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Abstract: This paper considers k-monotone estimation and the related
asymptotic performance analysis over a suitable Holder class for general k.
A novel two stage k-monotone B-spline estimator is proposed: in the first
stage, an unconstrained estimator with optimal asymptotic performance is
considered; in the second stage, a k-monotone B-spline estimator is con-
structed (roughly) by projecting the unconstrained estimator onto a cone
of k-monotone splines. To study the asymptotic performance of the second
stage estimator under the sup-norm and other risks, a critical uniform Lip-
schitz property for the k-monotone B-spline estimator is established under
the £oo-norm. This property uniformly bounds the Lipschitz constants as-
sociated with the mapping from a (weighted) first stage input vector to the
B-spline coefficients of the second stage k-monotone estimator, independent
of the sample size and the number of knots. This result is then exploited
to analyze the second stage estimator performance and develop conver-
gence rates under the sup-norm, pointwise, and Ly-norm (with p € [1, 00))
risks. By employing recent results in k-monotone estimation minimax lower
bound theory, we show that these convergence rates are optimal.
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1. Introduction

For fixed k € N, a real-valued univariate function is said to be k-monotone if its
(k — 1)-th derivative is increasing. Examples of k-monotone functions include
monotone functions (with & = 1) and convex functions (with k& = 2). The
study of k-monotone regression concerns the nonparametric estimation of an
underlying k-monotone function such that a constructed estimator preserves the
k-monotone shape. Belonging to the general framework of shape constrained
estimation in nonparametric statistics, this problem has garnered substantial
attention in statistics and approximation theory, due to the vast number of
applications; see [10, 25, 32, 35, 36] and references therein. The surging interest
in shape constrained estimation is driven by the observation that incorporating
shape constraints into estimator construction often improves estimator accuracy
and efficiency [31].

1.1. Literature review and motivation

Current literature on k-monotone regression focuses mostly on monotone re-
gression (when k& = 1) [5, 7, 29, 37, 40] and convex regression (when k = 2)
[6, 11, 17, 18, 24, 38, 41]. For k > 2, asymptotic results on regression esti-
mation of (k — 1) times differentiable functions are limited to unconstrained
estimators [26, 39] and least-squares estimators [25]. Statistical analysis results
on k-monotone estimation are restricted to [1, 2, 13, 14, 15, 25], in which k-
monotone density estimation (both continuous and discrete), rather than k-
monotone regression is discussed. A continuous k-monotone density is defined
on the positive orthant (0, 00) and governed by a related but different notion of
k-monotonicity. It is shown in [2] that a continuous density is k-monotone in the
sense of [1, 2, 13, 14] if and only if its (k — 1)-th derivative is monotone (either
increasing or decreasing, depending on k), relating our k-monotone regression
problem to k-monotone density estimation.

Despite extensive research on monotone and convex regression, no asymptotic
performance analysis results are available on k-monotone regression estimators
when k > 2, especially under the sup-norm risk, even though the (shape pre-
serving) spline approximation of k-monotone functions for larger k& has been
studied in approximation theory [19, 20, 21, 30] and numerous applications are
available. Such applications include insurance (with k& = 3,4) [12], qualitative
simulation (with k& = 3) [22], and attitude control (with & = 3) [32]. Particu-
larly, a prudent utility function w(-), in the context of risk management [12],
has a nonnegative third derivative (and is thus, 3-monotone), whereas a tem-
perate utility function u(-) has a nonpositive fourth derivative (and thus, —u(-)
is 4-monotone). Additionally, when solving systems of qualitative differential
equations [22], nonnegative third order derivative constraints are used to reduce
spurious distinctions between qualitative behaviors. Finally, in the attitude con-
trol system treated in [32], the control force F' is a nonlinear function of input
voltage V, and experimental studies show that F(3) (V) > 0.
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Motivated by the higher-order k-monotone constraints arising in applica-
tions and the lack of statistical performance analysis, we consider a two stage k-
monotone B-spline regression estimator for arbitrary k € N and study its asymp-
totic performance under the sup-norm, pointwise, and L,-norm (with p € [1,00))
risks. B-splines are popular in approximation and estimation theory due to their
numerical advantages [8, 10]. One can easily impose k-monotone constraints
on B-spline coefficients, which can be efficiently computed via quadratic pro-
grams in polynomial time. Moreover, recent results show that when k£ = 1,2,
k-monotone B-spline estimators outperform many other constrained estimators
[37, 38, 41]. For instance, it is known that the popular monotone and convex
least squares estimators lack smoothness and cannot achieve uniform conver-
gence since they are inconsistent on the boundary with non-negligible asymp-
totic bias [28, 42]; these deficiencies are overcome by the monotone and convex
B-spline estimators [37, 41]. In spite of numerical efficiency and performance
advantages, the asymptotic analysis of k-monotone B-spline estimators is non-
trivial, particularly when the sup-norm risk is considered.

1.2. Challenges in k-monotone estimation

A major challenge in k-monotone spline estimation arises from the difficulty
of accurately approximating certain k-monotone functions by splines that pre-
serve the k-monotone shape. It is known that when k£ > 3, the accuracy of a
k-monotone spline approximation associated with a given knot sequence is ham-
pered by the k-monotone constraint [21]. Consequently, the bias of a k-monotone
B-spline estimator associated with a given knot sequence is unsatisfactorily large
if the knot sequence is coarse. In particular, knot sequences typically utilized
to produce unconstrained B-spline estimators with optimal (asymptotic) per-
formance are too coarse to be directly used in the production of k-monotone
B-spline estimators. Further, the noisy data prevents us from choosing (asymp-
totically) finer knot sequences to obtain a more accurate k-monotone B-spline
estimator. Hence, a single stage k-monotone B-spline estimator cannot achieve
the optimal asymptotic performance under the sup-norm risk when &k > 3.
Another major challenge in the k-monotone B-spline estimator asymptotic
analysis emerges from the requirement of a deep understanding of the map-
ping from a (weighted) input vector to the corresponding B-spline coefficient
vector associated with the k-monotone constraint, where the size of the input
vector is related to that of the knot sequence. For fixed knot and design point
sequences, it is known in optimization theory that this mapping is a Lipschitz
piecewise linear function due to the k-monotone inequality constraint. As the
sample and knot sequence sizes increase and tend to infinity, an infinite family
of size-varying piecewise linear functions arises. A fundamental question in the
asymptotic analysis asks how the Lipschitz constants of these piecewise linear
functions behave as the knot sequence size tends to infinity. A critical uniform
Lipschitz property has been established for monotone P-splines (corresponding
to k = 1) [37] and convex B-splines (corresponding to k = 2) [41]. This property
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states that the size-varying piecewise linear mappings from the (weighted) input
vector to the constrained B-spline coefficient vector attain a uniform Lipschitz
constant under the /..,-norm, independent of the number of linear pieces, design
points, and knots. It leads to many important results in the asymptotic perfor-
mance analysis, e.g., uniform convergence, optimal convergence rates, and the
sup-norm and pointwise mean squared risks [41]. It has been conjectured that
this property can be extended to k > 2 [41]. However, this extension encounters
several difficulties: the proof of this property for the monotone and convex cases
(k =1 or 2), relies on the diagonal dominance of certain matrices that no longer
holds for larger k. In addition, the results in [37, 41] are based on a restrictive
assumption of evenly spaced design points and knots, and the extension to the
unevenly spaced case is nontrivial.

1.3. Contributions

This paper addresses the aforementioned challenges and presents new develop-
ments in k-monotone estimation. We summarize these results and contributions
as follows.

(1) As one of the key contributions of this paper, we establish the uniform
Lipschitz property for general k € N via a new technique (cf. Theorem 3.1).
This technique relies on a deep result in B-spline theory (dubbed de Boor’s
conjecture) first proved by A. Shardin [34]; see [16] for a recent, simpler proof.
Informally speaking, this result says that the /,,-norm of the inverse of the
Gramian formed by the normalized B-splines of order & is uniformly bounded,
independent of the knot sequence and the number of B-splines (cf. Theorem 7.1).
Inspired by this result, we construct (nontrivial) coefficient matrices for the
piecewise linear functions corresponding to the k-monotone constraint and relate
these matrices to suitable B-splines. This yields the uniform bounds on the
Lipschitz constants in the £,,-norm for arbitrary k and possibly unevenly spaced
design points and knots; see Section 7.1 for an overview of the proof.

(2) We propose a novel two stage k-monotone B-spline estimator. In the first
stage, an unconstrained estimator with optimal performance is used; in the sec-
ond stage, a k-monotone B-spline estimator is constructed by projecting the first
stage estimator onto the cone of k-monotone B-splines with a suitable knot se-
quence. The second stage estimator can be quickly produced by solving a strictly
convex quadratic program with a small number of variables; see Section 3.2. The
two stage estimator has several notable advantages: it is simple, flexible, and
can be efficiently computed. More importantly, the optimal first stage estimator
allows the second stage constrained B-spline estimator to obtain optimal bias
and stochastic error, a key motivation for the two stage estimator.

(3) By leveraging the uniform Lipschitz property, k-monotone approximation
theory, and statistical techniques, we derive (asymptotically) optimal uniform
bounds on the estimator risk with respect to the sup-norm, pointwise, and L,-
norm (with p € [1,00)) errors over a Hélder class. These bounds lead to the
uniform convergence and convergence rates under the sup-norm, pointwise, and
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L,-norm (with p € [1,00)) risks, including boundary consistency, noting that
many constrained estimators, such as the monotone least-squares estimators,
fail to achieve the boundary consistency [28, 42].

(4) Finally, we show that the proposed k-monotone estimator obtains an
optimal convergence rate, and thus the optimal minimax risk, over a suitable
Holder class in the sup-norm, by exploiting the recent development in minimax
lower bound theory for k-monotone estimators [23, Chapter V]. This result is
the first of its kind to the best of our knowledge.

The present paper not only recovers the monotone and convex estimation
results and leads to new asymptotic analysis results for arbitrary £ € N, but
also treats k-monotone estimation in a unified framework and paves the way for
the study of constrained estimation under a broader class of shape constraints.

1.4. Organization and notation

The paper is organized as follows. In Section 2, we introduce the k-monotone
estimation problem and k-monotone splines. In Section 3, we present the two
stage k-monotone B-spline estimator, characterize the second stage estimator,
and state the uniform Lipschitz property. With the help of the uniform Lipschitz
property, we establish optimal convergence rates for the two stage estimator in
Section 4. Two numerical examples illustrate the performance of the second
stage estimator in Section 5. Concluding remarks and the proof of the uniform
Lipschitz property are given in Sections 6 and 7 respectively.

Notation. We introduce some notation used in this paper. Define the function
0;; on NxNso that §;; = 1if i = j, and §;; = 0 otherwise. Let Is be the indicator
function for a set S and let 1,, € R™ and 1,,, xn, € R™*™2 be the column vector
and matrix of all ones, respectively. For an index set «, let @ be its complement
and |a| be its cardinality. For j € N, let the set a« +j:={i+j : i € a}. For a
column vector v € R, let v; be its ith component. For a matrix A, let (A);; or
(A);; be its (i,7)-entry, let (A);e be its ith row, and (A).; be its jth column.
Given an index set a, let v, € Rl®l be the vector formed by the components
of v indexed by elements of «, and (A)qe be the matrix formed by the rows of
A indexed by elements of a. Let (7)) denote the binomial coefficient indexed by
n,p € N with n > p. For sequences of positive numbers (a,) and (b,,) we write
an =< by if there exist positive ¢,C € R™ such that ¢ < liminf,, o a, /b, <
limsup,, , ., an/bp, < C. For p € [1,00), let || - ||z, denote the L,-norm on

[0,1] (or on some other interval I C R when the context is clear), so that
1

1fllz, = [fol |f(x)? dx} " for any piecewise continuous function f : [0,1] — R.
Additionally, let (-,-)r, denote the Lo-inner product on [0, 1] (or on some other
interval I C R when the context is clear), i.e., (f,g)r, := fol f(x)g(x) dz for any
piecewise continuous functions f : [0,1] — R and g : [0, 1] — R. Lastly, let E(+)
denote the expectation operator.
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2. k-monotone estimation and k-monotone splines

In this section, we introduce the k-monotone estimation problem, and collect
some key properties of k-monotone splines to be used in the sequel.

2.1. k-monotone estimation
Fix k € N. The class of k-monotone univariate functions on the interval [0, 1] is
Sk = {f :[0,1] = R ’ the (k — 1)th derivative f*~1) exists almost
everywhere on [0, 1], and (f(kfl)(:cl) - f(kfl)(@)) (z1—22) >0 (1)

when f*=1 (z1), fE=1) (2,) exist}.

When k& = 1, Sk represents the set of increasing functions on [0, 1]. Similarly,
when k& = 2, S, denotes the set of continuous convex functions on [0, 1]. Let
r € (k—1,k] and L > 0. Set v :=r — (k — 1), and define the Hélder class H}
with Holder exponent r» and Holder constant L:

H = {f 2 [0,1] = R| [FE D (@)= FEV (2] < Llz1—2s|?, Va1, 22 € [0, 1}}.

(2)
Additionally, given n € N, consider the family of design point sequences for
fixed constants c,,; and ¢, 2 such that 0 < ¢,,1 <1 < ¢, 2, where ¢, 1 is used
for the minimax lower bound analysis:

Pn::{(xi)?zo‘O:xo<x1<---<zn:1, and (3)

¢ ¢
w_,l Sﬂ?i—l'i,1 S w_,27 Vi:l,...,n}.
n n
This paper focuses on the estimation of functions in Sk g (r, L) := S N HJ.
Specifically, given a sequence of design points (z;)_, € P,, on the interval [0, 1],
consider the regression problem

y; = f(x;) +oeg, i=0,1,...,n, (4)

where f is an unknown true function in Sy g (r, L), the ¢;’s are independent
standard normal errors, o is a positive constant, and the y;’s are samples. The
goal of k-monotone estimation is to construct an estimator f that preserves the
k-monotonicity of the true function characterized by Si. With regards to the
estimator asymptotic analysis, we are particularly interested in the estimator
uniform convergence on the entire interval [0, 1], as well as the convergence rates

—~ o~ 1
of (i) supses, (o) BUIf = flls), (i) supges, ,ep) [E(f(2) = f(@)[P)] " for
fixed z € [03 1]7 pe [1700)7 and (111) SuprSk,H(ﬁL) E(”f - f||Lp) for pE []'?OO)?
when the sample size n is sufficiently large. Note that it is possible to relax the
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assumption of the normality of the errors ¢;’s in the model (4). However, we
assume normal errors to simplify technical developments in this paper.

A two stage k-monotone B-spline regression estimator will be developed for
k-monotone estimation problems (cf. Section 3). Since this estimator is given
by a k-monotone spline, we give a detailed discussion on such splines in the
following subsections.

2.2. B-spline properties

We first provide a brief review of B-splines as follows; see the monograph [8]
for more details. For a given K € Ny let t := {0 =ty < t; < --- < tx = 1}
be a sequence of (K + 1) knots in R. Given p € N, let {B} ; }f;lpfl denote the
(K + p — 1) B-splines of order p (or equivalently degree (p — 1)) with knots at
to,t1,...,tK, and the usual extension t;_, = --- = t_; = 0 on the left and
tk41 = -+ = tx4p—1 = 1 on the right, scaled such that Z;:Ep_l B i(z) =1
for any x € [0,1]. The support of th,!j is given by (i) [t;—p,t;) when p = 1 and
1<j<K-1;(ii) [tj—p,t;] whenp =1and j = K or foreach j = 1,..., K+p—1
when p > 2. We summarize some properties of B-splines to be used in the
subsequent development below:

(i) Nonnegativity, upper bound, and partition of unity: for each p, j, and t,
0< B} ;(r) <1and Zf;lpfl B} i(x) =1 for any z € [0,1].

(ii) Continuity and differentiability: when p = 1, each B} () is a (discontin-
uous) piecewise constant function given by Iy, ,y(x) for 1 <j < K —1
or Iy, 4)(x) for j = K3 also, By ;(x) - By ;(x) = 0,V z if i # j. When
p =2, the B;‘)J’
most three points in R where each Blt)y ; is not differentiable. When p > 2,
each B! . is differentiable on R. For p > 2, the derivative of thuj (when it

s are continuous piecewise linear functions, and there are at

Db,J
exists) is
! p—1 t p—1 t
Bt,x) = = - Bt . (x)—- —— Bt (2), (5
(B, (@) e B @) — B @), 6)

where we define tj_{ijﬁB;ij(x) = 0,Yz € [0,1] for j =0 and j =
K+p-1.

(iii) Li-norm: for each j, the Li-norm of B;;’j is known to be [8, Chapter IX,
eqns.(5) and (7))

ti—t;
1Byl = /R}B;J(x”df”:%. (6)

2.3. k-monotone B-splines

In this subsection, we characterize the class of k-monotone splines via B-spline
coefficients. Let
t:={0=to<t1 <---<tg, =1}
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be a given sequence of (K, + 1) knots in [0,1], and let gp¢ : [0,1] — R be
such that gy ¢(z) = Ef:”f_k_l by B j(x), where the b;’s are real coefficients
of B-splines, b := (by,...,bx,+x—1)" is the spline coefficient vector, and the
subscript n in K, corresponds to the number of design points to be used in the
subsequent sections.

To derive a necessary and sufficient condition for gy € S, we introduce

some matrices. Let DU) € RI*U+1) denote the first order difference matrix, i.e.,

-1 1
-1 1

DO .= c RIXG+D) (7)

-1 1
If k=1, let Dyy := DE»=1) Tn what follows, consider k£ > 1. For the given
knot sequence t with the usual extension t; = 0 for any j < 0 and t; = 1 for

any j > K, define the following diagonal matrices: Ag ¢ := Ik, —1, and for each
p=1,...,k, define each A,y € REn+p=1)x(Kntp=1) a5 follows:

~ 1 .
Ap,t = 1—)d1&g<t1 — tl_p, tz — tg_p, ceey tKn,+])—1 — tKn—1>- (8)

Kn+k—1-p)x (K

Furthermore, define the matrices D, € R( ntk=1) inductively:

AN-—1
D07t = IKn+k—1; and Dp,t = A

k—p,t DU k=) Dy, (9)

for each p = 1,..., k. To simplify notation, we often drop the subscript t and
write D, ¢+ as D, when the context is clear. Roughly speaking, D, + denotes the
pth order difference matrix weighted by the knots of t. When the knots are
evenly spaced, it is almost identical to a standard difference matrix (except on
the boundary). Since ﬁl;lp’t is invertible and D»+k=1-P) has full row rank,
it can be shown via induction that D, ¢ is of full row rank for any p and t.

In what follows, define N := K,, + k — 1 for a fixed spline order k € N. Note
that N depends on K, and thus on n.

Lemma 2.1. Fizk € N. Lett = {0 =ty < t1 < --- < tg, = 1} be a sequence of
(K +1) knots, and for eachp =1,...,k, let { B} ; }f:"frpfl denote the B-splines
of order p defined by t, with the usual extension. Then the following hold:

(1) For any given b € RY and p = 0,1,...,k — 1, the pth derivative of
bt = Zj\le bsz’j is Z;V:_lp (pr)jB£7p7j, except at (at most) finitely
many points on [0, 1];

(2) gyt € Sy if and only if Db > 0.

Proof. We write gy + as g in the following proof for notational simplicity.
(1) We prove statement (1) by induction on p = 0,1,...,k — 1. Clearly, the
statement holds for p = 0. Consider p with 1 < p < k — 1, and assume the
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statement holds for (p — 1). It follows from (5), the induction hypothesis, and
the definitions of Ax_p, ¢ and D, that

, N—p+1
9(p) = (g(p71)> = Z (Dp—lb)jBltc—pﬂ,j
j=1
N-p
(Dp-1b)j41 — (Dp_1b)j
= (k—p) Bf_ .
j; tj = ti—k+p kop
N-p _ -p
_ (A;H,,tD( P)Dp_1b>j By = > (D), Bly,

Jj=1 =1

<

whenever ¢g®) and g(P~1) exist. Hence, statement (1) holds for p.

(2) Tt is easy to see that g(*~1) exists on [0,1] except at (at most) finitely
many points in [0, 1]. Tt thus follows from statement (1) that g*=1) is a piecewise
constant function on [0, 1]. Therefore, g € Sy, if and only if the spline coefficients
of ¢*=1) are increasing, i.e., (Di—-1b)j < (Dg—1b)j41 foreach j=1,..., K, —1.
This is equivalent to lN)(K"’l)Dk._lb > 0, which is further equivalent to Db > 0,
in view of Ao,t = Tand Dy = DE»=U D, | This gives rise to statement (2). O

3. Two stage k-monotone B-spline estimator and the uniform
Lipschitz property

In this section, we present the two stage k-monotone B-spline estimator, study
the second stage k-monotone B-spline estimator, and state the uniform Lipschitz
property. This property is critical to the asymptotic performance analysis.

3.1. Two stage k-monotone B-spline estimator

The proposed k- monotone B-spline estimator consists of two stages: in the first
first stage, we choose any unconstrained estimator that converges to the true
function at the optimal rate over the Holder class H in the minimax sense;
the second stage B-spline estimator is constructed roughly by projecting the
first stage estimator onto the cone of order k splines associated with S; and a
suitable knot sequence. In what follows, we describe these two stages in detail.

8.1.1. First stage unconstrained estimator

Given a design point sequence P = (z;)i, € Py, where ¢, 1, ¢, 2 are fixed
(cf. (3)), we choose the first stage estimator f IL” to be any unconstrained es-
timator such that it converges to the true function at the optimal asymptotic
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rate uniformly over Hj for a given performance metric, independent of P € P,,.
Specifically, when the sup-norm risk is considered, f 1[31] achieves

mp  E(I7-11L) = (2£2) (10

fEHT , PEP, n

Equivalently, there exists a positive constant c, such that ]?IL” satisfies

s E (|7 f\\m)s@(log”)”“, (1)
fEHT,PEP, n

for all large n, where ¢, depends only on k, r, L, 0, ¢, 1, and ¢, 2.
Alternatively, when the pointwise p-risk or L,-norm risk with p € [1,00) are
considered, the first stage estimator achieves

o () s

fEHT, PEP,

1
p)} " =< n =¥ for any fixed z € [0,1], (12)

or equivalently, there exists a positive constant ¢/, such that for any fixed z €
[0,1],

ap  [B(|FP@ - f@] )] < dnmw (13)

feEH], PEP,

for all large n, where ¢, depends only on p, k, 7, L, 0, ¢y1, and ¢, 2. The
asymptotic error bound on the second stage estimator L,-norm risk, established
in Corollary 4.1, does not follow from an asymptotic error bound on the first
stage estimator Ly-norm risk. This is a result of the fact that the second stage
estimator depends on pointwise evaluations of the first stage estimator at each
of the design points (cf. (15) and (16)). Hence, we require (12) and (13) to hold
when the L,-norm risk is the performance metric under consideration, rather
than analogous bounds on the first stage estimator L,-norm risk.

It is known from nonparametric statistical theory [27, 39] that many (un-
constrained) estimators meet the above conditions. One example is the local

1
polynomial estimator of order (k — 1), with bandwidth h,, = (105 ") T for

the sup-norm risk (resp. h, =< n~ ¥ for the pointwise and Ly-norm (with
p € [1,00)) risks); see [39, Section 1.6]. Another example is the (unconstrained)
B-spline estimator. This gives rise to great flexibility in the construction of the
two stage k-monotone estimator.

8.1.2. Second stage k-monotone B-spline estimator

7]

In this subsection, we describe how the first stage unconstrained estimator fp
is utilized to produce the second stage k-monotone B-spline estimator.
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Given a sample data vector y = (yo,¥1,...,Yn)" € Rt corresponding to
the to the design point sequence P = (z;)", € P,, compute fm Let (K,)
be a sequence of integers depending on the sample size n to be specified later
(cf. Theorems 4.1, 4.2, and Corollary 4.1). Additionally, fix constants ¢;; and
cro with 0 < ¢;1 <1 < ¢4 0. For each K,, € N, define the set of sequences of
(K, +1) knots on [0, 1] with the usual extension on the left and right boundary:

Tk, = {(tj)j.(;o O=ty <t < < tKn —1, and (14)

Ct,1

<ty <22 V':l,...,Kn}.
Kn 7j—1 J

Kn
Recall that N = K, + k — 1. For a given knot sequence t := (tj)f:"'o € Tk, let
{B,‘;’ j }jvzl denote the set of order k B-splines associated with t and the usual ex-

tension, scaled such that Zjvzl By ;(z) = 1for all z € [0, 1] (see Section 2.2 for a
relevant discussion of the properties of B-splines). The second stage constrained
B-spline estimator characterized by Sg is given by

frie(x ZB £ (15)

where the coefficient vector Ep,t = (31,32, ... ,BN)T € RY is determined by the
constrained least squares regression problem

bpi = arg min T; T; ;) b; Bt (zi) | 16
Pt DEJ»OZ +1— ) fp Z k.j (16)

where in (16) x,41 := 1, and the matrix Dy ¢ is defined in (9). It follows from
Lemma 2.1 that the constraint Dy, tb pt > 0 is equivalent to the k- monotonlclty
of the spline fpt € 8. Hence, the second stage B-spline estimator fpt preserves
the k-monotone constraint characterized by Sk.

Algorithm 1 below summarizes the construction of the two stage k-monotone
B-spline estimator. Note that the second stage estimator fpt can be computed
in polynomial time as a function of N < n by solving a strictly convex quadratic
program; see Section 3.2 for more details.

3.2. Characterization of the second stage k-monotone B-spline
estimator

In this subsection, we further characterize the second stage constrained B-spline
estimator fpy introduced in (15). Toward this end, we summarize all of the
assumptions that will be used throughout the rest of the paper for a fixed £k € N
as follows:

(A.1) The design point sequence P = (z;), lies in P,,, where P, is defined by
the fixed constants ¢, 1, ¢, 2 satisfying 0 < c,1 <1 < ¢y (cf. (3)).



k-monotone B-spline estimator 1399

Algorithm 1 Two Stage k-monotone B-spline Estimator Construction

Stage 1:

Fix constants cy,1,cw,2 with 0 < cw,;1 <1 < cy 2.

Obtain sample data y = (yo,¥1,...,yn) " associated with design point sequence P =
(%i)i—o € Pn.

Compute the first stage unconstrained estimator flﬁ” to satisfy (10) or (12).

Stage 2:

Fix constants c¢,1,c¢,2 with 0 < c¢g1 <1 < ct2.
Choose a suitable sequence of integers (Kp) (cf. Theorems 4.1, 4.2, and Corollary 4.1).
Pick a knot sequence t € T, .

Compute the second stage k-monotone B-spline estimator fp,t via (15) and (16).

(A.2) The sample y = (y;)f_, is produced from the regression model (4), i.e.,
y; = f(z;)+0oe;, Vi, where the true function f € Si g (r, L) with constants
L>0,r€ (k—1,k] and o > 0; the ¢;’s are independent standard normal
erTors.

(A.3) The knot sequence t = (t;)%" i for the second stage k-monotone B-spline
estimator lies in Tx,,, Where Tk, is defined by the fixed constants c; 1, ¢t 2
satisfying 0 < c;1 <1< ¢ 0 (cf. (14)).

Consider the second stage estimator fpt glven by (15) and (16). Let fand
b denote fpt and bpt rebpectlvely, noting that f and b depend on P and t. It

follows from Lemma 2.1 that f € Sk.
Define the diagonal matrix

O := diag(x1 — xg, T2 — T1,.. ., Tpt1 — Tp) € R(+DX(n+1)

and the design matrix X € RN with (X)(HI)J i= B} ;(x;) Vi, . Further,

let Ak, pt = Kjp XTOX ¢ RN*N where we write A for Ak, py for notational
simplicity. Let

. —~ —~ —~ T
FU = (P o), P @), P @))€ RO, (7)

where f][gl] is the first stage estimator (cf. Section 3.1.1); define the weighted
input vector y := K, ~2(T@f[1] € RY. The quadratic optimization problem in
(16) for bpy or simply b can be written as

~ 1
b := argmin —b" Ab— b7 (18)
Dypb>0

Note that A is positive definite for any given K,, P, and t. Hence, problem
(18) (or equivalently (16)) is a strictly convex quadratic program, which can be
solved in polynomial time by many effective numerical solvers.

Define A € RV*N and § € RY such that

(R)ij = Kn(BE, Bt ), and (§)i = KBt fi0) 0,
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for i,5 = 1,...,N. We note that for n sufficiently large, A approximates A and
7 approximates 7. Hence, (18) is closely related to

N

= 1 r— - ~ 2

b= argmin—bT Ab—bT7 = argmin”flg] - ijB,t”-H . (19)
D}J)ZO DkaO j=1 ’ Lo

Because a spline g := Z;V:1 b; By ; is k—mono_tone if and onl}_f if Db >0
(cf. Lemma 2.1), it follows that the estimator fp’t(m) = Zleng,€7j(m), with

Zj given by (19), is the Lo-projection of the first stage estimator onto the cone
of k-monotone splines with knot sequence t. Hence, the second stage estimator
given by (15) and (16) roughly corresponds to the Ls-projection of the first
stage estimator onto the cone of k-monotone splines with knot sequence t.

We call a function f : R” — R™ piecewise linear if there are finitely many
linear functions {h,}7_; on R™ such that for any = € R"™, f(z) = hs(x) for some
hs, where each linear function h is called a linear piece of f. It is well known
that a (continuous) piecewise linear function is globally Lipschitz continuous
[33]. Note that b in (18) can be treated as a function of the weighted input
vector g. In fact, since the matrix A is positive definite for any given K,, P,
and t, it follows from the standard theory of quadratic programming that the
function b : RN — RY from y to b( ) is piecewise linear and globally Lipschitz
continuous [33]. To establish the piecewise linear formulation of bor equivalently
the linear pieces of Z, we consider the KKT conditions for (18) given by:

Abm) —g—DFx =0, 0<x L Db >0, (20)

where y € RE»~1 is the Lagrange multiplier, and v | v means that the vectors
u and v are orthogonal. Similar to [37, 38, 41], define the index set for any given
7 RN,

~

a = {i:(Dkb(y))izo}g{l,...,anl}, (21)

where o may be the empty set. For each « associated with 7, the KKT conditions
n (20) become

(Di)asb@ =0,  xa=0, AbG) ~F— (Di)as) xa=0.  (22)

For a given index set a, let FT € RV*(&+F) he a matrix whose columns
form a basis for the null space of (D t)ae Or simply (Dy)qe. This implies that
F,, depends on both « and t. In particular, if « is the empty set, then N =
K, +k—1=la|l+k, and F. is the identity matrix of order N. To express
b@) in terms of Fy, for an arbitrary o, we deduce from (Dy)qe b(_) =01in (22)
that b( ) =F, Tbo‘, where b® is the vector of the free variables in the linear
equation (Dk)a.b(_) = 0. To determine b®, we substitute b( ) = FTb into the
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rightmost equation of (22) and obtain that
AFTD* =5 — (Di)as) Xa =0 = FuAFTH* —F,5=0
— b = (F,AFY)'Fy
— () = Fa b" = FY (FuAFY) T Fug,

where we use the fact that F,AFY is invertible, since F,, has full row rank and
A is positive definite. R

For any index set o given in (21), define the linear function bp : RN — RV
as

b (y) = FL(F.AFT) T B, (23)
where F,, depends on t,«, and A depends on K,, P,t. Clearly, Bﬁt is a lin-

ear piece of the piecewise linear function b: RN & RN , and b has 2Kn—1

linear pieces for a given K,. Finally, observe that for any invertible matrix
R € Ral+k)x(fal+k)

(RF)Y((RF,)A(RF,)")"Y(RF,) = FEY(F,AF)"'F,.

Thus any choice of F,, leads to the same Eap’t, provided that the columns of F.f
form a basis of the null space of (D )qe-

3.3. k-monotone B-spline estimator: Uniform Lipschitz property

As indicated in the previous subsection, the piecewise linear function ZRt(') (or
simply b(+)) is Lipschitz continuous for fixed K,,, P,t. An important question

asks whether the Lipschitz constants of size-varying b with respect to the f-
norm are uniformly bounded, independent of K, P, and t, as long as the
numbers of design points and knots are sufficiently large. If so, we say that b
satisfies the uniform Lipschitz property. Originally introduced and studied in
[37, 38, 40, 41] for monotone P-splines (k = 1) and convex B-splines (k = 2)
with equally spaced design points and knots, this property is shown to play a
crucial role in the uniform convergence and asymptotic analysis of k-monotone
B-spline estimators. In this paper, we establish this property for k-monotone B-
spline estimators with general k, under relaxed conditions on the design points
and knots.
For any p, K, € N, and t € Tk,,, it is noted that for any ¢; € t, we have,

Jj—p+1

tj—tj_p 1 1 Ct 2 Ct 2
S J7P - ty —ts_1) < —-p- 22 < 22,
p p z:;( )<L P R CF,

Moreover, in view of t;_,, = 0 for any j < p and ¢; = 1 for any j > K, it can
be shown that for each 1 < j < K,, +p — 1, % > ¢;.1/(p- K,,) such that

P
tji—tj—p

<p-K,/c,1. In summary, we have, for each j =1,..., K, +p—1,

c t; —ti_ c
t,1 < g J—p < t2,

> Kn< p <p'Kn'

and < (24)

Ct2  ti—tjp Ct,1
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Using the above notation, the following theorem states one of the the main
results of the paper, i.e., the uniform Lipschitz property of bp(-). Since the
proof of this property is technical, we postpone it to Section 7 to maintain a
smooth paper flow.

Theorem 3.1. Let k € N and constants c, 1,Cw,2,Ct1,Ct,2 be fized, where
0 < cwp <1 < cupand0 < 1 <1 < o For any n, K,, € N, let
Bp,t : REntk=1 s REw+k=1 pe the piecewise linear function in (18) correspond-
ing to the kth order B-splines defined by the design point sequence P € P, and
the knot sequence t € Tk, . Then there exists a positive constant ¢, depending
on k,ce1 only, such that for any increasing sequence (K,) with K,, — oo and
K,/n — 0 as n — oo, there exists n. € N, depending on (K,,) (and the fized
constants k,c, 2,1, ¢2) only, such that for any P € P, and t € Tk, with
> Ny,

[bpe(u) = bpe(v) ||, < cool|u—v],, VuveREFr1

(oo}
The above result can be refined for a particular sequence of P and t.

Corollary 3.1. Let (K,,) be an increasing sequence with K, — oo and K, /n —
0 asn — oo, and (Pn, tn) be a sequence in P, x Tk, . Then there exists a positive
constant c., independent of n, such that for each n,

H/b\pmtn(u) —gpmtn(v) HOO < || U —v ||OO, YV u,v € REn+h-1
This corollary recovers the past results on the uniform Lipschitz property for
k=1,2 (e.g., [37, 41]) for equally spaced design points and knots.

4. Two stage k-monotone estimator risk and optimal convergence
rate

In this section, we exploit the uniform Lipschitz property to establish the sup-
norm, pointwise, and Ly-norm (with p € [1,00)) risks of the second stage k-
monotone B-spline estimator. In particular, we show that the second stage k-
monotone B-spline estimator achieves the same asymptotic convergence rate as
the first stage (unconstrained) estimator over Sy g (r, L) under the sup-norm
risk, pointwise risk, and L,-norm risk. This result leads to the optimal conver-
gence rate of the two stage k-monotone B-spline estimator fp,t over S u(r, L)
in the sup-norm (cf. Theorem 4.4).

4.1. Second stage k-monotone B-spline estimator risks

To develop the risks of the second stage k-monotone B-spline estimator fp,t,
we first establish the following lemma, which concerns the approximation of
k-monotone functions f € Sk g (r, L) by k-monotone splines associated with a
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given knot sequence. It will be used to bound the second stage estimator risks
in the subsequent development. For a given knot sequence t € Tk, , let

St = {fB [0,1] = R | fp is an order k B-spline with knots in t
and f5 € Sy }

Recall that r € (k — 1, k] for a fixed k € N, and define ¢ := min{r — k + 3,7}.

Lemma 4.1. Let the positive constant cg := %LC?,Q. Then for each K, € N,
t € Tk, and f € Sk u(r, L), there exists an order k spline fp € Si’k satisfying

1fB = fllo < cBK 1.

Proof. Consider the following two cases:

Case 1: ¢ = r. In this case, we have that »r < r — k + 3 so that k£ < 3, i.e.,
k =1,2, or 3. It is known in [4, 9] that the lemma holds for k¥ = 1, by taking
fB to be the piecewise constant least squares approximation or interpolant of f.
Similarly, when k = 2, the lemma holds, by taking fp to be the piecewise linear
interpolant of f at the knots in t [3, 4, 41]. Finally, when k = 3, it is shown
in [20] that the lemma holds for evenly spaced knots and in [30] that a similar
result holds (where c¢p is taken to be a slightly larger constant) for unevenly
spaced knots. An alternative construction of the k-monotone constrained fp is
given in [23, Appendix A], demonstrating that when k& = 3, the lemma holds for
unevenly spaced knots with cp = %ch’Q. Hence, the lemma holds in Case 1.

Case 2: ¢ < r. In this case, we have that r > r—k+3 = ¢ so that k > 3. Define
g:=f=3) ¢ S3,m(r+ 3 —k,L). By the results of Case 1, there exists a spline
gp € 84 ; such that [|gp — gllee < cpK,, ?. Define the function fp : [0,1] — R
as

=4 e(p) (g @t tra
fe(x) = Zf 1( )$p+/ / / 9B(tk—3) dty_3---dty dty,
=0 P o Jo 0
Then fp € Sk, (r, L) and
T prt1 tp—a
|fB(x) = f(x)] < / / / |98(tk—3) — g(tu—s)| dtx—s - - dtz dty
o Jo 0
T pt1 th—a
/ / / cnK U dtyg---dty dts

Kq<CBK

IN

< T

for all z € [0,1], where, if k¥ > 4, we define, for any integrable function h,

/ / / tk 3 dtk 3 dtz dtl I—/ h tl dtl

Consequently, we have ||fp — f|lcoc < ¢pK,, 9 in either case. O
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The above lemma establishes a uniform bound on the error that arises from
approximating a k-monotone function f € Sg g (r,L) by a k-monotone spline
for a fixed knot sequence. With the help of this result, we obtain the following
theorem, which bounds the risk and establishes a convergence rate for the second
stage k-monotone B-spline estimator under the sup-norm over this Holder class.

Theorem 4.1. Let K,, := Rlogn) Q(%H)—‘. Let ELH denote any suitable first
stage estimator as described in Section 3.1.1 (cf. (11)). Then there exists a
constant Cj, > 0, depending only on k, v, L, ct1, Ct2, Cu1, Cuz2, and o such

that for all n sufficiently large,

> logn\ 771

sup (s - fll) < 00 (57) 7

fE€Sk u(r,L), PEP,, teTk,, n

Proof. Fix f € S g (r,L). For notational simplicity, let fand f[l} denote fp7t

and f,L” respectively for any given P € P, and t € Tk, . By Lemma 4.1, for each
K, € Nand t € Tg,, there exists fp € S ; such that ||f — fplle <K, <

1 27‘:— 1
cp |22 . Hence
n )

17~ flw < 17 follo + U = Flle < 17 = Folo e (227) 77 (29

and we bound ||f— fBllse as follows. In view of fp € S% ; and Lemma 2.1, there
exists b := (b1, ...,by)T € RY such that

N
fo(@) = b;Bf(x) and Db >0.
j=1

Define f5 := (fa(x0), fB(x1), ..., fa(zn))T € RO+D In light of the results in
Section 3, we have

1 —
/201X~ Fi), = 0.
and therefore,

~ 1 -~ -
b = argmin b7 Ab — b7 (K, X7 O fp).
Dy, £b>0

By the uniform Lipschitz property stated in Theorem 3.1, there exist a uniform
positive constant c., and a large n, € N such that for all n > n,,

|71l = ore =3l < el xmo (7= 2)]
< el el 7 5,
< oo [Ka X7, (IFY = flloe + 1F = f5llc)
< e K70 (177~ flle +es (B) 7). 26)
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where f1U is defined in (17). Additionally, it follows from the definition of XT
and the non-negativity, upper bound, and support of the B,tg’ j’s shown in Sec-
tion 2.2 that for each j=1,..., N,

H(Kn XT @)jo

o0

= Ko Y Bf (@) (w1 —a;)
=0

IN

Kn Zl[tjfk,tj](l‘i) (Tig1 — x4)
i=0

IN

K, <tj —tj_k+

< cralk+ 1), (27)

2CW72 2Cw72Kn
o n

whenever n is sufficiently large such that (2¢, 2K, /n) < ¢ 2. Combining (25)-
(27), we obtain

logn) T

1f = flloo < coocea(k+1) - |f - ﬁl]”oo —l—cB(cooct’g(k—l- 1)+ 1) ( -

In view of (11) and taking the expectation of both sides of the above inequality,
we have

]E(”ff f||°°) < {(CBJFC*)COQ ct,g(k+1)+cB} <logn>2ﬁr1

for all n sufficiently large. This yields the desired result with Cy := (¢ +
Cx) Coo Ct2(k+ 1)+ cp. O

The above theorem establishes the uniform convergence of the estimator fp’t
on the entire interval [0,1], as well as this estimator’s consistency, including
the consistency at the two boundary points, over a Holder class. Note that the
monotone and convex least-squares estimators are inconsistent at the boundary
points due to a non-negligible asymptotic bias [17, 28, 29, 42|, which is known as
the spiking problem. Furthermore, the asymptotic convergence rate established
in Theorem 4.1 will be shown to be optimal in Section 4.2.

An analogous result can be established under the pointwise risk by using the
uniform Lipschitz property and piecewise linear function theory [33].

Theorem 4.2. Let K,, := [nq@:“)—‘ andp € [1,00). For any x € [0, 1], let ﬁ)ﬂ

denote any suitable first stage estimator as described in Section 3.1.1 (cf. (13)).
Then there exists a positive constant Cp i, depending only on p, k, r, L, c;1,
Ct,2; Cw 1, Cw,2, and o, such that for all n sufficiently large,

sup {E (‘J/C\P,t(m*) — f(z)

fESk,H(’r‘,L), PeP,, tGTKn
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Proof. Fix arbitrary f € Sg u(r, L) and z. € [0,1]. For any P € P, and t € Tk,,,
we again let f and f[! denote frt and flgl], respectively. By an argument
similar to that in the proof of Theorem 4.1, there exists fg € thk such that

If = fBlloo < c¢BK, 9, where fp(x) = Zjvzlfl;jB,';j(x) for all x € [0,1] for some
b= (51, . ,ZN)T € RV satisfying Dkytfl; > 0. Note that for p € [1, 00),

F@) = f@l” < (1f@.) = fo@)]+|fa(@.) - f(x*>|)”
< [max (21f(@) ~ fol@)l, 2fn(e) - @)
< 2|f(a.) — fe@)|” +2°| fo(z) - fa)]” (28)
< 2°|f(@y) — fla)|P + 28 dynm T,

In what follows, we establish a uniform bound on |f(x*) - fB(ac*)|p.

Define fp := (fa(x0), f8(x1), ..., f5(z,))T € ROTD. As in the proof of
Theorem 4.1, we have

~ 1 S

b = argmin b Ab — b* (K, X1 O f3).

Dy b>0

T
Now, define h := (B,z,l(x*),B,tw(x*), ------ ,B,tcyN(x*)) € RY, and for any
given P and t, let W, := F; (F,AF))"'F, for any index set a defined in
(21). Since Bp,t(-) : RY — RV is a Lipschitz piecewise linear function on R,
it follows from piecewise linear function theory [33] that bp(-) admits a conic
subdivision of RY, which consists of gy polyhedral cones that partition RY. On
the sth polyhedral cone where s = 1,..., gy, the function bp+(-) coincides with
a linear function whose coefficient matrix is given by W, for some index set o
defined in (21). By an argument similar to that in [41, Proposition 4.3], we see

that for any z, 2’ € RV, there exist real numbers p1, ..., figy € [0,1] (depending
on z and z’) whose sum is one such that

bpi(2') —bpi(z (Zug a) 7 —2).

Note that b = bpy (K, XTOf M) and b = bp4 (K, XTO f3). Thus for fixed f1
and fB, there exist p1,. .., gy € [0, 1], whose sum is one, such that

|F(@e) — fe(@)]” = [hTG-b)
’ (thKX ofl )_BRt(Kn)?T@fB))‘p

— [ (Zus Wor ) (K70 = f)| (29)

< o

HOIRBIES SO
s=1
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+2p’hT<Zué ) (K. X"0)(f — fB) "

where the inequality follows from an argument similar to that in (28), and
= (f(x0), f(x1),..., f(zn))"T € R* ! denotes the noiseless data vector. Fur-
thermore, by (27), we have, for all n sufficiently large,

|K.0X||, = [ max 1(K,0X)a; ], = max (K XTO)j4|. < cralk+1).

Now, the uniform Lipschitz property (cf. Theorem 3.1) implies ||[Waslloo < oo

for any «of. Therefore, in view of ||h]l; = 1 and the symmetry of Ws, we

have, for all n sufficiently large and any fixed gn-tuple (u1, ..., tqy ) satisfying
€[0,1,Vs=1,...,qy and >IN s =1,

e (i o, < o], (vt ) o,

cro(k 4 1)coo. (30)

IN

IN

To simplify notation, define the random vectors v := Kn@)/f( Zgil uSWas)h S
R™ and u:= f11 — f'e RV, By (30) and the bound on ||f — f5]/c,

E[|o" (7~ 7o) ]

IA

B[l - 17 - Foloe| ] < E[I00] 15 = f5l2
[Ct’g(k + 1)000}170% N,

IN

By (13), (30), Jensen’s inequality, the law of total expectation, we obtain

n+1 n+1 |U
EU’UTU|p:| <E Z |U1, |Uz <E || Hp Z ” : ]
n+1 "U |
< [Ct 2(k+1) Coo ) l Z o] i | il UH (31)
< Jea(k+ 1)000] (c)Pn~ T

noting that the positive constant ¢/ given in (13) is independent of = € [0, 1].
Combining the above results and (29), we obtain

E (|fa) - fate)|

) < 2[ena(k + Dew] ()P + cy)n 75T,

It then follows from the above display and (28) that for all n sufficiently large,
[B7(w) = e)P)]” < Cpun 5

where C) . := 2[[ct,2(/€ + 1)Coo:|p((cfk)p +cp) + 01173} . =
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We finally bound the L,-norm risk of the second stage k-monotone B-spline
estimator, over a Holder class, in the following corollary.

Corollary 4.1. Let K, := [nwzﬂ)—‘ and p € [1,00). Let fl[ﬁ denote any
suitable first stage estimator as described in Section 3.1.1 (cf. (13)). Then there
exists a positive constant Cp 1, depending only on k, v, L, ¢ 1, €12, Cu1; Cu,2,
o, and p, such that for all n sufficiently large,

sup E (I frs = £, ) < Cppn” 7.
fESk-,H(T‘,L), PeP,, tETKn

Proof. By the concavity of the function ¢- and the Fubini-Tonelli Theorem,
1 1
E fAP,_pr =E /fP,w—fxpdxp
(17pe = 71n,) =B[( | 1Frate) = @ dz)” |
1 1
< [B( [ 1feete) - s o) |
E( ), Ve )

1

= [/OlE(U?P,t(CC) _f($)|p)dx}5 < T, n-v.

The last inequality follows from Theorem 4.2, as Upyk in Theorem 4.2 does not
depend on z, € [0,1]. O

4.2. Optimal convergence rate in the sup-norm

In this subsection, we show that the attained convergence rate indicates the
optimal asymptotic performance in the sup-norm. Consider the k-monotone
regression problem given by (4). For simplicity, we assume that for each n €
N, the design points (z;)!, are evenly spaced, i.e., x; = i/n, although this
assumption is not crucial and can be relaxed. In what follows, we denote an
estimator as f,, to emphasize the dependence on the sample size n.

Theorem 4.3 below establishes a lower bound under the sup-norm on the min-
imax risk associated with k-monotone estimators over Sy, g (r, L). Its proof relies
on minimax lower bound theory from nonparametric estimation [39, Section 2]
and a careful construction of a suitable collection of functions (called hypothe-
ses) that satisfy the k-monotone constraint. In particular, such a collection of
hypothesis functions from Sy g (r, L) satisfies a certain sup-norm separation or-
der and a small total Lo-distance order, based upon information theoretical
results on distances between probability measures in minimax lower bound the-
ory [27, 39]. See [23, Chapter V] for the construction and complete proof; a
simpler proof using a similar idea for convex estimation is given in [24].

Theorem 4.3. Fizk € N andr € (k—1,k]. Consider the constrained regression
problem (4). There exists a positive constant ¢y such that

T ~
lim inf inf sup 1 ']E<||fn - f||oo> > Ck,
N0 Fres, p(rL) logn
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where inffAn denotes the infimum over all k-monotone estimators fn € Sk on the
interval [0, 1].

It follows from Theorems 4.1 and 4.3 that the two stage k-monotone B-spline
estimator fpy satisfies: for all n sufficiently large,

logn\ = . ~
o (2T < it s E(Ifa— flle)
n fn fE€Sk,u(r,L)

logn)r’;l
- .

< swp E([fee— flle) < C’“(

fESk,u(r,L)

In light of the above result, we obtain the following theorem demonstrating
that fpg¢ is an (asymptotically) optimally performing estimator over the con-
strained function class Sy g (r, L), and the optimal rate of convergence is given

by (loi ") ' This result not only unifies the optimal minimax risk theory for

monotone and convex estimation in the sup-norm, but also extends such de-
velopments to the general k-monotone case with unevenly spaced design points
and/or knots, which is the first result of its kind to the best of our knowledge.

Theorem 4.4. Fiz k € N, r € (k—1,k|, and L > 0. Consider the regression
problem given by (4). Then

log n) 2TT+1
n )

inf  sup  E(Ifu—fll) = (

fn fesk,H(rfL)

where inff denotes the infimum over all k-monotone estimators ]?n € Sk on the
interval [0, 1].

5. Numerical examples

In this section, two numerical examples are presented, in order to illustrate the
performance of the second stage k-monotone B-spline estimator under the sup-
norm risk, the pointwise root mean squared error, and the Lo-norm risk. In both
examples, the first stage unconstrained estimator is given by a minimax optimal
unconstrained B-spline estimator, with evenly spaced knots; the second stage
k-monotone/constrained B-spline estimator utilizes evenly spaced knots as well.
For performance comparision, the k-monotone least squares estimator is also
computed. The design points are taken to be evenly spaced in both examples.
The sample data vector y is generated via the model in (4). In Example 1, we
consider the 3-monotone function f € Sz y(3,54) given by f(t) := 9min((¢t —
1/3),0)3 with k = r = 3 and L = 54 and take o = 0.1. In Example 2, we consider
the 4-monotone function f(t) := e’ +16(max(0,t—1/2))* € Sy (4, 384+e) with
k=r=4and L =384+ e, and take 0 = 1. The number of subintervals for1 the
second stage constrained B-spline estimator is given by K, := [%%)WL

when analyzing the sup-norm risk, and K,, := [QnﬁL when analyzing the
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. 0.12 — Constrained
0.2 ) ) o4t Unconstrained
. . : ol --LSQR
0.0811
. 0.061"
-~True Function
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1 Unconstrained [3 s 3
04} --LSQR 002r\ -
L L L - Data 0 A L L Sy’
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
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4 15F --LSQR
3 :
h 15
ok .. B
-True Function H
—Constrained i
1
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0 --LSQR
. . . + Data ¥ . ,
0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Fic 1. When n = 100, left column: estimator performance for 3-monotone (top) and 4-

monotone (bottom) functions; right column: the corresponding absolute error.

pointwise root mean squared error and the Lo-norm risk, with ¢ = min(r — k +
3,7) = 3 (cf. Section 4.1) in both cases.

Plots of the second stage k-monotone/constrained B-spline estimator, the
unconstrained first stage estimator, and the k-monotone least squares estimator
are given on the left in Figure 1 for Example 1 and Example 2, with n = 100.
The corresponding absolute errors for these three estimators are then plotted
on the right in the same figure. To further compare the performance of the
three estimators, simulations were run 200 times, and the average performance
of each estimator over these simulations was recorded in each case. Three per-
formance metrics were considered, i.e., the sup-norm risk, the pointwise root
mean squared error (at z = 0), and the Lp-norm risk. Table 1 summarizes the
performance of the estimators for different sample sizes, where f denotes the
computed estimator. It is seen in these examples, the second stage constrained
estimator either performs approximately the same as or noticeably outperforms
the other two estimators. In particular, the second stage estimator outperforms
the other two estimators with respect to the sup-norm risk (in all cases). It is
also observed that the k-monotone least squares estimator performs poorly with
respect to both the sup-norm risk and the root mean squared error at z = 0.
This is expected, as least squares constrained estimators are inconsistent on the
boundary [17, 42].

6. Conclusions

This paper establishes a critical uniform Lipschitz property for a two stage
k-monotone B-spline estimator with possibly unevenly spaced design points
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TABLE 1
Performance of the 2nd Stage Estimator (con.), the 1st Stage Estimator (unc.), and the
k-Monotone Least Squares Estimator (LSQR)

E [If  fll] JE[G© - Fon: E (I~ fllca]
n con. unc. LSQR con. unc. LSQR con. unc. LSQR
Example 1 Example 1 Example 1

102 | 0.0548 0.0607 0.0915 | 0.0488 0.0481 0.0757 | 0.0100 0.0101  0.0101
103 | 0.0192 0.0223 0.0838 | 0.0185 0.0188 0.0779 | 0.0033 0.0033 0.0033
10% | 0.0076 0.0083 0.0856 | 0.0071 0.0072 0.0737 | 0.0010 0.0010 0.0010
Example 2 Example 2 Example 2

102 | 0.5217 0.6325 1.0524 | 0.3805 0.5525 0.8695 | 0.1006 0.1009  0.1002
103 | 0.1858 0.2380 1.0207 | 0.1192 0.2155 0.8710 | 0.0327 0.0327 0.0327
10% | 0.0736 0.0849 1.0307 | 0.0485 0.0759 0.8206 | 0.0100 0.0100 0.0100

and/or knots. This property is exploited, in combination with statistical tech-
niques and B-spline approximation theory, to study the asymptotic performance
of the two stage k-monotone B-spline estimator under the sup-norm, pointwise,
and L,-norm (with p € [1,00)) risks. The optimal convergence rate under the
sup-norm risk is established. Future research topics include estimation under
more general constraints, e.g., multiple derivative constraints or constraints on
a linear combination of derivatives of different orders. Additional extensions to
Sobolev classes and multivariate regression will also be considered.

7. Appendix: Proof of the uniform Lipschitz property

In this section, we prove the uniform Lipschitz property stated in Theorem 3.1.

7.1. Overview of the proof

The proof of Theorem 3.1 is somewhat technical. To facilitate the reading, we
outline its key ideas and provide a road map of the proof as follows. In view of
the piecewise linear formulation of bp+(-) in (23), we see that for any given K,
P, and t, the Lipschitz constant of 3p7t(~) with respect to the £,,-norm is
-1

max |2 (FaAFT) " Fal
where max, denotes the maximum over all the index sets « defined in (21).
Therefore it suffices to establish a uniform bound on ||[F (F,A FY) “'Fy |l for
all large n, independent of K,,, o, P € P,,, and t € Tk, . Motivated by [41], we
observe that for any diagonal matrix =/, (possibly depending on ) with positive
diagonal entries,

| (FaAFY) " Fol| < [1FT oo || (BaFalFD) || IEa Fallo.  (32)

Hence, a natural idea is to choose suitable matrices F,, and =/, so that the quan-
tities || FY [loos || (ELFal FE)AHOO, and ||Z/, F, ||« are all uniformly bounded.
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A critical technique for establishing a uniform bound on H (ELFLAFY) - HOO
relies on a deep result in B-spline theory (dubbed de Boor’s conjecture) proved
by Shardin [34]. Roughly speaking, this result says that the ¢,,-norm of the
inverse of the Gramian of the normalized B-splines of order k is uniformly
bounded, independent of the knot sequence and the number of B-splines.

Theorem 7.1. [34, Theorem I] Fiz a spline order k € N. Let a,b € R with
a <b, and {B,tcij}f-(:"ik_l be the kth order B-splines on [a,b] defined by a knot
sequence t' == {a = 1) <t} < --- < thy = b} for some K € N. Let G €
RE+E=D)X(K+k=1) pe the Gramian matriz given by

(Bt BY,)
(G),;; = B

kil Ly

. VYigj=1,...,K+k—1.

Then there exists a positive constant py, independent of a,b,t’, and K, such
that |G Yeo < pi-

Inspired by this theorem, we intend to approximate =/, F,,AFl by an appro-
priate B-spline Gramian matrix with a uniform approximation error bound. To
achieve this goal, we construct suitable matrices F,, and Z/ in Section 7.2; see
F, := F, ¢ defined in (39) and Z, := KLW - Eg,v,, defined in (37). In view
of F,AFY = K,, - (Fa)?T) -0 - (FOJZ'T)T7 we compute the entries of F, XT in
Section 7.3 and show that they are related to suitable B-splines (cf. Proposi-
tion 7.2). It is shown in Section 7.4 that F1 and =, F,, attain uniform bounds
(cf. Proposition 7.4) and that =/ F,AF attains a uniform approximation er-
ror bound (cf. Proposition 7.5), all with respect to the £o-norm. We then apply
Theorem 7.1 to establish a uniform bound on (E, F,AF, ) - (cf. Corollary 7.1).
Using these bounds, the uniform Lipschitz property is proven in Section 7.5.

7.2. Construction of the matrixz F,

In this subsection, we construct a suitable matrix Fi, used for the piecewise
linear formulation of bpy in (23). For K,, € N, let t € Tk, be a knot sequence
of (K, +1) knots, and a C {1,..., K, — 1} be an index set defined in (21). The
complement of a is @ = {i1,... 45} with 1 < i3 <--- <ig < K, — 1. For
notational simplicity, define ¢, := |a| + k.

We introduce the following matrix which is of full row rank:

Foos = (IN)@ U {Kp Ko 41,...N}) e € RN, (33)
where we recall N = K,, + k — 1. For the given index set «, define the knots

0, fory=1—k,...,0
Taty = {tiy,, forj=1,... [ (34)
1, for j=lal+1,...,qa,

and the associated knot sequence
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Va,t = {Ta7t,0; Tot,1y ~ovvn- 5 Ta,t,\a|+1 }a (35>

with the usual extension. To simplify notation, we write 7, ; and Vit as 7;
and V respectively if the context is clear. Note that if « is empty, then @ =
{1,..., K, — 1}, Foos = Iy, and V = t.

For any fixed K € N and any knot sequence t' := (¢})/, on [0,1] with
(K + 1) distinct knots and the usual extension, consider the diagonal matrices
of order (K +k —1): Aoy :=Ixyr—1 and for each p=1,...,k,

ANy 0
A ;= p pt
Pt [ 0 Ikzj

= diag((tll - tll—p)a (t/Q - t/2—p)7 LR (tll(+p—1 - t/K—1)7 ]-v cee 1 )a (36)
——
(k—p)—copies
where ﬁp’t/ is defined in (8). Related to these, we further introduce the following

matrices of order (K + k — 1): for p = 0, let Zg ¢ := (A07t/)_1 = Ix4k—1, and
foreachp=1,...,k,

-1

Epe = (Apw)

T ’ / —1 g / -1 / / —1
—dlag((tl—tl_p) Sty —th ) (et — 1) 11)

(k—p)—copies

(37)
In addition, define the following square matrices of order r € N:
1 1
S T el IR BCS
11 S

Note that S acts as a summation operator, while D) is similar to a difference
matrix.

With the above notation, we now define F, ;, ¢ inductively: Fy, o ¢ is as defined
in (33), and

Fopt i= D92 1y Fap 1Dy 1-9N) € RN — 1 k. (39)

For notational simplicity, we also write F, ,+ as F,, for each p = 0,1,...,k.
Note that F,, , depends on both o and t for p > 1, since Z,_1 v := Ep1Vas
depends on both « and t, and A,_; ¢ depends on t. Additionally, since ﬁ(q“),
Ep—1,v, Op_1t, and SV are all invertible, each F, , has full row rank by
induction. Furthermore, it is easy to see that if « is the empty set, then, in view
of Fy,0 = In and using induction, Fi, , = Iy for each p = 1,...,k, regardless of
the choice of t.
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For any K € N and any knot sequence t’ := (t;-)JK:O with (K + 1) knots, we
also define the following matrices inductively:

SO,t’ = IK+k—1; and Sp7t/ = Ak—p,t’ . S\(K+k71) . Sp—l,t’7 p= 1, ceey k.
(40)
A useful observation is that Fy, ;+ can be expressed in terms of S ¢. In fact, it
is easy to verify that Fy, 1t = Q- Fu,0.¢ - Skt for a suitable matrix (). It is shown
below that Fy, k¢ (or simply Fy, 1) constructed above is a suitable choice for F,
in the piecewise linear formulation of the function /b\p7t in (23).

Proposition 7.1. Fiz t € Tk, and let a be any index set defined in (21).
If a is nonempty, then the columns of F(;FJ%t form a basis of the null space of

(Dr.t)as; otherwise, Foy o = In.

Proof. When « is the empty set, it has been shown that Fg kt = In; see the
discussion below (39). Therefore, in what follows, consider the case when « is
nonempty. To simplify notation, we drop the subscript t in Kp,t, Dy, Apt, and
Syt for p = 0,1,...,k; see (8), (9), (36), and (40) for the definitions of A, g,
Dy, Ay, and S, ¢ respectively.

We first show via induction on p that there exists a constant c,; € R, de-
pending only on p and k, such that

D, SpT = Cpk [IN_p O(N—p)xp] , Vp=0,1,...,k. (41)

Clearly, this result holds for p = 0 with ¢ = 1. Given p > 1, and assuming that
(41) holds for (p — 1), it follows from (7)-(9), (36), (38), (40), and the induction
hypothesis that

Dy = (B, B0 D) (S5 B A
= Cp-1k 31;—113 DN=P) [IN*(pfl) O(N*(pfl))x(pfl)] (S\(N))TAK*F
= 1 B2, DV [BV=0=NT 1y yen)] Ak
= -1k A;Ep [IN—p O(N—p)xp} Ag—p
= Cpk 31;—113 [ﬁk—p O(N*p)Xp]
= OCpk [IN—p O(N*p)xp] )
where ¢, = —(k — p)cp—1x for p =1,...,k — 1, and ¢ = —cg—1,,. This

gives us (41).
Recalling that N = K,, + k — 1, it is easy to see via (9) and (33), that

(Do)as - Fao = (IN)as(IN)e(a U (K, Kot1,..,N}) = 0 € RIUX,

Moreover, it follows from the discussions below (40) that Fj = Q- Fy - Sk for
a suitable matrix ). Combining the above results, we have
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(Dk)ae FaTk = <(IKn—1)a. Dk) . (Q Fop Sk)T
— (Ival)a. Dy, - SI;F . Fg,o . QT
=ik (Ti,-1) yo [Tn—1 O, —1)xk] Fag- Q"
= Ckk (IN)Q, 'F(;,F,o QT = e (Do)ao 'FE,O Q"

= 0.
Since F, ; has full row rank, the g, columns of F, 012 , are linearly independent.
Additionally, since Dy, is of full row rank, as indicated after (9), so is (Dk)qe-
Therefore, rank[(Dy)qe| = || and the null space of (Dg)qe has dimension (K, +
k —1 — |a|), which is equal to g, in light of |a| + |a| = K, — 1. Therefore the
columns of Fg,k form a basis for the null space of (Dg)qe- O

The above proposition shows that for any knot sequent t € Tk, and any
index set «, the matrix F,, ¢ defined in (39) is a suitable choice for F, that
determines the linear piece Zj‘“% associated with a shown in (23). Hence we
conclude this subsection by setting

Fa = ak = Fa,k,t~ (42)

7.3. Properties of the matrix Fajf\r

As discussed in Section 7.1, the proof of the uniform Lipschitz property boils
down to establishing certain uniform bounds in the ¢,,-norm, including bounds
for |[(ELFaAFy )71\\00, where =/, is a diagonal matrix with positive diagonal
entries to be specified later. Recall that A := Ag, pt = K, - XTOX € RVxN
for a design point sequence P and a knot sequence t € T, ; see the definition

above (18). Note that the design matrix X depends on P and t, and
F,AFT = K, - (F,XT) -0 (F,XTT.

Therefore in order to study the matrix F,AF.YI, it is essential to know about
Fa):( T In Proposition 7.2, we determine the values of most of the entries of
F,XT in terms of certain B-splines. For this purpose, we first establish a tech-
nical lemma, which relates the B-spline design matrix X to certain truncated
power functions.

Let P = (z;), be a sequence of design points on the interval [0, 1]. For each
i=0,1,...,n, consider the truncated power function ¢; : [0,1] — R given by
]k—l-

pi(@) = [(z— @)+ (43)

In what follows, ¢;[so,s1,--.,Sp] denotes the pth order Newton divided differ-
ence of ¢; [8, page 3] at the points s, s1,...,5, € [0,1]. The following lemma
relates ¢; and X.

Lemma 7.1. Let t' := (t;‘)ngo be a sequence of (K + 1) distinct knots on [0, 1]
with t{, = 0, te = 1, and the usual extension. Let P := (x;)I, be a sequence
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of distinct design points with xo = 0 and x, =1, so thal the design matriz X

s given by (XT)]»(H_l) = B;:k(zz) for each i and j. For anyi = 1,...,n — 1,

j=1.... N.=K+k—-1,andp=0,1,... k,

(Akp) jj Pillspyps )] G=1,...,N=p,
S ) B -
(Sp’t/X )j(i+1) -’ Ni_:p 1<Pz('k pH)(l) (jN+p1) .
- = otherwise ,
prd (k—p+20)! 14
(44)

where the matriz Sy ¢ is defined in (40),

Proof. In what follows, we drop the subscript t’ in S, ¢ and A, ¢ to simplify
notation. Fix i =1,...,n—1and j=1,..., N. We proceed by induction on p.
Consider p = 0 first. By the definition of X and [8, page 87], we have

(S0 Xjen = (X)) = BE(w0) = (5~ tha) - @iltfpo- 1]
= (Ap)jj - pilt_gs -5 1]

Hence, (44) holds for p = 0.
Fix p = 1,...,k, and assume that the result holds for (p — 1). First, note

that since x; > 0 for all ¢ = 1,...,n, we have, in view of (43), that for each
q € 7, the g-th derivative gogq)(O) = 0. By [8, (viii) on page 6], we have, for all
p=0,1,... k,
S0(41%10)
Z‘tlfw..,t/ = Z’O,...,O :170 :0 45

(k—p+1) copies
We consider the following two cases.
Case 1: j = 1,..., N —p. In this case, by the definition of Ay_,1 in (36), the

structure of SV) in (38) and Sp—1 in (40), the induction hypothesis, and (45),
we have

XT _ A Q(N) B )’ET
(Sp >j(z‘+1> ( kep 577 Sp-a )j<i+1)
= (Ak—p)jj (S(N))j. (Sp—lXT).(i—H)
i
= (D) D (Sp1 X))
=1
i
= (Akp)ij OBk pit)ee- Gilthgip1s--- 1]
=1
i
= (Akfp)jj Z (té - tékarpfl) : SD’L [t27k+p71> e 7tlé] (46)
=1

M-

(Akfp)jj ((Pz [tléfk+p7 e 7tll] — ¥ [t27k+p717 s atéfl])

~
Il
_
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= (Bump)is  (#ilt g ) = Giltyir- - 0]
= (Brp)ij - Piltippr - 1),
where the derivation of (46) follows from [8, eqn.(20) on page 9]. Thus (44) holds
in Case 1.
Case 2: j =N —p+1,..., N. We show that (44) holds for p in this case by
induction on j.

Consider j = N — p + 1 first. Similar to the argument for Case 1, we use
(Ap—p)jj=1for j=N-—p+1,...,N and [8, eqn.(20) on page 9], to obtain

(50 %7)
(N—p+1)(i+1)

= (Akfp S(N) Sp—l XT)(N_p+1)(i+1)

= (Bk—p) (N—p+ 1) (N—pt1) - (S(N))(N—;U+1). (Spfl XT)-(¢+1)

N—-p+1
= Z (Sp—1 X )egizn)
(=1
N—p+1
= Y (Bipr)ee @ilttpipo--- 5 0]
=1
N—p+1
= Z (‘pi[tlf—k-&-pv s 7tﬂ 2 [té_k+p_1, . ,t2_1]>
=1
= Qoi[t/]\/'—k«l,»lv e 7t/1\/' ;DJrl] - SDi[tlpfk, e 7t6]
k—
il 11 % ”)( 1)
=pi[l,...,1] = -,

(k—p+1) copies

where the last equality follows from [8, (viii) on page 6] and the fact that for
any ¢ =1,...,n—1, x; <1 such that ¢;(-) is smooth at = 1. Hence (44) holds
for p in Case 2, when j = N —p+ 1.

Now, fix j =N —p+2,...,N, and assume that (44) holds for (j — 1). Since
(Ag—p)j; =1for j=N—p+1,...,N, we obtain via (40) that

S, X"
( ? )j(i+1)

= (Bk—p CRA XT)j(i+1)
(Ak—P) jj (S(N)) j (Sp—l XT)
j—1

e—l Sy X7) es+) Z_Zl(SpleT)f(iH) + (Sp-1 X 51

o(i+1)

|
Mm

-~

(Ak P)(; 1)(3 1) (S(N))(j—l)- (SpleT).(z'H) + (Spfl XT)j(i—H)

(Ak p’ 1XT) (Spfl XT)

G-D)(i+1) T JGi+1)
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= (S XT)(jfl)(iJrl) + (S XT)j(i+1)'

By the respective induction hypotheses on j and p, we further have

J—N+p—2 (pgkfp+5)(1) - N4p—2
)

(S” XT);‘(HU - (k—p+20)! 4

£=0

+ ; k—p+1+0) ¢

T ko (j ~Ni4p- 2)

—  (k—p+0) ¢
I =T
—  (k—p+0)! (-1
_ ) TR AT ) [ Nap-2 | (5N tp-2
 (k—-p)! — (k: p+4)! 1 -1
LT TR ) (- N
(k+j—N-1)! (k—p+20)! 1 '

£=0
Hence, (44) holds for p in Case 2 by induction. This completes the proof. O

Based on Lemma 7.1, we show next that most of the entries of Fa)? T are char-
acterized by certain B-splines defined by the knot sequence V,, ¢ (or simply V).

Proposition 7.2. Fiz a knot sequence t € Tk, , and an index set a defined in

(21) Let P := (x;), be a sequence of distinct design points with xo = 0 and
=1, so that the design matriz X is given by (X )ity = Bij(w:) for each i

and] Let V :=V, 1 be the knot sequence given by (34) and (35), and { B} g J“ 1

be the B-splines of order k with knot sequence V' and the usual extension, where
= |a|+ k. For eachi=1,...,n—1,

~ ~ T
(FGXT).(Hl) = (Favk:tXT).(i+1) = (B"f/,l(xi)7 BXQ(xi)’ """ J Bl‘f/,qa ($1)>
(47)

Proof. Recall that N =K, +k—1.Let t = (tj)]K:"O. Setting p = k, we have via
Lemma 7.1 that foreachi=1,...,n—1,

@i(tj) if j=1,....K, -1,
S, . XT =<{Ji-Kn (0 ;
( k.t )j(i+1) > %é'(l) (‘] _gKn> if j=Kp,...,N.
£=0 '

Therefore, in view of the definition of F,, ¢ (33) and that of 7; = 7o ¢ ; (34),
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(pi(Tj) j:l,...,|a|,
(FaotSktXT) = {i-lal-1 ) . —
0, ) (i w, (1) (j—la| -1 .=
e EER T =

=0

(48)

For the knot sequence V' := Vo ¢ = {70, 71,...,Tjg|+1} of (|&| + 2) knots with

70 = 0 and 7jz)41 = 1 given in (35) and the design point sequence P = ()i,

let Xy be the design matrix given by (()?V)T)j(H_l) = By ;(x;) for each i =

0,1,...,nand j = 1,...,q. Applying Lemma 7.1 with t' =V and p = k, we
see via (48) that for each i =1,...,n —1,

Sk,v - ((XV)T>.(Z»+1) = (Skv (XV)T).(HU = (Fa,O,t Skt XT) (49)

o(i+1)
Moreover, it follows from (37)-(40) that

Foz,lat XT

= (B(q"“) Epory - D) Zp - Do) EO,V) (Fat Skt X7)

~ ~ ~ -1 ~
= (AO,V . §(q) Ay - G(ga) . A1y §(aa) | So,v) - (Fa0.t Skt XT)
—1 ~

= (Skv) - (FaotSkeXT).
Hence Siv Fokt XT = 0,0, Skt XT and for each i = 1,...,n—1, Spv -
(Faset X Da(ir1) = (Fa0.t Skt XT).(Z.H). Since the matrix Sy is invertible,
we have, foreach i =1,...,n — 1, (Fart X’T).(Hl) = (()?V)T).(i+1), via (49).
Therefore by the definition of Xy and (42), we obtain

~ ~ T
(FaX™) o1y = Fane X7) sy = (B @), Bla(), ooy BY g (@)

foreachi=1,...,n—1. O

The following proposition reveals further properties of Fy, ¢ (or simply Fy,)
based on Proposition 7.2. In particular, it interprets the result in (47) in terms
of B-spline functions and shows that (47) holds for i = 0, n using the continuity
of B-splines.

Proposition 7.3. For any given k,K,, € N, a knot sequence t € Tk, , an
index set o defined in (21), and the knot sequence V := V¢ given by (35), the
B-splines { By ,}§=, and { B ;}}_, satisfy
N
> (Fa)y; Brj(x) = BY (=), vz e 0,1], (50)
j=1

for each £ =1,...,qn, where Fy, := Fy, i+ s given by (389).

Proof. Let x, be an arbitrary but fixed real number in the open interval (0, 1).
Consider a sequence of design points P = (z;)!, with g = 0 and x,, = 1
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such that z;, = z, for some i, € {1,...,n — 1}. As before, let X be the
design matrix defined by the B-splines Bt and P. By Proposition 7.2, we have
(F,XT )e(in41) = Bk’e(x*) for any ¢ = 1,...,qa. In light of (F,XT )e(int1) =

Zé\]:l (Fa)g; Bt (), we deduce that for any £ =1,...,qa,

N
Z Bkj (z.) = (F‘XXT)Z(@+1) = Byy(x.).

j=1

This shows that (50) holds for all z € (0,1). Since By ;(-) and B/ V,(+) are right
continuous on [0, 1) for any j, ¢, t, and «, we conclude that (50) holds for 2 = 0.
Finally, the continuity of Bt7](~) and B,‘éé( ) on [tk,—1,tk,] also implies that
(50) holds at 2 = 1. Setting © = xg, ,, demonstrates that (47) holds for i = 0, n,
via the definition of X. O

7.4. Preliminary uniform bounds

This subsection establishes uniform bounds and uniform approximation error
bounds of several of the constructed matrices.

We first derive uniform bounds for || F || and || £ Zk,v Fa s using Propo-
sition 7.3. We introduce more notation. Let e; be the ¢th standard basis vec-
tor in the Euclidean space, i.e., [e¢], = d¢;. Moreover, for a given vector v =
(v1,...,v;) € RI, the number of sign changes of v is defined as the largest inte-
ger 1, € Z such that for some 1 < ji < -+ < jp, <7, v - vj,,, <0 for each
i=1,...,7, [8, page 138]. Clearly, e, has zero sign changes for each ¢.

Proposition 7.4. Fiz k, K, € N, t € Tk, , and an index set « defined in (21).
Let F, := Fy 4 be given by (42) and V := V¢ be given by (35). Then the
following hold:

(1) F, is a nonnegatwe matm'm, 1FY]|oo =1, and
(2) 1% Brv Fall o < 55

OO_Ctl

Proof. (1) Observe that the knot sequence t either can be formed by inserting
additional knots into the knot sequence V (if a # (), or is the same as V (if
a=0).Fix{=1,...,q,. By Proposition 7.3, we see that

da

> (Fo); Bhj(x) = Bly(x) = > led], BY(x), Vaelo,1].

Jj=1 i=1

Since e, has zero sign changes, we deduce via [8, Lemma 27, Chapter XI] that
(F.),, has zero sign changes. This shows that either (Fy,),, >0 or (F,),, <0.
In view of the nonnegativity of B}, ; and (50), the latter implies that B,Ke(ac) <0
for all z € [0,1]. But this contradicts the fact that By ,(x) > 0 when z is in the
interior of the support of B,XZ. Therefore, F, is a nonnegative matrix.
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Next, define b € RY such that b:= F} -1, , i.e, b; = > 1= (Fy),; for each
j =1,...,N. By the nonnegativity of F,, we have ||FTHOo =|ET 1, |l =
116]] oo - Further in view of item (i) in Section 3 and Proposition 7.3,

N N  4qa N
ijBltc,j(m) = ZZ(F ZJBk ZZ KJBk]
j=1 j=1¢=1 =1 j=1
da
:ZBXZ(:B):L vV xel0,1].
{=1

Since the Bf k; s form a partition of unity and a basis of the space of order k
splines with the knot sequence t, we must have b = 15 by the above display.
Thus ||FY||e = ||b]lcc = 1. This completes the proof of statement (1).

(2) Tt follows from (50) that for each £ =1,...,¢q, ZN: (F )ejBE () =0
except on the support of BY yo given by [r_p, 7] = [ti,_,,t;,] for some iy
and ig_g. Note that iy := £ if £ < 0, and 4z4p = K, +p — 1 for any
p = 1,...,k; furthermore, t;, = 0if £ < 0 and ¢;,, = 1 for ¢ > |a| + 1. Ad-
ditionally, for any r = 1,..., K,,, the B-splines B . that are not identically
zero on [t,_1,t,] are hnearly mdependent when restncted to [ty—1,t,]. Hence, if
Z;V:l(Fa)ngk’j( ) = B,XZ( ) =0,V z € [t,_1,t,] for some r, then (F,);; =0
for each j = r,r —|— 1,...,7 4+ k — 1. This, along with the fact that By ,(x) = 0
except on [t;,_,,ti,], shows that (Fp)e; =0forall j =1,2,... 4 +k—1and
j=1i¢+1,i+2,...,N. Moreover, by the nonnegativity of F, and ||F|» =1,
we see that all nonzero entries of F,, are less than or equal to one. Therefore,
by the definition of Ej v (cf. (37)), we have, for each £ =1, ..., qq,

(52 )
le 50

1 k L
Ko ti[ B tn—k J=te—r+k
k

— '(ié_iéfk_k-‘rl).

(Foz)éj

< .
= T

&~

0 le—k

By virtue of the discussions before

—~

24), we also have

ct
ti, — t”kZKl(Zg—Zg k—k—l—l) > 0.
Consequently, we obtain, for each £ = 1,...,qq, ’( Hk vy )e.” < k/c1.
O

This completes the proof of statement (2).
Motivated by Proposition 7.4, we define the following diagonal matrix with
positive diagonal entries for the given a, t, and V :=V,, ¢:

Eix = = Ek,Va (51)

where the diagonal matrix =y, v is given in (37). By Proposition 7.4, both || FY ||
and ||Z/,Fy|loo are uniformly bounded. As discussed in Section 7.1, in order to
establish the uniform Lipschitz property, it remains to establish a uniform bound
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on H (E’a F, A FQT) ! Hoo We will demonstrate that =/ F,, A Fl approximates a
certain B-spline Gramian matrix to obtain such a bound.

Consider the kth order B-splines {B,Zj }\](i;s-k corresponding to the knot se-
quence V := V, ¢ defined in (35), associated with t € Tk, and any index

set « defined in (21). Recall that g, = [@| + k. Define the Gramian matrix
Ga ¢ € R¥2X9 a5

(B BL)
(Ga,t)ij T = vza] = ]-a"'aqoc' (52)
' HBk,iHLl
Proposition 7.5 given below shows that =/ F,,AF.l approximates Gqt with a
uniform approximation error bound. Its proof relies on the following technical
lemma, which characterizes the difference between an integral of a continuous
function and its discrete approximation.

Lemma 7.2. Let n € N, [a,b] C R with a < b, and the sequence of points
(8))y with a = 89 < 81 < --- < 85 = b be such that max;—1, 7 |si —si—1] < o
for some o > 0. Let a continuous function f : [a,b] — R be differentiable on
[a,b] except at finitely many points in [a,b]. Let the positive constant p be such
that | f'(z)] < p for any x € [a,b] where f'(z) exists. Then

n

b
Zf(si—l) (5i—si—1) — / f(z)dx

i=1

3
< 5 pe(b —a).

Proof. Fix an arbitrary ¢ € {1,...,n}. Suppose that 31,...,5-1 € (8i—1,5;)
with s;_1 : =80 < 81 <83 < --- < §p_1 < S := s; are the only points where f is
not differentiable on the interval (s;_1, s;). It follows from the continuity of f and
the Mean-value Theorem that for each j = 1,...,¢, there exists &; € (5;-1,5;)
such that
J
f(35) = fE5-1) + [1(&)E5 —3j-1) = f(si-1) + Zf’(fr)(gr —5p_1)-

r=1

Since f is continuous and piecewise differentiable, we have

[ s (s i)

s
= ’ Z_:/zl {f(gjfl) + [ (&) (2 — gj—l)}dﬂ«” — (si — si-1) f(si1) ’

IN

| 5 [£(sim1) L3 e - 51| (55 = 5im1) = (50— sim1) flsicn) |
j=1 r=1

+ ‘ é/jl f(&a)(x —535-1)da ’
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¢ ¢
< | X FEE ) -5+ 56 -5)
Jj=1 j=1
3 3
< ?'u(sZ - Si_1)2 < %(Sz —8i-1)-
Consequently,

Si—1

‘zﬁ:f(sil) (si — si,l) — /b f(z) dx‘ < zﬁ: ’f(si,l) (si — si,l) — " flx) dx’
i=1 a i=1

" 30 3o
SZT(Si—Sifl) = —(b—a).
i=1

This completes the proof. O

Proposition 7.5. Let (K,,) be an increasing sequence with K, — oo and % —
0asn — oo. Let Fy := Fy 1, V i=Va, B, = (k/Ky) Ekv, and A := Ak, pt
be defined for K,, P € P,, t € Tk, and the index set o. Then there exists
ny1 € N, independent of P, t, and «, such that for any P € P, and t € Tk,
with n > ny, and any index set « defined in (21),

16]4336“,72 Kn

< —F—= , Vn>n.

—_/ T
H Gat —E, Fo AF,
o) Ct,1 n

Proof. Let P = (z;)I,. In light of (6), (37), the definitions of X, ©, and A,
(47), and (51), we have, for any j,r =1,...,¢qa,

J,r K’IL j,r i Yk
1 n
= Bl S BY o) B(e) (e —zen). (39)
=1
Consider k = 1 first. In this case, G4 is diagonal (see the summary of

B-spline properties in Section 2.2 for the reason), and

-1
(Gavt)j,j = ||I[tij,17tij) ||L1 '<I[tij,1,tij)’ I[tij,l,tij)> =L

Additionally, =/ F,AFT is also diagonal in view of the definitions of A and

X, (47), and (51). Since P € P,,, V Ct € Tx,, and (|BY,l|z,) " = —— =
’ vig Tl

(E1,v)j,j, we have, by (53), that for each j,

(BLraARD) =1 = (K 'S RAFT) 1)
VEY) VEY)
n Iti. i (xe—l) 2 K
= Z oty (g —mwp—1) — 1] < i i
=t —li ctan

Thus the proposition holds for k£ = 1.
We consider k£ > 2 next. Note that B,‘:J() X B,KT(~) is continuous and differ-
entiable on [0, 1] except at (at most) finitely many points in [0, 1]. In light of



1424 T. M. Lebair and J. Shen

items (i) and (ii) in Section 3, as well as the discussion following (14), we have,
for any x € [0,1] where the derivative exists,

(B@) -

Hence, we also have that

(BY,0)BY, ()

2(k — 1)

Ct,1

< 2max

K,.
;i n

y Bl‘f/—Le(Jﬂ)’ <

(24

k—1)

= ‘(BXJ-)/(:E)BX,T(:U) +BY(x) (B,gr>’(x)‘ <X .

(54)

Ct,1

For a fixed j, let x4, ,1 and xp; 1 be the first and last points in P such that
Ta;—1,Th;—1 € [ti;_,,ti;] Slnce P € P, we have |x,,_1 —t;;_,| < “’TQ and
ey, —ti,| < 2. Therefore by (6), we obtain

2w,2
(55)
(14)

‘xbj *xay‘—1| < |$b_,» *tij|+|tij *tij—k|+|xaj—1 ti;_ k| < kHBkJHLl

Since % — 0 as n — oo, we deduce via (6) and the discussion following
that there exists n; sufficiently large (depending on (K,) only) such that

2¢,,2 1 v

n < kK, < ||Bk7jHL1’
Hence, combining (55) and (56), we have ’xbj - xaj,1| < (k+1 HB,YJHL1
Vn 2 n1. By this result, (53)-(54), (56) and Lemma 7.2, with a := 24,1, b :=
Ty, 8i = Ta;—14is @ = Cu2/N, f(2) = B,Zj(x) . B,‘;T(x) satisfying || f]leo < 1,
and p = (k—ll)Kn, we obtain that for any j,r =1,..., qa,

Vn>n. (56)

ZL’bj

|Bkj||L1 Zf To1)(Te —T0-1) — / ft)de

l=a; Taj—1

Tq.—1 tij
ot (| [ o] o] [ o]
t'ij—k Zb;
3 k= )Ry e

<y, S e
B (17 = o+ s — ]

<8l 5 S S e DB, + B

< Koz Kn | 2ok Kn  BEcws Kn Vo> n

Ct,1 n 1 N Ct1 n

Based on the support of each B ki each row of G and = F, AFET has at most
(2k — 1) nonzero entries. Thus, we deduce that for any a, t € Tk, , and P € Py,
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8k‘2cw,2 K, < 16k:3cw,2 K,

HGa,t _ = F,AFT

< (2k—1)-

[e'e] Ct71 n Ct71 n
This yields the uniform approximation error bound. U

The following technical lemma is instrumental to attaining a uniform bound
on the inverses of size-varying matrices in the next corollary.
Lemma 7.3. Let {A; € R"*" : €T} and {B; € R"*" . €T} be two
families of invertible matrices for a (possibly infinite) index set T, where n; € N
need not be the same for different i € Z. Suppose that p := sup;c HAi_lnoo < 00
and sup;cz ||Ai — Billoo < i Then for alli € T, | B; || < 21
Proof. Define C; := B; — A; so that ||Cj|e < ﬁ for each i € Z. Since B; =
A; + C; and A; is invertible, we have A;lBi =1+ A;lCi. Hence, we obtain

1, 1 e N
HAi ClHOO < HAz Hoo HCZHOO <p 2% = 27VZ€I-

c
~ = Tl
A;lBi =1+ A;lci again, we further have that

Furthermore, ‘(I—I—Ai_lCi)_lH < 2,V i € Z. Using

(2

187 = |J@+a7re) ™ a7 < farare)T| 4 e < 20

for all i € Z. This yields the desired bound for B; 1 O

An immediate consequence of Proposition 7.5 and Lemma 7.3 is a uniform
bound on the inverse of =/, F,AF! in the {,,-norm. Note that each =, F,AF.]
is invertible, since A is positive definite (see Section 3.2), F, has full row rank

(see Section 7.2), and =/ is invertible.

Corollary 7.1. Let (K,) be an increasing sequence with K, — oo and % —0
asn — oo. For any P € Py, t € Tk,,, and index set « defined in (21), let F,, :=
Fort, 2y = (k/K,) kv for the knot sequence V := Vi, and A := Ak, pt.

There exists n. € N, which depends on (K,) only, such that for any P € P,
and t € Tk, with n > n,, and any index set «,

where py, s a positive constant depending on k only.

Proof. Choose arbitrary a, t € Tk,, and P € P,. By [34, Theorem 1] (cf.
Theorem 7.1), the Gramian matrix Gq ¢ is invertible and there exists a positive
constant pg, independent of v, t, P, such that ||(Gat) oo < pk. Also, it follows

3
from Proposition 7.5 that |Gt — ELFAAFY |00 < 16k co2 Kn  provided that

— ct,1 n ?
n > ny. Since % — 00 as n — 00, we deduce from Lemma 7.3 that there exists
n. € N with n, > ny such that for any P € P, and t € Tg, with n > n,, and

any index set a, ||(E,FLAFD) || < 201 m

ELFaAFD) | < 20,

o0
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7.5. Proof of Theorem 3.1

We apply the results established in the previous subsections to show the uniform
Lipschitz property of bp+(-) stated in Theorem 3.1. Fix the B-spline order k € N.
Let the strictly increasing sequence (k) be such that K, — oo and K,,/n — 0
as n — 0o.

Let n > n, (cf. Corollary 7.1). Fix P € P,,, t € Tk, , and an index set « de-
fined in (21). Recall that ¢, = |[a|+k, N = K,,+k—1, A := Ak, py € RV*N and
V 1=V, . We then construct the following matrices based on the previous de-
velopments: Fy, := F, ¢ € R%*N (cf. (39)) and 2, := (k/K,)Eyy € Rla*da
(cf. (37)). In light of Proposition 7.1 and (23), the linear piece of /gp’t(') corre-
sponding to « is Bap’t(y) = Fr. (FaAFE) -t -F, y. By combining Proposition 7.4
and Corollary 7.1, we have that

IN

1EX o - EaFa AFD) - IE0 Pl

FTI . (F,AFD) ' F,

k
< 1-2p — =i Ceos
Ct,1
Since n > ny, P € Py, t € Tk, and « are arbitrary, the uniform Lipschitz
property of bp(-) holds.
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