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We show a diffusive upper bound on the transition probability of a
tagged particle in the symmetric simple exclusion process. The proof relies
on optimal spectral gap estimates for the dynamics in finite volume, which
are of independent interest. We also show off-diagonal estimates of Carne—
Varopoulos type.

1. Introduction.

1.1. Main result. The qualitative theory of stochastic homogenization of
divergence-form equations was developed in the late 1970s [31, 34, 48]. By a
probabilistic representation, it is equivalent to the invariance principle for the cor-
responding reversible diffusion in random environment. Shortly afterwards, a strik-
ingly general invariance principle was proved for additive functionals of reversible
Markov chains [32]. This result enables to show at once that a reversible random
walk (or diffusion) in a random environment, and a tagged particle in a symmetric
exclusion process, both rescale to Brownian motion. The recent monograph [33]
covers many further developments on this approach.

The price to pay for the breadth of this result is the difficulty to strengthen or
quantify it. For instance, it was asked in [32], Remark 1.10 whether a tagged par-
ticle in a symmetric exclusion process satisfies an invariance principle for almost
every realization of the initial configuration (a “quenched” invariance principle).
To this day, this question is still open.

Optimal quantitative results on the homogenization of divergence-form equa-
tions with random coefficients have only started to appear recently. We refer to
[6, 8—10, 22-28, 42] for a sample of the recent work, and to [7] for a monograph
on the subject. Previous work focused on showing quenched invariance principles,
and could ultimately cover very degenerate situations such as random walks on
percolation clusters [1-3, 12, 15, 19, 43, 44, 52].

In both lines of research, one central ingredient of the proofs is a heat kernel
or regularity estimate. The fact that heat kernel estimates imply a quenched invari-
ance principle was understood early on; see [47]. Proving heat kernel bounds for
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degenerate environments such as percolation clusters is however a comparatively
recent breakthrough [11, 45]. We refer to [14, 35] for surveys of the topic, and to
[4, 5, 16, 46] for more recent contributions.

We aim to develop a comparable program for the case of a tagged particle in the
symmetric exclusion process. In this paper, we show diffusive heat kernel bounds
for this process. To the best of our knowledge, this is the first result of this type
for an interacting particle system. Our method can be applied to more general
reversible particle systems, although we choose to focus on this particular case for
clarity.

In a related direction, several works aimed at proving that certain particle sys-
tems converge to equilibrium at a polynomial rate. We refer in particular to [13,
17, 18, 30, 36, 37] for references on this aspect.

We write (X;, 9,):>0 for the joint process of the tagged particle and the sym-
metric simple exclusion process on Z¢, d > 2, started at (X, 7). We fix the average
density of particles at p € (0, 1): under the measure (- | X = 0),, the random vari-
ables (17(x))xx0 are i.i.d. Bernoulli with parameter p. We refer to the next section
for precise definitions. Here is our main result.

THEOREM 1.1 (Heat kernel bound). For every p > 2, there exists a constant
C(d, p, p) < oo such that, for every t > 0,
(1.1) S (P X, =x]) | X =0), < Cr1-P)%,
xezZd

COROLLARY 1.2. For every p > 2 and ¢ > 0, there exists a constant
C(, p, p,e) < oo such that, for every x € 74 and t > 0,

1
(1.2) (P X, =x1)” | X =0) < Cr= ¢,

We can also complement this information by an off-diagonal bound of Carne—
Varopoulos type.

THEOREM 1.3 (Carne—Varopoulos bound). There exists a constant C(d) < 00
such that, for every x € Z¢ and t > 0,
< IXIZ) Flx| <1
exp|l ——— if |x ,
P\ =

P pXe=x11 X =0), < 2]
exp<—€> if |x]| > t.

The bound obtained in Theorem 1.1 is optimal, as we now explain. By the an-
nealed central limit theorem [32], there exists a constant ¢(d, p) > 0 such that, for
every t sufficiently large,

Y PupXi=x]1X=0)>c.
x| <v/7
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Up to a redefinition of c(d, p) > 0, it thus follows by Jensen’s inequality that

2 ((PocyXy =x1)" | X =0>p)p >c1”
lx|<v/

This implies the bound converse to (1.1), up to a multiplicative constant. It also
immediately yields the existence of an x € Z¢ such that the left-hand side of (1.2)

d
2

_d d
t 2,

is bounded from below by ct_%, up to a redefinition of ¢(d, p) > 0.

1.2. Sketch of proof for the standard heat equation. Our strategy is inspired
by the following argument for the relaxation of the standard heat equation. Let u
be the parabolic Green function with the pole at the origin, that is, the decaying
solution to

(1.3) {8,u=Au in (0, 400) x R,

u(t=0,-)=780(-) in R.

Our core goal (compare with Theorem 2.1 below) is to control the decay of mono-
tone quantities of the form fRf’ u?(t,-), for p > 2. We focus on the case p =2 for
simplicity, and present a robust argument, which will be adapted to the particle
system, for the well-known fact that

(1.4) / W2, x)dx < Ct~%.
Rd

We give ourselves a partition of R? into boxes of size £, and for each x € R?, we
denote by B, (x) the box of this partition containing x. We start by writing

2
/u2(t,x)dx52/ <u(t,x)—][ u(t,-)) dx
R4 R4 By (x)
2
2 s " d ’
- /Rd<]€34(x)u(t )) *

where JCBp(x) = |Be(x)|™! f By (x) is the normalized integral. For the first term,
Poincaré’s inequality ensures that

2
(1.6) / (u(t,x)—][ u(t,-)> dngp(d)(Zz/ |Vu(t,x)|2dx,
R4 By (x) R4

and moreover,
a,/ u2(z,-)=—2/ IVu(, ).
R4 R4

Therefore, in a time-averaged sense, the first term on the right-hand side of (1.5) is
dominated by the left-hand side, provided that £ < ¢4/t with ¢ sufficiently small. It

(1.5)
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therefore suffices to control the second term on the right-hand side of (1.5). Since
fRd u(t,-) =1 is independent of time, we get

2
/(7[ u(t,-)> dxg/ |Bg(x)|l<][ u(t,-))dx=|Bg|_1.
R4 \J By (x) R4 By(x)

Choosing £ = c+/t completes our sketch of proof for (1.4).

1.3. Difficulties in the case of the exclusion process. We now discuss the en-
countered problems, and the required modifications to the argument described
above, in our context of a tagged particle in a symmetric exclusion process.

The most visible difficulties in obtaining heat kernel bounds for the tagged par-
ticle are that the environment in which the particle evolves changes over time, and
that the jump rates may degenerate to zero due to the exclusion mechanism.

Optimal heat kernel estimates for degenerate dynamic environments satisfying
some mild assumptions were obtained in [46]. These results cover in particular
the case of a diffusion with symmetric, possibly vanishing jump rates that depend
locally on an auxiliary exclusion process at equilibrium.

The latter process is however fundamentally different from the one we consider
here. Indeed, in the situation considered in [46], and more generally in the context
of stochastic homogenization, one can first sample the dynamic or static random
environment beforehand, and then define a diffusion with the given coefficients.
In contrast, in the setting we study here, the tagged particle and the bath of all the
other, untagged particles cannot be thus disentangled. There is a “retro-action” of
the particle onto its environment, which makes the approach of [46] inapplicable.
This is the core difficulty of the problem. Mathematically, this is immediately ap-
parent when we try to write down a differential equation analogous to (1.3) for
quantities such as P ,)[X; = 0]: there is no closed equation for this quantity if
we only allow x and ¢ to vary, but not n. Similarly, for random walks in static
or dynamic random environments, quantities such as the left-hand side of (1.4)
are monotone almost surely. This is not the case in our setting, and only averaged
monotone quantities will be available to us.

In spite of these difficulties, we will show here how to adapt the argument ex-
posed in the previous subsection and obtain heat kernel estimates for the tagged
particle. We replace the standard Poincaré inequality used in (1.6) by spectral gap
inequalities for the dynamics in finite volume. The proof of these inequalities re-
quires some care, due to the degeneracy of the rates. Moreover, since the dynamics
preserves the number of particles, these inequalities will hold only if we condition
on having a fixed number of particles in the box under consideration.

In the analysis of the analogue to the first term on the right-hand side of (1.5),
our need to fix the number of particles in individual boxes forces the appearance
of conditional measures in the analogue to the last term of (1.5). In other words,
instead of quantities such as [ u(z, -), we will have to estimate the expectation of a
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similar quantity with the integrand multiplied by the space-dependent densities of
the conditional measures. These densities are highly singular, since they concen-
trate on very thin sets of fixed number of particles inside a region. We first bound
these densities independently of the space variable, and then use the reversibil-
ity of the dynamics to transfer the evolution onto this density. For this term, the
tagged particle is irrelevant, and we can use L! contraction in the environment
variable only. We then leverage on the locality of the initial condition f = u(0, -)
to conclude.

1.4. Outline of the paper. In the next section, we introduce the notation and
present the general result of the form of (1.4) that we will prove; see Theorem 2.1.
In Section 3, we show a spectral gap with optimal scaling for the joint process
of the tagged particle and the exclusion process in finite volume. Section 4 starts
with a proof of the Carne—Varopoulos bound, from which we deduce a convenient
localization property. The rest of the section then implements the strategy sketched
above.

2. Notation and reformulation. We fix an integer d > 2. We say that x, y €
Z4 are neighbors, and write x ~ y, if [x — y| = 1, where | - | is the Euclidean
distance. This turns Z¢ into a graph, and we denote by B the associated set of (un-
oriented) edges. For any positive integer £, we denote by B, the box {—¢, ..., E}d s
and by B, the set of edges with both end-points in B,. We let

Q¢ = {(x,n) € By x {0, )50 i p(x) = 1},
d
Q:={(x,n) eZ? x {0, 1} :n(x)=1}.
ForeeBand x € Zd, we denote

e |y ife={xyh
X ife#x.
In other words, x¢ is the image of x by the transposition between the two endpoints
of the edge e. For n € {0, I}Zd (or {0, 1}80), n¢ is the configuration such that,
for every x, n°(x) = n(x®). For a function f : Q2 — R (or 2, — R), we define
fé(x,n) = f(x° n°. We study the symmetric, simple exclusion process with a
tagged particle. This is the dynamics associated with the infinitesimal generator £
formally acting on a random variable f : Q2 — R as

Lf=) a(f"~f)

ecB

where

(2.1) de (1) 1= 1yyestn).
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We also consider the finite-volume counterparts,

Lof =) aclf=f)

eEBg

where now f : Q;, — R. The dynamics associated with L, takes place in
Q, and preserves the number of particles; one can check that for every p €
{0, ...,|B¢|}/|B¢|, the uniform measure on the set

{(x, e Y 0@ =P|Be|}

zZ€By

is reversible for the dynamics (i.e., the operator £, is symmetric with respect to
this measure). We denote this measure by (-), ,. With a slight abuse of notation
(since we also use 7 to denote a deterministic quantity), we write (X, ) for the
canonical random variable on €2, (or Q2). For general p € [0, 1], we understand
()e,p to be ()¢, p|B,11/B,|- For any x € 74, we also define (- | X = X)p to be the
measure under which X = x almost surely [and thus 7(x) = 1] and (7(y))y¢. are
independent Bernoulli random variables with parameter p. When no ambiguity
occurs, we may abuse notation and write

(lx):=(1X=x)p.

For each A C Z%, we denote by F(A) the o -algebra generated by the random vari-
ables (n(x), x € A). We extend the notion of F(A)-measurable random variable to
functions defined on €2 or €2, as follows. A function f : Q2 — R (resp. Q; — R)
is said to be F(A)-measurable if for every x € 74 (resp., By), the random variable
f(x,-)is F(A)-measurable. For every p € [1, oc] and measurable f : Q — R, we
define

22) ||f||m<p):=(Z<|f|P|X=x>p)’l’=<Z<|f|f’|x>)’l’,

xeZ4 xeZd

with the usual interpretation as a supremum if p = co. In most places, the value of
p will be clear from the context, so that we simply write || ||, :== || fllLr(p) and
keep the dependence on p implicit.

For an integer r > 0, we say that a function f : 2 — R is B,-local if

f is F(B,)-measurable, and
for every x € 7%\ B, f(x,n)=0.

We say that a function is /local if it is B,-local for some r < 4o0.
For a local function f, we define u : Ry x Q — R as the unique bounded solu-
tion (see, e.g., [39], Theorem 4.68 or [38], Theorem B.3) to

oru = Lu,

2.3
2 u(0,)=f().
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We may also write P, f(-) = u;(-) = u(t, -), where P; denotes the semigroup as-
sociated with the generator £. Note that in the above expressions, the single dot
represents an element of 2, which is a subset of the product space Z¢ x {0, I}Zd.
In other words, an overly scrupulous notation for u(¢, x, n) would be u(¢, (x, n)).
Throughout the paper, we use the notation a < b in proofs, to denote a < Cb for
some constant C < co which may depend on some additional parameters as spec-
ified in the statement to be proved.

The main result of this paper, Theorem 1.1, is an immediate consequence of the
following estimate on monotone quantities.

THEOREM 2.1. Let p € (0, 1), f be a local function, and u;(-) = u(t, -) be the
solution to equation (2.3). For every p > 2, there exists a constant C(d, p, f, p) <
oo such that for every t > 0,

—_nd
(2.4) luell? ) < C1I7P%.

Recalling that the left-hand side of (2.4) equals
D (ludl? | x),
xezd

we see that inequality (2.4) is consistent with the idea that only those summands
indexed by x in a ball of radius about /7 contribute to the sum, and that each of

these summands is bounded by about 7 5. The constant in Theorem 2.1 can be
chosen to hold uniformly over p bounded away from 1.

We denote the stochastic process associated with the infinitesimal generator £
by (X¢, n,):>0 (see [38] for a construction), by P, ;) its law starting from (x, n) €
2, and by E(, ;) the associated expectation. This is the joint process of the tagged
particle and the bath of the other, mutually indistinguishable particles. By [39],
Theorem 3.16, the solution to (2.3) admits the probabilistic representation

(2.5) ut,x,n) =Equ [ f X, 0,)].

PROOFS OF THEOREM 1.1 AND COROLLARY 1.2 FROM THEOREM 2.1. We
define the local function

S (x, ) i= 1=,
so that if u solves (2.3) with this choice of f, then by (2.5), for every ¢ > 0,
ut(x» 77) = P(x,n)[Xt =0].

By Theorem 2.1, for each p > 2, there exists a constant C(d, p, p) < 0o such that

D {Px.pX =0])7 | X = x), < ct1-m%

xeZ4
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Theorem 1.1 follows since, by stationarity, we have
(P, Xe =x1)" | X =0), = ((Pox,p[X: = 01)" | X = —x) .
By Jensen’s inequality and Theorem 1.1, for every ¢ > p, we have

(Pox.pXi =x])P | X = 0) <((Px.p[X; =x1)7 | X =0);

1-14

<CWd,p.q)"

By choosing ¢ sufficiently large, we obtain Corollary 1.2. [J

3. Spectral gap inequalities. In this section, we show as a first ingredient
toward the proof of Theorem 2.1 that the joint process of the tagged particle and
the set of all the other (indistinguishable) particles, restricted to a box of size ¢,
relaxes over a time scale of ¢2. This takes the form of the following spectral gap
inequalities.

THEOREM 3.1 (Spectral gap). Forevery p € (0, 1), there exists Cs(d, p) < 00
which increases with respect to p and such that, for every £ € Z=1 and [ : Q¢ —
R, we have

(f = (Fep) ), <CsE D lae(£ = 1))

ecBy

The proof of Theorem 3.1 is inspired by the arguments exposed in [51]. We
rely on the spectral gap of the dynamics of the n variable alone, which was proved
in [51], Lemmas 8.2 and 8.3 and [20], Theorem 3.1. When no tagged particle is
considered, the exclusion rule becomes artificial, in the sense that the dynamics
becomes identical to the Kawasaki dynamics, where particles are exchanged along
edges at a constant rate.

PROPOSITION 3.2 (Spectral gap for Kawasaki dynamics [20, 51]). There ex-
ists a constant Ck(d) < oo such that, for every p € [0,1], £ € Z>1 and f :
{0, 1}8¢ > R,

(f = ()N < Ck O 3 ((F () = £D))y

eEBg
as well as, for every x € By,
(f=(f In@ =1),,)" In) =1),,,
<Cx Y ((fn) = f)* Inx)=1),,,

EGE[

eFx
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The crucial difference between Theorem 3.1 and Proposition 3.2 is that the func-
tion f in Proposition 3.2 is a function of 7 only, while the the one in Theorem 3.1
also depends on the position of the tagged particle X. Note that the second part
of Proposition 3.2 relies on the fact that we only consider the case d > 2. (In fact,
only the one-dimensional, nearest-neighbor case needs to be excluded.)

PROOF OF THEOREM 3.1. We take f : Q¢ — R such that (f)¢, =0, and
write

Bel(f2)y, = D (F1X =007, 4+ Y Af = (F1X=x)e,)" | X =x), .
X€EBy X€EBy

so the first part on the right-hand side of the above equation represents the variation
induced by the tagged particle, and the second part corresponds to the variation
induced by the configurations of all other indistinguishable particles. We omit the
indices p, £ on (-) and, for an edge b € B, we define b, b € By as the two end-
points of b, so that b = (b, b). We apply the standard Poincaré inequality on By to
the first sum above (recalling that (f)¢ , = 0), and Proposition 3.2 to the second
one, to get

Bl(fA< e Y (FXm I X=x)—(fX.n) | X =y)

(x,y)eBy

G- +3 S FXDP X =x).

x€By ecBy

eFx
We first observe that (x¢, n°) = (x, n°) when x ¢ e, and in addition n° =  when-
ever a.(n) =0, so we may rewrite

S ) = FX WP I X =x)= Y {ac[ X, m) — fFX, ] | X =x),

eeBy ecBy

eFx eFx
and thus bound the second term on the right-hand side of (3.1) by

YN f — fX ]I X =x)

xeBy ecBy
eFx
(32) <Y faeF X — fFX ] | X=2x)
g
=1BI€* Tfac(f* f))
eclyy

We now tackle the first term on the right-hand side of (3.1). To lighten the
notation, we sometimes write the edge (x, y) as xy. By definition, it holds

(fXm | X=y)=(f(X,77)| X =x),
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SO we may rewrite

Y (fEmIX=x) = (fX, M| X =)

(x,y)eB,

=2 3 (fOGw) — FXV ) | X =x))’.

(x,y)eBy

(3.3)

To conclude the proof of Theorem 3.1, we need to smuggle the coefficient a inside
the expectation on the right-hand side of the above equation. For those configu-
rations (x, ) with n(x) = n(y) = 1, and thus a*” () = 0, we want to perform a
finite number of flips to exchange x and y in an “admissible” way in which we al-
ways flip an edge that connects an occupied site with an unoccupied one. In order
to do so, we leverage on the presence of two empty sites at positions z; and zo. We
now construct the sequence of flips we will use; this sequence will only depend on
the positions of x, y, z1 and z3.

(1) Recall that x ~ y, and let z; and z> be two holes in 7, at positions distinct
from x and y. We choose a shortest nonintersecting path in By \ {x, y} of the form

X=>y—> o710 — 22,

according to some arbitrary deterministic tie-breaking rule, and in such a way that
the four points x, y, X, y form a unit square on a plane.

(2) We flip each edge along the path, starting from the end, until the second
hole z; is next to z, then we move the two holes back together to (X, ¥), so that
we get a configuration near (x, y) of the form

)

where * is the tagged particle at x, e is the particle at y (assuming there is one, for
the purpose of graphical representation), and we have moved the holes in z1, z to
(x,y), denoted by o.

(3) We flip four times to obtain

|:>|< o:| [* o] |:o *] |:o *] [o *]
— = = = .

(o) (o) o] [ ] o [ [ ] o] o o

(4) We move the two holes at X, y back to z1, z> along the path.

We wrote the description of the sequence of flips assuming that n(z1) = n(z2) =
0, but this only served as a guide to the explanation; for arbitrary n, we may define
the same sequence of edge flips, the only difference being that the flips are no
longer “allowed” exclusion flips. In other words, we will think of the sequence of
edges selected and flipped in steps (2)—-(4) above as a function of x, y, z; and z»
only, but not of . We denote it by

(3.4) Sx,y,zl,zg = (bi (x,y, 21, ZZ))?:l-
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We have n = n(x, y, 21, 22) < |z1 — x| 4 |z2 — z1|. By construction,
(3.5) (xbrebn by = (x5 ),

and for every n such that n(z1) = n(z2) =0,

(3.6) ap; (nP10-1) =1 foreveryi=1,...,n.

For a fixed x ~ y, we first define the random variable Z;(n) to be a minimizer
of the function

3.7 z1 > length(X > 5 — -+ — z1),

among all z; € Z¢ \ {x, y} such that 5(z;) = 0. We then define Z>(5)) to be a
minimizer of the function

z2 > length(Z1(n) — -+ — 22),

among all z; € 74 \ {x,¥,Z1(n)} such that n(z) = 0. Since p < 1, the set of
candidate minimizers in both definitions are nonempty for ¢ sufficiently large. In
both definitions, we break ties according to an arbitrary deterministic rule. We can
think of an algorithm for the definition of Z; that explores each candidate z; € Z¢\
{x, ¥} sequentially, starting from the minimizer of (3.7) and going increasingly,
until a candidate with n(z;) = 0 is reached. (We simply need to make sure that the
tie-breaking rule defines an ordering between the sites that have the same image
through the mapping (3.7).) A similar interpretation holds for the definition of Z,.
We denote by N, the number of occupied sites thus explored until both Z; and Z;
are well defined.
We write

(fX,m) = f(X™,77) | X =x)
=Lz, z2eBy (f (X, ) — F(XT,0™)) | X =x)
= Y Mz (FX) = F(X, 1)) | X =x).

21,22€By

(3.8)

For any fixed tuple (x, y, z1, z2), we now consider the (deterministic) set Sy y 2.z,
defined in (3.4), and use (3.5)—(3.6) to write

Z (Lz1=21, 2o=e} (f (X, ) = f(X™, ™)) | X = x)

21,22€By

= Z <1{Zl=11,22=12}

21,22€By

n
% Zabi (nbl"‘bifl)Dbif(Xbl'“bifl’ nbl“‘bifl) ‘ X :x>’
i=1
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where we defined Dbf(X, n) = f(Xb, nb) — f(X,n); we recall that n depends
on x, y, z1, z2. By the above equation and (3.8), we rewrite (3.3) as

Y (fEmIX=x)={f(X. )| X =y))

(x,y)eBy

=02 Z ( Z <1{21=Z1,Zz=zz}

(x,y)€By \z1,22€ By

n 2
« Zabi (nbl...bi_l)Db,’f(Xbl...bi_l’ nbl--.bi—l) ‘ X :x>) X

i=1
Applying Holder’s inequality firstin (- | X = x) and thenin }__ _ cp, yields
2
e Y (F&XmIX=x)=(fX.m]X=y)

(x,y)eBy

1
< ¢ Z ( Z <1{lezl,zzzz2}|x=)€)2)

(x,y)€By “z1,22€ By
3.9 l
X Z (1(z)=21,2y=20} | X = x)2

21,22€B¢

n 2
i=1

We now estimate the probability (1{z,—;, z,=7,} | X = x). If we define
ri=lz1 —x|=1=0, ry=lz—z1|=1=0,

then by the construction of the path in (1) and the definition of Z;, Z», there exists a
constant ¢ = ¢(d) > 0 such that the total number of occupied sites around x and zy,
which we denoted by N, satisfies N, > E(rf + rg ). Let N = |B¢| — 1 be the total
number of sites except x, and N; = | p|B¢|] — 1 be the total number of particles
except the tagged particle. Since (-) is the uniform measure over €2 ,, and there
are already N, occupied sites around x and zy, it follows from Lemma A.1 that

—1
N N—N, Ni(N = Np) (N \ ™
3 3 _ < J— =
(Y z,=2),2y=00) | X =) < |:(N1>:| (Nl — N2> ~Y N(N1 — Np) < N) .

If No/N < p/2, we have

N\ M2 ~odyd
(1{21221,22222} | X :x) S (W) 5 pC(rl +V2);

if No/N > p/2, we have

pN F(riZ +r§1) F(r?1+r§1)

N\ oN
Wz1marz2e | X =) SVN( ) SV 557
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Thus, there exists ¢ > 0 such that (1{7,=;,, z,=z,) | X =x) S pc(’l +15) , and since

1 < = d—1 d—1 M
(G100 Y (Nzi=gzo=e) | X =X)2S D iy o T <400,

21,22€ By ri,r2=1

we estimate in (3.9)

2 Z ((f(X,n)|X=x)—(f(X,77)|X=)’>)2

(x,y)eBy

c|1 x4 c|2—z1\d
DDA :

(x,y)eBy z1,220€ By

2
<(Zab bi_1 Db f(Xbl...bi_l nbl ) ‘X—X>

By applying the Cauchy—Schwarz inequality to the innermost sum and recalling
that n = n(x, y, z1,22) < |21 — x| + |22 — z1], we further obtain

2 Z ((f(X,n)|X=x>—<f(X,77)|X=y>)2

(x,y)eBy

clzl—x\ +c\zz—zl Id
2

Yo Y (i —xl+l2—zl)p

(x,y)€By z1,22€ B
n

x 3l (1) (DP £ (X1 ) | X = ),
i=1

Since the argument inside (- | X = x) is nonnegative, we use the crude bound

(s, (n" =) DV f (X2 P )? | X =)

G.11) = {ap; (M (DY £ (X, m)* | X = xbr+bi)
< 2 fan (D £ ) | X =)= |Bella, (D" 1)),
XeBy

where for the “="" we used the invariance of the measure under flips. Therefore,

Y (fX X =x) = (X, )| X =y))?

(x,y)eBy

clzy—x/9
SCBd Y Y (a—xl+l—zl)p T *

(x,y)eBy z1,22€By

C\zzle\d
2

n(x,y,21,22) 5
X <abi (Dbif) >

i=1
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|1|d

SECBl Y Y (al+ln)e 2t

(x,y)€Be z1,20€24

\|d

n(x,y,x+z1,x+z21+22)

X Z {an, (Dbif)2>-

i=1
For each z1, z fixed, by our construction of Sy y x4z;,x+z,+z, W€ oObserve that

in the double sum Y, \\cp, Z?g’y’x“l’x“'“”, each edge b; € By is repeated

<1214 +|z2|¢ times. The nonnegativity of the argument in (-) allows us to estimate

n(x,y,x+z1,x+z1+22)

3 3 (ap (DY £)P) S (1211 + 1221%) Y e (D€ £)?)

(x,y)eB, i=1 eeBy
and thus
Y (fX I X=x)=(fX.n) | X =)’

(x,y)eBy

@B Y (al+ 1z (211 + 1zl ) 2+ )
(3.12) 2222

x 3 (ae(DC£)Y)

ecBy

SCIBel Y ae(Df)?).

EEB(

Inserting this last inequality and (3.2) into (3.1) concludes the proof of the spectral
gap inequality. From (3.10) and (3.12), it is clear that we can choose the constant
Cs(d, p) increasing with p € (0,1). U

4. Proofs of the main results. The main goal of this section is to prove The-
orem 2.1. From now on, we fix a local function f. Without loss of generality, we
may assume that f > 0 (and therefore # > 0). In the spirit of the argument sketched
in Section 1.2, we first reduce this proof to the following bound.

PROPOSITION 4.1. Under the assumptions of Theorem 2.1, for every p > 1,
there exist a constant C(d, p, f, p) < 00 and, for every § > 0, a constant C'(§) <
oo such that, for every t > 0,

| P10 = llus I3
§C<5l Z Z(ae((uf) —Ltt) | )+C(5)t(1 2p)2>

xeZd ecB

@.1)
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PROOF OF THEOREM 2.1 FROM PROPOSITION 4.1. We first observe that
2 z 1 2p—1
@2 Bllulyy=—p > D (@) —uwi” Yae(uf —ue) | x) <0.

xeZd ecB
We now verify that
43)  lac((@)” = ul)? 1x) = CP()" ™" =" ae(f —ur) | x).

Indeed, since ug = f is assumed to be nonnegative, we have u; > 0, and therefore
the above estimate follows from the deterministic inequality:

(kP —yP) <C(p(P ' =y Nx—y)  forx,y=>0.

In order to verify the latter, it suffices to consider the case of x =1 and y € [0, 1]
by symmetry and homogeneity, and then the conclusion follows easily.

By (4.2), the function ¢ — ||u; ||§§ is decreasing and we have, for every ¢t > 0,
that

2p 2p
12 < —/ g 127 ds

(41)
( > D fae((u uf)2|x>ds+c/(a)r“—2p>%)

2 xeZd ecB
((SC(p) Z Z 2p ! —u2P Na, (u® — uy) | x)ds
2 xeZd ecB

- c/(a)z“—zf’)‘z’)

(4_2>C(5C(p)(” "

135~ 135 + '@ 1=20%)
C
< c(aﬂn i +c/(a)t(1—2P>%>.

It suffices now to fix § sufficiently small such that C 8% < 20-20% {6 obtain
Theorem 2.1 by iteration. [l

In the next subsection, we prove Theorem 1.3 and derive convenient localiza-
tion results for the process. We then devote the rest of the section to the proof of
Proposition 4.1.

4.1. Localization and cutoff estimate. We start by proving Theorem 1.3.

PROOF OF THEOREM 1.3. Our proof is inspired by the elegant argument pre-
sented in [49] (see also [40, 41]), with some modifications related to the fact that



HEAT KERNEL ESTIMATES FOR PARTICLE SYSTEMS 1071

our processes are indexed by continuous time. We fix x, y € Z¢, and denote by &
the function z — |z — x|. We may identify & with the function on 2 defined by
&(z,n) := &(2). The following process is a martingale:

t
M, = £(X,)) — £(Xo) — /O LEX,, 7, ds.
‘We have

t
(Bt M, 1% =11x)= by =+l = (Bocp | [ L6 n)ds 1% =] |),

By reversibility,

t
BocnlMs 1% =5115) = Iy =1 = (B | L6Kenar 1% =] |5)

t
=ty =1~ (o[ [ LeKumas 1% =] |x).
0
Combining the last two displays we obtain
(4.4) (B M | Xy = y1 | x) = (Ex My | X =x] | y)=2[y —x|.

We now take a probability space with probability measure P and associated expec-
tation E such that, under IP, the processes (X7, 97 );>0 and (X, . 0; ),>0 are inde-
pendent, and are distributed according to (P(x ,[-] | x) and (P(X ml-11y) respec-
tively. We denote the corresponding martingales by M}* and M, respectively. The
identity (4.4) can be rewritten as

E[M] — M} | X7 =y, X] =x] =2]y —x].

We apply Jensen’s inequality to derive, for any A > 0,

A
=l = exp(EE[Mf - M |X{ =y, X} =x])

A X y

X y E E(Mt —M;)
SE[e%(M'_M’)”Xf:y,X,y:x]f Ece 5 ] )
PIX} =y, X; =x]

With Lemma A.2, we further obtain

45) PX}=y,X] =x] < e—kly—X\E[e%(M;‘—M;’)]
<exp[—Aly — x|+ Ct(e* —1—1)],

for some constant C(d) > 0. The above estimate holds for any A > 0, and we now
choose X appropriately to minimize the right-hand side of the above inequality.
If |y — x| > t, we have

exp[—Aly — x|+ Ct(e* — 1 — 1)) <exp[—|y —x|(A — C(e* — 1 —1))].
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By choosing 0 < A <« 1 so that A — C(e* —1—2) >0, we find ¢; > 0 such that
the right-hand side of the above inequality is bounded by e ~¢!1¥=*! in this case.
If |y — x| <t, by choosing A = % <M, we have

exp|—Aly — x|+ Ct(e" — 1 — A1) | <exp(—Aly — x|+ CArte
p[—Aly — x|+ Cr(e* =1 = 1)] <exp(—ily — x| + CA’te")

2
— C

By choosing M > 1, we find ¢ > 0 such that the right-hand side of the above
inequality is bounded by e~¢2¥ —x*/1,

We finally note that, using independence and then reversibility, the left-hand
side of (4.5) is

PIX} = y]P[X} = x] = (Pex.p[Xi = ¥] | x))°,

and, therefore, the proof is complete. [

We now aim to show the following localization result, which says that similarly
to the standard heat equation, at a fixed time ¢, we may localize the solution to
d:u = Lu with local initial data f to the box By, provided that L > ﬁ .

From now on, we define L := |/t log2 t] v 1, and denote by A the conditional
expectation

Aph(x,n) :=({h(x,n) | F(BL)),
with F(Bpr) the o-algebra generated by the variables ((x), x € Br).

PROPOSITION 4.2 (Localization). Let h be a local, nonnegative function, and
p > 1. There exists a constant C(d, p, h, p) < 0o such that the function h; = Pih
satisfies, for every t > 0,

1
2p log? ¢

(4.6) ity — (3 (k7 1)) 7 < cem

xXeBr,

where L = |/Tlog?t]| Vv 1.

Applying the above result to u; yields that, for L = [/7log?1] Vv 1,

% ot
@.7) fulop = (X (ALun? 1)) + e E

xeBr,

Therefore, in order to prove Proposition 4.1, we only need to analyze the first term
on the right-hand side of (4.7).

The rest of Section 4.1 is devoted to proving Proposition 4.2. The latter is a lo-
calization statement in two different senses: first because it replaces h; by Aph;;
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and second because it replaces a full-space sum (implicit in the norm) by one
indexed by By. The second aspect of localization is obtained through the Carne—
Varopoulos estimate, which indicates that the tagged particle is not super-diffusive.
This information is also useful to justify the introduction of the conditioning oper-
ator Ay . The need of this conditioning in our argument is inspired by the strategy
laid out for the proof of [30], Proposition 3.1. We use the Carne—Varopoulos esti-
mate to control some boundary terms for which the tagged particle is beyond the
diffusive regime.

We start by observing that the heat kernel estimate obtained in Theorem 1.3
implies the following bound on solutions to (2.3).

LEMMA 4.3. Let h be a local, nonnegative function, and hy, = P;h be the
solution to (2.3) with initial condition h. There exists a constant C(d,h) < o0
such that, for every t > 0 and x € 7%, we have

|2 Lx|

(hi |x) <C(e”Cr +e™ C).

PROOF. Recall the probabilistic representation (2.5), which reads

ht(x, 7]) = E(x,,,)[h(X;, ﬂt)]

We use the locality of £ to derive

(he | x) = (Ex,p [n X, 1)) 1 x) < 1R lloo{Px,p [1Xe | < ro] | x),

where rg denotes the size of the support of A. Let the function f(¢,r) :=

1‘2 r
e Cilip<y<s) + e C1ly~yy, where C(d) < oo is the constant from Theorem 1.3.
‘We have that

(e |x) <llhlloo Y. f(2.12]).

zt|lx+z|<rg

If |x| < 2rg, we use the trivial bound {(/; | x) < ||/]|co-
If |x| > 2rg, |z| is comparable to |x|, and we have

elx) <lhllo 3 (6 12l) < Cllhllao(e™ e +e7¢),

z:lx+z|=ro
with a possibly larger constant C. The proof is complete. [
In the proof of Proposition 4.2, we will focus on the case p = 1, and then note

that the general case p > 1 follows directly from an L bound of %;. For positive
integers m < L and a sequence of increasing positive constants o j = exp(%) with
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y =14/t and T > 0 to be determined, we define

L
Un,,a(8) = mllAnhsl3 + Y ar(lAchs )3 — | Ar—ths]3)
k=m+1
+ap 1 (1513 — 1ALAS13)
L
= arillhsl3 — Y (errt — ) [ Axhgll3.
k=m

We will first estimate j—s |Arhy ||% for k € Z>1, then derive a differential inequality
for Up,. 1 «(s) with s € [0, t]. By Gronwall’s inequality, it will lead to a bound on

Un,L.o(t) and [2f]|3 — [|ALR 3.
We define the Dirichlet energy of & associated with x € Z¢, e € B as

De(h | x) = {ar(h® — h)2 | x).

For every e € B and k € Zx1, recall that we write e € By if both end-points of e

belong to By. We write e € 0By if only one of these end-points belongs to Bg.

LEMMA 4.4. There exists a constant C(d, p, h) < oo such that, for any k €

Z>1, B > 1 and s > 0, we have

d
— A3 = 30 30 Delhs 1)+ CB 30 D Delhy | %)
$ xeZd ecBy xeZd ecoBy
2

" % S [((As 17?1 x) = {(Akhe)? | x]] + Cls2e™ & + ™
xez4

PROOF. Since 9;(Arhy) = Ar(05hs) = Ar(Lhyg), we have
d
- Y {(Akh)? 1 x)=2 " > (Axhy, ac(hS — hy) | x).
xezd xezd ecB
For any e € B, using the transformation (x, n) — (x¢, n°), we get

> (Akhg, ae(hl — hs) | x)= D" ((Akhy)¢, ac(hs — hS) | x°)

xez4 xezd
= Z <(Akhs)e’ ae(hs - hi) | X>
xezd

and, therefore,

d
@48) = 3 (Adho)? [x) == 3 3 ((Achy) = Auhs, ac(h§ = hs) | x).

xezd xeZd ecB
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The summand on the right-hand side of the above equation takes a similar form as
the Dirichlet energy D, (A | x). In order to make this more precise, we distinguish
between different cases of x € Z49, e € B.

(i) If e € By, then a, is F(By)-measurable. We also have (Ahy)¢ = Agh$, so
(Akhs)® — Ahy, ae(hé = hs) | x) = (ac(AchS — Achs) | x)
< (ae(h® — hy)* | x).

(ii) If e ¢ Br41 and x ¢ e, then we have (Aghy)® = Arhg, so the summands in
(4.8) are zero.
(iii) If e ¢ By and x € e, then we have |x| > k. By Lemma 4.3, we have

kP
30D Negmpxeei[(Akhs, ac(h —hy) | x)| <C D (e7 5 +e C)

xeZd eeB |x|=k

d K2k
§C(526 2Cs +e 2C)_

(iv) If e € 0B and x ¢ e, then by Lemma A.3 we have
Z Z l{eeE)IBk,xgée}((Akhs)e — Ayhy, ae(hi - hs) | x)

xeZ7d ecB
<CB Y. > (ae(hé —hy)? | x)
xeZd ecoBy
C
+ = Y [((Akrh)? | x) — ((Achs)? | x))-

p xezd
The proof is complete. [J

We recall that
L

Un,,a(8) =arr1lhsl3 — Y (et — ) [ Achsll3

k=m

with oj = exp(%) and y = 14/1.

LEMMA 4.5. There exists C(d, p, h) < oo such that, forany t > 1, s € [0, t],
T > C and positive integers m < L, we have

2

d C d _m? _m
% m,L,a(S)f7Um,L,a(s)+C(tze cr +e C)-

PROOF. We have

d

d L d
T Un.La(®) =aL+%||hs||% DN —ak)%nAkhsu%.

k=m



1076 A. GIUNTIL, Y. GU AND J.-C. MOURRAT

For the first term on the right-hand side of the above equation, we have

d
T3 == 3" 3 Delhs | 0).

xeZd ecB

We apply Lemma 4.4 to the second term to obtain

d
% m,L,a(s)
<—ary1 ), Y Delhs | )+ Z(ak+1—ak) D > Delhs | x)
xeZd ecB xeZd eeBy
(4.9) +Cp Z(Otk+1 —ar) Y Y De(hy|x)
xeZd ecoBy
L
(@rr1 — o) (1 Ak+1h5 13 — Il AkAS 113)
’Bk =m
L d _k% _k
+C ) (1 —ax)(s2e” G e C),
k=m

where C = C(d, p,h) > 0 and § > 1. We will show that by choosing t appro-
priately, the total Dirichlet energy on the right-hand side of (4.9) can be negative,
and the rest is bounded up to some multiplicative constant by Uy, 1 plus some
remainder term.

(i) Dirichlet energy. Since B > 1 in (4.9) is arbitrary, we choose B = /t. We
also assume 7 > C for the constant C appearing in (4.9), then

CB(aky1 —ok) <y (kg1 — o) < gy 1,

and we have

CB Z(ak+1—ak>2 > De(h | x)

xeZd ecdBy
L
<Y Y ( S Dot |x)— Y Dol |x)),
k=m xeZd “eeByiq ecBy

which implies

L L
Dokt —a) Y D Delhs | x)+CB Y (kg1 —a) Y Y. De(hy|x)

k=m xeZd ecBy k=m xeZd ecoBy

<apy1 p, Y De(hg|x)—am Y Y De(hg|x).

xeZd e€By xeZd ecBy,
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Therefore, the total Dirichlet energy on the right-hand side of (4.9) (i.e., the sum
of the three first terms appearing there) is negative.
(i1) The remainder term. Using y (k41 — k) < ox+1, we obtain

L L L

d K2 k 1 k1 g 42 1 k1 &
Z(O‘kH —ap)(s2e” G +e7C) < Z —e v s2¢ G + Z —e v e C
k=m k:my k:my

For the first term, since s < ¢ and y = 74/f, we have

L L

1 k1 g 42 d 2 1 kLl 42 d 2
E —e Y §2¢ Cs Stfe_glt E — et 2C1 Sl‘fg_énz
k:my k=m 4

For the second term, we have

L L
1 ket & 1 L 11
Z —e 7 e C = etV Z e(rﬁ C)k’
k=m 4 Tﬁ k=m
1 1 1 .
then we choose T > 2C so i ¢C <—3¢ to derive (note that f > 1)
L L
1 k+1 k k m
Yooty ek gt
k=m 4 k=m
Therefore,
L d _K k& d _m2  _m
Z(ak+1—ak)(s2e G +e C)<C(r2e i +e C).

k=m

Now using again the fact that 8(og+1 — ox) < k41, we obtain

d c L d _m? _m
—UnL.a(®) = — 7 @kt (lAksihsll3 = | Ahs|3) + Ct2e ™ + Ce ¢
k=m

2

C m m
< 7U,,,,L,O[(s) + C(t%e*E +e C).

The proof is complete. [
We are now ready to conclude the proof of Proposition 4.2.

PROOF OF PROPOSITION 4.2. It is clear that we only need to consider those
t > 1. For such fixed ¢, we choose m = |/tlogt| and L = L\/?log2 t]. By
Lemma 4.5, we apply Gronwall’s inequality to Uy, 1, o in [0, ¢], and derive

m2 m
Un.1.a(t) <C(Un.1.o(0) + 156~ E 4167 )

d log2 ¢ J1logt
<C(Unp.a0)+ 12 "C 417 0.
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Since h is a local function, it is B,,-local for large ¢, and recalling the definition of
Um.L.«, We have

Un.1.o©0) =l Anhl3 = an k5.

Therefore,

d _logt _ frlogt
ar 1 (1hel3 = IALRANZ) < Unp.o(®) < Clamllh)3 +1F2e™"C 416770 ),

which leads to

log? ¢ Jtlogt

)

Ca, d

2 2 m 2 1+5 —

Iaclls — IALR: N5 < —— k]l + (r'*2e
ar+1

ar+1

i i .
Since aj =e? = eVt there exists a constant C > 0 such that

lo 21
I3 = |ALR |3 < Ce™ © (1+ [11]3).
This implies
lhe — Aphl3 =Y ((he — Ah)? [x)= > (hF |x) = Y ((ALh)? | x)

xezd xezZ4 xezd

logzt

<Ce™ ¢ (1+|hl3).
For p > 1, we simply use the L® bound ||/, ||cc < ||/]|co to obtain

e — ALheli3h = 3" ((he — AL [ x) < C Y ((he — ALho)? | x)

xeZd xeZ4
_log?t 2
<Cec (1+[h|3).

Using Lemma 4.3, we can further restrict the tagged particle in By :

IALAAGE = Y ((ALh)® |x)+ Y ((ALh)?P | x).
X€EBL x¢ByL

For the summation outside By, we have

)C2 X
S (AL 1x)<C Y (ALh [x) <C Y (e 4 C)
x¢Bp xX¢Br X¢BL
(6} 4f
< Ce_1 ¢ .

The proof of Proposition 4.2 is therefore complete. [J
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4.2. Variance control: Spectral gap inequality. Recalling that in the previous
step we fixed L = L\/?log2 t] v 1, we now define £ := [8+/7] V 1, for some 0 <
d < 1 to be determined, and fix a partition {By ;};ez., of By into boxes of size £.

For each x € Z4, we denote by By (x) the box of this partition to which x belongs
[so that B, (x) is not the box centered at x, which we may rather denote by x + By].
Possibly adjusting & ever so slightly, we assume that m := (2L 4 1)¢/(2¢ + 1)? is
an integer, that is, we choose m < 8¢ 1og?? t boxes of size £ partitioning By , and
write By, =/ Be.i.

Let MZL € 7, be the random vector made of the number of particles in each of
the size-¢ boxes partitioning By, which we decompose as

M =My, ..., My),
with M; denoting the (random) number of particles in By ;.

We first show that all M; can be restricted to be in [p | Bel, p |Bg 1, that is, we
only consider the cases when the number of particles in each box By ; is relatively
close to its expectation p|By|. Define

1)
):=11 l{ngzISM <25L1By |y
i=1
Recall that we fixed a local function f > 0, and that i, is the solution to (2.3).

LEMMA 4.6. Let p > 1. There exists a constant C(d, p, f, p) < oo and, for
each § > 0, a constant C'(8) < 0o such that, for every t > 0,

> ((Apu)? | x)

XEBL,

< c( > {(ALu)*P1P(MY) | x)+ C/(S)t_lool’d).

xeB,

(4.10)

PROOF. We write

S {(ALu)® |x)= Y ((ALu)*P1°(M}) | x)

xeBy xeBy
+ 2 ((ALu)® (1-17(ML)) | x),
X€EB],
and bound the second term on the right-hand side by
D ((Apu)? (1 =17 (ML) [x) S D2 (1= 17(ML) | x).
X€EB], X€EB],

By our definition of 17 (MZ ), it holds for every x € By, that

(1-17(M) | x) SZ (X ago 240y 1)+ (Lat <4101y 1 00)-
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Foreachi =1, ..., m, we have

<1{Mi>pT+1|B[|} | x) E(ek(Mi—pTﬂle) |x> < e)‘[e_pTH)‘(pe)‘ 41— p)]|35|

for any A > 0, where the factor ¢* comes from the case when x € By, ;. For the
function g(%) := e~ T *(pe* + 1 — p), it holds that g(0) = 1 and ¢’(0) = (p —
1)/2 <0, so we may choose A = A, so that C), := g(A,) < 1. Thus,

| Bel
g o ety 1¥) S €
Since the same discussion applies to (1, 21B,) | x), we obtain
(1-17(M}) | x) S mCIPI < 674 10g? 1) CRIVIHDY,

which implies

C(6)
D ((ALu)? (1 =17(M1)) 1%) S 55,4
XGBL
and proves (4.10). 0
Given a vector M‘ZL, we define for a function £,
4.11) mih(Mf,x):=B,|™" > (h ML, y).

yEBe(x)

This quantity may be viewed as a local average of #, that is, as the expectation of &
conditioning on MKL and the event that the tagged particle is uniformly distributed
in By(x). Appealing to (4.10) and to the triangle inequality, we bound

> ((ALu)? | x)

xeBy

4.12) < 2o {IALu — 7pu, P17 (M) | x)

xeBy,
+ 2 () 1P (ML) | x) + C(8)e 1007
XEB,

We now apply the spectral gap inequality of Theorem 3.1 to control the first term
on the right-hand side of the above display.

PROPOSITION 4.7. Let p > 1. There exists a constant C(d, p, p) < o0 such
that, for every F (B )-measurable, bounded nonnegative function h : Q@ — R and
t > 0, we have

> (|h =7 fh(ME, x)[P17 (M) | x)

X€B,

<C Y 3 (ae((h)” — hP)? | x).

XGBLEGBL

(4.13)
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PROOF. We write
2
Yol —mp (M7, x) P17 (M) | x)

xeBy,

30 S (- (MG ) P71 (M) )

i=1xeBy,;
It suffices to show that for every i € {1, ..., m},
> (|h—mf(ME, x) P17 (M]) | x)
XEBy
(4.14) 5
S Y0 Y lac((h) —hP)7 | x).
XxX€By;eeBr

Since the ordering of the partition (B ;);., is arbitrary, it suffices to prove (4.14)
for i = 1. Recalling that M‘i =(My,..., M), we define a decreasing sequence of
o -algebras {gj};f’:l by

m
1

J
(4.15) G; :=a(M1,...,M,-,{n(%):xeBL\UBZ,kD
k=1
and the following random variables for g > 1:
. ) -1
(4.16) ()7 :=(h1G,y),  HI:=[B|™" Y (h9)].
Y€EBy,

It is clear that HY may be viewed as the expectation of 49 conditioning on G j and
the event that the tagged particle is uniformly distributed in By ;.
With the above notation, we write

S (I h(M PP M) )= 3 ((h— B G )1 (M) | ).

We observe that for each x € By 1, the random variable
2
(I — Hy | 1 G, x)1° (M)

depends only on M; and (n(X),X ¢ Bg.1), thus we may substitute the outer mea-
sure (- | x) with (- | xo) for any fixed xg € B¢,1 and move the summation inside to
write

3 (=M. )P0 3] =( 3 (= H P G x)17 (M) | 0).
XEBy xeBy 1
We apply the moment inequality of Lemma A.4 to derive

S A= Hp " G x) S 32 (R = HE) | G, x).

X€By 1 X€By 1
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It thus remains to prove (4.14) with the left-hand side replaced by

(4.17) < 3 (WP = HE)? | G, x)1° (M) ‘x0>.
XEBy |

For the summation in (4.17), we have

Z <(hp - Hn[;)2 | G x)

XGB(,I

(4.18) =y <<h1’—Hlp+’:§( ,H) | G x >

XEBy

S S (VI HINEES S o (R T

XGBZ,I i=1 xGBgl

We start by observing that the first term on the right-hand side of (4.18) can be
rewritten as

@19 > (" = H])* | G, %) =< > (" = HE) 1G] | Gm,xo>-
X€By,| X€By 1

By applying to the term inside (- | G,;, xo) the spectral gap inequality of Theo-
rem 3.1 in the box By | and with density given by p := M /|B;| € [P P+1] we
obtain

> (B = HP)? | G, x)

XEBy
(4.20) §Cs(,01,d)£2< D) fae(( —h”)* |G x ]gm,x0>
X€By 1 ecBy
=Cs(o1. d)* > Y (ae((h€)? = hP)? | G, x).
X€By 1 ecBy g

To deal with the second term on the right-hand side of (4.18), the idea is similar.
Foreachi =1,...,m — 1, we note that ((Hip — Hil—ji-l)z | G, x) does not depend
on x, and

(H! = H )2 | G x) = (((HF = H] )P 1 Git, ¥) | G, )
for any y € By.1. We also have

2
() = 17 = 18072 3 (471603) = 871G, )

YEBy 1

<1B™" S (R 1Gi, ) — (17 1 Gigr, y)*.

YEB 1
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After conditioning on G; 11, we apply the spectral gap inequality of Proposition 3.2
to the box By ;41 and derive for every y € By | that

(71 Gio ¥)=(hP 1 Gigr YD) 1 Givr, ) < Ck€® Y {ae((h)? =hP)? [ Gy, ),
e€By iy

and this implies

g; 2: - 1+1 |gma >

4.21)
m—1
SCkCY 3 Y lael(h)” =) G ).
i=1 yeBy je€By,it
Combining (4.20) and (4.21), we obtain

> (= HE)? | G x)

XE€By 1
S(Cs(or, d) vV CR)E S 3 (ae((h€)? = hP)? | G, x).
xe€By 1 eeBy

We finally plug this inside (4.17) and obtain (4.14) with i = 1. We need the factor
IP(M‘L) to bound Cs(p1,d) < CS("TH, dy. O

By Proposition 4.7 and the fact that anL = nf, ¢ = |8+/t], we can therefore
reduce (4.12) to

> {(Apu)?P | x)

X€B,

(4.22) <S8 Y 3 lae((uf)? —ul)? | x)

x€B ecB;.

+ D {(riud) 1 (M) | x)+ C 8y~ %0P4

XGBL

4.3. Conclusion. Summarizing, it follows from Proposition 4.2 and (4.22) that
for £ = |8+/7] v 1and L = [/rlog?r]| Vv 1,

luel3h <82 7 D lae((uf)? — @)’ 1 x)

xeZd ecB

+ 37 (rfa (MG, )17 (M) [ x) + C (o) 17205,

XGBL

(4.23)

In order to complete the proof of Proposition 4.1, it therefore suffices to show the
following.
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PROPOSITION 4.8. There exists a constant C'(§) = C'(d, p, f, p,8) < o0
such that, for every t > 0, we have

S {lrf (M, )17 (M) x) = €@ 125,

xX€eBy,

From now on, we denote by (-) the “pure” Kawasaki measure on the lattice Z¢,
that is, the product measure of independent Bernoulli {n(y)},cz« with parame-
ter p. We also define the operator Lg associated to the Kawasaki dynamic acting
on a random variable f = f(n) as

(4.24) L f) =) (f(n) = f@m).

eeB

For every x € By, we denote with hM (x, ) the Radon-Nikodym derivative of the
measure (- | M{ | x) with respect to (- | x), that is, for g € L' () we have

(4.25) (g(x, ) IMY =M, x)=(g(x, )AM (x, ) | x).

Analogously, we denote by hM the Radon-Nikodym derivative of (- | MKL) with
respect to (-). We have the following lemma.

LEMMA 4.9. Let the vector M = (M, ..., My,) be fixed and such that M; > 1
foralli=1,...,m. Forany x € By, we define i (x) such that By ;x) = By(x). We
have

ol Be|~
(4.26) WM (x,n) = M—hM(n>,
i(x)

in the sense that for every random variable g = g(X, n), we have

)= p|Bel
i(x)

(g(X,) | M{ =M, x (g(X, YRM () | x).

PROOF. Let 1, be the indicator function of the event M{ = M (i.e., of having
M, particles in each of the boxes By ; partitioning By), let g = g(X,n) and g =
g(n). Since we may write

- o ~, Aum ()
(8C) IMy = M)=(gOh" ()= <g(->—>,
(Inm)

and for every x € By,

Lo 11 () 1y -
(g(X, ) I M} =M,x>=<g(x,-)hM(x,.)|x>=<g(x,.) tnw=1)() M()>,

1po=1y1m)
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it holds that
1 -
(g(X, )| M{ =M, x)= %(g(x, ')l{n(x)zl}(')hM('))
(Ino=131m)
(L)

=7 (g(X, HAM () | x).

Lno=1y1m)

We establish identity (4.26) by observing that by the independence of each n(y)
and the construction of the vector MY , we have

(1) _ B¢
Ipw=1m) My

g

PROOF OF PROPOSITION 4.8. For any x € By, by the definition of 1™ (x, -)
through (4.25), we rewrite

> {(rfur (ML, )17 (M) | x)

xXeBr,

— Z<<|B£|‘1 ) (u,|M‘i,y>>2plp(M‘i)]x>

xeBy YEBy(x)

50 S (X 1) g ),

xeBr " “yeBy(x)

where here and in the following, we interpret (u M| y) and (utﬁ M| y) as random
variables with M = M‘i. By our restriction on the values of M‘i given by the
random variable 17 (MZL), we can appeal to Lemma 4.9 to derive

> ((rfur (ML, )17 (M) | )

Xe€By,

5 Y | Be|?P M 2 ¢
= p*P|By| %P Z<M2” < D (uey, mh (n)ly>> lp(ML)IX>'
XGBL

i(x) "y€B(x)

We bound the above term by

52 S (X e 1)) 1) ).

xeBr " “yeBy(x)
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For fixed i, the above expectation is independent of x € By ;, so we write for an
arbitrary x; € By ;

52 S (X B 1) v )

xeBr " “yeBy(x)

~ 2p
4.27) =|By |—2P+IZ<( 3 u;(y,n)hM(n)Iy)) 17(M})

YEBy,i

g

=|Be|” 2P+1Z ;(M5)17(MY) | xi),

with

~ 2p
g (M]) :=< > (e, mhM () | y)) :

YEBy i
We claim that (4.27) can be bounded by
m
| B 72! Z (M7)1° (M) | x0) = <|Be|_2"+1 > &i(Mp)17(M}) ’ x0>
i=1

for an arbitrary xo ¢ B . Consider (g; (Mi)l" (Mi) | x;) for any i: it can be written
as

(g(MD)1P (M) |xi)= Y &i(Ni,...,Na)I”(N1,..., Ny)

For j # i, we have (I{Mj:Nj} | x;) = (l{Mj:Nj} | xo), and since g; > 0, it suffices
to show that

(Lmi=niy 1 x0) S (Lpi=n;y | x0),

which is equivalent with

|Bel =1\ n,—1 |Be|—N; |Bel\ Be|—N;
i 1 — 4 i < i(1 — | Byl Nl‘
(Ni_l pt (1 =p) S\ )P I=p)

Using the simple estimate

1By 2 Y g (ME) 17 (ML) < |Bz|2p+1( S ey M () | y)) ,
i=l yezd
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we have proved

> {(rfus (ML, )17 (M) | )

X€By,

N |Bz|_21’+1<< > (o mi™ () | y))zp ‘ xo>.

yeZd

(4.28)

We remark that the term ) 74 (s (3, n)ﬁ M (1) | y) on the right-hand side above
depends on the variables with respect to which we take the outer expectation
(- | x0), only through the vector M. In other words, if we denote with 7 the con-
figuration with respect to which the measure (- | xo) is defined, then we have that
M = M (%) and that the right-hand side in (4.28) may be rewritten as

g 2p
|BE|—2p+l<< Z <Mt(y’ ﬁ)hM(")(n) | y>n> ‘ x0>~.
7

yezd

Here, with 7 or 7 subscript in the expectations we stress the variable with respect
to which each expectation is taken. Therefore, it follows that for every fixed 7j, and
accordingly fixed M = M (7]), we may apply to the term >, c7a (u: (y, mhM ) |
y)y reversibility and rewrite it as

Yo o mEM @ 1y), = D (F O m PR () 1Y),
yeZd yeZzd
Moreover, the locality of f yields

yGZd yeBro

where B,, denotes the support of f. We now observe that, since M does not
depend on the tagged particle X, it holds that LM = L™ and, therefore, also
that P,EM = ﬁ,ﬁM , where ﬁ, := e!'£K  Therefore, the contractivity of the L'-norm
for the Kawasaki dynamics yields that

(P™ | y), = (PR 1y}, = p~ (B 1y 0=) < p 7 (BRM) < p7 ! (WY = p 7.
Combining this last inequality with (4.29) and (4.28) yields
D {(wfue (M, x))*17 (ML) | x) S [Be| 7,

XGBL
Our choice of £ = |84/ V 1 allows us to conclude the proof of Proposition 4.8.
O

We can now conclude the proof of Proposition 4.1 and, therefore, also of Theo-
rems 2.1 and 1.1.
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PROOF OF PROPOSITION 4.1. Proposition 4.8 applied to the second term on
the right-hand side of (4.23) yields

d
lul32 <620 37 3 fae((uf)? — n)?)* | x) + C(8)r 21720,

erd ecB

as desired. U

APPENDIX: TECHNICAL LEMMAS

LEMMA A.1. There exists a constant C = C(x, e) such that, for any N, Ny,
Ny € Z>1 with N > N1 > Ny > 0, we have

N -1 N—N, -c N1(N—N2)<&)N2
N; Ni—N>) ~— VNN —=N))\ N )

PROOF. Defining p := N;/N, x = Na/N, we apply Stirling’s formula to de-
rive

(N) _1<N—N2> (N = N)'ND! _ N1(N—N2)[(1—X)l_"pp}N
M N1 — N2 (N1 —Np)IN! — N(Ni =N L (p—x)P—=
—C NI(N NZ) pr(x)
VNN - Ny)©

fp(x):=plogp+ (1 —x)log(l —x) — (p —x)log(p — x),x €[0, p).

where

A straightforward calculation gives f,(0) =0, f [g (0) =log p, and f ; (x) <0, thus
fp(x) <xlogp.
The proof is complete. [J

LEMMA A.2. Fixanyx € 74, let £(2) = |z — x|, and define the martingale

t
M; =§(Xy) —§(Xo) — /o LE(Xy, 1) ds.

For every (x,n) € Qand t, ) > 0, we have
E(.plexp(AM;)] <exp(2d(e* — 1 — A)1).
PROOF. The proof is inspired by [21]. We fix A > 0, e(X) :=e* — 1 — A, and
show that the process (E;);>o defined by
E; :=exp(AM; — e(M)(M);)
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is a supermartingale under P ,), where ((M););>0 denotes the predictable
quadratic variation of M. The conclusion then follows since E[E;] < E[Eg] =1
and (M), <2dt.

We write M,_ to denote the left limit of M at time ¢, and AM; := M, — M;_ to
denote the size of the jump at time ¢. The key ingredient of the argument is that

(A.1) sup AM, < 1.
t

We denote by ([M];);>0 the bracket process associated with M. Since M is of
bounded variation, this is simply

(A.2) [M] =Y (AM,)*.

0<s<t

By an extension of the fundamental theorem of calculus that allows for jumps (see,
e.g., [50], Theorem I1.7.31) we have, for every s <ft,

t t
E,—Es:/ kE,dM,—/ e(M)E,_d(M),
(A.3) g *
+ Y (AE. —AE,_AM,).

0<s<t

By [21], Corollary 3.2, we have
x<1 = M <l4ax+e()x’
By (A.1), we deduce that
AE, = E,_ (MM 1) < E,_(AAM, 4 (L) (AM,)?).
Combining this with (A.2) and (A.3), we obtain

t t
Et—Esf/ AE,_er+/ e()E,—d(IM] — (M)),.

By [29], Proposition 4.50, the process ([M]; — (M);):>0 is a martingale. The proof
is therefore complete. [

LEMMA A.3. There exists C(p) < oo such that, for every k € Z>1 and g > 1,
we have

0D Lpga{(Akh)® — Ak, ae(h® —h) | x)

xeZd ecoBy
<CpB ao(h® — h)* | x
(Ad) XZj %( ( )" 1 x)
C
- 3 [((Ak1m)? | x) = ((Axh)* | x)].

xeZ4



1090 A. GIUNTIL, Y. GU AND J.-C. MOURRAT

PROOF. For any e € 0By, we write e = (v, z) with y € By, z ¢ Bx. We first
show that (A.4) holds when % only depends on n(y), 1n(z), and then consider the
general case.

Since x ¢ e, to simplify the notation we just write 7 = h(n(y), n(z)). Recalling
that 1(y), n(z) are independent Bernoulli random variables with parameter p, we
have

Axh=h(n(),1)p +h(n(),0)1 - p),
(Axh)¢ =h(n(z), 1)p + h(n(z),0)(1 — p).
Since a.(h® — h) = 1, #n2[h((2), n(y)) — h(n(y), n(z))], we further obtain
((Akh)¢ — Akh, ac(h® — h) | x)
= p(1 = p)[A(0, Do +h(0,0)(1 — p) — h(1, Do — h(1,0)(1 — p)]
x [h(0, 1) — h(1,0)]
+p(1 = p)[A(1, Dp +h(1,0)(1 = p) —h(0, )p — h(0,0)(1 — p)]
x [h(1,0) — h(0, 1)].
Thus,
((Akh)¢ — Agh, ac(h® —h) | x)

2 C 2
(A.5) < CB|h(0,1) = h(1,0)| +E|h(0, 1) —h(1, 1)

+ %|h(0, 0) —h(1,0)

for some C = C(p) and any g > 0.
By a similar calculation, we have

(ac(h¢ —h)* | x)=2p(1 — p)|h(0, 1) — h(1, 0)|*
and
(Arp1)* [ x) = ((Aeh)* | x)
=p2(1 = p)|h(1, 1) = h(1,0)|* + p(1 — p)2|k(0, 1) — h(0, 0)|*.

It is clear that the first term on the right-hand side of (A.5) can be controlled by
(ao(h® — h)? | x), and the last two terms can be controlled by

(ae(h — h)* | x) + ((Acs1)* | x) — ((Akh)? | x)

after applying the triangle inequality. Thus (A.4) is proved when / only depends
on 7(y), 1(z).
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Now we consider the general case. Fix x € Z¢, and for any e = (y, z) € 9By
with z ¢ By, we define h, := (h | F(Bx U{z}))., where to avoid confusion, we use
(-)x to denote (- | x), then we have

((Arh)® — Agh, ae(h® — h) | x) = ((Akh;)¢ — Akhz, ae(h — h;) | x).

For each realization of {n(y) : ¥ € By \ {y}}, we view h, as a function of n(y),
1(z), and the previous discussion shows that

((Akhz)e —Arhg,a. (h§ - hz) | x)
C
< CBlac(h — h)* | x)+ E[«Akﬂhaz | x) = ((Axh)? | x)].

For the first term on the right-hand side of the above inequality, we have

{ae (e — hz)* | x) < (ae(h® — h)* | x),
so it remains to show

(A6) > ((Aks1h)?* | x) = (Akh2)? | x)) < ((Ag1h)* | x) — ((Akh)? | x).
ecoBy

Let By4+1 \ Bx = {z,}N y and F; = F(By U {zi}f=1), [=1,..., N. We have

N
(Akpim)? [ x) = ((Axh)* | x) =D ((h | Fi)2 = (h | Fi—1)* | x).
=1

For any e = (y, z) € 9By, it is clear that z = z; for some [ = 1,..., N. We claim
that
(A7) (Akg1hz)? | x) = ((Axh)? | x) < (0 | F))* = (| Fio1)? | x),

which implies (A.6) and completes the proof. To prove (A.7), we observe that
Ayq1hy, (resp., Aghy,) is the average of (h | Fy) (resp., (h | Fi—1)) with respect to
{zi}iZ{. thus

(Aksihy — Arhe)? | x) < ((¢h | Fi) — (b | Fim1))? | x),

which reduces to (A.7) by the property of conditional expectation. [

LEMMA A.4. Let EE denote an expectation on a probability space, and p > 1.
There exists a constant C(p) < 0o such that, for every random variable X > 0,

E[|X — E[X]|*] < CE[(X? — E[X"])*].

PROOF. Let Y be an independent copy of X. We have
| X = BIX1[,, = [EIX — Y | X][,, < IX =Y.
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Moreover, there exists a constant C(p) such that, for every x, y > 0,
lx —y|” <C(p)|x? —yP|.

Indeed, it suffices to verify this for x = 1 and y € [0, 1] by homogeneity and sym-
metry. This is then a simple exercise. As a consequence, we deduce

|X —EIX]],, < Cp|X? = ¥?['7],, = C(p)|XP —¥7|,".

We conclude by the triangle inequality. [J

Acknowledgments. We thank Felix Otto for stimulating discussions, and
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