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W1-P_Solutions of the transport equation by stochastic perturbation
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Abstract. We consider the stochastic transport equation with a possibly un-
bounded Holder continuous vector field. Well-posedness is proved, namely,
we show existence, uniqueness and strong stability of WP weak solutions.

1 Introduction

During decades the transport equation has attracted a lot of scientific interest. The main rea-
son is due that several physical phenomena in fluid dynamics and kinetic equations can be
modeled by the transport equation,

du(t,x) +b(t,x) - Vu(t,x) =0, (1.1)

which is one of the most fundamental and at the same time the most elementary partial dif-
ferential equation with applications in a wide range of problems from physics, engineering,
biology, population dynamics or social science. See, for instance, Lions’ books (1996, 1998)
for application in to fluid dynamics, and to see also Dafermos’ book (2010) for more general
applications of the transport equation in the domain of conservation laws.

In view that we are interested to study the Cauchy problem (1.1), but in the stochastic case,
we are going to briefly recall some of the main recent results respect this equation. DiPerna
and Lions (1989) have introduced the notion of renormalized solution to the equation (1.1),
that is, for every B suitable, §(u) it is a solution such that

3,B(u(t,x)) 4 b(t,x) - VB(u(t, x)) =0. (1.2)

We observe that (1.2) holds for smooth solutions, by an immediate application of the chain-
rule. However, when the vector field is not smooth, we cannot expect any regularity of the so-
lutions, so that (1.2) is a nontrivial request when made for all bounded distributional solutions.
This notion of renormalization motivates that, if the renormalization property holds, then so-
lutions of (1.1) are unique and stable. In this way, DiPerna and Lions (1989) proved that whl
spatial regularity of the vector field b (¢, x) (with an additional condition of boundedness on
the divergence) is sufficient to ensure uniqueness of weak solutions. Later, Ambrosio (2004)
proved uniqueness for the case of BV regularity for b instead of W!!. In both results, the
uniqueness was based on the commutator ideas. See Ambrosio and Crippa (2014) and De
Lellis (2007) for a nice review on that. There are generalizations of these results, but not so
far from them; for instance we can mention the works of Alberti, Bianchini and Crippa (2010)
and Hauray (2003) both in 2 dimensions, where the drift does not have any differentiability
regularity, but with some additional geometrical conditions.

The last years, a great deal of attention has been focused on the study of stochastic transport
equation

d B;
oru(t, x) + (b(t, x)+ W)Vu(t, x)=0,

uli=0 = uo

(1.3)
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((t,x) € Ur,w € ), where Ur =[0, T] x R?, for T > 0 be any fixed real number, (d € N),
b:R; x RY — R? is a given vector field (drift), with divb =0, B, = (B},...,BY) is a
standard Brownian motion in R¢ and the stochastic integration is taken (unless otherwise
mentioned) in the Stratonovich sense.

We observe that, there are several situations where the stochastic problem has better be-
havior than deterministic one. A first result in this direction was given by Flandoli, Gubinelli
and Priola (2010a), where they obtained well-posedness of L°°-weak solutions of the Cauchy
problem (1.3) for the Holder continuous and bounded drift term, with some integrability con-
ditions on the divergence and initial condition ug € L (R?). The key tool of this work has
been a differentiable stochastic flow (characteristics method) constructed and analysed by
means of a special transformation of the drift of It6-Tanaka type. Similarly, Fedrizzi and
Flandoli (2013) obtained a well-posedness result of “weakly differentiable solutions” un-
der only some integrability conditions on the drift term and considering the initial datum
up € y>1 Wli)’cr (R?). Specifically, they only assumed that

b e LI([0, T]; LP (RY)),

d 2 (1.4)

forp,ge[2,00), —+—<1.
P 9

Later, Neves and Olivera (2015, 2016) under condition (1.4) got, for measurable initial con-
dition, existence and uniqueness of L°°-weak solutions for the stochastic transport/continuity
equation (1.3). In this work, the authors have used the main feature of the transport equation,
which is the transportation property, to show uniqueness in a different way from the renormal-
ization idea (which exploit commutators) used in, for example, Catuogno and Olivera (2013)
and Flandoli, Gubinelli and Priola (2010a). In 2013, Catuogno and Olivera proved existence
and uniqueness of L7”-solutions for the problem (1.3) with initial condition ug € L? (RY).
Here, the authors used the generalized It6—Ventzel-Kunita formula (see Theorem 8.3 of
Kunita (1984a)) and the results on existence and uniqueness for the deterministic transport
linear equation (see, for instance, DiPerna and Lions (1989)). In another context Fedrizzi,
Neves and Olivera (2018), working with the notion of “quasiregular weak solutions”, ob-
tained uniqueness of (1.3) when the field vectors b € leoc' We also mention that Mollinedo
and Olivera (2017a) showed uniqueness of L2-weak solutions for one-dimensional stochastic
transport/continuity equation with unbounded measurable drift without assumptions on the
divergence. More precisely, they only assumed the vector field b satisfies

|b(x)| < k(1 + |x1);

then, to prove uniqueness they have used the fact that “one primitive of a L>-weak solution”
is regular and verifies the stochastic transport equation (1.3). Finally, Mollinedo and Olivera
(2017b) obtained well-posedness of (1.3) with unbounded drift but in the context of weighted
spaces.

The contribution of the present paper is to prove uniqueness of WP -weak solutions (see
Definition 2.2) of the Cauchy problem (1.3) for Holder continuous, possibly unbounded,
divergence-free drift. In particular, this result implies the persistence of regularity for initial
conditions ug € WP (R?), with 1 < p < oo. Here, as our drift term b is unbounded locally
Holder continuous, then we have suitable regularity of the stochastic flow associated to this
vector field b (see Theorem 7 of Flandoli, Gubinelli and Priola (2010b)). Thereby in the proof
of our main results, using a regularization procedure, thanks to the free-divergence condition,
following the same strategy introduced in Mollinedo and Olivera (2017b) and in order to
avoid “commutators” and the problems there in, we are able to compose the solution u of the
stochastic transport equation with the stochastic flow, in fact its inverse; in this way, we can
bring the stochastic flow with all its space derivatives on the test function.
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In the context of the present paper, we would like to point and remark the following:

1. For the deterministic transport equation the problem W!-7-solution is open, under essen-
tially weaker conditions than Lipschitz continuity of the vector field b. Besides that, we
would like to mention that Colombini, Luo and Rauch (2004) proved, through a specific
example in R? and considering divergence free vector fields b € (< p<oo WP (R?), that
the persistence property for the deterministic case is not true even the uniqueness is estab-
lished. Specifically, one may start with an initial data ug € C° (R?), but the deterministic
unique bounded solution is not continuous on any neighborhood of the origin.

2. Compared to Flandoli, Gubinelli and Priola (2012), the approach of our work to prove the
uniqueness result is different because in Flandoli, Gubinelli and Priola (2012) the authors
used ideas based in “commutator lemma” (see, for example, DiPerna and Lions (1989)
and Flandoli, Gubinelli and Priola (2010a)) and as it was mentioned previously we avoid
considering ideas on “commutators”. Moreover, in Flandoli, Gubinelli and Priola (2012,
Theorems 6 and 7) the authors worked with globally Holder continuous and bounded vec-
tor field b € L>(0, T; C¥(RY; R?)) with o € (0, 1) and initial condition ug € L®(R?),
which is not our case (see Hypothesis 2.1). Now, another difference with Flandoli, Gu-
binelli and Priola (2012) is related to the persistence property. In the work Flandoli, Gu-
binelli and Priola (2012, Theorem 4), was showed the persistence of C!-regularity but in
the present paper we prove persistence of W !-?-regularity with 1 < p < oo.

3. Now, concerning the work Mollinedo and Olivera (2017b) to prove well-posedness of the
SPDE (1.3) the authors worked in the context of weighted spaces. Indeed, they worked
in the space L2P(Q x[0,T] x RN LP(Q x [0, T], WhP(RY), w) where the weight
is the Gaussian measure in R? defined as pu = e~ & (see Definition 2.1 of Mollinedo
and Olivera (2017b)). In the present paper, to show the main results, using the strategy
introduced in Mollinedo and Olivera (2017b) and thanks to the free-divergence condition
on the vector field, we avoid to work in the context of weighted spaces.

4. Finally, we would like to emphasize we are not interested in to show estimates on the
flow associated to vector field b because, under our conditions (see (2.1)), we have good
estimates that have been already investigated in Flandoli, Gubinelli and Priola (2010b,
Theorem 7). So, we only use these properties to prove well-posedness and the persistence
property of the Cauchy problem (1.3).

Throughout of this paper, we fix a stochastic basis with a d-dimensional Brownian motion
(Q, F {Fr:t€[0, T}, P, (B)).

2 Preliminaries

To establish well-posedness for the stochastic partial differential equation (SPDE) (1.3), we
need to assume the following hypothesis:

Hypothesis 2.1. The drift term is taken to be
beC?(RY,RY), 2.1)
and
divb =0. (2.2)
Besides that, for 1 < p < oo the initial condition satisfies

ug € Wl’p(Rd).
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2.1 Notations

For any 6 € (0, 1), we denote C?(R4; RY), d > 1 the space of the vector fields f : R4 — R4
for which

o= sup LOZION

xtyx—yl<t X =yl

The space C?(R?; R?) becomes a Banach space with the norm

Ifle=[A+1-1)" Ol +[fl6 (2.3)

where || - ||oo denotes the supremum norm over R?.

Now, we are going to recall some main results about stochastic flows. Thus, for 0 <s <t
and x € R4, consider the following stochastic differential equation (SDE) in R associated to
the vector field b

t
X5 i(x)=x —|—/ b(Xs.r(x))dr + B; — By, 2.4)

where X, ;(x) = X(s,f,x) and X;(x) = X(0,¢,x). Under condition (2.1), the process
X:(x) is a stochastic flow of C 1—diffeomorphism (see Flandoli, Gubinelli and Priola
(2010b)). Moreover, the inverse flow Yy, (x) := X ,1 (x) satisfies the following backward
stochastic differential equation

t
Y o(x) = x — f b(Y,., () dr — (B, — By), 2.5)

for 0 <s <1, see Flandoli, Gubinelli and Priola (2010a). Usually Y is called the time reversed
process of X.

From Flandoli, Gubinelli and Priola (2010b), we also remember the following result that
we are going to use in our main results: Let b, € C?(R¢, R¢) and let ¢" be the corresponding
stochastic flows. Assume that there exists b € C? (R4, R?) such that b, — b € Cg (R4, RY),
n>1,and ||b, — b”cfj(]Rd,Rd) — 0 as n — oo. If ¢ is the flow associated to b, then for all
p>1,T >0, we have

lim sup sup E| sup |D¢”, (x) — D¢y (x)|”|=0, (2.6)
N>00  eRd 5€[0,T] [te[s,T]| o 50| ]
m(x)— x)|P
lim sup sup E[ sup 5.0 () = ot () }:0, 2.7)
n>00 | Rdsel0,T] Lrels.T] L+ [x]

and

sup sup sup E[ sup |D¢gt(x)]p] < 00. (2.8)
n yeRdsel0,T] “tels,T] ’
If we denote by y the inverse flow of ¢, then same results are valid for the backward flows
s and V¥ ; since are solutions of the same SDE driven by the drifts —b, and —b, respec-
tively.

2.2 Definitions of weak solutions

We present now a suitable definition of W!-7-weak solution to equation (1.3) to treat the
problem of well-posedness under our Hypothesis 2.1. We denote C° (R9) the space of the
test functions with compact support.
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Definition 2.2. A stochastic process u € L?(2 x [0, T, WLP(R)) is called a W!-P-weak
solution of the Cauchy problem (1.3) when: for any ¢ € C° (RY), the real valued process
Ju(t, x)¢(x)dx has a continuous modification which is an F;-semimartingale, and for all
t € 10, T'], we have P-almost surely

[t opdx = [ e dx
R4 R4
t .
—/ / b'(x)oju(s, x)p(x)dxds (2.9)
0 JRd
t .
+/ / u(s, x)di¢(x)dx odB;.
0 JRA
Remark 2.3. From the idea of the Lemma 13 of Flandoli, Gubinelli and Priola (2010a),
we can write the problem (1.3) in Itd’s form as follows. A stochastic process u € L” (2 x
[0, 7], WEP(R?)) is a W!-P-weak solution of the stochastic transport equation (1.3) iff for

every test function ¢ € C2° (R?), the process [ u(t, x)@(x)dx has a continuous modification
which is a F;-semimartingale and satisfies the following It6’s formulation

t .
/u(l,x)go(x)dx=/uo(x)(p(x)dx _]0 fbl(x)fi,-u(s,x)go(x)dxds
+/(;t/8,~g0(x)u(s,x)dde£

1 t
+ E./o /Ago(x)u(s,x)dxds.

3 Main results

3.1 Existence of weak solutions
In this section, we will prove existence of W!7-weak solution under Hypothesis 2.1. The key

points of the proof is the “regularization procedure” and the inequalities (2.7) and (2.8).

Lemma 3.1. Assume Hypothesis 2.1. Then there exists a WP -weak solution u of the Cauchy
problem (1.3) and u(t, x) = uo(qbt_l(x)).

Proof. We divide the proof in two steps.

Step 1: Assume ug € CX° (R¢). From a minor modification of the arguments in the Propo-
sition 2.3 of Mollinedo and Olivera (2017b) it follows that u(t, x) = uo(¢; ! (x)) satisfies

[ uxeeds = [ uotopt dx
1 .
—// O;u(s, x)b' (x)p(x)dxds
0 JRrd
t | G.1)
+/0 /Rdu(s,x)aiw(x)ddes

1 t
+—// u(s, x)Ae(x)dxds.
2Jo JRrd
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As divb = 0, that is, the Jacobian of the stochastic flow is identically one, we observe that
making the change of variables y = y;(x) = ¢, (x) we obtain

/OT/Q‘/|u0(¢z(x))|pdeP(da))dz:T/|u0(y)|pdy

= T”u0||€vl,p(Rd)

and

T
/0 foR,,|D”0(%(X))|pde(dw) dt
T
:A /Q/Rd|Du0(Wz(X))|p{DWt(x)|pdeP’(da))dt 3.2)

T
< [ [ IDuo) PEID Y (6:(3). @) ] dy(de) dr.
Now, we see that
D (¥ (¢ (x), @) = D™ (¢ (x)) (3.3)
and
D™ (¢ (x)) = Cof (D (x)) ", (3.4)

where Cof denotes the cofactor matrix of D¢;. By inequality (2.8), we get that
Cof(D¢; (x))T € L®(R?; LP(; L*([0, T1))). Thus, considering (3.2) we have

T
/0 /Q/§d|D“0(Wt(x>)|"de(dw)dt
T
=f0 /Rd\Duo<y>\”E[|Dwz(¢t<y),w)v’]dydt

=c [ |Duo( [P dy

p
= C”uO“Wl.P(]Rd)‘

Therefore, we conclude that u (¢, x) = uo(¢, 1(x)) is a W!-P-weak solution of the equation
(1.3).

Step 2: Assume ug € WLP(RY). Let {pe}e be a family of standard symmetric mollifiers
and 1 a non-negative smooth cut-off function supported on the ball of radius 2 and such that
n = 1. So, for every ¢ > 0, we introduce the rescaled functions 1. (-) = n(e-). In this way, we
define the family of regularized initial conditions given by

ug(x) = e () ([uo () * ps ()] (x)).

From step 1, it follows that u® (¢, x) = ugy(¢, l(x)) verifies (It6’s form)

A&d u(t, x)p(x)dx =A;d ug(x)e(x)dx
t
—/ f 0;u(s, x)b(x)p(x)dxds
0 JRA
; . (3.5)
+/0 '/Rdu (s,x)0;¢(x)dx dB;

1 ¢t
+—/f u€(s, x)Ap(x)dxds.
2Jo Jrd
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Now, we can see that u€(s, x) = u(g)(qﬁt_l(x)) converges strongly to u(s, x) = uo(qﬁt_l(x)) in
LP(Q x [0, T], WLP(R?)). In fact, doing the change of variables y = ¥, (x) = d)t_l(x) we
have

T
/SZ/O _/I;thtg(‘ﬁt(x)) — ”0(%()6))|p dx dsP(dw)

T
= f / u§(y) —uo(y)|” dyds,
0 JRA
and using (3.4), (3.3) and (2.8) it results

T
/Q/O /Rd}Dug(tﬁ,(x)) — Dug (¥ (x))|? dxP(dw) dt
T
ngfo /Rd|D“8(wt(x))_Duo(wt(x))\pﬂ)%(x)}pde(dw)d;

T
= /0 |, |Dus) = DuoPE Dy (943, )| dy s

= [ |Dus) = Duo(y)|” dy.

Therefore, by the calculus made above, we can pass to the limit in (3.5) as ¢ — 0. Thus, we
conclude the that u(z, x) = uo(qﬁt_l(x)) is a WL-P-weak solution of SPDE (1.3). Il

3.2 Uniqueness of weak solutions

In the present section, we shall show the uniqueness result for W!-?-weak solutions for the
SPDE (1.3). As mentioned in the introduction, using the divergence-free condition, in the
demonstration below we avoid to consider ideas on “commutators”.

Theorem 3.2. Under the conditions of Hypothesis 2.1 uniqueness holds for W'-P-weak
solutions of the Cauchy problem (1.3) in the following sense: If ui,u; € LP([0,T] x
Q, WLP(R?)) are two WP -weak solutions with the same initial data ug € WP (R?), then
u1 = up almost everywhere in [0, T] x RY x Q.

Proof. We divide the proof in three steps. Before starting the proof we see that, by linear-
ity, is sufficient to prove that a W'P-weak solution with initial condition ug = 0 vanishes
identically. Let us denote by u such a solution.

Step 1: Regularization. For ¢ > 0 and § > 0, let us consider ¢., ¢s the standard symmetric
mollifiers. So, by considering u. (¢, -) = u(t, -) * ¢ we get the integral equation

1o (1, X) = _/0; /Rd diu(s, Db (2)be (x — 2) dz ds »

t .
+/ / u(s, z)0i¢pe(x — z)dz o d By,
0 JRY

which, for each ¢ > 0, is strong in the analytic sense.

Now, let us denote by b® and X? the standard mollification of b and the associated flow to
the SDE (2.4) (with b® instead b), respectively. Analogously, let Y, f be the associated flow to
the SDE (2.5). In this way, by a change of variables x = Xf (y) and for each ¢ € C*° (RY),
we see

[ uet. X edy = [ use 00 (v ) dx. (3.7)
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for each 7 € [0, T'] (recall that divb® = 0, that is, the Jacobian of the stochastic flow is iden-
tically one). We also see that by applying 1t6’s formula (see Kunita (1984b)) to the process
vt x) = (p(Y,‘S ) it satisfies the stochastic transport equation in the classical sense, that is,

:dv‘s(t, x) + b (x)Vl(t, x)dt + Vvl (¢, x) odB, =0,
V|0 = @(x).

As u, is strong in the analytic sense, then, by applying again Itd’s formula to the product of
semimartingales

(3.8)

ug(t, )o(¥)),
we have

ug(t, x)go(Yf) =— /t ug (s, x)b‘s(x)Vgo(Yt‘S) ds
0

— /r we (s, %)y, [0(¥?)] 0 dB!
° (3.9)

t 5 .
_/0 /Rng(YZ )fRd Ay u(s, )b' (¥)pe(x — y)dyds

t .
+./(; /I:&d (p(Yt‘S)u(s, )y, e (x —y)dy o dBy.

Step 2: Localization and Passing to the limit as ¢ — 0 and 6§ — 0. The idea in this step
is to pass to the limit in the above equation (3.9), but under condition (2.1) it is not possible
because the Dominated Convergence Theorem does not work. Thus, in order to avoid that
problem initially we need to do a “Localization”.

In fact, multiplying the equation (3.9) by a differentiable function ng defined by ng(x) =
n(x/R) (R > 0), where n € CCOO(]Rd) is a cut-off function such that 0 <n <1, n =1 in the
ball of radius one and with support in the ball of radius 2; and integrating on R¢ we have

/Rd s (t, ) (Y) R (x) dx
t ; 5
- _[) fRd ue (s, )b (x) - Vo (Y7 )nr(x) dx ds

t . |

B /0 /Rd ue (s, x)dx, [@(Y;)nr (x) dx o d By
! ) .

_,/0 /Rd o (Y7 )ng(x) '/Iz&d Ay, u(s, Y)b' (y)pe(x — y)dydx ds
t .

+/0 /Rd ‘P(Yta)ﬂR(x) /Rdu(s,y)ayiqbg(x —y)dydx odB;.

Integrating by parts the last term on right-hand side of the above equation and using that
Oy, Pe (x — y) = —0x; P (x — y) it results

/Rd ue(t, X)p (Y7 )R (x) dx
1 . 5
- _/() /Rd U (s, X)b° (x) - Vw(Yt )UR(X) dxds
t .
+/(.) /]Rd ue (s, x)¢(Y;) 3y nr (x) dx o d B}

t .
_/O /Rd(ﬂ(yta)me(x) /Rd dy,u(s, Y)b' (y)pe(x — y)dydx ds.
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Passing to [t6’s formulation, we get

/Rd Mg(t,x)go(Yt‘S)nR(x) dx
t . 5
- _A /[z&d ue (s, )b (x) - Vo (Y7 )ng(x) dx ds
t .
+/O /Rd we (s, X)p(Y?)dy;nr (x) dx d B (3.10)
1 rt
+ 5/0 /Rd ue (s, )p(Y)) Ang(x) dx ds

t
_‘/(; A;d(p(Yt‘S)nR(x)axi (u(s, )b())g(x) dx ds.

Now, for § > 0 fixed, by the Dominated Convergence theorem we take the limit as & goes to
07 in the above equation to obtain

[ ute et
‘ . ,3
- _/0 /Rdu(s’x)b () - V(p(Yt Jnr(x)dxds
[ .
+f0 /Rdu(s,x)(p(Yf)ax,.nR(x)dde; G.11)
1 rt
+5A /Rd”(svx)‘/’(yf)AnR(X)dxds

t
_./0 ‘/Rd(P(Y,‘S)UR(X)axi(u(s,x)b(x))dxds.

Again, by using the Dominated Convergence theorem and the property (2.7), we can pass to
the limit in (3.11) as & goes to 0T, on the space L2($2 x [0, T)), to conclude that

/Rdu(t’x)‘p(yt(x))nR(X)dx
t
:—/O A‘%d“(s’x)b(x)'V‘P(Yt(x))ﬂR(X)dxds
t .
+f0 ./]RdM(s’x)(p(Yt(x))axinR(x)dXdB; (3.12)
1/t
+5/0 /RdM(s’x)w(yl(x))AﬁR(x)dxds

t
_A /]Rd(P(Yt(X))UR(X)axi(u(s,x)b(x))dxds‘

Step 3: Passing to the limit as R — +00 and conclusion. We are going to prove that, given
@ € C(RY), the P-a.s. limit

[ e Xe)prdx = tim [ e 0p(0)net dx

is zero. Hence, from the fact that X, is a bijection we have that u is identically zero.
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We start integrating by parts the last term on the right-hand side of the equation (3.12):

[ w000t o)nco

t .
:/ f u(s,x)sﬂ(Yz(X))axinR(x)dde;
0 Jrd
L (3.13)
* 2 ./0 /Rd u(s, x)p (Y (x)) Ang(x) dx ds

+ fot A;d u(s,x)w(Yt(x))bi (x)dy,nr(x)dx ds.
Now, by considering the estimates (to R > 1)

ViR < ”V'N%R‘”Im,mm
and

|Ang(x)| < HMIIL#RL{)

where 14 represents the indicator function of A and B(R,2R) = {x € R?: R < |x| < 2R},
we see that, doing R goes to +00, all terms on the right- hand side of the equation (3.13)
converge to zero. In fact, as ¢ € CZ° (R%), it is enough to see the following estimates:

foT /Q'/Ot /]Rd u(s, x)¢(¥;(x)) xR (x) dx d B ’

T , . X
E/O /Q Rd‘u(s,x)‘ lp(Y:(x))||0,nr(x)|” dxP(dw) ds

NE T
= w/o /Q/Rd’”(s’ X)) o) P Ls(r,2r) (X () dyP(de) ds.

Ip(r.2R)(X),

S
Also,lf;—i—a_l

t
‘/0 A@d u(s, )o(Y;(x)) Ang(x)dxds

! 1/p t 1/q
([ o) ([ o)

c( 1/p
5@(/(; fRd‘”(S,X)’pIB(R,zR)(x)dxds> _

Likewise, as above

t .
[ [ s 00 (i) wa (o dx ds

t .
S/O _/Rd‘”(svX)H('D(Y’(x))"b’(x)}’axiﬂR(x)]dxds

||VTI||L00(]Rd) ! |bi(x)|
< am) [t oller@) (g )

x Ipr2r)(x)dxds

t 1/p
<Clles ([ [0V Laceam o dxds)
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Therefore, passing to the limit in the equation (3.13) as R — +o0o we find out that
/du(t,X,(x))(p(x)dx =0 (3.14)
R

for each ¢ € Cfo(]Rd), andr € [0, T].
To conclude, let K be any compact set in R¢. Then, from the above equation we obtain

[ Bl ax = [ St x,(vi0)) s
K K

_ p _
_E/;/r([()|u(t, X:(»)|*dy =0,

where it has been used (3.14) and that X; is a stochastic flows of diffeomorphism. Conse-
quently, the conclusion of our theorem is proved. 0

3.3 Stability

In this last section, we prove the strong stability property for the solutions of the stochastic
transport equation (1.3). Such property will be shown first with respect to the initial condition
ug and after respect to the vector field b.

Proposition 3.3. Assume the conditions (2.1) and (2.2). Then, for any sequence {uy} C
WP (R?) strong converging to ug € WH?(R?) we have:

u"(t,x) convergesto u(t,x) in LP([0,T] x 2, Wl’p(]Rd))

as n — 0o, where u"(t,x) and u(t, x) are the unique WP weak solutions of the Cauchy
problem (1.3) with the initial data ug and ug, respectively.

Proof. From Lemma 3.1 and Theorem 3.2, we have that
W' (t,x) =ulb(X;") and u(r, x) =uo(X; ).

Then, making y = X, ! (x) we obtain (recall that div b = 0, that is, the Jacobian of the stochas-
tic flow X, is identically one)

T . )
/0 /RdEW (t,x) —u(t,x)|" dx
T
2/0 fRdEIMS(XF‘(x)) —uo(X;'(x))|” dx ds (3.15)
= T/Rd|”'8(Y) —uo(y)|” dy.
And considering (3.3), (3.4) and (2.8) we have

T
/ / E|Du"(t,x) — Du(t, x)|” dx ds
0 R4

T
:/ / E[| Dult (X () — Duo(X;" (1)) |”| DX ()] dx ds
0 JR (3.16)

T
N /0 fRd’D”3<y> — Duo)|"E[| DX (X, (v), ®)|"] dy ds

=< C/ﬂ;{d|D'48(y) — Duo(y)|” dy.

So, by the calculus made above and as ug, converges to ug in WP (R?) the thesis our propo-
sition follows. O
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Proposition 3.4. Let ug € WP (RY) N W9 (RY) for some q > p. Then for any sequence
{bp} € CO(RY, R and b € C?(R?,R?) satisfying the condition (2.2) such that ||b, —
b”c,‘j(Rd,Rd) — 0 as n — 0o we have:

u(t,x) convergesto u(t,x) in LP([0,T] x €, Wl1 p(]Rd))

as n — 0o, where u"(t,x) and u(t, x) are the unique WP weak solutions of the Cauchy
problem (1.3) for the drift b, and b, respectively.

Proof. From Lemma 3.1 and Theorem 3.2, we obtain that
u(t,x) = uo(X,_l’") and u(t,x) = uo(Xt_l).

We also consider u®" (¢, x) = ug(X, 1’"(x)) the unique solution of the stochastic transport
equation with vector field »" and initial condition uf € CZ° (R9) such that ug, converges to
uo in WP (R4). We observe that ug € whr'(R7) with p’ > d, then by Morrey’s inequality
ug € Cl?’ﬁ(Rd), where =1 — %. In this way, if K is a compact in R? we have

T
/O/E|u”(t,x)—u(t,x)|pdxds
<C/ //|u0 M) — ub (X, ()| dxP(dw) dt
e /O [ [l ) = w06 ) dxBde) di
+C/(;T/Q/Rd]u8(Xt_l(x)) —up(X;'(x))|” dxP(dw) dt
< [ luo) — )| dy
—I—C/OT/Q/K|X,_1’”(X)) — X7 @)|P? dxP(dw) dt

+C [ b = uoml” dy.

Thus, from (2.7), doing first ¢ — 0 and after n — oo, we get that u” — u in LP(Q X
[0,T], L7 (Rd)). Now, we see that

loc

/0 /E[}Du”(t,x)—Du(t,x)\p]dxds

/ / [|Duo(X; " () DX, " (x)

— Duo(X; ' (x)) DX, (x)|P] dx ds

<c/ / |Duo(X; " (x)) — Dub (X" (0)|P | DX (x)|P] dx di
+C/ / E[| Dug (X, () — Du(X;7L(0)|P | DX (x)[P] dxe e
0 JK

+C/Tf E[| Dut (X, ()| DX () — DXV ()| dx dt
o Jx ! !
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T
+C/o /KEUD”S(XFI(X))—DMO(XFI(x>)|"|DX;1<x>|"]dxdz (3.17)
T
= Cfo /K|Duo(y) - Du8(y)|pE[|DXt_1’”(x;1(y)’w)‘p]dydt

T
+C‘/(; '/;(EHX;]J[(X)_Xl—l(x)|,3p|Dx;1,n(x)|p]dxdt

! 1 | ” 7
+C(f0 /KEHDuf)(X,_ (x)) — Duo(X; " (x))|P? ]dxdt)

y (/OT/KE[yDug(x,—l(x))w]dxdz)g

T
+C [ [ 1Dui) = Duo() PE[IDX; (X (). )" dy ar

where g + # = 1. Thus, considering (3.3), (3.4), the estimations (2.6), (2.7) and (2.8), and

doing first ¢ — 0 and after n — oo we have Du" — Du in L?(Q2 x [0, T], Lf;c(]Rd)). There-

fore, by the calculus made above the proof is complete. U
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