proposition 5.5, we prove
that these quantities are well defined, and that there exists B, = B.(P) € (0, 00)
such that 7g € (0, 00) if B > B and773_01f,3 < Be.

THEOREM 2.7 (Regime 3-a). Assume that a € (1/2,2), and consider B, such
that (R3) holds. Then from (2.2) we have h,, < /nlogn, and

1 @ 5
(212) W(l w nﬁn 0(23/2}) —> 7-ﬁ asn — Q.
n n

(Recall that Bymnhy) ~ h%/n ~ Blogn.)
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Analogously to Remark 2.6, we roughly have

2
logZZ)’ﬂn A sup sup {ﬂnm(nhn)n(s) — h—" Ent(s) — Elogn}.
k=05, N (s)=k n 2
Here the extra term % logn comes from the local moderate deviation of the simple
random walk (see (2.14) below): for each visited site, there is an extra cost 1/4/n =
e~2108n Thig explains why, renormalizing by B,m(nh,) ~ h2/n ~ Blogn, one
ends up with the variational problem (2.11).

If ’773 >0 (B > Bc), the scaling limit is therefore well identified, and logZ? 5
(when recentered) grows like ,8773 logn with ,3773 > 0. On the other hand, if
’773 = 0, then the above theorem gives only a trivial limit. By an extended ver-
sion of Skorokhod representation theorem [17], Corollary 5.12, one can couple the
discrete environment and the continuum field P in order to obtain an almost sure
convergence in Theorem 2.7 above. Hence, it makes sense to work conditionally

on 7?(21) < 0 (it is equivalent to 8 < B.; see Proposition 5.5), even at the discrete
level. Our next theorem says that for 8 < 8., log Z, g, decays polynomially, with

a random exponent ,877;21] € (—1/2,0).
THEOREM 2.8 (Regime 3-b, ’773 =0, B < B:). Assume that o € (1/2,2) and
that (R3) holds. Then, conditionally on {Tj="1 < 0} (i.e., B < Bo).

@ =
log(logZ,‘f’ﬂn — nBuElolw<1/g N jax1}) — ’773[21] as n — oo.

Bnm(nhy)

Recalling that g,m(nh,) ~ h%/n ~ Blogn, we note that exp(ﬂﬁ[zl]logn)
goes to 0 as a (random) power ,8773[21] of n, with ,8773[21] e (—1/2,0).

Regime 4: \/n < h, < /nlogn. Consider the case

R pum(n’?) — 0o and B, (logm)~ m(n? /logn) — 0;

which corresponds to having transversal fluctuations /n < h, < /nlogn; see
(2.2).1f L(x) = 1, it occurs if B, = B(logn)n~7 with y = 5= and 0 < ¢ < 21

200

in which case we have h, ~ ,32;%1 (log n)%El J/n. Let us define

x2

(2.13) Wyi= sup {w__},
g (w,x,1)€P 2p1

which is a.s. positive and finite if « € (1/2, 2); see Proposition 6.4 below.



POLYMERS IN HEAVY-TAIL ENVIRONMENT 4033

THEOREM 2.9 (Regime 4). Assume that a € (1/2,2), and consider B, such
that (R4) holds. Defining hy, as in (2.2), then \/n < h, < /nlogn, and we have

1

,Bnm(nhn)
asn — +o0o.

)
log(v/n(logZ;, 5 — npuElwliw<i/p)e=1)) — Wi,

Recalling that 8,m(nh,) ~ h%/n « logn, we note that exp(Wlh%/n) goes to
infinity (at some random rate), but slower than any power of n.
Roughly speaking, in Section 6 we show that

h2 x2
logZ 5, ~n” "2 exp( sup {ﬂnm(nh yw — ——D
' (w,x,t)eP 2t
Analogously to Remark 2.6, there is no S-dependence in the limiting variational
problem, since the renormalization is B,m(nh,) ~ h,% /n (and is the correct one
both for the energy term and the entropy term).

Regime 5: Transversal fluctuations of order \/n. Consider the case
(RS) Bum(n*'?) — B € [0, 00);

this corresponds to having transversal ﬂuctuatlons h,, of order /n. In the case
L(x) =1, it occurs if B, = Bn~" with y = 2 . Here we state one of the results
obtained by Dey and Zygouras, [13], Theorem 1.4.

THEOREM 2.10 (Regime 5, [13]). Assume that o € (1/2,2), and consider B,
such that (R5) holds, that is, B,m1n3/?) — B € [0, 00). Then
N @) o py(@)

W(loan,ﬁn — ”'B"E[w1{w§m(n3/2)}]1a31) 9 2W 45 1 —> 00,

Here Wéa) is some specific «-stable random variable (defined in [13], p. 4011).

Some comments about the different regimes. The regimes 2-3—4 have different
behavior due to the different behaviors for the local moderate deviation; see [23],
Theorem 3. We indeed have that, for \/n < h, < n,

s
(2.14) pn(hy) :=P(S, =h,) = ﬁexp< (I—I-o(l))%),

so that we identify three main possibilities: if h, < /nlogn, then p,(h,) =

n V20, ~ o /aTogn, then py(hy) =n~(EFD/20Mif p, 5 JnTogn,

then p,(h,) = e~ (1+° (D) /m \which decays faster than any power of n.

This is actually reflected in the behavior of the partition function. Let us de-
note Z‘” g, =€ ~PnCa Z; ; the renormalized (when necessary) partition func-
tion. We recall that C,, is equal either to E[w]1{¢>3/2) (regimes 2 and 3-a) or to
Elw1{w<1/8,1]1a>1 (regimes 3-b and 4).
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e Inregimes 1 and 2, transversal fluctuations are &, > /nlogn, and Z ', SIOWS

faster than any power of n: roughly, it is of order P78 in regime 1 (for § < 00),

L .
and of order ¢71%:/" in regime 2. B
o In regime 3, transversal fluctuations are h, < y/nlogn, and Z, g, goes to in-

finity polynomially in regime 3-a, and it goes to 1 with a polynomial correc-
- F=1]
tion in regime 3-b. This could be summarized as Zg’ ~1+n"T6 ", with

,3’773[21] > —1/2: the transition between regimes 3-a and 3-b occurs as ,37~:3[ZH

changes sign, at § = B, (note that ,87?21] keeps a mark of the local limit theo-
rem; see (2.11) and (2.14)).
e In regime 4, Z;) p, goes to 1 with a correction of order n—!/2eWihi/ ", with

2 . o .
eWih/n going to infinity slower than any power of n: this corresponds to the

cost for a trajectory to visit a single site, at which the supremum in Wi is at-
tained. In regime 5, Z ., goes to 1 with a correction of order n —1/2,

2.4. Main results II. The case o € (0,1/2). In this case, since we have
n_lm(nz)/m(n3/2) — 00, there is no sequence B, such that ,B,,n_lm(nz) -0
and B,m(n>/?) — +oo. First of all, Theorem 2.4 already gives a result, but a phase
transition has been identified in [5, 24] when « € (0, 1/2).

THEOREM 2.11 ([5, 24]). When o E’(\O, 1/2), ﬁ;/\deﬁned in (2.7) undergoes a
phase transition: there exists some ,Bc Be(P) with B € (0, 00) P-a.s., such that

7;3_ lfﬂ<ﬁcand7}3>01fﬁ>ﬂc

The fact that 7:@ = 0 was not noted in [5, 24], but simply comes from the (left)

continuity of g8 — 773 (the proof is identical to that for 8 +— Tg; see [7], Sec-
tion 4.5).
In view of Theorem 2.4, the scaling limit of log Z” g, 1s identified when Tﬁ >0,

and it is trivial when 773 = 0. Again, by an extended version of Skorokhod repre-
sentation theorem ([17], Corollary 5.12), we can obtain an almost sure convergence
in Theorem 2.4. Hence, it makes sense to work conditionally on 7}; > 0or ’Z}; =0,
even at the discrete level. We show here that only two regimes can hold: if 7g > 0,
then fluctuations are of order n, and properly rescaled, log Z: p, converges to Ts

(this is Theorem 2.4); if 7]3 = (0, then fluctuations are of order ﬁ and properly
rescaled, log Z? g, converges in distribution (conditionally on Tﬁ =0).

THEOREM 2.12. Assume «a € (0,1/2), and suppose B,n " 'mn®) — B €
[0, +00). Then, on the event {’773 =0} (B < B} < 00), transversal fluctuations are
of order \/n. More precisely, for any & > 0, there exists some cq, v > 0 such that,
for any sequence C,, > 1 we have

@15) BBy, (max|Sj| = Cuv/n) = e 0 T = 0) <.
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Moreover, conditionally on {’7}3 = 0}, we have that

N

Bum(n3/2)
where W(()a) = [, xrx[0,1] WP, X)P(dw, dx, dt) with P a realization of the

(2.16) 102 Z 5“5 20 as n — +o0,

Poisson point process defined in Section 2.2, and p(t,x) = (27‘[[)71/267“#/2[ is
the Gaussian heat kernel.

Note that W(a) is well defined and has an «-stable distribution, with explicit
characteristic functlon see Lemma 1.3 in [13]. Theorem 2.12 therefore shows that,
when o < 1/2, a very sharp phase transition occurs on the line g, ~ pn/ m(n?):
for B < Be, transversal fluctuations are of order /n whereas for 8 > Be they are of
order n.

2.5. Some comments and perspectives. We now present some possible gener-
alizations, and we discuss some open questions.

About the case o = 1/2. We excluded above the case o = 1/2. In that case,
both n~'m(n?) and m(n>/?) are regularly varying with index 3, and there are
mostly two possibilities.

(1) If = ”g(/;)) — 0 (for instance if L(x) = e~129" for some b € (0, 1)), there

are sequences (8,),>1 With ,B,,n_lm(nz) — 0 and ,Bnm(n3/2) — +00. The situ-
ation should be similar to that of Section 2.3: there should be five regimes, with
transversal fluctuations /,, interpolating between /n and n.

Q) If m("ﬂ(/’;)) — ¢ € (0, 0o] (for instance if L(n) = (logx)? for some b), there

is no sequence (B;),>1 with ﬂnn_lm(nz) — 0 and ,B,,m(n3/2) — +00. Then the
situation should be similar to that of Section 2.4: there should be only two regimes,
with transversal fluctuations either v/n or n.

Toward the case o € (2,5). When « € (2,5) (more generally in region C in
Figure 1), an important difficulty is to find the correct centering term for log Z R
Another problem is that the variational problem 7z defined in (2.6) is 7g = +oo
a.s., since paths that collect many small weights bring an important contribution
to 7. The main objective is therefore to prove a result of the type: there exists a
function f(-) such that, for « € (2, 6) and any B, in region C of Figure 1,

1 (d) 7
—(lo Z UR
with &, defined as in (2.2) and where '7V'1 is somehow a “recentered” version of the
variational problem (2.6) (that is in which the contribution of the small weights has
been canceled out). The difficulties are however serious: one needs (i) to identify

the centering term f(8,), (ii) to make sense of the variational problem 7v'1
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Path localization. We mention that in [5], Auffinger and Louidor show some
path localization: they prove that, under Py p,» Path trajectories concentrate around
the (unique) maximizer y,’ p, of the discrete analogue of the variational problem
(2.7); see Theorem 2.1 in [5] moreover, this maximizer y," p, converges in distri-
bution to the (unique) maximizer y/j of the variational problem (2.7). This could
theoretically be done in our setting: in [7], Section 4.6, we prove the existence and
uniqueness of the maximizer of the continuous variational problem (2.6). Then
similar techniques to those of [5] could potentially be used, and one would obtain
a result analogous to [5], Theorem 2.1.

Higher dimensions. Similar to [5], our methods should work in any dimension
1 + d (one temporal dimension, d transversal dimensions). The relation (2.2) is
replaced by ,Bnm(nhg) ~ h,% /n: for paths with transversal scale /i, the energy
collected should be of order ,Bnm(nhﬁ) while the entropy cost should remain of
order hf, /n, at the exponential level. For o € (0, 1 4+ d), and choosing 8, =n~7,
we should therefore find that in dimension d a similar picture to Figure 1 holds:

Case @ € (0,d/2) Casex € (d/2,1+4d)
[yt -tfr>1- | [yttt | Blor<y<H | y=22 |
| e=1 | e=w2 || &=t [e=tmEP*eqn]| e=5 |

2.6. Organization of the rest of the paper. 'We present an overview of the main
ideas used in the paper, and describe how the proofs are organized.

* In Section 3, we recall some of the notation and results of the Entropy-
controlled Last-Passage Percolation (E-LPP) developed in [7], which will be a
central tool for the rest of the paper. In particular, we introduce a discrete en-
ergy/entropy variational problem (3.3) (which is the discrete counterpart of (2.6)),
and state its convergence toward (2.6) in Proposition 3.1.

# In Section 4, we prove Theorem 2.2, identifying the correct transversal fluc-
tuations. In order to make our ideas appear clearer, we first treat the case when
no centering is needed (i.e., < 3/2) in Section 4.1. In Section 4.2, we adapt
the proof to the case where it is needed. In the first case, we use a rough bound

Z)ﬂn (max;<p |Si| = Aphp) < Z,“l)’ﬁn (max; <, |S;| = A,h,), the second term being
the partition function restricted to trajectories with max;<, |S;| > A,h,. The key
idea is to decompose this quantity into sub-parts where trajectories have a “fixed”
transversal fluctuation, as done in [13], page 4021,

logy (n/ hy)
g (maxISi| = Anha) = 30 Zy g (max|Sil € (2, 20) ).
- k=log, A,+1 -

Then we control each term separately. Forcing the random walk to reach the
scale 25~ 11, has an entropy cost exp(—c22khﬁ /n) so we need to understand if
the partition function, when restricted to trajectories with max;<, |S;| < 2%h,,
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compensates this cost (cf. (4.3)): we need to estimate the probability of having
Zf;” b (max; <, |Si] < 2%n,) > eCZZkhlzl/ ", This is the purpose of Lemma 4.1, which
is the central estimate of this section, and which tediously uses estimates derived
in [7] (in particular Proposition 2.6).

* In Section 5, we consider regimes 2 and 3-a, and we prove Theorems 2.5-2.7.
The proof is decomposed into three steps. In the first step (Section 5.1), we use
Theorem 2.2 in order to restrict the partition function to path trajectories that have
transversal fluctuations smaller than Ah, (for some large A fixed). In a second
step (Section 5.2), we show that we can keep only the largest weights in the box
of height Ah, (more precisely a finite number of them), the small-weights contri-
bution being negligible. Finally, the third step (Section 5.3) consists in proving the
convergence of the large-weights partition function, and relies on the convergence
of the discrete variational problem of Section 3.

* In Section 6, we treat regime 3-b and regime 4, and we prove Theorems 2.8—
2.9. We proceed in four steps. In the first step (Section 6.1), we again use Theo-
rem 2.2 to restrict the partition function to trajectories with transversal fluctuations
smaller than A+/nlogn (for some large A fixed). The second step (Section 6.2)
consists in showing that one can restrict to large weights. In the third step (Sec-
tion 6.3), we observe that since we consider a regime log Z;) g — 0, it is equivalent
to studying the convergence of Z? g, — 1o we reduce to showing the convergence
of a finite number of terms of the polynomial chaos expansion of Z;? g, — i see
Lemmas 6.2—6.3. We prove this convergence in a last step: in Section 6.4, we show
the convergence in regime 3-b (Lemma 6.2), relying on the convergence of a dis-
crete variational problem. In Section 6.5, we show the convergence in regime 4
(Lemma 6.3), which is slightly more technical since we first need to reduce to
trajectories with transversal fluctuations of order h,, < /nlogn.

* In Section 7, we consider the case « € (0, 1/2), and we prove Theorem 2.12.
First, in Section 7.1, we prove (2.15), that is, there cannot be intermediate transver-
sal fluctuations between /n and n. We use mostly the same ideas as in Section 4,
decomposing the contribution to the partition function according to the scale of the
path, and controlling the entropic cost versus energy reward for each term. Here
some simplifications occur: one can bound the maximal energy collected by a path
at a given scale by the sum of all weights in a box containing the path, this sum
being roughly dominated by the maximal weight in the box (this is true for o < 1).
We then turn to the convergence of the partition function in Section 7.2. The idea
is similar to that of [13], Section 5, and consists of several steps: first, we reduce
the partition function to trajectories that stay at scale /nlogn; then we perform
a polynomial chaos expansion of Z;’ g, — 1 and we show that only the first term
contributes; finally, we prove the convergence of the main term (see Lemma 7.2),
showing in particular that the main contribution comes from trajectories that stay

at scale \/n.
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3. Discrete energy—entropy variational problem. We introduce here some
necessary notation, and state some useful results from [7]. Let us consider a box
App=11,n] x [[—h, h]. For any set A C A, , we define the (discrete) energy
collected by A by

(3.1) Qun(d) = > wix.

(i,x)eA

We can also define the (discrete) entropy of a finite set A = {(#;,x;); 1 <i < j} C
R? with [A| = j e Nand with 0 <#; <, <--- <t; (with tp = 0, x9 = 0)

1 o —xi)?
3.2 Ent(A):==- ) ——.
(32) M=
By convention, if t; = ¢;_1 for some i, then Ent(A) = +o00. The set A is seen as
a set of points a (continuous or discrete) path has to go through: if ACN x Z a
standard calculation gives that P(A C §) < e~ Entd) (A c S means that St = x;
for all i < |A|), where we use that P(S; = x) < =X 12 by a standard Chernoff
bound argument.

We are interested in the (discrete) variational problem, analogous to (2.6)

(3.3) T = Jmax {Buh (D) — Ent(A)),

with B, some function of n, 4 (soon to be specified).
We may rewrite the disorder in the region A, j, using the order statistics: we

let M{"" be the rth largest value of (@ix)(i,x)eA,, and Yy e Ay, its position.
In such a way,

Ay,
(3.4) (@) jren,, = (MOD | y @Al

In the following, we refer to (M(” h))IA” !

(Y(n ]’l))l nhl

as the weight sequence. Note also that

is simply a random permutation of the points of A, .
The order statistics allows us to redefine the energy collected by aset A C Ay,
and its contribution by the first £ weights (with 1 < £ <|A, |) by

l
14 A,
G5 Q@)= MM . Quaa) =25 ).
r=1

We also set Q(>€)(A) = Qun(A) — Q%I(A). We then define analogues of (3.3)
with a restriction to the ¢ largest weights, or beyond the £th weight

WRCY ¢
TP = max (Bas @), (A) — Ent(A)},

(3.6)

,Bnh (>Z) (>Z)
T, = Q=9 (A) —Ent(A)).
Argifh{ﬁn,h (A) —Ent(A)}
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Estimates on these quantities are given in [7], Proposition 2.6 (most useful in Sec-
tion 4). The following convergence in distribution is given in [7], Theorem 2.7,
and plays a crucial role for the convergence in Theorems 2.5-2.9.

PROPOSITION 3.1. Suppose that %ﬁn,hm(nh) —ve[0,00) asn,h— 0.
For every o« € (1/2,2) and for any q > 0, we have

(3.7) —ZTnﬁ';;'l @ Tv.q := sup {vr(s) —Ent(s)} asn— oo,
h S€My

with M, = {s € Z,Ent(s) < 0o, max;e(o,1] |5 ()| < g}. We also have

(3.8) 2 Tnﬂ’;z ) T(Z) := sup {vr®(s) —Ent(s)} asn— oo,
SEMy

where 70 = Zle My, esy with {(M,,Y,)},>1 the order statistics of P re-
stricted to [0, 1] x [—q, q]; see [7], Section 5.1, for details.
Finally, we have 7](,2) — Tvqas £ — oo,and T, 4 — T, as g — 00, a.s.

4. Transversal fluctuations: Proof of Theorem 2.2. In this section, we have
ae(1/2,2).
First, we partition the interval [A, A, , n] into blocks

4.1 Biy =20y, 2%h,), k=logy A, +1,...,log,(n/hy) + 1.
In such a way,

logy(n/ hy)
(4.2) @ (max|s,-| > Anhn) = > Py, (max|s le Bk,,)
1=n k=log, Ay+1

We first deal with the case where n/m(nh,) "Z2°0 for the sake of clarity of
the exposition: in that case, log Z;’ ', does not need to be recentered. We treat the
remaining case (in particular we have a > 3/2) in a second step.

4.1. Case n/m(nh,) — 0 asn — +oo. We observe that the assumption @ >
0 implies that the partition function Z;? p, 18 larger than one. Therefore,

5, (max 1| € B ) <25, (max i| € B ).
By using the Cauchy—Schwarz inequality, we get that

w 2
n. (rpg |Sil € Bk,n)
“4.3) - )
<P(max|$;| = 27 hn ) x Z 55, (max |S;] < 20y ).



4040 Q. BERGER AND N. TORRI

The first probability is bounded by 2P(|S,,| > 2¢~'h,) < dexp(—2%*h2 /2n) (by
Lévy’s inequality and a standard Chernov’s bound). In the following lemma, which
is the central tool for the proof of Theorem 2.2, we show that the random walk
cannot “collect an energy” of order qzhﬁ /n under the condition max; <, |S;i| < gh,,.

LEMMA 4.1. There exist some constant qy > 0 and some v > 0, such that for
all g > qo we have

» . 1q L —v n
RN n,2/3n(r?§;(|sl| <qh)z e ) =g (1 i m(nhn))'

Therefore, if n/m(nh,) "22°0, this lemma gives that for ¢o = 1/8 and for k
large enough (i.e., A, large enough), using (4.3),

P(Z;)ﬂ (max 1Si] € Bk,n) > 4e—602”h3/”)
Fn lf}’l
k 1/2—2¢0)2% 2 ky—

< B(23., (max11] < 24h,) > 4e2-20 ) < 0k~
Then, using that } ;o0 4, =02/ < g=c1ATMI/n e oet that by a union
bound

@ . —c1AZh2/n
IP)<Pn,/3n (Tlniar:( 1Si| = Anhn> >e ‘! )
10g2(n/hn)

4.5) < > ]P)(ZZ),,B” (max 1S;| € Bm) > 4e—cozzkhg/n)
k=logy Ap+1 1=n

<2 Y 2% <eaAr.

k>log, Ap

We stress that in the case when n/m(nh,,) e 0, we do not need the additional n
in front of e~¢14ah/" in (2.8).

PROOF OF LEMMA 4.1. For simplicity, we assume in the following that gA,
is an integer. We fix § > 0 small such that (1 +68)/a¢ <2 and (1 —4)/o > 1/2, and
let

P Ve 202\ —(1-8)/a
(4.6) T =Ty (qhy) = —2q"%(q*h2 /n) v
n

be the first level of truncation. Note that if & < (1 — §)3/2 then we have T = 1 for
large n.
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We decompose the partition function into three parts: thanks to Holder’s in-
equality, we can write that

log Z; 5, (max|Si| < qh»
4.7) -

1 1
< =log Z51,>6Tﬁ?n + —log Zﬁ{gﬁ) + —log ngén,

3 3

where the three partition functions correspond to three ranges for the weights
Bnwi,s;:

W | =

B n
(4.8) Z,(f@T,s),, =E eXP(ZGﬂnwi,SJ{ﬁnwi,s,.w})1{max,-<n|s,-|sqhn}},

i=1

B n
1,
49)  Z'g) :=E eXP(Z6ﬁnwi,Si1{ﬁ,1wi,s,.e<1,T1})1{max,-5n|s,-|sqhn}},

i=1

B n
(4.10) Zfslén '=E|exp (Z 6Bnwi 51,015, sl}> T{max; <, |s,~|5qhn}}-
L i=1

We now show that with high probability, these three partition functions cannot be
large. Note that when T = 1, the second term is equal to 1 and we do not have to
deal with it.

Some comments on the proof. Let us stress that the main difficulty in the proof
is not to deal with the contribution of the few largest weights, but rather to control
the contribution of the many intermediate ones. Note that the first truncation level
T is much smaller than g8,m(gnh,) (which is the order of the largest weight): for
(4.8), we already deal with the contribution of many intermediate weights.

Let us now explain briefly where the choice for T comes from: our goal is to find
T as small as possible (so that the first term includes already many intermediate

2
weights) and such that P(log Z£1,>6T/‘3)n > coqzh#) e 0, uniformly on n. For

£ >0, we let
T :=q1/ah%/n x g/~ Bam(gnhy,) x g—n/a,

for some n < 1. Roughly speaking, this choice of T allows us to safely replace

Zfl,>67/; by fo)é e the partition function truncated to the £ largest weights, cf. (4.13)

below. We then compare the log-partition function with the discrete energy—
T, )

We then choose to take ¢ = o(qzh,% /n) as large as possible (to make T small), that
is, £ = (qzh%/n)”/ for some n’ < 1: this leads to our choice of T in (4.6). Then
the entropy-controlled last-passage percolation ([7], Proposition 2.6) allows us to

6B, (L)
control Tn’ qhy -

entropy variational problem: we show in (4.15) that log Z}(fiz3 ’ < 2%exp(
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(1 T])

For (4.9), we divide the partition function Z( into a finite number of trunca-

tion levels TV) < B,w; , < TV~ D and we treat them separately (keeping track of
the dependence of the estimates in j). The method is similar to the first term, but
we chose to treat (4.9) in a second separate step to make the exposition clearer—
it is the most technical part of the proof, and the core ideas are presented in the
treatment of (4.8).

Term 1. For (4.8), we prove that for any v < 2« — 1, for g sufficiently large, for
all n large enough we have

h2
4.11) IP’(logZ(éﬂ > coq? ) q7".

We compare this truncated partition function with the partition function where we
keep the first £ weights in the order statistics (Mi(n’qh”))lgi <2ngh, - Define

_ h?
4.12) 0= Lo(ghn) = (¢2h2/n)'™° soT="ngl/e 5 (~(1-0)'7/a
n
and set
© (1)
(4.13) Z's —E[exP(;@gnM A S})}
1

Note that the quantity in the exponent is the same writing as in the trick used in
[15], page 236. Remark that, thanks to the relations (4.12) and (2.2) verified by T
and B, respectively, we have that for n large enough

1
P(IBan(ngq]’ln) - T) < ]P)(Mg(nthn) > qu/(xﬂ—(l—5)]/2/(¥m(nhn)).

Then, since we have g/¢ < 1 (see (4.12)), we can use Potter’s bound (cf. [8],
Theorem 1.5.6) to get that for n sufficiently large

mngh,/0) < (q/0" m(nh,),
and we obtain that provided that § is small enough
P(ﬂnMémqhn) >T) < ]P)(Mén’qh") > Coqu/“ﬂ‘sz/“m(nqhn/ﬂ)) < (cqt)™%t2,

where we used [7], Lemma 5.1, for the last inequality. We therefore get that, with
probability larger than 1 — (c£)~%¢/? (note that £7%¢/2 < g=%¢/2 < 4= for n large
enough), we have that

{(i,x) e[, nll x [—qhn, ghn1l; Buwi x > T} C Yy

(4.14)
(n.qhn) (n.qhn)
={y," ", Ly,

and hence fogl;) < Z,(f% R
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We are therefore left to focus on the term Z,(f)6 6, recalling the definitions (3.5)
and (3.6), we get that

20, = Y SRR, = A)
(4 15) ACTYy
. 6 ns
< 3 exp(6ByQugn, (A) — Ent(A) <2 exp(10% ),
ACTy

where we used that P(A C ) <exp(— Ent(A)) as noted below (3.2).
Note that we have ¢ < %coqzh,zl/n for n large enough (and g > 1), so we get
that

-2
We are going to control the last term by using the entropy-controlled last-passage

percolation ([7], Proposition 2.6). For this purpose, notice that, by (2.2) and thanks
to Potter’s bound, for any n > O there exists a constant c¢; such that for any g > 1,

© 2 ha 760 Y
}P’loan6ﬁ > cog’ 2 " <P g = €09 )

(6B,m(nghy))*3 < q(1+n)———h3 e (q4/3)(1+n)/a—2 « qzﬁ
(qzh,%/n)l/S =N n n 0

where we used that for any n > 0, m(ngh,) < c;]q(H”)/"m(nhn) provided that n
is large enough (Potter’s bound). Therefore, provided that 7 is small enough so that
(14n)/a < 2, an application of [7], Proposition 2.6, gives that for g large enough
(so that b, := ;Ton(q4/3)2—<‘+">/“ is large),

2 473
66, (£) 1 2hn 6B, (L) (6,8nm(nqhn))
IED<Tn,qhn = 5¢0q 7) = P<Tn,qhn = by x (@2h2/m)1/3

(4.16)

—V
=cq

with v =2« — 1 — 25. This gives (4.11), since 7 is arbitrary.

Term 2. We now turn to (4.9) We consider only the case T > 1 (and in particular
we have a > (1 — §)3/%). We show that for any n > 0, there is a constant ¢, > 0
such that for ¢ large enough and n large enough,

(4.17) P(logZy ¢ = colq*h2/n)' ") < exp(—cy(q*hZ/n)'>).

Again, we need to decompose Zfl(le, lD according to the values of the weights. We
setd:=(1—6)2/a > 1, and let
(4.18) €= (q%h2/n)" 0D = (e0)?”

with £o = £ = (¢*h2/n)' % as in (4.12), and

. h2 i1 s\3/2 h2
(4.19) 7 .= 7nql/az % (qzh%/n) 67 (1=8)""/a _ 7nq1/oz(Ej)—a_,s)l/z/oz
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for j €{0, ..., x} with « the first integer such that 6% > /(1 — §)3/2. We get that
7O =T, and T% < 1. Then, thanks to Holder inequality, we may write

() (=D
logZ\\ ¢4V < Zlo 25" with

n

() p(j=D

Zg(EKﬁT D, E[exp(Z&ﬂnwasi1{,s,lwi.sl.e(T<f>,T<f1)]}>1{max,~5n|si|5qhn}]
i=1

To prove (4.17), it is therefore enough to prove that for any 1 < j <«, since £; >
(q%hy/m)' 2,

@20)  PllogZ\ %™ " = 8e(q?h2/n) ;") < exp(—c(q?h2/n)' ).

First of all, we notice that in view of (4.18)—(4.19), with the same computation
leading to (4.14), we have that with probability larger than 1 — (c/ j)_MJ' /4,

G, x) €[N, 7]l X [—qhn, ghn]l; Brwix > TV}

4.21)
C Y = (v, Y}f"fh”)}.

On this event, and using that £ ; = (Ej_l)(l_‘s)z/“ and
. h? (1—g)-1/2 h? 12—
G-1 n _1/a,—(1=8)7"/7/2 n _1/a,—1/2-8/5
T =4 £ < pu ¢

(if § is small), we have

£
((T(J) 7= 1)]) G-=1
Zn 6K 8, = E|:exp <6KT I X; 1 {Y(" «ahn) es)
i

4.22)
,, ~5/10
586 & +H;
with
£ 2 ol
g 1Jap—1/2-8/5
H o= 3 S e PSNTy, =4)
k:qZ—%g}/M/lO ACTy ;1| A=k
£
: L h _
< Z exp(6/c 1/0‘6 1/2=8/5 inf Ent(A)).
k ACYy.,|Al=k
e qz__€1/2+a/10 i

Then, we may bound (ekf) < ek1o2tj ' We notice from the definition of x and § (and

since 6 € (1, 2)) that there exists some v > 0 such that £; < E < (qzhz/n)z_” for

—1/2-8/5

any 1 < j <k it shows in particular that log £; < E‘S <q? by Z , provided
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that n is sufficiently large and § has been fixed sufficiently small. We end up with
the following bound:

Ej 2
hy _1/2-8/5 .
Hj < Z exp<cq2_"g , k — inf Ent(A)).
ke 2“61/2”/10 n/ ACTYy;,|Al=k

Then we may use relation (2.5) of [7] (withm = £, h = qh,) to get that, for any

2— 1 ,1/248/10
kzq aej >
zhn ~1/2-8/5
P inf Ent(A) <2cq E k
ACTy, | A|=k
(4.23) (co(zczjf”z‘mk)l/zej k
<

< (cqu 3¢ ‘3/4) < (ctj)~%k/4,

For the last inequality, we used that g %3 <1,since @ > 1/2 and ¢ > 1. Since we

2h_g£f1/2—5/5
j

have that ¢ m > 1, we get that there is a constant ¢ > 0 such that

ok} ,—1/2-5/5 n —58/10
Z e néj kfc/e cq? E SC/-

k> 277€1/2+5/10

Using (4.23), we therefore obtain, via a union bound (also recalling (4.21)), that
provided that n is large enough

—58/10

) pG=D n _50; —
L A IR LD DN C P

1
kzquﬁﬁyzﬁ/m

_ . pl2
< (ct))™*",

This proves (4.20) since £; > €y = (¢*h2/n)!=%.
Term 3. For the last part (4.10), we prove that for arbitrary n > 0,
n

_ ifoa>1,
mnh,)
n

h2
(4.24) P(logZ( o, = C0q —> <cq 2 x
—— ifa<l.
m(nh,)1-na
Let us stress that in the case o < 1 we get that for n large m(nh,)1=7% >
(nh,)' 2", therefore n/(nh,)1="* goes to 0 provided that 5 is small enough,
since we are considering the case when h,, > /n. Hence, we can replace the upper
bound in (4.24) by 1 A (n/m(nhy)).
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6x1

To prove (4.24), we use that > =<1} <14 e®x1 {(x<1) for any x, and we get that

), <E[ (1 +6€6ﬂnwi,s,~1{ﬂnwi,s,.sl})} and
(4.25)

6
IEfogf? < E|: (1+ 6e6IBnE[w1{w§1/ﬁn}])i| T CUPSAY

I SENTH 3
—_ —_

Therefore, by the Markov inequality and Jensen inequality,

(< 2l 1 (<D
P(logZ oy = coq " ) < — . q2 h21 eEZ, - 68,
2n% B
<Cq~? 2 ——E[w1u<1/8,]-
It remains to estimate E[w1(,<1/g,)]. If & > 1, then it is bounded by E[w] < +o0:
this gives the first part of (4.24), using also (2.2). If « < 1, then for any 1 > 0, we
have B,E[011w<1/p,)] < Br ™" for n large enough: by using (2.2) together with
h%/n > 1, this gives the second part of (4.24).
The conclusion of Lemma 4.1 follows by collecting the estimates (4.11)—(4.17)—
(4.24) of the three terms in (4.7). U

(4.26)

4.2. Remaining case (o > 3/2). We now consider the remaining case, i.e.

when we do not have that n/m(nh,) "Z2°0. In particular, we need to have that
o > 3/2, and hence E[w] =: u < 400. Then, we do not simply use that Z;"’ﬂn >1
to bound Pff’ B (max;<y, |S;| € Bk,,), but instead we use a re-centered partition

function Z® , := e "PnlZ® . 5o that we can write
n,Bn n,Bn

Py, (max|Si| € Bi.n)

1 n
(427) == TE|:6XP (Z ﬁn (a)i,s,- - /-'L)) 1 {maxif,, Si|€Bk,n}i|
Zn,,Bn i=1
ijﬂ b (rl,nsagi i1 € Ben).

First, we need to get a lower bound on Z;’ by

LEMMA 4.2. For any § > 0, there is a constant ¢ > 0 such that for any pos-
itive sequence &, < 1 with &, > n’l/z(hﬁ/n)“*yzw (this goes to O for § small
enough), and any n > 1,
a—1/2-8

— h%
(4.28) P(ZOp =0~ ) > 1 — e /o

_ e—ce,,h%l/n'
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We postpone the proof of this lemma to the end of this subsection, and we now
complete the proof of Theorem 2.2, (2.8). Lemma 4.2 gives that Z‘” B = n~! with
overwhelming probability: using (4.2) combined with (4.27), we get analogously
to (4.5),

P( oy (I?Sa} 1Si| > Anhn) > ne*CIAﬁhﬁ/n)

<P(Zy, <n")

logy (n/ hn)+1 ) N
+ Z P( Zu,ﬁ<max |Si| € Bk,n) > 402 hn/n>‘
k:10g2 Ap+1 1=n

(4.29)

To control the sum, we use the following lemma which is the analogy of
Lemma 4.1 for Z} 5

LEMMA 4.3. There exist some constant qg > 0 and some v > 0, such that for
all g > qo we have

(4.30) P(Zg”w (max|S | < ghn )>e4q 7) <q™".

PROOF. The proof follows the same lines as for Lemma 4.1: (4.7) still holds,
with B,w; s, replaced by B, (w; s, — n) (outside of the indicator function). The
bounds (4.11)—(4.17) for terms 1 and 2 still hold, since one fall back to the same
estimates by using that (w; 5, — 1) < w; s;. It remains only to control the third
term: we prove that when u := E[w] < 00, then for any § > 0, provided that n is
large enough,

h2 h2 a—3+48
4.31) P(logZEl—w; > coq ) <cq 2 x n_l/Z( ) ’ ,
n

n
where we set analogously to (4.7)

n
(4.32) Z’(@Eg/gn =E |:exp (Z 6B, (w; s, — w)1 {Bawi.s; Sl}> ] .
i=1

Then, in the case « > 3/2, using that 42 »/n < n we get that the upper bound in
(4.31) is bounded by cg~2n®~2+3 Wthh is smaller than ¢ —2 provided that § had
been fixed small enough.

To prove (4.31), we use that there is a constant ¢ such that e* <1+ x + cx? as
soon as |x| < 6, so that we get similar to (4.25) that

(=1)
@33) <1+ BE[(@—wlws1/p)]+ BIE[(@ — 1) T wz1/80])"

< exp(an(l/an)IBf;) < eXp(hi(l’l%/n)oH-s) .
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For the second inequality, we used that E[(w — u)1(w<1/8,}] < 0 and also that
El(w — 1) 1(w<1/p,1] < cL(1/B,)B2~2, thanks to (1.2). The last inequality holds
for any fixed &, provided that n is large enough, and comes from using Pot-
ter’s bound and the relation (2.2) to get that L(1/8,)B% < ¢'P(w > 1/B,) <
(nhy)~! (hﬁ / n)®t9. Then, applying Markov and Jensen inequalities as in (4.26),
we get that

_ h2 h2 o436
P(longtfgé > COqZ_”l> < Cq2£<_n> ,
) n n
which proves (4.31). [

With Lemma 4.3 in hand, and using the Cauchy—Schwarz inequality as in (4.3),
we get that

P(Z3 p (max |Si] € Bi,p) = 2e707 1) < 27

Plugged into (4.29), this concludes the proof of Theorem 2.2, (2.8). It therefore
only remains to prove Lemma 4.2.

PROOF OF LEMMA 4.2.  'We need to obtain a lower bound on Zn, .- We apply
the Cauchy—Schwarz inequality to

n
= (>1 B
Zfiﬂ,,)/Z = E[eXP<Z jn(a’i?sl- — )1 {lgnwi¢si>1}):|

i=1

n 1/2
S ( :’lu,ﬁn)l/zE[eXp<Z _ﬁn(wissi - I’L)1{,3nwi,xi§1}>:|

i=1

= 1/27(<1) \1/2
= (27, *(Z,1)"

so that

= ~(>1 2 7 (<1
(4.34) 7, g = (Zﬁiﬁn)/z) / Zl(1,§—33n'

Hence, we get that
ni

- h2 - 2 -
(435) P(Z2 g, <n~'ew) <P(ZEY, = e 0 )+ P(Z,) ) <n” e ),

and we deal with both terms separately.
For the first term, we use that analogously to (4.33) we have

EZZY, < (1= BuE[(@ — i) Voz1/8] + BRE[(@ — 1) 1 0=1/8,])"
(4'36) a\n ¢ 2 a+68/2
= (1+CL(1/IBH),3;1) EeXp(h—(hn/l’l) )’
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Here the difference with (4.33) is that we use for the second inequality that
—El(@ — ) {w<1/p)] = El(@ — i) 1w>1/,3] < cL(1/B) B!, thanks to (1.2).
Again, the second inequality holds for any fixed &, provided that n is large enough.
Using Markov’s inequality, one therefore obtains that the first term in (4.35) is
bounded by

_ n2 2 2
(4.37) }P’(Zf_lign > ea"Tn) < exp(i(h%/n)‘”'S — sn};—"> < exp(—sn/;—;;),

2
the second inequality holding provided that &, is larger than n—!/ Z(h—")“_%+8

As far as the second term in (4.35) is concerned, we find a lower bound on Z( 1)
by restricting to a particular set of trajectories. Consider the set

O =G, x) € [n/2,n]] x [[e}/*hy, 26} 21, ]|; Buwix = 2x7/1).

If the set O, is nonempty, then pick some (ig,xg) € O,, and consider tra-
jectories which visit this specific site: since all other weights are nonnegative
((@ — )1 g,0>1y = 0 provided u < 1/B,), we get that

Zr(zzﬁln) > ePrn(@ig.xg —#)P(Sl.o = x0)

(4.38) X2

2
> ——e"'n
\/— exp(ﬂnwlo x0 lO > - \/ﬁe

We used Stone’s local limit theorem [23] for the second inequality (valid pro-
vided that n is large, using also that ig > n/2). For the last inequality, we used
the definition of O, to bound the argument of the exponential by x(% /1o > enhﬁ /n.
Therefore, we get that

1/2hn

P(Zﬁ?ﬁln) j_een@> <PO,=9) = H l_[ P(Brow > 2x2/i /)

n
= 1/2
n/2 _”/ hn

El/znh
< (1 —P(w > 4e,m(nhy)))™" "

For the second inequality, we used that x2/i > enh,% /n for the range considered,
together with the relation (2.2) characterizing 8,. Then we use the definition of
m(nh,) together with Potter’s bound to get that for any fixed § > 0, we have P(w >
4e,m(nhy)) > ce, «+8(nh,)~!, provided that n is large enough. Therefore, we
obtain that

(>1) c nﬁ ——a+8
(4.39) ]P(Zn 5 < ﬁee n ) <exp(—cen ),

which bounds the second term in (4.35). [
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5. Regime 2 and regime 3-a. In this section, we prove Theorem 2.5 and The-
orem 2.7. We decompose the proof in three steps, Step 1 and Step 2 being the same
for both theorems. For the third step, we give the details in regime 2, and adapt the
reasoning to regime 3-a.

5.1. Step 1: Reduction of the set of trajectories. Recalling u = E[w] (which is
finite for o > 1), we define

(5.1) o g = E[GXP(Z Bu(wis, m{azg/zp)].

i=1

We show that to prove Theorem 2.5 and Theorem 2.7 we can reduce the problem
to the random walk trajectories belonging to A, ap, for some A > 0 (large). For
any A > 0, we define

(5.2) Bu(A) = (i, Sy : max S| < Ahy|

and we let

n
(5.3) n g, (Bn(A)) := E|:6Xp <Z Bn(wi,s, — 111 {a23/2})> 1Bn(A)i|-
i=1
Relation (2.8) gives that P(PY ;. (B,(A)°) > ne™1A™i/") < ¢ A=, uniformly
on n € N. This implies that

54 P(llogZ? s —l0gZ2 5 (Ba(A))| = ne 14/ < a1,

uniformly on n € N. Let us observe that in regime 2 and regime 3-a we have that
h2/n > cglogn, therefore ne=<1A%/n
sufficiently large.

In such a way, relation (5.4) implies

goes to 0 as n gets large, provided A is

(5.5) nl_) L7 loanﬁ = lim lim logZ (Bn(A)).

A—oon—>0 h2

5.2. Step 2: Restriction to large weights. In the second step of the proof, we
show that we may only consider the partition function Z () truncated to a finite
number L of large weights, with L independent of n. We need some intermediate
truncation steps.

We start by removing the small weights. Using the notation introduced in (4.8)—
(4.10) and (4.32), Holder’s inequality gives that for any n € (0, 1)

>1) = (7(=D -

(5.6) 7 ’”’3")] (Z,—1ong)
' 1 L a(=) L
0 Bu() < (Zy L) T (L7105 T
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We observe that the condition S, > 1 implies (if u < 00)

S.7) (I -2nppo<=(1—n)pp(w—pn) and (A+n)Bi(w—pn)<U+npo,

provided n is large enough (the first condition is equivalent to 8,w > I_T” Bult,

which holds for n large enough since g, | 0). In such a way, we can safely replace

7 (>1) =1 7 (>1) =D :
Zn,(l—n)ﬁn by Zn’(l_zn)ﬂn and Zn,(1+n)ﬁ,, by Zn,(l-i—n)ﬁn in (5.6). The next lemma

shows that the contribution given by log prl én is negligible.

LEMMA 5.1. Let p € R. Then

n —
h—zloglfplﬁ);n LN 0 asn— oo.

n

(5.8)

PROOF. The case p > 0 is a consequence of the estimate in (4.25) and (4.26),
while the case p < 0 follows from the estimate in (4.36) and (4.37). [

We can further reduce the partition function valgn to even (intermediate) larger
weights (with v > 0).
We fix some § > 0 small, and define ¢ := (Azh,%/n)l_a and also T =

2
Alle %”Z‘““S)l/z/ “ as in (4.12): then, Holder’s inequality gives that for any
ne©,1)

1) 1 1 1) U (1)
l0gZ, 15, <1022y v, = 77 108 L g, T 17537 108 2y 1y g,
Then (4.17) gives that for any fixed A > 1, and since h,% /n — o0, we have that for
any p > 0,

(1,7 Lp) 0 asn— oo.

n
5.9 E logZ, .5
Finally, we show that we can only consider a finite number of large weights. We
consider Yy = {Yl("’Ah”), e, Ye(n’Ah”)} with ¢ chosen above. Using (4.14), with
probability larger 1 — (c€) /2 (with £ — oo as n — 00) we have that

Er:={G, x) €[[1,n]l x [—Ahpn, Ahy1l; Bawix > T} C Yy,

and thus Z) < fo) s, With high probability. We let L € N be a fixed (large)

n,vB, Y
constant. Since | Ep| — 00 as n — 00 in probability, we have that Y1, C Er so that,
Zg:))ﬂn < fovTﬂ)n for large n, with high probability. By using Holder’s inequality, we
get
>T) (L) T (70 e
novbn = Lo = Louomp,) Ty 1 ynyp)

’
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where

14
N 4l
(5.10) Zﬁfﬁn) :=E|:exp( Z ,Ban.(”q )1{Yi(n,qhn)es}):|'

i=L+1

7.0

We now show that the contribution of i
n,v(14+n7") by

is negligible.

LEMMA 5.2. Forany € € (0, 1) and for any L € N and p > 0, there exists &1,
such that for all n,

(5.11) P(:—zlongf;ﬁn > s) <8,
n

with §;, — 0 as L — oo.

PROOF. We let p > 0. Recalling the definition (3.5), and using that P(A C
S) < ¢En(A) we have that
Y nQ(>L)
Z00 < Y i RS N1 = A)
ACTYy
< 3 exp(pBuQ )y (A) —Ent(A)) < 2% exp(T)5, ).
ACTYy

Using that ¢ = o(h% /n) and the fact that

n
P(h—szj]’,ij’ > s) =20
n

(which is relation (5.5) of [7]), we conclude the proof. [

Collecting the above estimates, we can conclude that

n

@®)
5 logZ
n

n,vBy "

. n - . . .
(5.12) nlgrgo @log Z7 4 (B.(A)) = lim lim lim

y—>1L—>oon—o0 h

5.3. Step 3: Regime 2. Convergence of the main term. It remains to show the
convergence of the partition function restricted to the large weights.

PROPOSITION 5.3. Foranyv > 0and L > 0,

© . .
n aw @ T, 4 in regime 2,

5.13 — logZ e

(5.13) h2 &L, vp, :'G(Lv)A in regime 3-a,

where 773(%4) was introduced in (3.8) and 7;3(%)) 4 s defined in (5.18) below.
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One readily verifies that:
* V> 7;(54) (resp. v > 7730;) 4) 1s a continuous function;

* 7'1(LA) — T1.4 (resp., 7~:3(L1)A — ’773’1,14) as L — oo (see Proposition 3.1,
resp., Pfoposition 5.4); o

* 71,4 — T (resp., ’773,1,A — ’7~73) as A — oo (see Proposition 3.1, resp., Propo-
sition 5.4).

Therefore, the proof of Theorem 2.5 and Theorem 2.7 is a consequence of rela-
tions (5.5), (5.12) and (5.13).

PROOF. We detail the proof for the regime 2. The regime 3-a follows similarly
using the results in Section 5.4 below. To keep the notation lighter, we let v = 1.

Lower bound. For any L € N, we consider a set A, C Y1, which achieves the
maximum of Tnﬁ’ ’X,(f;), respectively, of Tf ’X%) defined below in (5.17) for regime

3-a. We have
Z") = exp(Bsn.an, (AL)P(S N T1, = Ay).

Since L is fixed, we realize that any pair of points (i, x), (j, y) € Y1, satisfies the
condition |i — j| > en and |x — y| > ¢h, with probability at least 1 — ¢, with

ce — 0 as ¢ — 0. In such a way, we can use the Stone local limit theorem [23]
to get that P(S N Y1, = Ap) = n— 3 +0o(De=Ent(An) [ the regime 2, in which

Ent(Ap) =< h%/n >> logn, this implies that
(5.14) 2" > exp((1+ o)) T ().

To conclude, we use Proposition 3.1, (3.8) to obtain that Tf ’;\’%) converges in dis-

tribution to ’7'1@;‘) concluding the lower bound.
In regime 3-a, (5.14) is replaced by

(L) |AL|
(5.15) 2y, = exp( (1+0(D)} Bau.an, (Ar) — Ent(Ar) — —logn ).
B, (L) 7B, (L) : :
sothat 7", ~ isreplaced by T, "}, * defined in (5.17). Then the conclusion follows
by Proposition 5.4, (5.19) below.
Upper bound. We have

@
Ziy, = 3 e tnan RNy = A).
ACTYy,
Using the Stone local limit theorem [23], we have that P(S N YTy, = A) =
=5 o) o= Ent(a) uniformly for all A C Y. Since we have only a finite num-
ber of sets, we obtain that

(5.16) 2 <2 exp((1+o()T1),
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which concludes the proof of the upper bound, again thanks to the convergence
proven in Proposition 3.1, (3.8). In regime 3-a, using the Stone local limit theorem,
we can safely replace Tf ’X;LI;) by fnﬁ ’X;li) defined below in (5.17), and also conclude

thanks to Proposition 5.4, (5.19). [

5.4. Step 3: Regime 3-a. Complements for the convergence of the main term.
We complete here the proof of Theorem 2.7 by stating the results needed to com-
plete Step 3 above in the case of regime 3-a. In analogy with (3.3), and in view of
the local limit theorem (2.14), we define

7P~ max {,3 L2 1 (A) — Ent(a) — A1 logn}
n.h ACK |7 2 ’
(5.17)

& By (€ ¢ |A]
T max {ﬂ,,,hszfl}l(A) — Ent(A) — Tlogn},

CAlp,h

~ =B (€
In the next result, we state the convergence of }:‘—zTnﬂ 7" and W Tnﬁ’;l‘h ©, analogously
to Proposition 3.1.

PROPOSITION 5.4. Suppose that }:’—Z,Bn,hnm(nhn) —ve(0,00)asn,h, —>
oo and h, ~ B2 /logn, with B > 0. Then, for every o € (1/2,2) and for any

q > 0, £ € N we have the following convergence in distribution, as n — 00:

n 5 Bn.h d) == N(S)
(5.18) —T, """ —> Tgyg = sup {vrr(s)—Ent(s)——},
p2 b, T B 28
with .4 as defined in Proposition 3.1. We also have, as n — oo,
N = Bun(0) @) 50 0 N(s)
(5.19) —T — 1= sup {vn (s) — Ent(s) — .
iy P ety 28

(L
Moreover, we a.s. have T

‘B’v’q - 7’,‘3,\),6] as e — 00, and ’7‘73,1),(1 d ”7‘—’5,1) as q —> OQ.

The proof is identical to the proof of Proposition 3.1 (cf. proof of [7], Theo-
rem 2.7, using also that }7—2 logn — % in regime 3), for this reason it is omitted. To

conclude, we show that 7~:3[Zr] defined in (2.11) is well defined.

PROPOSITION 5.5. For any r > 0, the quantities ”773[2” are well defined, and
forany B >0,
1 ~ ~
(5.20) 35 < T < Tp < oo
Moreover, 773 > 0, and we have 7~73 > 0 if and only if’ﬁzl] > 0. Finally, we define
the critical value B, = inf{8: 773 > 0} € (0, 00). We also have that B +—> ’773[21] is

continuous and (strictly) decreasing, so that 7~73[Z” <0ifandonlyif B < Be.
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PROOF. Since 7~;3[0] = 0, we obtain that 7~73 € [0, c0). As a by-product, we also
have that 7~73 > 0 if and only if ~ﬂ[31] > 0; and in that case 773 = 7~73[21]. Addition-

ally, we have
:3“7 _1<13'7'[21]<IB'7‘ <<[37‘_1>
B 2= B — B = 1 ) 5

with Wg and 7T defined in (2.13) and (2.6), respectively. Proposition 6.4 and The-
orem 2.1 ensure that for 8 > 0, Wg € (0, 00) and 7; < 0o, showing (5.20).

Let us now show that 8. € (0, 00). First, we have that 8 — B Wjg is nondecreas-
ing and goes to +00 as B 1 +oo: this implies that 8. <inf{B : BWg > 1/2} <

~4o00. Second, B+ B7; is nondecreasing and goes to 0 as 8 | 0: this shows that

Be = sup{f: BT1 < 1/2} > 0.

It remains to prove that g 77}21] is continuous and (strictly) decreasing. Let
us note that /3’773[21] > BWg — % > —%, and also ,3’773[?"] <BT — %m, for any
m > 1. Hence, for every fixed B, there exists m = [2871] + 2 such that for all

B € (0, B] we have that ,37~73[Zm] < —% for all m > 7, so that

=1 _ AHiLal . _ k]
Ts= =T = sup Tg.
I1<k<m
Since each map 8 +— ’7~73[k] is continuous and (strictly) decreasing on the interval

(0, 5], we get that 8 +— 773[[1’"7]] is also continuous and (strictly) decreasing on
©0,41. O

6. Regime 3-b and regime 4. In this section, we prove Theorem 2.8 and The-
orem 2.9. We decompose the proof in three steps (analogously to what is done in
Section 5), Step 1 and Step 2 being the same for both regimes 3-b and 2. For the
third step, we separate regime 3-b and regime 4, which have different behaviors.
Note that in both regimes there is a constant ¢ = c¢g > 0 such that h, < c/nlogn
(in regime 4, we have h, < /nlogn).

Let us define here, analogously to (5.1), the recentered partition function

n

(6.1) ;U’ﬂn = E|:eXp(Z Bn (a),-,si — E[w1w§1/ﬂn]1 {azl}):|-
i=1

Then, roughly speaking, we show that log fo’ g, 1s of order n~1/2 exp(Xh,% /n),

with X = 7~73[21] + ﬁ in the regime 3-b (where hﬁ/n ~ Blogn), and with X = W;

in regime 4. In all cases, we will have log Z;ﬁ g, = o(1) (recall that in regime 3-b,

70 <)
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6.1. Step 1. Reduction of the set of trajectories. We proceed as for Step 1 in
Section 5: for any A > 0 (fixed large in a moment), we define

(6.2) Ay = [(i, 5i) : max ;] < A,/nlogn}.

Then we let Z‘“ B (A;) be the (normalized) partition function restricted to trajec-
tories in A,,. Relatlon (2.8) gives that, analogously to (5.4),

(6.3) P(logZy 5, —10gZY 5, (A)| = ne=147108m) < ¢y A1,

Hence, we fix A large enough so that ¢—CoAlogn < n~3. This shows that with high
probability log Zn B =logZy B (A,) + O(n™?). In such a way, in the following
we can safely focus only on the partition function with trajectories restricted to

Ap.

6.2. Step 2. Restriction to large weights. We now fix n € (0, 1), small. The
same Holder inequalities as in (5.6) hold for Zg’y 8, (A;,), so that we can write, with
similar notation as in (4.8)—(4.10) (the restriction to trajectories in .4,, does not
appear in the notation)

(6.4)

=D 7(=1)

1 U
= Ty 8L g, T 1 1082 (4,

logZ® , (A
g n,ﬁn( n) - Z(>1)

N (=D
= l—nlog n,(1-2n) B, 1_7’1 gZ —m~1=1)B,"

We used also (5.7) to be able to bound below Z,(f(ll) np, BY Z,(1>(1) )6 (using that

BrnE[w1{w<1/p,)] K< 1 when a > 1). Then we need to get a more precise statement
than Lemma 5.1 to deal with Zfl plg

LEMMA 6.1. Forany p € R,
h2 —3a _
(—”) \/ﬁloglfplﬁ); L0 asn— o
n ’ n

PROOF. We will simply control the first moment of Z(<plg — 1. The idea is
similar to that used to obtain (4.24) and (4.31). We divide the proof into two cases:
when o < 1 so that there is no renormalization necessary in (6.1), and when « €
[1,2).

Let us start with the case o < 1: using that |p|B,w; s; < |p| on the event
{Bnwi.s; < 1}, we get that there exists a constant ¢, such that

n n
e PSS =< T 4 oo o <1)-
i=1

(6.5)
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By independence, and since P(w > ¢) is regularly varying, we get that for n suffi-
ciently large

1/Bn
ElBuix 01, <1)] < /0 BuP(w > 1)dt < cL(1/B) B°
(6.6)

< P> 1/ <5 (ﬁ)2

nh, \ n
For the last inequality, we used Potter’s bound (see [8], Theorem 1.5.6), and the

2
definition of B, that is, the fact that g, ~ h#m(nhn). Therefore, in view of (6.5)
and using that i, > /n, we get that for n sufficiently large (how large depends on
p);

2 200\ n 2\ 2a
=(<1) (hy,/n) —12( P

This concludes the proof in the case @ < 1 by using Markov’s inequality, since
h2/n — +oo0.

In the case « € [1, 2), we use the expansion ¢* <1+ x + c,ox2 for all |x| < 2|p]|
to get, analogously to (6.5), and setting u,, := E[w1(u<1/8,1] K 1/Bn,

E[Z5) 1< (1+ pBE[(@ — ttn)Vw=1/p] + CoBZE[(© — 1) (w=1/8,])"

h2 2a
<exp(cnP(w > 1/B,)) <1+ cn_1/2<—"> ,
n

obtaining the same upper bound as in (6.7). To obtain the above inequality, we
used that

E[(@ — un)Vw=1/,1] = tnP(@ > 1/B4) < By 'P(w > 1/By),
E[(@ — 1) w<1/8,)] < El@*1(w<1/p,1] < cL(1/B) B2,

where the last inequality follows similar to (6.6). One concludes that (6.7) also
holds when « > 1, and the lemma follows by Markov’s inequality. [J

Therefore, in view of (6.4) and Lemma 6.1, we have that for both regimes 3-b
and 4:

. n = T .on =1
6.8)  lim 02 log(vnlogZ;y 5 (An)) = 31311 lim 2 log(v/nlog Z, )

Note that in the case of regime 3-b, h,zl /n ~ Blogn, so the limit is that of

=D )

n,vB,

log(log Z .
Blogn og(log * 2B

For simplicity of notation, we will consider only the case v =1 in the following.
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6.3. Step 3. Reduction of the main term. In both regimes 3-b and 4, we show

that log Z,(fﬁln) goes to 0, and we identify at which rate: to do so, it is equivalent to

identify the rate at which Z,(:ﬁln) — 1 goes to 0. The behavior for regimes 3-b and

4 are different, since the main contribution to Zﬁfﬂln — 1 may come from several

large weights in regime 3-b, whereas it comes from a single large weight in regime
4, as it will be reflected in the proof.

Let us define £ = £(w) the number of (i,x) € A, 4, = [1,n]l x [—A,, Axll
(with the notation A,, = A\/nlogn for simplicity) such that 8,w; x > 1, and let us
denote

. JAn JAn
(69)  {(.x) € Apayi aoiy = 1} =Ty = {y" yA)
with Y. l.("’A”) the order statistics, as in Section 3. Note that
h2 200 1
n

(6'10) E[Z] = Z IED(ﬁnwi,x = 1) = 2An3/2,/10gn(—) nh”’

. n
(i, x)€An A,

where we used that P(w > 1/8,) < (h,% / )2 (nh,)~! for n large enough, thanks
to (2.2) and Potter’s bound. Since h,% /n < clogn, h, > \/n, (6.10) implies that
¢ < (logn)3* with probability going to 1 (recall % + 20 < 3a).

Decomposing foﬂln) according to the number of sites in Y, visited, we can write
for any fixed ko > 0,

ko 4
Y U=zy,) —1=) U with
k=1

6.11) k=1

U= Y ePrma@psnr, =A).
ACYy,|Al=k

In regime 3-b, the main contribution comes from one of the U’s for some k£ > 1,
whereas in regime 4 only the term U; will contribute.

Let us now show that, with high probability, we can replace the upper bound in
(6.11) by considering only a finite number of terms. For this purpose, notice that
¢ < (logn)* and min{|i — j|, (i, x) # (j, y) € Y¢} = n/(logn)'% with probability
going to 1. Then we can use the Stone local limit theorem [23] to have that for any
ACTYy

P(SNY,=A) < Cn_(%—ﬂ)lAle—Ent(A)’

where n > 0 is independent of A and can be chosen arbitrary small (by changing
the value of the constant ¢).
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As a consequence, using that (f;) </¢kand ¢ < (log n)3°‘, we have for any 1 <
ki <¢t,

¢ ¢
YoUr=>" Y P nT,=A)
k=ki k=ky ACYy,|A|=k
(6.12) E
< eT"é’}‘” Z Kkn_k(%_”) < ceT"%zn_kl(%_”/).

k=k

Recalling Proposition 3.1 (and the fact that hﬁ /n < clogn), we have that Tnff n, =
C logn with probability going to 1 as C — oco. Therefore, we obtain that (6.12)
is O(n~?) with probability close to 1, provided that k; is sufficiently large—this
will turn out to be negligible; see Lemma 6.2. Hence, we have shown that with
probability close to 1, we can keep a finite number of terms in (6.11).

This can actually be improved in regime 4, where we can keep only one term:

y logn with probability going to one. Hence, we get that in regime 4, we can take
ki =2 in (6.12) and obtain that 3"t _, Uy = O(n—3/*) with probability close to 1,
which will turn out to be negligible; see Lemma 6.3.

It remains to show the following lemmas, proving the convergence of the main
term in regimes 3-b and 4.

indeed, since in that case h% /n =o(logn), we get that for any fixed y > 0, Tf N, =

LEMMA 6.2. Inregime 3 (R3) (recall h,%/n ~ Blogn), for any K > 0 we have
that

K
n (d) ~k]
(6.13) —1lo U] — su ,
h2 g ,; ¢ 15k£K p.A

where ’7}'6[]‘] '= SUPse , N(s)=k 17T (s) — Ent(s) — %}, with M defined below
(5.18).

Note that we have sup;- 773[]‘1}‘ < 0 in regime 3-b: this lemma proves that
Zle Ui goes to 0 in probability, and hence foﬁln) — 1 also goes to 0 in proba-

bility. This is needed to replace the study of log Zf;ﬂln) by that of foﬂln) — 1, and it
is actually the only place where the definition of regime 3-b is used.

LEMMA 6.3. Inregime 4 (R4), we have that
(6.14) :—zlog(ﬁul) D w,.
n

with W1 defined in (2.13).

Here also, this proves that U; — 0 in probability, and hence so does Zﬁfﬂln) — 1.
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6.4. Regime 3-b: Convergence of the main term. In this section, we prove
Lemma 6.2.

Reduction to finitely many weights. First of all, we fix some L large and show
that the main contribution comes from the L largest weights. We define

(6.15) U= Y PhaBpnT =2,
ACYy,|Al=k
where Y1, = {YI"’A", ey Yf’A”} is the set of L largest weights in A, 4, (note

that Y1, C Yy for n large enough). Then we have that Uy > U,({L), and Z,le Uy
is bounded by

K
D 3 e an (D124, (A)P(S A Ty = A U A)
k=1 ACYry,|Al=k A’CY\YL,|A|<K

K
<> 2 PEmIPETL=A) xexp(Kp M)
k=1 ACYy,|Al=k

K
 exp(KAME) 3 D)
k=1

In the second inequality, we simply bounded €2, 4,(A") by K Mﬁ"’A") uni-
formly for A" C Y¢ \ Yy, with |A’| < K. Then, since B, ~ cg(logn)/m(nhy,) ~
cp,a(logn)/m(nA,) as n — oo, we get that K,BHME"’A”) is bounded above by
2cg, AKM(" A”)/m(nAn) x logn. For any fixed ¢ > 0, we can fix L large enough

so that for large n we have Mﬁ"’A") /m(nAy,) <¢&/(2Kcpg a) with probability larger
than 1 — &. We conclude that there exists some &g, with g1, — 0 as L — o0 such
that

K
U(L) < ner UI(<L) ]
k=1

||Mw

Since h% /n ~ Blogn, this proves that

(6.16) Tim —log(ZUk> = lim_ lim —log(ZU(L)).
n

k=1 k=1

Convergence of the remaining term. We finally prove that

6.17 1 U A,
6.17) og<z - 15hok Ts.a
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where 7~;3(’kAL) is the restriction of ’7;3[@‘ to the L largest weights in [0, 1] x [—A, A],
that is,

k
T(k = sup {n(m (s) — Ent(s) — —}
sy, N(s)=k 2p
In analogy with Proposition 5.4, one shows that T(k D ﬁ[kj‘ as L — oo, which

completes the proof.
The proof of (6.17) comes from the rewriting

K
YUY= 3 PPN =4)
ACTL,|AIZK

= Z exp<ﬁn9n,An(A)—Ent(A)—';ﬂlognJro(K)),

ACTL,|A|<K

where for the last inequality we used Stone local limit theorem [23] (using that

any two points in Y7, have abscissa differing by at least en with probability going

to 1 as e > 0) to get that P(SN Yy = A) = n_u+"(l)e_Ent(A) uniformly for

A C Yi,. Since there are finitely many terms in the sum, we get that analogously
to (5.14)—(5.16)

K
(L) I |Al
Z_:Uk _ pollogn) o eXp(AcﬁlﬁgK{ﬁ”Q”’A"(A) — Ent(A) — > logn}>.
At this stage, we write
|Al 5B (k1)
AcTL |A| K{ﬂn n,A,(A) —Ent(A) — 710gn} = 1rrll{ax T, where
N.Bn,hv(kvL) . k
T, = Ac%ﬁ&:k{ﬁngn’A”(A) — Ent(A) — 5 logn}.

To complete the proof of (6.17), we only have to show that

2

I’l

(6.18) i (Z U(L)) =o(1) + - n}ca Tﬁn ns (kL) (d) max ,’7“-(’k,L).

In analogy with (5.17) and Proposition 5.4, we have that for any fixed k,

d
h—ZTnﬁ’;lh (k L) ( ) T(k L).

For the convergence of (3.8), since we have only a finite number of points, the
proof is a consequence of (5 1) and (5.2) of [7] and the Skorokhod representation
theorem—we use also that 5 logn — l . Since the maximum is taken over a finite

number of terms, this shows (6 18) and concludes the proof.
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6.5. Regime 4: Convergence of the main term. First of all, we show briefly
that Wy is well defined, before we turn to the proof of Lemma 6.3. One of the
difficulties here is that the reduction to trajectories operated in Section 6.1 (to
trajectories with max;<, |S;| < A/nlogn) is not adapted, since the transversal
fluctuations are of order h, < /nlogn. Therefore, we have to further reduce the
set of trajectories in Uj.

Well-posedness and properties of Wg. We prove the following.

PROPOSITION 6.4. Assume that a € (1/2,2). Then for every B > 0, Wg €
(0, 00) almost surely.

PROOF. Recalling the definition (2.13) of Wg. We fix a region D, := [%, 1] x
[—e, €], for ¢ > 0. In such a way, we have that

2
(6.19) Wp > sup w)— =
(w,1.X)€P:(1,x)€Ds B

We observe that

max  {w) € 2e)/* Exp(1)~ 1/,
(w,t,x)€P;(t,x)€D;

Therefore, since é < 2, the right-hand side of (6.19) is a.s. positive provided ¢ is
sufficiently small.
For an upper bound, we simply observe that Wg < Tg < oo a.s. [l

Proof of Lemma 6.3. We denote p(i, x) := P(S; = x) for the random walk
kernel. For A > 0 fixed and § > 0, we split /nU] into three parts:

VU= Y P np(i, x)

(i,x)€Te
(6.20) : .
= ( Z + Z + Z )eﬂ”w“‘\/ﬁp(z,x).
(i,x)€Te (i.x)ETe (i,x)€Te
Ix|>Ah, i<én.|x|<Ah, i>6n.|x|<Ah,

The main term is the last one, and we now give three lemmas to control the three
terms.

LEMMA 6.5. There exist constants ¢ and v > 0 such that for all n sufficiently
large, for any A > 1,

2\ 3a
(6.21) IP’( > eﬂ"wi”‘\/ﬁp(i,x)>A<h ) )SCA_".

_n
(i)Y, x| > Ahy n
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LEMMA 6.6. There exist some c,v > 0 such that, forany A > 1 and 0 <8 <
A~ we get that for n sufficiently large,

P(fplos( X hdipin) = @a¢)

(6.22) (i,x)EYy,i<dn,|x|<Ahy

<c(8A)2.
And finally, for last term, we have the convergence.

LEMMA 6.7. We have that

O + . ()]
7 log( > e la/ﬁp(z,x)) -5 Wi, A),

(i,x)€Y¢,i>dn,|x|<Ahy,
. 2
with W1 (8, A) :=maXy,1.x)ep.r>5,x|<a{w — 5 }.

Now, let us observe that taking the limit § | 0, and A 1 0o, we readily obtain
that W1(8, A) — W) (by monotonicity). Therefore, combining Lemmas 6.5-6.6—
6.7, we conclude the proof of Lemma 6.3. [

PROOF OF LEMMA 6.5. Let us consider the event
x2
(6.23) G, A) = {ﬁna)i,x < ™ for any |x| > Ah,, 1 <i < n}
i

Using this event to split the probability (and Markov’s inequality), we have that,
recalling the definition (6.9) of Yy,

P( > e’f’"“"‘*ﬁp<z‘,x>>A(Z—3)3&)

(i,x)eYy,|x|>Ah,
(6.24) 1 /h2\ 3 [ , ,
= _<_n> E|Y > e Snpl, 0l gz
A\ n ‘ ’
i=1|x|>Ah,
+P(Gn, A)).
Using again that P(w > 1/8,) < (h2/n)* (nh,)~" and that p(i, x) < e™"/4 uni-

formly in the range considered (provided that » is large enough), we get that the
first term is bounded by
o8I < <ﬁ>_a
— n .

A(0) o

i=1|x|>Ah,
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In the last inequality, we used that the sum over x is bounded by a constant inde-
pendent of i, and also that \/n/h, — 0. The first term in (6.24) therefore goes to
0 as n — oo, and we are left to control P(G(n, A)€). A union bound gives

PO A) <Y 3 P(ﬁnwlx_:)

i=1x=Ah,
+o0 2Kt ARy, 2
2% 42"
<n P w>2"A —)
sy 3 P(pezag
k=0 x=2kAh,

o0
<24nhy, Y 2kIP’<a) >

1
—22kA2m(nhn)>,
k=0

10

where we used the definition (2.2) of £, for the last inequality, with n large enough.
Then, using the definition of m(nh,) and Potter’s bound, we obtain that for any
n > 0 (chosen such that 1 — 2« + 21 < 0) there is a constant ¢ > 0 such that for n
large enough

1
P(G(n, A)) < cAnhy Y 2k(22kA2)_a+nT < /A2t

k>1 nin

where the sum over k is finite because 1 — 2« + 21 < 0. This concludes the proof

of Lemma 6.5. [

PROOF OF LEMMA 6.6. Decomposing over the event

h2
Mn(S,A)z{ max = Bywix <= (8A)4a—}

i<én,|x|<Ahy,
and using Markov’s inequality, we get that (similar to (6.24))

2
]P) Z eﬁnwi,xﬁp(i, )C) Zexp<(8A)i}:’l,—n>>

(i,x)eYy,i<dn,|x|<Ah,

<e <8A>4a’—" [Z > Vap(i, )1 ﬂnwu>1:|+P(Mn(8 A)°).

i=1|x|<Ah,

We use again that P(w > 1/8,,) < (h,%/n)z"‘ (nhy,)~!, and the fact that Y, pli,x)=
1 for any i € N, to get that the first term is bounded by

- iGat ( )20‘”[
n

0 asn— oo.

nh
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For the remaining term, using that 8, lh% /n ~ m(nhy,), we have by a union bound
that for n large enough

P(M,,(8, A)) < SAnhnIP’<a) > %(SA)‘t{xm(nhn)>

1

1\ 2w
<cSAnh 0A)% ,
< c8Anh, x ((§A)3) .

where we used Potter’s bound (with ((SA)ﬁ small) and the definition of m(nh,)
for the last inequality (for n large). This concludes the proof of Lemma 6.6. [

PROOF OF LEMMA 6.7. The Stone local limit theorem [23] (see (2.14)) gives
that, for fixed A > 0, § > 0, there exists ¢ > 0 such that uniformly for én <i <n,
1 : .

(6.25) “e X2 < \fip(i, x) < ce ¥/
c

Since «/n/i > 1 for all i <n, we get the lower bound

n
6.26) > > e Jnp(i, ) pwn=1) = cexp(B Wa(8, A)),
i=én |x|<Ahy

where W, (8, A) is a discrete analogue of Wy (§, A), that is,

%2
6.27 8,A):= ix— —— (-
6.27) Wn(3, 4) \x|5AhT?§5n ..... n{w”x Zﬂni}

Bnwix>1

On the other hand, we get that \/n/i < §~1/2 for i > 8n, so that from (6.25) we
get

n
S Y e i e

i=én|x|<Ahy
(6.28) .
c
. ﬂan(&A)Z Z
< e 1{ﬁnwi,x21}'
Vo i=1|x|<Ah,

Now, we have that P(w > 1/8,) < (h,% / n)* (nhy,)~" as already noticed, so that

n h2 20
(6.29) E[Z > 1{,snwi.le}}sA(;") .

i=1|x|<Ah,
Overall, combining (6.26) with (6.28)—(6.29), we get that with probability going
tol asn — oo,
2

og( X ePyiplon) - A6, A) < Cat log

_n
. ; n
(i,x)€Y¢,i=8n,|x|<Ah,
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To conclude the proof of Lemma 6.6, it therefore remains to show that

(6.30) 5 B Wa (8. 4) 2> Wi (5, A),

n

where Wi (8, A) is defined in Lemma 6.6.
We fix ¢ > 0 and we consider W, (¢, §, A) the truncated version of W, (8, A) in

2
which we replace the condition {8, w; x > 1} by {B,w; x > 8};—”}, that is,

2
N X

6.31 Wa(e, 8, A) = gl
(6.31) n(,0,4) LXI< Al it . n{wl’x 2ﬂni}

h2
Bn Wi x>¢€ %
In such a way, and since sh% /n > 1 for large n, we have

n ~ n n ~
@ﬂan(Sv 3,A) < Eﬁnwn(év A) < Eﬂan(& 3,A)+e.

To prove (6.30), we need to show that

n ~ @ ~ x2
(6.32) — X BuWy(e,8,A) —— Wi(e,6,A) := max {w——},
h? n—00 (w,t,x)EP 2t

n
t>4,|x|<A,w>¢

and then let ¢ | O—notice that we have Wi (e, 8, A) < Wi(8, A) < Wi(e,8, A) +¢
so that Wy (e, §, A) —> Wi(6,A) ase | 0.

We observe that a.s. there are only finitely many w; x in [1, n]] x [—Ah,, Ah,]l
that are larger than em(nhy,) ~ B, lsh,zl /n. This is a consequence of Markov’s
inequality and the Borel-Cantelli lemma. Indeed, for any K € N we have

P(|{(i,x) € [1,n]l X [—Ahy, Ahyll: wix > em(nhy)}| > 25)
<2 K QAnh,)P(w > em(nhy)) < C.27X.

Therefore, the convergence (6.32) is a straightforward consequence of the Sko-
rokhod representational theorem. [

7. Case o € (0,1/2). In the first part of this section, we prove (2.15). In the
second part, we prove the convergence (2.16).

7.1. Transversal fluctuations: Proof of (2.15). (a) Paths cannot be at an inter-
mediate scale. We start by showing that there exists cg, ¢, v > 0 such that for any
sequences C, > 1 and §, € (0, 1) (which may go to oo, resp., 0, as n — 00) and
for any n > 1

P( ;zu,ﬂ,, (maX|Si| € [Cp/n, (Snn)) < e—c0Cx _|_e—00n'/2)
(7.1) i<n

12«
>1—cs)+n= &t
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To prove it, we use a decomposition into blocks, as we did in Section 4. Here we
have to partition the interval [C,, /71, 8,1) into [Cp,</n, n°/*) U [n3/4, 8,n) (one of
these intervals might be empty), obtaining

f’ﬁn (rln<ar§( |Sl | € [Cn\/ﬁ, 5n))
(7.2) =P2, (rlngi( 15i1 € [Cauv/r, n3/4))
+ Py (max|S;| € (174, 8,m)).
i<n

For the first term, we partition the interval [C, /7, n3/%) into smaller blocks
Dy = [25/n, 2K /n), with k =log, C, ..., log, n'/* — 1. Let us define

n

(7.3) T h)=)" Y wix

i=1xel[—h,h]l

the sum of all weights in [[1, n]] x [[—#, A]]. Then we write similar to (4.2) (we also
use that Zj ; > 1, which is harmless here since no recentering term is needed),

log, n'/4

@ . 3/4 3] .
Py, (rl.ngzc |Si| € [Cun/n, )) < k_lozgc Z, s, (r{1§§|s,| € Dk,,,)
—log, C,

log, n'/4—1

B (n, 2541 /) :
< Y e P(rlnsaig|s,|eDk,,,)

k=log, C,,

logy n!/4

< Z exp(Bn X (n, 2k+1ﬁ) — 622k),
k=log, C;,
where for the last inequality we used a standard estimate for the deviation proba-
bility of a random walk P(max;<, |S;| > 2k Jn) < e“'22k; see, for example, [18],
Proposition 2.1.2(b). Therefore, on the event

(7.4) {Vk =log, Cp, ..., logyn'/*, B, = (n, 25+ /n) < %22"}
we have that
logznl/4 o 5
3/4 -52 -5C
(7.5) ;f’ﬁ(rl_nsa;qsge[cn\/ﬁ,n / )>§k 1Zc e < lem2Cn,
=logy Cn

For the second term in (7.2), we partition the interval (n3/*, 8,n) into blocks
Eny =275 1n,27%n), k = logy(1/8,), ..., log,n'/* — 1. Exactly as above,
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we use the large deviation estimate P(max;<, |S;| > 27kt < e=c27Hn (see,
e.g., [18], Proposition 2.1.2(b)), and we obtain that on the event

(7.6) {Vk =10g,(1/8,), ..., logyn'/*, B, % (n, 27" < %2—%”}
we have
log, n'/4 - o
.7 Z)ﬁ<max 1Si1 € (n**, 3nn)) < Y eTrsde 2
’ i<n

k=log,(1/6,)

It now only remains to show that the complementary events of (7.4) and (7.6)
have small probability. We start with (7.6). Using that 8, < 28n/m(n?) for n large,
we get by a union bound that

JP’(EIk > log, 1/6,, S (n, 27%n) > %22’%)

(7.8)
< Y P(Em27%n) > cp27Hm(n?).
k>log, 1/8,

Then, by Potter’s bound we have that mQ2 132y < 272k r?) since o < 1/2
(recall m(-) (2.1) is regularly varying with exponent 1/«). As a consequence, the
last probability in (7.8) is in the so-called one-jump large deviation domain (see
[20], Theorem 1.1, we are using « < 1 here), that is,

P(2(n,27%n) > cp2 % m(n?)) ~ 275 1n?P(w > cp27*m(n?)).

Therefore, using again Potter’s bound, we get that for arbitrary 7 there is some
constant ¢ such that

P(2(n, 2_kn) > Cﬂ2_2km(n2)) < c(22k)a+"n_2,

where we also used that P(w > m(n?)) = n—2. Therefore, taking n small enough
so that 2a — 1 + 21 < 0, we obtain that (7.8) is bounded by a constant times

Z 2k(20l—1+2?7) E C8}l—2a+27]‘
k>log, 1/6,

Similarly, for (7.4), we have by a union bound that

IP’(EIk € {log, Cy, ..., log, n1/4}, B2 (n, 2k+lﬁ) > EZ”‘)

2
(7.9) log, n/4

< Y P(E(n2Vn) > cp2HnIm(n?).
k=log, C,,
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Then again, we notice that m(2kt23/2) < 22k =11 (n?) (using Potter’s bound, as
a < 1/2). Hence, the last probability in (7.9) is in the one-jump large deviation
domain (see [20], Theorem 1.1), that is,

P(X(n, 2k+1ﬁ) > c22kn71m(n2)) < c2kn3/21P’(a) > CﬁZanflm(nz)).
Then we also get that for any n > 0 we have that there is a constant ¢ > 0 such that
P(w > Cﬁ22kn_1m(n2)) < c(22kn_1)_a_",

so that provided that 1 — 2 — 21 > 0, (7.9) is bounded by a constant times

logy n!/4
Z 2k(1—2a—2n)na—%+n <Cn—%(1—2a—2n)'

k=log, Cy,

(b) Paths cannot be at scale n conditionally on ’773 = 0. We have shown in (7.1)
that paths cannot be on an intermediate scale: it remains to prove that on the event
773 = 0, paths cannot be at scale n. For this purpose, we use [5], Theorem 2.1, and
[24], Theorem 1.8, which ensure that for any § and ¢ > 0 there exists v > 0 such
that

(7.10) 1@( @ (r}g( 1Si| € (8n, n]) < e |Ty = o) S1_e

Therefore, we get that for any ¢ > 0 and § > 0, combining (7.1) with (7.10), for
any sequence C, > 1, provided that » is large enough we have

P( (;;),ﬁn (m<aX |Sl| > Cn\/ﬁ> > e*COC,% + e*C()n1/2 + efnvlsz — 0) < c8Y + 28,
i<n
which concludes the proof of (2.15).

7.2. Convergence in distribution conditionally on 773 =0, proof of (2.16). In
the following, we consider the case where B,n"'m(n*) — B with 8 < co. In the
case 8 = 400, we would indeed have that 773 > (. The proof follows the same
idea as that of [13], Theorem 1.4 (and similar steps as above), but with many

adaptations (and simplifications) in our case. We focus on the case 8 > 0, in which

. . . . . 2 1
goes to infinity as a regularly varying function with exponent £ — 5 —

n
Bum(n3/2)
% = lz_—a“ > 0 (if B =0, it goes to infinity faster).

Step 1. Reduction of the set of trajectories. Equation (2.15) (with C, =
A./logn) gives that, with [P probability larger than 1 — ¢ (conditionally on 75 = 0),
we have Pf;)’ﬂn (max;<, |Si| < Ay/nlogn) > 1 — e—coAlogn provided that n is large

enough. We therefore get

(7.11) P(|logZy 5, —log Z 5 (An)| <n | Tp=0) > 1—¢,
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where A,, is defined in (6.2). Note that, provided A has been fixed large enough,
we have that %n_m*‘ — 0 as n — 00: we conclude that, for any ¢ > 0,

(7.12) logZ, 5 —logZy 5 (An)| > e|Tp = 0) <e,

(o

Pl —>"
Bum (n3/2)
provided that n is large enough. We will therefore focus on log Z}? ) (Ap).

As in Section 6, we use the notation A, = A/nlogn = C,+/n and A, 4, =
[1,nll x [—An, Aydl.

Step 2. Truncation of the weights. We let k, := m(n>/*logn) be a sequence of
truncation levels, and @y := wy1{w,<k,) be the truncated environment. Then we
have that
P(Z;, 5, (An) # Ziﬁﬂn (Ap)) = IP( max ;> m(n>? logn))

(i,x)€Ap 4,

where we used a union bound for the last inequality, together with the definition
of m(-) (2.1). Henceforth, we can safely replace Z,‘;i B (A,) with the truncated par-
tition function Zj‘z 5, (A,).

Step 3. Expansion of the partition function. We write again p(i, x) = P(S; = x)
for the random walk kernel, and let A, (f) = log[E[¢/®~]. Then expanding

@mc]m@@—MwMOZ [T (Pl —qlii=,

i=1 (i, x)€Ap, A,
we obtain
e ('Bn)Zi?,ﬁn (A,)
(7.13) =1+ Z (eﬂnféi,x—)»n(ﬂn) —1)pG,x) + Ry,
(i, x)EAn, A,
with

m k ~ . —
R, := Z Z H(eﬁnwj,xj An(Bn) l)pn(lj _ ij—lv xj— xj—l)-

k=2 1<ij<--<ix<n j=1
Ixi[<An,i=1,...k

LEMMA 7.1. We have that for n large

4/
]P( v/ ann“/“) < Uogn/ 77

Bum (n72) N

In particular, R,, — 0 in probability.
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PROOF. Note that E[R, ] =0, so it will be enougp to control the second mo-
ment of R,,. Since the @; , are independent and E[ePn@ix—2nBr) _ 11=0,

9] k
ERI=Y. X @ ) T puly = ey = x)?

k=2 1<ij<--<i}y<n j=1
|xi|<Ap,i=1,...k

o0 n k
< Z(e)\.n(zﬂn) _ l)k (Z Z p(l, x)2> .
k=2

i=1xeZ
First, we have that

n n
>0 pli,x)?=E® [21{&1:&}] <c/n,
i=1

i=1xeZ

where S and S’ are two independent simple random walks. Then, since B,» <
Bnk, — 0, we can write e2bn® < 1 4 3B, for n large, so that

kn
0

(7.14) ik

1—
< cBnL(kn)k, * < W-

To estimate the integral, we used the tail behavior of P(w > u) (1.2) (see [8],
Theorem 1.5.8), while for the last inequality, we used that k, = m(n3/?>logn) and
the definition (2.1) of m(-), so that L(k,)k,“ ~ n_3/2(10g n)~1. We therefore get
that for n large enough

E[R?] < ,;(ﬂnTkn)k < 2(/3”71@1)2.

To conclude, by Potter’s bounds we get that k, < m(n3/?)(logn)?/® for n large, so
that

’

ﬂnm<n3/2)>2 (logn)a
N

and the conclusion of the lemma follows by using Markov’s inequality. [

(7.15) E[R2] < (

Going back to (7.13), we get that
i, (An)

— e(l’l—l))»n(ﬁn) <e)\n(/3n) + Z (elsnaﬁx _ e)»n(/sn))p(i’ X) + e)un(ﬂn)Rn>

(i,x)GA,,’An

— e(”*l))\n(ﬂn)(l + Vn + Wn + e)\n(ﬂn)Rn),
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with
Vom X (@ pin)
(i, x)EAy A,
Wn = (e)\n(ﬁn) _ 1)(1 — Z p(l,X)>
(i, x)eAy A,

We show below that lim,,_, .o W,, = 0 and that V,, converges in probability to 0, so
that using also Lemma 7.1, we get

Vi
B (372 O P ()
Vi Vi

= B @) "t Bom@i)

Before we prove the convergence of the first term (see Lemma 7.2), we
show that the second term goes to O—note that this implies that W, — 0 since
,Bnn_l/zm(n3/2) — 0. We write that

|(n — DAn(Ba) + Wa| < (n — D|erP) — 1 — 2, (B

n— Z p@,x)

(i,X)€Ap 4,

(7.16)

((n = DAn(Bn) + Wa) +o(1).

(7.17) n

For the second term, using standard large deviation for the simple random walk
(e.g., [18], Proposition 2.1.2(b)), there is a constant ¢ > 0 such that

n
(7.18) n— Y pli.x)=) P(S;>A/nlogn) < ne—cA*logn

(i,x)E€An A, i=1
For the first term, since we have 1, (8,) — 0, we get that for n large enough

3/2 2
(7.19) [P B0 1 Z an(Bo)| < An(Br): < (Maogn)z/“) ,

n3/2

where for the second inequality we used (7.14) (note that A, (8,) < eMn(Bn) 1),
together with the fact that k,, < m(n3/ 2)(log n)2e.

Hence plugging (7.18) and (7.19) into (7.17), we get that provided that A is
large enough,

\/7_1 ,Bnm(ns/z) 4/ n—00
WK” — DA (By) + Wn| =< T(log”) “+o(l) —0

so that the second term in (7.16) goes to 0 as n — oo, proving also that W, — 0
(recall also ,B,,nfl/zm(nyz) — 0).

Step 4. Convergence of the main term. We conclude the proof by showing the
convergence in distribution of the first term in (7.16), which proves also that V,,
goes to 0 in probability, since B,n "'/ 2m(n3/?) — 0.
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LEMMA 7.2. We have the following convergence in distribution:

Vn — Vn Z (eﬁng)i.x

Bum(n3/2) " Bum(n3/2)

with W defined in Theorem 2.12.

—1)p(@i,x) —> W(a),

(isx)eAn,An

PrROOF. First of all, since B,0; » < Bnk, — 0 as n — oo (and using that 0 <
e —1—x<x%forx small), we have that for n large

(7.20) 0<Vi—Br Y Biap)< Y (Budin)’pli,x).

(isx)eAn,An (ivx)eAn,An

Then we can estimate the expectation of the upper bound, using that similar to
(7.14) we have E[(@)?] < cL(k,)k>~% ~ ck?/(n*/*logn). Using also that k, <
m(n3/%)(logn)?/* for n large, we obtain that

Jn o, .
5] X 0] <l ko™ Y )

(i,x)eA, i=lxeZ

< c(logn)*® Bpky =—>5 0.

The proof of the lemma is therefore reduced to showing the convergence in
distribution of the following term:

N

m(n3/2)

S @iapli,x)

(isx)E[\n

(7.21) —Z >
i=1|x|<Kn
+ >

=1 K /n<|x|=A,

3/2)\/_17(1 .X)

m(n

m(

where we fixed some level K > 0 (we take the limit K — oo in the end).
First term in (7.21). First, note that the first term converges in distribution to

(7.22) Wiy =2 f / f wp(t, x)P(dwdt dx),

where p(t, x) := (27Tt)_1/26_x /2t is the Gaussian kernel and P(w, t, x) is a PPP
on [0, 00) x [0, 1] x R of intensity u(dwdtdx) = %w*“*11{w>o} dwdtdx. The
proof of (7.22) is identical to that in [13], page 4036, so we omit details.

Then, since W(ga) < o0 a.s. (see [13], Lemma 1.3), one readily gets that

W(a) — W(O‘) as K — 0o, by monotonicity.



4074 Q. BERGER AND N. TORRI

Second term in (7.21). To conclude the proof, it remains to show that the second
term in (7.21) goes to O in probability as K — oo, uniformly in n: for any K
(large), we have for n sufficiently large,

(7.23) P(Z > p— 3/2)fp(z ,x)> K~ )gce—(m.

i=1 K. /n<|x|<Ap

To prove (7.23), we split the sum in parts with |x| € (2K~ K \/n, 2KK /n] for k =
1,2.... By a union bound, we have

B(L X o viranzx)

i 1|x\>Kf
00 n kK /n o
(7.24) 521@(2 > V) = K- 12~ )
k=1 \i=1 \x|:2k—1Kfm( )

n
= ZP<Z > OixZ e"’@k’“zm(nyz))
k=1 Ni=1|x|<2kK /0
In the last inequality, we used that there is a constant ¢ such that for any k, uni-
formly in i € {1,...,n} and |x| > 2K"1K /n, we have /np(i, x) < e—c(2K)? <
2k g =1e=¢'CK)? (since K2k > 1).

Now, we use that m(2KT1Kn3/2) > 2FK) = 2/2mn3/?) by Potter’s bound, and
also that for all &, ¢/ 2 K)? (2KK)~2/ > 2K if K is large: the last probability in
(7.24) is in the one-jump large deviation domain (see [20], Theorem 1.1, we use
here that « < 1): there is a ¢ > 0 such that for all k > 1,

n
P(Z Z wix > eszm(2k+1Kn3/2)>
i=1|x|<2kK./n

< c2kKn3/ZIP’(a) > ¢ (ZkKn3/2)) < ce™ 52K

The second inequality comes from Potter’s bound, provided that 2K s large
enough, and also the definition (2.1) of m(-). Plugged in (7.24), we get

<Z Z 3/2 —_/np(, x)>8)<cZe 22K < oK,
i=1|x|> Kf ) k>1

which is (7.23). O
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