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SECOND-ORDER BSDE UNDER MONOTONICITY CONDITION
AND LIQUIDATION PROBLEM UNDER UNCERTAINTY

BY ALEXANDRE POPIER! AND CHAO ZHOU?

Le Mans Université and National University of Singapore

In this work, we investigate an optimal liquidation problem under Knigh-
tian uncertainty. We obtain the value function and an optimal control charac-
terised by the solution of a second-order BSDE with monotone generator and
with a singular terminal condition.
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1. Introduction. This paper is devoted to the study of an optimal liquidation
problem under uncertainty. Roughly speaking, for some ¥ > 1, we want to mini-
mize the functional cost

T .
(L.1) J<X>=H§upEP[/O (nsmr’+ys|xs|l’)ds+5|XT|ﬂ
eP

over all progressively measurable processes X that satisfy the dynamics
S .
Xg=x+ X, du.
0

The nonnegative quantity £ is a penalty on the remaining value X7 of the state pro-
cess X. In particular when & = 400, J (X)) is finite only if the terminal constraint
X11e— 100 = 0is satisfied. If the set of probability measures P is a singleton, then
the problem is solved in [5] and [29] using a backward stochastic differential equa-
tion (BSDE for short) with singular terminal condition. Our goal is to extend these
results to the case where there is model uncertainty, that is when the probability
measure P is not unique. Minimizing (1.1) corresponds for an agent to compute
the worst case scenario for the liquidation of her portfolio.

The analysis of optimal control problems with state constraint on the termi-
nal value is motivated by models of optimal portfolio liquidation under stochastic
price impact (see, e.g., [3, 4, 15, 16, 19] or [27], among many others). For a fixed
probability P (i.e., without the supremum in (1.1)):

T .
(12) J(X,P) = E““’[[O (sl X1 + 751X, 17) s + sumﬂ

this position targeting problem (1.2) and some variants have been studied in [5, 17,
18, 29] or [38]. In this framework, the state process X’ denotes the agent’s position
in the financial market. At each point in time ¢, she can trade in the primary venue
atarate X + which generates costs n; |/i’ :|? incurred by the stochastic price impact
parameter 7,. The term y;|X;|” can be understood as a measure of risk associated
to the open position. J (X, IP) thus represents the overall expected costs for closing
an initial position x over the time period [0, T'] using strategy X, with a terminal
cost £|Xr|”. The penalization £ is Fr-measurable and takes value in [0, co]. The
total cost J(X',P) is finite if and only if X71¢—y = 0 a.s. The case § = +00
a.s. corresponds to the liquidation constraint: X7 = 0 a.s., that is, the position has
to be closed imperatively. The optimal strategies and the value function of this
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control problem (1.2) are characterized in [5] and [29] (see also [17] for the use of
BSPDEs) by the minimal supersolution (y, z, m) of the BSDE

q
yit_ldt - ]/[dt+Z[dW[ —}—dm,
(a—Dnf
with liminf,_, 7 y; > &. Here, q > 1 is the Holder conjugate of ¢ and m is a mar-
tingale orthogonal to W. Since & can be equal to 400, such a BSDE is called
singular. In [5] and [29], sufficient conditions on the coefficient processes n and
y are provided such that there exists a minimal supersolution to (1.3) and then
by a verification theorem based on a penalization argument, it is proved that
infy J(X,P) = yo|x|P (see the details in Section 3.1).
When P is not unique, we need to solve

(1.3) dy; =

J(X) = sup J (X, ) = (sup y{ ) x/”,
PeP PeP

where yP is the minimal supersolution of (1.3) under the probability measure P.
From the theory of second-order BSDE (2BSDE for short) introduced by [40] and
[41], our problem can be solved with this useful tool. Nevertheless, the generator
f of our BSDE (1.3) is not Lipschitz continuous but only monotone w.r.t. y:

yq
q— Dt

This condition has been already considered in [36], but under the additional as-
sumption that the generator is of linear growth. The possibility to extend the ex-
isting results to a general monotone driver is mentioned in the paper [37] (see in
particular Section 2.4.5). Thereby following the ideas of [37], we want to show
that a 2BSDE with monotone generator w.r.t. y still has a unique solution.

Let us precise the main contributions of the paper. Roughly speaking, the paper
[37] shows that if nice properties are known for BSDEs and reflected BSDE:s, then
it is possible to construct a solution for the 2BSDE. Hence to follow the scheme
of [37], several properties of classical (reflected or not) BSDEs are needed. Sev-
eral general results can be found in [28] and [30] for BSDEs in a general filtration
and [26, 31] or [9] for reflected BSDEs (see also the references therein). But some
technical results were missing in the general setting of the 2BSDEs: Lipschitz ap-
proximation of BSDEs (Lemma A.4) or existence and uniqueness of the solution
for a reflected BSDEs in a general filtration (without quasi-left continuity) when
the driver is monotone (Proposition A.2). These results, even though useful for
applications to 2BSDE, are expectable and the techniques employed are rather
standard. This is the reason why they are postponed in the Appendix.

The first part is devoted to 2BSDEs with a monotone driver (condition (H)). The
probabilistic setting is the same as [37]. But to overcome this difficulty induced by

[ y)=— + Vr.
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monotonicity, we will impose some stronger integrability conditions® C1 and C2
on the terminal value £ (and on the process f 0). Our main results are Theorem 1
(uniqueness) and Theorem 2 (existence). Although the sketch is almost the same as
in [37], several technical issues have to be taken into account in our setting. More-
over, the monotonicity of the driver forces us to change the minimality condition
on the nondecreasing process K. Instead of the classical assumption

essinf. EF[KF — KF|Ff]=0, 0<t<T,Pas,VPeP
P eP(t,P,Fy)

/ T s / /
essinft.  EP |:/ exp(/ AE du) dKfD
PepP(t,P,Ft) t t

0<t<T,P-as. , VPeP,

we have here

Ft]=o

where )LED " is the increment of the generator evaluated at the solution Y of the

2BSDE and at the solution y” " of the classical BSDE under P'. In the Lipschitz
setting, AF is bounded and thus can be removed, whereas under the monotone
assumption, it is only bounded from above (see Definition 1, Conditions (2.6) and
(2.16) and the discussion in Section 2.5).

Then we come back to our initial goal: the resolution of the optimal control
problem (1.1). From our results on 2BSDEs, we can now obtain directly the value
function and an optimal control for the unconstrained problem (Proposition 1).
For the constrained problem, a known difficulty concerns the filtration. Indeed to
avoid the possibility of a uncontrolled jump for the orthogonal martingale part
at the terminal time 7', some additional hypothesis on the filtration is needed (see
[35], Section 2.2). Under this technical condition on the filtration, we prove that the
2BSDE with singular terminal condition has a minimal super-solution (Theorem 3
and Remark 9) and that we can solve (1.1) using this supersolution (Theorem 4).

The paper is decomposed as follows. In Section 2, we use the scheme developed
in [37] to obtain existence and uniqueness for the 2BSDE. In Section 3, we solve
the control problem (1.1) using 2BSDE with monotone driver and singular ter-
minal condition. In the Appendix, we recall and develop some results concerning
BSDE and reflected BSDE with monotone driver.

2. Second-order BSDE with monotone generator. This section is devoted
to the extension of the results in [37] to the case where the generator f is only
monotone w.r.t. y (see H2). Compared with [36], we do not assume that f is of
linear growth w.r.t. y (see H4). Nevertheless, let us immediately emphasize that
we will assume stronger integrability assumptions of £ and f° to overcome this
difficulty and we change the minimality condition on the nondecreasing process
K (see Condition (2.6)).

3Sufficient to solve our control problem. Weaker integrability assumptions are left for future re-
search.
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2.1. The probabilistic setting. Our framework is exactly the same as in [37].
Let us recall the notation and assumptions. Let N* := N\ {0} and let R* be the
set of real positive numbers. For every d-dimensional vector b with d € N*, we
denote by b!, ..., b? its coordinates and for o, 8 € R? we denote by « - 8 the
usual inner product, with associated norm || - ||, which we simplify to | - | when d
is equal to 1. We also let 1; be the vector whose coordinates are all equal to 1. For
any (/,c) € N* x N*, M; .(R) will denote the space of / x ¢ matrices with real
entries. Elements of the matrix M € M, . will be denoted by (M"/)j ;< 1<j<cs
and the transpose of M will be denoted by M. When [ = ¢, we let M;(R) :=
M 1 (R). We also identify M; 1 (R) and R/ Let Sgo denote the set of all symmetric
positive semidefinite d x d matrices. We fix a map i : S;O —> M4(R) which is

(Borel) measurable and satisfies g//(a)(z//(a))T =aq for all a € Sgo, and denote

a’ =y (a).

2.1.1. Canonical space. Let d € N*, we denote by 2 := C([0, T],Rd) the
canonical space of all R9-valued continuous paths w on [0, T'] such that wg =
0, equipped with the canonical process X, that is, X;(w) := w;, for all w € Q.
Denote by F = (F;)o<:<r the canonical filtration generated by X, and by I =
(FiHo<t<r the right limit of F with ;" := (,., F; for all # € [0, T) and F :=
Fr. We equip €2 with the uniform convergence norm ||@||so 1= SUpg<;<7 ll@:ll, so
that the Borel o -field of 2 coincides with Fr. Let Py denote the Wiener measure
on €2 under which X is a Brownian motion.

Let M denote the collection of all probability measures on (€2, F7). Notice that
M is a Polish space equipped with the weak convergence topology. We denote by
B its Borel o-field. Then for any P € M, denote by ]-"}P the completed o -field
of F; under P. Denote also the completed filtration by FPF = (-F,P)te[O,T] and FE
the right limit of F*, so that FE satisfies the usual conditions. Moreover, for P C
M, we introduce the universally completed filtration FU .= (ftU)Osng, FP .=
(,EP)OS,ST, and FP* .= (.7:,P+)05;5T, defined as follows:

F=N7F. F=(F. telo.T]
PeM; PeP

Frt=FL, tel0,T), and Fpt:=FF.

We also introduce an enlarged canonical space Q := Q x ', where Q' is identical
to €2. By abuse of notation, we denote by (X, B) its canonical process, that is,
X (@) = wr, Bi(®) := w; for all @ := (w, @) € Q, by F = (F;)o</<r the canoni-
cal filtration generated by (X, B), and by FX = (.T;()OS[ST the filtration generated
by X. Similarly, we denote the corresponding right-continuous filtrations by Ff
and IF, , and the augmented filtration by Fi’lp and F[i, given a probability measure
P on Q.
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2.1.2. Semimartingale measures. We say that a probability measure P on
(2, Fr) is a semimartingale measure if X is a semimartingale under P. Then on
the canonical space €2, there is some [F-progressively measurable nondecreasing
process (see, e.g., Karandikar [22]), denoted by (X) = ((X);)o</<7, Which co-
incides with the quadratic variation of X under each semimartingale measure P.
Denote further

PO (X)r = (X)i—e
a; :=limsup —.
A0 €

For every ¢ € [0, T], let P,W denote the collection of all probability measures P°
on (2, Fr) such that:

o (X)serr.r) 1s a (P, IF)-semimartingale admitting the canonical decomposition
(see, e.g., [20], Theorem 1.4.18)

N
Xs=/ PPdr+X°F,  selr,T]Pas.,
t

where b* is an F'-predictable R-valued process, and X is the continuous
local martingale part of X under PP.
o ({X)s)se[z, 7)1 absolutely continuous in s with respect to the Lebesgue measure,

and a; takes values in Sgo, P-a.s. forall t € [0, T].

Given a random variable or process A defined on €2, we can naturally define its
extension on €2 (which, abusing notation slightly, we still denote by A) by

2.1) AM@) =A®) Vo= (v 0)eQ.

In particular, the process @ can be extended on Q. Given a probability measure
P e P/, we define a probability measure PP on the enlarged canonical space 2 by
P:=P ® Py, so that X in (, Fr, P, F) is a semimartingale with the same triplet
of characteristics as X in (2, Fr,P,F), B is a F-Brownian motion, and X is
independent of B. Then for every P € P, there is some R¢-valued, F-Brownian
motion W = (W}P)tsrss such that (see, e.g., Theorem 4.5.2 of [42])

s s 1 —
(2.2) X; =/ bf’dr+/ ardw?t,  selt, T], P-as.,
t t

where we extend the definition of 4¥ and @ on Q as in (2.1), and where we recall

1 . .
that @2 has been defined in the notation above.
Notice that when @, is nondegenerate P-a.s., for all » € [¢, T], then we can
construct the Brownian motion W¥ on by

t 1
wr ::/ a, 2dx¢t,  1e[0,T], P-as.,
0

and do not need to consider the above enlarged space equipped with an indepen-
dent Brownian motion to construct W .
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REMARK 1 (On the choice of ZZ%). The mealsurable map ¥ :a —> a% is fixed
throughout the paper. A first choice is to take a2 as the unique nonnegative sym-
metric square root of a (see, e.g., Lemma 5.2.1 of [42]). One can also use the

Cholesky decomposition to obtain a? as a lower triangular matrix. Finally, the
reader can read [37], Remark 2.2, where the sets P(¢, w) are given by the col-
lections of probability measures induced by a family of controlled diffusion pro-

. ~L . .
cesses. In this case, one can take a2 in the following way:

T
oo o 1 c 0
(2.3) a= ( o7 In> and a2 = (In O) for some o € M, ;.

2.1.3. Conditioning and concatenation of probability measures. We also re-
call that for every probability measure [P on €2 and every F-stopping time t taking
values in [0, T], there exists a family of regular conditional probability distribution
(r.c.p.d. for short) (P}),eq (see, e.g., Stroock and Varadhan [42]), satisfying:

(i) For every w € @, [P} is a probability measure on (£2, Fr).
(ii) Forevery E € Fr, the mapping w — P} (E) is F;-measurable.
(iii) The family (P})),egq is a version of the conditional probability measure of
P on F;, that is, for every integrable F7-measurable random variable & we have
EP (€] F; 1(w) = EPo[£], for P-ae. w € 2.
(iv) For every w € Q, P} (2%) =1, where Qf :={w € Q : w(s) = w(s),0 <
s <t(w)}.

Furthermore, given some P and a family (Q,),eq such that w — Q,, is Fz-
measurable and Q,,(R2¥) =1 for all w € 2, one can then define a concatenated
probability measure P ®; Q. by

P®, Q[A]:= /Q Q. [AIP(dw) YA€ Fr.

2.1.4. Hypotheses on P(t,w). We are given a family P = (P(t,
))(1,0)[0,T]x Of sets of probability measures on (2, Fr), where P(t, w) C PtW
for all (¢, w) € [0, T] x Q2. Denote also P; :=J,cq P (¢, »). We make the follow-
ing assumption on the family (P (1, ®)),w)e[0,T1x -

ASSUMPTION 1. (i) For every (f,w) € [0,T] x €2, one has P(t,w) =
P(t,w.ns) and P(Q{) = 1 whenever P € P(¢, w). The graph [[P]] of P, defined
by [[P]] :={(t, w,P) : P € P(¢, w)}, is upper semianalytic in [0, T] x € x M.

(ii) P is stable under conditioning, that is, for every (¢, w) € [0, T] x © and
every P € P(t, ) together with an F-stopping time t taking values in [¢, T'], there
is a family of r.c.p.d. (Py)weq such that P, belongs to P(r(w),w), for P-a.e.
we Q.
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(iii) P is stable under concatenation, that is, for every (¢, w) € [0, T] x © and
P € P(t, w) together with an [F-stopping time t taking values in [¢, T'], let (Qu)weg
be a family of probability measures such that Q,, € P(z(w), w) for all w €  and
w —> Q, is F;-measurable, then the concatenated probability measure P®; Q. €
P(t, w).

We notice that for =0, we have Py := P (0, w) for any w € Q.

2.1.5. Spaces and norms. We now give the spaces and norms which will be
needed in the rest of the paper. Fix some ¢ € [0, T] and some w € Q2. In what
follows, G := (Gs);<s<7 Will denote an arbitrary filtration on (€2, Fr), and [P an
arbitrary element in P(z, ). Denote also by G” the P-augmented filtration asso-
ciated to G.

For p > 1, ]L£ »(G) (resp., Lﬁ »(G, P)) denotes the space of all Gr-measurable
scalar random variables £ with

IENT, = sup EF[|E]"] <400  (resp.. &)/ , =E"[|§]7] < +00).
Lo pep(t,w) Lio (@)

Hﬁ »(G) (resp., Hﬁ »(G,P)) denotes the space of all G-predictable R9-valued

processes Z, which are defined @y ds-a.e. on [¢, T'], with

1ZII7, = sup EP[(/ a2 z| ds) }<—|—oo
i o PeP(r,w)

(resp. 1Z15p ) —EP[(/ s zs | ds) }<+oo)-

Mf »(G, P) denotes the space of all (G, P)-optional martingales M with P-a.s.
cadlag paths on [¢, T], with M; =0, P-a.s., and

M7 = EP[[M] ] < 4o0.

M?,(P)
Furthermore, we say that a family (MP )PP (1.0) belongs to ij w((GP)pEp(,,w)) if,
for any P € P(t, w), M* e M? (GF, P) and

sup | M* ”Mp @) < Foo.
PeP(t.0)

]If, (G, P) denotes the space of all G-predictable processes K with [P-a.s. cadlag
and nondecreasing paths on [z, T'], with K; =0, P-a.s., and

_ P p
”K”]I” ® =E"[K7] < +o0.

We will say that a family (KF )PeP(1,0) belongs to ]If’,w((GP)pep(hw)) if, for any
PeP(t,w), K¥ €Il ,(Gp,P) and

sup HK ||pr(P) < +o0.
PeP(t,w
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D£ »(G) (resp., Df’, »(G,P)) denotes the space of all G-progressively measur-
able R-valued processes Y with P(¢, w)-q.s. (resp., P-a.s.) cadlag paths on [¢, T'],
with

1YIi5, == sup EF| sup |¥,|”] <+oo
Lo PeP(t,w) t<s<T

resp., ||Y||D,, P =FEF| sup |Y,|?| < +o0).
»®)

t<s<T
For each & € L}’w(G) and s € [t, T'] denote

EE"szvG[g] = esssup[ED EP/[§|gs]
IP’E’P[,w(S,P’G)

where P; (s, P, G) := {P' € P(t, w), P’ =P on Gy }.
Then we define for each p >k > 1,
LY 5 (G) :={§ €L{,(G), l§llppx < +o00},
where

) P P mP,t,w,F+ £
||§||H’i,,,,( = sup E"|esssup (E,"* [|$|K])K].
o PeP(t,w) t<s<T

Similarly, given a probability measure P and a filtration G on the en-
larged canonical space €2, we denote the corresponding spaces by DY w(G P),
Hﬁw(G, P), Mt’w(G, P), ...Furthermore, when ¢ = 0, there is no longer any de-
pendence on w, since wg = 0, so that we simplify the notation by suppressing
the w-dependence and write ]ng (G), ]I-]Ig (G, P), ...Similar notation is used on the
enlarged canonical space.

When there is no ambiguity (only one probability measure P, see the Appendix),
the Brownian motion will be denoted by W and for simplicity in the notation of
integrability spaces, we remove the reference to the filtration FF, the probability
measure and w: ]D)g’ » @, P) =D? and with the same convention H”, M? and I”.
Moreover, for @ € R, for (Z, M, K) € H” x MP x I?, we define

» r T 5 /2
nmmw=E(L wwaudﬁ ],

r T p/2
ansz(Ae“ﬂMQ }

T p
”K“fp,a =E (/(; eas/Zsz) ]

The corresponding spaces are denoted H?”-%, M”* and I7-¢,
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2.2. Assumptions on f and &. We shall consider an JF7-measurable random
variable £ : Q@ — IR and a generator function

f:(t w,y,z,a,b)€l0,T] x Q x R x R4 ngo x R4 —5 R.
Define for simplicity
By, 2) = (5, X ons, ¥, 2,85, bY) and  FE0:= f(s, X s, 0,0,35, bY).
The generator function f is jointly Borel measurable and:

H1. For any (¢, w, z,a, b), the map y — f(¢t,w, y, z, a, b) is continuous.
H2. f satisfies the monotonicity assumption w.r.t. y: there exists a constant
L1 € R such that for every (¢, w, vy, ', z,a, b)

(f(t’wv y,Z,Cl,b) - f(tsw’y/7z’a’b))(y _y/) SLl(y _y/)Z'

H3. f is Lipschitz continuous w.r.t. z uniformly w.r.t. all other parameters, that
is there exists a nonnegative constant L, such that for every (¢, w, y, z, 7', a, b),

!f(tvwvyvz’avb)_f(t’wvyvz/yaab” SLZHZ_Z/“-

H4. The following growth assumption w.r.t. y holds: there exists q > 1 and a
jointly Borel measurable function W : [0, T] x € X Sgo — R such that for any
(t,w,a,b,y)

|f(t,w,y,0,a,b) — ft0| <V, w,a)(1+]y%).

fto is the notation for f (¢, w, 0,0, a, b). We say that f satisfies Condition (H) if
H1 to H4 hold. As for the generator, we denote

(I}s =W (s, X.as, ).
Finally, on &, f° and ¥ we impose:
C1. For some fixed constants ¢ > 1 and p > o/(¢0 — 1), one has for every
(t,w)e[0,T] x Q,

N T . T _
sup IEP[|§|’“'+/ |f§P”°y’°qu+f |\ys|9ds] < +00.
PeP(t,w) t t

C2. There is some k € (1, pq] such that & € ]qu’K and

N 4 T / ﬁ;‘:l
¢h" = sup Ep[esssupp< esssup’  EF [/ |7EO dt‘]—'jD } < +-00.
PePy 0<s<T \P'ePy(s,P,F) 0

NOTATION. In the rest of the paper, p denotes any number larger than 1: p >
1; q denotes the exponent in Condition H4 (or H4’ in the Appendix); p and o are
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used in Assumptions C1 and C2 and satisfy p > o/(0 — 1) (p is greater than the
Holder conjugate of o). Finally, we will sometimes assume p verifies

op .
(2.4) l<p<-—"_ <p.
PE0E p

Under this condition, p = (ﬁfiﬁp) <o.

REMARK 2 (On condition H2). It is well known that we can suppose w.l.o.g.
that L; = 0. Indeed if (y, z, m) is a solution of (2.7) below, then (y, Z, m) with

Vi =€L't)’z, Zt =€L'tZt, dm, =€L'tdmt
satisfies an analogous BSDE with terminal condition £ = /17 & and generator

f_(t, y, 7) = eL”f(t, e—thy’ e—thZ) _ L1y.

f satisfies assumptions (H) with L; = 0. If we consider a supersolution of a BSDE
(see equation (A.15)), the nondecreasing k is replaced by dk; = el dk,. Hence in
the rest of this paper, we will sometimes assume w.l.o.g. that L1 = 0.

REMARK 3 (On condition H4). Let us explain why we assume Condition H4
together with the integrability condition C1 on W, and not some weaker growth
condition (as in [33] or [11] for standard BSDE). Indeed to prove the existence
of a solution for a 2BSDE we will need that the solution (y, z, m) of the stan-
dard BSDE with data fP and & (see equation (2.7)) is obtained by approximation
with a sequence of solutions (y", z", m") of Lipschitz BSDEs (see Lemma A.4 in
the Appendix). Moreover, the fact that W does not depend on b is used for regu-
larization of the paths in order to control the downcrossings (see Section 2.4.2).
Finally, notice that this setting is sufficient to solve our optimal control problem
(1.1). Existence under weaker conditions is left for further research.

REMARK 4 (On condition C1 on & and fT-0). Compared to the integrability
assumption imposed in [11], for example, C1 looks to be too strong. Note again
that it is sufficient to solve our control problem. As in the previous remark, this
hypothesis is related to the method we use to obtain existence of the solution of
the 2BSDE. In particular, in the Lipschitz approximation procedure and in the
proof of existence of the solution of the reflected BSDE (see Section A.3 in the
Appendix). Weaker integrability condition is also left for further research.

2.3. Definition, uniqueness and properties. We consider the 2BSDE

T 1 T P
Yt:‘i:"i_/ ﬁ(yuaagzu)du_(/ ZudXZ’]P)
t t

2.5)
T T
- / dMF + f dK?.
t t
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In this equation, ( ftT Z, det’[P))IED denotes the stochastic integral of Z w.r.t. X
under P, M is a martingale orthogonal to X and K is a nondecreasing process.

In this part, we want to obtain the same result as [37], Theorem 4.1, for a mono-
tone generator. The difference is that our generator is not Lipschitz continuous
w.r.t. y. Here, we follow the arguments developed in [37] and we check that all the
results contained in [37] still hold in our setting. In other words, we explain how
their results can be extended under H2 and H4. When the Lipschitz condition is
not used, we simply refer to their paper.

DEFINITION 1. (Y, Z, M, K?) is a solution if (2.5) is satisfied P-q.s. and if
the family (KT, P € P) satisfies the minimality condition:

, T s ,
essinf.  EF |:/ exp(/ AE du) dKF
(2.6) P'eP(.PFy) t t ‘

0<tr<T,P-as., VPeP,

]-T} =0,

where

N O el 0 PR
s YS —_ y]P), Yﬁ#ylp - 1-
S

P-q.s. means quasi-surely, that is P-a.s. for any IP € P. In the above definition
and in the rest of this section, (y*, z¥, m") is the solution under the probability
measure P of the following BSDE:

T 1 T P
yl:é—i_/ f(u’X~/\uayu’az422usauab§)du_(/ ZudX;’]P))
t t

T
— / dmy, P-a.s.,
t

where again m is an additional martingale, orthogonal to XF. Moreover, for t < s
and a F, -measurable random variable ¢, y? (s, ¢) is the solution of (2.7) with
terminal time s and terminal condition ¢.

2.7)

REMARK 5 (Notation for solution). In the rest of this paper, (Y, Z, M, K) is
a solution of a 2BSDE, whereas (y, z, m) denotes a solution of a standard BSDE
and (¥,Z,m, I?) stands for the solution of areflected BSDE. If necessary, the depen-
dence w.r.t. the probability measure will be added as a superscript (y¥, MT, ...).
y(t, ¢) always denotes the first component of the solution of a BSDE with ter-
minal time T and terminal condition ¢, where 7 is an F*-stopping time and ¢ is
F 7 -measurable.
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REMARK 6. The BSDE (2.7) is defined on (22, 7y, P) w.r.t. the filtration FY,
and is equivalent to the BSDE on (2, f)T(, P) w.r.t. the filtration Fi’P

08 i =§(X) +/ (Vu G zu)du - (/;TZM de,’P)P

—/ dmy, P-a.s.
t

Moreover, on the enlarged space (Q, Fr,P), with the filtration F+, one defines
the BSDE

T p 1 T P P
it=s(x.>+f 7 (iu,aﬁ’z‘u)du—(/ zua%dvv)
(2.9) ! !

T _
—/ dm,, P-a.s.
t

The key point is contained in [37], Lemma 2.2, where “equivalence” between the
three BSDEs is proved and with straightforward modifications in the proof, this
result holds under our conditions (H) and C1.

Let us begin with the uniqueness result, which corresponds to [37], Theo-
rem 4.2.

THEOREM 1. Under Conditions (H), C1 and C2, let (Y, Z, MPF, KP) be a
solution of (2.5) and for any P € P, let (P, z¥, m®) be the solution of the BSDE

(2.7) in DYV (FE, P) x HYT(FE, P) x MY (FE, P). Then forany0 <t <tr <T

(2.10) Y, = esssup’ . (82, Yp).
P'eP(t,P,Fy)

Thus uniqueness holds in DY (F70) x HE (F70) x MP (FE )pep,) x 12 (FE )pep,)
forany 1 < p satisfying the condition (2.4).

PROOF. In [37], the proof is divided in three steps. There is no modification
in the first one. By comparison principle for BSDE (see Lemma A.2):

P P’
Yy > esssup  y, (t2, Yy,), P-a.s.
PePt,P,Fy)

For the second step, we have almost the same estimate on K P’ For p > 1, satisfy-
ing (2.4),

(K, = Kiy)"

sC[ sup |Yt|f’+(/ I?”’Olds) (fl Zlds)}
1=t 141
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1) ,
+| | dm?

f p
+C[(f \Ils(1+|Ys|q)ds) +
1 1 n
1) , p n 1 p
SC[ sup |Y,|p+(f }ﬁP’0|ds) +(f }ZiszZs|ds> }
N=t=n n n
P P:|

+
I
+c[(f (llls)pds><1+ sup |YS|”q)]
n n=<t<n

1) ,
Z,dXoF

]

%) ,
dm?
n

15} ,
ZydXeF

1

+c|

Hence
sup  EF[(KE - KF)]
P'eP(11,P,F+)

s 2
= clef* + 171, +121E, +E§:7130EP([MP]T)”/ |

+ CLIPITH (1 + 1Y I2L,)]
0

for p = (ﬁ’i f’p) < 0. The rest of this step does not change (upward directed family,
see also Theorem 4.4 in [40]), and thus

Ctﬁf = esssup” EP/[(KE/ - Kff/)”lf;] < 400, P-a.s.
PeP,P,Fy)

The third step can be followed almost exactly. We define for ¢ > 1;

/ t / / t / / 1 ! /
AZ]P = exp(/ )‘II,E: du)’ AEP) :exp[_/ Cs dWSP - 5/ ”;s szs:|
1 1 51

Estimate (4.6) in [37] holds only for A and any constant p > 1:
]EP,‘X’P"[ sup |A£P,|p|f:] <C, P’ ® Pp-a.s.

Hn=<t=<n

since we only have an upper estimate on AE/ < L. Then the linearization argument
shows

/ 19} —
~P QP / / / / +
SV =Yy =5, ° O:E]P‘X’PO[/I AT AT dKY f,l].
1

Thus by the monotone condition H2 and for 1 < p < QQT:

=1

/ Ny sl SRR b2
8V =< (EP e [n ilslgtz(AEm)p_l |]:11])p+1

p+1 2

/ o} / N\ 2 |— p
X <EP®P0[</Z AP dK}f’) i ‘fﬂ)'“
1
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1

/ i) / / P __ 1
=< C<EP®IP’0[</ AED dK?) ‘]—"Z])IJH
n
1
/ n / /| — p+I
x (EP ®]P’0[ AY aK? F:D”“
1
T P'®Pq P’ P\p, =t Ll
Scexp 1 (]E’ [(Kt2 _Kl‘l) |‘Ft1])p+
p+1
1
—+ I\
7))

LT 1 / i) / /
§Cexp(p 1 )(c}”)w1 (EWPO[ AY akP
p+1 ! 1

/ 12 / ’
x (EP ko [ / Ay dK;
n

_L

— p+1

By arbitrariness of I/, and from the condition (2.6), we deduce

%
Y, — esssupIEJ> yE (2, Yy,) <0, P-a.s.
PreP@,PF1)

This achieves the proof of the theorem. [

The comparison principle ([37], Theorem 4.3), the a priori estimate ([37], Theo-
rem 4.4) and the stability result ([37], Theorem 4.5) for 2BSDE remain unchanged
here. Indeed it is a direct consequence of Lemmas A.2 and A.3 and the formula
(2.10). The other arguments follow exactly the proofs in [37].

2.4. Existence of a solution of a solution for second-order BSDE. In order to
obtain a solution for the 2BSDE (2.5), we define for any (¢, w) € [0, T'] x €2,

(2.11) Vi(w):= sup EF(yD).
PeP(t,w)

This quantity Y is a “candidate” to be a solution of the 2BSDE (2.5).

2.4.1. Measurability property of Y. Our aim is to prove that the conclusion
of [37], Theorem 2.1, holds in our setting. To avoid to write again, the complete
machinery developed in [37], Section 2.4, we will use their Proposition 2.1. We
already know that the solution (yP, ZF, mP) exists since (H) holds. Moreover, from
Lemma A.4 and the condition on p and o, (y*, zF, m") can be approximated by
solutions of Lipschitz BSDE in the space D?” x H” x M? forany 1 < p < Qg—fﬁ <p.
Moreover, Lemmas A.2 and A.3 (for comparison and stability) hold. Thus the
conclusion of [37], Proposition 2.1, is satisfied. Hence, as in [37], Theorem 2.1,
the map

(s, 0, P) > V(@)= sup EF(yF)
PeP(s,w)
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is measurable and (¢, ) — Y;(w) is B([0,T]) ® Fr-universally measurable. Fi-
nally, for all (¢, w) € [0, T] x € and F-stopping times 7 taking values in [¢, T'],

Vi) = sup EF(y;(z,I0)),
PeP(t,w)

where yF (z, j)\,) denotes the first component of the solution (y, z, m) of the BSDE
(2.7) with terminal time 7 and terminal condition ); under the probability mea-
sure [P. Notice that for any P € P(¢, w) and any stopping time t with values in
[z, T]

(2.12) EF(13; [P) < +o0.

The proof is contained in [37], Theorem 2.1. Let us recall the main ideas. First,
for every P € P(t, w) and & > 0, using the measurable selection theorem (see,
e.g., Proposition 7.50 of [7] or Theorem IIL.82 in [12]), one can choose a family
of probability measures (Qf,)weq such that w — Qf, is Fr-measurable, and for
P-a.e. we Q,

2.13) QG ePrw).w) and rww) —e <EW[y (T, 5)] < Ve W).

The integrability of Y, is a direct consequence of a priori estimates on the so-
lution of BSDE (2.7) (see Lemma A.l and the estimates below). We can then
define the concatenated probability P? := P ®,; Q¢ so that, by Assumption 1(iii),
P* € P(t, ). Notice that P and P* coincide on F;, and hence EF [y?sl}}] €

Lfﬂu (Fz, P). It follows then from the inequality in (2.13) that EP[|Y;|P9] < oo and

q

the upper bound depends on ||& ”Hﬁf‘"“ and ¢fcq"(, but not on the choice of 7.
0

2.4.2. Path regularization. As in [37], Section 3, to obtain a solution of the
2BSDE (2.5), we shall characterize a cadlag modification of j)\ defined by (2.11).
Again we do not want to write all the details of the proof. Let us only explain
the main difficulties due to the monotonicity condition H2. The proof of [37],
Lemma 3.1, does not use the Lipschitz property of f.

The next step is to prove existence of right- and left-limits for Y outside a Po-
polar sets ([37], Lemma 3.2). The proof is based on a downcrossing estimate and
the Lipschitz constant of f w.r.t. y explicitly appears. Since f is no more Lipschitz
continuous w.r.t. y, we show a downcrossing inequality for )/, but under stronger
conditions on £ and fP*O. Let us assume that there exists a constant € such that for
any ¢ and w,

(2.14) esssup EP[I%H sup |fsp’01] =c.
PeP(t,w) selt,T]

Under this condition and Estimate (A.4), yP and )7 are also essentially bounded
and we still denote by € the upper bound.



2BSDE MONOTONICITY AND LIQUIDATION UNCERTAINTY 1701

An estimate on the downcrossings of Y under condition (2.14). For simplicity, we
assume that L| = 0 in the monotonicity condition H2 (see Remark 2) and we keep
the same notation and the same scheme as in [37]. For any a < b and for Jy =
{to,..., v} withO =19 <71 <--- <7y =T, afinite family of F-stopping times,
we denote by D (y Jn) the number of downcrossings of the process (y,k, 0<
k < N) from b to a.

Let us ﬁx IP € Py and consider the solution (y', z', m') = (y" Py ,Z" Pqil(w),

mi P~ 1 ) of the BSDE with terminal condition y, and driver f on the enlarged

(@) _ ]P;Tz 1 (@)
- w

space under the probability measure ]P’a; ! ® Pg and on the interval

[ti—1, il

Tj—1 (@)

Ti T, 1 (@) Ti
_— -~ ]P
=Vu+ | fue ()’fﬁauzzl)du —ft z;aﬁ aw,e

[ B,
t

w

We can linearize the previous BSDE (see the arguments before equations (A.6)
and (A.7)) to obtain

Tj—1 (@)

~ T Ti_1(w)
=P+ [ 000 = BT du

a1 o Toisy i P e L.
+ fu du —i—/ ¢, 7, du —/ Z, 0, AW, ® —f dm,,.
t t t
Note that we do not use the complete linearization of the BSDE. By the very defi-
nition of ), we get

pli—1@

Ee (y‘f,’,‘,l) S:),}Ti—l(a))'
Now we consider again on [7;_1, 7;] and the probability space, the solution of
the following BSDE:

T 71 (@) 7i—1(@)

i ~ - i 7i—1(w)
5=V [ G0 - 7 O ggdu— [17E 0

. T 71 (@) oo —7:_1(w
—I—/ {L’tajzi, a’u—f zLaﬁ dwre —/ dnt,,, P, 1 as.
t

Here, the generator is
rl 1(®) APT,;](w) 0 z (@ ) iA%
(ty, Z)H[ft >, 0)—f° ’]1y>0_’ft ‘+§tatz
and satisfies Condition (H). By the monotonicity condition H2 with L{ = 0, for
s € [ti-1, Tl

() ~pli-1(©@ )

[fFo (3,00 — fFo O]sign(y) <0.
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In particular, when y > 0, the increment is nonpositive. Hence from the compari-
son principle for BSDEs, we have: y7. <y .
Let fort € [ti_1, 7i]

be the stochastic exponential and

() | 71 (w)

i P2 Y a1 0
g =7 6.0 - 7 O,
From our previous arguments, the key point is that E; > 0. Then

=1;_1 () R Ti . Ti 7i_1(w) ~
L (- [ s [T 70 | <9 @)
Ti—1 Ti

i—1

And by definition of the r.c.p.d.

—[ - Ti . T
E@[yn —/ E;du—/
Ti—1 T;

i—

7i—10)

T wfF <50 PeReas.,
1

where Q is equivalent to P ® Py with density

dQ _ ro » | |
m_8<-/;i_1 {Mqu), t€lti-1, Tl

We define B, = Y""_; Eil[s,_, ,)(¢) and the discrete process
“~ Ti
Vil: VTi:yfi_A (ES+|]/CEP’O|)dS
For b > 0, let

— Ti
Vii=ViA (b—/o (85 + |f?*°|)ds>.

These two processes V and V are Q-supermartingales relative to F (see also the
proof of Lemma A.1 in [8] for more details). Up to this point, we do not change
the proof of [37], because we do not use Lipschitz continuity argument.

We also introduce

t t
w=b= [[@ T Nds. == [ @+ s,

together with u; = u;, and ¢; = £,. Remark that Dé’(j}, Jn) < Dy(V,Jy) =
Dy (V, Jy). Let us now explain how to derive a control on the downcrossings

under the monotonicity condition, using the proof of inequality (12.5), page 446
in [13] (see pages 448—-449). We define 6y =0,

S1=min{jZO,Vquj}, 6i=S1 AN
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and

min{j>0k_1,Vquj}, kodd, k >3,

Sy = _
“Tmin{ > 61, V; <€}, keven k=2,

Or = Sk A N. We have

N—-1

Vo—Vn= Z [Vo, — Vaj+1]-

j=0
Each bracket has a nonnegative expectation (supermartingale inequality). We shall
give a lower bound for each bracket with odd j. On the set where the number of
downcrossings is k, the first k brackets in the above sum with odd j are larger than:
ur; —Lr;,, > ur; — Lr; = b since £ is decreasing. For the other terms (again with
odd j), only V,,, — V1, (ie., j =2k + 1) may be nonzero and is bounded
from below by ur — V r. Hence we obtain the next estimate:

EQ[Vo — Vy] > EQ[bDY(V, In)] + EQ[(ur — V) A0].
Thereby
bEQ[DL(Y. In)] < bEC[DY(V, Jy)]
<E9Vo—Vr—(ur — V1) A0]

=l

) <) r 7,0
<E [(yoAb)—(yT/\b)‘i'_/o (B +| 7P |)ds}

—r R T
SEQ[(%Ab) +Qr Ab)” +f0 (8 + Iff’ol)ds]-

Since ¢’ is a bounded process, using Holder’s inequality, we get that for some
1 < p <, there exists a constant C depending on p and L, such that

bEC[ DL, In)]

<c(B7[Gonvr +(@r vy + [ (207 + |J§P’°|”)dspl/p

To complete the proof, from Condition C2 and estimate (2.12), we only need to
control the term E of the right-hand side. Recall that on [7;_1, 7;),

71 (@)

P
ftw

7j—1 ()

~i 7Py, ,0

(5.0) — f; P52

is nonnegative. Using condition (2.14) and estimate (A.4), from Hypothesis H4,
we deduce that for r € [t;_1, T;)

|17 < (14 Qﬁq)p(@z)p«

4
Et:Et:_[
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Since p < p, from condition C1, there exists a constant C independent of the
choice of 7; such that

EF[/(;T(Es)pdS] <C.

Therefore, Dg ()7, Jy) is Q — a.s. finite. Then for a < b, we have the same in-
equality:

EQ[D2(Y, Jn)]
1

<
“b—a

o N T
2 GoA G =)+ @raG-a) + [ (7]~ 2)as]

This estimate implies that Dfl’ V. J ~) is Q-a.s. finite. Since the right-hand side
does not depend on N, we can extend this estimate to any countable family of
F-stopping times. And the conclusion of [37], Lemma 3.2, still holds under (2.14).
Let us define Y by
J7t+ = limsup 37,.
reQnN(,T1,rit
Let us stress that [37], Lemmata 3.3 and 3.5, does not use Lipschitz continuity
of the generator w.r.t. y. As we did for the downcrossing estimate, we adapt the
proof of [37], Lemma 3.4, to obtain that 37+ is cadlag, Pp-q.s. Moreover, since
the Lipschitz continuity w.r.t. y is not involved, the representation formula of [37],
Lemma 3.5, holds, that is for any 0 < ¢ < T, for any P € Py, we have P-a.s.

jﬂ\f = esssupij y}P/(T, &).
P ePy(t,P,F,)
From condition (2.14), we deduce that j7+ is essentially bounded (again by €),

and thus belongs to ng (FPot). Finally, from our Section A.3 on reflected BSDE,
we can argue as in [37], Lemma 3.6, and we obtain the next result.

LEMMA 1. Under Conditions (H)-C1-C2 and assumption (2.14), this pro-
cess Yt is cadlag, Po-q.s. and belongs to ]D)?)ﬁI (FPo+). Moreover it is a semi-
martingale under any P € Py with an explicit decomposition: there exists
(Z%, MF, KP) e HY (FF+, P) x MY (FF+, P) x I5(FE+, P) with 1 < p < Q% and
foranyt € [0, T], P-a.s.

R T 1 T _ T T
yj:g+/ ﬁff”(yj,a;zf’)ds—/ zFf’dx;vP—/ dMF+/ dKE.
t t t t

Moreover, there is some FP0-predictable process Z which aggregates the family
(ZP)pep,-
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2.4.3. Conclusion. Now we come to the existence result (equivalent to [37],
Theorems 4.1 and 4.4).

THEOREM 2. Under Conditions (H)-C1-C2, there exists a solution (Y, Z,
MP, KP) to the 2BSDE (2.5) in the space D} (%) x HE (F%) x M} (F% )pep,) X
]Ié7 ((FIE)IPEPO) forany p > 1 satisfying (2.4). More precisely, there exists a constant
C depending on p, q T, Ly, Ly such that

P 2
1Y 125 + 1ZI1%y + sup EX(K7)” + sup B ([M*];)"
(2 15) 0 0 PePy PePy

p P,k
< C(IENT5 +¢5™)-
0
PROOF. For the existence, we argue as in [37], except for the minimality con-
dition on KT, together with a truncation procedure. Let us define for any n € N

E"=—nVEAn, FEOR — _n v £(s, X.ag, 0,0, @5, bY

N N

) An.

£" and fP*O’” obviously verify condition (2.14) with € = n. From Lemma 1, we
obtain the existence of a solution (Y”, Z", M™F K™F) to the 2BSDE (2.5) with
terminal condition £” and generator f” defined by

it o, y.za,b)=(ft, 0.y, 2.a,b) — f0) 4+ fr0n.

Note that f" satisfies Conditions (H)—C1-C2. The minimality criterion on K"F
is proved arguing as in the proof of minimality for K (see just below).

Now the stability result shows that the sequence (Y", Z", M mlP _ gnPy con-
verges in Df7 x HY x M} to some process (Y, Z, N¥). The supermartingale N*
can be decomposed: NP = MP — KP, where MF is a martingale under P, or-
thogonal to the canonical process and K* is a nondecreasing process. The limit
(Y, Z, M®, K?) is a solution of the 2BSDE (2.5) if K¥ satisfies the required mini-
mality condition.

Let us prove the minimality criterion for K¥ (again the proof is the same for
K"F). For P € P(t,P, F,), let us denote sy = Y+ — y¥'(T, &) and use again a
linearization argument:

o~ / T ! % %
s+ =EF®Fo [ / AV AT ak?

t

7]
with
]P}/ s ]P)/ ]:P/ s ]:P/ ]P]/ 1 s / 2
A, =exp</t X du), A, =exp[—/t g AW _E/z les |l ds].
Thus P-a.s.

o~ / ! T % /
8yt+zIEP®P0[ inf A¥ / AY ak?
t

t<s<T °

7,*}
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and for p satisfying (2.4), let p’ be the Holder conjugate of p:

/ T / /| —
E]P’@POU AV ak? f,*]

/ / T / /| — 1/2
< {EP ®P0[ inf AP / AY ak? ff“
t<s<T ¢
P'RP LT (P P\p =t 1/2p)
x {E ®0[€p Y (Kr — K, )p|~7:t]}/ b

X {EP,@’PO[( inf AP/)_p/|7j]}l/2p,

t<s<T §

<Cr(C) (Y.

Hence the condition (2.6) follows now immediately.

To obtain the a priori estimate (2.15) for the solution of the 2BSDE, we use the
a priori estimate given in Lemma A.1, the representation formula (2.10) and we
argue as in the proof of [37], Theorem 4.4. [

2.5. Discussion and comparison with [36]. When f is Lipschitz continuous
w.r.t. ¥, the process A is bounded also from below. Thus our minimality condition
is equivalent to the classical one:

2.16)  essinf. EF[KF —KY|Ft]=0, 0<:<T,Pas,VPeP.
P eP(t,P,F )
In general, we only have that the classical condition (2.16) implies (2.6).

If there is only one probability measure P in Py, the minimality condition (2.6)
imposed on K¥ should imply that K is equivalent to zero. In the Lipschitz set-
ting, this is a direct consequence of (2.16). In our setting, it is still true but the
arguments are not direct. From the proof of Theorem 1, (2.6) implies uniqueness
of the solution. But if Py is the singleton, the solution (yP, ZF, 0) of the classical
BSDE (2.7) becomes a solution of the 2BSDE (2.5). By uniqueness, K* = 0.

The monotone case was already studied in [36]. The generator f satisfies Con-
dition (H) and is uniformly continuous in y, uniformly in (¢, ®, z, @) and has the
linear growth property

|f(t,w,y,0,0)| <|f(t,@,0,0,a)|+C(1+|yl).

Then under some integrability condition on & and /;P’O, from [36], Theorem 2.2,
there exists a unique solution of the 2BSDE (2.5) such that K P satisfies the min-
imality condition (2.16). Therefore, if the generator f satisfies the assumptions
of [36] and Condition (H), then the solution obtained by [36] with minimality
condition (2.16) is also the solution given by Theorems 1 and 2 with minimality
criterion (2.6). Let us emphasize that the ways to obtain the solution are com-
pletely different. Indeed in [36] the generator is approximated by a sequence of
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Lipschitz generators f,. For any fixed n using [40], there exists a unique solu-
tion (Y", Z", M"T K"P) to the 2BSDE (2.5) with generator f, and K"P ver-
ifies (2.16). Then the core of the paper [36] consists to show that the sequence
(v, z", M"F, K™FYy converges to (Y, Z, M*, KT) and that (2.16) is preserved
through the limit. The uniform continuity and the linear growth conditions of f
w.r.t. y are crucial there.

3. Liquidation problem.

3.1. The standard formulation of |5, 29]. In [29], the authors consider a proba-
bility space (€2, F, IP). The filtration I is assumed to be complete, right continuous
on [0, T'] and left-continuous at time 7" (see [35] for details on this assumption).
In [5], F is generated by a d-dimensional Brownian motion and thus is quasi-left
continuous.

Given & a Fr-measurable nonnegative random variable such that § = {§ =
400} has a positive probability, 1 (resp., y) a positive (resp., nonnegative) process,
the studied optimal stochastic control problem is defined as follows. For some
¥ > 1, consider the functional

T .
3.1 JmRU=EUﬂmw&ﬁ+wﬂ%ﬁﬁh+émﬂﬂﬁ]
t
over all progressively measurable processes X’ that satisfy the dynamics

5.
3.2) Xy=x+ X, du, s>t
'

for some A with ftT |Xs|ds < 400 P-a.s., and some x € R. To have a finite value
J(t, X), the terminal state constraint is

Xrls =0

together with the convention 0 x oo = 0. The set of such processes A" is denoted by
Ag (t, x). We introduce the random field v that represents for each initial condition
(t, x) the minimal value of J (¢, X)

(3.3) v(t,x)= essinf J(t, X).
xeA%(t.x)

We follow the convention that the infimum over the empty set is equal to co. For
some L > 0, we also consider the unconstrained minimization problem

vL(t,x): essinf JL(t,X)
XeA(t,x)
: r v 9 ¥
(3.4) = essinf E[/ (ns|Xs1” + (ys A L)XV ) ds
t

XeA(t,x)

+Lapl?|7)
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where A(z, x) is the set of all progressively measurable processes X of the form
(3.2). Here, no terminal constraint is imposed on X'.

In [5, 29], the authors show that the related singular BSDE is of the following
form:

"

7q—ldt — )/tdt +thW[ +dm;
(g —Dmn,
with terminal condition equal to &. Here, ¢ > 1 is the Holder conjugate of ¢:
(0 — 1)(q — 1) = 1. The processes n and y satisfy for some ¢ > 1

(3.5) dy; =

T 1
E/O |:(77z+(T—t)ﬂ)/t)e+—q_l]dt<oo.
Up

It is proved that the singular BSDE (3.5) has a minimal supersolution (y, z, m)
satisfying:

1. forany t <T
t £/2
B sup el ([ fads) 1] < oo
O<s<t 0

2. Yy > 0foranyt,a.s.;
3. forall0<s<t<T

t yZ’ t t
YS:yt+/ [_7“4‘%4]0114—/ Zuqu_/ dmy;
$ (Cl—l)??u s s

4. and the singular terminal condition: P-a.s.
(3.6) liminfy; > §.
t—T

To prove the existence of a minimal solution, a truncation procedure is used. For
any L > 0, we consider the BSDE

(ks
3.7) dyf = —"—
EERC

with the bounded terminal condition y% = & A L. This BSDE has a unique solution
(yL 7L o mt ) (see [11]). Moreover, the solution satisfies the a priori estimate

dt — (yi AL)dt + zEdW, + dm?

L 1 d D
(3.8) 05t = Bl [ e+ @ =5y as| ]

Next, by passing to the limit L — oo, the minimal supersolution (y, z,m) of
(3.5) with terminal condition (3.6) is obtained. Let us emphasize here that the
left-continuity condition on the filtration is used only to obtain the weak terminal
condition (3.6). The next result is given in [29], Proposition 8 and Theorem 3.
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LEMMA 2. Let (yL, 7L, mL) be the solution to (3.7) with terminal condition
yIT‘ =& A L. Then the process X' satisfying the linear dynamics

s L\ q—1
xl=x —/ <—) xEdr,
t Nr

is optimal in (3.4). Moreover, we have v, x) = ytL|x|ﬂ.
Let (v, z, m) denote the minimal solution to (3.5) with singular terminal condi-
tion (3.6). Then we have v(t, x) = y;|x|”. Moreover, the process X satisfying the

linear dynamics
s q—1
stx—/ (y—”> X, du,
t Nu

belongs to Ag (t, x) and is optimal in (3.3).

REMARK 7. The sign of X is equal to the sign of the position x at time O.
The case x > 0 (resp., x < 0) corresponds to a selling (resp., buying) liquidation
strategy. If x > O (resp., x < 0), the trading rate is nonpositive (resp., nonnegative),
which is coherent with the absence of transaction-triggered price manipulation (see
[1,2, 16]).

3.2. The formulation under uncertainty without terminal constraint. We work
under the setting described in Section 2.1. We consider a Fr-Borel measurable
random variable £ such that for any P € Py, £ is a.s. nonnegative. We denote by S
the singular set {§ = +o00}. We define the two Borel measurable functions:

n:(t,a),a)e[O,T]XQXS§0—>R1,

yi(t,w,a)€[0,TIx 2 xS;° — Ry.
Here, n and y (and thus the generator of our BSDE) do not depend on the drift
of X. This condition is sufficient to obtain an optimal control independent of the
probability measure P (see Propositions 1 and 4 below). This hypothesis is similar
to the setting in [32].
We define for simplicity
Ns :=n(s, X.As,a5) and Vs =y (s, X sy ds).
Finally, we assume that there exists ¢ > 1 such that for any (¢, w) € [0, T] x @
p (T(1 e(@=1
3.9 sup E / (r) ds < o0.
PeP(t,w) t Ns

Our generator is

ylyi~!
(q— D, »,a)i-!
and satisfies Condition (H): for any (¢, w, a, y, y'):

f(t,w,y,a)=— +()/(t,0),a)/\L)
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H1. y— f(t,w, y,a) is continuous.
H2. Monotonicity assumption: f is nonincreasing w.r.t. y

(ft, 0 y,a) = f(t, 0, a))(y = ¥) <0.
H4. Growth assumption:

}f(t’a)’y’a) - f(tva)’Ova)| =
together with (3.9).

: Iy
@ — D, o, a)i—1"

Compared to H4 in our previous section, here

1
(@ — D, w,a)i"!
and Assumption (3.9) corresponds to Condition C1 on U. The terminal condition
& A L and the process fo = (ﬁo =% A L,t > 0) are bounded. Hence C1 and C2
hold for any p > 1. Hence Condition (2.4) becomes here 1 < p < o. From Theo-

rems 1 and 2, we deduce that there exists a unique solution (Y L ozL mLP gLP)
to the second-order BSDE: for any 0 < < T and any P

T |YL|C| lyL
:(S/\L)—/t mdbt—i—/ @uAL)du

T
_( / zsdegvP> - / AMFT 4 (KEF — kT, Pas,
t t

V(t,w,a)=

(3.10)

such that:

e Forany p > 1, Y~ belongs to D} (FPO)

e For any 1 < p < p, (zL, MLP KL IP)) is in HP(FPO) X Mp((IF Pepy) X
12 (F2)pep,)-

o KLPisaP-as. nondecreasing process satisfying the minimality condition (2.6).

Moreover, we have the representation formula
/
3.11) YtL = esssup[ED ytL P ,
PeP(r,P,Fy)

where (yL P 7L P 1 L-Py i the solution under P of the BSDE

Le_ bfihyet
T T
Note that by comparison principle for standard BSDEs (Lemma A.2), these solu-
tions y-P satisfy the inequality: P-a.s.

0<y"P<L(r+1)  Vvielo,Tl.

— @ ALydt + PP axet 4 amEE.

Thus Py-q.s.
O<Yl<L(T+1)  Vtel0,T]
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REMARK 8. Note that the generator is locally Lipschitz continuous w.r.t. y
and all solutions yZ-* and Y are a priori bounded. Hence
_AL@ DR 1 e ) - 00

— =< = v 1 r < 0.
-1 @)1= Y, —yF Yy

If 77 is bounded away from zero, the condition (2.6) can be reduced to the usual
condition (2.16).

First, we define the following control sets:

e A(t, x) is the set of processes X = (X;,0 <s < T) such that Xy =x if s <¢
and for any P € Py, P-a.s., X is absolutely continuous, that is: X;(w) = x +
[5 X (@) du with [T | X, ()] du < +o00.

e For a fixed P € P;, AP(t, x) is the set of processes X' = (X;,0 <s <T) such
that Ay = x if s <t and P-a.s., X is absolutely continuous, that is: X;(w) =

x+[; j(u(a))a’u with ftT |).Cu(a))|du < 400.

The set AP (z, x) depends on P, whereas .A(f, x) depends only on the probability
set P;. Of course A(t, x) is included in AP (7, x). Next for any L > 0 we define the
following unconstrained control problems:

T .
JE@t, x) = essinf esssupEP[/ @s1X51” + P A L) Xs|7) ds
XeAt,x) pep, t

(3.12)
+ Lol |7
together with
T .
I(t, x) = esssup essinf EP[/ @s1 X517 4 Fs A LX) ds

Pep, XEA(tX) t
HL A7 |

and

T .
HE(t, x) =esssup essinf EPU @51 X517 + P A L) Xs|7) ds
Pep, XeAP(t,x) t

+@ ol |7 |

Immediately, H L(t,x) < IE(t,x) < JE(¢t, x). From the standard formulation (see
Section 3.1), we have

HL(t,x) = |x|’9 esssupytL’P = |x|ﬁYtL.
PGP[
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LEMMA 3. Forany (t, x), JE@, x) < HE(1, x).

PROOF. We assume that x > 0, such that X" is nonnegative for all s € [#, T].
The same arguments lead to the same result for x < 0, using that | X¥|? = (—=X¥)7.
For simplicity, we do not write the constant L in this proof. Let us define

Be=—(Yo/H)% . dXF=BXrds =X ds.
Let us apply the 1t6 formula under the probability P:
d(YT (Xs*)ﬁ) = (Xs*)ﬂ dYS + YS d((Xs*)ﬁ)
S
(q— D(@)1~!
+ (X’ ZodxSF + (7)) amF — (x7)” ak?

ds — (7 A L)(XF)” ds + pY, B(X7)P ds

Y\ R
=—(x¥)’ (ﬁ—s) feds — 7y ALY(X) ds + (X%) Z,dXSF
S

+ (A7) aM] — (X7)” K.
Since (q — 1) =1,

Yq—l o R
Ay = (a0 <’n‘s>q—1) Avds — (9 A LX) ds + (X)) Z,dX &
S

+ (x5 aM® — (X)) dk?

= —[3(1X*)” + G A L)(XF) ]ds + (X5 Z,dXxEF
+ (A7) amy — (A7) dK.
Now integrate this from ¢ to 7T':

Yr(X5)" =Y (X7)" = E AL(AF)" - ¥ix?
T .
[T + G D)
P
+(/ )z, ax;*)
t
T P T
H([ @y amt) - [C@y ak?

t
And taking the conditional expectation w.r.t. P,

T .
B[ A L@ + [ [ + G L) Jas| 7|

T
=Y x” — EP[/ (X" dk? f,+] <Yx’
t
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since K¥ is nondecreasing. Therefore,

esssupEP[(g AL)(XF)” + /T[ﬁs(;v';")l9 + G AL(X)] ds)fﬁ] <Y’
PeP; t

Moreover, the process X™* is in A(¢, x):
sy \9-1
XF=x —/ (A—) X du.
t Nu

J(t,x) <Yix? = H(t, x). O

This implies that

Therefore, we deduce that HX (¢, x) < I (t,x) < JE(¢t,x) < HE (¢, x) and our
first result:

PROPOSITION 1. The unconstrained problem (3.12) satisfies

T .
essinf esssupEP[/ (@s1X51” + P51 Xl ”) s + (& AL)|XT|I9\E+}
XeA(t,x) Pep, t

T .
=esssup essinf EP[/ (ﬁv|Xs|19 + ?leslﬁ)ds +(EA L)lelﬁ‘]_-;L}
Pep, XeAP(t,x) t

and the solution of the 2BSDE (3.10), denoted by YL, gives the optimal process
XL

Xyt =[=(rf /) A ds, @=DE-D=1.

3.3. The constrained problem under uncertainty. We denote by Ay(¢, x) the
set of admissible controls X’ € A(¢, x) such that X71gs =0, P;-q.s. (P;-q.s. means
P-a.s. VP € P;) and Aép(t, x) the set of admissible controls X € AF(z, x) such that
X711s =0 P-a.s. Now consider

T .

(3.13) J(t,x) = essinf esssupEP[f @s1 X517 4 P51 X)) ds + gmr"ff].
XeA(t,x) pep, t

Again we use the convention that 0 x co = (0. As mentioned for the standard for-

mulation, a left-continuity condition is imposed on the underlying filtration to have

the terminal condition (3.6).# In our present setting, we add the next assumption

on our set of probability measures PtW:

o Left-continuity condition: for any probability measure P € PV, the filtration ]FI_PL
is left continuous at time 7.

4This technical condition can be avoided if & is Fr_-measurable (see, e.g., [6]).
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This hypothesis implies that a martingale cannot have a jump at time 7. For exam-
ple, this assumption holds if P = {IP%, a € A} is the set of all probability measures
P? given by
to1
P‘=Pyo (X4,  X¢= / ag dX;
0
for all processes a € A of the form a = 32723772, a'1gr 1, q,,,), Where

(@)in € Ao, (Ta)n is a nondecreasing sequence of stopping times with 7o = 0
and:

e inf{n, t, = +00} < +00, 1, < 7,41 Whenever 7, < +00 and each 7, takes at
most countably many values,
e foreachn, {E}',i > 1} C F;, forms a partition of €2.

Ay is the class of all deterministic mappings such that 0 < @ < a; for any ¢ > 0
(see [39], Section 4.4). Every P?, a € Ay, satisfies the martingale representation
property. Then from [23], Proposition A.1, every IP € P verifies this property, also.
Thereby any martingale is continuous, which implies the required argument for
the filtration (see [21], Proposition 25.19, for example).

For L < L' and any P € Py, we have P-a.s. for any 7 € [0, T']

L,P L' P L
»Zwoo=w =Y.

Hence Py-q.s., YIL < YtL/ for t € [0, T'] (see also the comparison result [37], The-
orem 4.3).
Let us now assume that there exists £ > 1 and « € (1, £) such that for any (¢, w)

T
(3.14) sup EPU [ + (T — s)%?s]‘ds] < 00,
PeP(t,0) '
and
T L
(3.15) sup Ep[ess supP(EP[/ [fs + (T — )" 7] ds‘]:t{|) :| < 00.
PePy 0<t<T 0

LEMMA 4 (A priori estimate). There exists U € Dé(FﬁO) such that for any
0<t<T,Poq.s.

(3.16) o<vkl<

Let us emphasize that the right-hand side does not depend on L and is finite on
[0, 7).

PROOF. The estimate (3.8) gives for any P € Py

T
EPU (s + (T — s)ﬁ)’/})ds’}"f] S

L.P P
O<y ™ = ST

(T —1)?
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The process (u]p, v, nP) is the solution of the BSDE

T T P T
ut :f (s + (T —5)"7;) ds — </ vf de’P) — / dn”.
t t t

Then using (3.14), (3.15) and [37], Theorem 4.1, there exists a unique solution
(U, V,NF, KP) to the 2BSDE

T T P T
Ut:/ (ﬁs+(T—S)§J7s)dS—</ VstE’P> —/ AN+ (K = K7),
t

such that U € DEFY) and (V, N, KF) is in HSEFLY) x ME(FE )pep,) X
IFS o((IF +)]p€7>0). Moreover, for any P € Py and any ¢ € [0, T'], we have the repre-
sentation formula

!
esssupP u],P) =U, P-a.s.
P'eP(t,P,Fy)

Thus we obtain the desired a priori estimate since

/ /
YtL = esssupp y,L’P < esssup]P u? =U;.
PeP(t,P,Fy) PeP(t,P,Fy)

This achieves the proof of the lemma. [J

LEMMA 5. For any ¢ > 0, the sequence (YL, ZL, ML KL-P) converges,
when L goes to +oo, to (Y, Z, M*, K?) in the space D (IFPO) X HS(FPO) X
MZ((F pepy) X IFS ((F pepy) on [0, T — e, which means that all processes are

restricted on this time interval. Moreover, (Y, Z, M ]P, KP ) satisfies the dynamics:
forany P e Py,andany 0 <s <t < T,

t t P
d 7, du — V4 dXC’P)
f(q—l)(nu)ql ”*fs Vil (f ud R

—/ dM? + k¥ — kT
N

(3.17)

Finally, Y satisfies the representation property: for any t < T and any P € Py,

Y, = P P’
;= esssup y; , P-a.s.
P'eP(t,P,Fy)

PrROOF. Fix ¢ > 0 and define

VfL /= sup EP[/O |(f/}/\L)—()7s/\L/)|sti|,

PePy

T—¢
o= s 5 s ([0 w01 - 67 noas) ]
€Po €
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From our conditions (3.14) and (3.15) on ¥, wﬁ"z, and qbi"([f tend to zero when L

and L’ go to +o00. From [37], Theorem 4.5 (stability result for 2BSDE), for any L
and L' we have on [0, T — ¢]

i~ . ,
[yE = vH g, < ClIYE, = YE f + 95,

From the uniform w.r.t. L and Py-q.s. bound (3.16), and from the monotonicity of
the sequence Y L we deduce that

Y4
” Y%—e - Y%—s H]Lé

tends to zero when L and L’ go to +00. Hence there exists ¥ € ID)g(IFT’) defined

on [0, T —e&] suchthaton [0, T —¢], Y£ converges strongly to Y. From (3.16), we
have: Py-q.s. fort € [0, T)

1
0<Yy<——U;.
=1t = (T — t)ﬁ t
By the representation of Y%, for any t € [0,T), any P € Py and any P €
P, P, Fy)
y,L’]P/ < esssup]P> ytL’Pl = YIL <Y, P-as.
P'eP(t,P,F )

The (minimal) superso}ution y]Py of the singular BSDE (3.5) is obtained as the
increasing limit of y- . Thus for any P’

/ i /
ytL’P < y}P <Y = esssupP y}P <Y, P-a.s.
P'eP(t,P.Fy)
Moreover, for any L,
4 / /
YtL = esssup]P> y,L’P < esssupP y? = Y=< esssup[ED y;P].
P'eP(t,P,F,) P'eP(t,P,Fy) P'eP(t,P,F,)

We deduce the representation formula for Y.
Now from the stability property for 2BSDE ([37], Theorem 4.5), if N&-F =
MLP — KLP thenon [0, T — ¢]

’ P4
|25 = 2" |y + sup BF[[NEF — NEFIZ ]
0 Pepy

Ence-1)

/ ({ ’
= ClIYroe =Yooy + IYroe = Yreely

La(p—
+ 0L+ (01N

Thereby the sequences ZL and NLF have a limit Z and N*. The process
(Y, Z, N]P)) satisfies the dynamics: for any P € Py, andany 0 <s <t < T,

t Yq t t cIPP t P
Yo=Y, — —"AdLH—[Adu—(/ZdXM') —deu.
T @ D@0 A | ’
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Then we decompose the process N, P =M, P_K ,P and we check that (Z, M L ¢ P)
is the desired space and that (3.17) holds U

Now we come to the main result concerning singular 2BSDEs.

THEOREM 3. Under Conditions (3.14) and (3.15), the 2BSDE

(¥,)? o
=8 / m—leWId”+A,””d”

T
— ( / Zy dxg’P) = / dM? 4+ (K¥ — KY),  P-as.
t t

forany 0 <t <T and any P € Py, with the singular terminal condition &, admits
a nonnegative supersolution (Y, Z, M*, K?) satisfying:

e the dynamics (3.17) forany 0 <s <t < T;
e the integrability property for any € > 0:

g T SUP IEP[[MP] ]+ sup EF(KF_,)" < 4o0;
PePy PePy

qE +||Z||

D§(0,T— HE(0,7—

e the minimality condition (3.19);
o the weak terminal condition: Py-q.s.

(3.18) liminf Y, > &.
s—>T

Moreover, this solution is the nonnegative minimal supersolution, that is, if
,Z, HP, fp) satisfies the four previous conditions together with Y, >0 for any
t €[0,T] Po-q.s., then Y; > Y; for any t € [0, T] Po-q.s.

PROOF. The first two points are direct consequences of the previous lemma.
Since Y is the essential supremum of the supersolutions y*, following the same
arguments as in the proof of Theorem 2, we deduce that K satisfies the minimality
condition: for any P € Py

t ] =0,

, T—¢ s,
essinf.  EF [ / exp( / )\15 du)
(3.19) PeP.PFy) t t

0<t<T —¢g,P-as.,

where
P 1 Vi — (yF)a
- o~ 7 P .
L @@= D@ Y, =y e

Moreover, our left-continuity condition on the filtration implies that for any P € Py

liminfy? >&,  P-as.
s—>T

Hence from the representation formula, the same inequality holds for Y.
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Let us prove minimality of this supersolution. Let us consider (Y, Z, MP, fp)
satisfying the dynamics (3.17) for any 0 <s <t < T, the minimality condition
(3.19) and the weak terminal condition (3.18). We also assume that Y is Py — g.s.
nonnegative and (Y, Z, HP,YP) verifies some integrability property similar to
(Y, Z, M®, K®) (with maybe a different power £). From the proof of Theorem 1
(uniqueness for 2BSDE), we deduce that for any € > 0, the representation property
holds on [0, T — ¢], that is, for any ¢t € [0, T — ¢] and P € Py,

(3.20) Y;= esssup’ y}P,(T —e,Yr_.), P-a.s.,
PeP(t,P,Fy)

where 91[1)/ = yP/(T — &, Y7_,) is the first part of the solution @P/, ¥, n‘iP/) of the
BSDE (3.5) on [0, T — ¢] with terminal condition Y 7_; at time T — ¢ under P’

Recall that Y satisfies (3.10) and (3.11). Fix L and any probability P and con-
sider ¥ and yZ-* on the time interval [0, T — ¢]. Set

F=3F — yLF, =3P _ LP P LP
We have
f,5) = fe,y"")
=— ! GDI = o) 1 P LP
T (@ D@ ( 5P — yL P ) syt Or =)

+V— WAL
=i F =)+ =B AL
with KITP < 0. Thus the process (¥, Z, ) solves the BSDE
dy, = [-2F% — pilgs 1) dt +Z dW, + diii,

on [0, T — ¢] with terminal condition y7_, = Y7_, — y%’_[z. Thereby

T—¢
Vs = EP[yTer,Ts +f Fs,u)’/\ul)?uzL du
s

f?,+:| Z EP[yT,EFS,T7€|‘FS]EP’+]’

where I’y ; = exp(fst )LIE du). Note that we have ytL’P < (14 T)L, and hence y; >
—(1 4+ T)L. Thus yTy. is bounded from below. We can apply Fatou’s lemma to
obtain

¥y = iminfEF [§7 Ty 7| FE +] = BF [liminf(57 e [ 7o) | FE .
el0 el0

The process (I'y;, s <t < T) is cadlag, nonnegative and bounded by one. Hence
a.s.

Iminf(y7_.Ts 7—.) = (liminfy7_, )T, 7= > (E —E AL, 7— > 0.
Hgni})ﬂ Or—els,7—¢) (Hgni})ﬂ T s) s.7-=>E =&AL 7- >0
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Here, again we use left-continuity of the filtration to exclude jumps for the orthog-
onal martingale m”-F. Finally, )')ED > ySL’IP for any s € [0, T'). Since it holds for any
P € Py, we deduce that Y > YF for any L > 0. Taking the limit as L goes to 0o
yields the claim. [

REMARK 9. The previous theorem holds true for more general generators sat-
isfying Conditions (H) together with the growth condition: there exists a constant
g > 1 and a positive process n such that for any y >0

f?(t’y’z)i_%|qu+ﬁ(t’o’z)
(4 - D7y

and the conditions (3.14) and (3.15) hold replacing ¥ by fO’P. See [29] for details
for singular BSDEs.

We can now obtain an optimal solution for the control problem (3.13).

THEOREM 4. The constrained problem (3.13) has an optimal state process

X* defined by
s 1Y, q-—1
t Nu

Moreover, the value function is given by J (t, x) = lx|” Y.

PROOF. Remark that the sign of &7 is equal to the sign of x. Thus if x <0,
| X;*| simply denotes —AX".
If we define fort <s < T

N N
oy s= vl = vl [ e [0 akE |

then we can easily show that under each IP € Py, 6 is a nonnegative local martin-
gale, and thus a nonnegative supermartingale. Thereby 6 has a limit, P-a.s. when
s goes to T. Hence since P-a.s.

liminf Y;1g = +00,
s—>T

we obtain that

] = (es + il = 1A G du + dK§>>q—1
| =
Y,

<

<9s + Yt|x|’9—1>q—1
Y,

tends to zero on S, P-a.s. In other words, X* € Agy(¢, x).
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As in Lemma 3, we have
(Y| X)) = [0 X + Gl ds + | 7| ZodxF
+ X" am? — | x| dk ¥,

Thus, for any ¢ > 0,

T—e¢ o
lal? =B Yoo [ [T+ Golacl s 7

T—¢
+ EP[/ x| dk? ]—',+].
t

From the definition of 6, it follows that also the limit lim;47 Y;| X} |’9_1 € R exists
and that | X7 | = lim;y7 |X| = 0 if liminf;4 7 ¥; = oo. Recall that liminf; 47 Yy > &
and let us distinguish two cases. First, assume that liminf;47 ¥; = 0o. Then
liminfy7 Y, |47 = (limgy7 Y1 X517~ (dimgp 7 |XF]) = 0 = £| X7 (for the last
equality we use that 0o - 0 := 0). Next assume that liminf;47 ¥; < oo. Then it
follows that liminf,17 Y, |X;*|” > &|X%|”. Hence for any P, liminf;47 ¥, X*|? >
E| X7 |”, P-a.s. By Fatou’s lemma and since K¥ is nondecreasing, we have

) P o T S | o
Y’ > E [s|x;<| +ft (7| X2 + (7)) 7] ]ds\fﬁ]
Thereby

T .
Y|x|” > e[sPssupEP[/; @ X" + 7| X*") ds +s|x;1l’(f,+] > J (1, x).
eP;

Now we have obviously J (¢, x) > J L(t,x) and

xI7Ye= dim 7Y = lim S <T@ < Filx)

This gives the optimality for X* and the value function of our problem. []

Discussion around the examples of [5]. Even in the classical case, that is for a
fixed probability [P, there is in general no explicit solution of the BSDE (3.5). But
when & = 400 P-a.s. and y = 0, then in [5], Section 5, an explicit solution y is
given provided that n has uncorrelated multiplicative increments. This condition
is equivalent to the property that the process (17; /EF (1), t > 0) is a P-martingale
(see [5], Lemma 5.1). Under this condition, the value function and an optimal state
process are given in [5], Proposition 5.3.

Assume that 7 is given by 7j; = noexp(X; — % Jo dsds) and that under PP, the
drift 5 of X is deterministic. Note that the concatenation property of the family
P implies that b = b* should not depend on P. Then under each P, 7 satisfies
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dn; = 1y d X, and has uncorrelated multiplicative increments. The solution yP
explicitly given by
1
(A S 4-ds)?=1
Hence we have an explicit formula for the solution of the 2BSDE,
1

V=7 ar=exp( [ @— by ar) = [E" G

Y, =
(Az ST 4 dS)ﬂ v
An optimal state process is deterministic:
1 T 1
X[ —ds.
fO ads A

In partlcular if the canonical process is a local martingale under each P (b =
0), Y, = ( 0 and X; = (T ) . Roughly speaking, since 7 models the cost (price
impact) and y the risk, then the drift is important for 1 (average cost) and the
volatility is important for 7. That is why when taking ¥ is equal to 0, the volatility
uncertainty can not be seen in the generator.

APPENDIX: (REFLECTED) BSDE WITH MONOTONE GENERATOR

A.1. Notation and Conditions (H) and (H’). In this section, the setting is the
same as in [9] or [28]. Let T > 0 be fixed and let (2, F, P) be a probability space,
equipped with a filtration F = {;, 0 < < T} satisfying the usual conditions and
carrying a standard d-dimensional F-Brownian motion W. In the Section 2.1.5, for
any p > 1 and any o € R we have defined the spaces IL.”, D?, HP-* MP-¢, TP-¢,
The spaces H” 0 MP-9 and 17-9 will be denoted HP?, M” and I”. In the 1td formula
for p > 1, we will use the constant

(A1) (P =2((p=D A1)

and the function ¢,(x) = |x|P~] sgn(x)1l,=o (see [11], Corollary 2.3, or [28],
Corollary 1).
We consider a generator function

fitt,w,y,2€l0,TIx QxR xR — R,

The generator f satisfies Condition (H). In H4, the process W depends on ¢ and w
and is supposed to satisfy

T
IE/ (W;)°dt < +o0
0

(see Condition C1). Sometimes we will use the stronger condition H4’: there exists
g > 1 and a constant L such that

£t w.y.0) = £ < Lq(1+ |y]%).
If f verifies H1, H2, H3 and H4’, we will say that (H") holds.
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A.2. Results for monotone BSDE. We consider the BSDE
T T T
aD  w=g+ [ fevemrdu— [ zdw,— [ am,
t t t

Let us now recall several classical results on the BSDE (A.2). If (H) holds® and if
for some p > 1

T
(A.3) E[|§|1’+f0 |f,0|pdt] < 400,

then there is a unique solution (y, z, m) € D? x HP x M? (see [11, 14] or [28]).
Let us emphasize that the quasi-left continuity property of the filtration assumed
in [28] is in fact unnecessary (see the Introduction of [9] or [35]). The next a priori
estimate on (y, z, m) will be crucial.

LEMMA A.1 (A priori estimate). Under Condition (H), for any o« > pL| +

2

L
2 .
G=DAT there exists a constant C, such that

T
le® ylpe + lzllra + Imllyra < c,,E[ean + fo |e“’ft°1"dr].
PROOF. See, for example, Propositions 2 and 3 in [28]. [

Moreover, from the proof of this lemma, we get the next classical estimates: for
any stopping time 0 <7 < T,

T 1/
(A4) yel < C(E[|5|“ + / | ffrds\f,])
forany 1 <« < p and
T T
(A5) B [ s < ci(jer + [ 1597 ds)
t t

The constant C depends only on k or p, T, L and L».
The next trick (linearization procedure) is used several times in this paper. If
(v, z, m) satisfies the BSDE (A.2), then

T . T T T T
yt:§+/ I ds+/ Asysds+/ {szsds—f zdes—/ dmyg,
t t t t t

where

_ Sy 0= fF

)\‘ Slso
s Vs Vs#

SIn fact in this section, Hypothesis H4 could be replaced by a more general condition (see [28],
Assumption (H2)).
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and

&= v = )

where for 1 <i < d, z(l) is the d-dimensional vector in which the first i-

components are equal to the ones of z; and the d — i others are equal to zero. From
H3, ¢ is a bounded (by Lj) vector-valued process. From the monotone condition
H2, Ay < Ly as. If A, =exp(fy As ds),

(A.6)

T T T T
A,yt=AT§+/ Asf;)ds+f {sAszsds—f AszdeS—/ Ay dmy.
t t t t

Hence if Q is the probability measure equivalent to P defined by the density

(A7) 5(— [ ;sdws)=exp(— [oaw—3 [ ||;s||2ds),

we obtain
E@[—E +/ —fs ds).a].
Andforany0 <t <s<T,

AS N
0<—= exp(/ Au du) <exp(Li(t —s)).
Ay t
This implies immediately that if £ and f© are P-a.s. bounded, then y is bounded.

Moreover, comparison principle ([28], Proposition 4) and stability property
([28], Propositions 2 and 3) hold for monotone BSDE.

LEMMA A.2 (Comparison). We consider two generators f| and f> satisfying
(H). Let 51 and & 2 be two terminal conditions for BSDEs (A.2) driven respectively
by f1 and f>. Denote by (y', z!, m") and (y*, 22, m?) the respective solutions in
some DP x HP x MP with p > 1. If' <&%and fi(t,y},2}) < fo(t, ¥}, 2}, then
a.s.foranyt €[0,T], yt1 < ytz.

Note that a strict comparison principle does not hold in general (see [34], Propo-
sition 5.34, and the comments just after).

LEMMA A.3 (Stability). Let now (&, f) and (&', f') be two sets of data each
satisfying the assumptions (H). Let (y, z, m) (resp., (y', 7/, m")) denote the solution
of the BSDE (A.2) with data (&, [) (resp., (§', f)). Define

(Ay, Az, Am, A, Af)=(y—y . 2= m—m' . E—& f— f).
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Then there exists a constant C depending on L1, Lo, p and T, such that

T, N2 2
E[ sup |Ayt|1’+(/ Azl ds> +(AmI? }
tel0,T] 0

T
< cE[iagr + [ 187 ( 5. ar |

Let us describe why we assume Condition H4, and not some weaker growth
condition. Indeed for second order BSDE (Section 2) we used that the solution
(y, z, m) is obtained by approximation with a sequence of solutions (y", z", m")
of Lipschitz BSDE.® This is the reason why polynomial growth of f w.r.t. y is
assumed in H4, as in the paper [10]. In their work, the filtration is generated by the
Brownian motion and the generator f satisfies Condition (H"). Hence we extend
it to our setting.

_LEMMA A.4 (Lipschitz approximation). Assume that (H) holds and that & €
LP and f0 € HP for some p > 0/(0 — 1). The solution (y, z, m) of the BSDE
(A.2) belongs to DP x HPY x MP9 and is obtained as the limit in DP x HP x MP?
of a sequence (y", z", m") solution of Lipschitz BSDEs for p satisfying (2.4), that
is,1<p< Qg—fﬁ <p.

PROOF. The first part of the result is a direct consequence of Lemma A.1. Let
us now only explain the second assertion. We will adapt the result of [10] and we
refer to this paper for the details. We only give the main arguments. W.l.o.g. we
can assume in this proof that L; = 0 (just consider y; = e L1y, 7, = e~ L1z,
m; = e L1'my, instead of (v, z, m)).

Step 1. First, we consider the following BSDE;

T T T
(A.8) ytzg—i-‘/t‘ f(s,ys,vs)ds—/t ZSdWS_/z dmy,

where v belongs to HPY and f satisfies (H'). We denote by & the function
h(t,y) = f(t,y,v;). This function h satisfies Conditions H1-H2 and H4’. And
h? = h(t,0) € HPY. We construct a sequence of Lipschitz functions &, which ap-
proximate h. Let ¢ : R — R, be a nonnegative function with the unit ball for
support and such that [ ¢(u)du = 1 and define for each integer n > 1, ¢, (u) =
n¢(nu). We denote also for each integer n, by ©,, a C* function from R to R
suchthat0 < ®, <1,0,(u) =1 for |u| <nand ®,(u) =0assoonas |u| >n-+1.
We set

Note that this setting is sufficient to solve our control problem. Weaker conditions could be intro-
duced using Mazur’s Lemma and this technical point is left for further research.
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Moreover,

@ (n) = e/ ?(n+2Ly)y1+T2] +1,

where |r] is the integer part of r, Ly coming from H4’, and we define as the
convolution product

(A.9) ha(t,) = 6n * (Owuenhn(t, ),  t€[0,T1.

This function h, is globally Lipschitz w.r.t. y uniformly in ¢ and » with
lh,(,0)] <n A |h?| + 2Lg. Moreover, for any (7, w, y),

Vha(t,y) < ((n A R7[) +2Lg) Iy,
and for any y and y’ in the ball B(0, @ (n)) then
(v =) (ha(t, y) = h(2,¥')) <0.

In other words, A, is only locally monotone (only in a given ball with the radius
depending on n). Let (¥", z"*, m") be the unique solution of the BSDE

(A.10) —§n+/ (u, yi du—/t‘ ZndW, — / dm’,

in DP9 x HPI x MP9. This solution verifies (see [10], Proposition 2.1)

sup |y < (n+2Lg)e' 21+ T2.

tel0,T]

Hence y;' is in B(0,  (n)). And from Lemma A.1 we also have forany 1 < p <p
and for some « large enough

SUP*[Hea'yn H]qu + " HHm-u + Hmn”MMya]
neN

=C E[e”“qTISI”q +f (1Y) + 2L )pth:|
Now we fix two integers £ and n such that £ > n and
8y=y£_yn’ 8Z:ZZ_ZH, 8m=m€_mn’ (Sf:%’g—&‘n

For 1 < p <p, with ¢(p) defined by (A.1), since |y}'| < @ (n) < w(£), we use
It6’s formula and the local monotonicity of /4, to obtain

T
18y,1” + ¢(p) / 18yu |75y, 20182l du
t

T
+e(p) f 18yu_ |75y, o d[Sm]E

+ 3 [[8yue + AGM| = 18Yu-1? — pdp(Syu) ABm),]

t<u<T
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T
<1867 + p / [he(it, ") — (i, 3)]6p By du

T T
—p / 3o (Byu)dzudW, — p f 3 (Byu_) d(6m)..
t t

Since the set {8y, # dy,—} is countable, arguing as in the proof of [28], Proposi-
tion 3, we deduce that there exists a constant C such that

T 2\ 2
E[ sup |8yt|1’+(f0 1524l du) + ([3m1r)” ]

(A.11) rel.T]

T
< CE| 8617 + [ Whelu,32) = e 72) 83,17 du]

Since & € P9, then §& goes to zero in LL” as n and ¢ tend to +o0. For any given
number k, we put

T
Sn = E[/O Lyt nzh e (e, y0) = ha e, y)[18yal "~ du],

T
Ry = E[/O Vg zi e 3i) = (e, i) [185a17 7! du]-

With this notation, we have

T
[ [ e 52) = e ) 33 |
(A.12) ,
=S+ R SCpkplE[sup/ |hg(u,y)—hn(u,y)}du} + RS,
lyl<k /O

Since h(s, -) is continuous (P-a.s., for every s), h,(s, -) converges toward A (s, -)
uniformly on compact sets. Taking into account that

sup |hn(s, y)| < |h(s,0)| +29Lq(1 + k%),
Iyl<k

Lebesgue’s dominated convergence theorem implies that for any fixed number &,
the quantity

T
Cpk”l}E[sup/ |hg(u,y)—hn(u,y)|du}
lyl<k /0

goes to 0 as n tends to infinity uniformly with respect to £. The proof will be
completed if we prove the convergence of Rf;. Using Holder’s and Chebychev’s
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inequalities, we get

(@=DHp=b
rq

T
¥4
R, =< [E/O Ly 141yt =k) d“]
q+p—1

T p(p—1)
X [Ef \ho(u, yl) — hn(u, y1)| Tt |5yu|71q£p71q du} rpa
0

(A.13)

@=D(p=D @=bp=b

< k=902t 00 sup B sup (|yr))7)]
neN* t€[0,T]

T pa p(p=1q q+ppq_1
x [E [ Vel 92 = s ) 75160 5 du]
0

Remember that the above expectation is bounded uniformly w.r.t. n. Thus the first
term of the right-hand side of (A.13) is uniformly bounded. We have to control

r p(p—1)
(A.14) Al :Ef g, Y1) — B (i, y") | T |8y 57T du.
0
By Young’s inequality,

T
A% =2C sup B( sup ((y4])"*) +CE [ (1£217 + a17%) du.
neN* 1€[0,T] 0

Thus Aﬁ remains bounded w.r.t. n and £. Collecting (A.11), (A.12), (A.13) with
(A.14), we deduce that there exists a constant C such that for any k£ and ¢ > 0,
there exists N such that for £ > N and n > N

B[ sup 1 |P+(/T|a 2a )p/2+[5 1 =c S
su z u m <C————F +e¢.
eor o r k@=Dp=D

Since we can fix k large enough to ensure that the right-hand side is smaller than
2¢, we deduce the convergence result.

Step 2. We consider now the general BSDE (A.2), but with Condition (H').
The Lipschitz approximation will be obtained by a fixed point argument in
D? x HP x MP, arguing as in the proof of [10], Theorem 3.6, with straightfor-
ward modifications.

Step 3. For the more general growth condition H4, consider

fn(tvy’z):(f(t’yvz)_f(tvo’o)) +f(t’070)

n
Y(@)vn
Then f;, is still Lipschitz continuous w.r.t. z, continuous and monotone w.r.t. y and
satisfies

n\W (1)

W(l + 1y17) < n(1+[yl%).

|fn(t7 )’»0) - fl’l(tvo» O)} =<
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fn satisfies H4" with Ly = n. Thus there is a sequence (y", 2", m") of solutions
for the BSDE with generator f,. As before let us define

Sy =yt — ", sz=z0— 7" sm=mt—m".
Note that
| fo(u, yits zi) = fa (s ¥, 2) | < (W @) 1w wyznne) (14 [y5]%).
Young’s inequality implies that for any £ > 0
e[ fe (e, yii- 2a) = fo e, 33 20) 16 (B3|

—1
W)Ly yzane)” (14 |yi]7)" +?p76“”l5yul”-

oau

per— P

Therefore, using Holder’s inequality and It6’s formula for 1 < p < Qg—g and o >

(pp D L3+ Ep L taking the expectation and leads to

C(p)
APy f 18 yu_ P oy, 20l8zul du

+e(pE /0 18y, P15y, sod[Sm]

+E Y [[8yu + AGmYL|” = [8Yu—1” — popByu—) ASm),]
O<u<T

1 ! 5/G-p)
< W(E/o e (W) Ly wyznne) 7 du)

T - p/p
v (E/ (1 + |yZ|q)pdu> .
0

But for p < <30 < p, we have pp/(p — p) < 0. Hence the right-hand side of the
previous 1nequa11ty goes to zero as £ and n tend to +00. Now we proceed as in
the proof of Proposition 3 in [28] and we deduce that the sequence (y", z", m"™)
converges in D? x H? x M” to (y, z,m). [

(b—p)/p

REMARK A.1. The condition p > o/(0 — 1) is equivalent to 1 < == +p

e If H4' holds, then ¢ = +o00 and p = p.
e If everything is bounded (¢ and fso), then y is also bounded and we only need
o> 1.

Finally, let us recall a technical but crucial lemma, called Lemma A.2 in [37].
The result is the same, but the proof has to be modified since f is not Lipschitz
continuous in y anymore.
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LEMMA A.5. For any F-stopping times 0 <r <u <t < T, any decreas-
ing sequence of F-stopping times (t,),>1 converging P-a.s. to t and any F-
progressively measurable and right-continuous process V € DP9, if y(-, V) de-
notes the first component of the solution to the BSDE with terminal condition V.
and some generator f satisfying (H), we have

VLEI:I‘FIOOEHyu(‘E’ V‘L’) - Yu(fn’ VTn)H =

PROOF. By classical stability result, for any x < p, there exists a constant C
depending only on 7', k, L1 and L, such that

E[|yu(t, V) — yu(tn, Vo) |] = E[|yu (T, V) — yu(T, 2 (2. V)]
S CEHVT - yr(fna an)|K:|'

Compared to the proof of [37], Lemma A.2, we do not use the complete lineariza-
tion argument. But we strongly use the growth condition H4 with the a priori
estimate given in Lemma A.1. Indeed we only write that

yT(T’l’ an) :E[g(/rn Cs de) (Vrn + /-t" f(S, ys(Tn, Vrn), 0)ds>’f{|

Then
E[b’u(f’ Vo) = yu(ta, an)’]

<CE[5( g“deP> |Vz —Vrn|K]

+ CIE[E(/ ;deS)K /Tr" £ (5, s (Tn, Vi, ), o)\”ds]

<c1@[5(f ¢ d >|V rVrnl”}

+CE|:5</ né‘des) /T" \pf(1+|ys(fn, Vrn)|q)de:|-

Since ¢ is bounded (by L»), the Doléans—Dade exponential appearing above has
finite moments of any order. Now since we have an a priori estimate on y (z,, Vz,)
in DP9, uniformly in n, we argue as in [37] to conclude. [J

A.3. Reflected BSDE with monotone driver. In this section, we extend the
results contained in [9], where the driver f is supposed to be Lipschitz continuous
w.r.t. y and z. One of the main contributions of [9] is the existence of a solution
for reflected BSDE in a general filtration, without quasi-left continuity condition.
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Here, we follow the same scheme but for monotone generators satisfying hypoth-
esis (H). Thus we do not give all details but we point out the differences.

Let us remark that our condition H4 on the growth of the driver f or the integra-
bility assumption C1 on the terminal value £ and f° are not optimal, compared to
the conditions imposed in [24], for example (see also among others [25, 26, 31], for
reflected BSDE with monotone generator). This improvement of our result would
be quite long and is left for further research.

Estimates on supersolution. We first consider supersolution of the BSDE

T T T T
(A.15) yt:$+/‘ S (u, Yu,Zu)dM—/ Zu qu_/ dmu+/ dky.
t t t t

The generator f satisfies Condition (H). Let us begin with some a priori estimates.
Here, we use the notation z * W to denote the stochastic integral of z w.r.t. W and

n=zxW+m—k, L=m—k.
LEMMA A.6 (Equivalent to Lemma 2.1 in [9]). Assume that the condition

(2.4) holds. For all o > 0, there exists a constant C depending only on L1, Ly, p
and T such that

(A16) [IklEe < C(le2 )5, + e (L+ 1y IE I s + 120 + O i)

with

(A.17) p=

Moreover, for any € > 0, there exists a > 0 and C®% such that, if p > 2,
p p
Iy lgp.e + 171 ygp.a

<&l £ lfpe

r
(A.18) + cg’“[usnn’ip ey 15y + (e y= xn)r ]2y 12

T +
+E( [ e‘%p(ys)dks) 1,,:2].

and if p € (1,2)

||n||11\)4117,&1 S 8“ fo ||]€Hp.ot
(A.19) ; .
+Cs’“[llélln’_’,p + ey 15, +E(/0 e%p(ys_)dks) ]
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PROOF. The arguments are similar to the proof of [9], Lemma A.1, and of the
estimate (2.9) in [9]. The inequality (A.19) is proved using It6’s formula and the
arguments of [28], proof of Proposition 3, Step 2 to control the martingale terms.

]

From this lemma, we can copy the arguments in the proof of [9], Theorem 2.1,
and we deduce the following.

PROPOSITION A.1 ([9], Theorem 2.1). If (y,z,m, k) is a supersolution of
(A.15) in the space DP1 x HP x MP x I withp > 0/(0 — 1) then forany 1 < p <

Qg—fﬁ and for « large enough, there exists a constant C such that

Izlfpa + Ml e + 1Kl Da
< CIENL, + Iy1Ge + [+ DI NWILe + [ £ fpe)-

REMARK A.2. Asin Lemma A.4 and Remark A.1, if ¥ is bounded (Condi-
tion H4'), the result holds for p = p > 1. Note that C may depend on «.

The results of [9], Theorem 2.2, hold. More precisely, if we have two solutions
',z mt, ki) e DPI x HP x MP x ]I'i of (A.15) with terminal condition & and
generator f', we define

Sy=y' -y sz =2z — 722,
8m=m1—m2, 8k=k1—k2,

Sf(t,w,y,2) = fl(t,a),y,z) — fz(t,w,y,z).

f? satisfies Conditions (H). Then for any o > 0 and p satisfying (2.4), namely
< QP
— Q+p b

1821l gp.e + 80 — k) || Fgp.c

1<p there exists a constant C such that

%/\(p—l

< CIENP, + 18515, + 189120 ™" + 18£ (0" 2Y) |-

Here, the constant C depends on Ly, Lz, p, o and also on [|Wllre, [[y'[lpe,
1y lpsas NE e, | f1(0, 0)lmpe for i = 1,2. To prove this inequality, we argue
as in the proof of [9], Theorem 2.2.

Application to reflected monotone BSDE. Now we study the reflected BSDE
T T T T
a2 F=t+ [ feFiodu— [ Zaw,- [ ai+ [ dk,
t t t t

with y; > §; and fOT (5— — S;_)dk; = 0, P-a.s. (Skorokhod condition). S is a cadlag
process such that ST = S v 0 belongs to D?.
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Using again the linearization procedure (A.6) and the new probability measure
Q defined by (A.7), if (¥,Z, m, k) is a solution, then

T T T
Aiyr = Aré +/ Asfsods +/ LsAsZgds _f AsZg dWs
t t t
T T N
—/ Asdn~15+/ Ay dkg
t t

with A;y; > A;S; and fOT(Au_yu_ — AM_SM_)dEM =0 a.s. Again the key point
isthatfor0 <s <t <T,0 < Ag/A; <exp(Li(t —s)). As in [9], Proposition 3.1,

the following representation holds:

T
(A.21) Ay = esssupEQ[/ Asfs0 ds + Arél—7 + ATSTIKT’]:,].
t

167;,]'

Now we denote by (y, z, m) the unique solution of the BSDE (A.2) (or (A.15) with
k=0).

T T T
yt=$+/ f(bhyuszu)du—/ Zuqu_f dmu
t t t

From the comparison principle, a.s. for any 0 <t < T, y; > y;. Let us begin with
two technical lemmas corresponding to [9], Propositions 3.2 and 3.3.

LEMMA A.7. Forp>1,if (y,Z,m, k) is a solution of (A.20), then

T p
|e“F18, = Cur.nr | 1E1E + S¥IB, +E( [ 1£as) ]

+Ca.rrre™y[f-

(A.22)

Moreover, if we have two solutions (y', 7", i, ki ) of the reflected BSDE (A.20)
with terminal condition &', generator f' and barrier S*, then

le*65 150

(A23) ] , , Y.
< ca,Ll,Lz,T[naan 188112, +E(f0 15£ (5. ys,zs)lds) }

PROOF. Fix p > 1. Using the representation (A.21), for any « > 0, we ob-
tain

T
sup (e*'15]) <" sup e“’E@(/ £ lds + sup S;+|s||f,)
te[0,T] te[0,T] 0 uelt,T]

+ sup (e*[yl)
t€[0,T7
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<C sup [E((/OT|f9|ds) + sup (87)7 +|§|P\E)]W

t€[0,T] uel,T]

+ sup (e*|y)
te[0,T]
with C = C), ,,1,,1,«- Using Doob’s inequality, we deduce (A.22).

The second point in [9], Proposition 3.2, is the stability of solutions for re-
flected BSDE. We assume that we have two solutions (y', %", iit’, k') of the re-
flected BSDE (A.20) with terminal condition &', generator f' and barrier S’. The
functions f' satisfy Assumptions (H) and again we can assume that the mono-
tonicity constant L is nonpositive. Then (A.23) can be obtained with the same
proof. In fact, we only need that f? satisfies H3 with L1 < 0. No particular con-
dition on L of the generator f! is used here. Hence [9], Proposition 3.2, again
holds under our setting. [J

LEMMA A.8. If we have two solutions (y’ 7, mt, k') of the reflected BSDE
(A.20) with terminal condition &', generator f' and barrter S', then

18211800 =+ |8t — B) || Eppc
<elsf (512N By + CE(I8ENL, + 18S12,),

where the constant C* depends on L;, p, o, € and II\IJIIH[j,;, ||§i||ﬁp, 1y ||qu,
& ||H’jp, and || f1(0, 0)||ﬁp,a fori=1,2and p is defined by (A.17).

(A.24)

PROOF. The arguments are the same as [9], Proposition 3.3. Indeed we can
use estimates (A.18) and (A.19) and the Skorokhod condition

(A.25) E[/OT e $p(855-) d(aa)} < E[/OT e, (8Ss-) d((s/?s)],

the function ¢,(x) = |x|P~!sgn(x) being nondecreasing. We conclude using
Holder’s inequality. [J

The right-hand side of (A.24) is finite if we have the same condition as in
Lemma A 4.

PROPOSITION A.2 (Theorem 3.1 of [9]).  Assume that & € LP9, S* € DP9 and
O e HPY for some p > 1 with p > 0/(0 — 1). There exists a unique solution
(Y, Z, M, K) to the reflected BSDE (A.20) in DP1 x H? x MP x I? for any p
such that

op =
1 < ——
<p=< +p<p
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PROOF. Uniqueness is a direct consequence of estimates (A.23) and (A.24).
Without loss of generality, we can assume that L; = 0. For the existence of a
solution, we proceed in several steps.

e Step 1. Assume that (H') holds and that &, f° and ST are bounded: there exists
a constant L, such that a.s.

(A.26) lEl+ sup |f2]+ sup S <L
t€l0,T] t€l0,T]

Then the estimate of Proposition A.1 holds for any p > 1. We denote H* =
Me=jq H°. We proceed in two substeps.

* Substep i. Let us take V € H® and we denote by g(z, y) the function f (¢, y, V;).

The generator g satisfies the same condition (H') as f , with g" € H*®. From [9],
Theorem 3.1, there exists a unique solution (y",7", m", k") € SP x HP x MP x ]I’fr
to the reflected BSDE (A.20) where g is replaced by g,:

T T T T _
§?=§+/ gn(u,yg)du—/ Z’;qu—/ dﬁaf;+/ di
t t t t

with y' > S, and fOT O — S,_)d%t” =0, [P-a.s. Here, g, is defined as in [10] (see
equation (A.9)), that is by the convolution product
(A.27) gn(t, ) = 6n % (On118(1, ), t€[0,T],

where ¢ and ® are the same as in the proof (Step 1) of Lemma A.4. This function
gn 1s globally Lipschitz w.r.t. y uniformly in ¢ and » with |g, (¢, 0)| < | sz| +2L,.
Moreover, for any (¢, w, y),

(A.28) yen(t,y) < (| £+ 2Lg)lyl.
From (A.28), (A.21) and (A.22),

sup sup |37'| < Cr, Lo, 7 < +00.
n 1el0,T]

Hence we consider only the case n > CLq,LOO,T. Let us take n’ > n > CLq,LOC,T
and

5y=5" -5, sz=7"-7. sm=m" " Sk=K" k"
We apply Itd’s formula to (87)? and since |5'| <n <n’, we use the local mono-
tonicity of g; and we obtain

T T -
|5§t|2+/ |82u|2du+/ d[s(i — 0],
t t
T ~] ~ ~
52/1 [ge(u, 33y) — &n (e, 7)1 (8Fu—) du

T T ~
—2/t (85u—)8%u dW, —2/{ (85u—) d(8(i — K)),,.
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The Skorokhod condition implies that

T - T ~
E[ft e <8yu_)d<8k)u}§ﬂz[/[ e (asu_)dwk)u]:o

Since the set {§y,, # §y,—} is countable, classical arguments (using BDG inequal-
ity) imply that there exists a constant C = Cp, 1,7 such that

T T _
E[ sup |3y,|2+f0 |azu|2du+/0 d[S(n?—k)]u}

1€[0.7]
T
ECE[sup/ |gn'(u,Y)—gn(”’y)|d”]-
lyl<C /0

We argue as in Step 1 of the proof of Lemma A.4 and we obtain that (y", 7", 1" =
— k") eD?x H2 x M%isa Cauchy sequence. But we also have

t

B -t = [ o 52) el T = [ @ - aw,

+ 07 =5) - 06 — )
Hence [i" converges also in D?. Arguing as step (iii) in the proof of [9], Theo-
rem 3.1, we deduce that the limit (y, Z, 7, k) satisfies the reflected BSDE

T T T T
(A.29) §I=s+/ f(u,iu,mdu—/ zudwu—/ dﬁm/ dF,
t t t t

with y, > S; and fOT (Yi— — S,_)dk, = 0, P-a.s. From Proposition A.1 with o =
400 and p = +00, we obtain for any p > 1,

=P P 7P
Iz + 7 llygp + lIkllg, < +o00.

Hence for V € H*, we have a unique solution (¥, Z, m, %) € S x H*® x M x I
to (A.29).

* Substep ii. General case under boundedness conditions.

We use a ﬁxgd—point argument. Let @O,ZO, mY, EO) = (0,0,0,0) and let (i”“,
it ety € D x H x M® x I be the unique solution of the reflected
BSDE

i;’l-l—l :%-+/.T M y;l+1,'2’11 / ~n+1 dW / d~l’l+1 +/ dkn-l—l

with 57+ > §, and fo (" — §,_)dk"T! =0, P-a.s. From our first substep, the

sequence is well defined. For any i, we denote
+i __~n

Syn,z — yn-{-z _ yn’ Szn,z :*En -7,

St = nf;in-i—l _ fﬁ"’ Sk = kn+l — K"
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and £" := m" — k". We apply Ito’s formula to ¢’ |5§f’i 1> withae = 1 +2L; + ZL%
and we use Young’s inequality to obtain

T ) T ~ .
IET/ |85 du—i—E/ e“”|8ZZ”|2du+E/ et d[sem],
0 t

12
SEE/O |52 11" du.

Thus (3, 2", £") is a Cauchy sequence in H2 x H? x M?, and using BDG inequal-
ity we will have convergence in D? x H? x M?. Then the conclusion follows by the
same arguments as in [9], Theorem 3.1. Then since (A.26) holds, from Lemmas
A.7 and A.8, we deduce that the limit is also in D x H* x M x I*°,

e Step 2. Assume that for some p > 0/(0 — 1), &, f% and S are in P9 x HPY x
DPI. We fix 1 < p <op/(0+p).

For any n € N*,

né& nS; 0 nfo
= S”l: ) ta , Z) = ta , X)) — + d .
én nVE| CT VS, fat,y, )= (ft,y.2) = f;) T
0
Then | f,(¢,0,0)] = |%}0‘| < n. We apply the result of Step 1: there exists a
t

unique solution (y",7", m", k") € DP1 x HP x MP x I? to the reflected BSDE
T T T T _
5=t [ a5 du— [ Zaw,— [+ [ dE;
t t t t
with y' > S' and fOT oL — S;’_)d%;’ =0, P-a.s. From Lemma A.7 and estimate
(A.22),

sup|le® " | ppq < +00.
neN

Thus from Proposition A.1, the H? x M? x T7-norm of the sequence (z T
is bounded uniformly w.r.t. n. We denote 0:=im —k, we take n < n’, we define
again

Sy=5" -5,  §z=7"-7", Sm=m" —m",

Il

XN

@
3

sk=k" —k", &
We apply 1td’s formula for 7 € [0, T] and for @ > pL; + (,,,%L% and by stan-
dard arguments and from (A.25) we have

eal‘|8yt|p + C(P)

T
/ 185172155, 20(8%) 2 ds
t

T ~
+ep) f 185, 1P 215520 d[SE1C
t
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as N12r e~ 12 ~ 12151
+o(p) Y e |ABO|[18Vs—I7 v [855— + AS0)]7]

t<s<T

X 1155, V155, +A 3T, 1£0

T
<eTI881P + p / M (55 for (0, 51, Z0) — fo(ue, 57,21 dus

T T ~
—p /I b (85 u_ ) (5% Wy + dSii) + p /t b (8Su) d (8.

Since the I”*-norm of (%”) is bounded uniformly w.r.t. n, we deduce that there
exists a constant C such that

e85 | + €82 150 + [5G — B
< C(ISE 1L + || 88| pp + €87 g0 )-

Note that the constant C depends in particular on ||W||;» which will be finite since
P < 0. Thus we have a Cauchy sequence in D? x H” x M, and in DP9 x HP x M?,
which converges to (Y, 7, V). We argue as in the Step 1, (iii) of the proof of [9],
Theorem 3.1, to obtain the desired result. [

Remark A.1 also holds for this last result. In particular, if (H") holds then p = p.
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