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Extremes of local times for simple random walks on
symmetric trees
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Abstract

We consider local times of the simple random walk on the b-ary tree of depth n
and study a point process which encodes the location of the vertex with the maxi-
mal local time and the properly centered maximum over leaves of each subtree of
depth r, rooted at the (n — r,) level, where (r,).>1 satisfies lim, o r, = oo and
limsup,,_, . n/n < 1. We show that the point process weakly converges to a Cox
process with intensity measure aZo(dz) ® e~ 2V°2? ¥dy, where a > 0 is a constant
and Z is a random measure on [0, 1] which has the same law as the limit of a crit-
ical random multiplicative cascade measure up to a scale factor. As a corollary, we
establish convergence in law of the maximum of local times over leaves to a randomly
shifted Gumbel distribution.
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1 Introduction

Much efforts have been made in the study of the so-called log-correlated random
fields such as branching Brownian motion (BBM), branching random walk (BRW), and
two-dimensional discrete Gaussian free field (DGFF). One of the remarkable features of
these models is that laws of their maxima share common properties: each of the laws
weakly converges to a randomly shifted Gumbel distribution [34, 1, 21]. It is believed
that each of the limiting extremal processes of a wide class of log-correlated fields
converges to a so-called randomly shifted decorated Poisson point process [39] and it is
established for the BBM [2, 5], the BRW [37], and the two-dimensional DGFF [15].

It is well-known that local times of random walks on graphs have close relationships
with DGFFs thanks to “the generalized second Ray-Knight theorem” [30] (this goes back
to the Dynkin isomorphism [29]) which has many applications, for example, to the cover
time [25, 24, 40]. Since the occupation time field of the simple random walk on the tree
or on the two-dimensional lattice is closely related to the BRW or two-dimensional DGFF
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respectively, it is natural to expect that their maxima and cover times belong to the
universality class mentioned above: it is known that the cover times have subleading
terms similar to other log-correlated fields [27, 9] and that they are tight [20, 10, 11],
but further details are still open.

In this paper, we consider local times of the simple random walk on the b-ary tree
of depth n at a time much larger than the maximal hitting time of any vertex and study
convergence of a point process encoding extreme local maxima of the local times as
n — 0o.

To state our result, we begin with some notation. We fix an arbitrary integer b > 2
throughout the paper. We will write T to denote the b-ary tree with root p: this is a
rooted tree whose vertices have exactly b children. Let 7; be the set of vertices in the i-th
generation of T'. Set T<,, := Ul' ;T;. For v € T, we will write |v| to denote the depth of v,
i.e. the generation to which v belongs. For u € T, let T" be the subtree of T rooted at w,
and we define T} and T, similarly. For v,u € T, let v A u be the most recent common
ancestor of v and . -

Let X = (X, t >0, P,, v € T<,) be the continuous-time simple random walk on 7<,,
with exponential holding times of parameter 1. We define the local time of X by

1 t
L;L(U) = m/o 1{stv}d37 v E TSTH t>0,

where deg(v) is the degree of v, and the inverse local time at p by
7(t):==inf{s >0: LY (p) >t}, t>0.

Let £(T) be the set of all edges on 7. Let (Y.).cg(r) be independent and identically
distributed random variables whose common law is the normal distribution with mean
0 and variance 1/2. To each v € T, we assign h,, := Z‘;’:'l Yev, where ef, ..., ef;\ are the
edges on the unique shortest path from p to v. We will call (h,),er @ BRW on T'. It is
well-known that the so-called derivative martingale

Dy = 3 (Viogh ) eV RRHVETT 1)

veT),

converges almost surely as n — oo, and the limit

Dy = lim D, (1.1)
n— oo
is positive and finite almost surely (see, for example, [12, Theorem 5.1, 5.2] or [1,
Proposition A.3]). To each v € T, we assign a distinct label (vy,...,7},|) with v; €
{0,...,b—1} for all 1 < i < [v| so that the vertices with labels (v1,...,7},, k), k €
{0,...,b— 1} are children of v. We define the location of v € T by

|v]
o(v) = Z

For eachn € IN and = € [0, 1], let v(x) be the vertex in T,, with = € [o(v(x)),o(v(x))+b~").
We define the random measure called a (critical) random multiplicative cascade measure
by

‘@\

(1.2)

o

Zn(dz) = b" (\/logh n = hye) ) =2V EEHVIED 1) g, (1.3)

where dz is the Lebesgue measure on [0,1]. Barral, Rhodes, and Vargas [7] observed
that
the weak limit Z, := lim Z,, exists almost surely. (1.4)

n—oo
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For each v € T, set I, := [0(v),o(v) + b~ "]. The random measure Z, satisfies that
(ZoolL))ser, £ (72/PITETn)DQ)

where «dn means that the laws of the left and the right are the same and Déz), veT,
are independent copies of D, which are independent of (h,),er,. See [8, 23] for more
details on 7.

For each (z,y) € [0,1] x R, we write §(, ,) to denote the Dirac measure at (z,y). For
each 0 < m < n, we define the point process on [0, 1] x R by

=(m) o
—n,t - ue; 5(a<argmaxU€T;¢L Lf(t)(v)), maxy,eTy 1/LZ(t)(’u)—\/f—an(t))’ (1.5)
where the centering sequence a,,(t) is given by
3 1 Vi+n
n(t) :=+/logbn — 1 — 1 , 1.6
on(t) = Vioghn g phogn — s () .o

and for each u € Ty, argmax, e L7, (v) is the vertex v, on 7% C T, with L2 (0i) =
maxX,eru L’T’( t)(v). (If two or more vertices on 7% attain the maximum, we take the one
whose location (recall the definition from (1.2)) is the largest among such vertices.) We
regard Eﬁ:’? as an element of all Radon measures on Borel sets of [0, 1] x R topologized
with the vague topology. Since this space is metrizable as a complete separable metric
space, we can consider convergence in law of sequences of random measures. Given
a random measure v on [0,1] x R, we will write PPP(v) to denote a point process on
[0,1] x R which, conditioned on v, is a Poisson point process with intensity measure v
(that is PPP(v) is a Cox process). We now state the main result of this paper:

Theorem 1.1. There exists ¢; > 0 such that for any sequence (t,,),,>1 with lim,,_, \/;” =
0 € [0,00] and t,, > cynlogn for each n € N, and any sequence (ry,),>1 With lim,_,o 1, =

’:‘("‘n)

oo and limsup,, ., m,/n < 1, the point process converges in law to a Cox process

—n,ln
4
PPP (\fﬁw*zoo(dx) ® 2+/logb e~ 2Vioe?b ydy) (1.7)
s

asn — oo, where Z, is the random measure on [0, 1] in (1.4),

04l if 9 € [0,00),

6++/log b
B, i= (1.8)
1 if 6 = o0,
and ,
Y = lim ze?Viogb 2 p (max hy > /logb £+ z) dz. (1.9)
=00 Jp2/5 veTy

Remark 1.2. The existence of the limit (1.9) is non-trivial. It is proved in the proof of
Proposition 5.1. Results similar to Theorem 1.1 are known for the BBM [4] and the
two-dimensional DGFF [13, 14]. Our setting is inspired by [16]. The convergence of the
full extremal process has been established for the BBM [2, 5], the BRW [37], and the
two-dimensional DGFF [15]. Related convergence for the local times on the b-ary tree
will be studied in a sequel paper.

By Theorem 1.1 and a tail estimate of the maximum of local times over leaves
(Proposition 3.1(i) below), we have:

EJP 23 (2018), paper 40. http://www.imstat.org/ejp/
Page 3/41


http://dx.doi.org/10.1214/18-EJP164
http://www.imstat.org/ejp/

Extremes of local times on symmetric trees

Corollary 1.3. There exists ¢c; > 0 such that for all A € R and any sequence (t,,),>1 with

lim,, oo ‘/f =6 € [0,00] and t,, > cynlogn for eachn € NN,

lim P, (max L;’(tn)(v) < Vin + an(ty) + A) =E [6_%/3*7*Dwe ., (1.10)

—2ylog b >\i|
n—oo veTy,

where D, B« and v, are given by (1.1), (1.8) and (1.9), respectively.

Remark 1.4. Let (h,)yer be @ BRW on 7. By Theorem 2.2 and Lemma A.7, one can
show that for all A € R and any sequence (t,),>1 with lim,,_,~ v/%,/n? = oo,

lim P (max hy <mg, + )\)

n—00 veT,
4 o—2VIGET.
= lim P, (max,/L"”, \(v)<Vt,+m,+X)=E|e Tz vx Dooe™2VI0EH , (1.11)
n—oo L veTy, (tn)

where 7, is given in (1.9) and the centering sequence m,, is defined by

3
n=+0loghn — ———1
m ogbn 1Vlos? ogn

(Note that the convergence of the maximum of the BRW has already been established
in [6, 1, 22].) The centering sequence a,(t,) in (1.10) is different from m,, by the term

T \/110@ log (%”) which is non-negligible only when 6 < occ.

The organization of the paper is as follows. Section 2 gives preliminary lemmas which
we use repeatedly throughout the paper. In Section 3, we obtain tail probabilities of the
maximum of local times over leaves which are essential to next sections. One can find
that for each leaf v, the law of the local time process along the path from p to v is the
same as that of a zero-dimensional squared Bessel process (see Lemma 2.3). By this
and the Markov property of local time processes (see Lemma 2.1), roughly speaking,
one can regard the field of local times over the set of leaves as a branching Bessel
process. This gives hints of how to estimate the tail of the maximum of local times over
leaves: we use the constraint first and second moment methods developed in the BBM,
BRW, and two-dimensional DGFF settings. (See, for example, [18, 1, 21]. We especially
use techniques in [28, 21].) Typical behavior of a vertex with extreme local time is as
follows: the local time process along the path from the root to the vertex stays below the
curve defined in (3.5) and finally reach the maximal value at the vertex (see the proof of
Proposition 3.1). In Section 4, we show that two leaves with local times near maxima
are either very close or far away. This suggests that local maximizers are distributed as
a Poisson nature. More technically, this implies that E;”t; q)|[0’1]x[z’ ) = Efft) l10,1]x[2, o)
with probability tending to 1 as n — co and then ¢ — co, which is one of the key steps
in the proof of Theorem 1.1. In Section 5, we obtain a limiting tail of the maximum of
local times over leaves which is crucial to study the Laplace functional of Eﬁj’; 9 In the
estimate, entropic repulsion (Lemma 2.4(ii)) plays an important role: this enables us to
compute the tail of the maximum by using the reflection principle of a Brownian motion.
In Section 6, we give the proof of Theorem 1.1 and Corollary 1.3.

We should emphasize that it is more convenient to study “continuous” version of
local times rather than the original “discrete” ones especially when we estimate tail
probabilities of the maximum of the local times over leaves. To take the advantage,
motivated by [35, 40], we consider the local time process of the Brownian motion on the
associated metric tree as the “continuous” version.

We will write ¢y, ¢, ... to denote positive universal constants whose values are fixed
within each argument. We use ¢; (M), ca(M) ... for positive constants which depend on
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M. Given sequences (c,,),>1 and (c),)n>1, we write ¢}, = O(c,,) if there exists a universal
constant C such that |}, /c,,| < C for all n > 1. We write |S| to denote the cardinality of a
set S.

2 Preliminary lemmas

In this section, we collect some lemmas which we use repeatedly throughout the
paper. We first recall the metric tree and the Brownian motions on it. In the study of
local times of random walks on graphs, Lupu [35] and Zhai [40] used the corresponding
metric graphs and Brownian motions. We follow the approach and find it advantageous
in obtaining precise tail probabilities of the maximum of local times over leaves on
the b-ary tree. Given a graph G, we will write E(G) to denote the edge set of G. Let
T be the b-ary tree. We regard each e € E(T) as an interval of length 1/2 by setting
I :={e} x (0,3). Set I, := I, U{e™,e"}, where e~,e* € T be the endpoints of the edge
e. Let m, be the map from . to (0, 1) defined by 7.((e, z)) := 2. We extend . to the map
from I, to [0, 3] by setting m.(e™) := 0, me(et) := 1. We define a metric tree of depth n
by

72

T<n =T<, U U I..
e€E(T<y)

For each k € IN and v € T, we will write Tz . to denote the metric tree corresponding to

the subtree T%k. We define the metric d(-, -) on Tgn as follows: for x,y € Tgn, let e, and
ey be the edges with = € I, and y € I, respectively. In the case I., # I.,, we define
d(z,y) by

min {7 (2) = 7. (0] + 50,0 + [, () = e, ] 0 € e b e ey |

where d, is the graph distance on T<,. In the case I., = I.,, we set d(z,y) := |7, (z) —
e, (y)|. We define a measure m on T<,, by

m(dz) = Y 1y (z)ve(dz),

e€E(T<y)

where v, := v o,, and v is the Lebesgue measure on (0,1/2). We have a m-symmetric
Hunt process on Tgn with continuous sample paths such that on each I., it behaves
like a standard Brownian motion on (0, 1/2) until it hits {e~,e*}, and when it starts at
a vertex v, it chooses one of the edges incident to v uniformly at random, and moves
on it as described above. See, for example, [31, 33, 35] for the construction. We write
X = (Xt7 t>0, Px, T e T<n) to denote the process and call it a Brownian motion on T<n.
It is known that X restricted to T<, behaves like a simple random walk on T, in the
following sense: for all v € T<,, and 1 < i < deg(v),

Py(Xs, =vi) = mv (2.1)
where v, .. + Vdeg(v) are vertices on T<, adjacent to v, and S, is the hitting time of
{v1,. .., Vgeg(v) } DY X. See, for example, [31, Theorem 2.1] or [35, Section 2]. By [35,
Section 2], X has a space-time continuous local time {Lr(z) : (t,z) € [0, 00) x Tgn} and
the following holds for each v € T'<,, under P,:

L% (v) 2 Exp (deg(v)), (2.2)

where Exp(m) is an exponential random variable with mean m~!. We define the inverse
local time by _
T(t) :=inf{s >0: LY (p) > t}, t>0.
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By (2.1) and (2.2), we have

Tn = d n
(L?(t)(v))uenn under P, = (LT(t) (U)) under P,. (2.3)

UETS,L

The following is the Markov property of local times of the Brownian motion on Tgn. The
discrete version can be found in [24, Lemma 2.6].

Lemma 2.1. Fixn € N,t > 0, and a € T<,\T,,. Let F' be the o-field generated by
L2 (@), @ € {a} UTe,\T® Then, the law of {Eg(t)(x) Lz € Tgnf‘a‘\{a}} under

<n-—|a|"

ISP(.|]—'T) is the same as that of Efl(zn @
T ?(t) a

} is a local time of a Brownian motion on Tgnf‘a‘ and

)(x) S fgn_al\{a}} under P,, where

{T4@): (s0) € [0,00) x T,
7H(s) == inf{r : L¥(a) > s}.

The proof of Lemma 2.1 is given in Section A.2.

The generalized second Ray-Knight theorem connects local times and BRWs:

Theorem 2.2. ([40]) For allt > 0 and n € N, on the same probability space, one
can construct a local time (L}, (v))ver., and two BRWs (hy)ver.,, (hy)vere, on T<y
satisfying the following:

(L7 (v))ver., and (hy)ver., are independent, (2.4)

2
L7 (v) + (hy)? = (hﬁJ + \/i) , foreachv € T,, almost surely. (2.5)

The construction of the coupling in Theorem 2.2 can be found in the proof of Theorem
3.1 of [40]. (Note that Zhai constructed the coupling in a more general setting and that
in the context of [40], the law of the DGFF on a b-ary tree is the same as that of our BRW
scaled by v/2.) Let C[0, oo) be the space of real-valued continuous functions on [0, o)
and B (C[0, c0)) be the o-field generated by cylinder sets in C[0, o). Given v € T and
s € [0, [v]], let vy be the point on the unique path from p to v with d(p,vs) = s/2. We have
a nice connection between the local time and the 0-dimensional squared Bessel process.

Lemma 2.3. ([9, Lemma 7.7]) Forallt > 0 andv € T,,

~ ~ 1
{Lg(t)(vs) 0<s< n} under P, 4 {2XS 0<s< n} under Qgt,

where Q¢ is a law on (C[0,c0), B(C[0,00))) under which the coordinate process { X, :
s > 0} is a d-dimensional squared Bessel process started at x.

Note that our setting is different from that of [9, Lemma 7.7]. Notwithstanding,
given Lemma A.1, the proof of Lemma 2.3 is almost the same as that of [9, Lemma
7.7], so we omit the proof of Lemma 2.3. It is known that the laws of 0-dimensional and
1-dimensional squared Bessel processes are related to each other by the Radon-Nikodym

derivative
dQ) z \'* 3 (1
@'Jfﬁﬂ{Ho>t} = <Xt> exp —§/0 st , (2.6)

for allt > 0 and « > 0, where Hy := inf{t > 0: X; = 0} and F; is the o-field generated
by {X, : s < t}. See, for example, [9, (7.31)]. The transition semigroup {Q? : t > 0} of a
0-dimensional squared Bessel process is given by

Q0(x,) = exp (72%) So+Qu(w,), >0, 2.7)
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where §; is the Dirac measure at 0. @t(ar, -) in (2.7) has the density

1 /z r+y VY
qto(x7y) = %\/;exp <_2t) Il <t) , LY € (O’OO)? (28)
where I;(-) is the modified Bessel function of the first kind
O o\ 2k+1 1
IAETS Sl E) pa— 29
1(2) ];) 2) B+ (2.9)

We will use the following asymptotic behavior of I;(+):

L(z) = \/62%(1—1—0(1/2))7 as z — 0. (2.10)

See, for example, [38, Chapter XI, §1] or [17, Section 2] for the details on squared Bessel
processes.

Let (Bs,s > 0, P2, x € R) be a Brownian motion on R with variance 1/2. To estimate

tail probabilities of the maximum of local times over leaves, we frequently use the
following.

Lemma 2.4. ([21, Lemma 3.6]) Fix a constant C > 0. For z > 0 and s > 0, set

ps.-(x)dx = PP (By € do, B, < z, 0 < Vr < s)

1 z2 2z—a)2
= N <es—e( o )dx, z <z, (2.11)

s o (z)dr = PP (Bs €dr,B, <z+2% +C(rA(s—r)», 0<Vr < 5) .

(i) There exists ¢y > 0 such that forany z > 1, s >0, andz < z + z%,

L
0

wo (@) < crzlz + 27

(ii) There exists 6, with lim,_, ., §, = 0 such that forall z > 1, x < 0, and s > z2 + 22,
/‘:,z(x) < (1462 ps, = ().

3 Tail of maximum of local time over leaves

The aim of this section is to obtain the following tail estimates of the maximum of
local times of the simple random walk on the b-ary tree over leaves. Recall the definition
of a,,(t) from (1.6).

Proposition 3.1. (i) There exist ¢1, ¢y € (0, o0) such that for allt > 0,y > 0, andn € NN,

n ~2V108b y—c2 e
P, née%x LT(t)(v) 2\/£—|—an(t)+y <c1(1+ye e 2w, (3.1)
(ii) There exist c3 > 0 and ng € IN such that for all n > ng, y € [0,2+/n], and t > n,
P, <mz%x L2y () 2 V4 an(t) + y) > c3(1 4 y)e 2Viosby, (3.2)
IS N

An outline of the proof of Proposition 3.1(i) is as follows: Recall the definition of v,
defined before Lemma 2.3. We will prove in Lemma 3.2 that for each v € T,,, the local

time process (4 /Eg(t) (vs))sefo,n) does not cross the curve g, ; ,(-) (see (3.5) for definition)
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with probability at least 1 — ¢(1 + y)e*2‘/m yefc/%. Thus, we can focus our attention on
a truncated version of the event in Proposition 3.1 which says that there exists a leaf
v € T, satisfying the following: the local time process ( ZQ( t)(vs))se[o’n] stays below the
barrier g, +,(-) and reaches the maximal value v/t + a,(t) +y at s = n. Using Lemma 2.3
and (2.6), we reduce the barrier estimate for the local time process to an analogue for a
Brownian motion and then apply Lemma 2.4.

In the proof of Proposition 3.1(ii), we will apply the second moment method to
Z =3 ser, lanw), where A}(t),v € T, are events which will be defined in (3.25). In
order to get the lower bound on the first moment Ep [Z], we apply Lemma 2.3 and (2.6)
and reduce the estimate of Ep [Z] to a barrier estimate for a Brownian motion. We need
more work to obtain the upper bound on the second moment Ep[Z 2]. Fix leaves u,v € Ty,
with u # v and set £ = |u A v|. The event A”(t) N A”(t) is described in terms of local
time processes LT = (, /Eg(t) (vs))sejo,g and Lb = (4 /Zg(t)(ws))se[l,n], w = u,v. By the
Markov property of the local time (Lemma 2.1) and independence of Brownian motions
on different subtrees, conditioned on LT, L+* and L% are independent. Thanks to the
independence, the estimate of 13‘, [A™(t) N A" (t)] is reduced to barrier estimates for LT,
LY, and L.

We first prove Proposition 3.1(i). Fix sk € (ﬁ@, oo). Fory > 0 and n € IN, we define
the event Gy (t) by

n

{31} €T,,Is€[0,n]: \/E’;(t)(vs) >Vt + CLn(t)s + r(log(s A (n—s)))+ +y+ 1}, (3.3)

where ¢ := max{c,0}. We prove that G} (t) is a rare event, that is, every local time

process along the path from the root to a leaf stays below the curve s — v/t + Q"T(t)s +
k(log(s A (n — 8)))+ + v + 1 with high probability:
Lemma 3.2. There exist ¢1,c2 € (0, co) such that forallt >0,n € N, and y > 0,

~ 1;2

Py(G(t)) < er(1+ y)e 2Viosbvemeatin, (3.4)

Proof. We first consider the case y > M, where M is sufficiently large constant. Set

guen(s) = Vit P ilog(s A — )ty 1 0<s<n @35

an(t) . ) .
log(r A (n — 1. 0<j<mn-—1.
. J+ngfglgl?+1(0g(7" (n—=r))s+y+1, 0<j<n

my,t,n(j) = \/E +

Recall the probability measure Q¢ defined in Lemma 2.3 and set
7 :=inf {s >0:v/Xs/2> gy,t’n(s)} )

where X is a coordinate process. Fix 6 € (0,1). By Lemma 2.3, ]Sp(GZ(t)) is bounded
from above by

. OSHan—l,HUETj+1,E|SE(j,j+1]:
P = . =~
P LZN—L(t) (vr) < gy,t,n(r)' 0<Vr<jy, \/ L?(t) (vs) > gy,t,n(s)

n—1
S gy <T € G +1), \/Xsu1/22 5%@”(3’))
=0
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n—1
+ Z bj+1Qgt (T € (.73.7 + 1]a \/m < 5my’t’"(j)>
=0

n—1 n—1
=Y 4 3T e, (3.6)
§=0 §=0

Fix 0 < j < n—1. We first estimate 1 ;2). By the strong Markov property of a 0-dimensional
squared Bessel process and (2.7), we have

¥ =@y, [1{Te(j7j+1>}ngf <\/m = 6my’t’”(j)>]

= Q3 |:1{‘r€(j,j+1)} exp ( 2 + 1 = T))]

26%(my,1,n(5))* X /z Xr2
Lo _VaTiE e G- | ——]dz
{ E(NH)}/O 2 +1—1) 1<J+1—T>

=:Jy + Jo. (3.7)

+ QY

By the definition of 7, we have
Jp < exp{—(my,t’n(j))Q}. (3.8)

Assume that 7 € (j,7 + 1). Recall the definition of I; from (2.9). If z < M(%w then
we have

Xz 1
L ——— VM /2)*MH! < e (M). 3.9
1(;+1—7)—;f M/2) Kk +1)! 1(M) (3.9)
If z > MU+1=m)" }177)2 , then by (2.10) and the assumption that M is sufficiently large, we have
X7z
XT S p——
I (Z) <o L (3.10)
] +1-—7 X,z
Jj+1l—7

By (3.9) and (3.10), we have

2 < cal0) (g0 (1)) xpl-ca(my . (3)2). (3.11)

. . . _ X7 —ovE)? NV
where we have used the inequality (j + 1 — 7)7'/2e” 26117 < e~ (mu.tm()” for all

z € [0,20%(my ¢ »(5))%]- By (3.8) and (3.11), we have

n—1 n—1
STUTIY < op(M) Y B H e e sV mer (VituE DS < g (M)emeoVIRUED® - (3.12)
j=0 j=0

where in the last inequality, we have used the assumption that y > M and M is sufficiently
large.
Next, we will estimate Ij(l). Fix1 <j <n—1. By (2.6), Ij(l) is equal to

) 2t \ /4 3 [It1 gs
ta <Xj+1) P (_8/0 AXS> 1{Te(jaj+1]7\/Xj+1/226my,t,n(j)}ﬂ{H0>j+1} - (3.13)
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Recall that (Bs, s > 0, P2z € R) is a Brownian motion on R with variance 1/2. Since
the law of a 1-dimensional squared Bessel process is the same as that of a square of a

standard Brownian motion on R, (3.13) is bounded from above by 4/ vt times

t
6my,t,n(j)

P% (Br < gy,t,n(r)v VT € [07]]7 Bs Z gy,t,n(s)v 38 S [Ja] + 1])

< EP . (3.14)

B .
LBy <ay o), vecto s} PR, (Be = gunli +5) = Vi, 3s € 0,1))

where we have used the translation invariance and Markov property of B in the last
inequality.
Let PJB be the probability measure defined by

PP(A) = EP {1,4 eXp{ZGZ(t)Bj - (“”TE?)Q]H , Aco(Bs:s<j). (3.15)

By the Girsanov theorem, under 13]-3 , the process

Qn (t)

{Es = B, — s ogsgj} (3.16)
is a Brownian motion on R with variance 1/2 started at 0. By the change of measure
(3.15), the right of (3.14) is bounded from above by
_2ea()F _ (an())?;
EP ¢ " {Br<ytcotnlog(in(n—j))+ero(rA(i—r))1/20, vre[0,5]}
x PL [maxo<s<1 Bs > y — cnn + wlog(j A (n —7))]
J
_2am®) Fo (an()?;
_ " {Br<y+cotrlog(jA(n—yj))+ecio(rA(i—r))1/20, ¥re[0,4]}
<EB|x1;z P
J {Bj<y c11+rlog(jA(n ]))}
x P [maxo<s<1 Bs >y — i+ wlog(j A (n — )]
J

_2an() . _ (an()?
n n2

-t {Bo<yteotrlog(n(n—i) e raG-my®, wrebal} | | (3.17)
XL{B, ely—cii+rlog(ia(n—4), y+eo+rlog(in(n—i)I}

To estimate the tail of maxp<s<1 Bs in the first term of the right of (3.17), we use the
following:

pPB (O@agl B, > A) <e ', foreach A >0 (3.18)
S8

(see, for example, [32, Chapter 2, (8.4)]). By Lemma 2.4(i) and (3.18), the right of (3.17)
is bounded from above by

_zan(®), <nrn<t>>2j Y . .
c1pe”  w nZ 1+ —— ) (y+co+ rlog(j A (n—j)))
j+1
y2
X JTE(j A (n— j))2VI0ED Rem e i (3.19)

Similarly, in the case j = 0, by (2.6) and (3.18), we have

Iy < euRy (oril?é‘l By>y+ 1) < epge”WHD?, (3.20)
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Thus, by (3.19), (3.20), and the condition x > 1/(2+/logb), we have
n—1 . 5
STV <51+ y)e VB vemen T (3.21)
§=0

Thus, by (3.6), (3.12) and (3.21), we have (3.4) for y > M. For y < M, (3.4) holds if we
take c; in (3.4) sufficiently large depending on M. O

We now prove Proposition 3.1(i).

Proof of Proposition 3.1(i). Recall the definitions of the event GZ(t) and the function
gyt (+) from (3.3) and (3.5). In view of Lemma 3.2, it is natural to impose the restriction
that local time processes stay below the curve s — g, ; (s): we have

P, (né%x L2 (0) = Vi + an(t) + y> < P, (Uver, B2 (1)) + Pp(GR(1)), (3.22)

where for each v € T, we define the event E](t) by
{ E;(t)(us) < gyin(s), Vs €10,n], 1/5;‘(75)(1)) € [\/i—l— an(t) + v, Vit + an(t) +y+ 1} } .

Fix any v € T,,. Recall the process B from (3.16). By Lemma 2.3, (2.6), and the change
of measure (3.15) with j = n, P,(E}(t)) is bounded from above by

Vit ~ 2an() 5 _ (an()?
EB |~ B

Vitan(t)+y " {B.<y+1tern(sn(n=9)70, Vselonl, Ene[%y-i-l]}] '

(3.23)
By Lemma 2.4(i), the right of (3.23) is bounded from above by
y2
cob (1 4 y)e2Vicsb ygmea (3.24)
Thus, by (3.22), (3.24), and Lemma 3.2, we have (3.1). O

Next, we prove Proposition 3.1(ii). Fix § € (0,1). For v € T,,, set the event

SVt < 7L vs<\/f+ms+y+l,Vs€ 0,n],
A™(t) = Fos) g Ol L (3.25)

\/me[\ﬁ+an(t)+y,\/f+an(t)+y+1)

To obtain Proposition 3.1(ii), we will apply the second moment method to >, er, Lan@)-
We first need the following:

Lemma 3.3. There exist ¢; > 0 and nyg € IN such that for alln > ng, y € [0,2y/n], t > n,
andv € T,,
P,(A™(t)) > erb (1 + y)e 2Viesby, (3.26)

Proof. Fix any t > n. By Lemma 2.3 and (2.6), ]SP(A:}(t)) is bounded from below by

. Vi Py (—(1—5)\/E§Bs <@gyt Vse [O,n],>
Vita,(t)+y+1 By, € [an(t) +y,an(t) +y +1)

Vit
- 27
ch\/\/%Jran(t)erJrl (i = J2). (3.27)
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where we set

J1 :—POB<B < 7”5) s+y+1, Vse[0,n], Bne[an(t)+y,a"(t)+y+l)>,

Jo:= PP (Bs < —(1 =08Vt 3s€[0,n], By € [an(t) +y,an(t) +y+ 1)).
We first obtain an upper bound of J,. By using the density

4(2z — z—a)2

POB (Bs € dx, max B, € dz> = we e drdz, s>0, <z z2>0, (3.28)
rel0,s] Ts3

(see, for example, [32, Chapter 2, Proposition 8.1]), for all n € IN and y € [0,2/n], we

have

Jy = PP (O@%LBS > (1= 8V, By € (—an(t) —y — 1, —an(t) y])

t
< 62b7"n6763ﬁ1 / \[\};neQV logby, (3.29)

where we have used the symmetry of B in the first equality.
Next, we obtain a lower bound of J;. Recall the process B from (3.16). By the change
of measure (3.15) with j = n, we have

a >4 an 2
_2an(p  (an()

(3.30)

_ 1B _ _
J1 = E; {e {B.<y+1, Vs€[0,n], Bn€ly, y+1)}

By the reflection principle (2.11), for all n > nq (n is sufficiently large) and y € [0, 21/n],
(3.30) is bounded from below by

t
b \[+"(y+1)e—2vl°gby, (3.31)
Vit
y —2)2 y 2)2
where we used e~ — e~ TR > 05?%1 for all z € [1/2,1]. Thus, by (3.27), (3.29),
and (3.31), we have (3.26). O

To obtain upper bounds of JBP (AZ(t) N A2 (t)) ,u,v € T,,, we need the following:

Lemma 3.4. (1) There exists ¢; > 0 such that foralln e N, t >0,veT,,0<{<n-—1,
s < (Vt+ —a"n(t)é—k y+1)%, andy >0,

P Lt o (wr) < Vit 284y + 1, Vr € [0, nl,

“\VIL L ) € Witan()+y, Vitan(t)+y+1)

N () 1) Wi etapy)? )
< ci(n—1) Vitan @1 (\/ Vot oy + . (3.32)

where {fi(m) : (r,z) € [0,00) X Tg’fn_e} is a local time of a Brownian motion on Tgb—e

and 74(s) := inf{r > 0 : L}(ve) > s}.
(2) There exists cs > 0 such that foralln € N,t >0,v € T,, andy > 0,

P,(A™(t)) < e3b™"(y + 1)e~2VI8b v, (3.33)
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Proof. We first prove (1). Recall the process B from (3.16). By Lemma 2.3, (2.6), and
the change of measure (3.15), the left of (3.32) is bounded from above by

_2en®F L (an()? (g
Lﬁf_é € " LB, evi-varem@eryion} | (3.34)
Vitan(t) +y XLeB, <vie it m@ gy 11, vreon—0)

By the reflection principle (2.11), (3.34) is bounded from above by

s (v o g 1) it
Y

VE+an(t
where we have used the inequality 1 — e™® < «x for each z > 0. Thus, we have obtained
(3.32). The inequality (3.33) immediately follows from (1) with s = ¢ and £ = 0. O

Proof of Proposition 3.1(ii). Fix any n > ng, t > nand y € [0, 2,/n], where we take ny € N
large enough. Set
Z = Z 1A1}(t)-

veT,
We have
~ 2
i _ (E/l2))
P
By Lemma 3.3, we have B
E,[Z]) > e1(1 +y)e 2Viosby, (3.36)
The rest of the proof focuses on obtaining an upper bound of E,,[Z 2]. We have
n—1
VA ZV+> 0 P(AN() NAL(R)). (3.37)
=0 v,u€Ty,
|v/\u\:€
By Lemma 3.4 (2), we have
E,[Z) < ealy + 1)e”2VIoeby, (3.38)

Fix 1 <{¢{<n-—1andv,u €T, with |[v Au| = ¢. Let {Eﬁ(x) 2 (s,2) €]0,00) X Tvgfn%} be

a local time of a Brownian motion on T, ,. Set 7+(s) := inf{r > 0 : L}(v;) > s}. For
w € {v,u} and s > 0, we define the event C} (s) by

5\/{§,/Z;()(wr)<\f+“" r4+y+1, Vrell n,

L, ) (w) € VE+ an(t) +y, Vit an(t) +y+1)
By Lemma 2.1, we have

Py(An(t) N AL(L))

Bp |1 {svi<\[T2 ) (wo)<vit+ 22 sty41, vselo, e]}P ﬂ i (L;(t)(w))

L we{v,u}

Ep 1{5\/22\/Z7;"(t)(Us)<\/f+“"T<t)s+y+1,VsE[O,é]} H PW( w( (t)(w)>)

we{v,u}

1 =
n an (t)
[(1=8)v/E+2n gy {5\/{§, /L;(t>(vs)<\/E+Ts+y+1, Vselo, e]}

< > BN YEomoevir a0} | (3.39)
=0
Z % Mg Poe (C4 (220 (0)))
EJP 23 (2018), paper 40. http://www.imstat.org/ejp/
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where we have used the independence of C(s) and C}(s) for each s > 0. (The inde-
pendence follows from that of two types of excursions of a Brownian motion around

v on Tzij_le_l U I{y,, v,,,} OF ON T;ﬁ:»_le_l U L{v,, upsqy-) Fixi < [(1 — o)W+ iy g y—‘.
Lemma 3.4 implies that under { fg(t) (ve) € VE+ “"’T(t)f +y+14[-i-1, — i)}, for all
w € {v,u}, Pv [C (L;(t)( vg)] is bounded from above by

an(t) . an(®) o pyqio1)?

t+ 2y 1—i _(Pe-o+ioy

(i+1) Vit SEly L e = . (3.40)
Vita,(t) +y

By almost the same argument as the proof of Lemma 3.4 (1), we have

3
2

cs(n—40)~

5 L~(t)(1}é)<\[—i— 4y 41, Vs € 0,4,

VI () € Vi 220 py 414 [—i—1, —i)

Vi
\/i_’_ anrft)é_"_y_z

Vitn
2an (t) . Blognz IOg( VT )f

< 4 b0 5 (i + 1) (y + 1)e 2VI0BD v =i an =

(3.41)
By (3.40) and (3.41), the right of (3.39) is bounded from above by

ogn lg o (Ln(t)g
C5b*2"+£€7%(n—€)*3n3(y+1) —2y/Iogh y,—leEn (2n ) ,\”\ft—’_y' (3.42)

By (3.42), we have

n—1
> DT B(AN() NAL(1) < coly + 1)e2VIEP Y, (3.43)
=1 v,u€eT,,

[vAu|=¢

In the case ¢ = 0, by Lemma 3.4 (2), we have

Do OPATMNAL)) = D B(AT®)P(AL(1) < er(y +1)e >VIBP Y, (3.44)
v, u€Ty,, v,u€Ty,
[vAu|=0 [vAu|=0

where we have used the independence of A”(¢) and A%(¢) for each v,u € T, with
|v A u] = 0 in the first equality. (The independence follows from that of two types of
excursions of a Brownian motion on T<n around p restricted to Tzn 1 U I,y or to

Tg;hl U I{pu,})- Thus, by (3.35)-(3.38) and (3.43)-(3.44), we have (3.2). O

4 Geometry of near maxima
In this section, we will prove that two leaves with local times near maxima are either
very close or far away. More specifically, the following is the aim of this section.

Proposition 4.1. There exist ¢i,co € (0,00), no,79 € N, and ¢ty > 0 such that for all
n>mng, t>ty, andrg <r <n/4,

Elv,ueTn withr < |vAu|<n-—r:
< eor /B (4.1)

\/LZ \/L t) u) >Vt + an(t) —cilogr

Remark 4.2. Results similar to Proposition 4.1 are known for the BBM [3] and the
two-dimensional DGFF [28].
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Forne N, t >0, and k € Z, set

I7(t) == {v €Ty /Ly () € VE+an(t) =k — 1, VE+an(t) - k:]} .

Remark 4.3. Fixn' >n>1,t >0, and k € Z. Set
T3 (1) = {v € T \JL2 (0) € Vit an(t) =k — 1, Vi + an(t) — K]}

Since the law of the simple random walk on T<,, watched only on T, is the same as
that of the simple random walk on T<,,, we have |1"Z"”(t)| 4 T2 (t)].

An outline of the proof of Proposition 4.1 is as follows: In Lemma 4.4, we will estimate
a tail probability for the size of a level set of the local time and reduce the estimate to a
tail estimate for the maximum of the local time. Note that the event in Proposition 4.1
implies that there exist k € {r,...,n — r} and w € T}, satisfying the following: there exist
children wy, wy of w such that the maxima of local times over T:’j s_1,% = 1,2 are larger
than v/t + a,(t) — c1 logr. We will estimate the probability of this event by conditioning
on the level set in T} and applying the Markov property (Lemma 2.1) and independence
of Brownian motions on different subtrees. The estimate will be reduced to tail estimates
for the size of the level set and for the maximum of the local time.

In the proof of Proposition 4.1, we will use the following repeatedly.

Lemma 4.4. (i) There exist ¢; > 0 and tog > 0 such that foralln € IN, t > tg, kK < —1, and
ANeERwithk+X>0,

P, ([T (1)) = e2VeT ()

3 . 2 1 Vitan(®)—k—14[(k+2)2]V1
—2+/logb <A7W log([(k+X) W\/l)le\/m log( ey >>

<c(A+1)e (4.2)

(ii) There exist co > 0 and to > 0 such that for alln € IN, t > tg, A > 0, and k£ > 0 with
Vt+a,(t) —k—12> cy, (4.2) holds.

Proof. (i) Fixn € N,t >0,k < —1,and A € Rwith K+ X > 0. Setr := [(k+A)?] V1

and y:= A — 2 slogr — ;oL log (ﬁﬁilff 355;?) If y < 0, then it is clear that (4.2)

holds because P, (|I‘}g(t)| > e2vlogh (H’\)) <1< (A +1)e2Veby S0, we may assume
that y > 0. Fix any K > 0. We have

P, ( max L"(Jg;( V) >Vt + apyr(t) + y)

UET7L+7‘

> Pp <|FZ+T,”(1§) > ]{7 max L:;;( ) > \/Z‘F an+r(t) + y)

VET y 41

P, (T"(t)] > K) — P, (IFZ”’"(t)I 2 K, max LY (0) < VE+ ang(t) + y) ~
(4.3)

We estimate the second term on the right-hand side of (4.3). By Lemma 2.1, we have

P, (|Fz+r,n(t)| > K, max LZFQ;(@) <VEF angr(t) + y)

VvET Y 4

<> P (”*’"” t) =S, max /L' () < VE+an () +y, VueS>

STy, veT,
IS|=K
=> B Lirptrni=s} [~ <5rel% # (2nt ) (v) < VE+angr(t) +y> , (4.4)
SCTh, u€eSs " (t)
IS|=K
EJP 23 (2018), paper 40. http://www.imstat.org/ejp/
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where for each v € T, {Zﬁ(az) (s,x) €10, 00) X f;} is a local time of a Brownian

motion on 7%, and 7(q) := inf{s > 0 : L}(u) > ¢}. We omit the subscript v in L!(z) and
7+ to simplify the notation.

We estimate each probability on the right-hand side of (4.4). Fix S C T,, with |S| > K
and u € S. Note that under the event that I';*""(t) = S, we have

Vit ann(t) +y < IR )+ ap (K27 @) + B+ A+ 1.

By this and Proposition A.3 for t > to, where tg is sufficiently large, we have

P, (max LTl (L”+’“(u)) ) < VE+ an g () + y)

veTy )

D T4 n—H‘ n+r
<1—
<1-P, (rrele%x L () > LR )+ ap (D23 () + o+ A+ 1)
<1-— 616_2\/10gb (k+)\+1). (4.5)

By (4.3)-(4.5), we have

VET 41

P, ( max LTTL(JQ)T (v) > Vit + anir(t) + y)

> (1 —exp {—clKe*“‘vlogb(k““) }) P, (T3 (1) > K) . (4.6)

By Remark 4.3, (4.6) with K := ¢2VI°gb(k+}) 'and Proposition 3.1(i), we have (4.2).
(ii) The proof of (ii) is almost the same as that of (i), so we omit the detail. O

For the rest of this section, we focus on proving the following.

Lemma 4.5. Fix0 < c<¢< ﬁ\/@' There exist ¢; > 0, ng, so € IN, and ty > 0 such that
foralln > ng, t > tg, and so < s < n — sg,

Jv,u € T,, with |v/\u| =5:
\/L*; \/L (W) = VE+an(t) — (€~ c)log(s A (n — s))
< ci(log(s A (n — 5)))%(s A (n — s))~3H4eVIeab—2eviogb
+ c1(log(s A (n —5)))%(s A (n — s))~2eVIogd, (4.7)

Before we prove this, let us show that Lemma 4.5 implies Proposition 4.1.

Proof of Proposition 4.1 via Lemma 4.5. Fix any n > ng, t > tg, and ro < r < n/4, where
we take ng,790 € IN and ¢, > 0 sufficiently large. By Lemma 4.5 with ¢ = —2— and

8v/log b
= 1617\/110@, the left of (4.1) is bounded from above by
c1 Y {(0g(s A (n = 9)))%(5 A (n = )72 + (log(s A (n = 5))) (s A (0 = )"/}
S=r
This is bounded from above by cor /8. O

Proof of Lemma 4.5. Fix any n > ng, t > tg, So < s < n — 59, where we take ng,sp € IN
and ¢ty > 0 sufficiently large. Set z := clog(s A (n — s)). The left of (4.7) is bounded from
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above by

3k € Z with vt +a,(t) —k >0, 3j > —k s.t.
75 (1)) e [62\/710gb(k+j)7 2VIogb(k+j+1) )

P 13w e I°(t), Jwr, wy € TY with wy # wo s.t. Vi € {1,2},

max,eqws /L2 (v) > Vt+an(t) —clog(s A (n—s))+z

For k € Z, we set j*(k, z) := [max{|k|, z}]. Fix sufficiently large constant ¢, > 0. We will
decompose (4.8) into three terms with respect to k£ and j: (i) k£ < Vi + as(t) — t. — 1 and
—k < j < j*(k,2); (i) k < Vi+as(t) —t, —1and j > j*(k, 2); (iii) k > Vi + as(t) —t, — 1.
Then, (4.8) is bounded from above by

(4.8)

T (0)] € [e2VIRmtesn) | 2vgerain),

j*(k7z)
> > P, |Fw e T (t), 3wi, wy € T{ with wy # wy s.t.¥i € {1,2},
keZ, j=—k w, n _c —
Vira s’ max,cpvs /L2 (0) 2 VE+an(t) —Tlog(s A (n —s)) + 2
+ Z Pp (lrz,S(t)‘ > 62\/logb(k+j*(k,z)))
k€Z,
\/z+as(t)_k_12t*
Jw € T with | /L:f(t)(w) <t.+1,
+ > P, | 3wy, wy € T with wy # wy s.t. Vi € {1,2},
k€Z, w; n > _c —
0<Vt+as(t)—k<t.+1 MaXvery LT(t)(U) > Vit an(t) —elog(s A (n —s)) + 2
3" (k,2)
= > > (k.g) + Ja+ > Js (k). (4.9)
keZ, j=—k keZ,
Vitas(t)—k—1>t, 0<Vi+as(t)—k<t.+1

For each w € T, let L be a local time of a Brownian motion on T%“n_s and set 7¥(q) ==
inf{p > 0: L}(w) > q}. We omit the subscript w in L+ and 7 (q). Fix k < vI+ay(t)—t,—1
and —k < j < j*(k, 2). Set I, ; := [e?VIosb(k+i) | ¢2VIogb(k+i+1)) " J, (K, 5) is bounded from

above by

ST DT IS ww,w), (4.10)

SCT., weS wi,warcTy,
|S|€Tk,; w1 FEwsa

where Jf’j(S,w,wl,wg) is given by

P, |T%(t) =S, max Ly (v) = V4 a,(t) —clog(s A (n—s)) + 2, Vi€ {1,2}] .

(4.11)
Fix S C T, with ‘S| S IkJ', w € S, and wy, W € le with w; # ws. By Lemma 2.1
and the independence of two types of excursions restricted to 7<) | U I{y 4} OF t0
TY2 U Iy, (4.11) is equal to

Ly =5y

Eo | x H P, | max L (v) >Vt 4 a,(t) —clog(s A (n —s)) + 2
_ veTi 77, )
746{1, 2} n—s—1 T(t)
(4.12)
EJP 23 (2018), paper 40. http://www.imstat.org/ejp/
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By the symmetry of the b-ary tree and (2.3), (4.12) is bounded from above by

B, [0y (t) = 5]

2
x P, <vre%%xs \/L:(_(i/i-s-as(t)—k)?)(v) > Vit +an(t) —clog(s A (n —s)) + z> . (4.13)

By (4.13), (4.10) is bounded from above by

c1e2VIBb(k+I) p. (‘FZ»S(t” > ew@wﬂ'))

vET s

2
x P, < max \/L:((i/g+as(t)k)2)(v) >Vt +an(t) —clog(s A (n—s)) + z) . (419)

We estimate (4.14) in different ways according to three cases: (a) k > —z and j > 0; (b)
k < —z; (c) j < 0. In the case (a), we use Proposition 3.1(i), Lemma 4.4, and Remark 4.3.
In the case (b), we only use Lemma 4.4 and Remark 4.3 and estimate the square of the
probability in (4.14) just by 1. In the case (c), we only use Proposition 3.1(i) and estimate
the probability in the first display of (4.14) just by 1. Note that for k € Z with k£ > —z, we
have

ViE+an(t) —clog(s A (n—s)) 4+ 2 > (VE+ as(t) — k) + an_s(Vt + as(t) — k)?)
3
+ (41 st —c) log(s A (n—35))+k+z—co.
Recall that z = clog(s A (n — s)). By these observations, for sufficiently large t., the first
term of (4.9) is bounded from above by

ca(log(s A (n = 5)))°(s A (n — )~ 10VIoEb-2evIon
+ c3(log(s A (n—8)))(s A (n — s))~2eVios?d, (4.15)
Next, we estimate the second term of (4.9). By Lemma 4.4 and Remark 4.3, we have
Jo < eq(log(s A (n—5)))8(s A (n — s))~2evios?d, (4.16)

Finally, we estimate the third term of (4.9). Fix k > v/t + a,(t) — t, — 1. By Lemma
2.1, J3(k) is bounded from above by

S TE(wwiw), (4.17)

weTs wl,wQGle,

w1 Fw2
where J¥(w,w;, ws) is given by
1{ /L7 @<t +1}
E - =
Pl x H P, | max Lt (v) >Vt 4 a,(t) —clog(s A (n —s)) + 2
. ’UETwi _ T (L:-L(t)(w))
ie{1,2} n—s—1

(4.18)

By (4.18) together with the symmetry of the b-ary tree, (4.17) is bounded from above by

2
csb° P, <Urer%,§x. VL (e () 2 Vit +an(t) —clog(s A (n —s)) + z) . (4.19)

EJP 23 (2018), paper 40. http://www.imstat.org/ejp/
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Since tg and ng are sufficiently large, we have
Vit+a,(t) —clog(s A (n—s)) +2 > (te + 1) + an_s((t +1)?)
+ % logh s —¢log(s A (n—s)) + z.
By Proposition 3.1(i) and (4.19), the third term of (4.9) is bounded from above by
ces?b* (s A (n — 5))A(E-e)Viogd, (4.20)

Thus, by (4.9), (4.15), (4.16), and (4.20), we have (4.7). O

5 Limiting tail of the maximum of local times

The aim of this section is to prove the exact asymptotics of the tail of the maximum
of local times. Recall the constants 3, and ~, from (1.8) and (1.9).
Proposition 5.1. Fix positive sequences (y;);>1, (y; )j>1 with y; < y; for each j >
1 and lim; . y; = oo. For each j > 1, fix sequences (tF () n>1s (8, (5))n>1 with

limnﬁm% = lim, 0 YW — g ¢ [0,00] and t;,(j) < ¢} (j) for each n > 1. For

n

all e > 0, there exists jo € IN such that the following holds for each j > jy: there exists
no(j) € N such that for all n > ny(j),

P, (maxyer, /L7, (v) >Vt + a,(t) + y;
d S Ve |8 B+ (5.1)
T =M% *757 T =M% [x 9 P .
yje*Z log b y; ﬁ " ﬁ "
uniformly in y; and t with
y; <yj gyj, t > cumlogn andt, (j) <t < th(j), (5.2)

for some constant c, > 0 not depending on ¢, j, n.
Fix§ € (0, 1) and x > %gb. Fixt >0,y >0, {(y) € N, n > £(y). We will approximate

Viogb ~
the tail probability of the maximum of local times by E,[A7 ) (¢)], where
Z,Z(y) (t> = Z 1F17,y‘1’«(y)(t)7
VT _p(y)

and for each v € Tty

SVE< L2 (vs) < VE+ 22854y, Vs € [0, n—L(y)],

Ey e (®) = I
Y E(y) L2y (u) > VE+an(t) +y

maXuET;(y)

To do so, we need an intermediate approximation Ep [/N\Z t(y) (1)}, where

b= D g,

v,y,4(y)
V€T —(y)

and for each v € T,y (),

_ OVE< (L2 (0) < Vi+ 228 sty +r(log(sA (n—L(y) —5))) +,

() =
WA (Y) =
Vs € [0, n—£(y)], maxuery /L (u) > Vt+a,(t)+y
EJP 23 (2018), paper 40. http://www.imstat.org/ejp/
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An outline of the proof of Proposition 5.1 is as follows: The difference between the upper

barriers in £, Z(y)( ) and Fv " g(u)( ) is so tiny that thanks to the entropic repulsion

(Lemma 2.4 (ii)), we can approximate EP[AZ,Z(y)(t)] by EP[INXZ’Z(Z/) (t)] (Lemma 5.2). In
Lemma 5.3, applying an argument similar to the proof of Proposition 3.1(ii), we will
show that the second moment Ep[(AZ,Z(y)(t))Q] is close to Ep [AZJ(y) (t)]. In Lemma 5.4,
we will prove that the tail probability of the maximum of the local time is approximated
by Ep [AZ.,Z(y) (t)]: the upper bound follows from Lemmas 3.2, 5.2 and the lower bound
follows from Lemma 5.3. Applying Lemmas 2.1, 2.3, (2.6), and the reflection principle
(2.11), we can represent E oA} () (1)] In terms of a tail probability of the local time
at a relatively large time. The generalized second Ray-Knight theorem (Theorem 2.2)
implies that the tail probability is approximated by an analogue for the maximum of BRW.
Proposition 5.1 follows from these approximations.

In Lemma 5.4, we show that P, (maxver, /L%, (v) = ViE+an(t) + y)/Ep[AZl(y) ()] is
close to 1. To obtain the upper bound in this statement, we need the following:
Lemma 5.2. There exist c1,cz € (0,00), yo > 0, and {6, : ¢y > 0} with lim,_,, 6,y =0

such that the following holds: for all y > yo and £(y) > P
no(y, ¢(y)) € IN such that for alln > ng and t > c¢inlogn,

Ey A7, ®)]
E, [A3 4y )]

Proof. Fix any y > yo and £(y) > e , where we take y, > 0 large enough.
Throughout the proof, given n € IN, we assume that ¢t > c,nlogn, where c, is a sufficiently
large positive constant. Fix v € T;,_y(,). Let L' be a local time of a Brownian motion on

T<£(y) and set 7+(s) := inf{r > 0: L}(v) > s}. Recall the definitions of y,,
and 0y from Lemma 2.4. By Lemma 2.1, we have

P, (Fﬁy i ®) = P (Flty ey (1)
{5\/<,/L (1 (V) SVl s+y+y 30 +r(log(sA(n—L(y)—3))) 1, V5[, n—e(y)]}
= E —~ ~
’ (u) > VI +an(t) + y>

, there exists ng =

> (1-5,) (1= eab(y) 2 = 3,). (5.3)

8vTogb 1/20
3 Yy

y)ys M n—f(y),y

x P, [ mas,cr

1
£(y) L‘T—l (Lfm (U))
Y ovic Tz < vie 2@ oy, vaelo, n—t)}

)(u) > VI + an(t) +y> 4

><P maxXy,cTv L
u€Ty = (Lf(t)(”)

Recall the process B from (3.16). By Lemma 2.3, (2.6), and the change of measure (3.15),
(5.4) is bounded from above by

" Zy) I: { (1-6)Vt 7a’"ﬁ(t)SSES§y+y%+/<a(log(5/\(nfé(y)fs)))+,VSGO n—~L{(y)] }77[] n- E(y)

~p ~
- E”_é(y) [1{7(175)\/57(1”7751’)5§§5§y, Vselo, nfé(y)]}q/)(Bn_e(U))} ) (5.5)

where

b(x) = vt o 2aa (2 (n(y))

= 71
x Py <urenTaXy \/L%((x/i#‘",f”(n_z(y))+z)2)(u) > Vitan(t) + y) ' 66

EJP 23 (2018), paper 40. http://www.imstat.org/ejp/
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By Lemma 2.4, (5.5) is bounded from above by

n—t(y), (@) (7)dx
/[o, Y+ U= (1=)Vi— 20 (), —e()] Y

0
+ / 6y/14nfz(y), y(x)l/J(l“)W
—£(y)

= J1 + Js. (5.7)

By Proposition 3.1(i) and the assumption ¢(y) > e By

enough, we have for all n > ng(y, £(y))

, taking no(y, (y)) € IN large

Jp < clb*("*z(y))g,/e*2v log b y(ﬂ(y))fl/Q. (5.8)
By the change of measure (3.15), J> is bounded from above by

Lran® (_p(y))—0(0) < B0y < 222 (n—t(y))}

B x 1 an (1) #
5, EL {-(1-8)Vi<B <22l sty Vsel0o, n—eWI}\/ Vi+B._iq)

x P, (maXuET;(y) \/Lii((\/f—i-BnZ(y)p) (u) > ViE+ an(t) + y)

1
20 (n—0(y)) —L(y) < B () < 2 (n—L(y)), se[orrggl( : B, < —(1- 5)\/%}
+ 0,Ef T
N 71
x Vitt+Bn_u(y) P, (uglj%’f(y) \/L;L((\/{Jane(y))z)(U) ~ \/i +an (t) + y)
=:Jy1 + Jap. (5.9

By Lemma 2.3 and (2.6), we have for eachn > 1

21 < €20, Pp(F)l 4y (1)), (5.10)

v,y,£(y

where we have used the fact that under the event that /X,/2 > Svtforall0 < s <
n — £(y), we have exp (% 0"—5(9) %) < ¢y under the assumption ¢ > ¢,n logn.
By the symmetry of B, (3.28), and Proposition 3.1(i), taking ng = no(y, ¢(y)) € N large
enough, we have for all n > ng
Jao < c30,b” ("W = 2VIogb Y (5.11)

where we have used the assumption ¢t > c.nlogn, c, is large enough. Thus, by (5.4)-
(5.11), we have

(14 €28, By (AL, () 2 By(R () = crye VP80 0(0(y)) 7112 = 56, VP800 (5.12)

In the remainder of the proof, we obtain a lower bound of Ep(f\g t(y(t))- Recall the

definition of the event GZ;jS%LQ(t) from (3.3). Let G be the slightly modified version of
this event given by (

Fv € Topy), 3s € [0,n — £(y)] :
L2, (vs) > VE+ 228 s 4 k(log(s A (n—L(y) = 5))) 1 +y+y"/2 [

EP(K;’M (t)) is bounded from below by

ﬁ weT minsE[O, n—£(y)] \/ Lg(t)(vs) > 5\/%: ﬁ é c
P R = ( )
maxuery, L2 (u) > Vi+an(t)+y
EJP 23 (2018), paper 40. http://www.imstat.org/ejp/
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D n—~_

minsefo, n-e(y)] \/ L2y (V) < SV,

— ﬁ Jv e Tn,g( ) —
’ ! L2 () > VE+an(t) +y

, (5.13)

ma.XueTéU(y)

()
£(y)

where we have used the inequality @) o > dnt
n n
that

s—1, s €[0,n— ¢(y)], which implies

PG < P, [G”‘W (t)} . (5.14)

y+yl/20-2

(Note that we have also used the fact that the law of {L” y(@)rx € Tgn_g(y)} is the same

7(t
as that of {LZ(_tf(y)(x) cx € T<pp()}-) ~
Fix v € T,,_y(y). Recall the definitions of L* and 7*(-) from the beginning of the proof.

By Lemma 2.1, the third term on the right-hand side of (5.13) is bounded from above by

1{minse[o, n—e() L2 ) (vs) <V, ,/Zg(t)(v)>0}

D T4
x P, maquT;’(y) L;L (Eﬁ(t)(”)) (u) > \/;5 + an (t) + y)

tWE, (5.15)

By Lemma 2.3, (2.6), and the symmetry of the Brownian motion, (5.15) is bounded from

above by
1 WVt
{maXsE[D, n—t(y)] Bs>(1=8)Vt, anz(y)<\/f} Vt—B, _(y)

A _ (5.16)
X P, (maxueTl’zy) \/LJ' )2) (u) > Vi+an(t) + y)

T+ ((\/szn—i(y)

We estimate the indicator function in the expectation in (5.16) from above by Zle 1g,,
where

Ey = {(1 - 5)\/E < Bn—@(y) < \/E}a
Ey := {—an(t) + /logb £(y) < B,,_yy) < (1 — SV, max B, > (1 —86)Vt},

s€(0,n—L(y)]

E3 = {anf(y) < _an(t) + v/logb f(y)a E[OIna)é( S Bs > (1 - 6)\/£}
s n—L(y
Let H;,i € {1,2,3} be the expectation obtained from the one in (5.16) by replacing the
indicator function in it with 1g,. In particular, the right of (5.16) is bounded from above
by v" ‘W) (H, + Hy + H3).

To estimate H;, we use Proposition 3.1(i) and the density of B,_y,). To estimate
H,, we use Proposition 3.1(i) and (3.28). To estimate H3, we use (3.28) and bound the
probability in H3 from above just by 1. Taking ng = no(y, 4(y)) € N large enough, for all
n > ng, (5.16) is bounded from above by

caeqye 2VIosby (5.17)
where ¢,,,n > 0 is a sequence with ¢, — 0 as n — oo0. By (5.13) and (5.17) together with
Proposition 3.1(ii) and Lemma 3.2, taking no = no(y, 4(y)) € IN large enough, we have for
alln > ng

Ey(A2 4,y (1) > csye 2VIosb Y, (5.18)
By (5.12) and (5.18), we have (5.3). O
EJP 23 (2018), paper 40. http://www.imstat.org/ejp/

Page 22/41


http://dx.doi.org/10.1214/18-EJP164
http://www.imstat.org/ejp/

Extremes of local times on symmetric trees

To obtain a lower bound for P,(max,cr, L2y (v) > VE+an(t)+ y)/Ep [Ag,g(y) ()], we
need the following:
Lemma 5.3. There exist c1,ca € (0, 00), yo > 0 such that the following holds: for all

y > yo and £(y) > 5=
andt > cinlogn,

, there exists ng = no(y, ¢(y)) € N such that for all n > ng

E, {(Ag,e(y) (t)> 2]

— <1+ ey V2 (5.19)
Ey |85 ()]

Proof. Fix any y > yo and {(y) > e #229""* where we take yo > 0 large enough.

Throughout the proof, given n € IN, we assume t > c,nlogn for some sufficiently large
cx > 0. We have

n—~L(y)

- 21 - -
Ep [( o) } = Ep[Ay o) (t Z > B (Fluy N Flup(®)-
V,WET, _g(y),
[vAw|=n—L(y)—k
(520
Fix 1 <k <n—{(y)—1and v,w € T,_y) With [v Aw| =n — €(y) — k. Let L* be a local
time of a Brownian motion on 72 ., and set 7+(s) := inf{r > 0: L}(v A w) > s}. By

Lemma 2.1, P o (Fy o (0) N E

v,Yy,l w,y, [(y)( )) is equal to

Ep 1{5ﬂéx/iﬁ<t><vs>sﬁ+“"%”s+y,vSe[o,n—(f(y)—kJ} II r| (5.21)

ze{v, w}

where for each = € {v,w},

Vs € [n—L(y)—k, n—Ly)],

o |evis L (zs) < VE+ 285 4y,
P* := P, ru \/ 7+ (Ll‘(t)(v/\w)> N n
T4
maxyery \/L;w (T (on) (u) >Vt + an(t) +

Fix 0 <i < [(1-9)vE+ a"T(t)(n —{4(y) — k) + y]. Assume that

VI Aw) € Vit Q"T(t)(n—ﬁ(y) —k)+y—i+ (-1, 0]. (5.22)

Under the assumption (5.22), we estimate the probabilities in (5.21). Fix z € {v,w}. Let
L* be a local time of a Brownian motion on T< Zo(y)- We define the inverse local time by

7H(s) ;= inf{r > 0: L}**(z) > s}. By Lemma 2.1, P* is equal to

M
an(t)
{5\f<\/ ~l«(L~( )(1)Nu))(a:s)§\/f+ L= sty, Vs€[n—L(y)—k, nf(y)]}

Ev/\w . (523)
X Py | maxyers. L ) (u) > Vt+an(t) +y

(v) ~
Fh (Li _ (z)
(L2, 0rw)

By Lemma 2.3, (2.6), and the change of measure (3.15)-(3.16), (5.23) is bounded from
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above by
_ef%%f“éw (0n ()2 VL2 (0Aw) ]
VL Aw)+ 2kt By
EkB Xl{‘s\/z_anT,msS\/W+ESS\/E+“"T@(7L—€(y)—k)+y, VsE[O,k]} ) (5.24)
xP, | max [L* (u) > Vt+an(t) +y
’ “ETay)\/ ?“((\/W+“"T“’)k+§k)2) "

By (5.22) and (2.11), (5.24) is bounded from above by

0 vk
2an() ,_ 2en(0) (4 1) (an() ViE+ %(t)(n —ly)—k)+y—i
Vit 28— t(y) +y -z

x P, ( max \/Ef¢ / 2)(u) >Vt + an(t) +y> dz.

an(®)
/(1—5)\/5+ S (n—Ly)+y+l <_(i+12>2 _(i+1+2)2)
e k — e k

X e

uETZ( ) 7 ((\/Z-‘,— G."nn(t) (n—f(y))-&-y-i-l—z)
(5.25)
. . . . _ (i+1—2)2 _ (i4142)2
We use the following estimate in the integrand of (5.25): e % —e % <1 for
it1—2)2 i 2)2 .
each 1 <k < |y], and e~ S w for each |y < k < n—£(y) — 1. By

this and Proposition 3.1(i), the right-hand side of (5.25) is bounded from above by

oo, s M) \/\f+ el p(y) — k) +y — i
Vit+n ’

where A := k=12(0(y))"YV?if 1 <k < |y|,and A:= k=32 + 1) if |[y] <k <n—L(y) —

Recall the events in the indicator function in (5.21) and in (5.22). We estimate the

probability of the intersection of these events. Using Lemma 2.3, (2.6), and and the
change of measure (3.15)-(3.16) for n > ng (ng = no(y, £(y)) € IN large enough), we have

_ 5\/E<,/Zﬂ Vg <\/f—|—a"—(t)s—|— , Vs € [0, n—£(y)—k],
B (f)( ) Y [ (y)— k|
L~<t><vAw>e\f+W (n—L(y) = k) +y—i+ (-1, 0]

ClAb7 (526)

~ LB, <y, vselo, n—t(y)—), Bo_t(yy—k—yE(—i—1, —i]}
an =4 an 2
SEn—é(y)—k ><e_szBn—Z(y)—k_(%(n_e(y)_k) Vit
\/’+'ln(f)(n ¢

- (y)*k)JrEn—e(y)—k

(5.27)

By (2.11), the right of (5.27) is bounded from above by

/ 1 ( (=22 (w22 >
e n—Ey)—k — e n—Ey)—Fk
i /an—Ly) — k)
X ezaz(t)z‘za"i(t)y_(aﬁf’?)z("_Z(y)_k) an(t) Vi dz. (5.28)
Vit S (n—Ly) — k) +y -2
(y—2)2 (y+2)? duz

We will use the following in the integrand of (5.28): ¢ "~ fw~F — ¢ »-2w-F < %

2) +2)2
foreach1 <k <n—{(y)— |y|, and e_"(*“y)*k P OE < 1foreachn—{(y) — |y| <
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k <n —{(y) — 1. By this, the right-hand side of (5.28) is bounded from above by

62A/b—(n—é(y)—k)ez‘l'Twie—2\/logb y
3(n—t()—k) A v i (5.29)
X e 2n logn, 2n
Vi 2 (n—(y) —k)+y—i—1’

where A" := (n—£(y) — k)" 3/2(i+1)yif 1 <k <n—L(y) - |y), and A" := (n—L(y) — k)~ /2

ifn—LUy) - ly] <k <n-{y) -1
We divide the sum over 1 < k < n — {(y) in (5.20) into sums over the following: (a)
1<k <[yl ®) [y <k<[(n—"Ly)/2]; © [(n—~y)/2] <k <n—LLy) - |y]; (@)
n—4L0y) — ly] <k <n-—{(y)— 1. We make remarks on how to estimate the sums over
3klogn klog(%)

difficult regimes, (b) and (c): In the regime (b), we use the fact that k=3e e 2n
is bounded from above by a universal constant. In the regime of (c), we use the estimate

1 \/\/f+“7l7ft)(n—€(y)—k)+y< c N c
(n—t(y) — k)% Vi T n—Ly) -k ti(n—ly) —k)
for some universal constant c.
By (5.21), (5.26), and (5.29), we have
n—£(y)—1 _
> S B (Elu O N E ) (0) < ey eI (5.30)
k=1 VaWET, _g(y),

[vAw|=n—L(y)—k

In the case k = n — £(y), by the independence of excursions of a Brownian motion around
p, we have

>, b (Fﬁy,ay)(t)ﬁFﬁ,yﬁ(y)(t)) = > 7 ,)( ﬁy,e(w(t)) P, (Fﬁ,y,ay)(t))

v,wETn_g(y), v,weTn_,{(y),
[vAw]=0 [vAw|=0
~ " 2
< (BplAj gy ®)]) - (5.31)

Thus, by (5.20), (5.30), and (5.31), we have
~ 2 ~ ~ 2
E, [(A;,ay)(t)) } < Ey[Ag o) (0] + sy 2e 200 (B A7 ) (0)]) . (5.32)

We will obtain upper and lower bounds of E,,[AZ ) (t)]. By (5.12) and (5.18), taking

)

no = no(y, £(y)) large enough, we have for all n > ng
By [A2 4,y (D)) > caye 2080 Y, (5.33)

By the arguments in (5.4) and (5.5), Ep [AZ,z(y) ()] is bounded from above by b=t times
the second term of (5.5). By this together with (2.11) and Proposition 3.1(i), we have

By [A7 1) (D)) < csye 2VIoEb v, (5.34)

Thus, by (5.32)-(5.34), we have (5.19). O

Using Lemma 5.2 and 5.3, we prove the following:
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Lemma 5.4. There exist ci, c2,c3 € (0, 00), yo > 0, and {J,/ : ¥/ > 0} withlim,/_, 6,y =0
such that the following holds: for all y > yo and ¢(y) > P
no(y, ¢(y)) € IN such that for alln > ny and t > cinlogn,

, there exists ng =

P, (maxveTn L7 (0) > VE+ an(t) + y)
By |85 (1)
P, (maxveTn L (v) >Vt +an(t) + y)

Ey [A7 ) (®)]

8vTogb, 1/20
=y

1/20

<(+o) (1= 1s), (635

>1—cgy” V2 (5.36)

Proof. Fix any y > yo, {(y) > e , n>ng, and t > c,nlogn, where we take yy > 0,
ng = no(y,4(y)) € N, ¢, > 0 large enough. We first obtain the upper bound. Recall the

event G:;jg%oiz(t) from (3.3) and ¢, from (5.17). Recall the inequality in (5.14). We
have

veT,

P, (maX L7, (v) > x/i+an(t)+y>

=P, <3v€Tn y) mj@i( L2 (u u) > Vit + an(t) + )

= n—~
< EolR5 0] + B (G000, (0)

5 maxyery (/L2 (u) > Vitan(t)+y,
+P,|Ie Tn—z(y) . Lo 7(t) n
Milsefo, n—£(y)] 'T-(t)(vs) <oVt
< (14 e /P8 Y B[Ry ) (0] (5.37)

where we have used Lemma 3.2, (5.17), and (5.18) in the last inequality. By (5.37) and
Lemma 5.2, we have (5.35). By Lemma 5.3, we have

o (e T2 (0) > VE+ an(0)+0) 2 P (406 2 1) 2 E(E[p (A“ y)( )))1
P y,4(y)

> (1= cay™/2) B[} ) (1),
which proves (5.36). O

For each interval I C R, set
Agey)a(t) = eTZ Er i t)ﬁ{m€f+a"(t) (n—t( y))+1} (5.38)
V€T —r(y)
Set the interval
Jow) = (*f(y) +y, () + y} (5.39)
Then the following holds:

Lemma 5.5. There exist ¢1, ¢ € (0, 00) and yo > 0 such that the following holds: for all
BW 1/20

y>yoandl(y) >e s , there exists ny = ng(y,¢(y)) € IN such that for all n > ng
andt > cinlogn,
E, {Ane J (t)}
L otwden ) S g o)) (5.40)
By [A5. 0]
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8vIogb, 1/20
3 )

Proof. Fix any y > yo and {(y) > e , where we take y, > 0 large enough.
Throughout the proof, given n € IN, we assume that ¢ > c.nlogn for some sufficiently
large c. > 0. Fix v € T,,_y(,) and any interval I C R. Recall the definition of ¢ from
(5.6). By similar arguments to those in (5.4) and (5.5), taking ng = no(y, £(y)) € IN large
enough, we have for all n > nyg,

P, (Fv”’y’g(y) ok { Lo, () € Vit “"Tgt) (n—0(y) + 1})

~ o ~
< En—é(y) [1{—(175)\/{7 anlt) s< B, <y, Vs€[0, n—L(y)], EH,Z(y)el}w(Bn*f(y))] : (5.41)

By Proposition 3.1(i) and (2.11), (5.41) is bounded from above by
Clb—(n—é(y))(((y))—3/2ye—2\/10gb y

\/iJrn
Vit esn = Ly) +y ==+ L)

22
></ z(log £(y) + z)e” “ 7 dz, (5.42)
(y=D)Nn by

where I,;, == [0, (1 — &)Vt + a"T(t)(n — {(y)) + y] and we have used the inequality
(y—2)* (y+2)*
e Ity — e_njﬂ'y) < nf%y) for z > 0. In the cases I = (—o0, y — £(y)] and I =

(y - (E(y))%, oo), the right-hand side of (5.42) is bounded from above by

cgb—(n—f(y)) (g(y))—l/sye—%/@ Yy
for all n > ng, where ng = no(y, £(y)) € IN large enough. By this and (5.33), we have
Ey [Ag 4 ®)]
=E, {AZ,fz(y),Juy) (t)} +E, [Ag,aym—oo, y—£(y)] (t)} +E, [AZ,e(yL(y_(ay))ws, o) (t)}
< By A sty 0] + b)) B, [Ag 4,y (0]
which implies (5.40). O

Proof of Proposition 5.1. Let (h,)yer be @ BRW on T defined in Section 1. By Lemma
A.7, one can show that the sequence

)
(/ ze2Vlogb 2 p |:II1€E¥( hy > \/logb £+ z] dz) (5.43)
¢2/5 u€T,

£>1

is bounded from above and away from 0. Fix a nondecreasing sequence (£ (y;))x>1 with

bo(yh) > =52 W)™ for each k > 1. By the boundedness of the sequence (5.43), there
exists a subsequence (¢o(y;;));>1 of (fo(y; ))r>1 such that the limit

éo(y;)
s := lim ' ze?VI08P 2P | max Ry, > \/logb bo(y ) + 2| dz € (0,00) (5.44)
Jroe (zo(yz_'j))Q/S ueTfo(y;rj) !

exists. We set
Ly = fo(y;)v j=>1

Note that by the definition of /o(y;"), for any y; with y; <y, we have

8‘/13ng (y:-i%—)l/20 S 68\/1305’!7 (yj)l/ZO.

0> lo(y)) > e
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Fix j > 1 and y; with y; <y; < y;r Recall definitions J;; and AZJ_’ZJ,’J% (t) from (5.39)
and (5.38). Fix v* € T),_4,. Let L' be a local time of a Brownian motion on T%Zj. We

set 7(s) := inf{r > 0 : L¥(v*) > s}. Recall ]57{34]_ and B from (3.15) and (3.16). We
define ¢(x) by replacing y, ¢(y), and v in the definition of ¢(z) in (5.6) by y;, ¢;, and v*,
respectively. By similar arguments to those in (5.4) and (5.5), we have for ¢t > nlogn,

By [Py, 00 {2 ) € Vi 20t 47, })
(10 () ) B, 4520 vt . 30y (B

(1 +0 ( 1 )) EB [ {Bo<ys, ¥s€l0, n—t;], Bus;€Js;} ‘|
n—_; R
logn ’ X1{§5<7(175)\/5J17f%, 3s€0, nfzj}}d’ (B"—fj)

Ky — K, (5.45)

where we have used the fact that for ¢t > nlogn, exp (—% nhi ds ) =1+ O((logn)~1)

0 X,
under the event that /X,/2 > Sv/tforall0<s<mn— 4.
We first estimate K. By (3.28) and Proposition 3.1(i), for all ¢ > 0 and j > 1, there
exists no(j) = no(y; ,y; ,¢;) € N such that for all n > ng(j), we have

Ky < c;b~ (4 )\/771 (1-48)? Cey *2\/@91 < eb~(n4) 2\/@741 (5.46)

uniformly in y; and ¢ satisfying (5.2) (we take c, large enough). Next, we estimate K.
By the density (2.11), K; is equal to

¢ )2 . 2
/ 1+ 0O(1/logn) - ( ”7;; e ¢ ,ff’g;
s /7 —1;)

x ¢t ity — al P () s P[4}, ())d2
Vit 2B m ) 4y -2
4
— b’(”Jz‘)(l +0(1/ log n))ﬁyje—m/logb Yj
£
X / ze?Viogt z (t)*/i T B,[B), (2)] dz, (5.47)
0,)2/5 Vit 22 (n—t) 4y — 2 7

where we have set

Here,

an(t)

-ty —2)

and A”’f’ ,(2) is the remainder term so that P, [A"’t ()] =P, [ngt J( z)]. (Note that by

the symmetry of the b-ary tree, the law of the Brownlan motion on T< 0 starting at v* is

)t .
SZMJ_ (2) == (
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the same as that of the Brownian motion on TS ¢ starting at p.) One can show that for
each j > 1,

lim A™, (z) =0, uniformly in z € [(¢;)*/°, ¢;] and y;,t satisfying (5.2).  (5.48)

n—oo Yirti

By Theorem 2.2, we have for any fixed m € IN

LT(S)(U) —s
2V/s

where (h,)yer is @ BRW. By this together with the definition of 7, in (5.44) and (5.48), for
all € > 0, there exists jo € IN such that the following holds: for each j > jo, there exists
no(j) = no(y; ,y; »¢;) € N such that for all n > no(j),

> ? (hu)veTm in law as s — o0,
vET

<e, (5.49)

£;
R ——
(

s ML

uniformly in y; and ¢ satisfying (5.2). Thus, by (5.45)-(5.47), (5.49), and the definition
(1.8) of B,, for all € > 0, there exists j, € IN such that the following holds: for each j > j,
there exists no(j) = no(y; y;r’ﬁj) € IN such that for all n > ng(5),

4
uniformly in y; and ¢ satisfying (5.2). By Lemma 5.4, 5.5, and (5.50), for all € > 0,
there exists jo € IN such that the following holds: for each j > jo, there exists ng(j) =
no(y; y;-r, ¢;) € N such that for all n > ny(j), (5.1) holds by replacing +, with ¥, uniformly
in y; and ¢ satisfying (5.2) (we take c¢. > 0 large enough). Let 7, be the limit of any
convergent subsequence of (5.43). By taking a sub-subsequence, if necessary, and
repeating the above argument, we have (5.1) if we replace ~, with 5,. Thus, the full

sequence (5.43) converges to a finite positive constant and we write 7, to denote the
limit. Therefore, we have (5.1). O

’Ep [AZj,éj,sz (t)} (yj)_lez 08 vi <&, (5.50)

6 Proof of Theorem 1.1 and Corollary 1.3

In this section, we prove Theorem 1.1 and Corollary 1.3. We begin with preliminary
lemmas. Let (hy),er be a BRW on T defined in Section 1. For each n € IN, we set

fo) = Z (\/logb n— hv)2674vl°gb (VIogh n—hu)
veTy

Then the following holds:

Lemma 6.1. Foralle > 0,
lim P (Dgf) > 5) —0. (6.1)

n— oo
Proof. Set m,, := +/logh n — %@log n. Fix any y > 0. By the simple equality

Umasocr, ho<mnty} + Limaxoer, hosmaty) = 1, we bound the probability P(DS > ¢)
from above by

veT,
+P (max hy > m, + y) . (6.2)
veT),
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Since h, is a Gaussian random variable with mean 0 and variance n/2 for each v € T,,,
a simple calculation implies that

lim E

n— oo

2
> (\/@”*h“) e VIRED (VIEE )1 iy | = 0.
veT),

By this, Lemma A.7(i), and (6.2), we have

lim sup IP (Dgf) > 5) <e(1+ y)e_Q\/m Y

n—oo

Since we can take arbitrary y € (0, oo), this implies (6.1). O

Recall the definition of o(-) from (1.2). For a € R, an interval I C R, ¢ > 0, and
r,n € IN with r < n, we set

By, ,(I;a) = { Lﬂ(t)(v) —Vt—ayn(t) ¢ I, Vv € T, with o(v,) € l[a—b"", a]} . (6.3)

Then we have the following:

Lemma 6.2. There exists ¢c; > 0 such that the following holds: for any finite interval
I C R, there exist co(I) > 0 and ro(I) € IN such that forallt > 0, a € R, r > r¢(I), and
n>r,

P, [(Bff’tyn(f; a))c} < cp(Irde e, (6.4)

Proof. Fix any finite interval I C R. Let {I, I} be the boundary of I with < I. Fix any
t>0,a€R,r>ry(l), and n > r, where we take ro(I) > |I| large enough. Recall the
event G(t) from (3.3). P,[(BZ,,(I;a))‘] is bounded from above by

Jv e T, witho(v,) €E[la—b"", a] s.t. Vs € [0, n],
~ Tn an(t ~
P, VLR (vs) < \/f+#s—&-n(log(s/\(n—s))ﬁr—w—i—l, + P, (GM(1)). (6.5)
Eg(t)(v) —Vt—a,(t) el

Next, we estimate the number of v € T,, satisfying o (v,) € [a — b~ ", a]. We may assume
a € [0,1]. We have a sequence (z;);>1 with z; € {0,...,b—1} suchthata =) °, %. In
particular, we have ) ;_, %7 € [-b~", b~"| forallv € T}, with o (v,;) € [a — b™", a] and
the label (v1,...,7,). By this and a simple observation, one can see that {v € T}, : o(v,) €

[a—b"", a]} is a subset of
{veT, v,=a;, 1<Vi<r}
UU{veTn:@j:xj, 1<Vj<i—1, v, —x; >0, vy :xj/—(b—l), i<Vj/§T}
i=1

UU{UGTniﬁj:Ij, 1§V]§Z*1, @i7$i<0, @j/ :.’Ej/ﬁ*(b*l), Z<V]/§T}
i=1
This implies
Hv €T, :o0(v.) € [a -b ", a} }| <ecirb™ . (6.6)
By (6.6) and similar arguments to those in (3.23) and (3.24), the first term on the right-

hand side of (6.5) is bounded from above by c»(I)b~"r. By this and Lemma 3.2, we have
(6.4). O
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Proof of Theorem 1.1. Recall definitions of Z., Hn";), B., and 7, from (1.4), (1 5), (1.8),
and (1.9). Fix any sequence of positive integers (r,),>1 with lim,_, 7, = oo and
limsup,,_,, n/n < 1. Fix any (¢, )n,>1 with lim,,_,o /t,/n =6 € [0,00] and ¢,, > c.nlogn,
where ¢, is a sufficiently large positive constant. By, for example, [26, Proposition
11.1.VIII], in order to show the convergence of the point process ES?") to the Cox
process (1.7) as n — oo, it is enough to prove the following: for all positive values
ai,...,an, and finite intervals A; := (4,, A;] C [0,1], B; :== (B;, Bi], 1 <i < m with
(A; x B;) N (A; x Bj) =0 for any i # j,

. _ = =(rn)
nh—>néc Ep oxp { Zl @iZnt, (Al X Bl)}
1=
4 “ =5
-F exp _75*,7* Z (1 _ e—ai) Zoo(Ai) (6—2\/10gb B, e—2x/logb Bi) . (6.7)
VT i=1
Let ¢ < n be a positive integer. To show (6.7), we first prove convergence of Eflnt; 9 as

n — 00, ¢ — co. Recall the events (6.3). We have

exp {— Z alEEA:?;q) (Al X Bz)}

i=1

n—q)
exp{ Zaz_ V(A xB)} Ny By, n(BisA)NBS n(Bi;Ai)‘|

E,

+E,

=(n—q)
exp { Z ai‘—'n,tn,q (A; x Bz)} o (Bg ., n(Bi;Ai))cu(ngtn’n(Bi;Ai))c‘|

i=1
=: J; + Jo. (6.8)

We estimate J; in (6.8). Under the event ﬂ
have forallv € T, and 1 <7 < m,

B, o (Bis 4) N B, . (Bi;A;), we

{a(argmaxugTﬁiq L’Tl(tn)(u))GAi, maXyery_ L:‘(tn)(u)fx/ﬂfan(tn)GBi}
= Yowea, muueny  /IT @-VE-an(t)eB. ) (6.9)
Thus, we have
S v; ;‘“ {oweas, maxsery | /IT W@—VEi—an(ta)€B: |
exp a;l
—Ep v; ; v {a(v i Maxyerv 1/ en >(u —VEtn—an(tn )EB}
MU (87,0 (B ) (B 0, o (B0 )
= J1’1 - J172. (610)
By Lemma 6.2, we have
max{Jg, JLQ} S ch(Bi)qgeiqq. (611)

=1

We estimate J; ;. By Theorem 2.2, on the same probability space (we will write P to
denote the probability measure), we can construct a local time (L?(tn)(v))’UGTg" and two
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BRWS (hy)ver.,, (hy,)ver-, satisfying (2.4) and (2.5). Fix 0 € (0,1/3). We set

3
= < |hyl, |Ry] < \/logb q — 1—-4)logq, YveT,,. 6.12
{intl < Viogha - 20 -orowe wer}. 612
For each v € T, let L* be a local time of a Brownian motion on Tgn , and set +(p) =

inf{s > 0: L}(v) > p}. We omit the subscript v in L* and 7*. By Lemma 2.1, we have

Jia=E 1o, [[ Ko| + E |Lco [ Ko| = J11a+ Jraa2, (6.13)
veTy veTy

where for each v € Tj;, we have set

o(v)€AL, maxyery Zﬁ(w(t )(v))(u)fwnfan(tn)eBi

K, :=FE, |exp Zaz {

(6.14)
By Lemma A.7, we have

Ji12 < cez(logq) - (QY%J- (6.15)

We estimate J; ;. Fix v € Tj,. Foreach 1 <i < m, we set

EW N,tn,q) := ¢ ma Lt u) —Vt, —an(ty) € B; ¢ .
(.t q) {T\/ £ (i) ()~ Vo = e

Since A; x By, ..., A, X By, are disjoint, K, is equal to

E,

.::1§

{1 -1~ eai)1{0(U)€Ai}1E1(,i)(n,th)}]

=1

L= (1= "N oweat s me o

=1
exp{log( Z 176 @i )1{0(“)64 }P [E )(n tn,q)]>}. (6.16)

On the event C,, by (2.5), we have for all v € T,

Vi + an(tn) = /L7, 1 (0) + an—g (Lf(tn)(v)) +\/logb g — hl, + 47", (6.17)

where

5, = 3log(1—g/n) log (1 + 0 (Q/\/a)) 1O (qg/\/a) . 6.18)

+
4+/log b 4+/log b
We take any sufficiently small ¢ > 0 and sufficiently large gy € IN which depends on
Bi,...,B,, and €. We assume that ¢ > ¢o and n > ng, where we take sufficiently large
nog = no(q,€) € IN. By Proposition 5.1 and (6.17)—(6.18), under the event C,;, we have for
alll <i<mandvel, P, [Eq(,’)(n, tn,q)] is bounded from below by

~ | maxyerv L u) — ,/L" V) — Qp—g | LT v
B e, T2 i, ) )= B 0 = g (£, )
> logbq—h, + B, + 4y,
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| maxyepv Lt u) — /L V) — Ay (L" v)
5 [meseers, \/ (1 0) 7 VP @) = g (B, )
> Iogh q—hi, + B; + 6},

4 !

Z (1 o C4s)ﬁﬂ*’}/* ( logb q-— h;) +B,> 672\/logb (\/logb Q*h7,+§i)

4 _ -
~ (L exe) =B ( logb g — I, + Bi> ¢~ 2vI0gb (VIogh a—hi,+B:) (6.19)
Y
We set )
D((]Q) — Z ( logb q-— h;) 674\/10gb (\/logb qfh;)7
veTy
W, = Z o—2V1ogh (VIogh g—h),)

veTy
Recall the random measure Z, from (1.3). By (6.16), (6.19), and Taylor’s expansion of
the function = — log(l — z), under the event C;, N {D((f) < g} N{W, <&}, [lyer, Ko is
bounded from above by

6c5(B1,.H,Bm)6 - exp {4ﬂ*7* Z (1 _ e*ai) Zq(Az) . (672x/logb B, _ 672\/10gb Bl>}

NS —
4 “ =T =T T
X exp {045\/>ﬁ*'y* E (1 — e_at) Zy(4Ay) (6_2 logh B; 4 o—2vlogh B")} . (6.20)
™
i=1

We can obtain a similar lower bound of Hv T, K,. By Lemma A.7, Lemma 6.1, and the
fact that lim,_,. W, = 0 almost surely (see [36]), we have

lim P ((C,)°u{DP =} u{w, > e}) =0. (6.21)

q—o0

Thus, by the above estimates, taking n — oo, then ¢ — oo, and finally ¢ — 0, we have
‘Ep [e— ™ aiEﬁf;L‘”(AixBi)] _E [ej;ﬂm Ty (17 ) Zoo () (72VIET Bi_em2VIoET B)] ‘
— 0. (6.22)

Next, by using (6.22), we will prove (6.7). Let z, be a real number with z, <
ming <;<m B;. Take o = ¢o(z«) € N large enough and fix any ¢ > ¢o. Take n € N large
enough so that g <n —r, <n—¢and ¢ < n/4. We set

Fv,u €T, withg<|vAul<n-—gq s.t.
Uz*,q(tn) = L:'L(tn)(v)7 \/L:(tn)(u) > \/th"' an(tn) + 24

Under the event (U (t,)), we have

{arg max L%, y(u):v €Tny,, max /L%,  (u)> Vin + an(tn) + z*}

u€Ty ueTy,
= " : VLR > . :
{arg ug%}fq L7y (u) v €Ty, ug%%f}fq LT(tn)(u) > Vtn +an(ty) + z*} (6.23)
By (6.22), (6.23), and Proposition 4.1, we have (6.7). O
Proof of Corollary 1.3. Corollary 1.3 immediately follows form Theorem 1.1 and Proposi-
tion 3.1(i). We omit the details. O
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A Appendix

In this section, we give proof of some technical estimates.

A.1 Gaussian process associated with Brownian motion on metric tree

We adopt the notation in Section 2. Let X = ()?t, t >0, ]5@., S Tgn) be a Brownian
motion on T<,. Let {h, : © € T<,} be a centered Gaussian process with E(h,h,) =
Eo(LY, (y) for all z,y € T<,, where H, := inf{t > 0 : X; = x}. We will call » a Gaussian

process associated with the Brownian motion X. We have an explicit representation of
the covariance of h.

Lemma A.1. Forall x,y € Tgn,

E(hyhy) = d(p,r) + d(p,y) — d(x,y).

In particular, the law of {ﬁv : 0 < s < n} is the same as that of a standard Brownian
motion {W; : 0 < s <n} on R, where v, is the point on the unique path in T<,, from p to
v with d(p,vs) = s/2.

Proof. Let {z1,22},{w1, w2} be edges of T'with z € I, ..} and y € {4, w,}- Let 05,5 >0
be shift operators. We have

E(hohy) = Eo (LY, (1)
= Eu (L., n, ) + Ly, () 0 01, 1., )

= E‘z(anzl/\Hz2 () + ﬁx(Hzl < HZQ)Ezl (ETFLI,, () + ﬁf(HZQ < HZl)EZQ (ETFLI,) (). (A1)

Note that we have Ew(]?’,;p (w") = Ew/(f’ﬁp (w)), w,w' € Tgn; see, for example, [30,
Lemma 5.1]. Since X behaves like a standard Brownian motion on each I {w,w} w,w'}
is an edge of T'), we have P,(H, < Hy) = d(z,w")/d(w,w’), x € I, .; see, for example,
[32, Chapter 2, Exercise 8.13]. By these, the right hand side of (A.1) is equal to

~ ~ d(%ZQ) ~ ~ dlz,z1) = ~
E, (L% ———=E, (L% ———=E, (L} . A2
a:( HZIAH22<y))+d(Zl,ZQ) 1/( Hp(zl))+ d(Zl,Zg) 1/( HP(ZQ)) ( )
Similar arguments imply that for each i € {1, 2},
= 7 d(y,ws) = = d(y,w) = 7
E, (LY (%)) = —=5FEu, (LY (2)) + —=FEu, (LY (2:)). (A.3)
(i, (20) = gy B (T, (20) + g =0 B (L, (20)

(In (A.3), we have used the equality Ey(f’,g am.. () = 0 for each i € {1,2}.) Note that

w1y wo

by (2.3) and [25, Lemma 2.1], for all 4, j € {1,2},
B, (L (%)) = Bu, (L (27)) = d(p,w:) + d(p, z;) — d(ws, 2). (A.4)

We have
EI( nHzl/\Hz2 (y)) =0, if 1{21,22} 7& I{wl,wz]w (A.5)

Assume that Iy, .,1 = I{u, w,}- Note that a Brownian motion on Tgn starting at z killed
upon H,, A H,, has the same law as a standard Brownian motion on (0, %) stating at
d(z,z1) killed upon Hy A Hy . Let {L{(z) : t > 0} be a local time at z of a standard
Brownian motion {B;,t > 0, P2 w € R} on R. By this and [38, Chapter VI, Exercise 2.8],
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we have
Eo(Ly ., (¥) = Eifo ) (L, . (d(y: 1))
= md(y, z1) + md(y, 22) —d(z,y), I 20 = Ty ws)-
(A.6)
Thus, by (A.1)-(A.6), we have
E(hahy) = d(p,x) + d(p,y) — d(z,y). 0

A.2 Proof of Lemma 2.1

In this section, we use notation in Section 2. Let X = ()?t,t >0,P,,2 € Tvgn) be a
Brownian motion on ’fgn. Let {ﬁw RS Tgn} be a centered Gaussian process associated
with X (see Section A.1 for the definition). In the proof of Lemma 2.1, we will use a
variation of Theorem 2.2:

Theorem A.2. ([30, Theorem 1.1]) Fixn € IN. Foranyc € R andt > 0,

~ 1 ~ ~ -
the law of {Lg(t)(x) + i(hw +e)?ixe T<n} under P, x P is the same as

1 ~ ~
that of {Q(h”” +V2t+e2)? e T<n} under P.

Proof of Lemma 2.1. Fixn € N, t > 0, and a € T<,\T,. Let Xt = (X},s>0,P)bea
Brownian motion on Tgl o Starting at a. Let {Li( )@ (s,2) € [0,00) x Tgn ‘a‘} be a

local time of X*. Set 7+(s) := inf{r > 0: L¥(a) > s}. By Lemma A.1, we have

{ﬁw 1T E fgn} under P

4 {Tzi +Ea ix € f%ﬂ—lal} U {Ez cx € Tgn\fgn_‘a‘} under P x P, (A.7)

where {ht : 2z € Tgn—lal} is a Gaussian process associated with X+ under P+.
Fix m,r € N, )\1,-~- s Am € [0,00), pi1, -+, pir € [0,00), T1,+ Ty € Tgn_la‘\{a}, and
Y1,y € (Tep\T2 Snja) U{a}. Let E, E, E' be expectations of the product measures

Jgp X ]5(1i x P, Pp x P, Pj x P+, respectively. By (A.7), we have

-5 N _ zi)+1 E‘E 2 -
E le i ( l(L?(r)(“))( e Z)>.B*Z::1#1( L% (ya)+ %(hyi)Q)

T4 B NL Na 2
) E ) )

L 7 - m i Z’L _
= E 6722:1Hi(LZ(t)(yi)+%(hyi)2)E¢ . it <?l(L

N3

® (A.8)

Applying Theorem A.2 to the local time and the associated Gaussian process on Tgnflal'
the right of (A.8) is equal to B

B e Zimami( L3 i) +5(hy)? )t

- E;nl,\i(;(ﬁiﬁr\/m)z)“ ) (A.9)

Again, by Theorem A.2, the expectation of (A.9) is equal to

E | o= Siea (3, VI i |~ 251 (4 (Rt va) )H (A.10)
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By the symmetry of h*, conditioned on h,, the law of (* + |hq + v/2t|)? is the same as
that of (h* 4 h, + v/2t)2. By this and (A.7), the expectation in (A.10) is equal to

E {e S (3G, +VED?) |~ T Ai(é(ﬁwﬁ\/ﬂﬁ} . (A.11)

By Theorem A.2, the expectation in (A.11) is equal to

E {6_ Sy i (L i)+ 5 (hyy)?) | o= 2 N (Z§<t>(x,,)+%(ﬁm)2)] ] (A.12)
The above argument implies that

{Li¢ (20 @) (@) :z€ Tgn_lal} U{L2 (@) v € Te\T2, | under P, x P

4 {E;‘(t) (x):z € Tgn} under P,.
This yields the statement of Lemma 2.1. O

A.3 Tail of maximum of local time revisited
In the proof of Proposition 4.1, we need a version of Proposition 3.1(ii):
Proposition A.3. There exist ¢; > 0 and ty > 0 such that for alln € N, t > ty, and
y € [0, 2y/n],
P, (max L:L(t) (U) > \/i-l- an(t) + y) > 016—2\/@ Y (A.13)

vETy

Remark A.4. The assumption of ¢ in Proposition A.3 is weaker than that of Proposition
3.1(ii). This is the main requirement in the proof of Proposition 4.1.

Fixe € (0, 1/4). Forn e N, t >0,y >0,0<r <n,and v € T,,, set

L%ﬂ(”s) S \/i‘i'gy,t,n(s) + [_gn(s)a - fn(s))7 Vs € [Ta n— ’I“],
AL (1) = § /L2 (v) € VE+an(t) +y, VE+an(t) +y+1), ,
,/Zg(t)(vsl) > VE+ Ly n(s) — r1/2+2 s € [0, r]U[n —r, n]
where

n(t
lyin(s) = <an() + z> s, 0<s<mn,

fn(s) :== min {51/2_5, (n— 5)1/2_5} ,  gn(s):=min {51/2+5, (n— 5)1/2+5} .

To prove Proposition A.3, we will apply the second moment method to Evem Lan ). We
first need the following:
Lemma A.5. There exist ry € IN and ¢; > 0 such that for all g < r < n/4, t > 4ritde,
y €10, 2¢/n], andv € T,

P, (A" (1)) > cib e 2Viosb Y, (A.14)

v,

Proof. Fixro <r <n/4,t>4r't, and y € [0,2\/n], where we take ry € IN large enough.
By Lemma 2.3 and (2.6), P,(A} ,.(t)) is bounded from below by

Vi —gn(s) < Bs —ly1n(s) < —fu(s), Vs€r, n—r],
n 7 ; 1POB B, € [an(t) +y, an(t) +y+1), , (A.15)
+an(t) +y+ By >y n(s") — r1/2+2¢ s € [0, r]U[n — 7, n]
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where we have used the following: under the event that /X,/2 > Vit + Lyt n(S) — gn(s)
forall s € [r, n — 7] and /Xy /2 > Vt + Ly 4.n(s') — /272 forall s € [0, r]U [n —r, n],
we have exp (—f o %) > ¢;. Since {B; — B, £ :0 < s <n} is independent of B,, and

has the same law as that of a Brownian bridge from 0 to 0 on [0, n], the right-hand side
of (A.15) is bounded from below by

pr | =9n(s) S Xs < —fuls) =1, Vs € [r, n—7],
\f+an +y+1 B0 | Xy > 242 W e [0, ] Ul =7,

x Py (Bn € [an(t) +y, an(t) +y +1]), (A.16)

where for T > 0 and p,q € R, Bl is a probability law on (C[0,T], B(C[0,T])) (C[0,T]
is the space of all continuous functions on [0, 7] and B(C[0, T]) is the o-field generated
by cylinder sets in C[0,7T]) under which the coordinate process {X; : 0 < s < T} is a
Brownian bridge with variance 1/2 from p to ¢ on [0, 7]. We have

pPr 79%(5) S XS < 7](‘71(5) - 1a Vs € [T7 n-— T]'
020 | X > —rl/242¢ s € [0, r]U[n —r, n]
W gu (<X <= fn(m) =1, —gn(n—r)<Xp_p<—fu(n—r)-1}
. x Py iTXn (=gn(s+7) < Xs < —fuls+7) = 1,Vs € [0, n—2r])
= EO*)O XPOT—>Xr (Xs > —7‘1/2+25, Vs € [0’ 7‘])
xP% o (Xe > —rl/22 vs e (o, 1))

> Py o (—gn(s) < Xg < —fn(s) =1, Vse€[r, n—r]), (A.17)

where we have used [19, Lemma 2.2(a)] in the second inequality which implies that the
last two probabilities in the expectation in the second display of (A.17) are bounded from
below by some constants. By the symmetry of a Brownian bridge, [19, Lemma 2.7 and
Proposition 6.1], we have for ry < r < n/4 with ry large enough

Pyo(=gn(s) < Xg < —fu(s) =1, Vs €[r, n—r1]) > 3P} ,o (X >0, Vs €[r, n—1]).

(A.18)
Using [19, Lemma 2.2(a)], one can show that the right of (A.18) is bounded from below
by ¢4/n for some ¢4 > 0. Thus, by (A.15)-(A.18), we have (A.14). O

Next, we need the following:
Lemma A.6. (i) There exist o € IN and ¢; > 0 such that for allt > 0, ro < r < n/4,
yelo, 2vnl ke {rnr+l,...,n—r—1}, v e T, and (VE+lyink)— ga(k))* < g <
(VE+ Lyen () = fu(R))”,

- E%(q)(vs) <Vt Ly 1.0 (8) = fuls), Vs € [k, n—71],
o Eg(q)(u) € WVt+an(t)+y, Vi+a,(t)+y+1)

< eyrl/2He Vi Ly (k) = fa(k) gn (k) p—(n—F)
- Vit+a,(t)+y (m—k—r)Vn—k
310gn(nik)elog(%)

x e 2n (n—k) ,— 2220 Fn(k), (A.19)

where {L}(z) : (s,z) € [0, o) x Tzﬁhk} is a local time of a Brownian motion on Tg;m
and 7+(p) := inf{s > 0: L}(vy) > p}.
(ii) There exist ro € IN and ¢y > 0 such that for allt > 0, 1o < r < n/4, y € [0,2/n], and
veEeT,,

ﬁp (A7 (1) < corb~ e~ 2VI08 by
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Proof. Recall the probability measure P, defined in the proof of Lemma A.5. By
Lemma 2.3 and (2.6), the left of (A.19) is bounded from above by

Va B [Bs < Vt—\/G+lyn(k+5)— fo(k+s), Vs € [0, n—k—r],
——F——P, . (A.20)
\/f—l—an(t)—i—y Bn—ke[\/i—\/a+a7L(t)+ya\/i_\/a+an(t)+y+1)

n‘—jk By :0<s<n-— k} is independent of B,,_, and has the
same law as that of a Brownian bridge with variance 1/2 from 0 to 0 on [0, n — k], the
probability in (A.20) is bounded from above by

Since the process {BS —

Pi5o {Xs <VE VAt byenlk+ ) = (Vi VE+an(t) + ), Vsénkr]
x Py [BH €Wt—Va+an(t)+y, Vt—q+an(t)+y+ 1)] . (A.21)

We estimate two probabilities in (A.21). By the assumption of ¢, we have

P (Bn,ke[\/i—ﬂ—&-an(t)—ky, \/%—\/(j+an(t)+y+1))

c . 10g<f+n
o O (n-k) L (k)

T)(n k) e — 200 1 (k) (A.22)
S gy ) .

To estimate the other probability, we use [3, Lemma 3.4]: for any z,z2 € [0,00),
r1,72 € [0,00), and T > ry + ro,

POTHO(XSS (1—%)x1+Tx2, r1<s<T—r2>

2 {(1—%)331—&- x2+\ﬁ}{ x1+(1—?)$2+\ﬁ} (A.23)

_Tf’l’lf’l"g

By (A.23), we have

Py (XS <\/¥—\/§+£y7t’n(k+s)—ﬁ(\/f—\/a—i—an(t)—i—y), Vs<n—k—r>

r1/2+€

< cy gn (k). (A.24)

n—k—r

Thus, by (A.20)-(A.24), we have (A.19). By repeating a similar argument, we can also
prove (ii). We omit the detail. O

Proof of Proposition A.3. Fix a sufficiently large positive constant r. We set Z :=
>over, lap (). For each k € {0,---,n — 1}, set S, := >y uer " P, [Ar,.(t)n Az . (1)].

[lvAu|=
We have o
E|Z* = E +Zsk+ Z Sk + Z Sk (A.25)
k=n—r

Foreach0 <k <n-—1, set

Lyt (k) = [(VE+ by (k) = gn (k)% (VE+ by e (k) = fu(K))?].

Foreachq € I, »(k) and v € T, let P,, (¢) be the probability in (A.19). In the estimate of
»_"1 Sy, we use the following: by Lemma 2.1, forany r <k <n—r —1and v,u € T,

with [v Au| = k, P, [A7,(t) N Az (t)] is bounded from above by

BA7 ()] sup  Py(q). (A.26)
g€l ¢+ n(k)
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By (A.26) and Lemma A.6, dividing the sum > ;" 1S, into L"/2J Sk + Zkz/_gj/ﬁfg nls, +

P [; n/logn)+1 Sk, We have 3571 'Sy < crem2Viogby, S1rn11ar1y, by Lemma 2.1, for
any 0 < k <r—1andv,u € T, with [v Au| = k, B, [AZ (t) N A2 (t)] is bounded from
above by P,[A7 .(t)]-sup,e;, , . (r) Po, (a)- By this and Lemma A.6, -~ Sy < cpe2VI8? v,
Foranyn—r <k <n-—1andv,u €T, with v Au| =k, webound]3 [A7 (1) N AL (t)]
just by P, [AZ (t)]. Then, by Lemma A.6(ii), we have ;) Sy < cze Vgl v,

By these estimates, Lemma A.5, and an argument similar to the proof of Proposition
3.1(ii), we obtain the desired result (A.13). O

A.4 Tail of maximum of BRW

In the proof of Proposition 5.1, we use tail estimates of the maximum of the BRW on
T. Let (hy)yer be @ BRW on T defined in Section 1.

Lemma A.7. (i) There exist c¢1,cq € (0, 00) such that forally > 0 andn € NN,

2
<maxh > /logbn — mlogn +y> < (14 y)e 2Viosbyeeaty

veTy,

(ii) There exist c3 > 0 and ng € IN such that for alln > ng and y € [1, \/n],

3
P ({)Iéf%xhv > y/logbn — WlOgner)

Lemma A.7(ii) is a special version of Lemma 2.7 of [22]. One can easily modify the
proof of Lemma 3.8 in [21] (this is basically a tail estimate of the maximum of a BRW on
a 4-ary tree) to prove Lemma A.7(i). We omit the details.

Z 03y672x/logb v,
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