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DIFFERENTIAL SUBORDINATION UNDER CHANGE OF LAW

By KOMLA DOMELEVO AND STEFANIE PETERMICHLI’2
Université Paul Sabatier

We prove optimal L2 bounds for a pair of Hilbert space valued differen-
tially subordinate martingales under a change of law. The change of law is
given by a process called a weight and sharpness, and in this context refers to
the optimal growth with respect to the characteristic of the weight. The pair
of martingales is adapted, uniformly integrable and cadlag. Differential sub-
ordination is in the sense of Burkholder, defined through the use of the square
bracket. In the scalar dyadic setting with underlying Lebesgue measure, this
was proved by Wittwer [Math. Res. Lett. 7 (2000) 1-12], where homogeneity
was heavily used. Recent progress by Thiele—Treil-Volberg [Adv. Math. 285
(2015) 1155-1188] and Lacey [Israel J. Math. 217 (2017) 181-195] inde-
pendently resolved the so-called nonhomogenous case using discrete in time
filtrations, where one martingale is a predictable multiplier of the other. The
general case for continuous-in-time filtrations and pairs of martingales that
are not necessarily predictable multipliers, remained open and is addressed
here. As a very useful second main result, we give the explicit expression of
a Bellman function of four variables for the weighted estimate of subordinate
martingales with jumps. This construction includes an analysis of the regu-
larity of this function as well as a very precise convexity, needed to deal with
the jump part.

1. Introduction. The paper by Nazarov—Treil-Volberg [24] has set the
groundwork for the early advances in modern weighted theory in harmonic analy-
sis and probability that started around twenty years ago. In their paper, the authors
show necessary and sufficient conditions for a dyadic martingale transform to be
bounded in the L? two-weight setting. The methodology of their proof could be
used to get the first sharp result in the real valued one-weight setting, for the dyadic
martingale transform [35]. Sharpness in this setting means best control on growth
with respect to the A characteristics

sz[w] =supess.supE(w |]:r)E(w_1 |]:r),
T w

where the underlying filtration F is dyadic and the supremum is taken over all
adapted stopping times t. Equivalently, without the use of stopping times, the A»
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characteristic can be defined by

cto=en( =) )

where the supremum runs over all dyadic intervals.

The area of sharp weighted estimates has seen substantial progress with new,
beautiful proofs of Wittwer’s result and its extensions to the time shifted mar-
tingales referred to as “dyadic shift” [22, 32]. Related, important questions in
harmonic analysis, such as boundedness of the Beurling—Ahlfors transform [28],
Hilbert transform [26], general Calderon—Zygmund operators [19, 21, 23] and be-
yond [6, 19] have been solved, beautifully advancing profound understanding of
the objects at hand.

During the early days of weighted theory in harmonic analysis, before opti-
mal weighted estimates were within reach, say, for the maximal operator or the
Hilbert transform [18] similar questions were asked in probability theory, concern-
ing stochastic processes with continuous-in-time filtrations [7, 20]. The difficulty
that arises in the nonhomogenous setting, typically seen when these processes have
jumps, were already observed back then and this restriction was made in one form
or another in these papers. Certain basic facts about weights do not hold true for
all jump processes, such as the classical self improvement of the A, characteristic
of the weight [7]. Another obstacle typical for working with weights is the non-
convexity of the set inspired by the A; characteristic: {r,s e Ry : 1 <rs < 0}
with O > 1. Such continuity-in-space assumptions still appear regularly for these
or other reasons when addressing weights; see [4, 25].

Wittwer’s proof also uses the homogeneity that arises from the dyadic filtra-
tion where the underlying measure is Lebesgue in a subtle but crucial way. This
homogeneity assumption has only recently been removed in the papers [31] and
[21]. These authors work with discrete-in-time general filtrations with arbitrary
underlying measure, where one martingale is a predictable multiplier of the other.
The definition of differential subordination for discrete-time martingales was in-
troduced by Burkholder [8]. It was later generalised by Banuelos—Wang [5] to
arbitrary continuous-time martingales where it reads as follows:

(LD Y differentially subordinate to X

& [X, X]; — [Y, Y], nonnegative and nondecreasing

is only possible in very special cases, such as predictable multipliers of stochas-
tic integrals—this passage is standard and explained in one of the early works
of Burkholder on L” estimates for pairs of differentially subordinate martingales
[8]. (In full generality, this unweighted L? problem was only much later resolved
in [5].)

In this article, we tackle the sharp weighted estimate in full generality, using the
notion of differential subordination of Bafiuelos and Wang (1.1) and the martingale
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A» characteristic

Qf[w] = supess. sup(w),(w_l)t.

We prove that for L? integrable Hilbert space valued martingales X, Y with ¥
differentially subordinate to X there holds

1Y 12200y S Q3 Twl Xl 2200

where the implied constant is numeric and does not depend upon the dimension,
the pair of martingales or the weight. The linear growth in the quantity Qf (w) is
sharp.

The proof in this paper is different from the proofs in [21] and [31]. In [21],
so-called sparse operators are used while in [31] the authors reduce the estimate
through the use of the so-called outer measure space theory.

Our approach is the following. We derive an explicit Bellman function of four
variables adapted to the problem. It has certain conditions on its range, a contin-
uous sub-convexity as well as discrete one-leg convexity, such as seen in [31] for
two smaller Bellman functions (their functions make up a part of ours). We heavily
use the explicit form of the Bellman function and its regularity properties in sev-
eral parts in our proof to handle the delicacy of the continuous-in-time processes
with values in Hilbert space. The resulting function is in the “dualized” or “weak
form”, which is in a contrast to the “strong form” of a Burkholder-type functional
often seen when using the strong subordination condition (1.1). (The explicit form
of a Burkholder-type functional for this weighted question is still open.) Indeed,
the form of the strong differential subordination condition is adapted to work well
for Burkholder-type functionals and arises naturally in this setting. The passage
to its use in the weak form is accomplished through the use of the so-called el-
lipse lemma and requires a Bellman function solving the entire problem at once as
opposed to splitting the problem into pieces. This is the first use of this strategy
for problems in probability and should allow generalisations of numerous existing
results as well as an alternative (allbeit more complicated) proof of Wang’s exten-
sion to Burkholder’s famous estimates using [33] or [3]. Note that for these L?
problems, fewer difficulties arise, even in the presence of jumps. This is thanks to
the convexity of the domain in the L?” problem. The one-leg-convexity required to
control the jumps is almost free in the L? case, when using a trick from [11]. This
trick is not available here because of the nonconvex domain.

Our result gives through the formula in [2] a probabilistic proof of the weighted
estimate for the Beurling—Ahlfors transform with its implication, a famous bor-
derline regularity problem for the Beltrami equation, solved in [28]. Other appli-
cations are discussed in the last section. They include a dimensionless weighted
bound for discrete and semi-discrete second-order Riesz transforms. The Bell-
man function constructed here has already been used to obtain a dimensionless
weighted bound of the Bakry Riesz vector on Riemannian manifolds under a con-
dition on curvature.
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1.1. Differentially subordinate martingales. Consider first discrete-in-time
martingales. For that, let (2, Foo, P) be a probability space with a nondecreasing
sequence F = (Fp)n>0 of sub o-fields of Fu, such that F( contains all Foo-null
sets. We are interested in H-valued martingales, where H is a separable Hilbert
space with norm | - |g and scalar product (-, -)u: if f = {fu}nen 1s a H-valued
martingale adapted to F, we note f,, = Y y_,d fk, with the convention d fy := fo,
and dfy := fx — fx—1, for k > 1. Similarly, if g is another adapted H-valued mar-
tingale, we note g, = Y y_ydgx with the same conventions. One says that g is
differentially subordinate to f if one has almost surely for k > 0, |dgx|m < |d fx|m.

In this paper, we consider continuous-in-time filtrations. Let us introduce again
(2, Fxo, P) a probability space with a nondecreasing right continuous family F =
(F1)i=0 of sub o-fields of Fo such that Fy contains all Foo-null sets. We are
interested in H-valued cadlag martingales, where H is a separable Hilbert space.
In order to clearly define differential subordination in this setting, we make use of
the square bracket or quadratic variation process.

Recall that the quadratic variation process of a real-valued semimartingale X
is the process denoted by [X, X] := ([X, X];);>0 and defined as (see, e.g., Protter
[29D)

t
(X, X] = X2 — 2/ X,_ dX,,
0

where we have set Xo_ = 0. Similarly, the quadratic covariation of two real-valued
semimartingales X and Y is the following process also known as the bracket pro-
cess:

t
X, Y], = XY, — / X,_ dY, — [ Y,_ dX,.
0

In the Hilbert-space-valued setting, one identifies H with £, and defines [X, X] =
oo [X™, X™], where X" is the nth coordinate of X.

DEFINITION 1 (Differential subordination). Let X and Y two adapted cadlag
semimartingales taking values in a separable Hilbert space. We say that Y is dif-
ferentially subordinate by quadratic variation to X iff

(X, X1, —[Y. Y]

is a nondecreasing and nonnegative function of # > 0.

Let us denote by X¢ the unique continuous part of X with

[X, XTr = | Xol* +[X° X, + Y |AX,2,
O<s<t
where AX; := X; — X;_. There holds [X, X]{ = [X¢, X¢]; and A[X, X]; =
|AX;|?. We have the following characterisation distinguishing the continuous and
jump parts proved by Wang in [34], Lemma 1.



900 K. DOMELEVO AND S. PETERMICHL

LEMMA 1. If X and Y are semimartingales, then Y is differentially subor-
dinate to X if and only if (i) [X, X1 — [Y,Y]{ is a nonnegative and nonde-
creasing function of t, (i1) the inequality |AY;| < |AX;| holds for all t > 0 and
(iii) |Yo| < [Xol.

1.2. Martingales in nonhomogeneous weighted spaces. Let again (2, Fso, P)
be a probability space with a nondecreasing right continuous family F := (F;);>0
of sub o-fields of Fo such that Fq contains all F,-null sets. If X and Y are
adapted cadlag square integrable H-valued martingales and Y is P-differentially-
subordinate to X, then it is obvious that

(1.2) 1Y 2 < I1X1lz2-
Recall here that || X || ;2 := sup, || X;||;2, where

(1.3) IX: 7, =E|X,|* = /Q X (@) dP(w).

Assume again that Y is differentially subordinate to X. We might insist on
the underlying probability space at hand by saying in short that X and Y are P-
martingales and that Y is P-differentially-subordinate to X. The main concern of
this paper is to obtain sharp inequalities similar to (1.2) under a change of law in
the definition of the L2-norm according to [10]. To be more precise, we ask the
following.

QUESTION 1. Let P and Q such that (2, Fo,P) and (2, Foo, Q) are two
filtered probability spaces as described above. Does there exist a constant Cp g >
0 depending only on (PP, Q) such that if X and Y are uniformly integrable P-
martingales adapted to F and Y is P-differentially-subordinate to X, then

1Yl .2ag) < Cr.oll Xl L24g)?

For this purpose, let w be a positive, uniformly integrable martingale (that we
often identify with its closure wqo) that we call a weight. This allows us to consider
the weighted norms L%(w) with 1 XN 2wy == (E(Xgow))l/z. Given X and Y two
P-martingales as in the question above, we will seek a constant Cy, such that
(1.4) 1 X1 220y < CwllY I L2y

In the case where dQ = w dPP is a new probability measure, that is, the P-mean of
w equals 1, the inequality above answers the question with Cp g = Cy,. It is well
known that the class of weights allowing such estimates is the so-called A, class.

DEFINITION 2 (Aj class). Let (2, F, (Fr)i=0,P) be a filtered probability
space. We say that the weight w > 0, a locally integrable function, is in the A;
class, iff the A, characteristic of the weight w, noted Q{ [w] and defined as

Q;[w] = supess.sup(w)t(w_l)T

with the first supremum running over all adapted stopping times, is finite.
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We often write Q{ [w] := sup, ess.sup, wru, where u := w1 is the inverse
weight. Notice finally that both inequality (1.4) and the A, characteristic sz [w] of
the weight w are insensitive to the scaling w — Aw by an arbitrary factor A > 0.
This is the reason why in the sequel we will prove (1.4) only assuming that the
weight is in the A class.

2. Statement of the main results.

THEOREM 1 (Differential subordination under change of law). Let X and Y
be two adapted uniformly integrable cadlag H-valued martingales such that Y is
differentially subordinate to X. Let w be a weight in the Ay class. Then

1Y 12200y S OF [ X 220

and the linear growth in Q;[w] is sharp.

The upper estimate of this result will be a consequence of the following bilinear
estimate.

PROPOSITION 1 (Bilinear estimate). Let X and Y be two adapted uniformly
integrable cadlag H-valued martingales such that Y is differentially subordinate
to X. Let w an admissible weight in the A, class. Then

o0
E /O 1LY, 21| S QT wlllX Nl 20y 1 21120y

The proof of the above proposition will be based on the Bellman function
method. Let us fix some notation. Let us denote by V the quadruplet

Vi=(x,y,rs)e HxHxR] xR} =:S.

The variables (x, y) will be associated to H-valued martingales whereas the vari-
ables (r, s) to R-valued martingales for the weights. We introduce the domain

Do :={VeS:1=<rs=<Q}.

We will often restrict our attention to truncated weights, that is given 0 < ¢ < 1,
we consider weights w such that ¢ < w < ¢~!. This means the variables r and s
are bounded below and above and the domain becomes

& 1

Q::{VeDQzefrfs_ ,85558_1}-

LEMMA 2 (Existence and properties of the Bellman function). There exists a
function B(V) = Bg, that is, C Lon DEQ, and piecewise C2, with the estimate

2 2
B(V) < | x| +|y|
r
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and on each sub-domain where it is C* there holds
2 2
d*B = —|[dx||dy].
Q
Whenever V and Vy are in the domain, the function has the property
2
B(V) — B(Vo) —dB(Vo)(V — Vo) = §|x — xolly — yol-

Moreover, we have the estimates
(@7Bdx,dx)| Se”Hdx?,  [(97Bdy.dy)[ Se” Idy)?

with the implied constants independent of V and (dx, dy).

We have an explicit expression of the function described in Lemma 2. This is,
aside from Theorem 1, one of the main results of this paper.

3. Existence and properties of the Bellman function.
PROOF OF LEMMA 2 (Existence and properties of the Bellman function). We

give an explicit expression for such a function. Let V = (x, y,r,s) and W = (r, 5).
We first consider

X, x ,
Bi(r,y.rs) = 0 00
r S
Then trivially 0 < By < &2 <)’;y> and
2 2 , ,d
(@B1dV,dV) = > (dv, dx) + 22 (@2 - 4200 g,
r r r
2 2(y, .d
2ty dy) + 22 g2 4D g
N Ky s

2 X X
:—<dx——dr,dx——dr>
r r r

2
n —<dy —Yds, dy — de>
s s s
> 0.
Letting Vj = (x0, Yo, 70, So) and V = (x, y, r, s) we also calculate

—(B1(Vo) — B1(V) +dB1(Vo)(V — V)

2 2 2

X, X 2x X

0 0 0

= —<— - —+——x)— = —ro))
ro r ro I"O
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2 2 2
Yo YT, 2yo y
— (—0 —— 4+ ==y —y0) — 2 (s —So)>
so S 50 55

<x X0 X xo> <y Yoy yo>
=r-——=— =) +s{==—, == =)
r ro r ro S So S S0

‘We now consider the two functions from [31],

NN
=——|1—-
K@ @( 8@>’
_ Jrs (rs)3/?
N = @<1_ 128Q3/2>
in the domain 1 <rs < Q. We have
I\ s
0<K 1— 1,
=t= < s@>@ V0"
1 \JFs S
0= < (1~ g7 75 < g <"

so in particular rs > rs — K 2> rs(l — é). One calculates that
2 1
—(d°K dW,dW) > —|dr||ds],
80
1
— (N dW,dw) > @sz(dr)z,
1
— (N AW, dW) 2 —r?(ds)>.
0
Furthermore, if W and Wy belong to the domain of K or N, then one also has

1
K (Wo) — K(W) +dK (Wo)(W — Wp) 2 §|r —rolls — sol,

1

N (W) — N(W) + dN (Wo) (W — Wp) > @sosv —rol%,
1

N(Wo) — N(W) +dN (Wo)(W — Wp) > @rms —sol.

These remarkable one-leg concavity properties were proven in [31].
Let now

B, = (x, x) + (yv,y)  (x,x) + (v, y)
— T = ,
2r — SNGTD K r+M(r,s) s

903
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where

1

M@, s)=r — ———.
sS(N(r,s)+ 1)

We will need an appropriate lower bound for the Hessian of B;. One easily checks
that the functions

{x, x)
Fx,r,M)= )

r4+M
CrsM=NED

are convex, directly from the analysis of their Hessians. In order to estimate the
Hessian of B; from below, one merely requires estimates of derivatives:

g e w1 ]
— = an - = VB
MET M2 = 42 MY T SINF 12 T 4s
Since 0 <r — m <r,weknow Q< B < @ + % Therefore,

(d*B,dV,dV)
> (x, x) 1 1
~ 472 s(N +1)2 Q2

2
|dr|%s? + —<dy — de, dy — Y ds>
s s s

|x|%s 2 y y
> o |dr|? + ;<dy - ds,dy — ;ds>
> Py — 2 as).

Or )

The function B» has the additional property

—(B2(Vo) — B2(V) +dB2(Vo)(V — Vp))

- {0, %o)
0 Ty

s(r— r0)2 + s

Indeed, write

{(x, x)

_1
s(N+1)

{x, x)

1
2r — s(N(L)+1)

=H(x,r,s, N(r,s)) with H(x,r,s, N) =
r—

Observe that H is convex and that

{x, x)

0%r2s

—ovH >
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Setting Py = (xo, 1o, S0, No) and P = (x, r, s, N), we have by convexity of H that
H(P)> H(Py) +dH(P)(P — Pp). Equivalently,
H(P)— H(Py)
— 0xH(Po)(x — x0) — 8- H (Po)(r —ro) — 9sH (Po)(s — s0)
> —dNH(Py)(No — N).
Recall the one-leg concavity property of N:
N(ro, so) — N(r,s) + 9, N (ro, s0)(r —ro) + 95N (ro, 50) (s — S0)

2 grooslr =rol’.
Setting No = N (rg, S9), N = N(r, s) and using the lower derivative estimate of H
and the chain rule, we obtain the following one-leg convexity for B;:

By(V) — B2(Vp) — dB2(Vo)(V — Vo)

Z(xo’x;))sl — ro|? +s<—_& X_y0>.
Q2r0 s S0 S S0
Analogously,
X, X ,
By — (x, x) n (y y>1
r 28 —
r(N(r,s)+1)
has the same size estimates as well as
(d®B3dV,dv) > 'yl o lds |‘ - —dr

and one-leg convexity
B3(V) — B3(Vo) —dB3(Vo)(V — Vo)

, X X9 X X
Z(yozy;ﬁ 5 — sol2 +r<___o x o>
055 r

ro r ro ’
Let us now consider

Hy(x,y,r,s,K)=supB(a,x,y,r,s, K)—suP< X, X) + . y) )
a>0 aso\r +ak s+a-1K

Testing for critical points gives
(x,x)K (y, MK
(r+akK)?  (as+K)?’

8a,8=_

So 9,8 =0 if and only if
_ o bir—IxIK
|xls —[y|K
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Since only a > 0 are admissible, we require that |y|r — |x|K and |x|s — |y|K have
the same sign. To determine sign change of 9,8 at a’, consider

_ [yl :(|y|r—|x|K)—a(|x|s—|y|K)
r+akK as+K (r +aK)(as + K) '

If the signs are negative, then the sign change is from negative to positive otherwise
from positive the negative. For a maximum to be attained at a’ > 0, we require
that both numerator and denominator be positive. Then, if K is relatively small,
meaning |y|r — |x|K and |x|s — |y|K are positive, we have

Hy(x,y,r,s,K)=B(d, x,y,1,5)
_ (x, x)(lx[s — |y|K)
r(lxls — |y|K) + (Iylr — [x|K)K
(v, »)(ylr — x| K)
s(ylr = [x|K) + (Ix[s — |y[K)K
_ ex)s = 2x(IyIK + (v, p)r
rs — K2 '
Observe that by the above considerations on K, the denominator is never 0. The
case |x| =0 or |y| = 0 corresponds to other parts of the domain, so when K is
small in the above sense, this function is in C2.
When |y|r — [x|K <0 or |x|s — |y|K < 0, the supremum is attained at the

boundary and Hs = (ys—y> or Hy = <xr—x) Thanks to the size restrictions on K, we
never have both |x|s — |y|K <0 and |y|r — |x|K <0 unless x, y = 0. Indeed

[l (kels = ¥1K) + [y1(1ylr = Ix]K)
_ kP Ky

2
K OF
r rs N

:(M_M)2+2|x||y|(1_ K )
NN NN
With 1 — \/LTS > (), we see that the above is never negative and the vanishing of the
quantity implies x =y = 0. If |x|s — |y|K <0 and |y|r — |x|K > 0, then @ <
09 and Hy =22 if |y|r — |x|K < 0and |x|s — |y|K > O then Hy = ‘&2

Iz

Notice that when &2 = &%) 4p4 x,y #0 then |y|r — [x|]K > 0 and |x|s —

r S
2 2 ,
|y|K > 0. Indeed, we have seen % — Z%K + % > 0. Thus (xr—x> = <y—€y> >
KL g and |y|r — [x|K > 0 and |x|s — |y|K > 0.
Thus Hy € C? for these parts of the domain. We also see from these considera-

tions that in order to see Hy € C' we only need to check the cuts |x|s — |y|K =0
and |y|r — |x|K = 0aswell as |y|r — |[x|]K =0 and |x|s — |y|K > 0.
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When |y|r —|x|K > 0 and |x|s — |y|K > O (we call this part of the domain Ry),
(dx,x) |x|s — [y|K

(0xHg,dx) =2

x| rs — K2’
— K 2
5, 1y — — KIS = IVIK)T
(rs_KZ)Z
8[(H4=_2(|x|s |}’| )(|y|r |x| )
(rs_KZ)Z

We first prove that 9, Hs is continuous throughout. Recall that we have to treat
three regions: Ry, where |y|r — |x|K > 0 and |x|s — |y|K <0, R3, where |x|s —
ly|K >0 and |y|r — |x|K <0 and R;. Inside Ry, we have Hy = %Y and thus
dy Hy = 0. Inside R3, we have Hy = <xr—x> and thus, 0, Hy = M. Inside R, we
have

(dx, x) |x|s — [y|K

0y Hy =2
x x| rs—K?

|x|s —[y|K
r(lxls — y|K) + (Iylr — [x|K)K

Consider three cases, first, let us first approach a boundary point of R from within
Ry such that |y|r — |x|K =a > 0 and |x|s — |y|K =0. Let 0 < ¢ < a/2 and
assume a — ¢ < |y|r — |x|K <a + ¢ and 0 < |x|s — |y|K < e. There holds
[{0x Hy, dx)| < 2|dx|rs_”3K2 < ¢|dx| since rs — K? is bounded below. Letting
& — 0 shows continuity at this point. Second, let us approach a boundary point
such that [x|s — |y|K =a > 0 and |y|r — |x| K = 0 from within R. Assume there-
fore again0 < e <a/2,a—e < |x|s—|y|K <a+eand 0 < |y|r — |x|K < ¢&. We

show there holds (9, Hy, dx) < §|dx|. Since

=2(x,dx)

|x|s —[y|K
r2(lxls — y|K)?
(Ixls = 1yIK)
—r(xls = [y[K) + (Iylr = Ix[K)K
1

S_a
r

1
—— (Ilylr = IxIK)K

we have
2(x,dx)(|x|s — |¥|K) 2(x,dx)
r(xls — [Y1K) + (ylr — IX|[K)K 7
(Iylr — [x|K)K
r2(|xls — |y|K)

§2|(x,dx)|

€
S lx]ldx|—.
a
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Since 0 < |y|r — |x|]K < & and s, r, K controlled, one can deduce from |x|s —
|y| K ~ a that |x| ~ a. Last, let us approach |y|r — |x|K =0 and |x|s — |[y|K =0.
To this end, one can see that if 0 < |y|r — |x|K < e and 0 < |x|s — |y|K < ¢ then
|x|, |y| < e, establishing continuity in the third case.

K
The derivative 9, Hy is similar since the term % reappears as a square and

in R3 notice that Hy = ()ch S0 0, Hy = <r2 . It is easy to see that the derivative
ok Hy is zero in R, and R3 as well as when approaching the boundary of Rj.
By symmetry in the variables, the function is in C'. As a consequence,

Ba(x,y,r,s) = Ha(x,y,r,s,K(r,s)) € ct.

Function Hy is a supremum of convex functions and, therefore, convex. It has been
shown indirectly in [24] that —dx H4 > 0 everywhere and that in R/1 C Ry where
|ylr —2|x|K > 0 and |x|s — 2|y|K > O we have —dx Hy > “I21. We present an
easier argument. Recall that
—0g Hy

o (Ixls = [YIK)(ylr — x| K)

(rs — K?2)2
(Ixls = [y K)(ylr — [x|K)|x]ly|
(V(|X|S — ¥IK) + K(Iylr = [x|K)(s(Iylr — [x|K) + K (|x|s — |[y[K))

So —dk Hy > 2l jf
rs Kr(|x|s — |y|K Ks r—|x|K
IS g2y gy KrQEls =KD | Ks(ylr = 1K)

¢ |ylr — [x|K lx[s — [y|K

Now K2 <1 <rs and when |y|r —2|x|K > 0 then |y|r — |x|K > |x|K. Similarly,
|x|s — |y|K > |y|K. So the last two terms are bounded by K‘;Il);(lv + Kl;‘|¥<|r =2rs.

So ¢ =1/4 works. In R,

(@ BV, dv) = 40 jards] = 5 s

2rsQ

We need to add more functions with the good concavity for other K. Let

X, X ,
( )1 n (y y>‘
2r — S keI §

Bs =

. 2 72 .
Since 0 <r — m <r,we know 0 < Bs < % + % Now the Hessian

estimate becomes

(x, x) |x|?

7d d
R 1750 Y1 2 a5 gzl llds!

(d*BsdV,dV) >
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So the function Bs is convex and when 2|x|K > |y|r, then

lx ||yl x|yl
d’*BsdV,dV) > ————|dr||ds
( )z 256K Qsr dr] '—256Q

|dr||ds].

If we set
X, X ,
( ) (v, )

1 9
r 25 — {keTD

2 2
then Bg is convex, 0 < Bg < % + % and when 2|y|K > |x|s then

lx 1]yl
d’BgdV,dV dr||ds
(d°Be )2 55605 9/ 11ds!-
Putting the above facts together, we see that the function B = B4 + Bs + Bg
satisfies
(d2B7dV,dV) > |Q||y||d rllds].

Through similar considerations as above, we have discrete one-leg convexity

lxollyol

B7(V) — B7(Vo) —dB7(Vo)(V — Vo) Z ———Ir —rolls — sol.
Qsoro
Letting for appropriate fixed c;,
3.1 B=c1B1+ 2B+ c3B3 + c7B7,

2 2
we obtain 0 < B < % + % and d°B > %|dx||dy| in the regions where B € C2.
Indeed,

4 4|x ||y| 4ly| 4)x]|
d’B;dV,dV) > —|dx||dy| + |dr||ds| — ——|dx||ds |——|dy||dr|
( ) 0 Os QOr

3
(d2B,dV,dV) > “/_" dr| — 7f|x||y||dr||ds|,
(@B; v, av) > flyl ds| — fl ||y|Id dsl.
(d®B7dV,dV) > ' ”y| \dr|ds],
— 256Q0rs

where the last inequality holds in the regions where the function B4 € C>. The
weighted sum of these inequalities according to (3.1) yields the desired inequality
on convexity. Now,

Bi(V) — BI(VO) —dB1(Vo)(V — Vo)
X Xxolly Yo <x X0 Y &H

S0 r I"()’ N S0

NQ =0

r ro
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By(V) — B2(Vp) —dB2(Vo)(V — Vo)

Ziﬂlr—rol 20 Zi<x—O,X—&> lr —rol,
0 ro K ) ON\rg s S0
B3(V) — B3(Vp) — dB3(Vp)(V — Vo)
r X X r X X
Z—Mls—sol . <———0,&> ls — sol,
0 50 rorol” QI\r ro so

B7(V) — B7(Vo) — dB7(Vo)(V — Vo)

1 1
2 —lxollyollr — rolls — sol > EI(Xo,yo)llr —rolls — sol.

0

Notice that the last inequalities also remain true when we replace x by ®x and xg

by ®xo where the rotation ® is chosen so that ® (x — xg) and y — yo have the same

direction, and thus we may assume that (x — xg, y — yo) = |x — xo||y — Yol.
Summing the above inequalities give

Q(B(V) — B(Vo) —dB(Vo)(V — Vp))

(-2 2o )
roor s S0 )

Xi
+ <—0(r —10), (X - &)s + 20— SO)>
ro s S0 )

=<<£ — x—0>r,y — yo>+<x—o(r —710),y —yo>
r ro ro

= {x —x0,y — yo) =[x — xolly — yol

and we have proved the one-leg convexity. It remains to bound the second deriva-
tives in x and y. Let ¢ be the cut off of the weights so that ¢ <r,s < el We
calculate

(a)% . x) dx,dx) _ AN g )

r r

, 2(dx,d 2(dx,d -
(%&dx,dx)z dr & 20D < et dx;

r+M(r,s) r+ M s) "
<8§ (x,x)s =2|x||y|K + (y, y)r dx,dx)

rs — K?
2
_ 2(dx,dx)s  2[ylK (<dx’dx> _ ) )Ss_l(dx,dX),
rs_Kz rs—Kz |x| |'x|3

where the lower bound for rs — K2 > rs(1 — é) >1— é is used in the last implied

(dx,dx)  (x,dx)? > 0.

|x] lx]3

constant. We also used (x, dx)? < (x, x)(dx, dx) which yields
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These imply that for V € Dy . we have
(3.2) (32B(V)dx,dx) < e 1dx|?

This concludes the proof of Lemma 2. [

Convexities of the form d*?B(V) > 2|dx||dy| can be self-improved using the
following interesting lemma.

LEMMA 3 (Ellipse lemma, Dragicevic—Treil-Volberg [15]). Let H be a
Hilbert space with A, B two positive definite operators on H. Let T be a self-
adjoint operator on H such that

(Th, h) > 2(Ah, h)"">(Bh, i)'/
for all h € H. Then there exists T > 0 satisfying

(Th,h) = T(Ah,h) + 1t~ (Bh, h)
forall h € H.

For our specific Bellman function, we will need a quantitative version.

LEMMA 4 (Quantitative ellipse lemma for B). LetV € DSQ. Assume moreover
that B is C* at V. Then there exists T(V) > 0 such that
-1
Qdy B(V) = t(V)|dx[* + (z(V)) ™ dy|*.
Moreover, we have the bound

0 le<t(v)< Qe

PROOF (Quantitative ellipse lemma for B). Let V € DZ. We have already
seen in Lemma 2 that

2
& B(V) > 5l xliayl

The ellipse lemma [15] implies the existence of v (V') such that for all vectors dx
and dy there holds
Qdy B(V) z 7 (V)ldx > + (x(V) ' ldy[*.

We can estimate 7(V) by testing the Hessian on any dV of the form dV =
(dx,0,0,0),

t(V)|dx|> < Q(d}, B(V)dV,dV) = Q(32B(V)dx,dx) < Qe '|dx|?,
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where the last inequality follows from (3.2). Hence 7(V) < Qe ! as claimed. The
same bound holds for (z(V)™1) by testing against dV = (0, dy, 0, 0). Finally, we
have proved that for all V € D),

0 le<t(v)< Qe 0

We now address the lack of smoothness of B. All functions aside from Hj that
appear are at least in C2. We apply a standard mollifying procedure via convolu-
tion with ¢, directly on H4(x, y, 7, s, K), now only taking real variables with x, y
positive, 1 <rs < Q and 0 < K < 1. Here, ¢ denotes a standard mollifying kernel
in the five real variables (x, y, r, s, K) € R’ with support in the corresponding unit
ball, whereas ¢y () := ] @(-/£) denotes its scaled version with support of size £.
By slightly changing the constructions, the upper and lower estimate on the prod-
uct rs can be modified at the cost of a multiplicative constant in the final estimate
of the Bellman function. Also take into account that the weights are cut, therefore
bounded above and below. Further, we will assume that the positive variables x
and y be bounded below. These considerations give us enough room to smooth the
function Hy. It is important that Hy is at least in C' and its second-order partial
derivatives exist almost everywhere. So we have d2(H4 *@Qp) = (d2H4) * @g. Last,
we are observing that as long as the norms of vectors |x| and |y| are bounded away
from 0, our function Hj * ¢,, mollified in RS remains smooth when taking vector
variables (observe that the final Bellman function only depends upon |x| and |y]).
It is important that the smoothing happens before the function is composed with K,
we therefore preserve fine convexity properties, in particular also the much needed
one-leg convexity. Size estimates change slightly, but are recovered when the mol-
lifying parameter goes to 0. These details are either standard and have appeared
in numerous articles on Bellman functions, or an easy consequence of the above
construction.

LEMMA 5 (Regularised Bellman function and its properties). Let & > 0 given.
Let 0 < £ <¢&/2. There exists a function By(x, y, r, s) defined on the domain

Dy’ :={V e DY x| = €, |y| = £} C D},

such that for all Vo, V € D’SQ’Z, we have

x[2 2
Bg§(1+£)<L+|y—|>,
r s

2
(3.3) d} By(V) > §|dx||dy|,

1
Be(V) — Be(Vp) —dy Be(Vo)(V — Vp) = —|Ax]||Ay]
0
(3.4) )
= alx — xolly — yol.
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Moreover, the quantitative ellipse lemma now holds in the form
-1
Qdy Be(V) = te(V)ldx | + (ze(V)) " Idy/?,
where t¢ := t(V) is a continuous function of its arguments, and where

0 e <n(v)< e

4. Dissipation estimates. Let V := (X, Z, u, w) a cadlag adapted martingale
with values in DEQ. In order to bound the H-valued martingale X := (X L x2..)
away from O, it is classical to introduce the R x H-valued martingales X¢ :=
(a, X', X?,...) where a > 0. It follows that || X“||> = || X||> + a? and || X“|| > a,
and the same construction holds for Z. We note V¢ := (X%, Z%, u, w). Given a
smoothing parameter £ > 0, take a > ¢ then it follows that

VeDy = V“GDZ’Z.

The main result of this section is the following dissipation estimate.

PROPOSITION 2 (Dissipation estimate). Let ¢ > 0, £ > 0 as defined above. Let
V a cadlag adapted martingale with V € D*?Q. Let finally F; := E(|X oo |*ws | F7)
and G; := ]E(IZoolzugol]:,). Let finally a > £. We have

O(1 + ) (EF, + EG, +2a’¢™)

1 t X _ .
2 3B [ w Vi) dIX XE + (Vo) AIZ.ZE+E Y IAX,1AZ,

O<s<t

We need the preliminary lemma.

LEMMA 6 (Comparison of quadratic forms in stochastic integrals). Let Q de-
note the set of quadratic forms from R™ x R" — R and A := (Agg)1<a,p<m and
B := (Bug)1<a,p<m two Q-valued cadlag processes. Assume for all t > 0 and a.s.
that A(t) = B(t) [resp., A(t) = |B(t)|], in the sense that

(AdV,dV) > (BAV,dV)  [resp.,(AdV,dV) > |(BdV,dV)|]

foralldV € R™. Abbreviating As— :d[V, V], = Za,ﬂ(Aaﬂ)s— d[ Ve, Vgls we have
forallt >0,

t t
E/ Ag— 1 d[V,V]s > E/ By :d[V, V]
0 0

t t
(resp.,E/ As_:d[V, V], > E/ |Bs_ :d[V, V]s|>.
0 0
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PROOF (Comparison of quadratic forms in stochastic integrals). Under the
hypotheses above, let us consider the case A(t) > B(t), the case A(t) > |B(¢)|
being treated in the same manner. Given ¢ > 0, assume that

t t
fo A dV. V], =Y fo (Agp)s— d[Va, Vil < 00
a’ﬂ

otherwise the claim is proved. Given the process V, let 0, := (0 < Ty < T}' <
=T <-- < Tk’i < t) denote a random partition of stopping times tending to

the identity as n tends to infinity. Given « and B, we have that Ayg is a R-valued

cadlag process. It follows (see, e.g., Protter [29]) that the stochastic integral

t
@.1) fo Aap(s—)d[Va, Vi1

is the limit in u.c.p. (uniform convergence in probability) as n tends to infinity of
sums

kn—1
™" " ™"
Olﬂ = E Aaﬂ Tn t+l _ V i )(VﬂtJr] _ V’B[ )

involving the stopping times defined above. Since A > B, summing w.r.t. «, 8
yields, for any s € [0, £],

kn—1

T"
(Z Sag )(s) =30 A (T (Vas — V(,[S)(vﬁ’+1 Vg's)
0(,,3 o ,8 i=0
kn—1 - -
— Z ZAotﬂ Tn Vazs+1 V(XS)(V'BH—I V,B,is)
i=0 o,

I‘l 1

Z ZBo(ﬁ T}’l H—l _ Va;‘l)(V‘BH—l _ V/;}Z)
i=0 o,

(Zst)o

v

v

with an obvious definition for Sfﬂ. Passing to the limit in the sums }_,, 5 gives the
result. [

PROOF OF PROPOSITION 2 (Dissipation estimates).

Step 1. We first pass to a finite dimensional case. Let V a cadlag adapted
martingale with V € DSQ. Then V¢ e DZZ. We note X“™ the projection of
X% e R x H onto R x R™, and introduce accordingly Z%" and V%™. Notice
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that [X%, X¢] = a® + [X, X] and similarly [X®™, X®™] = a® + [X™, X"]. Since
vem e DZ’Z where By is C> and we can apply Itd’s formula and obtain, for all
t > 0, almost sure paths,

Bg(Vta’m) = B((Vg’m)
+ dVB( vEM AV 4 f d} Be(VE") cd[v™, vS
0+
+ Y {Be(VE™) = Be(VE™) — dy Bo(VE™) AV

O<s<t

Thanks to Lemma 4 and Lemma 6, the concavity properties (3.3) of B, imply for
the continuous part

1 t
RO R VAR
2 Jo+ g
1
> oo | (V) A[X" XS+ (v (V) T (2 2
J’_
Also, the concavity properties (3.4) of By for the jump part
1
B(V) = BUVE") — dy BV AV = S| AXT Az

Plugging the continuous and jump dissipation estimates into [t6’s formula yields
for all times, almost sure paths,

Be(V{™) = Bu(VE™) +f dy Be(VE™) av)"

1 t
+@ T (V2" d[X™, X"+ (ze(Vim)) ™ d[ 2™, 2™
0
T Y laxyazy.
Q0<s§t

Step 2. For technical reasons in the proof, we work with bounded martingales
that we obtain through a usual stopping procedure. Recall that V is a cadlag
adapted martingale with V € DSQ and V¥ e DSQ’K. For all M € N, define the stop-
ping time Ty := inf{t > 0; |V¢|? + [V4, V], > M?}, so that Ty is a stopping
time that tends to infinity as M goes to infinity. It follows that V% ¥ is a local
martingale, and that VaTu= and [V?, V4]TM~ are bounded semimartingales. Let
m € N* and V%™ the projection of V¢ onto R" C H. For each M, there exists a
sequence {Tys k}ik>1 of stopping times such that Tys x * Ty as k 1 oo, and such
that (V4™)Tmk is a martingale. Since |V%™| < |V|, it follows that (V¢™)Tm.x—
is a bounded semimartingale, to which we can apply the dissipation estimate of
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Step 1 above and obtain

Bg(V

tATM — )
a, m IATM = a,m
> Bg(VO —|—/ deg(V )de

1 tNT M o~

tagh o ROEMAXT XM () a2 2,
1
tg X laxrazy

O<s<tATy i

(lm tATMk am m
— By (Ve +f dy By (V™) aV!

e mox" a,m m 7mic
+E/o re (V") d[X X+ (m(VE") T (2", 2

1
v X laXazyl-dv BV, AV

Taking expectation and then letting k — oo, the dominated convergence theorem
yields

IEBg(‘/l‘/\TM )
>EBe(Vy™)

1 tATy
(4.2) +—F / T (Ve
20 Jo

INTp i
O<s<tATy k

)X X (e (V) T [z 2

1
+§E Z |AX;n||AZ;n|_ {dVBZ( t/\rTnM )A t/\TM}
O<s<tATy

Observe that we used size properties of By, the definition of the stopping time
Twm k., the estimate of the 7, provided by Lemma 5 and the size control of the
weights.

Step 3. Now, we wish to return to the infinite dimensional case. First, recall
that 0 < By(V) < (1 + O(X%/u + Y?/w). Let F; := E(|Xoo|*woo|F1), Gy :=
E(|Zoo*uoo|F;) and F* :=E(| X4, |2w00|.7-',) G¢ :=E(|Z% > uc|F;). Notice that

= E((|Xool? + a®)weolF) < Fy + E(a® wﬁ |F) < Fy + a*e!. 1t follows,
thanks to Jensen inequality, that

Bi(V®) < Co(1 + O)(F* 4+ G*) S (1 +0)(F, + G, +2a%7 ).
A similar inequality holds for V" and in particular

Be(vﬁ\’r]r"lM—) S+ K)(Ft/\TM— + GiaTy— + 2a2871),
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Hence, the dominated convergence theorem implies that EB,(V? AT _) converges
when m goes to infinity towards EB¢ (V) 7, ).

Let us consider the first term in the last integral of step 2, the second term
integral in inequality (4.2). We write

l/\TM tATy
E/ ")d[x", X" —E/ (VL) dIX, XT§
tATy am
+E/0 (ze(ViE™) — 7o (V) dIX, X1¢

tAT,
+E/0 M ‘L'g véa_m)d([xm Xm] [X, X]C)s'

The uniform boundedness and continuity of t,, the square integrability of X and
the Dominated convergence theorem imply that the second term of the right-hand
side converges to zero. The last term can be bounded above using the estimates for
T,

l‘/\TM )
e[ (X", X" [X, XT9),
Q tATy . i

< = m mic _ c
Ngxa/O (X", X"~ X XT),|

ATw c m m
SE/ d(1X. XI¢ — [X™, X",

< g(IE[X X

~y

tNTy E[Xm Xm]tATM)

where we used that for a fixed m, [X, X]¢ — [X™, X" ]¢ is a nonnegative nonde-
creasing process. The last expression in the last line tends to zero when m — oo by
the monotone convergence theorem. We prove in a similar manner the convergence

E ) \AX§”||AZ§”]WE > JAX|IAZ).

O<s<tATy O<s<tATy

Finally, since |V, ATM_| <V AT _| for all m, dy By is continuous and bounded
on compacts, |A V] T | < |AVMTM <[V,V];and E[V, V], =I[~E|V,|2 < 00, the
dominated convergence theorem ensures that

_E{dVB@(Vz(j\’?M )A z/\TM}_) —E{dy B¢ (V] (AT — JAViATy }-
Collecting all terms,

EBZ( tATy— )
1 ATy

Z20% ), TR, X1+ (ze(VL)) ™ diZ, 21
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1
+—E |AX[|AZs]

Q O<s<tATy
— B{dv Be(Viiry, -) AViary, }-

Step 4. Now we add the contribution of the possible jumps occurring at Ty;. We
have seen in Step 1 the dissipation estimate along one jump

BZ(VtaATM) - Bﬁ( zaATM—) - dVBZ(thi\TM—)AVt/\TM
1
> §|AXI/\TM||AZI/\TM|-
Taking expectation and adding the contribution of Step 3 yields

1 l‘/\TM ) 1 )
EB(Vir,) 2 5B [ (Vi) dIX. XI+ (Vi) iz

(4.3) |
+ —E |AX[|AZs].

Q O<s<tATy
Step 5. We will pass to the limit M — oo. Recall again that 0 < By(V) <

(14+0)(X?/u+Y?/w). Using Doob’s inequality for square integrable martingales,
we have for all M,

EBe(Viz,) Se 1+ O(EX? +EY?) < co.

So, by the dominated convergence theorem, EBE(V;aATM) — EB¢(Vf)as M — ooc.
The monotone convergence theorem for the integral in the right-hand side of the
inequality (4.3) therefore yields

(14 &) (EF, + EG, +2a%¢7)
z EBE(Vta)

1 t _
2 5B [, (V) dX XI0+ (me(ViL) ™ dlZ. 2)

1
+—E Y |AX]AZ].
Q O<s<t

This concludes the proof of Proposition 2. []

5. Truncation of the weights. Due to several technicalities in the proof, we
have used weights bounded from above and away from 0. In order to pass to the
general case, we cut a possibly unbounded weight above and below and show that
this operation does not increase the characteristics of the weight. This is convenient
and has been used in several places; here, we extend [30] to the martingale setting.
We need the following preliminary lemmas.
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LEMMA 7 (Truncation from above). Fora >0, let M ={w <a}, H={w >
a} and set wg = wxpy +axy. Then Q;[wa] < Q{[w].

PROOF. Let t be a stopping time and let us decompose
E(w|Fr) =E(wxm|Fr) + E(wxalFr)
=EGu|FOEm(w|Fr) +E(xa | F)ER (W[ F7),

where, for example, Ey/ (w|F;) means expectation is taken with respect to the
measure y s dP. Write as usual E(y 7| F7) = (xamr)z. We have

E(w|F)E(w™! [ Fr) — E(wal FOE(w; 1 F)
= (G EL(w|Fr) + () e B (wlF)) (Goan) B (w1 Fy)
+ ) B (w1 Fr)) = (o) <Er (w| Fr)
+ (xm)ea) (o)< EL (w1 Fe) + (xm)ea™")
= () (X)) e Byt I F)E g (w™ ! Fr) + Epg (w1 P ) E g (w] Fr)
—Enw|F)a™ —Ey (w1 Fr)a)
+ )2 (B (w| F)Ey (w1 Fr) — 1).
The last term is positive thanks to Jensen inequality. Let us observe that also
En(w|F)Eg (w1 Fr) + Ep (w17 )En (w| Fr)
—Evw|F)a~' —Ey(w | F:)a
=Eyw|F)En(w™ —a™"|F;) + By (w1 F)En (w — al Fr)

=Ey (ww—aa (waIEM(uf1 |Fr) — EM(wu:r))‘]:r)

> 0.

Here, the last inequality uses EM(w_ll]-}) > a1 and Ey(w|Fy) <a also w —
a > 0on H. This proves the lemma. [J

LEMMA 8 (Two-sided truncation). Fora >0,let M ={a~' <w <a}, L =

{w<al}, H={w > a} and set w, = a_IXL + wxym + axy. Then we have
07 [wal < 05 [w].

PROOF. Let w; be the weight obtained in the previous lemma. Apply now the
previous lemma to wé_l, truncating above by the same a. [
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6. Proof of the main results.

PROOF OF PROPOSITION 1 (Bilinear estimate). Let A > 0. If Y differentially
subordinate to X, then AY is differentially subordinate to A X. Let w a weight in
the A class. Let w® denote the e-truncation of w. Use Proposition 2 with |
AX, 271 Z, uf, wf) and Q = sz[w]. Recalling that Q{[we] < sz[w], noticing
that V&* € D5 and using the differential subordination of AY w.r.t. AX, we have
for all ¢t > 0,

07 [wl(1 + 0)(EA*F, + EA72G, + 2a%¢ ™)

1t _
zEEf (VA ) dIAX, AX ] + (e (V) Hd[a "tz a1 Z]f
0

N

+E Y [AAX||2TTAZ

O<s<t
1t . _
ZEEfo T (VE)AIAY, AY S + (te(Vso)) " d[a "'z, 271z

+E ) |AY|IAZ].

O<s<t

Since for any 0 < ¥ < oo and any x € Hl, y € H, we have Kx? -|—K*1y2 >2|{x, y)I;
it follows easily that

1t ‘ _ .
EEfO (Vo) dAY, AY I + (ze(Vso)) Hd[a 1 Z, 471z

+E Y |AY|IAZ]

O<s<t

t
zE/ [d[AY. A7 ZI )+ B Y |AY||AZ]
0

O<s<t

t
zE/O Y, ZIE| +E Y AY,][AZ]

O<s<t

’

t
~E [ |a. z1,
0
where all integrals and sums converge. Hence for all A > 0,
t
0F (wl(1 + O)(A*EF, + 2?EG, +2a%™") 2 E/ \d[Y, Z1;).
0

We let now successively £ — 0 then a — 0. Also, choosing the specific value
A2 = (EG,)'2(EF,)~"2, we can assume A > 0 (otherwise the claim is trivial).
We have

t
E /O \d[Y, Z1s| < 0 TwlRF)2(EG)HY? < 0F Twll| X 12, we | Z 12,0 -
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The inequality above remains valid in the limit # — oo. Since the left-hand side
does not depend on the truncation of the weight, it remains to observe that

lim [ X 2,0 = | X[l2,w and  Lim | Z]l2,us = [ Z]2,u-
e—0 e—0

Indeed, since X € LZ(Q;dIP’) N LZ(Q; dP¥), we have for all 0 < ¢ < 1, a.s.
X2 we, < X% + X2 weo and the limits above are a consequence of the domi-
nated convergence theorem. The same reasoning applied to Z completes the proof
of the bilinear embedding. [

PROOF OF THEOREM 1 (Differential subordination under change of law). The

proof of the main result is now straightforward since the proposition above allows
us to estimate, for any test function Z, € L, dP) N LQ(Q, dP%),

(Yoo, Zoo)| = ‘ fo a1y, 21,

o0
< [ 1417, 2] £ O TwlIX aul Z
that is exactly

1Y 2.0 < OF [wll| X |2,

This concludes the proof of Theorem 1. [
7. Sharpness and applications.

7.1. Sharpness. Sharpness means that the linear power in the martingale A,
characteristic cannot be improved.

7.1.1. Discrete time. That the result is sharp in the dyadic, discrete-in-time
filtration case is well known and follows from the sharpness of the linear estimate
for the dyadic square function in this setting (see [17] for an explicit calculation).
Notice that the norm of the square function is no larger than that of a predictable
dyadic multiplie—given the dyadic square function is obtained by taking expec-
tation of a 0 = +£1 predictable multiplier 7. Indeed Sf 2(1) = E|T; f (t)|2; see,
for example, [27].

7.1.2. Continuous time. To see an example with continuous-in-time filtration,
we use the Hilbert transform as an intermediary. We briefly summarize the flow of
the argument; see [13] for details.

Let f(x) be a compactly supported integrable function, defined on R and
f (z) = f (x, ) its harmonic extension to the upper half-space. Let W; = (x;, y;)
be background noise (see [16]).

Then the martingales

M = Fowy and MP = BF W)
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(H the Hilbert transform) are a pair of differentially subordinate martingales. To
see this, use the formula by Gundy—Varopoulos [16] applied to the Hilbert trans-
form,

—~ l -
M= [ aviow)as.
—00

where A is the counter-clockwise rotation matrix by 7 /2, stemming from the
Cauchy—Riemann relations. Further, it is easy to see that the deterministic Pois-
son A; characteristic and the martingale A, characteristic driven by background
noise are comparable.

These facts enable us to obtain certain martingale estimates from Hilbert trans-
form bounds and vice versa. But for the critical index p = 2 there is no explicit
example that exhibits sharpness of the linear growth of the weighted bound for the
Hilbert transform with respect to the Poisson characteristic.

However, for 1 < p < 2, there are explicit examples that show the optimal be-
haviour for the Hilbert transform with respect to the Poisson A, characteristic.
This allows one to pass to the exponent p = 2 through an extrapolation argument
using again the martingale setting.

7.2. Applications.

7.2.1. Discrete-in-time predictable multipliers. The Bellman function in this
paper and in particular its one-leg convexity can give a direct proof of the results in
[21] and [31], a weighted estimate for predictable multipliers in the case of discrete
in time filtrations.

7.2.2. Dimension-free weighted bounds on discrete operators. Through the
recent stochastic integral formula for second-order Riesz transforms [1] on com-
pact multiply-connected Lie groups G, our result gives dimension-free weighted
L? estimates in this setting, too, using the semi-discrete heat characteristic of the
weight. The second-order Riesz transforms take the form

Ré =ZaiRi2 +Zaini2j’
i J.k

where the first diagonal sum are second-order Riesz transforms in discrete direc-
tions of the space and the second sum are continuous second-order Riesz trans-
forms on the connected part; see [1] for more precise definitions. The process con-
sidered is deterministic in one variable and is Brownian in continuous directions
together with a compound Poisson jump process in the other discontinuous direc-
tions. It was proved in [1] that Ri f (z) can be written as the conditional expectation
E(Mg f |Zo = z) where Mfl Jisa martingale transform of Mtf associated to f and
Z; a suitable random walk. One obtains the estimate

(7.1) IRa fll 2y S QoI f Il 20
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with implied constant independent of dimension and where Q»(w) is the semi-
discrete heat characteristic. An important special case are the second-order discrete
Riesz transforms on products of integers. Notice that both the continuous-in-time
filtrations and the consideration of jump processes are important to get this esti-
mate.

It is also possible to get a deterministic proof of this application (7.1), using the
Bellman function we construct in this paper in combination with part of the proof
strategy in [12]. Notice though, that the trick used in [12] to overcome the difficulty
of the jumps, does not work in the weighted setting, due to nonconvexity of the
domain of the Bellman function. For a deterministic Bellman proof to give the
weighted estimate (7.1), it is instrumental to have the one-leg convexity property
proved here.

7.2.3. Probabilistic proof for estimate of the weighted Beurling operator. Our
result gives a probabilistic proof of the weighted estimate for the well-known
Beurling—Ahlfors transform that solved a famous borderline regularity problem
in [28] previously proved by Bellman functions and other means. To see this, one
invokes the stochastic integral identity formula [2] for the Beurling—Ahlfors oper-
ator using heat flow martingales. The comparability of heat flow A, characteristic
and martingale characteristic obtained when using the filtration in [2] is not hard
to see. In turn, in [28] it was seen that the heat flow characteristic compares lin-
early to the classical characteristic. The standard extrapolation result for sub-linear
operators in [14] gives the sharp weighted result in L?.

7.2.4. Dimension-free weighted bound, Riemannian setting. Dahmani [9]
used the continuous properties of the Bellman function constructed in this paper to
prove a dimensionless weighted bound for the Bakry Riesz vector. Her result gives
an optimal estimate in terms of the Poisson characteristic. She considers a large
class of manifolds with nonnegative Bakry—Emery curvature, such as, for exam-
ple, the Gauss space. The explicit expression of the Bellman function is essential
to her argument.

REFERENCES

[1] ArRcozzi, N., DOMELEVO, K. and PETERMICHL, S. (2016). Second order Riesz transforms
on multiply-connected Lie groups and processes with jumps. Potential Anal. 45 777-794.
MR3558360

[2] BANUELOS, R. and JANAKIRAMAN, P. (2008). L?-bounds for the Beurling—Ahlfors trans-
form. Trans. Amer. Math. Soc. 360 3603—-3612. MR2386238

[3] BANUELOS, R. and OSEKOWSKI, A. (2014). On the Bellman function of Nazarov, Treil and
Volberg. Math. Z. 278 385-399. MR3267584

[4] BANUELOS, R. and OSEKOWSKI, A. (2018). Weighted L? inequalities for square functions.
Trans. Amer. Math. Soc. 370 2391-2422. MR3748572

[S] BANUELOS, R. and WANG, G. (1995). Sharp inequalities for martingales with applications to
the Beurling—Ahlfors and Riesz transforms. Duke Math. J. 80 575-600. MR1370109


http://www.ams.org/mathscinet-getitem?mr=3558360
http://www.ams.org/mathscinet-getitem?mr=2386238
http://www.ams.org/mathscinet-getitem?mr=3267584
http://www.ams.org/mathscinet-getitem?mr=3748572
http://www.ams.org/mathscinet-getitem?mr=1370109

(8]
(9]

[10]

[11]

[12]
[13]

(14]

[15]
[16]

(7]

[18]

[19]
[20]
(21]
(22]
(23]
(24]
[25]

[26]

(27]

K. DOMELEVO AND S. PETERMICHL

BERNICOT, F., FREY, D. and PETERMICHL, S. (2016). Sharp weighted norm estimates beyond
Calderén—Zygmund theory. Anal. PDE 9 1079-1113. MR3531367

BONAMI, A. and LEPINGLE, D. (1979). Fonction maximale et variation quadratique des mar-
tingales en présence d’un poids. In Séminaire de Probabilités, XIII (Univ. Strasbourg,
Strasbourg, 1977/18). Lecture Notes in Math. 721 294-306. Springer, Berlin. MR0544802

BURKHOLDER, D. L. (1984). Boundary value problems and sharp inequalities for martingale
transforms. Ann. Probab. 12 647-702. MR0744226

DAHMANI, K. (2016). Sharp dimension-free weighted bounds for the Bakry—Riesz vector.
In preparation. Available at arXiv:1611.07696.

DELLACHERIE, C. and MEYER, P.-A. (1982). Probabilities and Potential. B: Theory of Mar-
tingales. North-Holland Mathematics Studies 72. North-Holland, Amsterdam. Translated
from the French by J. P. Wilson. MR0745449

DOMELEVO, K. and PETERMICHL, S. (2014). Sharp L? estimates for discrete second order
Riesz transforms. Adv. Math. 262 932-952. MR3228446

DOMELEVO, K. and PETERMICHL, S. (2014). Bilinear embeddings on graphs. Preprint.

DOMELEVO, K., PETERMICHL, S. and WITTWER, J. (2017). A linear dimensionless bound
for the weighted Riesz vector. Bull. Sci. Math. 141 385-407. MR3667592

DRAGICEVIC, O., GRAFAKOS, L., PEREYRA, M. C. and PETERMICHL, S. (2005). Extrap-
olation and sharp norm estimates for classical operators on weighted Lebesgue spaces.
Publ. Mat. 49 73-91. MR2140200

DRAGICEVIC, O., TREIL, S. and VOLBERG, A. (2008). A theorem about three quadratic
forms. Int. Math. Res. Not. IMRN Art. ID rnn 072. MR2439569

GUNDY, R. F. and VAROPOULOS, N. TH. (1979). Les transformations de Riesz et les intégrales
stochastiques. C. R. Acad. Sci. Paris Sér. A-B 289 A13-A16. MR0545671

Hukovic, S., TREIL, S. and VOLBERG, A. (2000). The Bellman functions and sharp
weighted inequalities for square functions. In Complex Analysis, Operators, and Related
Topics. Oper. Theory Adv. Appl. 113 97-113. Birkhéuser, Basel. MR1771755

HUNT, R., MUCKENHOUPT, B. and WHEEDEN, R. (1973). Weighted norm inequalities for
the conjugate function and Hilbert transform. Trans. Amer. Math. Soc. 176 227-251.
MRO0312139

HYTONEN, T. P. (2012). The sharp weighted bound for general Calder6n—Zygmund operators.
Ann. of Math. (2) 175 1473-1506. MR2912709

IzumisAwA, M. and KAZAMAKI, N. (1977). Weighted norm inequalities for martingales.
Tohoku Math. J. (2) 29 115-124. MR0436313

LACEY, M. T. (2017). An elementary proof of the A, bound. Israel J. Math. 217 181-195.
MR3625108

LACEY, M. T., PETERMICHL, S. and REGUERA, M. C. (2010). Sharp A, inequality for Haar
shift operators. Math. Ann. 348 127-141. MR2657437

LERNER, A. K. (2016). On pointwise estimates involving sparse operators. New York J. Math.
22 341-349. MR3484688

NAZAROV, F., TREIL, S. and VOLBERG, A. (1999). The Bellman functions and two-weight
inequalities for Haar multipliers. J. Amer. Math. Soc. 12 909-928. MR1685781

OSEKOWSKI, A. (2018). Sharp L”-bounds for the martingale maximal function. Tohoku
Math. J. (2) 70 121-138. MR3772808

PETERMICHL, S. (2007). The sharp bound for the Hilbert transform on weighted Lebesgue
spaces in terms of the classical A, characteristic. Amer. J. Math. 129 1355-1375.
MR2354322

PETERMICHL, S. and POTT, S. (2002). An estimate for weighted Hilbert transform via square
functions. Trans. Amer. Math. Soc. 354 1699-1703. MR1873024


http://www.ams.org/mathscinet-getitem?mr=3531367
http://www.ams.org/mathscinet-getitem?mr=0544802
http://www.ams.org/mathscinet-getitem?mr=0744226
http://arxiv.org/abs/arXiv:1611.07696
http://www.ams.org/mathscinet-getitem?mr=0745449
http://www.ams.org/mathscinet-getitem?mr=3228446
http://www.ams.org/mathscinet-getitem?mr=3667592
http://www.ams.org/mathscinet-getitem?mr=2140200
http://www.ams.org/mathscinet-getitem?mr=2439569
http://www.ams.org/mathscinet-getitem?mr=0545671
http://www.ams.org/mathscinet-getitem?mr=1771755
http://www.ams.org/mathscinet-getitem?mr=0312139
http://www.ams.org/mathscinet-getitem?mr=2912709
http://www.ams.org/mathscinet-getitem?mr=0436313
http://www.ams.org/mathscinet-getitem?mr=3625108
http://www.ams.org/mathscinet-getitem?mr=2657437
http://www.ams.org/mathscinet-getitem?mr=3484688
http://www.ams.org/mathscinet-getitem?mr=1685781
http://www.ams.org/mathscinet-getitem?mr=3772808
http://www.ams.org/mathscinet-getitem?mr=2354322
http://www.ams.org/mathscinet-getitem?mr=1873024

(28]

[29]

(30]
(31]
(32]
[33]

(34]

(35]

CHANGE OF LAW 925

PETERMICHL, S. and VOLBERG, A. (2002). Heating of the Ahlfors—Beurling operator:
Weakly quasiregular maps on the plane are quasiregular. Duke Math. J. 112 281-305.
MR 1894362

PROTTER, P. E. (2005). Stochastic Integration and Differential Equations. Stochastic Mod-
elling and Applied Probability 21. Second edition. Version 2.1. Corrected third printing.
Springer, Berlin. MR2273672

REZNIKOV, A., VASYUNIN, V. and VOLBERG, A. (2010). An observation: Cut-off of the
weight w does not increase the ap,  p,-“norm” of w. Available at arXiv:1008.3635.

THIELE, C., TREIL, S. and VOLBERG, A. (2015). Weighted martingale multipliers in the non-
homogeneous setting and outer measure spaces. Adv. Math. 285 1155-1188. MR3406523

TREIL, S. (2013). Sharp A, estimates of Haar shifts via Bellman function. In Recent Trends in
Analysis. Theta Ser. Adv. Math. 16 187-208. Theta, Bucharest. MR3411052

VASYUNIN, V. and VOLBERG, A. (2010). Burkholder’s function via Monge—Ampere equation.
Illinois J. Math. 54 1393-1428. MR2981853

WANG, G. (1995). Differential subordination and strong differential subordination for
continuous-time martingales and related sharp inequalities. Ann. Probab. 23 522-551.
MR 1334160

WITTWER, J. (2000). A sharp estimate on the norm of the martingale transform. Math. Res.
Lert. 7 1-12. MR1748283

INSITUT DE MATHEMATIQUES DE TOULOUSE

UNIVERSITE PAUL SABATIER

118, ROUTE DE NARBONNE

F-31062 TOULOUSE CEDEX 9

FRANCE

E-MAIL: komla.domelvo@math.univ-toulouse.fr
stefanie.petermichl @math.univ-toulouse.fr


http://www.ams.org/mathscinet-getitem?mr=1894362
http://www.ams.org/mathscinet-getitem?mr=2273672
http://arxiv.org/abs/arXiv:1008.3635
http://www.ams.org/mathscinet-getitem?mr=3406523
http://www.ams.org/mathscinet-getitem?mr=3411052
http://www.ams.org/mathscinet-getitem?mr=2981853
http://www.ams.org/mathscinet-getitem?mr=1334160
http://www.ams.org/mathscinet-getitem?mr=1748283
mailto:komla.domelvo@math.univ-toulouse.fr
mailto:stefanie.petermichl@math.univ-toulouse.fr

	Introduction
	Differentially subordinate martingales
	Martingales in nonhomogeneous weighted spaces

	Statement of the main results
	Existence and properties of the Bellman function
	Dissipation estimates
	Truncation of the weights
	Proof of the main results
	Sharpness and applications
	Sharpness
	Discrete time
	Continuous time

	Applications
	Discrete-in-time predictable multipliers
	Dimension-free weighted bounds on discrete operators
	Probabilistic proof for estimate of the weighted Beurling operator
	Dimension-free weighted bound, Riemannian setting


	References
	Author's Addresses

