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We consider an ordinary differential equation with a unique hyperbolic
attractor at the origin, to which we add a small random perturbation. It is
known that under general conditions, the solution of this stochastic differen-
tial equation converges exponentially fast to an equilibrium distribution. We
show that the convergence occurs abruptly: in a time window of small size
compared to the natural time scale of the process, the distance to equilibrium
drops from its maximal possible value to near zero, and only after this time
window the convergence is exponentially fast. This is what is known as the
cut-off phenomenon in the context of Markov chains of increasing complex-
ity. In addition, we are able to give general conditions to decide whether the
distance to equilibrium converges in this time window to a universal function,
a fact known as profile cut-off.

1. Introduction. This paper is a multidimensional generalisation of the previous work
[10] by the same authors. Our main goal is the study of the convergence to equilibrium
for a family of stochastic small random perturbations of a given dynamical system in R?.
Consider an ordinary differential equation with a unique hyperbolic global attractor. Without
loss of generality, we assume that the global attractor is located at the origin. Under general
conditions, as time goes to infinity, any solution of this differential equation approaches the
origin exponentially fast. We perturb the deterministic dynamics by a Brownian motion of
small intensity. It is well known that, again under very general conditions, as time goes to
infinity, any solution of this stochastic differential equation converges in distribution to an
equilibrium law. The convergence can be improved to hold with respect to the total variation
distance. The theory of Lyapunov functions allows us to show that this convergence, for
each fixed perturbation, is again exponentially fast. We show that the convergence occurs
abruptly: when the intensity of the noise goes to zero, the total variation distance between the
law of the stochastic dynamics and the law of its equilibrium in a time window around the
cut-off time decreases from one to near zero abruptly, and only after this time window the
convergence is exponentially fast. This fact is known as cut-off phenomenon. Moreover, when
a properly normalised w-limit set of the initial datum of the deterministic differential equation
is contained in a sphere, we are able to prove convergence of the distance to equilibrium to a
universal function, a fact known as profile cut-off or profile thermalisation in the context of
ergodic Markov processes.

To be more precise, we are concerned about the abrupt convergence to equilibrium in the
total variation distance for systems of the form

dx€(t) = —F(x(t))dt + /€ dB(t) fort >0,
x€(0) = xo,

(1.1)
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where F is a given vector field with a unique hyperbolic attractor at 0 and {B(¢) : t > 0} is a
standard Brownian motion in R?. Notice that systems described by the stochastic differential
equation (1.1) are not necessarily reversible. In statistical physics, equation (1.1) is known as
an overdamped Langevin dynamics, and it is used to model fluctuations of stationary states.

In the small noise asymptotics, the stochastic dynamics (1.1) fluctuates around the attractor
of the deterministic dynamics which is called relaxation dynamics or zero-noise dynamics.
Assuming that the deterministic dynamics is strongly coercive together with some growth
condition on F, when the intensity € of the noise goes to zero, in a time windows of small size
compared to the natural time scale of the process, the total variation distance to equilibrium
drops from near one to near zero.

Dynamical systems subjected to small Gaussian perturbations have been studied exten-
sively, see the book of M. Freidlin and A. Wentzell [24] which discusses this problem in
great detail; see also M. Freidlin and A. Wentzell [22, 23], M. Day [18, 19] and W. Siegert
[49]. This treatment has inspired many works and considerable effort was concerned about
purely local phenomena, that is, on the computation of exit times and exit probabilities from
neighbourhoods of fixed points that are carefully stipulated not to contain any other fixed
point of the deterministic dynamics.

The theory of large deviations allows us to solve the exit problem from the domain of
attraction of a stable point. It turns out that the mean exit time is exponentially large in the
small noise parameter, and its logarithmic rate is proportional to the height of the potential
barrier that the trajectories have to overcome. Consequently, for a multi-well potential one
can obtain a series of exponentially nonequivalent time scales given by the wells-mean exit
times. Moreover, the normalised exit times are asymptotically exponentially distributed and
have a memoryless property, for further details see A. Galves, E. Olivieri and M. Vares [25],
E. Olivieri and M. Vares [44] and C. Kipnis and C. Newman [32]. There are situations in
which the analysis at the level of large deviations is not enough, and it is necessary to study
the distributional scaling limits for the exit distributions; for more details see Y. Bakhtin [7]
and [8].

The cut-off phenomenon was extensively studied in the eighties to describe the phe-
nomenon of abrupt convergence that appears in models of card shuffling, Ehrenfest urns and
random transpositions, see for instance D. Aldous and P. Diaconis [1] and [2]. In general, it
is a challenging problem to prove that a specific family of stochastic models exhibit or does
not exhibit a cut-off phenomenon. It requires a complete understanding of the dynamics of
the specific random process.

Since the appearance of [1] many families of stochastic processes have been shown to
have similar properties. Various notions of cut-off have been proposed; see J. Barrera and
B. Ycart [12] and P. Diaconis [20] for an account. We refer to the book of D. Levin et al.
([37], Chapter 18) for an introduction of the subject in the Markov chain setting, L. Saloff-
Coste [47] provides an extensive list of random walks for which the cut-off phenomenon
holds, P. Diaconis [20] for a review on the finite Markov chain case, S. Martinez and B. Ycart
[42] for the case of Markov chains with countably infinite state space, G. Chen and L. Saloff-
Coste [17] for Brownian motions on a compact Riemann manifold, B. Lachaud [34] and
G. Barrera [9] for Ornstein—Uhlenbeck processes on the line and G. Barrera and M. Jara [10]
for stochastic small perturbations of one-dimensional dynamical systems.

Roughly speaking, thermalisation or window cut-off holds for a family of stochastic sys-
tems, when convergence to equilibrium happens in a time window which is small compared
to the total running time of the system. Before a certain “cut-off time” those processes stay
far from equilibrium with respect to some suitable distance; in a time window of smaller
order the processes get close to equilibrium, and after that time window, the convergence to
equilibrium happens exponentially fast.
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Alternative names are threshold phenomenon and abrupt convergence. When the distance
to equilibrium at the time window can be well approximated by some profile function, we
speak about profile cut-off. Sequences of stochastic processes for which an explicit profile
cut-off can be determined are scarce. Explicit profiles are usually out of reach, in particular for
the total variation distance. In general, the existence of the phenomenon is proven through a
precise estimation of the sequence of cut-off times and this precision comes at a high technical
price, for more details see J. Barrera, O. Bertoncini and R. Ferndndez [11].

The main result of this article, Theorem 2.2, states that when the deterministic dynamics
is strongly coercive and satisfies some growth condition, the family of perturbed dynamics
presents thermalisation (windows cut-off) as we describe in Section 2. Moreover, in Corol-
lary 2.9 and Corollary 2.11 we give a necessary and sufficient condition for having profile
thermalisation (profile cut-off). We point out that our condition is always satisfied by re-
versible dynamics; that is, when F(x) = VV(x), x € R4, and also for a large class of dynam-
ics that are nonreversible. Moreover, our condition is open in the sense that if it holds for a
given field F, then it holds in an open neighbourhood of F with respect to the C°° topology.

Nonreversible dynamics naturally appear, for example, in polymeric fluid dynamics or
Wigner-Fokker—Planck equations; see A. Arnold, J. Carrillo and C. Manzini [3] and B. Jour-
dain, C. Le Bris, T. Lelievre and F. Otto [30]. Nonreversible systems arise in the theory
of activated process in glasses and other disordered materials, chemical reactions far from
equilibrium, stochastic modelled computer networks, evolutionary biology and theoretical
ecology, see R. Maier and D. Stein [38] and [39].

Notice that the set of symmetric matrices is not open. In particular, reversibility is not a
generic property of dynamical systems. On the other hand, hyperbolicity is an open property,
meaning that it is stable under small perturbations of the vector field. Moreover, in general for
the nonreversible case, there is not an explicit formula for the invariant measure of the random
dynamics (1.1) as in the reversible case. For reversible dynamics, analytic methods from
quantum mechanics have been used to compute asymptotic expansions in the diffusivity /€.
The strong point is that full asymptotic expansions in /€ and sharp estimates can be done.
However, so far only applicable for reversible diffusion process. For more details, see [15]
and [16]. Therefore, it is desirable to have a treatment that does not rely on these properties,
namely reversibility and/or explicit knowledge of invariant measures.

Our idea is to carry out this asymptotic expansion in /€ by probabilistic methods. It turns
out that the hyperbolic contracting nature of the underlying dynamics can be used to show
that a first-order expansion gives a description of the original dynamics which is good for
times much larger than the time at which equilibration occurs. This expansion is natural
in the context of perturbed dynamical systems and it is known in Physics as Van Kampen’s
approximation. It is also the same expansion introduced in [10]. For further details see Section
3 of [4].

Roughly speaking, our main results hold true since they also hold for the Ornstein—
Uhlenbeck processes. Let A be a square matrix of dimension d. It is well known that the
Ornstein—Uhlenbeck equation:

dy€(t) = —Ayc(t)dt + /edB(t) foranyt >0,
y€(0) = xo

can be solved explicitly. One gets the expression
t
yE(t) = e Axg + Jee A / A5 dB(s)
0

for the solution. Therefore, for any ¢ > 0, € (¢) has a Gaussian distribution with mean vector
e~ xo and covariance matrix € X (¢), where £ (¢) has an integral representation. When A is
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a symmetric matrix, X (¢) is explicit. When A is not symmetric, for generic cases it is not
possible to find an explicit formula for X (¢). However, if we assume that Re (1) > 0 for any
eigenvalue A of A, then it is not hard to prove that X(¢) converges as ¢ goes to infinity to X
which is symmetric and positive definite. We point out that ¥ can be computed explicitly just
in few cases. Bearing all this in mind, a refined analyses of the convergence as ¢ goes by of
the process {y€(¢) : t > 0} to its equilibrium in the total variation distance can be done.

On the other hand, in [10] we smoothed our vector field F. We assumed that F’ and F”
are bounded. Therefore, our a priori estimates were straightforward. Later, we removed those
assumptions by constructing a vector field F such that F agrees with F in a neighbourhood
of zero, F is linear around infinity and strongly coercive. In the multidimensional setting the
latter is not straightforward as in dimension one. Since we need to carry out computations in a
more appropriated way, we assume that our original vector field F satisfies some growth con-
dition together with a strong coercivity condition (see Section 2.4). We used these conditions
to carry out second-moment estimates from our original dynamics with its corresponding
nonhomogeneous linear approximations which are meaningful for times much larger than
the time at which equilibration happens.

Notice that in the one-dimensional case, the stochastic dynamics is always reversible.
Therefore, profile cut-off always holds. In our multidimensional, nonreversible setting, a
more refined analysis of the first-order expansion is needed in order to be able to discern
whether profile cut-off holds or not. In particular, a more refined analysis of the nonhomo-
geneous Ornstein—Uhlenbeck and of the unperturbed dynamical system are required. This
analysis reveals that window cut-off does not always imply profile cut-off. A consequence of
our analysis is a L!'-version of the local central limit theorem (see Proposition 3.7) for the
invariant measure of (1.1), which could be of independent interest.

This material is organised as follows. Section 2 describes the model and states the main re-
sult besides establishing the basic notation and definitions. Section 3 provides sharp estimates
on the asymptotics of related linear approximations which are the main ingredient in order
to prove the main result in the end of this section. Finally, we provide an Appendix which is
divided in three sections as follows: Section A gives useful properties for the total variation
distances between Gaussian distributions. Sections B and C provide the rigorous arguments
about the deterministic dynamics and the stochastic dynamics, respectively, that we omit in
Section 3 to make the presentation more fluid.

2. Notation and results. In this section we rigorously state the family of stochastically
perturbed dynamical systems that we are considering and the results we prove.

2.1. The dynamical system. Let F :RY — R? be a vector field of class C2(R?, R?). For
each x e R?, let {o(t,x) :t € [0, 1)} be the solution of the deterministic differential equation

d

aﬁl)(t) =—F(p()) forO0<r<rty,

¢0)=x

where 7, denotes the explosion time. Since F is smooth, this equation has a unique solution.

Since we have not imposed any growth condition on F, 7, may be finite. We denote by || - ||

the Euclidean norm in R? and by (-, -) the standard inner product of R?. Under the condition
(z, -F(2))

zeRd 1+ ”ZHZ

2.1

< 400,

a straightforward application of the Lemma C.7 (Gronwall’s inequality) implies that the ex-
plosion time z, is infinite for any x € R?. Later on, we will make stronger assumptions on F,
so we will assume that the explosion time is always infinite without further comments.
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Let us recall the following terminology from dynamical systems. We say that a point y €
R is a fixed point of (2.1) if F(y) =0. In that case ¢(¢, y) = y for any t > 0.
Let y be a fixed point of (2.1). We say that x € R belongs in the basin of attraction of y
if
i pte.5)=>.
We say that y is an attractor of (2.1) if the set

Uy={xe R? : x is in the basin of attraction of y}

contains an open ball centered at y. If Uy, = R? we say that y is a global attractor of (2.1). We
say that y is a hyperbolic fixed point of (2.1) if Re(X) # 0 for any eigenvalue A of the Jacobian
matrix D F (y) of F at y. By the Hartman—Grobman Theorem (see Theorem (Hartman) page
127 of [45] or the celebrated paper of P. Hartman [26]), a hyperbolic fixed point y of (2.1) is
an attractor if and only if Re(A) > O for any eigenvalue XA of the matrix D F (y).

From now on, we will always assume that

0 is a fixed point of (2.1).

A sufficient condition for O to be a global attractor of (2.1) is the following coercivity
condition: there exists a positive constant § such that

(C) (x, F(x)) = 8||lx||> forany x € RY.

Indeed, notice that

d d
—o® > =2{p@), —p0)) = (p(1), —F (p(0))) < =25 0) >
dr dr

for any ¢ > 0. Then Lemma C.7 allows us to deduce that
(2.2) lo@, x)| < lIxlle™® for any x € R? and any ¢ > 0.

In other words, ¢(¢, x) converges to O exponentially fast as ¢ — +o00. Notice that the eigen-
values of the Jacobian matrix of F at zero, D F(0), might be complex numbers. From (C) we
have Re(A) > § for any eigenvalue A of D F(0). In other words, O is a hyperbolic attracting
point for (2.1).

Recall that for any A € C and v € C?,

v = (Re(A) 4+ i Im(A))(Re(v) + i Im(v))
=Re(A) Re(v) — Im(%) Im(v) + i (Im(1) Re(v) + Re(A) Im(v)).
Let v € C? an eigenvector associated to the eigenvalue A of D F(0). Then
(2.3) —(Re(x) — §) ||Im(v)”2 <Im(2)(Re(v), Im(v)) < (Re(r) — §)|Re(v) H2

Particularly, from (2.3) we have that (C) does not allow to control the imaginary part of the
eigenvalues of D F(0). Typically and roughly speaking, the dynamical system associated to
(2.1) is a “uniformly contracting spiral”.

The following lemma provides us the asymptotics of ¢(¢) as ¢t goes to +o00. It will be
important for determining the cut-off time and time window.

LEMMA 2.1. Assume that (C) holds. Then for any xo € RY \ {0} there exist A =
Axg) > 0, £ := €(xg), m :=m(xg) € {1,...,d}, 01 :=01(x0), ..., 04 := 0, (xg) € [0,2m),

V1 = v1(X0), . . ., U 1= U (x0) in C¢ linearly independent and t := t(xg) > 0 such that
ekt m ”
. - _ 10kt —
z—lgrfoo Py ot + 7, x0) E e 0.

k=1
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To made sense the multiplication by ¢/% in the statement of Lemma 2.1, we point out that
we are working in the complexified space. This lemma will be proved in Appendix B, where
we give more detailed description of the constants and vectors appearing in this lemma. We

can anticipate that the numbers A £ i6, k = 1,...,m are eigenvalues of DF (0) and that
the vectors v, € C4 k=1,...,m are elements of the Jordan decomposition of the matrix
DF(0).

2.2. The cut-off phenomenon. Let u, v be two probability measures in (R?, B(R?)). We
say that a probability measure 7 in (R? x R¢, B(RY x R%)) is a coupling between 1 and v
if for any Borel set B € B(RY),

7(BxRY)=u(B) and n(RYx B)=v(B).

In that case we say that = € C(u, v). The total variation distance between w and v is defined
as

drv(p,v)= inf 7{(x,y)eR! xR :x £y}
weC(u,v)

Notice that the diameter with respect to dtv (-, -) of the set MT(Rd, B(R?)) of probability
measures defined in (R, B(R?)) is equal to 1. If X and Y are two random variables in
R4 which are defined in the same measurable space (€2, F), we write dry (X, Y) instead of
drv(P(X € ), P(Y €4)).

For simplicity, we also write dtv(X, py) in place of drv (X, Y), where wy is the distri-
bution of the random variable Y. For an account of the equivalent formulations of the total
variation distance (normalised or not normalised), we recommend the book of A. Kulik ([33],
Chapter 2).

For any € € (0, 1], let x€ be the continuous time stochastic process {x€(t) : t > 0}. We
say that a family of stochastic processes {x€}cc(0,17 has thermalisation at position {t€}cc (0,17,
window {w*}ce(0,1] and state {1 }ec (0,17 if:

(1)

w€

limt* =400 and Ilim — =0,

e—0 e—0 1€

(i1)
lim limsupdpy (x€ (€ + cw®), u) =0,
c—>+00 €—0

(ii1)

lim liminfdypy(x€(z€ + cwe), u€) = 1.
c—>—X0 =0
If, for any € € (0, 1], x€ is a Markov process with a unique invariant measure and € is the
invariant measure of the process x¢ we say that the family {x¢}cc(o,1] presents thermalisation
or window cut-off.
If in addition to (i) there is a continuous function G : R — [0, 1] such that G(—o00) =1,
G(+00) =0and

(ii") lin%)dw(xe(t6 + cw®), u€) =: G(c) foranyceR,
€e—
we say that there is profile thermalisation or profile cut-off. Notice that (ii’) implies (ii) and

(iii), and therefore profile thermalisation (respectively profile cut-off) is a stronger notion
than thermalisation (respectively window cut-off).
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2.3. The overdamped Langevin dynamics. Let {B(t) : t > 0} be a standard Brownian
motion in R and let € € (0, 1] be a scaling parameter. Let xo € Up \ {0} and let {x€(z, xo) :
t > 0} be the solution of the following stochastic differential equation:

dx“(t) = —F(x“(t))dt + Ve dB(r) fort >0,

@4 x€(0) = xo.

Stochastic differential equation (2.4) is used in molecular modelling. In that context
€ = 2kT, where 7 is the temperature of the system and « is the Boltzmann constant. In sta-
tistical physics, equation (2.4) has a computational interest to modelling a sample of a Gibbs
measure in high-dimensional Euclidean spaces. Denote by (€2, F, IP) the probability space
where {B(¢t) : t > 0} is defined and denote by E the expectation with respect to P. Notice
that (2.4) has a unique strong solution (see Remark 2.1.2 page 57 of [49] or Theorem 10.2.2
of [50]), and therefore {x€ (¢, xp) : t > 0} can be taken as a stochastic process in the same
probability space (2, F, P).

In order to avoid unnecessary notation, we write {x€(¢) : ¢ > 0} instead of {x€ (¢, xo) : t > 0}
and {¢(¢) : t > 0} instead of {¢(¢, xo) : ¢ > 0}. Since € € (0, 1], for simplicity we write lim¢_, ¢
instead of lim._, o+.

Our aim is to describe in detail the asymptotic behaviour of the law of x€(¢) for large
times ¢, as € — 0. In particular, we are interested in the law of x€(z) for times ¢ of order
O(log(1/€)), where thermalisation or window cut-off phenomenon appears.

Under (C), for any € € (0, 1], the process {x€(¢) : t > 0} is uniquely ergodic with stationary
measure u©; see Lemma C.3 for details. Moreover, the process is strongly Feller. In partic-
ular, the process visits infinitely often every nonempty open set of the state space R¢. The
stationary measure € is absolutely continuous with respect to the Lebesgue measure in R?.
The density p€ of u€ is smooth and solves the stationary Fokker—Planck equation

52
%Z—zp() +Z F(x),o (x))=0 forany x € RY,
j=l1 J

where F = (F}, ..., Fy)T, for details see [49] (pages 60—63). When the process is reversible,
that is, F(x) = VV (x), x € R?, for some scalar function V (also called potential), the sta-
tionary measure € is of the Gibbs type:

1 _2ve
€ = T e

(2.5 e (dx) = Ee

The normalised constant Z€ is called the partition function. If the vector field F' can be

decomposed as

2V(x)
= e dx < +o0.
]Rd

F(x)=VV(x)+b(x) foranyxeR?

where V : RY — R is a scalar function and b : R? — R4 is a vector field which satisfies the
divergence-free condition

div(e_%v(x)b(x)) =0 foranyx e RY,
then under some appropriate assumptions on V at infinity, that is,
1
EHVV(x)HZ — AV (x) > +o00 as ||x|| — 400,

the probability measure u€ given by (2.5) remains stationary for (2.4). For details see [28,
29, 51] and [36]. In this situation, using the Laplace Method, asymptotics as € — 0 for u€
can be obtained; see [27] and [5] for further details. In general, the equilibrium measure can
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be expressed as an integral of a Green function, but aside from a few simple cases, there
are no closed expressions for it. In this case, the Freidlin—-Wentzell theory implies that the
non-Gibbs measure 1€ is equivalent to a Gibbs measure with a “quasipotential” 1% playing
the role of the potential energy, see for instance [38, 40, 43] and [48]. However, the study of
the regularity of the quasipotential is a nontrivial mathematical issue, for details see [6]. For
our purposes, no transverse condition on the vector field F is assumed and also we do not
need that the Gibbs measure remains stationary for (2.4); for further details see [14] and the
references therein.

In many theoretical or applied problems involving ergodic processes, it is important to
estimate the time until the distribution of the process is close to its equilibrium distribution.
Under some strong coercivity condition and growth condition that we will state precisely in
Section 2.4, we will prove that the law of x€(#) converges in total variation distance to &€ in
a time window

1
(2.6) w€ = ; +o(1)
of order O(1) around the cut-off time

A

where X, £ and 7 are the positive constants associated to xg in Lemma 2.1.
The exact way on which this convergence takes place is the content of the following sec-
tion.

2.7) I i= % In(1/€) + In(In(1/€)) +,

2.4. Results. Denote by G(v, E) the Gaussian distribution in R? with vector mean v and
positive definite covariance matrix E. Let I; be the identity d x d-matrix. Given a matrix
A, denote by A* the transpose matrix of A. Recall that for any y € R?, DF(y) denotes the
Jacobian matrix of F at y.

A sufficient condition that allows us to uniformly push back to the origin the dynamics of
(2.4) is the following strong coercivity condition: there exists § > 0 such that

(H) (x, DF(y)x)>8]||x||> forany x,yeR?,

At the beginning of Section 3 we will see that (H) implies (C). To control the growth of the
vector field F around infinity, we assume the following growth condition: there exist positive
constants cg and c; such that

(G) |F(x)| < coe! 11 for any x € RY.

Since we use the 1td formula several times, in order to avoid technicalities we always as-
sume that F € C2(R¢, R?). In the case of a stochastic perturbation of a dynamical system
satisfying the strongly coercivity condition (H) and the growth condition (G) we prove ther-
malisation.

THEOREM 2.2.  Assume that (H) and (G) hold. Let {x€(t, xg) : t > 0} be the solution of
(2.4) and denote by u€ the unique invariant probability measure for the evolution given by
(2.4). Denote by

d*(t) =dyy(x“(t, x0), u€) foranyt=>0
the total variation distance between the law of the random variable x€(t, xo) and its invariant
probability j1¢. Consider the cut-off time t; . given by (2.7) and the time window given by
(2.6). Let xg # 0. Then for any ¢ € R we have
lim |d€ (25, + cw®) — D (15 + cw)| =0,
e—0

mix mix
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where
p t—o)! 12N i —1)
(2.8) D) =drv |G| =2 de vk, 1q ), G(0,12)
e Je =
foranyt >t withm, A, £,7,01,...,0h, V1, ..., U, are the constants and vectors associated

to xg in Lemma 2.1, and the matrix X is the unique solution of the matrix Lyapunov equation

(2.9) DF(0)X + X(DF(0))* =1,.
REMARK 2.3. The last theorem tells us that the total variation distance between the law
of x€(¢) and its equilibrium ©€ can be well approximated in a time window (2.6) around the

cut-off time (2.7) by the total variation distance between two Gaussian distributions (2.8).

REMARK 2.4. From Lemma A.2 we deduce an “explicit” formula for the distance (2.8),

that is,
2 rlme®N/2 2
D(t) = —/ e 7 dx,
T JO

-1 .
where m€ (1) = éi;fg)ﬁE_l/z Iy %=y, forany r > 1.

REMARK 2.5. Since the linear differential equation
dx(t)=—DF(0)x(¢)dt foranyt >0

is asymptotically stable, then the matrix Lyapunov equation (2.9) has a unique solution X
which is symmetric and positive definite and it is given by the formula:

5 _ /ooe—DF(O)se—(DF(O))*s ds.
0

For more details, see Theorem 1, page 443 of [35]. If in addition, D F(0) is symmetric then
Y. is easily computable and it is given by X = %(DF o).

From Theorem 2.2 we have the following consequences that we write as corollaries. To
made the presentation more fluent, in all the corollaries below, we will assume the same
hypothesis of Theorem 2.2 and keep the same notation. For any € € (0, 1] and xq € R?,
denote by x*0 the Markov process {x€ (¢, xg) : t > 0}.

COROLLARY 2.6. Suppose that xo % 0. Thermalisation for the distance D¢ at cut-off
time t¢ . and time window w€ is equivalent to thermalisation for the distance d¢ at cut-off
time t;.. and time window w€. The same holds true for profile thermalisation.

PROOF. It follows easily from Theorem 2.2 and the following inequalities
D€ (tgix + cw®) < [D(ty + cw) — d (1 + cw)| + d (155 + cw)
and
d€ (155 + cw®) < D (15 + cw®) — d€ (1554 + cw)| + D (155 + cw). O

mix m mix

COROLLARY 2.7 (Thermalisation). Suppose that xo # 0. Theorem 2.2 implies thermali-
sation for the family of Markov processes {x*}¢c(0,1].
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PROOF. From Corollary 2.6 we only need to analyse the distance D€. Notice
O<L

;= liminf
t——+00

m .
ZeZGk(I—r)Uk
=1

m

< lim sup Ze
t—+400 k=1

m
i9k(t71')vk < Z lvell =: U < +o0,

where first inequality follows from the Cantor diagonal argument and the fact that vy, ..., vy,
are linearly independent. From Remark 2.4 we have

2 rlmeOI/2 2
DE(1) = —/ e 7 dx,
T JO

-1 ; . .
where m€(t) = g(jfr)) \/EE_I/ 2 Y€ =1y, for any ¢ > 1. Straightforward computations
led us to

lim ( mix T+ Cwe)g_le_ (le—T—i-Cw )

e—0 ﬁ

for any ¢ € R. Notice that there exist positive constants by and b; such that by|jv| <
| =~12v|| < by||v| for any v € R?. Then for any ¢ € R we obtain

— (2y)1—€e—c

Le™© flimi(r)lf”m (6, + cw®) | < limsup|m€ (5, + cw®)| < Ue™,
€—

e—>0

mix

where L = Lby y)'~fand U= Ubo(2y)'~¢. From Lemma A.6 and Lemma A.2 we deduce

2 pLe™/2 2
—/(; e_deflign_)i(r)lfDe(mlijcw

b
Ue=¢ Xz
<limsup D€ (t5; + cw® / -7
e—0

lim liminf D€ (75, + cw®) =1

c—>—0 €—0

for any ¢ € R. Therefore

and
€
clnlloo hren_fgp D€ (5 + cw®) =0. 0
REMARK 2.8. Recall that {vy, ..., vy} are linearly independent in C. If in addition
m
lim 27123 eyl is well defined,
t—+00
k=1
then
m m
. —1/2 it |l s —1/2
g g

In this case, we define

r(xp) :=

m
2—1/2 Z Vi
k=1
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COROLLARY 2.9 (Profile thermalisation). Suppose that xo # 0. There is profile thermal-
isation for the family of Markov processes {x*°}cc(0,1] if and only if

m
lim | 27123 ey,
k=1

t—+00

is well defined.

PROOF. Suppose that there is profile thermalisation for {x“*}cc(,1;. Then

lime,0d€(t5,, + cw®) exists for any ¢ € R. From Corollary 2.6 we have that

lime_, 0 D€ (25, + cw®) also exists for any ¢ € R. From Remark 2.4 we deduce

m
lim | x~1/? Z Ok i tew )y I is well defined.
t—+00 =
Therefore,
m .
Jim |57V2R ey is well defined.
——400
k=1

On the other hand, if lim;— 40 || 2 —1/2 pIya ety || = r(xp), from Remark 2.8 we have that
r(xg) > 0. From Remark 2.4, for any ¢ € R we deduce

lim De(té» —}—cwe) _ E/V(c')e_%dx’
€0 mix 7 Jo

where y (c) = 2y)'~fe~r(xg)/2. The latter together with Corollary 2.6 imply profile ther-
malisation for {x“}cco,17. O

The following corollary includes the case when the dynamics is reversible, thatis, F = VV
for some scalar function V : R? — R.

COROLLARY 2.10. Suppose that xo # 0. If all the eigenvalues of D F (0) are real then
the family of Markov processes {x“0}cc(o,1] has profile thermalisation.

PROOF. The proof follows from Corollary 2.9 observing that§; =Oforany j =1,...,m
and the fact that {vy, ..., v, } are linearly independent in C. [

Moreover, in [10], we study the case when d = 1 which follows immediately from Corol-
lary 2.10.

We also have a dynamical characterisation of profile thermalisation. Define “a nor-
malised” w-limit set of x as follows:

w(xg) 1= { y € R? : there exists a sequence of positive numbers {¢, : n € N}

Aty

such that lim 7, =4+ocoand lim 1 Eil/ze*DF(O)’"xo = y},

n——+00 n——+00 ln_

From Lemma B.1, it is not hard to see that £~1/2 Y i Uk € w(xp). When all the eigenvalues

of D F(0) are real, then again by Lemma B.1, we get that w (xp) consists of a nonzero element
which is given by =127 | vy

COROLLARY 2.11. Suppose that xo # 0. The family of Markov processes {x**}¢c(0,1]
has profile thermalisation if and only if w(xg) is contained in a d-sphere with radius
r(xo) = 1Z7Y2 30 vell, that is, w(x0) C S~ 1(r(x0)), where S4=1(r(xp)) := {x e R? :
[lx]l = r(x0)}.
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PROOF. Suppose that {x“*0}.c(,1] has profile thermalisation. By Corollary 2.9 we have

m
lim |x~1/? Z e’p"tvk is well defined.
—+o0 =1

From Remark 2.8 we know

lim

Jim =r(xg) > 0.

m
s—1/2 Z iy,
k=1

The latter together with Lemma B.1 allows us to deduce that

ekt
lim _E—I/Ze—DF(O)txO
t——+00 tﬁ_l

=r(xg).

Consequently, w(xg) C S9~1(r(x)).
On the other hand, suppose that w (x0) C S*~!(r(x0)). Then

e DF(0)
Iim |—e™ "xoll = r(x0).
Jim 0 (x0)
From Lemma B.1 we get
m .
lim (27123 ey | = r(xo).
t—>+00 =1

The latter together with Corollary 2.9 allow us to deduce the statement. [J

In dimension 2 and 3, we can state a spectral characterisation of profile thermalisation.
Remind that if all the eigenvalues of D F(0) are real, we have profile thermalisation as Corol-
lary 2.10 stated, so we do not consider that case.

COROLLARY 2.12. Suppose that xo # 0 and d = 2. Let y be a complex eigenvalue of
D F(0) with nonzero imaginary part and let uy + iuy be its eigenvector, where uy, us € R2.
Then the family of Markov processes {x€*}cc(0,1] has profile thermalisation if and only if
(ur, 27 ur) = (ua, T uz) and (uy, T uz) = 0.

PROOF. Write y = A +i6, where A > 0 with 6 # 0. To the eigenvalue y we associated
an eigenvector u + iup, where uy, us € R2. A straightforward computation shows
MemPEON xy = (¢ cos(B1) — casin(01))u; + (c1sin(01) + c2 cos(61))uz

for any ¢t > 0, where c| := c1(xp) and c¢3 := c2(xp) are not both zero. Notice that ¢ :=
,/c% + c% > 0 and let cos() = ¢1/c and sin(«) = ¢z /c. Then

M e PFON 30 = ccos(0f + a)uy + csin(@r +a)up forany ¢ > 0.
Therefore,
“ Z—I/Zexze—DF(O)txO ”2
= c? cos? (0t + o)ui, Z_lul)
(2.10)

+ c?sin® (0t + o)(u2, > us)
+2¢% cos(0t + a) sin(01 4+ a)(uy, = uy)
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forany ¢ > 0. If (w1, 2 u1) = (uz, " 'us) and (u1, T up) =0 then
|==12eM e~ PFO 17 = Xuy, £~ uy)  forany 1 > 0.

Notice that (i1, E_lul) # 0 since u] # 0 and > lisa positive definite symmetric matrix.
The conclusion follows easily from Lemma B.1 and Corollary 2.9.

On the other hand, if {x“*0}.¢ (0,17 has profile thermalisation then Lemma B.1 and Corol-
lary 2.9 imply

lim | £712eMePFO1 |2 is well defined.
t—400

1 1

Now, using (2.10) and taking different subsequences we deduce (u;, X~
and (u1, Z 'up). O

u) ={uz, X" u2)

Notice that in dimension 3, at least one eigenvalue of D F(0) is real. Therefore the in-
teresting case is when the others eigenvalues are complex numbers with nonzero imaginary
part. Let y| be a real eigenvalue of DF(0) with eigenvector v € R3. Let y be a complex
eigenvalue of D F(0) with nonzero imaginary part and let 1 + iuy be its eigenvector, where
uy, ur € R3. In this case,

e PFOY 0 — c(xp)e My

+ e M (c1 cos(At) — casin(@1))uy + (cy sin(B1) + ¢ cos(61)u2)

for any t > 0, where co := co(x0), c1 := c1(xp) and ¢ := c2(xg) are not all zero. Notice that
c:= ,/c% + c% > 0 and let cos(«) = c1/c and sin(«) = ¢ /c. Then

(2.11) e PEON xo = coe ™y + e (ccos(0t + a)uy + csin(0t + a)uy)

for any ¢ > 0.

COROLLARY 2.13.  Suppose that xo # 0 and d = 3. Let y be a real eigenvalue of D F (0)
with eigenvector v € R3. Let y be a complex eigenvalue of DF (0) with nonzero imaginary
part and let u1 + iuy be its eigenvector, where u1, us € R3. Let co, ¢ and « the constants that
appears in (2.11).

(i) Assume co = 0. {x}cc(0,1] has profile thermalisation if and only if (u1, E_lul) =
(u2, ©'us) and (uy, T 'ur) = 0.
(ii) Assume co # 0 and y1 < A. Then the family {x“*°}cc(0.1] has profile thermalisation.
(iii) Assume co # 0, y1 = A. The family {x*°}cc(0,1] has profile thermalisation if and only
if (w1, D7) = (2, S us) and (uy, T us) = (v, T ug) = (v, T uy) =0.
(iv) Assume co# 0, y1 > A. The family {x*°}cc(0,1] has profile thermalisation if and only
if (w1, 27 uy) = (w2, & 'us) and (uy, T ur) = 0.

PROOF. (i) This case can be deduced using the same arguments as Corollary 2.12.
(ii) Using relation (2.11) we obtain

t—ljr—PooZ_l/zemte_DF(O)txO = o2y £0.

The latter together with Corollary 2.9 and Lemma B.1 allow us to deduce profile thermalisa-
tion.
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(iii) Using relation (2.11) for any # > 0 we get
” E—l/zeylte—DF(O)txO H2
= cdlv, 27120) + ¢? cos? (0t + a)u1, T 2uy)
(2.12) + 2 sin%(0t + o)(uz, E_l/zuz) + 2coccos(0t + o) v, Z_l/zul)
+ 2cocsin(0t + a)(v, 2_1/2u2)
4 2¢? cos (01 + @) sin(0r + a)(uy, T 2uy).
If (u, T uy) = (w2, = 'up) and
(ul, E_luz) = <v, Z_lul) = (v, Z_luz) =0,
then from (2.12) we deduce
HZ_I/zeV”e_DF(O)txOH = c(z)(v, 2_1/2v> + cz(ul, E_lul) > 0.

The latter together with Lemma B.1 and Corollary 2.9 imply profile thermalisation.
On the other hand, if {x“*}c¢ (0,17 has profile thermalisation then Lemma B.1 and Corol-
lary 2.9 imply

lim ”E_l/ze)"e_DF(O)txouz is well defined.
t——400

Now, using (2.12) and taking different subsequences we deduce
(ul, E_lul) = (ug, E_1u2>
and
(ul, E_lu2> = <v, E_lul) = <v, E_luz) =0.
(iv) Using relation (2.11) for any # > 0 we have

” E—I/Zexte—DF(O)txOHZ

= e 2y m720) 4 2 cos® (O + a){ur, 71 uy)
+ % sin® (0t + o)uz, 2_1/2u2>

(2.13)
+ 2coce” MM cos (01 4 a)(v, E_l/zul)

+ 2coce” MM gin(Or + a)(v, E_l/zuz)
+2¢% cos(0t + ) sin(@r + a)(u1, T~ 2uy).
If (uy, 2 'uy) = (uz, T 'un) and (u1, T~ 'us) = 0 from (2.13) we obtain

Jim [5712M PO g | = Xy, 27 ) #£0

which together with Corollary 2.9 imply profile thermalisation.
On the other hand, if {x€*°}cc (9,17 has profile thermalisation then Lemma B.1 and Corol-
lary 2.9 imply

lim [£712eMePFO1 12 s well defined.
t—+00

Now, using (2.13) and taking different subsequences one can deduce

(ur, 27 ur) = (uz, = 'up) and (u1, T 'ug) =0. O
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When X is the identity matrix, roughly speaking Corollary 2.12 and Corollary 2.13 state
that profile thermalisation is equivalent to “norm” preserving and orthogonality of the real
and imaginary parts of the eigenvectors of D F(0). When X is not the identity, the latter is
still true under a change of basis.

3. The multiscale analysis. In this section, we prove that the process {x€(¢) : ¢ > 0} can
be well approximated by the solution of a linear nonhomogeneous process in a time window
that will include the time scale on which we are interested. It is not hard to see that (H)
basically says that (C) is satisfied around any point y. In fact, writing

1

d 1
F(y)— F(x)= A EF(x—i-t(y—x))dt:/(; DF(x +t(y —x))(y — x)dr

we obtain the seemingly stronger condition
—x, F(y) = F(x)) > 8|ly — x||* forany x,y e RY.
y y y y X,y

The latter is basically saying that (C) is satisfied around any point y € R?. A good example
of a vector field F satisfying (H) and (G)is F(x) = Ax+ H(x),x € R?, where A is a matrix,
H is a vector valued function such that F satisfies (H) and it satisfies H(0) =0, DH (0) =0,
|IDH ||oo <400 and | D?H ||oo < +00. In dimension one, a good example to keep in mind is

n
(3.1) Fx) = Zaszf_l for any x € R,
j=1

where n € N, a1 > 0 and a; > 0 for any j € {2,...,n}. It is fairly easy to see that (3.1)
satisfies (H) and (G). If a; > 0 for some j € {2,...,n} then (3.1) is not globally Lipschitz
continuous.

Recall that F € C2(R¢, R?). Notice that for any x,y € R? we have

1
F(x)— F(y) =f0 DF(x +t(y —x))(y — x)dr.

Therefore, for any x, y € R? we get

1
F(x) = F(y) = DF(y)(x —y) = /0 (DF(y+1(x —y)) — DF(y))(x — y)dr.

Note
1
DF(y+t(x —y))— DF(y) :/0 D*F(y +st(x — y))t(x — y)ds

for any x, y € R?. For any ro > 0 and r| > 0, define C := SUP|| <27 +ro | D?F(z)]|. Then

(3.2) |F(x) — F(y) = DF(y)(x — y)| < Clx — y|I?

for any ||x|| <rp and ||y|| <r1.Inequality (3.2) will allow us to control the random dynamics
{x€(¢) : t = 0} on compacts sets and it will be very useful in our a priori estimates.

3.1. Zeroth-order approximations. It is fairly easy to see that for any ¢t > 0, as € —
0, x€(t) converges to ¢(t). The convergence can be proved to be almost surely uniform in
compacts. But for our purposes, we need a quantitative estimate on the distance between
x€(t) and ¢(¢). The idea is fairly simple: (H) says that the dynamical system (2.1) is uniformly
contracting. Therefore, it is reasonable that fluctuations are pushed back to the solution of
(2.1) and therefore the difference between x€ () and ¢(¢) has a short-time dependence on the
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noise {B(s) : 0 <s <t}. This heuristics can be made precise computing the Itd derivative of
Ix€(t) — @(2)]|? as follows:

d||x€ (1) — ¢(t) ”2 = =2(x€(1) — @), F(x“(1)) — F(p(1)))dt
+2V€e(x(t) — (1), dB(1)) + de dt
< —28|x€(1) — (1) | > dt
+ 2/€(x(t) — o(t), dB(1)) + de dt,

where the last inequality follows from (H). After a localisation argument we get

(3.3)

d
GEl@ =9 |?] < —28E[|x¢(t) — @(1)|*] + ed forany ¢ > 0.

From Lemma C.7, we obtain the following uniform bound
e
)
We call this bound the zeroth order approximation of x€(z). We have just proved that the dis-
tance between x€ (r) and ¢(¢) is of order O(,/€), uniformly in ¢ > 0. However, this estimate is
meaningful only while [|¢(#)|| 3> /€. By Lemma 2.1, ||¢(¢)]| is of order O(t*~le=*'), which
means that (3.4) is meaningful for times ¢ of order o(ty;,), which fall just short of what we
need. This is very natural, because at times of order 7. we expect that fluctuations play a
predominant role.

(3.4) E[[x¢(t) — o(0)|*] (1—e 21 < Z—Z for any ¢ > 0.

3.2. First-order approximations. Notice that (3.4) can be seen as a law of large numbers
for x€(¢). Therefore, it is natural to look at the corresponding central limit theorem. Define
{y€():t >0} as

x€(t) — (1)

Je

As above, it is not very difficult to prove that for every T > 0, the process {y€(¢) : t € [0, T']}
converges in distribution to the solution {y(¢) : ¢ € [0, T']} of the linear nonhomogeneous
stochastic differential equation (also known as nonhomogeneous Ornstein—Uhlenbeck pro-
cess in stochastic analysis):

ye@) = for any 7 > 0.

dy(t) =—DF(p(t))y(t)dt +dB(t) fort >0,
y(0)=0.
Notice that this equation is linear and in particular y(¢) has a Gaussian law for any 7 > 0. As

in the previous section, our aim is to obtain good quantitative bounds for the distance between
y€(t) and y(¢). First, we notice that the estimate (3.4) can be rewritten as

(3.5)

d
(3.6) E[|y0)|*] < o5 foranyr>0.

We will also need an upper bound for E[||y¢ (#)||*]. From the 1t6 formula and (H) we have
dy O] = =4y Oy 0). DF(p0))y<(0))dt + 4y )|y 1), dB()
+Qd+4) |y ()| de
< 48]y @] dr + 4]y O ). dB)) + @d + 4|y ()| dr.
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After a localisation argument we obtain

d
GEY O] < ~48E[ |y "] + @d + HE[|y ).

From (3.6) and Lemma C.7 we get the uniformly bound
d(d+2) _ d(d+2)
4 48t
(3.7) E[|y“@®]"] < 152 (1—e ™)< 152 for any ¢ > 0.

Notice that x€ (1) = ¢(t) + /€ y€ (¢) for any ¢ > 0 and the difference y€(¢) — y(z) has bounded
variation. Then

d
L OO —y0) ==

(F(x€(1)) — F(p(1)) — VeDF (p(1) y(1))

(F(p@) + ey (1) = Fp(t) + Vey(®)))

-4l -

- ﬁ(F(w(t) + ey (1)) — F(p(1)) — VeDF(p(1))y(1)).

Define h€ (1) := F(¢(t) + +/€y(t)) — F(@(t)) — /e DF (¢(t))y(¢) for any ¢t > 0. Therefore,
using the chain rule for || y€(z) — y(¢) |> we obtain the differential equation

d
S o- Yo

d
- 2<y€<t> 0, 5 (0 - y(r>)>

2
(3.8) = —$<y€(t) —y(0), F(p(t) + ey (1)) — Fp@) + ey (®)))
2 € t hé
- ﬁ(y () = y(®), h* (1))
< 28| y¢ 2_2 he
< =28y @) -y - ﬁ@ (1) = y(®), h*(®)),
where the last inequality follows from (H). From the Cauchy—Schwarz inequality we observe
(3.9) |2/ (1) = y(1), kD) < 2/ |y (1) =y || ()]

Recall the well-known Young-type inequality 2|ab| < oa® + (1/0)b* for any a, b € R and
o > 0. From inequality (3.9) we have

1
(3.10) |2/ (@) — y(), k()] < 8]ly<(t) — y) |* + e o
From inequality (3.8) and inequality (3.10) we deduce

d 1

vl RO YO <=8y -y > + gllhf(t)llz-

By taking expectation in both sides of the last inequality, we obtain
d 1
(3.11) 3 Bl @ = Y] = =8E[|[y*0) =y "] + e L Ol

Define H¢(¢) := E[||h€(¢)||] for any ¢ > 0. From inequality (3.11) and Lemma C.7 we de-
duce

1— —6t t
E[||y€ () — y(t)||2] < (6%/0 H¢(s)ds foranyt > 0.
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Therefore, we need to get an upper bound for f(; H¢(s)ds for any ¢ > 0. From Lemma 3.1 we
have

t ~
f H(s)ds < C(n, llxoll, d, 8)€*t + C(n, Ixoll, d, 8)e>*¢"/*
0

for any n > 0 and ¢ € [0, %), where C (7, ||xo0ll,d, 8) and C(n, llxoll, d, 8) are positive con-
stants that only depend on 1, ||xgl|, d and 8. The latter implies

E[|x¢(1) — (o) + Vey®)|’]
(3.12)

1 ~
= 3_2(C(77, lxoll, d, 5)62t +C(n. Ixoll. d, 5)63/2t7/4)

for any ¢ € [0, %). We call this bound the first-order approximation of x€(z). Roughly
speaking, for + = O(In(1/€)) we have just proved that the distance between x€(¢) and
@(t) + 4/€y(t) is of order O(e3/4=9) for any g € (0,3/4) which will be enough for our
purposes.

LEMMA 3.1. Assume that (H) and (G) hold. Let € € (0, 32‘S—Cl). Foranyn>0andt €

nz
[0, 5c7) we have
t ~
f H(s)ds < C(n, Ilxoll, d, 8)€*t + C(n, Ixoll, d, 8)e>*t"/4,
0

where C(n, ||xo0ll, d, §) and 6(n, llxoll, d, 8) only depend on n, ||xoll, d and &. Moreover, for
any e € (0,6/7) we have

lim  sup  E[|x€() — (‘P(l)‘F\/g)’(t))”z] =0.
€=>00<r<0(1/e9)

PROOF. Recall that H¢(r) = E[||h€(r)||*], where

he(t) = F(p(t) + vey(0) — F(p(1)) — VeDF(p(1)y(r) foranyt=>0.
Take any 1 > 0 and ¢ > 0 and define the event

n
A = Su < — .
et I:Ost;tHy(S)” - \/gi|

Denote by Aj ., its complement. By inequality (3.2) we have

E[|h€(1)]*1a,.,] < C3(n. Ixol)e*E[|y(0)|*]

for any ¢ > 0, where the positive constant Co(7, ||xo]]) depends on n and | xg||. By a similar

argument using in inequality (3.7) we deduce E[|| y(z) 4] < % for any ¢ > 0. Then

dd+2) ,

E[[|h€()[*1a,.,] < C3(n, lIxoll) 57 € foranyr>0.

On the other hand, recall the well-known inequality
(x+y+2?<4(x*+y*+7z%) foranyx,y,zeR.
Then

E[|n¢ 0" 14,1 < 4E[| F () + Vey ) [*Lag..,]

n,€,t 1,6t

+4E[|F(p(0) 145, ] +4€E[|DF (p(0)y () *1a5 ]

n,€,t
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for any ¢ > 0. We will analyse the upper bound of the last inequality. Since || (s)| < ||xo]l
for any s > 0, then
2
E[| F(e)] 1as,,] = CH{Ixol)P(A] . .).

n,€.t

for any ¢ > 0, where C;(]lxg|]) is a positive constant that only depends on | xg||. We also
observe that

E[|DF(e0))y0) 14,1 < C(IxoE[y(0)*14c ]

n,€,t

for any ¢ > 0, where C»(||xo||) is a positive constant that only depends on ||xo||. From the
Cauchy—-Schwarz inequality we get

E[ly@)|*1ac, ] =E[(lyO)*Lac . )1ac ]

n.€.t

< E{(yo 11, ))E (45"

n,€,t

< E[(lyO 1D (A5 ),

for any ¢ > 0. Following similar computations as we did in (3.7) or by item (ii) of Proposi-
tion C.2 we deduce

E[(|y(n )] < L4F2DE+DE@+6)

1684

for any ¢ > 0.

Therefore

E[| DF(p®)y®)|*1ac ] < C3(Ixoll, 8, d)(B(AS, )"

0,6t

for any ¢ > 0, where C3(]|x¢ll, 8, d) is a positive constant that only depends on || xgo||, 6 and d.
Finally, we analise E[|| F (¢(t) + 4/€y(1)) ”2]1142.5 ,1- From (G) we have

E[|F(o() + ey ®) 1 ]<C%em||xou2E[e4me||y<t>n21A;H]

netd —

for any ¢ > 0. Again, from the Cauchy-Schwarz inequality we deduce

2 2
E[(e* e OF gy )1xe ] < (B[P, )2 (@(ag )"

met) = Ap e
= (B[e! 1 OF] (P (a7 )
for any ¢ > 0. From item (iv) of Proposition C.2, for any € € (0, 32‘3—61) we have
E[elf’qe”y(t)”z] < elbadet o any 1 > 0.
Therefore,

E[[|1€@)|*] < C3(n. Ixoll, . 8)€* +ACT (llxol)P(AS . ,)

+4(C3(Ixoll, 8. d) + Cs(lIxoll)e*r9er) (B(AG )"
< C3(n, llxoll, d, 8)€* 4+ 4(C3(l|xoll)
+C3(IIxoll, 8, d) + Cs([lxoll)e* 19!y (P(AS ..,)) ™,

where C3(n, |xoll, d. 8) = C3 (1, x0l) L4552 and Cs(|lxoll) = cfe’! 101", From item (i) of
Lemma C.1 we have
2de’t 2

‘ U
P(A.e.0) < 5P —edi)? forany 0 <t < 7
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Notice that
4de?t 772
P(A;,GJ) = W forany 0 <t < Sed’

Consequently,
E[|n*®)]*] = Ci(n. lIxoll. d. 8)€”
4dert )3/4

"
+4(CH(lol) + ol 5.) + Cs(Ixole™) o

forany 0 <t < %. By integration we deduce the first part of the statement. The second part
follows immediately from inequality (3.12). O

In Lemma C.6, we will prove that the linear nonhomogeneous process {y(¢) : t > 0} has a
limiting, nondegenerate law which is Gaussian with mean vector zero and covariance matrix
Y. which is the unique solution of the Lyapunov matrix equation (2.9).

3.3. An €/3 proof. We approximate the process {x€(¢) : t > 0} by a linear nonhomoge-
neous process {z€(¢) := @(t) + /€y(t) : t > 0} in which we can carry out “explicit” compu-
tations. This process is also known in Physics as Van Kampen’s approximation, see [4] for
more details. Since we need to compare solutions of various stochastic differential equations
with different initial conditions, we will introduce some notation. Let £ be a random variable
inR? and let T > 0. Let {p(t, &) : t = 0} denotes the solution of

dp(t,&) =—F(e(t,&))dt  foranyr >0,
:w(O, §)=§.
Let {y(z,&, T) : t > 0} be the solution of the stochastic differential equation
dy(t,§,T)=—DF(p(t,§))y(t,&,T)dt +dB(t +T) foranyt >0,
{y(o, £,T)=0

and define {z€(¢t,&,T) : 1t >0} as z°(¢,&,T) := ¢(t, &) + /ey(t,&, T) for any ¢ > 0. Take
c € R and let §. > 0 such that 6. = o(1). For € << 1 define

In what follows, we will always take T = tg.;, + cw® > 0 for every € > 0 small enough, so
for simplicity, we will omit it from the notation.

The following lemma is the key of the proof. Roughly speaking, from Lemma 3.1 we
see that the processes {x€(¢) : t > 0} and {z°(¢) : t > 0} are close enough for times of order
O(In(1/¢€)). Therefore, we can shift the processes for a small time &, and then we coupled
the remainder differences in a small time interval [0, 8.]. Since {z€(¢) : ¢ > 0} is linear, then
thermalisation and/or profile thermalisation will be concluded from it.

LEMMA 3.2. Foranyc € R and € < 1 we have
|dry (x (fyix + cwS, x0), 1)
— drv(z€(8e, z€ (£ + cw©, x0)), G(0, € X))
(3.14) <drv (x€ (e, x€ (150 + cwe, x0)), 2 (8, X (155 + cw€, X0)))
+ drv (2 (8e, x (tGhis + cw®, x0)), 2° (e, 2 (tghir + cw, X0)))
+drv(G(0, D), u).
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PROOF. Notice that
drv (X (tgg + cw® + 8¢, x0), 1)
= drv (x° (8, x* (tghif + cw, x0)), 1)
< drv (x (8, x (£ + cw, x0)), 2°(8e, X (ghig + cw, X0)))
+ drv (2 (e, X (tghi + cw®, x0)), 2 (e, 2 (tgige + cw”, X0)))
+ dTv(Z6 (86, z* (t:hift + cw€, x0)), Gg(o, EZ)) + dTv(g(O, €Y), ,ue).
On the other hand,
drv (2 (8, 2° (i + cw®, x0)), G(0, € X))
< drv (2 (8e, 2 (fehig + cw®, x0)), 2 (Je X (thige + cw©, x0)))
+ drv (2 (e, x (tghif + cw, X0)), X (e, X (g + cw©, x0)))
+ drv (€ (8, x€ (150 + cw€, x0)), 1) + drv(u€, G(0, €X)).
Gluing both inequalities we deduce
v (x€ (i + cwS + 8¢, x0), 1) — drv (2 (8e, 2 (i + cw, %0)), G(0, € D))
< drv (x€(8e, X (i + cw®, x0)), 2°(8e, x (tgig + cw®, x0)))
+ drv (2 (8e, X (tghi + cw, x0)), 2 (e, 2 (t5pig + cw©, x0)))

+drv(G(0,€%), u). O

In what follows, we prove that the upper bound of inequality (3.14) is negligible as € — 0.
To be precise, we prove

CLAIM A (Short-time coupling).
lin% drv (x (8¢, X (L + cw®, x0)), 2°(8e, X (tgpig + cw®, x0))) = 0.
€—
This is the content of Section 3.3.1.
CLAIM B (Linear nonhomogeneous coupling).
11rr(1) dTV (ZE (86 , xe (tsehift + Cwe, X())) , Ze (86 , Zé (t:hift + CLUe R XO))) = 0
€—
This is the content of Section 3.3.2.
CLAIM C (Local central limit theorem).
lim dry (G(0, €2). 1) =0.
€e—
This is the content of Section 3.3.4.

CLAIM D (Windows cut-off). The family of processes

{z6:={(): 1 =0} :€ €(0,11} presents windows cut-off.

This is the content of Section 3.3.3 together with Corollary 2.7.
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3.3.1. Short-time coupling. A natural question arising is how to obtain explicit “good”
bounds for the total variation distance between x€(z) and z€(¢). Using the celebrated
Cameron—Martin—Girsanov Theorem, a coupling on the path space can be done and it is
possible to establish bounds on the total variation distance using the Pinsker inequality of
such diffusions. This method only provides a coupling over short time intervals. For more
details see [10, 21, 31] and the references therein. On the other hand, “explicit” bounds for
the total variation distance between transition probabilities of diffusions with different drifts
are derived using analytic arguments. This approach also works for the stationary measures
of the diffusions. For further details see [13] and the references therein.

In order to avoid homogenisation arguments for F', we use the Hellinger approach devel-
oped in [31] to obtain an upper bound for the total variation distance between the nonlinear
model x€(¢) with the linear nonhomogeneous model z€(¢) in a short time interval. That upper
bound is enough for our purposes. As we can notice in Theorem 5.1 in [31], we need to carry
out second-moment estimates of the distance between the vector fields associated to the dif-
fusions {x€(¢) : t > 0} and {z€(¢) : r > 0}, respectively. It is exactly the estimate that we did
in Lemma 3.1.

PROPOSITION 3.3. Assume that (H) and (G) hold. Let §. > 0 such that 6¢ = o(1). Then
forany c e R
lim drv (% (8, x (tghin + cw®, x0)), 2 (8¢, X (£ + cw®, x0))) =0,
€—

where t§ .. is given by (3.13).

PROOF. Let T¢ =1 + cw® > 0 for € < 1. Notice that
dry (x€(8e, x€(T€, x0)), 2 (8¢, x(T€, x0)))
< /R A1V (3 (3. ). 2 (e, )P (T, x0) € d).
For short, denote by IP€(du) the probability measure P(x€(T€, xo) € du). Let K be a positive

constant. Then

dry (x(8c, x°(T, x0)), (8¢, (T, x0)))

3.15
o < [ v e . B )P ) + B[ (30| > ).

Now, we prove that the upper bound of (3.15) is negligible as € — 0. From the Markov
inequality we get

E[[|x€(T€, x0)[I*]
K? '
Recall the well-known inequality (x 4+ y)? < 2(x2 + y?) for any x, y € R. Then

E[|x*(T<, x0)|*] < 2E[|x(T. x0) = ¢(T*. x0) "]

P([x(T€, x0)| > K) =

+ 2] (T, x0) | *.

From inequality (3.4) and inequality (2.2) we have
ed €
Eflx (T, x0) '] = 5 + 27> o,

which allows us to deduce

(3.16) lim P(|x*(T<, xo)| > K) =0.
€—
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Now, we analyse f||u||<1< drv (x€ (8¢, 1), 25 (8¢, u))P€(du). From Theorem 5.1 in [31] we ob-
tain B

‘A;”<K,dTv(x€<8€,u),z€<86,u)ﬁP€<du>

1 b
5—f / E[| 1€ (s, u)|[*] dsP* (du),
€ Jiui<x Jo
where

I€(s,u) ;= F(x(s,u) — DF(@(s,u))z° (s, u) + DF (¢(s, u))p(s, u) — F(@(s, u))

forany s > 0 and u € R?. Following the same argument using Lemma 3.1, for any 0 < s < 8,
and € < 1 we deduce

E[|1¢(s, uw)|*] < C(K.d, 8)€*5 + C(K,d,8)e>/*s]/*

for any u € R4 such that lull < K, where C(K,d, §) and C'(K, d, 8) only depend on K, d
and §. Therefore,

(3.17) lim dry (x€(Se. 1), 2 (8e, 1)) P (du) = 0.

€e>0J|jul <K

Inequality (3.15) together with relations (3.16) and (3.17) allow us to deduce the desired
result. [

3.3.2. Linear nonhomogeneous coupling. In this part, we couple two nonhomogeneous
solutions z€(¢, x) and z¢(z, y) for short time ¢ < 1 and initials conditions x and y such that
lx — y|| small enough.

PROPOSITION 3.4. Assume that (H) and (G) hold. Let 8. = €’ for some 6 € (0,1/2).
Then for any c € R

Jim drv (2 (8e, X (tgpise + cw*, x0)), 2 (8e, 2 (tpise + cw, x0))) =0,
where t§ ... is given by (3.13).
PROOF. Let T¢ =t§;s + cw* > 0 for € < 1. Notice that
dTV (Z6 (865 -XG (Tes xO))a ZE (86’ Z€ (Tes XO)))
S/ drv(z€(8e, u), 2°(Be, 0))P(x€(T€, x0) € du, z(T¢, x0) € dir).
R4 x R4
For short, we denote by P€(du, dit) for the coupling
P(x“(T€, x0) € du, z°(T*<, x0) € dit).
Let K and K any positive constants. Then
drv (z°(8e, x(T€, x0)), 2° (8¢, 2° (T, x0)))
(3.18) <[ drv( Be ), 2B )P (du, di)
lul<K,llal<kK

+P([x(T°, x0)| > K) +P(|2*(T. x0) | > K).

Now, we prove that the upper bound of (3.18) is negligible as € — 0. From relation (3.16) we
have

lim P([|x(T, xo) | > K) =0.
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Similar ideas as in the proof of relation (3.16) and item (ii) of Proposition C.2 yield
lim P(]|z(T€, xo)| > K) =0.
e—0

Since the stochastic differential equation associated to {y(¢, u, T¢) : t > 0} is linear then the
variation of parameters formula allows us to deduce that

e
28 ) = (8, u) + Ve (S u + ﬁCD(Se)/O (®(5)) " dB(T€ +5)

for any u € R, where {®(¢) : t > 0} is the solution of the matrix differential equation

dr

L) = —DF(p(t +T)) () fort =0,
®0) =1,.

Observe that for any v € R4, z€ (8¢, v) has Gaussian distribution with mean vector ©(8¢, V)
and covariance matrix € X (8.), where X (6¢) is the covariance matrix of the random vector

8 4
®(50) /0 (®(s) " dB(T€ +5)

which does not depend on v. Moreover, using the Itd formula we deduce

8 -1 N *
2(5€)=CD(5€)/(; (CD(S)) ((CD(S)) )dS(CD((SE)) .

Since lim¢_, g ® (8¢) = I4, then one can deduce
i 2 (8e)
im
e—0 O

The latter allows us to deduce that [|[(Z(8:)) /2| < (8.)~1/2C(d), where C(d) is a positive
constant that only depends on d.

Remind that G(v, E) denotes the Gaussian distribution in R4 with vector mean v and
positive definite covariance matrix E. From item (ii), item (iii) of Lemma A.1 and Lemma A.2
we have

dTV(ZE (5€s l/l), Ze (865 I:Z))
=drv(G(9(8e, u) + VeP(B)u, €2(8¢)), G(90(Se, ) + /e P (8 )i, €% (5¢)))
1

2me

=1j.

1(Z60)) (@08, ) — 9(e, i) + /€D (S (u — i) |

=

j

for any u, i € R?. From Condition (H) we obtain
l0Ge, ) — p@Ge, )| < e u — il < u—al

for any u, i € R?. Then

. Ci(d) - -
drv (z°(8e, u), 2°(8e, 1)) < N lu— || forany u, i e RY,
where C1(d) is a positive constant that only depends on d.

Therefore,

/ v (€ Bes ), 2 (Se, )P (du, i)
lull<K,llil|<K

Ci(d

< TRl (1 x0) = (1 30}
Ci(d

< CD (T x0) — 2 (7€ x0) [2]) 2.

T J€be
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From Lemma 3.1 we deduce
lim : dTV(ze(ég, u), 2(8¢, it))P* (du, dir) = 0.
€=>0Jlul| <K, |all<K

Putting all pieces together, we get the statement. [

REMARK 3.5. Under the same assumptions we can notice that Proposition 3.3 and
Proposition 3.4 also hold when 7€ = t§;; + cw® > 0 is replaced by Eiy with y € (0, #).

3.3.3. Window cut-off. Remind that z¢(r) = ¢(t) + /€y(t), t > 0, where {y(¢) : t > 0}
satisfies the linear nonhomogeneous stochastic differential equation

:dy(t) = —DF(p(t))y(t)dt +dB(t) fort>0,
y(0) =0.
Therefore, for any ¢ > 0, z€(¢) has Gaussian distribution with mean vector ¢(¢) and covari-

ance matrix € X (¢), where {X(¢) : t > 0} is the solution to the deterministic matrix differential
equation

dr

d %
—X()=—DF(p®))Z@) — Z@)(DF(¢®)))" +1z forz>0,
2(0)=0.

Under (H), we can prove that ¢(¢) — 0 and ¥ (¢#) — X as t — 400, where X is a symmet-
ric and positive definite matrix (See Lemma C.6). Therefore, z€(¢) converges in distribution
to arandom vector z€(00) as t — +00, where z€(00) has Gaussian law with zero mean vector
and covariance matrix € X. Using item (iii) of Lemma A.1, Lemma A.3, Lemma A.5 the con-
vergence can be easily improved to be in total variation distance. Bearing all this in mind, we
can analyse the convergence of z¢(¢) to its equilibrium in the total variation distance. Define

D€ (1) :=drv (2 (1), 2 (00)) = d1v(G(¢(1), € 2(1)), G(0, € X))

for any ¢ > 0.

PROPOSITION 3.6. Assume that (H) holds. Let 5. > 0 such that 5. = o(1). Forany c € R
we have

hmo|l_)€ (tsife + 8¢ + cw®) — D (tgg + 6 + cw)[ =0,
€e—

where tg ¢ is given by (3.13),

=0 0 e
D(t) :==drv(G T2y ey 1), G(0,10)

ek(t—r)\/g =

foranyt >z, withi, £, t,01,...,0, €[0,27), v, ..., v, are the constants and vectors as-
sociated to xqg in Lemma 2.1, and the matrix X is the unique solution of the matrix Lyapunov
equation:

DF ()X + X(DF(0))" =1,.

PROOF. Lett > 0. From the triangle inequality and item (ii), item (iii) of Lemma A.1 we
obtain

D(1) < drv(G(p(0), €X(1)), G(p(1), €X)) + drv(G(p(1), €X), G(0, € X))

1
<drv(G(0, S(1). G0, £)) + dw(g<$¢<t>, 2), G0, 2)).
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From a similar argument we obtain

dry (g(%go(z), £).60.3))

= drv(G(p(1). €5). G0, €%)
< drv(Glp(1). €2), G(p(1), €£(1)) + d1v (G(p(1). €(1)), G(0, )
— d1v(G(0, £), G(0, £(1))) + D).

Putting all pieces together we deduce

_ 1
(3.19) ‘Dem dry (g(fpm, 2), G0, 2))‘ < drv(G(0, (1)), G0, ).
Using Lemma A.5 and Lemma C.6 we get
(3.20) , liinoo drv(G(0, (1)), G(0, X)) = 0.

Therefore, the cut-off phenomenon can be deduced from the distance

n 1
D)= dTV(Q(ﬁGO(I), 2), G(0, 2))

1
_dry (g(z—l/sz(t), Id), 500, Id>)

for any ¢ > 0, where the last equality follows from item (iii) of Lemma A.1. Using the con-
stants and vectors associated to xog in Lemma 2.1, for any ¢ > t define

it —
DE(1) ;=dw<g<z Ve~
M=) Je

T)E*] m

=y, Id>, G(0, Id))

and
R (1)
—ip 1 —1/2(Z—f)€_1 (-1
=drv(G( Z ﬁ(ﬂ(l),ld L1 2 mze vi, Ia | ).
k=1
From item (ii) of Lemma A.1 we deduce that
RE(7)
| -0 " o
=G 22 e -~ e v | 1a ). G(0.1a) ).

A similar argument used to deduce inequality (3.19) allows us to show that
(3.21) |D(t) — D€(1)| <R€(r) foranyt > r.

From inequalities (3.19) and(3.21) we obtain

(3.22) |D€(t) — D(1)] <R () + d1v(G(0, £(1)), G(0, X))
for any ¢ > 7. Straightforward computations led us to

—A(tS S Few —T) (€ € -1
. e “shift ti + 0 +cw® — 7
(3.23) lim (Ushire O )

— 2)\’ 1-¢ —c
e—>0 \/E ( ) ¢




1190 G. BARRERA AND M. JARA

for any ¢ € R. Therefore, Lemma 2.1 together relation (3.23) and Lemma A.3 allow to deduce
that

0

(324) lim 12€ (lfhift + 85 —+ CU)E)
e—0 ’
for any c € R. Consequently, from inequality (3.22) together with relation (3.20) and relation

(3.24) we obtain the statement. [

3.3.4. The invariant measure. In this section, we prove a L'-local central limit theorem.
We prove that the invariant measure u€ of the evolution (2.4) is well approximated in total
variation distance by a Gaussian distribution with zero mean vector and covariance matrix
€X, where X is the unique solution of the matrix Lyapunov equation

DF(0)X 4+ X(DF(0))* =1.

PROPOSITION 3.7. Assume that (H) and (G) hold. Then
lir%dTv(Q(O, €x), uf) =0.
€e—

PROOF. Recall that z¢(¢) = ¢(t) + /€ y(t) for any 7 > 0. Note that for any s, 7 > 0 and
x € R? we have

drv(G(0,€X%), u)
(3.25) <drv(G(0,€%), 2°(s 41, x))
+drv(z°(s +1,x), x(s + £, x)) + drv(x€ (s + 1, x), 1°).
Observe that
drv(G(0,€X),z°(s +1,x)) = drv(G(0, € ), G(p(s + 1, x), €X(s +1))),

where X () is the covariance matrix of y(¢). Therefore, using the triangle inequality together
with item (ii) and item (iii) of Lemma A.1 we obtain

drv(G(0,€X),z°(s + 1, x)) < drv(G(0, ), G(0, (s +1)))

(3.26) s+t x
Je
Let s€ < €!/2019 and teix K16 = ﬁ By Lemma A.5 and Lemma C.6 we obtain

lim drv(G(0, ), G(0, =(s* +1))) =0.

From (H) we obtain ||¢(s€ + 1€, x)|| < |lx|le ¢ ). Straightforward computations led us to
deduce that

. le(s© +1¢, 1)l
lim ——————=0.
e—0 ﬁ
The latter together with item (iii) of Lemma A.1 and Lemma A.3 imply

. P(s€ +1°,x) ) )
lim d —,2),6(0, %)) =0.
egr%) v (g ( \/E g( )
Therefore, from inequality (3.26) we obtain

lim drv (G(0, €%), 2°(s +1, x)) =0.
€~
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Since the stochastic differential equation associated to {y€(¢) : t > 0} is not homogeneous
we should improve the notation as we did in the beginning of Section 3.3. Following such
notation, we always use T = t€. Therefore, for simplicity, we can omit as we did in Proposi-
tion 3.3 but we should always keep it in mind.

Notice that

dTv(ze(SG + te,x),xg(sé + te,x)) < dTV(Ze(SG, ZG(Z‘,X)), ZG(SG, xg(t,x)))
+drv(z°(s€, x4 (2, x)), x€ (s, x€ (2, x))).

Now, using the same ideas as in Proposition 3.3 and Proposition 3.4 together with Remark 3.5
(much easier since € > t€. ) we deduce

mix
lim drv (z€(s + 1, x), x(s* + 1, x)) =0.
e—>0
From inequality (3.25), it remains to prove that
lim drv (x€(s€ + 1, x), u) =0.
e—>0
Notice that
dry(x“(s +1,x), u€) < /d dry (x€(s + 7, x), x (s + 1, %)) € (dX).
R
Then
/d dry (x€(s + 1, x), x(s + £, %)) u€ (dXx)
R

<dpv(x“(s, x(r,x)), 2°(s, x (¢, x))) + drv (2 (s, x (7, %)), 2°(s, 2° (2, x)))

+ Azad drv (2 (s, z€(z, x)), z(s, 2°(2, X)) ) u (dx)

[ drv( (s 2002 s (L D) (@),

Again, using the same ideas as in Proposition 3.3 and Proposition 3.4 together with Re-
mark 3.5 we deduce

lim dry (x€(s€, x€(t¢, x)), 2(s¢, x“(+, x))) =0

e—>0

and
Eli_I)r%)dTv(Ze (s, x°(t%, x)), 2°(s€, 2°(¢€, x))) = 0.
Fix R > 0. We split the remainders integrals as follows:
[Rd drv (2 (s, z°(z, x)), 2(s, 2°(¢, X)) ) € (dX)
< [ v (5,20 0). 2 2 D)t @) e (1) > R
and

[ v (& (525 ). s 1, P @)

< /_”<R drv(z€(s, z€(2, %)), x (s, x (¢, X)) )€ (dX) + u (x| > R).
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Again, following the same ideas as in the proof of Proposition 3.3 together with Remark 3.5
we deduce

lim drv(z€(s€, 2°(r€, X)), x€ (s, x° (¢, X)) ) u€ (dX) = 0.

e~>0J)x|I<R

Now, we only need to prove that u€(||x| > R) is negligible when ¢ — 0. Following the
same ideas in [46] (page 122, Section 5, Step 1), the invariant measure u€ has finite p-
moments for any p > 0. Moreover, we have [pa llx 12w (dx) < %. Indeed, from inequality
(3.4) we have

d
E[[x€ (. )] < Ix )22 + 2—; for any 7 > 0 and x € RY.

For any two numbers a, b € R, denote by a A b the minimum between a and b. Recall that:

(1) Ifa<bthena Ac <bAcforanyceR.
@) (@a+b)Ac<aArc+bAncforanya,b,c>0.

Notice that for any t > 0,n € Nand x € R4 we have
E[[x @, x)||2 An] <E[|x“(, x)Hz] AR
Then

d d
B[t x)|> An] < (||x|| B —6) An<(Ix1Pe 2 An+ 55 an
25 28
for any > 0, n € N and x € R?. Integrating this inequality against ¢ (dx) we obtain

de
AMW”VA”ﬂf““>fA@«ww%‘%ﬁAnnL«u>+53An

for any ¢ > 0 and n € N. Passing to the limit first as # — oo and using the dominated conver-
gence theorem we have

fmmAmuws%An

for any n € N. Now, taking n — oo and using the monotone convergence theorem we have

de

2 €
dx) < —.
f lloe]]= " ( )_28

The latter together with the Chebyshev inequality imply

wE (x|l = R) < for any R > 0. 0

- 2R28
3.3.5. Proof of Theorem 2.2. Now, we are ready to prove Theorem 2.2. To stress the fact

that Theorem 2.2 is just a consequence of what we have proved up to here, we state this as a
lemma.

LEMMA 3.8. Assume that (H) and (G) hold. Let {x€(t, xo) : t > 0} be the solution of
(2.4) and denote by u€ the unique invariant probability measure for the evolution given by
(2.4). Denote by

d€(t) = dry(x“(t, x0), u€) foranyt>0
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the total variation distance between the law of the random variable x€(t, xo) and its invariant
probability j1¢. Consider the cut-off time t, given by (2.7) and the time window given by
(2.6). Let xg # 0. Then for any ¢ € R we have

hm |d€(m1x+cw€)_D€(mlx+Cw )| 0,

where

(Z_T)Z_l —1/2 “ 0, (1—
DE(z)=dw(g<_72 23Dy 14 ), 60, 1)
et ‘[)\/E =

foranyt >t withm, X\, £,7,01,...,0n, v1,..., VU, are the constants and vectors associated
to xo in Lemma 2.1, and the matrix X is the unique solution of the matrix Lyapunov equation:

DF(0)X + X(DF(0))" =14.
PROOF. First, from Lemma C.3 we have that there exists a unique invariant probabil-

ity measure for the evolution (2.4). Let call the invariant measure by ©¢. From Lemma 3.2
together with Proposition 3.3, Proposition 3.4 and Proposition 3.7 we deduce

|d€ (18 + cw®) — D (15, + cw)|=o0o(1) ase— 0.
From the triangle inequality we obtain
‘de(m1x+cw ) DE(le—i_cw )’
< |DE(t5, + cw®) — DE(t6, + cws)| +o(1) ase— 0.

The latter together with Proposition 3.6 allows us to deduce the statement. [

APPENDIX A: PROPERTIES OF THE TOTAL VARIATION DISTANCE FOR
GAUSSIAN DISTRIBUTIONS

Recall that G(v, E) denotes the Gaussian distribution in R? with vector mean v and posi-
tive definite covariance matrix E. Since the proofs are straightforward, we left most of details
to the interested reader.

LEMMA A.1. Letv, b € R? be two fixed vectors and E, E be two fixed symmetric positive
definite d x d matrices. Then:
(i) For any scalar ¢ # 0 we have

drv(G(cv, *E), G(cP, *E)) = drv(G (v, E), G(@, B)).

(ii) drv(G(v, B), G(¥, &) =drv(G(v — 7, E), G(0, &)).
(iii) drv(G(v, ), G(@, B)) =drv(G(E™?v,10), G(ETV25,1y)).
(iv) drv(G(0, ), G(0, E)) =drv(G(0, E~2EE1/?),G(0,1y)).

PROOF. The proofs follow from the characterisation of the total variation distance be-
tween two probability measures with densities, that is,

1
arv®1.B) =3 [ [0 = fao]dr.

where f1 and f; are the densities of Py and IP,, respectively, and using the change of variable
theorem. [
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LEMMA A.2. Forany v € R¢ we have
1

2 rlvll/2
dw(gw,ld),g(o,ld)):\/; fo e Nor

PROOF. The proof in dimension one is a straightforward computation. We left the details
to the interested reader. For dimension bigger than one, the idea is to reduce the proof to
dimension one. To do that, we use the following fact: for any v, 9 € R? such that ||v|| = ||7||
there exists an orthogonal matrix A such that v = A(v). Recall that the law of G(0, 1) is
invariant under orthogonal transformations, that is, OG (0, I;) = G(0, 1) for any orthogonal
matrix O. Then for any v, 7 € R with ||v] = || 7]l we have

drv(G(@,14), G(0,10)) = drv(G(Av, 1), G(0, 1)) = drv(G(Av, 10), AG(0, 1))
=drv(AG(v,10), AG(0,10)) = drv (G (v, 1a), G(0, 1)),

where the last equality follows from the characterisation of the total variation distance be-
tween two probability measures with densities and the Change of Variable Theorem. The
latter allows us to reduce the proof to dimension one by observing that the vectors v and
(Ilv]l, 0, ...,0)* € R? have the same norm and the statement follows from a straightforward
computation. [J

NS

dx <

vl

LEMMA A.3. Let {v.: € > 0} C RY such that lim¢_,qve = v € R?. Then
eli_I)I})dTV(g(Uev 12),G(0,1p)) = drv(G (v, 1s), G(0,1p)).

PROOF. The idea of the proof follows from Lemma A.2 together with the dominated
convergence theorem. [

LEMMA A.4. Let {ve : € > 0} C R? such that lime_q ||ve || = +00. Then
lim drv (G (ve, 1a), G(0,14)) = 1.
e—0

PROOF. The idea of the proof follows from Lemma A.2 together with the dominated
convergence theorem. [J

LEMMA A.5. Let Sy denotes the set of d x d symmetric and positive definite matrices.
Let {E¢ : € > 0} C Sy such that lime_,0 Ec = E € Sy. Then

lim drv(G(0, Ee), G(0, E)) =0.
e—0
PROOF. The proof follows from the characterisation of the total variation distance be-

tween two probability measures with densities together with the Scheffé Lemma. An alterna-
tive proof can be done using the dominated convergence theorem. [

For m € R, N'(m, 1) denotes the Gaussian distribution on R with mean m and unit vari-
ance.

LEMMA A.6. Let {v;:t >0} C RY.
() Iflimsup,_, , o llv¢]l < Co € [0, +00) then
limsup dv (G (v;, 10), G(0, 1)) < dpv(N(Co, 1), N (0, 1)).

t—+00
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(i) Ifliminfi—, o0 |, ]| = C1 € [0, +00) then
;i_r)nggdw(g(vt, 1), G(0,14)) = drv(N(C1, D, N(0, 1)).

PROOF. From Lemma A.2 we deduce

2

2 rlvedl/2
drv(G(vr, 1a), G(0,10)) = drv(N(llvell, 1), N (0, 1)) = \/;/0 e 7 dx

which allows us to reduce the proof for d = 1. The proof proceeds from the following straight-
forward argument: after passing a subsequence, we use the continuity of the total variation
distance (Lemma A.3 and Lemma A.5) and the monotonicity property

drv(N(my, 1), N (0, 1)) <dry(N(m2, 1), N(0, 1))

for any 0 < |m| < |m2| < 400 in order to deduce item (i) and item (ii) of the statement. [l

APPENDIX B: THE DETERMINISTIC DYNAMICAL SYSTEM

In this section we present a proof of Lemma 2.1. We start analysing the linear differential
equation associated to the linearisation of the nonlinear deterministic differential equation
(2.1) around the hyperbolic attracting fixed point 0.

LEMMA B.1. Assume that (C) holds. Then for any xo € R\ {0} there exist ) := A(xq) >
0, £:=4L4(xg), m :=m(xg) €{1,...,d}, 01 :=01(x0), ...,0n :=0,,(x9) €[0,27) and v| :=

V1(x0), - .., U := U (x0) in C¢ linearly independent such that
M DF(0) < if
lim |——e~ Txo—) €%y | =0.
t—+oo| -1 0 ]; k

PROOF. Write A = DF(0) and let r > 0. By (C), all eigenvalues of A have positive real
parts. Denote by {¢ (¢, x) : t > 0} the solution of the linear system:

¢ (0) =x.
Let (wjr:j=1,...,N;k=1,..., N;) be a Jordan basis of —A, that is,

{%¢(t) =—A¢((t) fort=>0,

—AWj k= AWk Wik

forany j=1,...,N;k=1,...,N;. In this formula we use the convention wj y;+1 = 0.
Since (wj:j=1,...,N;k=1,..., N;) is a basis the decomposition
N N;
P x)=) Y ¢jrlt, x)wji
j=lk=1

defines the functions ¢; (7, x) in a unique way. Then

N; N;
N J d N J

Z Z 5¢j,k(f,x)wj,k = Z Z(ﬁj,k(t,X)(—/\jwj,k + W k41,

j=lk=1 j=lk=1

and the aforementioned uniqueness implies

d
Efbj,k(t,X) =—AjQjk(x, 1) +¢jr—1(t,x)
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forany j=1,...,N;k=1,..., N, where we use the convention ¢; (¢, x) = 0. In addition,
we have that ¢; 1 (0, x) = x; x, where

N Nj

X = Z ij,kwj,k.

j=1k=1

For each j € {1,..., N}, the system of equations for {¢;(t,x) : k=1,...,N;} is au-
tonomous, as well as the equation for ¢; 1 (¢, x). Notice that

Gja(t,x)=x e

and by the method of variation of parameters, for k =2,..., N; we have

t
Gt x)=xj e " + /0 e MG k1 (s, x)ds.

Applying this formula for k =2 we see
Gj2t,x)= x]"ze_)‘ft + Xj,lte_)‘f’
and from this expression we can guess and check the formula
(k=i p=Ajt

¢ju(t, x)= Zn,

l

Here, we use the convention 0° = 1. We conclude that

N NJ k i —At
(B.1) WMFZZZ X Wk
j=lk=1i=1 !

With this expression in hand, we are ready to prove Lemma B.1. Let xo € R be fixed. As-
sume that xo % 0 and write

N N;j
X0 = Z Zx?kwj,k.

j=1k=1
Take

A =min{Re(%;) : x9; #0 for some j € {1,.... Nyandk € {I,...,N;}}
and define

Jo={je{l.....N}:Re(rj) = A and x # O for some k € {1,..., N;}}.

In other words, we identify in (B.1) the smallest exponential rate of decay and we collect in
Jo all the indices with that exponential decay. Now, define

o=max{N; —k: j € Jo and x} 5 0}
and
J={j€Jo:x]y,_¢,#0}.

We see that for j € J,

M

|xjN Eo|
Jim [, (0, x0)| S = L

2 B



THERMALISATION FOR PERTURBATIONS OF DYNAMICAL SYSTEMS 1197

while for j ¢ J and k arbitrary or j € J and k # N,

oM
lim |¢; x(t, x0)|— =0.
l‘—)OO|¢J’k( 0)| teo

Therefore,
e (Aj—=M)t

o ——¢(t, x0) — ZZ—O‘xjij_[OszNj
jeJ :

t—>oo‘

Letm =#J and let o : {1,...,m} — J be a numbering of J. By definition of A and J, for
any j € J the numbers A; — A are imaginary. Therefore, Lemma B.1 is proved choosing

Ok = i(hgy, — M), vk—wforanyke{l,...,m}andﬁ_ﬁo-i—l. O

Now, we are ready to prove Lemma 2.1. The proof is based in the Hartman—Grobman
Theorem (see Theorem (Hartman) page 127 of [45] or the celebrated paper of P. Hartman
[26]) that guarantees that the conjugation around the hyperbolic fixed point 0 of (2.1) is
C'-local diffeomorphism under some resonance conditions which are fulfilled when all the
eigenvalues of the matrix D F(0) have negative (or positive) real parts. Recall that {¢(¢, xo) :
t > 0} is the solution of the differential equation (2.1).

LEMMA B.2. Assume that (C) holds. Then for any xo € R? \ {0} there exist A :=

Axg) > 0, £ :=L(xg), m :=m(xg) € {1,...,d}, 01 :=01(xp),...,0n : =60, (x0) € [0, 27t)
vy = v1(x0), ..., Uy = vy (x0) in o linearly independent and t := ‘L'(X()) > 0 such that
oM o
. 0
Jim et + 7 x0) = ];e | =0.

PROOF. Since all the eigenvalues of DF'(0) have real positive real parts, there exist
open sets U, V of R? around the hyperbolic fixed point zero and h: U — V a C (U, V)
homeomorphism such that 2(0) =0 and A (x) = x + o(||x]]) as ||x|| — O such that ¢(¢, x) =
h1 (e*DF(O)’h(x)) for any t > 0 and x € U. From (C) we obtain

8t

o, x)|| < l|xlle™® for any x € RY and any ¢ > 0.

Observe that there exists T := 7(xg) > 0 such that ¢(z,x9) € U for any ¢t > t. Let x; =
¢(t, x0), then

ot + 17, x0) = 9(t, x;) = h e PF O h(x,))  forany r > 0.

Let X := h(x;). By Lemma B.1 there exist A(X) := A > 0, £(X) :=¢,m(X) :=m € {1, ...,d},
01(X):=01,...,00 (%) =06, €[0,27) and v1(X) ;= vy, ..., vu(X) := v, in C? linearly in-
dependent such that

e)\l‘ m_
DF(O)ti _ Z elektvk =0

(B.2) lim - Te

t——+400

From the triangle inequality we obtain

At

oM
e

Ot
tz—_1§0(1+f,xo) Zel g

~DF(O)t &

oy
e+, xo)——e

(B.3)

eAt
DF(O)z Z e’e"tvk

+t€l
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Observe that

At

e
il +7oxo) — e PFO"

%

At

— ] ”h_l(e_DF(O)th(xr)) DF(O)tx H

M ||€ DF(O)l‘x ”
)

o(1) + (Z ||vk||)o<1>,

k=1

e)»l‘

= -1 (He_DF(O)t)E ”)

et DF(0) - i0
— t~ 10t
T e X E e
k=1

where o(1) goes to zero as ¢ goes by. The latter together with inequality (B.3) and relation
(B.2) allow us to deduce

At

e
Okt
prm 1ot + 7, x0) — Ze’kvk
k=1

lim
t—>+400

=0.

LEMMA B.3. Assume that (C) holds. Let 5. = o(1). Then

2
im Sellp(thix + 8 + cwe, xo) |l
e—0 €

=0 foranyceR.

PROOF. Remember that

! In(In(1/€)) +

c 1 14
foix = ﬁln(l/e) +
and
w = l +o0(1)
=5 ,

where A, £ and t are the constants associated to xp in Lemma 2.1 and o(1) goes to zero as
€ — 0. Define 1€ :== 1, — 7 + 8 + cw®. Note

1 . (IE)K—I ekte 0
f”(ﬂ(f +T,x0)”§m (,E)e_ﬁ” + 7, X0) Ze Uk
(te)Z 1 m
i \/—ZHUk”

ell

From the last inequality, using the fact that lim._, ¢ ( ME -

76 = oot and Lemma B.2 we de-

duce the desired result. [

APPENDIX C: THE STOCHASTIC DYNAMICAL SYSTEM

In this Appendix we analyse the zeroth and first order approximations for the It6 diffusion
{x€() : t > 0} given by (2.4). Recall that {p(¢) : ¢t > 0} is the solution of the differential
equation (2.1), {y(¢) : t > 0} is the solution of the stochastic differential equation (3.5), and
8 > 0 is the constant that appears in (H).
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LEMMA C.1. Assume that (H) holds. For any n > 0 and t € [0, g) we have

2de?t
P( su x () — t > —_—
(o«‘it” NOETIOI B n)_5(2 s
and
2de’t
t > _—
B e IVeylzn) < 5o

PROOF. Lete > 0 and ¢ > 0 be fixed. From (3.3) we have
dx€(0) — o) |* < =28]x<(1) — () |* dt +2J/€((x (1) — 9 (1)), dB(®))
+dedt.
Let M€(t) :=2./e(x(r) — @(t))* for every > 0. Notice that

(C.1)

t
{N6 ) = / ME(s)dB(s):t > 0} is a local martingale.
0
Then, there exists a sequence of increasing stopping times {7, },cn such that almost surely
7. 1 oo as n goes to infinity and for each n € N,
{N®"(t) = N(min{z,,t}): ¢ >0} is atrue martingale.

Taking expectation on (C.1) and using the fact that {N<"(¢) : ¢ > 0} is a zero-mean martin-
gale, we deduce

E[|x€(min{z¢, 1}) — @(min{z¢, 1})|*] < edminfz¢, 1} < edr
for every t > 0. Consequently, by the well-known Fatou lemma we obtain
E[|x€(t) — ¢(1)|*] <edt forany > 0.
The latter implies

t
{Né(t) = / M€(s)dB(s):t > O} is a true martingale.
0
From inequality (C.1) we have
|x€(t) — 9(0)|* < edi + N€(r) forany > 0.
For any > 0 and 0 <t < n?/(ed) we have
IP’( sup [|x€(s) — (,o(s)”2 > n2> < IP’( sup | N€(s)| = n* — edt).
0<s=<t

0<s<t

From the Doob inequality for submartingales we obtain

) E[|IN€(®)[|*]
P o INO| = —ear) < = 0

The It6 isometry allows us to deduce that
t
BN O] =4 [ Bl 6~ pto) o

From inequality (3.4) we obtain E[||N€(¢) ||2] <2de?t /8. Therefore

2det
P( sup |x¢(s) — )| >n) < ———
(0;;” p(s)] = n) 507 —ediy

for 0 <t < n*/(ed). The proof for the second part proceeds from the same ideas as the first
part. We left the details to the interested reader. [J
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PROPOSITION C.2. Assume that (H) holds. For t > 0, write W (1) := supg<;<; [| B(s)||.
For any t > 0, the following hold true:

() E[llx€(1) — o@)]*] < % and E[||ly(®)[?] < 4.
(ii) For each n € N, define ¢, .= ]_['I’;(l) (d+2j). Then

and E[|y®]"] <~

B[ 0) — o) |*] = 25 < g

—ngn

(iii) Forany O <r < § we have
(1) — ot 2
o1 OO o
€

Efexp(r[|y(1)])] < +o0.

and

(iv) Letr € (0,6/2]. Then
€ _ 2
E[exp(r“x (1) — () )] < expldrn

€

and
E[exp(r|y(t) Hz)] <exp(drt).

PROOF. (i) The first part follows from inequality (3.4). The second part follows exactly
as inequality (3.4). We left the details to the interested reader.

(i) We provide the proof for the first part. The second part proceeds exactly as the first
part and we left the details to the interested reader.

Let € > 0 and ¢ > O be fixed. Notice that

x€(t) — (1)

__ /0 [F(()) = Flo(s))]ds + VEB(®)

t 1
:_/0 [/0 bE (w(s)"‘@(xe(s)—¢(S)))d9}(xe(s)—¢(S))ds+\/gB(t)
t
= —/0 AS(5)(x(s) — ¢(5)) ds + Ve B(1),

where A€(s) := fol DF (p(s) +0(x€(s) — ¢(s)))db. We will use the induction method. The
induction basis had already proved in item (i) of this proposition. Consider f;,1(x) =
[ x]2®+D | x € R?. By the It6 formula, it follows that

dlx(t) — o7V
= —2(n+ D[x(1) — o) " (x (1) — 9 (1), A°(1) (x* (1) — (1)) ) dt
Fed+2n)(n+ D] xe @) — @) |*" dt

+2(n 4+ DVe||x€ (1) — o) | (x€ (1) — @(1), dB(1)).
From (H) we obtain

dx€@0) — "V < =280 + D[ x€ (1) — o) "V ar
+e(d +2n)(n+ D] x () — o(0)]|*" dt

+2(n+ DVe|x @) — (1) Hzn(xe(t) — (1), dB(1)).
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After a localisation argument, we can take expectation in both sides of the last differential
inequality and deduce that

SE[x (1) — )" "] < =266+ DE[| (1) — (0|7 ]

+e(d +2n)(n + DE[|x€ (1) — o(0)|*"].
By the induction hypothesis we have

n

€
E[[x€(t) — o) |*"] < 228” for any ¢ > 0.
Then
S0 = o)) = =250+ DE[|x* (1) — 0 ()]
Cn+1€n+1
+m+1D)——".
2}18}1
From Lemma C.7 we obtain
c n+1
E[|x*() — o)) = S forany 0.

(iii) We provide the proof for the first part. The second part follows exactly as the first part
and again we left the details to the interested reader.
Let € > 0 and ¢ > O be fixed. By the monotone convergence theorem it follows that

Dot oo N[ +€ _ 2n
E[er””) <>u2 ZE[F x€(2) — @D }

e'n!

By item (i) of this Proposition, we have

[ 71X (1) = 9@)[1>* — "
2| J=1+ X5
n=

np!
=0 €'n!

Since 22021 %ﬁ"n! < 400 when 0 <r < §, then we deduce the statement.
(iv) We give the proof for the first part. The second part proceeds exactly as the first part
and again we left the details to the interested reader.

Let € > 0 and r > 0 be fixed. We will use the Itd formula for the function g¢(x) = e*e H"Hz,
x € R?, where k. := <. Then

dekellx =@
— _2K€el(e”xe(l)_(p(t)llz(AE(t)(xé(t) . (P(f)), xé(t) . (p(t))dt
+ E(2,<€2(3f<e||x‘(t)—go(t)||2”xe(t) — o(1) ”2 + Kedelcglle(t)—(p(t)ﬂz) ds

+2d/ekee I OO (1€ (1) — (1), dB().
Using (H) we obtain
dekellx D=1

< 2k 8 I OO | x€ (1) — ()|
+ 6(2,(€2€/<eIIJCE(t)—cp(t)II2 |x€(1) — () ”2 + KedeKEer(t)—(p(t)Hz) ds

+ 2d /eI OO (€ (1) — o(r), dB(1)).
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Since 0 <r < % then
dere X O—pI?
< —k Bk I¥ D—p®]? |x€ (1) — @(6)] dt
+ ekcede X O=9OI 4t 4 24 Jeie XX OO (k€ (1) — (1), dB(1)).

By item (i) and item (ii) of this proposition and using a localisation argument we deduce

% E[ eice||x€(t)—(ﬂ(t)||2] < excdE[e* ||xf<t)—<p(r)||2] for any ¢ > 0.

Now, using Lemma C.7 we obtain

rlx€ -
€

E[e ]<e? foranyt>0. O

LEMMA C.3 (Uniquely ergodic). Assume that (C) holds. For any € € (0, 1] there ex-
ists a unique invariant measure U< for the dynamics (2.4). The unique probability invariant
measure U< has exponential moments

/d PN € dy) < 400 forany B > 0.
R

In addition, for any B > 0 there exist positive constants C f’ﬁ and C;’ﬁ such that for any initial
condition xo € R we have

dry (e (rxo), 1) = e @ (el 4 [ My )
for any t > 0. In particular,
im drv (x€(t, x0), u€) =0.
PROOF. This follows immediately from Theorem 3.3.4 page 91 of [33]. [J
LEMMA C.4. Assume that (C) holds. Consider the matrix differential equation:

%E(t) = —DF(0)S(t) — S()(DF©0))* +1; fort >0,
2(0) = X,

(C2)

where X is any d x d matrix. Then
|2@) == <e™ IS0 — 2| foranyt >0,

where § > 0 is the constant that appears in (C) and X is the unique solution of the Lyapunov
matrix equation

(C.3) DF(0)X + X(DF(0))" =1,.

PROOF. Write A = DF(0) and let + > 0. Notice that all eigenvalues of A have positive
real parts. Denote by {¢ (¢, x) : t > 0} the solution of the linear system:

%Mt) =—A¢) fort>0,
¢ (0) = x.
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Then {¢ (¢, x) : t > 0} is globally asymptotic stable and consequently the Lyapunov matrix
equation (C.3) has a unique solution X which is symmetric and positive definite. For more
details, see Theorem 1, page 443 of [35]. From (C.3) it follows that X is a symmetric matrix.
Let
d
r@) =0 -2 =Y (%i;(t) — 5 ;) foranyr>0.
i,j=1

Leté; j=1ifi = jand §; ;j =01if i # j. Notice that

d d
Y AikZkj+ Y TikAjx=26;; foranyi, je{l,....d}.

Then

d d d
3T 0=22 (%)= %)) 7% 0

ij=1
d d
=2 > (%) - Ei,j)<— > Aik(Zk (1) — T )
ij=1 k=1
d
= (Bix(t) — Zi,k)Aj,k>-
=1

After rearrangement the sums and using (C) we have
d
ar(t) < —46r(t) fort >0,

r(0) =1%o - =%
By Lemma C.7 we deduce
IS@) -S> <e®||Zg— =|> forany:>0
which implies the statement. [J
REMARK C.5. If we take F(x) = Ax, x € R?, in the stochastic differential equation

(2.4), the covariance matrix associated to the solution of (2.4) satisfies the matrix differential
equation (C.2) with initial datum X the zero matrix of dimension d x d.

LEMMA C.6. Assume that (H) holds. The covariance matrix of y(t) converge as t —
~+00 to a nondegenerate covariance matrix ¥, where X is the unique solution of the Lyapunov
matrix equation

DF(0)X + X(DF(0))" =14.

PROOF. For any t > 0, let A(t) be the covariance matrix of the y(¢). This matrix satisfies
the matrix differential equation

%A(z) =—DF(p(t))A(t) — A@t)(DF(p(1)))" +1z fort >0,

A0) =0.
For further details, see item b) of Theorem 3.2, page 97 of [41].
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Let Ky, :={x € R? : |x|l < |lxoll}. By (H) we have ¢(x, 1) € Ky, for any x € Ky, and
¢t > 0. Since F € C2(R4, R?) there exists a constant L := L(||xo]]) > O such that

|DF(x)— DF()| <L|x| foranyx e K,,.
Take n € (0, |lxol|) and 7 := %ln(w) such that

(C4) ||DF((p(t)) - DF(O)” < L”(p(t)” < L”xO”e—(St <Ly

for every t > 1. Call T := 7;;. Then,

d *
(C.5) {aA@:—DF(O)A(t) — A()(DF(0))* +1; forr>0,

A0) = A(T).
LetII(t) =A@+ 1) — A(¢),t > 0. Then
dr
I1(0) =0,

where g(z,7) ;= (DF(0) — DF (¢t +1)))A(t) + A(t)(DF(0) — DF (p(t +1)))* fort > 0.
Therefore

d *
:—H(r):—DF((p(t—i-t))H(t) —M@)(DF(p(t+1)))" +g(t,7) forr>0,

QneP=z3 modn
SIno|? = ;l 05 i (0

=2

.M&

IT; (O R;, (1)
1

i,J

d d
+2 ) I, ;@) <— Y DF(p(t+1)); Mk j(0)

i,j=1 k=1

d
_ Z Hi’k(l‘)DF(q)(l‘ + T))j,k>’

k=1
where

d

Rij(t)=)_ (DF0)ix — DF(p(t +1)); ) Axj (1)
k=1

d
+ D Aik()(DF©0) = DF(p(t +1);,)"
k=1

After rearrangement, from (H) we deduce
d 2 2 d
(C.6) EH ()|~ < —48|T1(0)|" +2 Z IT1;, j(1)R;,j(t)| forany > 0.
ij=1
Moreover, using the inequality 2|xy| < px* + %2 for any p > 0 and x, y € R we deduce

d d
1
cn 2 |n,-,,-(z)R,-,,-(t)|551|n(t)||2+g > |Rij(®)] foranyt=>0.
i,j=1 i,j=1



THERMALISATION FOR PERTURBATIONS OF DYNAMICAL SYSTEMS 1205

Using Lipschitz condition (C.4), forany i, j € {1, ..., d} we get

d
(C.8) [Rij()] < Ln ) (|Ak;j (0] + |Aix(®)]) <2dLn|A@)| forany ¢ > 0.
k=1

Recall that {A(z) : t > 0} satisfies (C.5). From Lemma C.4 we have
(C.9) |A() — 2| <e | A(r) — =| foranyr >0,

where the matrix X satisfies DF(0)X 4+ X (D F(0))* = I;. Similar computations using in
inequalities (C.6), (C.7) and (C.8) allows us to deduce that

%”A(f) - 23||2 < -38|A@) - 23||2 + w for any ¢ > 0,
where
C(lxoll) = sup |DF(x) — DF(O)|?
xeky,
and

. d [ d 2
Cdy=Y <Z|Ei,k|+|zk,j|> :

i,j=1 \k=1

From Lemma C.7 we obtain that there exists a positive constant Co := Co(||xo]l, &, d) such
that

(C.10) |A@)| < Co forany > 0.

The latter together with inequality (C.9) imply that there exists a positive constant Cy :=
C1(|lxoll, 8, d) such that ||A(?)|| < C; for any ¢ > 0. From inequalities (C.6), (C.7) and (C.8)
we obtain

d
a||l'[(t)||2 < —38|()|* + Can* forany ¢ >0,

where C = 4L2C12d4/8. Then Lemma C.7 implies
(C.11) M) < Can?*  forany 1 > 0.

Now, we are ready to get the statement. Let # > 7. From the triangle inequality and inequality
(C.11)

A0 =2 =[A(C - +7) - Z|
<|A(t—v)+1)—ACt—D)|+|AC—1)-Z|
=|0¢ -+ |ac—-1)-Z|
<Vl +|Aae—-1) -]

Letting t — oo and using Lemma C.4 we obtain

limsup||A(1) — £ < /Can.
11— 00

Now, letting n — 0 we deduce lim;—  [|[A(¢) — 2| =0. U
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LEMMA C.7 (Gronwall inequality). Let T > 0 be fixed. Let g : [0,T] — R be a C'-
function and h : [0, T] — R be a C° function. If

%g(l‘) < —ag(t)+h() foranytel0,T],

where a € R, and the derivative at 0 and T are understanding as the right and left derivatives,
respectively. Then

t
g(t) <e “g(0)+ e_“t/ e“h(s)ds foranyte[0,T].
0

Moreover, if a # 0 we have

e—at)

1—
lg@)| < e g(0)] + (T max |h(s)| foranytel0,T].

s€[0,1]
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