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Abstract

In this paper, we obtain upper and lower bounds for the moments of the solution to a
class of fractional stochastic heat equations on the ball driven by a Gaussian noise
which is white in time and has a spatial correlation in space of Riesz kernel type. We
also consider the space-time white noise case on an interval.
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1 Introduction

Consider the fractional stochastic heat equation on the unit ball D = {y € R?: |y| <
1}, d > 1, with zero Dirichlet boundary conditions:

(1.1)

Aus(z) = —(—A)*?uy(x) + Ao (uy(z))W(t, &)  z €D, t>0,
u(x) =0 x €D t>0,

and the initial condition is a measurable and bounded function vy : D — R,. The
operator —(—A)O‘/ 2, where 0 < o < 2, is the L?-generator of a symmetric a-stable
process killed when exiting the ball D. The coefficient o0 : R — R is a globally Lipschitz
function. The Gaussian noise W(t, x) is white in time and coloured in space, that is,

E(W(t,x)W(s,y)) =do(t —s)f(x —y), (1.2)

where f : RY — R, is a nonnegative definite (generalized) function whose Fourier
transform f = i is a tempered measure. Finally, the parameter A > 0 measures the level
of the noise.

Following Walsh [21], we define the mild solution to equation (1.1) as the adapted
and jointly measurable random field u = {ut(2)},. ,cp satisfying

() = /D wo(9)pp(t, 2, 9) dy + A /D / Pt — s, o, o(ua@)W(ds.dy),  (1.3)
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Moment bounds for fractional stochastic heat equations

where pp (¢, z,y) denotes the Dirichlet fractional heat kernel on D and the stochastic
integral is understood in an extended It6 sense.
Following Dalang [7], it is well-known (see also [19, Appendix] and [8]), that if the
spectral measure p satisfies that
d
/ o) o (1.4)
R:

d 1+ ‘£|a

then there exists a unique random field solution v to equation (1.3). Moreover, for all
p>2andT >0,
sup  E|u(2)|P < oo.
te[0,T],zeD

Examples of spatial correlations satisfying (1.4) are:

1. The Riesz kernel f(z) = |z|~?, 0 < 8 < d. In this case, u(d¢) = c[¢|~(4=P)d¢ and it
is easy to check that condition (1.4) holds whenever § < a.

2. The fractional kernel f(z) = [[, |#;|*i~2, where H; € (1,1) fori = 1,...,d. In
this case, u(d¢) = ¢, |&[* 27 d¢ and condition (1.4) holds whenever ¢ H; >
d— 5.

12

3. The Bessel kernel f(z) = [;° y'z e_yef%dy. In this case, u(d¢) = c(1+[£]?)~"/2d¢
and condition (1.4) holds whenever n > d — a.

4. The space-time white noise case f = dy. In this case, p(d¢) = d¢, and (1.4) is only
satisfied when o > d, thatis, d=1and 1 < o« < 2.

Recall that the fractional heat kernel pp(t, x, y) has spectral decomposition

o0

po(t,z,y) =Y e "'®, (2)0,(y) forall z,yeD, t>0,

n=1

where {®,},>1 is an orthonormal basis of L?(D) and 0 < u; < pg < puz < --- is a
sequence of positive numbers such that, for every n > 1,

{_PAW“¢M@=>ﬂm¢M@ zeD, (1.5)

D, (x)=0 x € D°.

Some properties of these families of eigenvalues and eigenfunctions are the following.
From [3, Theorem 2.3] there exist positive constants ¢; and ¢ such that, for every n > 1,

en®/d < i < con®/4,
Moreover, from [5, Theorem 4.2] there exists ¢ > 1 such that, forall z € D,
N1 — |2))? < @y () < e(1 — |z])*/?, (1.6)

In the case that d = 1, « = 2, and D = (-1, 1), we have ®,,(z) = sin(25%) and p, = (4F)>.

The aim of this paper is to obtain upper and lower bounds in terms of ¢ > 0 and
A > 0 for the moments of the solution to equation (1.3). For this, we need some further
assumptions. We consider the following class of covariances that generalizes the Riesz

kernel.

Hypothesis 1.1. There exist positive constants ci,c; and 0 < 8 < a A d such that, for
all x € R,
iz < f(x) < cala| 7.
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Since we are interested in upper and lower bounds for the moments, we also need
the following assumption on the coefficient o.

Hypothesis 1.2. There exist positive constants [, and L, such that, for all xz € R,
lolz| < |o(z)] < Lozl

Finally, for the lower bounds, we need the following additional assumption on the
initial data.

Hypothesis 1.3. There exists ¢ € (0, %) such that

inf >0
of uo (x) ,
where D, = {y € R : |y| <1 —€}.

Essentially Hypothesis 1.3 says that there exists a large enough closed set of positive
measure inside D where the initial condition stays positive. The condition € < % ensures
that min(e, 1 — €) = € which implies that D, contains the closed ball of radius e. This fact
will be used in the proof of Proposition 3.1 below, which is a key step to obtain the lower
bounds. Hypotheses 1.2 and 1.3 are usual when studying intermittency properties of
SPDEs.

We are now ready to state the main result of this paper.

Theorem 1.4. Assume Hypothesis 1.3.

a) If f satisfies Hypothesis 1.1 and o(z) = z, then for all p > 2 and ¢ > 0, there exist
positive constants c1, ¢1, ca(€), ¢2(¢) such that for all A > 0,

2 a 2a
t(canem - ) _ t( F25 AT (16 )
dep <C2 ") < inf Elu¢(x) [P < sup E|lu;(z) P SE’fep “r (o .
z€D. z€D

b) If f = §y and o satisfies Hypothesis 1.2, then for all p > 2 and § > 0, there exist
positive constants c¢1(L,), ©1(0), ¢a(¢,£,), ¢2(€) such that for all A > 0,

20 20 200
t(eora—1— > ) t< Sl a-T —(1-6 )
&e’ (62 ") < inf Elug(x) [P < sup Elu(z)[? < e\ (=0 :
2 1
z€D. xeD

where z, is the optimal constant in Burkholder-Davis-Gundy’s inequality (see [10]).

Both2 upper bounds hold for all t > 0 while both lower bounds hold for all t >
c(a)A\~a-1. When o = 2, both lower bounds hold for all t > 0.

Several remarks are in order. Observe that the bounds are not sharp in p because the
proof of the lower bound is based on a second moment argument. However, as explained
below, we are mainly interested in the dependence on J, ¢ and p; of the moment bounds.
Observe also that in the multidimensional case, we only consider the case o(z) = =
known as parabolic Anderson model, since the method used in the space-time white
noise case does not seem to apply in the multidimensional space setting. Instead, have
used the Wiener-chaos expansion of the solution which is very suitable when o(z) = z.

The lower bound of Theorem 1.4b) when a = 2 was already obtained in the recent
paper [22]. Thus, Theorem 1.4 extends this lower bound to the fractional Laplacian and
higher space dimensions, and provides an upper bound of a similar type. Remark that
Theorem 1.4 can be easily extended to the ball of radius R > 0. However, the extension
to a bounded domain is not straightforward, because of the argument used in the proof
of Proposition 3.1.
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A direct consequence of Theorem 1.4 are the following bounds for the moment-type
Lyapunov upper and lower exponents, in terms of A > 0. In case a), we obtain that for all
A>0,

[e3 1
P (c2)\a2*5 — Ml) < liminf —log inf E|u(x)|P
t—oo t €D,
1 e (1.7)
< limsup ~ log sup Elus («)|* < p (&1(p)A™7 — (1= 91 )

t—o00 zeED

where ¢;(p) = c1p=-7 . Similar bounds hold for case b). Recall from [10] that v is said to
be weakly intermittent if for all x € D

1
limsup ~ log E|uy(z)[* > 0

t—o0 t

and forallp >2andx € D

lim sup ! log E|u(2)|? < 0.
t—00 t

Heuristically, this phenomenon says that the solution v will be concentrated into a
few very high peaks when t is large. See [10] and the references therein for a more
detailed explanation of this phenomenon. The bounds in (1.7) show that in case a), if
A< ((1=98)u/e1(2)) “, then the solution to equation (1.1) is not weakly intermittent,
while if A > (u1/ 62)%, then the solution is weakly intermittent. A similar result holds
for case b). However, using the definition of ¢;(p) we observe that for any fixed A > 0
we can choose pg large enough such that A > ((1 — 5)u1/61(p0))%. In this case, we
cannot guarantee that there is no intermittency and we would need to have a sharp
lower bound in p in order to check what happens in those cases. The intermittency would
be of a different type that the one stated above since it would only hold for sufficiently
large moments (p > pg). But this would be sufficient in order to see the large peaks
phenomenon. We leave this question open for future research.

Intermittency for equations of the type (1.1) but in all R¢ have been largely studied
in the literature, see e.g. [11, 16, 1, 14]. However, much less is known in the case
of bounded domains. In the recent paper [12] (see also [13] for the extension to the
fractional Laplacian), it is shown the existence of \g(p1) > 0 such that for all A < Ag,

1
—oo < limsup — log sup E|u:(x)|P <0,
t xeD

t—o00

and for all € > 0, the existence of a A\; (1, €) > 0 such that for all A > A4,
0 < liminf ~log inf Efu(z)[”
< 1;31;}1 7 nglenDe u(T)|” < 00.

Here u is the solution to equation (1.1) with a general spatial covariance function f, and o
satisfying Hypothesis 1.2. However, Ay and \; are not explicit in those papers. Therefore,
Theorem 1.4 provides an extension of these results with an explicit dependence of Ay and
A1 in terms of u;. Observe that the results in [12, 22, 13] already imply a dicotomy on
the intermittency of the solution depending on large and small values of A. In this paper,
precise bounds for the moments for ¢ fixed are proved, which in particular imply more
accurate estimates on A to deduce intermittency or non-intermittency of the solution.
Observe also that this dicotomy phenomenon does not occur if one considers the same
equation (1.1) in R? or in D but with Neumann boundary conditions. In those cases, the
solution is weakly intermittent for all A > 0, see e.g. [12, 14].
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Theorem 1.4a) also implies that forallp > 2,¢t > 0and z € D,,

P 2a

. loglog E|u(x)
lim ,
A—00 log A a—p

and similarly for the case b), which is known as the excitation index of the solution
introduced by [17]. This result was obtained in [19] for p = 2, f the Riesz kernel and
o satisfying Hypothesis 1.2. See also [17, 9] for previous results when o = 2 and W is
space-time white noise. The results in [9, 19] were the first that used the Gronwall’s
inequalities stated in Propositions A.1 and A.2 to show these type of results. The proof
of Theorem 1.4b) will be also based on those inequalities.

Consider now the deterministic heat equation J;u = Au + Au on a bounded domain
O in R4, d < 3, with smooth boundary and Dirichlet boundary condition u;(z) = 0,z €
90,t > 0, and intial condition ug(z) = f(z), f € L*(O). It is shown in [18] that if ko is
the smallest integer such that (f, e, ) # 0, then

. 1
timsup + log Ju | 20y = A — i,
t—o00 t

In the same paper, the equation dyui(z) = Aug(x) + Aug(z)dWs, where W; is a real-valued
Wiener process is also considered. In this case, following similar computations as in that
paper, it is easy to show that

2

1 A
; - / 2 A
11?1sup n log E”ut”L2(O) 5~ Hko-

Hence, the dycotomy phenomenon is also present in the deterministic case and the space
independent white noise case. Observe that in those cases we have precise expressions
for the Lyapunov exponents. For our equation (1.1), even in the space-time white noise
case and parabolic Anderson model, obtaining an explicit expression for the upper
second moment type Lyapunov exponent remains an open problem. Theorem 1.4 gives a
first hint of the general form of this expression.

The rest of the paper is organized as follows. Section 2 is devoted to define rigorously
the Gaussian noise W, and the Wiener-chaos expansion of square integrable random
variables. In Section 3 we prove several heat kernel estimates that are needed for the
proof of Theorem 1.4, and are also interesting in their own right. Section 4 is devoted to
the proof of Theorem 1.4. Finally, in the Appendix we recall some heat kernel estimates
and fractional Gronwall’s inequalities used in the paper.

2 The Gaussian noise W

Let D(R, x R?) be the space of real-valued infinitely differentiable functions with
compact support. Following [7] and [8], on a complete probability space (2, F,P), we
consider a centered Gaussian family of random variables {W (), ¢ € D(R4 x R%)} with
covariance

EW W] = [ elta)elt. o)/ = ydrdydr,

where f is as in (1.2). Let H be the completion of D(R; x R?) with respect to the inner
product

o= [ el @~ y)dedydr

The mapping ¢ — W (y) defined in D(R; x RY) extends to a linear isometry between H
and the Gaussian space spanned by W. We will denote the isometry by

Wi(p) = /11{ n o(t,x)W(dt,dx), » e H.
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Notice that if ¢, € H, then E [W (o)W (¢)] = (¢, 1)s. Moreover, H contains the space
of measurable functions ¢ on R, x R? such that

| ettt e = dedydt < .

When handling equation (1.3) with o(z) = z, we will make use of its chaos expansion.
For any integer n > 1, we denote by H,, the nth Wiener chaos of W. Recall that H,
is simply R and for n > 1, H,, is the closed linear subspace of L?(f2) generated by the
random variables

{H (W (). h € H, |[hl|x = 1},

where H,, is the nth Hermite polynomial. For any n > 1, we denote by H®" (resp. H")
the nth tensor product (resp. the nth symmetric tensor product) of . Then, the mapping
I,(h®") = H,(W(h)) can be extended to a linear isometry bewteen H®" (equipped with
the modified norm v/n!|| - ||3;e~ ) and H,,.

Let 7" the o-field generated by W. Then, any 7" -measurable random variable F in
L?(£2) can be expressed as

F=B(F)+ 3 L(f).
n=1

where the series converges in L?(f2), and the elements f,, € H®" are determined by F.
This identity is called the Wiener-chaos expansion of F'

3 Heat kernel estimates
As a consequence of Theorems A.3 and A.4 in the Appendix, the following upper and
lower bounds for the fractional heat kernel on D hold.

Proposition 3.1. For any € € (0, 1), there exist positive constants ci(€), c2(€) and cs(e)
such that forallz € D, = {y € R%: |y| <1 —¢} andt >0,

/ po(t,x,y)dy > cre™ (3.1)
D,

forallz € D. andt > 0,

/ Ph(t z,y)dy > coe™ 2t/ (3.2)

€

and if f satisfies Hypothesis (1.1), then for all x,w € D, and t > 0 such that |z — w| < t%,

/ po(t, =, y)pp(t,w, 2) f(y — 2)dydz > cze™ 217t F/, (3.3)
D.xD.
Proof. We start assuming o = 2. From Theorem A.3 and (1.6), forall x € D. and t > 0,

62 eiclxity‘Q
> i —pat
/D‘pp(t,x,y)dy_c/DEmm(l,1/\t>e WNTIE dy

_C\Ify\2
t

- : e T —elempl®
> ceHt (/ min (1, t) Wl{tq}dy—i—/ € T lgenydy |
D. D

€

The second integral in the last display is lower bounded by c(€)1;>1). The first one
equals

lz—y|?

e ¢ 1 9 e—¢
/D Wl{t<e2}dy+€ /D W1{62§t<1}dy-

le—y|?
t

ECP 23 (2018), paper 41. http://www.imstat.org/ecp/
Page 6/12


http://dx.doi.org/10.1214/18-ECP147
http://www.imstat.org/ecp/

Moment bounds for fractional stochastic heat equations

The second integral in the last display is lower bounded by c(€)1{.2<;<1}, while the first
one is lower bounded by

le—yl?
t

—cC
/D i Wla—yP<t<edy-

We now observe that if ¢ < ¢? and € < 1, then min(v/¢,1 — €) = v/%. Thus, forall z € D,,

Vol(y € D : |z — y[> < t) = Vol(B, (vVE) N Bo(1 — €)) > %VOl(BO(ﬁ)) = cqt??,

where B,(r) = {y € R? : |y — 2| < r}, for € R? and r > 0, and Vol denotes the
d-dimensional volume. This shows that

2
|z—yl
S

e
/D —a;z Hle—ylsiceydy 2 calpi<ery,

which proves (3.1) for a = 2.
Following along the same lines, we get that

J,

le—y|?
_ e 1
p%(t,x,y)dy > ce 2t {/ T1{|x_y‘2gt<€2}dy + 1{1‘252}}
D

e €

> ce 2t {tid/zl{t<€2} + 1{,5262}}
> C€—2u1tt—d/27
which shows (3.2) when o = 2.

We next show (3.3) for « = 2. We assume that f satisfies Hypothesis 1.1. From
Theorem A.3 and (1.6), for all z,w € D, and t > 0,

/ Pt 2, y)po(t,w, 2) f(y — 2)dyd=
D.xD,
_c \w—z\2

Jz—y|?
_ e ¢ ¢ e T B
> ce” it {/D L aE Hiemvsi<ey g Liu-sp <oy — 2 Pdydz + 1{tze2}} :

Next observe that since |z — w| < V%, |z —y|?> < t, and |w — 2|?> < t, we get that
ly — 2|7F > t=P8/2, Therefore, proceeding as above, we conclude that if z, w € D, and
t > 0 are such that |z — w| < v/, then

/D . po(t,z,y)pp(t,w, 2) f(y — 2)dydz > ce™ ! {t’ml{t«a} + 1{t262}}
eXDe
> C€_2M1tt_ﬂ/27

which concludes the proof of (3.2) when a = 2.
We now assume « € (1,2). Similarly as above, appealing to Theorem A.4 and (1.6),
forall z € D, and t > 0,

D.

_ . € . “1/a t
> ce “lt{ /D min <1, t> min <t Y ’|x—y|a+d> Lircnydy + 1{t21}}'

The integral in the last display equals

. _ t . Y 1
/D min (t 1/(17 x—yoﬁ’d) 1{t<6°‘}dy + €a L min (t /e 17 x—y|a+d) 1{60‘St<1}dy'
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The second integral in the last display is lower bounded by c(€)1{c«<¢<1}, While the first
one is lower bounded by

tl/a d+a
t= 4/ min | ¢d-1)/« 1o yocrccordy.
/Dg mln( 5 |x—y\ {|lz—y|o<t<e}OY

Using the same argument as before, if t < € and € < %, then for all x € D,

1
Vol(y € D : |z —y|® < t) = Vol(B,(t'/*) N By(1 — €)) > §V01(Bo(t1/a)) = cqt¥*,

which concludes the proof of (3.1) for « € (1,2). Similarly,

/ P (t, 2, y)dy

€

> ce 2t min [ 1 62: min [ +~2/ L 1 dy+1
- D 12 o — gt ) Tl<t) Y+ 1>y

> ce” 2t {fd/al{t«a} + l{tzea}}
> Ce—2,u1tt—d/o¢’
which shows (3.1) for « € (1,2).
Finally, for all z,w € D, and t > 0 such that |z — w| < t'/,
/D o po(t, 2, y)pp(t,w, 2) f(y — 2)dydz > ce™ 2 {t_ﬂ/al{t<6a} + 1{t26a}}

Z 6672M1ttfﬁ/a’

which proves (3.3) when a € (1,2). O
Proposition 3.2. For all § > 0, there exist ¢1,c2(0) > 0 such that for all z,w € D and
t>0,
/ pp(t,z,y)dy < cre”H1t, (3.4)
D
and
/ po(t,z,y)pp(t,w, 2) f(y — z)dydz < cge” B—Omtg—a/a (3.5)
DxD
where
da if f = 607
a =
B, if f satisfies Hypothesis 1.1.
Proof. We first assume a = 2. By Theorem A.3, forallz € D and ¢ > 0,
_ole—yl®
—ppt € ¢ —pt
/DpD(tvxay)dy <ce M /D Wdy <ce MY,

which shows (3.4). Let f = §p. By the semigroup property and Theorem A.3, for all § > 0,

0(5)6—(2—5)H1tt—d/2.

2 — < —2H1t <
APD(t7w7y)dy pD(2t,.’E,(E) > ce 1 /\td/2 =

Finally, by Theorem A.3, when f satisfies Hypothesis 1.1, we get that

lo—y|? lw—z|?
—clz=ul® _lw—z®
t,x, t,w,z — 2)dydz < ce_zl“t/ — 2| Pdydz
| poltaapn(tw.2) o - 2y < P vy vy e
6*0‘17"2 e*C'”T‘Q
—(2—§ ' —
< ¢(8)e ! )Mt/n{dxﬁd S S ly — 2| Pdydz
< 0(5)6—(2—6);»1%—@/04’
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where we have used [19, Lemma 4.1] in the last inequality. O

4 Proof of Theorem 1.4

4.1 Proof of the lower bound of Theorem 1.4b)
By Jensen’s inequality, for any p > 2,

Eluy ()P > (Bluy(2)[2)"* . 4.1)

Therefore, it suffices to prove the lower bound for p = 2. Taking the second moment to
the mild formulation (1.3) we obtain that, for all x € D and ¢ > 0,

Elu(z)]* = (/D u()(y)pD(tvxvy)dy>2+)\2 /Ot/DP%(t—s7x7y)E|a(us(y))|2dyds.

Hypothesis 1.3 and the heat kernel estimate (3.1) yield to

/ uo(y)pp(t, z,y)dy > inf uo(y)/ pp(t,z,y)dy > ce” .
D yeD. D.

On the other hand, from Hypothesis 1.2 and the heat kernel estimate (3.2), we get that

t t
/ / P2 (t — 5,2,y Elo (us(y)) Pdyds > 2 / / P2 (t — 5,2, y)Elus ()| 2dyds
0 D 0 D,
t

253/ he(s)/ ph(t — s,z,y)dyds

0 D,

¢
> c/ he(s)e 2mE=9)(p — )=/ s,
0

where h(s) := inf,ecp, Elus(y)|*. Now, set g.(t) = e****h.(t). The estimates above show
that forall £ > 0,

ge(t) > ¢ (1 + A2 /Ot(t - s)_l/“ge(s)ds> .

Finally, Proposition A.1 with p =1 — é and Proposition A.2 conclude the desired lower
bound.

4.2 Proof of the upper bound of Theorem 1.4b)

Taking the pth moment to the mild formulation (1.3) and appealing to Burkholder-
Davis-Gundy’s and Minkowski’s inequalities, it holds that for all x € D and ¢ > 0,

Bl <2 { ([ uo<y>pD<t,x,y>dy)p

sz ([ [ sbte- s y)(Eo<u5<y>>|p>2/pdyds)p/2 }

where z, is as in the statement of Theorem 1.4b). Since ug is bounded, and using the
heat kernel estimate (3.4), we get that

/ uo(y)pp(t,z, y)dy < cre ™t
D
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Using Hypothesis 1.2 and the heat kernel estimate (3.5), we obtain

/ / D3 (t — 5,2, y)(Blo(us (4))|P)/Pdyds < L2 / / P3(t — 5,2, 5)(Blua(y) ) Pdyds
0 D 0 D

<z f h(s) ( | whe- s,x,wdy) ds

0
t
< C/ h(s)e_@—‘s)/tl(t—s) (t _ S)_l/ads,
0

where h(s) = sup, ¢ p(E[us (y)|P)?/P. The estimates above show that, for all ¢ > 0,

g(t) < e (1 + 2222 /Ot (2557(5))1/(1@) ,

where g(t) = e(>~9mp(t). Finally, Proposition A.1 with p = 1 — L concludes.

4.3 Proof of Theorem 1.4a)

In this case, following [1], the solution to (1.1) has the following Wiener-chaos
expansion in L?(£2)

ur(w) = ho(t,z) + > N'In(hn(-t, ), (4.2)

n>1

where ho(t,z) = [, uo(y)pp(t, 2, y)dy, and for n > 1, I,, denotes the multiple Wiener
integral with respect to W in R"} x D", and for any (t1,...,t,) € R} and z1,...,z, € D,

hn(tlaxlv vy by T, T, ;E) = pD(t —1n, 'T»xn)pD(tn - tn—lvxvuxn—l)
~pp(te —t1, w2, 21)ho(t, 1) Lot <.ty <t}

Therefore, _
Elut(2)|* = [ho(t, o) + Y X nlllhn (-1, 2)|3e0,

n>1
where h,, denotes the symmetrization of h,,. That is,

Wl (ot 2) |30 = /

0<ty <o <tn <t
X Ppp(tn = tn-1,Tn, Zn—1)PD(tn — tn—1,Tn, Yn—1)f(Tn-1 — Yn—1) - - pp(t2 — t1,22,21)
x pp(ta — t1, 22, y1) f (21 — y1)|ho(tr, x1)Pdzy - - dwydyy - - - dyndty - - - dt,.

/ ) pD(t - tn,LI}, xn)pD(t - tn7x7yn)f(xn - yn)
D n

Now, appealing to Propositions 3.1 and 3.2, we obtain

n

et [ (t = ta) /o T = tim) "/t - s
0<t1 < <tp <t

=2
n
< | (o ty ) || 200 < cre” GOmat / (t—tn) T[4 = tica) Pty - - dt,.
0<ty < <tn<t P9

Following similar computations as in [1, 2] it is easy to see that the last display implies
that

coe 2Hat Z )\Q"C'g(n!)gflt(lfg)" < Elug(2)]? < ere”3-9mt Z AQ"O?(n!)gflt(kg)".
n>0 n>0

Finally, [1, Lemma A.1] and [2, Lemma 5.2] conclude the proof of Theorem 1.4a) for
p = 2. The lower bound for p > 2 follows using Jensen’s inequality as in (4.1). For the
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upper bound, as in [1, 2], we have that by Minkowski’s inequality and the equivalence of
norms in a fixed Wiener chaos, for all p > 2,

(E|ut(x)|p)1/p < |ho(t, )| + Z(p _ 1)n/2)\n (n!|\ﬁn(-,t,x)||§_[®z)1/2,

n>1

which implies the desired upper bound.

A Appendix

We recall the following fractional Gronwall’s inequalities.

Proposition A.1. [15, Lemma 7.1.1], [14] Let p > 0 and suppose that g(t) is a locally
integrable function satisfying

t
g(t) <+ k:/ (t—s)*"'g(s)ds forall t >0, (A1)
0
for some positive constants c1, k. Then there exist positive constants cy, c3 such that
gt) < et forall > 0.
If instead of (A.1) the function is non-negative and satisfies
t
g(t) >c1 + k/ (t —s)""'g(s)ds forall t >0,
0

then ) .
g(t) > c2e™* "t forall t> S(D(p)k)~ /7.
p

The next result shows that when p = % the lower bound can be obtained for all ¢ > 0.
Proposition A.2. [9] Let ¢(t) be a non-negative locally integrable function satisfying

t
S
g(t) > e1 + k/o ;%ds forall t> 0,

for some positive constants c1, k. Then there exist positive constants co, c3 such that
g(t) > c2e™*t forall t> 0.
We also recall the following estimates of the Dirichlet fractional heat kernel.

Theorem A.3. [20, Theorem 2.2] Assume « = 2. There exist positive constants C, ¢, and
co such that, for allxz,y € D andt > 0,

Jz—y|?
o l2—yl®

1 Oy (2)P1(y)\ e @7
1 1 1 t
¢ min (1’1/\t T Spot o)
lz—y|?
. Q1 (2)P1(y)\ e
< M1
_len(l, TAt e T d

Theorem A.4. [6, Theorem 1.1] Assume « € (1,2). There exist a positive constant C
such that, forall z,y € D andt > 0,

L . Py (x . D (y . —d/a t
Cle #lt{mm (1, i/(g))mln (1, i/(i))mm (t 4 v|m_ya+d) Lit<ay

+ @1 (2)P1(y) L1y )
S PD (t7 x, y)
_ . Dy (x . Oy (y . —d/a t
<Ce ’“t{ min (1, i/(£)> min (1, i/(£)> min (t d/ 7:5‘—y|“+d) 1<y
+ @1 (2)®1(y)1izz1y -
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