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Approximation of a generalized continuous-state branching
process with interaction

Ibrahima Dramé * Etienne Pardoux’

Abstract

In this work, we consider a continuous-time branching process with interaction where
the birth and death rates are non linear functions of the population size. We prove
that after a proper renormalization our model converges to a generalized continuous
state branching process solution of the SDE
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where W is a space-time white noise on (0, 00)? and M (ds, dz, du) = M(ds, dz, du) —
dspu(dz)du, with M being a Poisson random measure on (0,0)* independent of W,
with mean measure dsu(dz)du, where (1 A 2%)u(dz) is a finite measure on (0, o).
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1 Introduction

Consider a population evolving in continuous time with m ancestors at time ¢ = 0,
in which to each individual is attached a random vector describing her lifetime and
her number of offsprings. We assume that those random vectors are independent and
identically distributed. The rate of reproduction is governed by a finite measure v
on Z, = {0,1,2,...}, satisfying v(1) = 0. More precisely, each individual lives for an
exponential time with parameter v(Z. ), and is replaced by a random number of children
according to the probability u(ZJr)*lu. For each individual we superimpose additional
birth and death rates due to interactions with others at a certain rate which depends upon
the other individuals in the population. More precisely, given a function f : RT — R,
which satisfies assumption (H2) below, whenever the total size of the population is %,
the total additional birth rate due to interactions is Zle( f(@) — f(i —1))*, while the
total additional death rate due to interactions is Zle( f@) = fi—-1))".
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Approximation of a generalized CSBP with interaction

In this work, we prove that, when properly renormalized, the above continuous time
branching process with interaction converges to the solution of the SDE

ng_x+/fzmdr+f// W (dr, du) + /// M(ds, dz, du)
/// M (ds, dz, du), (1.1)

where W is a space-time white noise on R, x Ry, M (dr,dz,du) is a Poisson random
measure with mean measure dsu(dz)du independent of W, ¢ > 0 and p is a o-finite
measure on (0, co0) which satisfies

Assumption (H1) [;*(1 A 2?)u(dz) < oo, and M is the compensated measure of M. Our
assumption concerning the function f will be

Assumption (H2) f € C(R4;R), f(0) = 0, and there exists a constant 8 > 0 such that

flz+y) = f(z) < By Va,y>0.
Note that the assumption (H2) implies that f(z) < Sz, for all z > 0.

Under the assumptions (H1) and (H2), the existence and uniqueness of a strong
solution of (1.1) is proved in [5]. We thus generalize the convergence result in [3], see
also [12], where the limit was a continuous process.

We will need to consider the CSBP Y* solution of the SDE

fforﬂ/YdeJr\ﬁ// W (dr, du) + /// M (ds, dz, du)
A/ AYT M(ds,dz, du), (1.2)

whose branching mechanism is given by

P(A) = —BA + cA? +/ (7™ — 1+ Azlp<qy)p(dr). (1.3)
0

In this work, we assume that Y” does not explode, which is equivalent to (see [8])
Assumption (H3) f0+ O /\)I = +00.

The paper is organised as follows. We first define a discrete model jointly for all
initial population sizes. This imposes a non symmetric competition rule between the
individuals, which we will describe in section 2 below. We do a suitable renormalization
of the parameters of the discrete model in section 3, and we prove the convergence of
the renormalized model in the large population limit in section 4.

Note that due to our weak assumption (H1), Z* does not have a finite moment of
order 1. This induces difficulties for checking tightness of the approximation. We use
comparison with two branching processes.

2 Discrete model of population with interaction
2.1 The model

We consider a continuous time 7 -valued population process {X;*,¢ > 0}, which
starts at time zero from XJ* = m ancestors who are arranged from left to right, and
evolves in continuous time. The left/right order is passed on to their offsprings. Moreover,
at each death/birth event all newborn are arranged in an arbitrary left-right order. Those
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rules apply inside each genealogical tree, so that distinct branches of the tree never
cross. This means that the forest of genealogical trees of the population is a planar
forest of trees, where the ancestor of the population X} is placed on the far left, the
ancestor of X? — X} immediately on her right, etc... This defines in a non-ambiguous
way an order from left to right within the population alive at each time ¢. We decree
that each individual feels the interaction with the others placed on her left but not with
those on her right. In order to simplify our formulas, we suppose moreover that the first
individual in the left/right order gives birth to ¢ offspring at rate v/(¢) + f*(1)1,—o) and
dies at rate v(0) + £~ (1).

{X[™,t > 0} is a Z-valued Markov process, which starts from X* = m. and evolves
as follows. If X;* = 0, then X" = 0 for all s > ¢. While at state k > 1, the process

k+0—1, atrate v(O)k + 1ysy S0 (f(j) — f(j — 1))*, forall £ > 2;

X" jumps to { A ] )
k—1, atratev(0)k + >, (f(j)— f(G—1))".

2.1)

Hence the total interaction birth rates minus the total interaction death rates endured

by the population X;* at time ¢ is

X7 xm
D (k) = f(k =) = (F(R) = f(k = 1)7] =D _(F(k) = f(k = 1)) = F(X]").
k=1 k=1

2.2 Coupling over ancestral population size

The above description specifies the joint evolution of all {X}",¢t > 0},,>1, or in
other words of the two-parameter process {X/",¢ > 0, m > 1}. In the case of a linear
function f, for each fixed ¢t > 0, {X]*, m > 1} is an independent increments process.
Here {X™, m > 1} is a Markov chain with values in the space D([0,o0);Z..) of cadlag
functions from [0, c0) into Z., which starts from 0 at m = 0. Consequently, in order to
describe the law of the two-parameter process { X", ¢ > 0, m > 1}, it suffices to describe
the conditional law of X", given X"~! for each n > 1. We now describe the conditional
law of X" given X™, for arbitrary 1 < m < n. Let V;""" = X* — X/, t > 0. Conditionally
upon {X7,j < m}, and given that X" = x(t), t > 0, {V,;™",t > 0} is a Z,-valued time
inhomogeneous Markov process starting from ;""" = n — m, whose time-dependent
infinitesimal generator {Q ;(t), k,j € Z4} is such that its non zero off-diagonal terms
are given by

k
Qk7k+g,1(t) =kv(l) + Lip—oy Z(f(.%‘(t) +i)— fla(t)+i— 1))+, forall ¢ > 2,

k
Qre—1 (8) = kv (0) + Y (fa(t) +4) = fla(t) +i—1))".
i=1

This description of the conditional law of {X}* — X{™,t > 0}, given X™, is prescribed
by what we have just said, and {X™, m > 1} is indeed a Markov chain. Note that V;>""
evolves as X;*. Our nonlinear function f is very general. It can both model the Allee
effect and competition, in case it is increasing for moderate values of z, and decreasing
for large x.

3 A renormalized process

In this section, we first construct our continuous time branching process with in-
teraction. We then proceed to its renormalisation. Let N > 1 be an integer which will
eventually go to infinity.

ECP 23 (2018), paper 73. http://www.imstat.org/ecp/
Page 3/14


http://dx.doi.org/10.1214/18-ECP176
http://www.imstat.org/ecp/

Approximation of a generalized CSBP with interaction

3.1 Preliminaries

Let us start with a construction, which will allow us to separate small jumps and big
jumps of the population process. Let us define ; and v, € C([0,+o0)) by

1 00
v = [ =1 unuds) and va(w) = [ (e - Dulda)
0 1
where  satisfies (H1). In what follows, we set

P1(N(1 = s))
Ny1(N)

(N —s))

i NU5(N)

and ha n(s)=s ls] < 1.

Fori = 1,2, h; v is a probability generating function, and we have

hin(s) =Y 7 N(O)s" and hyn(s) =) a"N(0)s, |s| <1,
>0 £>0

where 7"V and 7™V are two probability measures on Z_ . Let us define
d- N =91(N), din=-9Y5(N) and dy =d_ n+din.
For any ¢ > 0, we define

1
N ({) = . [d_ N7 N () +dy no TN (0)] (3.1)
It is easy to check that forall N > 1,

Soan@) =N => Ny =Y N =1. (3.2)

£>0 £>0 £>0 £>0
We denote by hy the probability generating function of 7. We have

1

hN(S) = a

[df,Nhl,N(S) +d+7Nh2,N(S)} . (3.3)

In what follows, we will need the
Remark 3.1. For any A > 0,

Y1(A) +1h2(A) = /Ooo(e)‘z — 1+ A21<iy)p(dz) = Ndy [hN (1 - %) - (1 — ;})} )

Consider g(s) = %(1 + s?), which is the generating function of the probability = =

160 + 302. We notice that
dow) = er(t)=1. (3.4)
>0 >0

We define one more probability on Z, . For any ¢ > 0,

1

vn (£)
We denote by Ly the probability generating function of v . We have

Ly(s) = [2¢Ng(s) + dnhn(s)]. (3.6)

(26N + dN)

From (3.1), we can rewrite (3.5) in the form

(2¢N +dn)vn(£) = 2eN7(0) + d_ n7 N (0) + dy N (0). (3.7)
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3.2 Renormalized discrete model

Now we proceed with the renormalization of the model defined by (2.1). For z
€ Ry and N € Z,, we choose m = [Nz], and v({) = (dy + 2¢N)vy(¢) for all £ > 2,
v(0) = (2¢N + dn)vn(0), we multiply f by N and divide its argument by N. We attach
to each individual in the population a mass equal to 1/N. Then the total mass process
ZN-® which starts from Uy\f] at time ¢t = 0, is a Markov process whose evolution can be

descrlbed as follows. ZV+# jumps from k/N

to { £ atrate (2eN +dw)un (Ok + Nlgmoy S0 (F(%) = fUFH)*, forall £ > 2;
_ k i [
kL atrate (2cN +dy)vn(0)k + N Y (f(%) — F(5H) 3.8)
Let MYN(dr,dz,du), M*¥N (dr,dz,du) and Q™ (dr,dz,du) be three independent Poisson
random measures on (0, 00) x Z; x (0, 00), with respective mean measures 2¢Ndrn(dz)du,
d_ ndrr—N(dz)du and dy ydrrtN(dz)du.

Let us define MY = MY + M2V + QV. Itis clear from (3.7) that M" is a Poisson
random measure on (0,00) X Z x (0, 00), with mean measure (2¢N +dy)dsvy (dz)du. Let
P, and P, be two standard Poisson processes, such that M, P; and P, are independent.
From (3.8), ZMV:® can be expressed as

NZN.L
ZtN,m: +7/// (z = 1)MN (dr, dz, du)
Zy

+]1VP1(/0 {NN%ZNE (f(%)—f(ij\,l)) }dr)

([ {w Z (1 - 1) ). (3.9)

We introduce the notations

MYN(dr,dz, du) = MY (dr, dz, du) — 2¢Ndrr(dz)du,
MM (dr, dz, du) = M>N (dr, dz, du) — d__ydrr— (dz)du,
M(t) = Pi(t) —t, Ma(t) = P(t) —

For the rest of this subsection, we define the martingale

1t N7 _
MV = 7/ / / (z — 1)MYN (dr, dz, du)
N Jo Ju.

NZNI
// / (z — 1)M?>N (dr, dz, du)
Zy

NzNI

e [V S (1 - 1) )

i=1

NZzZN-=

([0S U5 o)

i=1

and
1/t NZiV_’””
ng»zzf// / (2 — 1)QN (dr, dz, du). (3.10)
N Jo Jz, Jo
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Since fz+ (z — 1)m(dz) = fZ+(z — 1)7—N(dz) =0, (3.9) can be rewritten as

Zy :T+/ F(Z.5)dr + My" + Q" (3.11)
0

Since M”* is purely discontinuous, its quadratic variation [MN ﬂ is the sum of the
squares of its jumps:

[MNv- ]t =3z [/ /Z / (z — 1)21{uSNny;m}M1’N(dr,dz7du)
+
/ / / z—1)2 1, <NZN_JL} N (dr, dz, du)
Zy

+P1(/0 {n iT(f(]i,)—f(zj_vl)) }dr)

¢ Nz . .
1 t—1\—
+P2(/ N ()= =2 dr>
S (b))
From this, (3.2), (3.4) and the identities [, 27N (dz) = hY §(1) + ] (1) and

fZ+ 22m(dz) = ¢"(1) + ¢’(1), we deduce that the predictable quadratic variation (M)
of MN:7 is given by

t 1 1
(MN2), = / {(20 +/ z2u(dz)) zNw 4 NHfHN,o,ZiV*I } dr, (3.12)
0 0

k Flnowr = S0 i () = FOR)

where for any v = £ o/ = & _withk < ¥, k, k' € Z,,
hence

£l N = kz/ {2 (f(fif)f(iNl)>+(f(Zif Z*1 }

i=k+1

’

It now follows from Assumption (H2) that

1l Nw0r <2800 —v) + f(v) — f(v'). (3.13)

4 Convergence of 7V~

The aim of this section is to prove the convergence in law as N — oo of the two
parameter process {ZtN”’, t >0, > 0} defined in subsection 3.2 towards the process
{Z#, t >0, = > 0} solution of the SDE (1.1). We note that the processes Z;"** and Z*
are Markov processes indexed by x, with values in the space of cadlag functions of ¢ :
D([0,00); R).

We now state our main result (here and later in this paper, = means convergence in
law).

Theorem 4.1. Suppose that Assumptions (H1), (H2) and (H3) are satisfied. Then for
alln>1,0< ) <a9 < -+ - < Ty,

(ZN‘VIlaZ-JV’IZa"VZ-JV’fn):> (Zrlvzrzaﬂzrﬂ)

in D([0,00); R™), as N — oo, where {Z¥, t > 0, = > 0} is the unique solution of the SDE
(1.1).

In the direction z, we could only obtain the convergence in the sense of finite
dimensional distributions. Our result is sufficient to declare that the coupling of the
various initial conditions described by (1.1) is the natural one. For the proof of this
theorem, we first consider ZV:* for a fixed = > 0.
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4.1 Tightness of ZV:®

The main difficulty for proving tightness of the sequence Z* comes from the fact
that, as a result of our very weak assumption on the Lévy measure y, the limiting process
Z” does not have a first moment (since the large jumps may not be integrable). Hence
we cannot hope for a uniform estimate of the first moment of Z"-* like in section 7.1 of
[12], and another method is necessary for establishing tightness. We have chosen to use
comparison of ZV* (resp. Z*) with a branching process YV (resp. with a CSBP Y'%).

To prove the tightness criterion of ZV* , we will proceed in several steps. Let YN:®
be the Markov process which starts from % at time ¢ = 0, and evolves as follows

k+1€7_1 at rate {(2cN + dn)vn (£) + Blyy=oy }k, forall £ > 2,

kL atrate (2¢N + dy)vn (0)k.

k
N,x f t
Y jumps Iirom 7N (0} {

4.1)
YN:% is obtained from ZV* by replacing f(z) by 3z. Let XV = NY™ and uy be the
finite measure on Z :

in(0) = (2N +dy)un(0), pn(1) =0 and un(€) = (26N + du)vw (6) + Blisoay,

for every ¢ > 2. Hence the dynamics of the continuous time Markov process X V% is
entirely characterized by the measure pn. We have the following Proposition, which can
be found in Athreya-Ney [2] (4) page 106 and in Pardoux [12] Prop. 3 page 10.

Proposition 4.2. The generating function of the process X% is given by
E, (thN'm) =w(s), secl0,1],
with .
wl¥ (s) = s +/ Oy (wh (s))dr,
0

and the function ® is defined by

D (s) = 3 — ()
=0
= (2¢N +dn)(Ln(s) — s) + B(s* —5), s€[0,1],

where Ly is the generating function given by (3.6).

The continuous time process {YtN’I, t > 0} is a Markov process with values in the set
Ey ={k/N, k> 1}. For A\ >0

N,z - N,z
E (67/\}/‘ ) = E[Nw] (6 X /N)
= exp ([Nx] log wl¥ (e_A/N)) )
with w¥ from Proposition 4.2. This suggests to define

uM(\) = N (1 —wl (e_A/N)) . (4.2)

The function u}¥ solves the equation
¢
a¥ )+ [ V@ )= N (1), @3
0

where ¢V (u) = N®y (1 — %). Combining the definition of ®x in Proposition 4.2 with
(3.3), (3.6) and (1.3), we get
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2
N () =) + B O<u<N. (4.9)

It is clear that Y* = (Y}*, t > 0) defined by (1.2), is a Markov process taking values
in [0, 0], where 0 and co are two absorbing states, and satisfying the branching property.
Its Laplace transform satisfies

E [exp(=AY{®)] = exp {—zus(N)}, for A >0,

for some non negative function u; which is the unique nonnegative solution of (see
Silverstein [13])

up(A) = A 7/0 Y (up(N))dr. (4.5)

We fix A > 0. Since v and ¢y are locally Lipschitz, —x(u) < —¢(u) and v}’ (\) <
ug (), it follows from a well-known comparison theorem for one-dimensional ODEs that

uM (\) < up(\), Yt>0.

We also notice from (H3) that Y;* does not explode and the facts that t — (u(\), ul¥ (\))
is continuous and N — uY (\) is monotone increasing imply that there exist @(\), u™0(\)
suchthatfor0 <t <T, N > N,

0 <u(\) <ul () <ur(\) <a(\) < +oc. (4.6)

We have
Proposition 4.3. Let (t,\) — u;(\) be the unique locally bounded positive solution of
(4.5). For every A > 0, as N — oo, ul (\) = u(\) locally uniformly in t.

Proof. We take the difference between (4.3) and (4.5), and use (4.4) to deduce that for
0<t<T,

|ut(>\)—u,{v(/\)]<KA/O |us(A)—u§Y(A)|ds+kN(A)+]€/o (ugV(A))2ds,

where kx(A\) = A—N (1 — e*A/N) — 0,as N — oo, and K is the Lipschitz constant for v
on [u™Vo()\),@w(\)]. From (4.6), the last term tends to 0, as N goes to infinity. We conclude
thanks to Gronwall’s lemma. O

Now some simple algebra yields (recall that Y* is the CSBP given by (1.2))
Proposition 4.4. Forall T > 0,z > 0, forall A > 0, E (e"\YTN’m) — E (e~*7), hence
Y = vE, as N — oo.

We next establish
Proposition 4.5. For all T, e > 0, there exists k. > 0 such that

limsup P ( sup YN > k€> <e.
N—oo 0<t<T

For the proof of this proposition we need an intermediate result. We define the
process Y V% in the same way as Y V' with the measure 1 replaced by ji = uljg,1)-Thus,
from (3.8), (3.11), (3.12) and (4.1), Y- takes the form

_ N t_ _
ARSI / YN+ MY (4.7)
N 0
where MV is a purely discontinuous martingale, whose predictable quadratic variation
reads
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t 1
sy = [{ (e [ 2utaz) + 5) 70 an (4.8)
0 0
We have

Lemma 4.6. Forall T > 0, x > 0, there exists a constant Cy > 0 such that forall N > 1,

sup E (f@Nﬂ:) < ().
0<t<T

Proof. Taking the expectation on both side of equation (4.7), we obtain

E (YtNx) _ [J\Z:;C] 1 BE (/t Y;N,mdr> )
0

It remains to use Gronwall’s Lemma to conclude with Cy = ze?T. O

We next establish
Proposition 4.7. For all T > 0, x > 0, there exists a constant C'; > 0 such that for all
N >1,

E( sup YtN’m> < (.

0<t<T

Proof. From (4.7),

_ N _
sup }/thc < [ l‘] + B YN T + sup ’Mivﬂc
0<t<T N 0<t<T

From Cauchy-Schwartz, Doob’s inequality for the L?

Nz N ! T .
E ( sup YtN"> < [Na] +1+ {4 <20—|—/ 22u(dz) + B) + B} E/ sup YT],V’xdr.
0<t<T N 0 0 0<r/<r

It remains to use Gronwall’s Lemma to conclude. O

Proof of Proposition 4.5. Combining Proposition 4.4 and the Portmanteau theorem, we
have
v M. >0, hmsup]P(YN”>M) <P(VE>DM,). (4.9)

N—o0

Since from (H3) Y. < oo a.s, we can choose M, such that

P (Y > M,) < (4.10)

DN

However, we have

IP( sup YN > ke> SIP( sup YT > ke, YOO <Me) +P (YNI > M)
0<t<T 0<t<T

<P < sup YtN"L > ke
0<t<T

YN < M€> P (YN"‘ > M) (4.11)

Now, switching from Y ™:® to YV:* consists in removing some of the positive jumps of
Y N:#. So, the time reversed process K,\"* = V"' behaves as K,"* = Y%, with some
negative jumps deleted. Consequently

IP(squt’x NI<M>§IP<squ’I NI<M>
0<t<T 0<t<T
SN,
E (SUPogth Y, x)
. . (4.12)
kP (V77 < M)
ECP 23 (2018), paper 73. http://www.imstat.org/ecp/
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The arguments leading to Proposition 4.4 yield that ¥,)"" = Y, where Y7 is the same
as Y”, but with y replaced by ji. Using again the Portmanteau theorem and (4.10), we
obtain

lim inf P (YI{“ < ME) > P (V< M,)

N—o0

P
> P (Y7 < M)

>1—-—.
- 2
Finally, combining this inequality with (4.11), (4.12) and Proposition 4.7, we deduce that
Cl €
limsup P sup VVo >k )< —F 4 .
N—)oop (ogth ¢ ) T k(l1-35) 2
The result follows by choosing k. = 2C /e(1 — ¢/2). O

Thanks to these results, we are in a position to establish the tightness of ZV:=.
Proposition 4.5 combined with the fact that sup, ;<7 zNe < SUPg<i<T v;¥*" stochastically
[see the definitions (3.8), (4.1) and Assumption (H2)] leads to

Corollary 4.8. For all T, e > 0, there exists k. > 0 such that

limsup P < sup ZNT > k:€> <

N—00 0<t<T

[N e}

We want to check tightness of the sequence {Z":* N > 1} using Aldous’ criterion.
Let {rnx, N > 1} be an arbitrary sequence of [0, T|-valued stopping times. We deduce
from the above Corollary

Lemma 4.9. For any T > 0, and n, ¢ > 0, there exists 6 > 0 such that
(TN+0)/\T €
/ JZN=ydr| =) < &

N
Proof. Let J : Ry — R, be the continuous increasing function defined by J(z) =

SupOSrSz ‘f(’f‘>|
Provided 0 < # < §, we have

(TN+9)/\T
/ F(ZN)dr

N

sup sup P
N>10<60<6

<0 swp |£(z")
0<t<T

, hence

(TN +ONT
/ F(ZN)dr

N

sup IP( >77><IP<sup ZtN’E>J_1(n)).
0<6<6 0<t<T o

The result follows by using Corollary 4.8 and choosing 6 < n/J(k.). O

We need to check tightness of the sequence of processes QV**. We have

Lemma 4.10. For any T > 0, and 7, € > 0, there exists 6, > 0 such that

N, -
sup sup PP (‘QrNie - Q]TVN’“L > 17) <e.

N>10<6<6,

Proof. From (3.10), we notice that
< —/ / / (z + I)QN(dr, dz,du),
N ™ Zy JO
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recall Q% (dr, dz,du) is a Poisson random measures on (0, ) x Z, x (0,00), with mean
measure d; ydrrt Y (dz)du, where d y and 7"V were defined in subsection 3.1. It is
easy to check that Nd; y < e 'pu[l, +00). We have

N,z N,z
P (|, - Q| =)

<P ( sup ZNT > k’6> +P (‘Qf—\;}ﬁe - QYN >, sup zN" < ke)

0<t<T 0<t<T

<P < sup ZtN’z > k€> +IP(QN ([tvs 75 + 0] X Zy x [0, Nke]) > 0)
0<t<T

< % + 1 —exp(—e p[l, +00)0k.).
The result follows by choosing 6y < e[log(1/(1 — §))]/[kep[1, +00)]. O

From Lemma 4.9 and Lemma 4.10, we deduce that the second and fourth terms in
the right-hand side of (3.11) satisfy Aldous’ criterion in [1]. Corollary 4.8, (3.12) and
(3.13) imply that (M%) is both tight and continuous, hence C-tight in the terminology
of [10], and from Theorem VI 4.13 in [10], M™% is tight. We have proved

Proposition 4.11. For any fixed x > 0, the sequence of processes {ZN“, N > 1} is
tight in D([0, 00); Ry).

4.2 Convergence of ZV:* for fixed z
For the rest of this section we set

NzN= . . NzN=

N2 = 3 (1a-r(5h) T amd ko (vz = S (1)

i=1 =1

The argument leading to (3.13) implies
Lemma 4.12. For any s > 0, we have

It follows from (1.1) and It6’s formula that, for A > 0, the following is a martingale

t t
e M — Mo 4 )\/ e N (25 dr — c/\2/ ZTe N dr
0 0

t o]
7/ ZTeMNr {/ (e -1+ )\zl{zgl})u(dz)} dr. (4.14)
0 0

Thanks to these results, we can now establish the convergence of Z Nz,

Proposition 4.13. For any fixed z > 0, ZV* = Z% in D([0,0); R} ) as N — oo, where
Z" is the unique solution of the SDE (1.1).

Proof. By Proposition 4.11, along a subsequence (denoted as the whole sequence)
{ZtN’I, t > 0} converges weakly to a process {Z7, t > 0} for the Skorohod topology of
D([0,00); Ry ). Let for A > 0, F(u) = e~ **, from (3.9), (4.13) and It6’s formula, we deduce
that the following is a martingale

t —1
PR VAPV T _/ vavfe‘/\zfv’l NdN/ <6A( N ) — 1) nn(dz) ¢ dr
0 Z+
t Nz 7}\(2—1)
_/ ZNwe= AL, 20N2/ <e M= 1) m(dz) o dr — Ty (t, N),
0 Z+

ECP 23 (2018), paper 73. http://www.imstat.org/ecp/
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where we have used the decomposition (2¢N + dy)vy = dy7y + 2¢N7, and
t t
T,(t, N) = N/ KL (NZN®) e 28 (=%~ 1)dp +N/ K_(NZN®)e 28 (0% _ 1)dr.,
0 0
Using Taylor’s formula and the fact that K, (NZN:%) — K_(NZN*) = f(ZN*), we deduce

t t
I.(t,N) = f)\/ e T F(ZNT)dr + 0 (;) / e M KL (NZN2) + K_ (N ZN")]dr.
0 0

However, we have that

NdN/Z <e‘k(le) - 1) wn(d2) :NdNe%/Z (e

= NdNe% (hN (6_%) — e_%) .

L

— e_%) 7w (dz)

From an easy adaptation of the argument of the proof of Proposition 3.40 of Li [11], we
have that

i i1 2) - (1 3)] = ¥ o () ]

Combining this with Remark 3.1, we deduce that

lim NdN/ <e)‘(2”
N—o00 Z,

However, we deduce from Taylor’s formula that

2N /Z+ <eA<le> - 1) m(dz) = A’ + o (Jif) .

Now, by combining the above results with Lemma 4.12 and Proposition 4.11, we obtain
(4.14) by letting N — oo in (4.15). Let g € C%(R.) (the space of C? functions from
R, into R with compact support) and h(z) = g(—log(x)). h € C?([0,1]). Let h,(z) =

- 1) mn(dz) = 1(A) +2(N) = /Ooo(e)\z — 14+ A2l <1y)p(dz).

> oheo ( ) h(k/n)z*(1 — z)"~* be its Bernstein polynomial approximation, which con-

verges uniformly to i(z) on [0, 1]. Consequently g,(z) =Y ;_, (Z) g(—log(k/n))e (1~

e~ is a linear combination of exponential functions with negative exponents, which
converges to g(x) uniformly on R, as n — co. A lengthy but elementary computation
shows that ¢/, () — ¢'(x) and ¢//(x) — ¢”(x) pointwise. Consequently if L denotes the
generator of the Markov process Z*, we have that Lg,(x) — Lg(x). This being true for
any g € C% (R ), it is easy to conclude that ZF solves the martingale problem associated
to (1.1). The result follows. O

w)n—k

4.3 Proof of Theorem 4.1

We shall prove the statement in the case n = 2 only. The general proof is very
similar. Recall (3.8). We now describe the law of the pair (ZV:*, ZV¥), forany 0 < x < y.
(ZN-x ZNv) jumps

(z+11{/—1,%) at rate (2¢N + dy)vn (4 )z+NZL 1(]0(%) ~F(EL))
from (-2, 1) o] (5 ), atrate (26N + d)uw(0)i + N S5, (£() = f(5))”
N'N (%, +]§,1) atrate (2cN +dn)vn(0)j + N D5 (f( k) f ‘z+k71))+
(%, %) at rate (2¢N + dy)vn(0)7 +N2k (F(EER) — p(ith=Ly) -
ECP 23 (2018), paper 73. http://www.imstat.org/ecp/
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Recall (3.5) and (3.7). The process VN:@¥ = ZN:v _ ZN.= can be expressed as follows

NVN“H
vvew = Ny ) N/// )M (dr,dz, du)
Zy

NVN'””’y ,
/ / / — )M 2N (dr,dz, du)
2
Ny Ny ,
+ —/ / / " (2= 1)Q"N(dr, dz, du)
N Jo Jz,

+ P1< /tNVZ F(zNe 4 %) f(ZN””Jr%)) dr)

L NVY

P2</ Z F(ZN= 4 ]’f])—f(zj\’mrk];l))dr), (4.16)

where M 1N, M"2N and Q' are Poisson random measures on (0,00) x Z x (0, 00),
with respective intensities 2cNdrm(dz)du, d— ydrn =" (dz)du and d ydrat (dz)du and
P/ and Py are standard Poisson processes. Note that M -1V M 2N QN P/ and P, are

mutually independent and are globally independent of {Z.N ’m/, a2’ < z}. As previously,

note also that M’ 1N 4 M/ 2N @ A LN | 2N ang QN @ Q" . Consequently we have
the decomposition similar to (3.11)

Ny] — [N K : : ,
e N[ i / [F(ZN + Vo) = F(Z50)]dr + MY+ Q0™ (4.17)
0

where M%7V is a local martingale whose predictable quadratic variation (M% oY) is
given by

t 1
1
(MN2), = / {(20 +/ Zzﬂ(d3)> Ve N||fHN,Zf.V’m,\/JVM'JrZ?"” } dr
0 0

and where Q™:*¥ is given

VN.ny

Y = N//Z/ (z = 1)Q"N (dr, dz, du).

Now from an easy adaptation of the arguments of the above results, we deduce the

Proposition 4.14. For any fixed 0 < z < y, V%Y = V%% as N — oo in D([0,00); Ry ),
where V*Y is the unique solution of the following SDE

V;”yyx+/t[f( + VEYY — f(Z7) dr+\f/ /VMW (dr, du)

vy vy
// / M (dr,dz,du) + // / M’ (dr, dz, du) (4.18)

We now conclude the proof of Theorem 4.1. Fix 0 < x < y. Along a subsequence
(denoted as the whole sequence), (ZV*, VN:*v) = (Z* V%) in D([0,00); R? ). Consider
the two SDEs (1.1) and (4.18), with (W', M’) and (W, M) independent. Then for all
A, 1 > 0, with ¢ as in (1.3) but with 8 = 0, the following is a martingale

t
TN IV gy g / NF(ZE) + (27 + V) = J(Z)) e 40 dr
0

t
= [ oz v svzme 5
0
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An extension of the proof of Proposition 4.13 shows that indeed the limit (Z#, V,"") of
the sequence (ZV*, VN:#¥) solves that same martingale problem. From the well-known
properties of white noise and Poisson random measures, (4.18) can be rewritten as (with
the same (W, M) as in (1.1)).

¢ Zi+VvY
ViV =y—a+ / [F(Z +VEY) = f(Z8))dr + V2e / / W (dr, du)

/ / /Z o M (dr,dz,du) / / /Z +VT ’ M(dr,dz, du)

The result follows from the above facts and Z\'"Y = zV* + V;\"™¥, zV = 7z + VY. O
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