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We are interested in occupation times of Lévy processes with jumps rational Laplace
transforms. The corresponding boundary value problems via the Feynman-Kac rep-
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1 Introduction

The occupation time is the amount of time a stochastic process stays with in a certain
range. It is an interesting topic for stochastic processes. Many explicit results on Laplace
transforms for occupation times have been obtained for some well known examples of
Lévy process. For a standard Brownian motion W = {Wt : t ≥ 0}, P. Lévy’s arcsine law is
a well known result. It states the following, let Γ+(t) be the time W spends above 0 up
to time t:

Γ+(t) =

∫ t

0

1{Ws>0}ds.

Lévy [10] (for more details see Chapter IV of [16]) showed that for each t > 0 the variable
Γ+(t)/t follows the arcsine law:

P
(
Γ+(t)/t ∈ du

)
=

du

π
√
u(1− u)

, 0 < u < 1.

This result was then extended to a Brownian motion with drift by Akahori [2] and Takács
[14]. After that, the investigation on occupation times of Lévy processes has made
much great progress. For recent works in this topic, see [1], [3], [12], [9], [15] and the
references therein for more details.

In this paper, we are interested in the joint Laplace transforms of X = (Xt)t≥0 and
its occupation times, i.e,

Ex

[
e−β

∫ eα
0

1{h<Xt<H}dt+γXeα

]
, (1.1)

where α > 0, β > 0, γ is some suitable constant and eα is an independent (of X) expo-
nential random variable with rate α > 0 and X = (Xt)t≥0 is a Lévy process with jumps
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rational Laplace transforms proposed by Lewis and Mordecki [11], see also Kuznetsov
[8]. And the purpose is deriving formulas for

ψ(x) =

∫ ∞

0

αe−αTEx

[
e−β

∫ T
0

1{h<Xt<H}dt+γXT

]
dT. (1.2)

This extends recent results obtained in Ait-Aoudia and Renaud [1], (Theorem 2) on the
processes with hyper-exponential jumps. More precisely, to find an explicit formula
for the function ψ(x) in Equation (1.2), the corresponding boundary value problem via
the Feynman-Kac representation is considered. By direct calculation, the associated
ordinary integro-differential equation (OIDE) is transformed into a homogeneous ordinary
differential equation (ODE) of higher order, which is then solved in closed form and its
solution equals to ψ(x).

Results obtained here can be applied to price occupation time derivatives as in Cai
et al. [3], in which the authors have noted that there are several products in the real
market with payoffs depending on the occupation times of an interest rate or a spread of
swap rates. For other investigations, see, e.g., [15], [17] and [18].

The rest of the paper is organized as follows. In section 2, we introduce the jump-
diffusion process having jumps with rational Laplace transform. Section 3 contains our
main results.

2 The model

A Lévy jump-diffusion process X = {Xt, t ≥ 0} is defined as

Xt = X0 + µt+ σWt +

Nt∑
i=1

Yi, (2.1)

where µ ∈ R and σ > 0 represent the drift and volatility of the diffusion part respectively,
W = {Wt, t ≥ 0} is a (standard) Brownian motion, N = {Nt, t ≥ 0} is a homogeneous
Poisson process with rate λ and {Yi, i = 1, 2, . . . } are independent and identically dis-
tributed random variables supported in R \ {0}; moreover, {Wt, t ≥ 0}, {Nt, t ≥ 0} and
{Yi, i = 1, 2, . . . } are mutually independent; finally, the probability density function (pdf)
of Y1 is given by

f(y) =

m∑
j=1

mj∑
i=1

pij
(ηj)

iyi−1

(i− 1)!
e−ηjy1{y>0} +

n∑
j=1

nj∑
i=1

qij
(θj)

i(−y)i−1

(i− 1)!
eθjy1{y<0}, (2.2)

where, pij , qij ≥ 0 and they are such
∑m

j=1

∑mj

i=1 pij+
∑n

j=1

∑nj

i=1 qi,j = 1. The parameters
ηj and θj can in principle take complex values (see [11]) with

0 < η1 < Re(η2) < · · · < Re(ηm),

0 < θ1 < Re(θ2) < · · · < Re(θn).

Another important tool to establish the key result of the article is the infinitesimal
generator of X. Note that X is a Markovian process and its infinitesimal generator is
given by

Lh(x) := lim
t↘0

E [h(Xt)|X0 = x]− h(x)

t

= µh′(x) +
σ2

2
h′′(x) + λ

(∫ +∞

−∞
h(x+ y)f(y)dy − h(x)

)
, (2.3)

for any bounded and twice continuously differentiable function h.
Throughout the rest of the paper, the law of X such that X0 = x is denoted by Px and

the corresponding expectation by Ex; we write P and E when x = 0. The Lévy exponent
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of X is given by

G(ζ) =
lnE [exp(ζXt)]

t

= µζ +
σ2

2
ζ2 + λ

(
E[eζY1 ]− 1

)
= µζ +

σ2

2
ζ2 + λ

( m∑
j=1

mj∑
i=1

pij(ηj)
i

(ηj − ζ)i
+

n∑
j=1

nj∑
i=1

qij(θj)
i

(ζ + θj)i
− 1

)
.

Accordingly, G is a rational function on C. The equation G(ζ)− α = 0 with α > 0, σ > 0

and µ ∈ R yields S =M +N + 2 zeros withM =
∑m

i=1mi and N =
∑n

j=1mi (see [8] for
details). Let us denote the zeros of G(ζ)− α in the half-plane Re(ζ) > 0 {Re(ζ) < 0} as
ρ1,α, ρ2,α, . . . , ρM+1,α {ρ̂1,α, ρ̂2,α, . . . , ρ̂N+1,α}.

3 Main results

Throughout this paper X = {Xt, t ≥ 0} will be a Lévy process of the type described
before, that is with jumps rational Laplace transforms. The time spent by X between the
lower barrier h and the upper barrier H, from time 0 to time T , is given by∫ T

0

1{h<Xt<H}dt.

Our main objective is to obtain the joint distribution of
∫ eα

0
1{h<Xt<H}dt and Xeα

, where
eα is an independent (of X) exponential random variable with rate α > 0. In order to do
so, we will compute the following joint Laplace-Carson transform with respect to T : for
each x ∈ R, set

ψ(x) = Ex

[
e−β

∫ eα
0

1{h<Xt<H}dt+γXeα

]
, (3.1)

where β ≥ 0, α > 0 and we assume that 0 < γ < min(η1, θ1) and G(γ) < α. Clearly, we
have

ψ(x) =

∫ ∞

0

αe−αTEx

[
e−β

∫ T
0

1{h<Xt<H}dt+γXT

]
dT. (3.2)

By the Feynman-Kac formula (see, for instance, [13] Theorem 1.4.3) we have that ψ(x)
must satisfy (

L − α− β1{h<x<H}
)
ψ(x) = −αeγx, x ∈ R. (3.3)

Now, our goal is to solve the boundary problem (3.3) and find explicit formulae for ψ(x).
We first show that ψ satisfies an integro-differential equation and then derive an ordinary
differential equation for ψ. Based on the ODE, we show ψ can be written as a linear
combination of known exponential functions.

Let P0(ζ) =
∏m

j=1

∏mj

i=1(−ζ + ηj)
i
∏n

j=1

∏nj

i=1(ζ + θj)
i, then Pα(ζ) = P0(ζ)(G(ζ) − α)

is a polynomial whose zero coincide with those of G(ζ) − α. Also, denote by Dα the
differential operator such that its characteristic polynomial is Pα(ζ).

The following Lemma will be needed for our proof of Proposition 3.2.

Lemma 3.1. Let d(k) indicate the k-th derivative with respect to x of any differentiable
function. Let φ be a bounded and continuous function on R and for δ > 0, we define two
functions F+ and F− such that

F+(i, δ, x) =

(
d

dx
+ δ

)(i)

e−δx

∫ x

−∞
φ(y)(x− y)i−1eδydy, (3.4)

F−(i, δ, x) =

(
− d

dx
+ δ

)(i)

eδx
∫ +∞

x

φ(y)(y − x)i−1e−δydy, (3.5)

with
(
± d

dx + δ
)(i)

be the Generalized Leibniz operator such that
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(
± d

dx
+ δ

)(i)

:=

i∑
k=0

(
i

k

)
(δ)

i−k
(±1)kd(k).

Then for all i ≥ 1,
F±(i, δ, x) = (i− 1)!φ(x). (3.6)

Proof. We need only to prove first part of the Lemma, the proof of the second part is
similar. We proceed by induction on i. For i = 1, we have

F+(1, δ, x) =

(
d

dx
+ δ

)
e−δx

∫ x

−∞
φ(y)eδydy

= −δe−δx

∫ x

−∞
φ(y)eδydy + φ(x) + δe−δx

∫ x

−∞
φ(y)eδydy

= φ(x).

Moreover, for all i ≥ 2,(
d

dx
+ δ

)
e−δx

∫ x

−∞
φ(y)(x− y)i−1eδydy

= −δe−δx

∫ x

−∞
φ(y)(x− y)i−1eδydy + (i− 1)e−δx

∫ x

−∞
φ(y)(x− y)i−2eδydy

+ δe−δx

∫ x

−∞
φ(y)(x− y)i−1eδydy

= (i− 1)e−δx

∫ x

−∞
φ(y)(x− y)i−2eδydy.

It follows inductively that for all i ≥ 2,

F+(i, δ, x) =

(
d

dx
+ δ

)(i)

e−δx

∫ x

−∞
φ(y)(x− y)i−1eδydy

=

(
d

dx
+ δ

)(i−1) (
d

dx
+ δ

)
e−δx

∫ x

−∞
φ(y)(x− y)i−1eδydy

= (i− 1)

(
d

dx
+ δ

)(i−1)

e−δx

∫ x

−∞
φ(y)(x− y)i−2eδydy

= (i− 1)F+(i− 1, δ, x)

= (i− 1)!F+(1, δ, x)

= (i− 1)!φ(x),

which is the desired result.

We may now state.

Proposition 3.2. Suppose a bounded solution ψ defined on R to the boundary value
problem (3.3) exists. Then on R \ {h,H}, φ(x) = ψ(x) + αeγx/

(
G(γ)− α− β1{h<x<H}

)
is infinitely differentiable and satisfies the ODE

Dα̂φ ≡ 0, on R \ {h,H} , (3.7)

with α̂ = α+ β on (h,H) and α̂ = α on (−∞, h) ∪ (H,+∞). Hence,

ψ(x) =


∑M+1

k=1 QL
k e

ρk,αx − αeγx

G(γ)−α , x ≤ h,∑M+1
k=1 Q0

ke
ρk,α+βx +

∑N+1
k=1 Q

1
ke

ρ̂k,α+βx − αeγx

G(γ)−α−β , h < x < H,∑N+1
k=1 Q

U
k e

ρ̂k,αx − αeγx

G(γ)−α , x ≥ H,

(3.8)

for some constants QL
k , Q

0
k, Q

1
k and QU

k .
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Proof. Using the same idea as in Chen et al.[6] (see also, Cai et al.[3]). Applying the
infinitesimal generator L to the function φ, we obtain

Lφ(x) =
σ2

2
φ′′(x) + µφ′(x) + λ

n∑
j=1

nj∑
i=1

qij
(θj)

i

(i− 1)!
e−θjx

∫ x

−∞
φ(y)(x− y)i−1eθjydy

+λ
m∑
j=1

mj∑
i=1

pij
(ηj)

i

(i− 1)!
eηjx

∫ +∞

x

φ(y)(y − x)i−1e−ηjydy − λφ(x).

Next, φ will be shown to satisfy an ODE. Thanks to Lemma (3.1), we get for j =

1, 2, . . . ,m and i = 1, 2, . . . ,mj ,(
d

dx
+ θj

)(i)

e−θjx

∫ x

−∞
(x− y)i−1φ(y)eθjydy = (i− 1)!φ(x).

Similarly, we obtain for j = 1, 2, . . . , n and i = 1, 2, . . . , nj ,(
− d

dx
+ ηj

)(i)

eηjx

∫ +∞

x

(y − x)i−1φ(y)e−ηjydy = (i− 1)!φ(x).

Now, since Leγx = G(γ)eγx then from (3.3), it easily follows that for x ∈ (h,H),

(L − α− β1{h<x<H})φ(x) = (L − α− β)φ(x)

= (L − α− β)
(
ψ(x) +

αeγx

G(γ)− α− β

)
= (L − α− β)ψ(x) +

αLeγx

G(γ)− α− β
− α(α+ β)eγx

G(γ)− α− β

= −αeγx +
αG(γ)eγx

G(γ)− α− β
− α(α+ β)eγx

G(γ)− α− β

= −αeγx + αeγx

= 0. (3.9)

The same computation will yield, for x ∈ (−∞, h) ∪ (H,+∞),

(L − α− β1{h<x<H})φ(x) = (L − α)φ(x)

= (L − α)
(
ψ(x) +

αeγx

G(γ)− α

)
= −αeγx + αeγx

= 0. (3.10)

Thanks to Proposition 3.3 in the work of Chen et al.[5], φ is infinitely differentiable on
R \ {h,H} and for x ∈ R \ {h,H},

0 =

m∏
j=1

mj∏
i=1

(
− d

dx
+ ηj

)(i) n∏
j=1

nj∏
i=1

(
d

dx
+ θj

)(i)

(L − α̂)φ(x)

=

m∏
j=1

mj∏
i=1

(
− d

dx
+ ηj

)(i) n∏
j=1

nj∏
i=1

(
d

dx
+ θj

)(i) (
σ2

2

d2

dx2
+ µ

d

dx
− λ− α̂

)
φ(x)

+λ

m∑
j=1

mj∑
i=1

m∏
k=1,k 6=j

mk∏
l=1,l 6=i

(
− d

dx
+ ηk

)(l)

pij
(ηj)

i

(i− 1)!
(i− 1)!φ(x)
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+λ

n∑
j=1

nj∑
i=1

n∏
k=1,k 6=j

nk∏
l=1,l 6=i

(
d

dx
+ θk

)(l)

qij
(θj)

i

(i− 1)!
(i− 1)!φ(x), (3.11)

with α̂ = α + β on (h,H) and α̂ = α on (−∞, h) ∪ (H,+∞). Hence, Equation (3.11)
transforms the integro-differential equation (L − α̂)φ ≡ 0 into an ODE: D̂φ ≡ 0, where D̂
is the high order differential operator.

To complete the proof, D̂ must be shown to coincide with Dα̂. To show that the
characteristic polynomials of Dα̂ and D̂ will suffice. Write P̂(ζ) as the characteristic
polynomial of D̂. Then, by (3.11), P̂ is given by

P̂(ζ) =

m∏
j=1

mj∏
i=1

(−ζ + ηj)
i

n∏
j=1

nj∏
i=1

(ζ + θj)
i
[
µζ +

σ2

2
ζ2

+λ(

m∑
j=1

mj∑
i=1

pij(ηj)
i

(−ζ + ηj)i
+

n∑
j=1

nj∑
i=1

qij(θj)
i

(ζ + θi)i
− 1)− α̂

]
= P0(ζ) (G(ζ)− α̂) .

This equation reveals that the characteristic polynomial Pα̂(ζ) of Dα̂ equals that, P̂(ζ),
of D̂. Therefore, any solution to (3.3) can be expressed as

ψ(x) =


∑M+1

k=1 QL
k e

ρk,αx +
∑N+1

k=1 Q
L
0,ke

ρ̂k,αx − αeγx

G(γ)−α , x ≤ h,∑M+1
k=1 Q0

ke
ρk,α+βx +

∑N+1
k=1 Q

1
ke

ρ̂k,α+βx − αeγx

G(γ)−α−β , h < x < H,∑N+1
k=1 Q

U
k e

ρ̂k,αx +
∑M+1

k=1 QU
0,ke

ρ̂k,αx − αeγx

G(γ)−α , x ≥ H,

(3.12)

Furthermore, we can argue that the coefficients QL
0,k and QU

0,k should be zero. In fact,
we know that

ψ(x)

eγx
=

∫ ∞

0

αe−αTEx

[
e−β

∫ T
0

1{h<Xt<H}dt+γ(XT−x)
]
dT

=

∫ ∞

0

αe−αTE
[
e−β

∫ T
0

1{h<Xt<H}dt+γXT

]
dT

≤
∫ ∞

0

αe−(α−G(γ))TdT

=
α

α−G(γ)
.

Thus, lim
x→±∞

ψ(x)/eγx < +∞, which implies QL
0,k and QU

0,k must be zero and the proof is

complete.

Proposition 3.3. Suppose that ψ is a bounded solution to the boundary value problem
(3.3) and,

ψ(x) =


∑M+1

k=1 QL
k e

ρk,αx − αeγx

G(γ)−α , x ≤ h,∑M+1
k=1 Q0

ke
ρk,α+βx +

∑N+1
k=1 Q

1
ke

ρ̂k,α+βx − αeγx

G(γ)−α−β , h < x < H,∑N+1
k=1 Q

U
k e

ρ̂k,αx − αeγx

G(γ)−α , x ≥ H,

(3.13)

for somme constants QL
k , Q

0
k, Q

1
k and QU

k . Then the constant vector

Q =
(
QL

i , Q
0
i , Q

1
j , Q

U
j , i = 1, . . . ,M + 1, j = 1, . . . , N + 1

)
satisfies a linear system

AQ = V. (3.14)
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Here V is an 2S = 2(M +N + 2)-dimensional vector,

V = (c1 − c0)
(
V1(h) V2(h) V3(h) V1(H) V2(H) V3(H)

)T
(3.15)

where

c1 =
α

G(γ)− α
, c0 =

α

G(γ)− α− β

V1(s) = eγs
(
1 γ

)
V2(s) = eγs

(
1

(η1−γ) · · · 1
(η1−γ)m1

· · · 1
(ηm−γ) · · · 1

(ηm−γ)mm

)
V3(s) = eγs

(
1

(θ1−γ) · · · 1
(θ1−γ)n1

· · · 1
(θn−γ) · · · 1

(θn−γ)nn

)
,

and A is an 2S × 2S matrix

A =

(
BO1 B̂D1

BD2 B̂O2

)
; (3.16)

where O1, D1, O2 and D2 are four S × S diagonal matrices given by the formulas

O1 = diag
(
eρ1,αh, . . . , eρM+1,αh, eρ1,α+βh, . . . , eρN+1,α+βh

)
D1 = diag

(
0, . . . , 0, eρ̂1,α+βh, . . . , eρ̂N+1,α+βh

)
O2 = diag

(
eρ̂1,α+βH , . . . , eρ̂M+1,α+βH , eρ̂1,αH , . . . , eρ̂N+1,αH

)
D2 = diag

(
0, . . . , 0, eρ1,α+βH , . . . , eρN+1,α+βH

)
,

and B and B̂ are given by

B = ΘM,N [(ρ1,α, . . . , ρM+1,α); (ρ̂1,α+β , . . . , ρ̂N+1,α+β)]

B̂ = ΘN,M [(ρ̂1,α, . . . , ρ̂N+1,α); (ρ1,α+β , . . . , ρM+1,α+β)] ,

Θi,j is defined such that for all κ = [(u1, . . . , ui); (v1, . . . , vj)]

Θi,j [κ] =



1 · · · 1 −1 · · · −1

u1 · · · ui −v1 · · · −vj
η1

η1−u1
· · · η1

η1−ui

η1

η1−v1
· · · η1

η1−vj

...
. . .

...
...

. . .(
η1

η1−u1

)m1

· · ·
(

η1

η1−ui

)m1
(

η1

η1−v1

)m1

· · ·
(

η1

η1−vj

)m1

...
. . .

...
...

. . .
...

ηm

ηm−u1
· · · ηm

ηm−ui

ηm

ηm−v1
· · · ηm

ηm−vj
...

. . .
...

...
. . .

...(
ηm

ηm−u1

)mm ...
(

ηm

ηm−ui

)mm
(

ηm

ηm−v1

)mm

· · ·
(

ηm

ηm−vj

)mm

θ1
θ1+u1

· · · θ1
θ1+ui

θ1
θ1+v1

· · · θ1
θ1+vj

...
. . .

...
...

. . .(
θ1

θ1+u1

)n1

· · ·
(

θ1
θ1+ui

)n1
(

θ1
θ1+v1

)n1

· · ·
(

θ1
θ1+vj

)n1

...
. . .

...
...

. . .
...

θn
θn+u1

· · · θn
θn+ui

θn
θn+v1

· · · θn
θn+vj

...
. . .

...
...

. . .
...(

θn
θ1+u1

)nn ...
(

θn
θn+ui

)nn
(

θn
θn+v1

)nn

· · ·
(

θn
θn+vj

)nn


(3.17)
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Proof. We suppose that ψ is a bounded solution to the boundary value problem (3.3) and

ψ(x) =


w1(x) =

∑M+1
k=1 QL

k e
ρk,αx − αeγx

G(γ)−α , x ≤ h,

w2(x) =
∑M+1

k=1 Q0
ke

ρk,α+βx +
∑N+1

k=1 Q
1
ke

ρ̂k,α+βx − αeγx

G(γ)−α−β , h < x < H,

w3(x) =
∑N+1

k=1 Q
U
k e

ρ̂k,αx − αeγx

G(γ)−α , x ≥ H.

(3.18)
Then equation (3.3) can be rewritten as three separate equations in the regions (−∞, h),
(h,H) and (H,+∞). For x < h,

−αeγx =
σ2

2
w′′

1 (x) + µw′
1(x)− (λ+ α)w1(x)

+ λ
[ ∫ 0

−∞
w1(x+ y)

n∑
j=1

nj∑
i=1

qij
(θj)

i(−y)i−1

(i− 1)!
eθjydy

+

∫ h−x

0

w1(x+ y)

m∑
j=1

mj∑
i=1

pij
(ηj)

i(y)i−1

(i− 1)!
e−ηjydy

+

∫ H−x

h−x

w2(x+ y)

m∑
j=1

mj∑
i=1

pij
(ηj)

i(y)i−1

(i− 1)!
e−ηjydy

+

∫ +∞

H−x

w3(x+ y)

m∑
j=1

mj∑
i=1

pij
(ηj)

i(y)i−1

(i− 1)!
e−ηjydy

]
, (3.19)

and for x > H,

−αeγx =
σ2

2
w′′

3 (x) + µw′
3(x)− (λ+ α)w3(x)

+ λ
[ ∫ h−x

−∞
w1(x+ y)

n∑
j=1

nj∑
i=1

qij
(θj)

i(−y)i−1

(i− 1)!
eθjydy

+

∫ H−x

h−x

w2(x+ y)

n∑
j=1

nj∑
i=1

qij
(θj)

i(−y)i−1

(i− 1)!
eθiydy

+

∫ 0

H−x

w3(x+ y)
n∑

j=1

nj∑
i=1

qij
(θj)

i(−y)i−1

(i− 1)!
eθiydy

+

∫ +∞

0

w3(x+ y)

m∑
j=1

mj∑
i=1

pij
(ηj)

i(y)i−1

(i− 1)!
e−ηjydy

]
. (3.20)

Now, observe that G(ρk,α)− α = 0 for all k and∫ ∞

z

yi−1e−bydy = b−iΓ (i, zb)

= b−i(i− 1)!e−zb
i−1∑
l=0

(zb)l

l!

= b−i(i− 1)!e−zb
[
1 + o(zi)

]
,

with Γ (i, u) is the incomplete gamma function (see [7], p. 342).
Consequentely, substituting w1(x), w2(x) and w3(x) into (3.19) and (3.20) yields that

for any x < h

0 =

m∑
j=1

mj∑
i=1

pije
ηj(x−h)

{(M+1∑
k=1

[QL
k

(ηj)
iehρk,α

(ηj − ρk,α)i
+Q0

k

(ηj)
iehρk,α+β

(ηj − ρk,α+β)i
]
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+

N+1∑
k=1

Q1
k(ηj)

iehρ̂k,α+β

(ηj − ρ̂k,α+β)i

) [
1 + o((x− h)i)

]
− (c1 − c0)

eγh

(ηj − γ)i

}
+

m∑
j=1

mj∑
i=1

pije
ηj(x−H)

{(M+1∑
k=1

[Q1
k

(ηj)
ieHρ̂k,α+β

(ηj − ρ̂k,α+β)i
+QU

k

(ηj)
ieHρ̂k,α

(ηj − ρ̂k,α)i
]

+

N+1∑
k=1

Q0
k

(ηj)
ieHρk,α+β

(ηj − ρk,α+β)i

) [
1 + o((x−H)i)

]
− (c1 − c0)

eγH

(ηj − γ)i

}
,

and, for x > H

0 =

n∑
j=1

nj∑
i=1

qije
θj(x−h)

{(M+1∑
k=1

[QL
k

(θj)
iehρk,α

(ρk,α + θj)i
+Q0

k

(θj)
iehρi,α+β

(ρk,α+β + θj)i
]

+

N+1∑
k=1

Q1
k(θj)

iehρ̂k,α+β

(ρ̂k,α+β + θj)i

) [
1 + o((x− h)i)

]
− (c1 − c0)

eγh

(γ + θj)i

}
+

n∑
j=1

nj∑
i=1

qije
θj(x−H)

{(M+1∑
k=1

[Q1
k

(θj)
ieHρ̂k,α+β

(ρ̂k,α+β + θj)i
+QU

k

(θj)
ieHρk,α

(ρ̂k,α + θj)i
]

+

N+1∑
k=1

Q0
k

(θj)
ieHρk,α+β

(ρk,α+β + θj)i

) [
1 + o((x−H)i)

]
− (c1 − c0)

eγH

(γ + θj)i

}
.

Therefore, the constant vector Q or, in other words, the coefficients {QL
k , k = 1, . . . ,M +

1}, {Q0
k, k = 1, . . . ,M + 1}, {Q1

k, k = 1, . . . , N + 1} and {QU
k , k = 1, . . . , N + 1} satisfy the

following: For j = 1, . . . ,m, i = 1, . . . ,mj ,

0 =

M+1∑
k=1

[QL
k

(ηj)
iehρk,α

(ηj − ρk,α)i
+Q0

k

(ηj)
iehρk,α+β

(ηj − ρk,α+β)i
] +

N+1∑
k=1

Q1
k(ηj)

iehρ̂k,α+β

(ηj − ρ̂k,α+β)i
− (c1 − c0)

eγh

(ηj − γ)i

0 =

M+1∑
k=1

[Q1
k

(ηj)
ieHρ̂k,α+β

(ηj − ρ̂k,α+β)i
+QU

k

(ηj)
ieHρ̂k,α

(ηj − ρ̂k,α)i
] +

N+1∑
k=1

Q0
k

(θj)
ieHρk,α+β

(ηj − ρk,α+β)i
− (c1 − c0)

eγH

(ηj − γ)i
,

and for j = 1, . . . , n, i = 1, . . . , nj ,

0 =

M+1∑
k=1

[QL
k

(θj)
iehρk,α

(ηj + ρk,α)i
+Q0

k

(θj)
iehρk,α+β

(θj + ρk,α+β)i
] +

N+1∑
k=1

Q1
k(ηj)

iehρ̂

(θj + ρ̂i,α+ρ)i
− (c1 − c0)

eγh

(γ + θj)i

0 =

M+1∑
k=1

[Q1
k

(θj)
ieHρk,α

(θj + ρ̂k,α)i
+QU

k

(θj)
ieHρk,α+ρ

(θj + ρ̂k,α+ρ)i
] +

N+1∑
k=1

Q0
k

(θj)
ieHρk,α+ρ

(ηj + ρk,α+ρ)i
− (c1 − c0)

eγH

(γ + θj)i
.

In adition, we can also obtain another four equations from the fact that ψ(x) is continu-
ously differentiable at x = h and x = H:

M+1∑
k=1

QL
k e

hρk,α − c1e
γh =

M+1∑
k=1

Q0
ke

hρk,α+β +

N+1∑
k=1

Q1
ke

hρ̂k,α+β − c0e
γh

N+1∑
k=1

QU
k e

Hρ̂k,α − c1e
γH =

M+1∑
k=1

Q0
ke

Hρk,α+β +

N+1∑
k=1

Q1
ke

Hρ̂k,α+β − c0e
γH

M+1∑
k=1

QL
k ρk,αe

hρk,α − c1γe
γh =

M+1∑
k=1

Q0
kρk,α+βe

hρk,α+β +

N+1∑
k=1

Q1
kρ̂k,α+βe

hρ̂k,α+β − γc0e
γh
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N+1∑
k=1

QU
k ρ̂k,αe

Hρ̂k,α − c1γe
γH =

M+1∑
k=1

Q0
kρk,α+βe

Hρk,α+β +

N+1∑
k=1

Q1
kρ̂k,α+βe

Hρ̂k,α+β − c0γe
γH .

Consequently, since all of these equations are linear with respect to the undetermined
parameters, it follows that the constant vector Q =

(
QL

i , Q
0
i , Q

1
j , Q

U
j , i = 1, . . . ,M +1, j =

1, . . . , N + 1
)
satisfies a linear system (3.14) which completes the proof.

Proposition 3.4 (Uniqueness of the solution of the OIDE (3.3)). A bounded solution to
the problem OIDE (3.3), if it exists, must be unique. More precisely, suppose ψ(x) solves
the OIDE (3.3) and sup

x∈R
|ψ(x)| ≤ C <∞ for some constant C > 0. Then we must have

ψ(x) =

∫ ∞

0

αe−αsEx

[
e−β

∫ s
0
1{h<Xt<H}dt+γXs

]
ds. (3.21)

Proof. Using the same idea as in Cai and Kou [4] (Theorem 4.1). Applying Ito’s formula
to the process {ψ(Xt)e

−αt−β
∫ t
0
1{h<Xs<H}ds, t ≥ 0} we obtain that the process

Mt : = ψ(Xt)e
−αt−β

∫ t
0
1{h<Xs<H}ds

−
∫ t

0

[(
− α− β1{h<Xu<H}

)
ψ(Xu) + Lψ(Xu)

]
e−αu−β

∫ u
0

1{h<Xv<H}dvdu,

is a local martingale starting fromM0 = ψ(x). Because ψ(x) solves the OIDE (3.3), we
have that

Mt = ψ(Xt)e
−αt−β

∫ t
0
1{h<Xs<H}ds +

∫ t

0

αe−αs−β
∫ s
0
1{h<Xu<H}du+γXsds.

Since G(γ) < α, it follows from Fubini’s theorem that

E[Mt] ≤ C + α

∫ t

0

E[e−αs+γXs ]ds

= C + α

∫ t

0

e−s(α−G(γ)ds

= C + α
e(−α+G(γ))t − 1

−α+G(γ)
< ∞.

So, using Lebesgue’s dominated convergence theorem, we have that {Mt, t ≥ 0} is
actually a positive martingale. In particular

ψ(x) =M0 = Ex[ lim
t→+∞

Mt] =

∫ ∞

0

αe−αsEx

[
e−β

∫ s
0
1{h<Xt<H}dt+γXs

]
ds, (3.22)

which ends the proof.

Lemma 3.5. For a given value of α > 0 the matrix A given by Equation (3.16) is
invertible.

Proof. Assume that AC = 0 for some vector C = (C1, C2, . . . , C2S)
T . Consider the

function V (x) =
∑2S

k=1 Cke
ρkx for x ∈ R \ {h,H}, with ρ1, . . . , ρ2S be the distinct zeros of

the equation G(x) − α̂ = 0 with α̂ = α + β on (h,H) and α̂ = α on (−∞, h) ∪ (H,+∞).
Since AC = 0 and V (x) is a solution to the boundary value problem{

(L − α− β)φ(x) = 0, x ∈ (h,H),

(L − α)φ(x) = 0, x ∈ (−∞, h] ∪ [H,+∞).
(3.23)
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From the uniqueness of solutions to the boundary value problem (3.23), V (x) ≡ 0 on
x ∈ R \ {h,H}.

Now, evaluating
∑2S

k=1 Cke
ρkx at x = 0, 1, . . . , 2S − 1, we obtain

1 1 · · · 1

eρ1 eρ2 · · · eρ2S(
eρ1

)2 (
eρ2

)2 · · ·
(
eρ2S

)2
...

...
. . .

...(
eρ1

)2S−1 (
eρ2

)2S−1 · · ·
(
eρ2S

)2S−1




C1

C2

...
C2S

 = 0. (3.24)

Because the eρk , are distinct, the Vandermonde matrix in equation (3.24) is invertible.
Consequently C = 0 and A is invertible.

In the following, y · z is written for the usual inner product of the vector y and z in CS

and for every real value x, eLα(x) = [eρ1,αx, . . . , eρM+1,αx], e0,1α (x) = [eρ1,αx, . . . , eρM+1,αx,

eρ̂1,αx, . . . , eρ̂N+1,αx] and eUα (x) = [eρ̂1,αx, . . . , eρ̂N+1,αx], where ρ1,α, . . . , ρM+1,α, ρ̂1,α . . . ,

ρ̂N+1 are the S = N + M + 2 roots of the equation G(ζ) = α. Our main result is
the following:

Theorem 3.6. For any β ≥ 0, α > 0 and 0 < γ < min(η1, θ1) such that α > G(γ), the
following assertions are equivalent:

(a) ψ(x) =
∫∞
0
αe−αTEx

[
e−β

∫ T
0

1{h<Xt<H}dt+γXT

]
dT.

(b) The function ψ(x) solve the boundary problem (3.3).

(c) The function ψ(x) is given by the formula

ψ(x) =


QL · eLα(x)− αeγx

G(γ)−α , if x ≤ h,

Q0,1 · e0,1α+β(x)−
αeγx

G(γ)−α−β , if h < x < H,

QU · eUα (x)− αeγx

G(γ)−α , if x ≥ H,

with
(
QL,Q0,1,QU

)
= A−1V and A and V are given by the formulas (3.16) and

(3.15), respectively.

Proof. The fact that (b) implies (c) is straightforward consequence of Proposition 3.3.
Conversely, consider the function

W (x) =


∑M+1

k=1 QL
k e

ρk,αx − αeγx

G(γ)−α , x ≤ h,∑M+1
k=1 Q0

ke
ρk,α+βx +

∑N+1
k=1 Q

1
ke

ρ̂k,α+βx − αeγx

G(γ)−α−β , h < x < H,∑N+1
k=1 Q

U
k e

ρ̂k,αx − αeγx

G(γ)−α , x ≥ H,

(3.25)

for somme constants QL
k , Q

0
k, Q

1
k and QU

k . Then the same reasoning as in Proposition 3.3
shows that for any x < h,

(L − α)W (x) + αeλx =

m∑
j=1

mj∑
i=1

pije
ηj(x−h)

{(M+1∑
k=1

[QL
k

(ηj)
iehρk,α

(ηj − ρk,α)i
+Q0

k

(ηj)
iehρk,α+β

(ηj − ρk,α+β)i
]

+

N+1∑
k=1

Q1
k(ηj)

iehρ̂k,α+β

(ηj − ρ̂k,α+β)i

) [
1 + o((x− h)i)

]
− (c1 − c0)

eγh

(ηj − γ)i

}
+

m∑
j=1

mj∑
i=1

pije
ηj(x−H)

{(M+1∑
k=1

[Q1
k

(ηj)
ieHρ̂k,α+β

(ηj − ρ̂k,α+β)i
+QU

k

(ηj)
ieHρ̂k,α

(ηj − ρ̂k,α)i
]
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+

N+1∑
k=1

Q0
k

(ηj)
ieHρk,α+β

(ηj − ρk,α+β)i

) [
1 + o((x−H)i)

]
− (c1 − c0)

eγH

(ηj − γ)i

}
.

Using the fact that Q =
(
QL

k , Q
0
k, k = 1, . . . ,M + 1, Q1

l , Q
1
U , l = 1, . . . , N + 1

)
= A−1V

where A and V are given by the formulas (3.16) and (3.15), respectively, we get that
for any x < h the function W (x) solves the boundary value problem (3.3). Applying the
same reasoning for x ∈ (h,H) and x ∈ (H,+∞), we consequently have (c) implies (b).

Let us finally assume that (a) holds. Then by Feynman-Kac formula, the function ψ(x)
solve the boundary problem (3.3); hence (b) holds. Conversely, thanks to Proposition
3.4, the boundary problem (3.3) has a unique solution, consequently (b) implies (a). The
proof is complete.

4 Conclusion

The main result of this paper is an explicit representation for the joint distribution of
the occupation time and the terminal value of the Lévy processes with jumps rational
Laplace transforms. The corresponding boundary value problem via the Feynman-Kac
representation is considered. By direct calculation, the associated ordinary integro-
differential equation (OIDE) is transformed into a homogeneous ordinary differential
equation (ODE) of higher order, which is then solved in closed form to obtain an explicit
formula for the joint distribution of the occupation time and the terminal value of the
Lévy processes with jumps rational Laplace transforms.
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