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This article is concerned with the fluctuation analysis and the stabil-
ity properties of a class of one-dimensional Riccati diffusions. These one-
dimensional stochastic differential equations exhibit a quadratic drift func-
tion and a non-Lipschitz continuous diffusion function. We present a novel
approach, combining tangent process techniques, Feynman—Kac path inte-
gration and exponential change of measures, to derive sharp exponential de-
cays to equilibrium. We also provide uniform estimates with respect to the
time horizon, quantifying with some precision the fluctuations of these dif-
fusions around a limiting deterministic Riccati differential equation. These
results provide a stronger and almost sure version of the conventional central
limit theorem. We illustrate these results in the context of ensemble Kalman—
Bucy filtering. To the best of our knowledge, the exponential stability and the
fluctuation analysis developed in this work are the first results of this kind for
this class of nonlinear diffusions.
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1. Introduction. Let W; be a Wiener process, A € R, RAS >0,andU AV >
0 some given parameters. We consider the diffusion process on the nonnegative
half-line R4 = [0, oo[ defined for any X € R by the stochastic differential equa-
tion
(1.1) dX; = A(Xy)dt +0.(X;)dWy,

with some Riccati-type drift function

(1.2) A(x)=2Ax 4 R — Sx*> and diffusion term o, (x) := &,/x(U + Vx2)

and some parameter ¢ € R;. When ¢ =0, xo € R, the diffusion (1.1) reduces to
the deterministic Riccati dynamical system defined on R by the equation

(1.3) Oxr =Ax) ==S(x; —o ) (xy —w_),
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with the equilibrium states (zw—, @) defined by

14) So_=A-1/2<0<Sowr:=A+1/2 with A :=2y/AZ + RS.

We let CI>§’,(XX) = X;, with s < ¢, denote the stochastic flow associated with the
diffusion defined by (1.1). We also let ¢s ;(xs) = x; be the semigroup associated
with the Riccati equation (1.3). We may write QDS’ , = ®7 and ¢o,; = ¢y, etc.

Under mild conditions discussed later, the Riccati diffusion X; is well defined
on the half-line R, . In this case, the origin is a regular and repellent state in the
sense that the process can start at 0, but will never return to the origin.

Note the case V = 0 implying o, (x) := £+/Ux may act as a basic canonical
prototype for a quadratic (Riccati-type) diffusion equation on the nonnegative half-
line.

The analysis of one-dimensional diffusions of the form (1.1) acts as a basic
prototype for the study of various quadratic Riccati-type diffusions arising in mul-
tivariate statistics, signal processing, and econometrics and financial mathematics.
Other quadratic diffusion models, different from (1.1) also appear in the literature.
For example, backward-type matrix Riccati diffusions arise in linear-quadratic op-
timal control problems with random coefficients; see, for example, [15, 39, 51].
A different class of random Riccati equations arises in network control and filter-
ing with random observation losses; see [68] and references therein. Note also that
the Cox—Ingersoll-Ross process (i.e., the Wishart process in one-dimension [20])
can be viewed as special, linear, simplification of this model with A <0 < R AU
and no quadratic term S = 0 = V. This latter case illustrates that taking A < 0
stable (i.e., Hurwitz stable) may significantly simplify the derivation of certain
fluctuation and stability estimates and reduces the broader applicability of related
results.

1.1. A related diffusion equation and ensemble Kalman—Bucy filtering. The
stochastic Riccati equations defined by (1.1) are motivated by applications
in signal processing and data assimilation problems, and more particularly in
the stochastic analysis of ensemble Kalman—Bucy-type [29] filters (abbreviated
EnKF). In this context, up to a change of probability space, the matrix-valued ver-
sion of the stochastic Riccati equation (1.1) represents the evolution of the sample
covariance associated with these filters. For more details, we refer to [24], as well
Section 2.3 and Section 7 in the present article. The one-dimensional case (1.1)
represents the flow of the sample variance.

We are also interested in a certain stochastic Ornstein—Uhlenbeck process of the
form,

1
dZ, = —dANX)Zidt + co(X;) dW/
(1.5) 2

with ggz = §2 + 052 and gz(x) := R + Sx2,
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with a Wiener process W, independent of W; and some parameter ¢ € [0, 1]. Note
that (1.5) is coupled to (1.1) through both the drift and diffusion terms. We call this
process a stochastic Ornstein—Uhlenbeck process because of this coupling; that is,
the coefficients of this Ornstein—Uhlenbeck process are themselves stochastic. The
stochastic flow of the (R x R)-valued diffusion (X;, Z;) defined by the stochastic
differential equations (1.1) and (1.5) is denoted by

(1.6) M9 (x, 2) = (0% (x), U9 (x, 2)).

In the context of the EnKF, the parameters ¢ = 2/+/N and € = 1/4/N + 1 are
related to the population size of a system of (N + 1) interacting particles. Up to a
change of probability space, the difference (error) between the EnKF sample mean
and the true signal state is described by a stochastic Ornstein—Uhlenbeck process
of the form (1.5).

When € = 0 = ¢, equivalently when (U, V) =0 or N — 00, the diffusion Z; :=
%, reduces to the difference (error) between the conventional Kalman—Bucy filter
(see [9]) and the true signal state. It is given by the nonhomogeneous Ornstein—
Uhlenbeck process

1
(1.7) d% = J0A() Zidt + ¢ () AW,

where x; denotes the solution of the deterministic Riccati equation (1.3). For more
details on the derivation and origin of these coupled diffusion processes, and their
particle interpretations, we refer to Section 2.3 and later Section 7. Again, we
reiterate that (1.1) is of separate interest on its own, as a model for quite general
quadratic (Riccati-type) diffusion equations.

1.2. Objectives. The main results and paper organisation are given in Sec-
tion 2.

To the best of our knowledge, the time-uniform fluctuation and stability analysis
of Riccati-type diffusion equations have not been addressed in the literature. This
article addresses this problem in the one-dimensional setting. This diffusion may
be associated with the EnKF sample variance, and we accommodate the general
case, allowing the underlying signal (defined by A) to be unstable.

1.2.1. Uniform bias and fluctuation analysis. The first objective of this article
is to analyze the fluctuations of the pair of diffusion processes (X;, Z;) when the
parameters ¢ and € tend to 0. We provide uniform fluctuation estimates w.r.t. the
time parameter, as well as sharp exponential decay rates for the fluctuations, in
the sense that they converge to the exponential decay of the Riccati equation (1.3)
toward its fixed point @ . See a statement of the main results in Section 2.1.

A matrix-valued version of (1.1) is studied in [12] where complete Taylor-type
expansions with remainder are developed at any order, and nonasymptotic fluctua-
tion, bias and central-limit theorems are also given. However, most of the uniform
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results in [12] only hold when A is stable. In this article, first- and second-order
nonasymptotic Taylor-type expansions are derived. In contrast to [12], the time-
uniform estimates in this article do not require stability of A, thatis, A < 0 in this
case. The estimates here are valid for any value of A € R, as soon as R A S > 0.
However, unlike [12] we only consider a second-order expansion of the diffusion
here. The analysis in [12] also extends to full path-wise fluctuation properties. See
the later work also in [11] which deals with matrix-valued Riccati diffusions and
also accommodates unstable A matrices.

Some general perturbation results for vector-valued stochastic differential equa-
tions are studied in [40]. However, the analysis of [40] is not focused on time-
uniform estimates, but rather on a fluctuation analysis of perturbed stochastic pro-
cesses under some generalised coefficient (drift/diffusion) conditions. Here, we
restrict our fluctuations analysis to quadratic stochastic differential equations of
the Riccati-type (1.1), and to the specified stochastic Ornstein—Uhlenbeck process
(1.5).

Previewing later results, we note that for any n» > 1, any integrable initial state
E(Xp) < 00, and any A € R we have the uniform moment estimates

(n— 1)Ke2 <2 = supE(X}) <oo.
S t>0
The existence of these moments ensures there is no finite-time explosion, as well
as the positive-recurrence of the diffusion (1.1); for example, see [43]. Conversely,
starting in the stationary regime associated with the invariant measures introduced
in Section 5, we have

14
(n—2)§8222 = Vt>0, E(X})=o00.

Following [5], we may also arrive at these moment properties using the exponential
stability estimates given in Section 5.

1.2.2. Contraction and stability analysis. The second objective of this article
is to analyse the stability properties of Riccati diffusions of the form (1.1). See a
statement of the main results in Section 2.2.

Since the pioneering articles of [31, 32], the theory of one-dimensional diffu-
sions has been developed in numerous directions, including using operator theory,
spectral analysis, and classical semigroups and stochastic differential techniques.
It is beyond the scope of this article to review these developments. We refer to the
seminal book of [18] and the references therein.

Several general conditions for the exponential decay to equilibrium of one-
dimensional diffusions have been proposed in the literature. Some of them are
based on the existence of a Poincaré or Hardy-type inequalities w.r.t. the invariant
measure, or related variational-type integral criteria w.r.t. the scale and the speed
measures; see, for instance, [18], as well as the articles [7, 60] and [17] for some
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particular classes of heavy tailed limiting distributions. Another more technical
route is to estimate the transition densities of the process, and to find judicious
Lyapunov functions as in [57], or to use coupling and transport techniques as in
[19, 34, 35]. Another strategy is to relate the spectrum of the diffusion with the one
of the Schrodinger-type operators as in [67], or in [76].

The sophisticated approaches discussed above are often not adapted for deriving
precise estimates of the spectral gap of nonlinear diffusions with nonlinear and
nonuniformly elliptic diffusions functions. In our case, the Riccati diffusions (1.1)
have a quadratic drift A and the diffusion function o is not globally Lipschitz.
In addition, the function o7 is not uniformly positive and the origin of the Riccati
diffusion (1.1) corresponds to a Neumann-type boundary condition. We note that
the drift function A = dF is the derivative of the double-well drift function

S
F(x)= —gx(x — X)X = x4),

with roots (x—, x4) given by

3A [(3A)2+3R}1/2 0 3A+[<3A>2+3R}‘/2
=== — <0< = — — .
== 75 25 S X477 95 28 S

This latter point implies that F is not convex and the diffusion function is not
constant, and hence the conventional tools of the Bochner—Bakry—Emery theory
[6] cannot be applied since these typically require that both —3?F and oy are
uniformly lower bounded.

Also notice that the diffusion has a polynomial growth of order 3/2 as soon
as V > 0. It follows by [41] that a basic Euler time-discretization may blow
up, regardless of the boundedness properties of the diffusion. Although the Eu-
ler schemes may blow up, it is quite possible that their tamed versions converge.
In this one-dimensional case, one may also look at exact simulation methods of
the kind discussed in [8].

In the present article, we develop a new approach for studying the stability of
the equation (1.1), combining tangent processes with Feynman—Kac path integrals
and using a judicious exponential change of probability measure. We obtain sharp
estimates of exponential decays of Riccati diffusions for small values of the pa-
rameter ¢.

1.2.3. Applications to ensemble Kalman filters. The EnKF can be interpreted
as the mean-field particle approximation of a nonlinear McKean—Vlasov-type dif-
fusion. These probabilistic models were introduced in [58]. For a detailed discus-
sion on these models and their domains of application, we refer the reader to the
lecture notes of [59, 69], and the monograph [23]. The EnKF is a key numerical
methods for solving high-dimensional forecasting and data assimilation problems;
see, for example, [29]. We refer to (some of) the seminal methodology papers in
[2-4, 16, 28, 36-38, 63, 64, 71, 77]. This list is by no means exhaustive; see also
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[30, 45, 52, 62] for more background, and the detailed chronological list of refer-
ences in Evensen’s text [30]. Our analysis here captures a one-dimensional, rather
toy (i.e., linear-Gaussian), EnKF setup.

Convergence and large-sample asymptotics of the discrete-time EnKF has been
studied in [54], and in [56], in the sense of taking the number of particles (N +
1) — oo. Nonlinear state-space models are accommodated in this sense in [54].
In [53], the authors extend this idea to continuous-time non-Gaussian state-space
models (e.g., certain nonlinear diffusions). In [72], the authors analyse the long-
time behaviour of the EnKF, with finite ensemble size, using Foster—Lyapunov
techniques. Applying these results to basic linear-Gaussian filtering problems, the
analysis in [72] would require stability of the signal model, that is, stability of A.
In [50], again the long-time behaviour of the EnKF is analysed (with and without
so-called variance inflation) under a class of quadratic dissipative system models;
and which again if linearised equates to a form of stability on the signal model.
In [50] time-uniform results follow under a sufficiently large inflation regime. See
also [55, 73] for related stability analysis in the presence of adaptive covariance
inflation and projection techniques.

Ensemble Kalman methods for inverse problems have also been considered in
the literature [42] with some related analysis [65, 66]. See these references for
further details on this topic.

In the linear-Gaussian filtering domain specifically, uniform error estimates
w.r.t. the time horizon have been developed in [24]; for any ensemble size, with-
out inflation, but once again under the similarly strong assumption that the signal
is stable; that is, A < O in the one-dimensional case. And as noted previously,
nonasymptotic fluctuation, bias and central-limit theorems on the EnKF sample
covariance are given in [12]; with time-uniform results holding under a stability
condition on A. So-called variance inflation and localization are considered from
a purely mathematical vantage in the linear-Gaussian setting in [14]. We refer fur-
ther to [12, 14, 24] for some related and further background and references on
the mathematical properties of the EnKF in the linear-Gaussian setting. See also
[11] for a matrix-valued extension of the work considered herein, which seeks to
remove the strong stability results on the signal required in prior work.

Given (1.1), (1.5) and the preceding discussion, we note the convergence prop-
erties of the EnKF rely heavily on the fluctuations of a Riccati diffusion. In this
article, we study the fluctuation and stability of the one-dimensional model (1.1) as
the time horizon ¢ tends to oo, and as ¢ tends to 0. We make no assumption on the
stability of the underlying signal; that is, on the stability of A € R. We emphasize
that the Riccati diffusion is reversible w.r.t. a probability measure for any value of
A as soon as R A § > 0. However, the nature of these invariant measures depends
strongly on the choice of the parameters (U, V). We refer to Section 5.1 for a de-
tailed exposition of these measures, and for an explicit description of the different
classes of stationary measure captured by different choices of (U, V). Different
choices of (U, V) correspond to different variants of the EnKF.
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Of course, we note that the one-dimensional models discussed in this article do
not capture faithfully the higher dimensional problems typically considered in the
filtering and data assimilation literature. Nevertheless, this analysis provides some
insight on the fluctuation and the stability properties of the EnKF when the signal
itself is unstable (i.e., A > 0 in this case). The stability properties of matrix-valued
Riccati diffusions with unstable signal models have been considered in the more re-
cent article [11]. The analysis developed in [11] extends the one-dimensional anal-
ysis here to multidimensional data assimilation problems and ensemble Kalman—
Bucy filters with unstable signals. However, in the multidimensional setting, the
decay rates to equilibrium are not sharp, and the stationary measures are not given
in closed form.

1.2.4. Remarks. To the best of our knowledge, the uniform fluctuation/
moment estimates and the exponential rates to equilibrium discussed in this ar-
ticle are the first results of this type for this class of models.

Moreover, while applications in data assimilation and the EnKF are partial mo-
tivators for this work, the one-dimensional diffusion (1.1) is also of interest in its
own mathematical right, as a prototype for quadratic (Riccati-type) stochastic dif-
ferential equations.

1.3. Some preliminary notation. Here, we introduce some notation necessary
for the statement of our main results which are stated in the next section. First,
given a probability measure 7 on R and some function f € L (), we write 7 (f)
the Lebesgue integral

w(f):= / f(x)m(dx) and we let 6 be the identity function 6(x) :=x.

Throughout this article, 9" f stands for the nth derivative of some smooth function
x > f(x) w.r.t. the parameter x. When n = 1, we write df instead of 3! f.

Given some real valued stochastic process X;, whenever they exist for any n > 1
and any time horizon ¢ > 0, we set

1
| X|:=sup | X,], X, :=E[IXA"]" and  [1X]I, := sup | X,l,-
t>0 t>0

The o-distance on R, and the corresponding Wasserstein distance (a.k.a.
Kantorovich-Monge—Rubinstein metric) is defined by the formula

fxy o~ (2) dz

Dy (a1, p12) = inf{ / da(xl,xzm(d(xl,xz))}.

and

dy(x,y) =

In the above display, o stands for some positive function on R, and the infimum
is taken over all coupling probability measures p on R%r with the first and second
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marginals equal to i1 and w,. The variational form of the distance d,; is given by
the formula

dy (x,y) =sup{|f(x) = fF)| f € C¥Ry) st |lodf || < 1}.

In the above display || f || = sup,~¢ | f (x)| stands for the uniform norm. In the same
vein, we have the Kantorovich—Rubinstein duality relation:

(1.8) Dy (11, 12) = sup { |11 (f) = n2(f)] : f € Lipy R4)}.

In the above display, Lip, (R ) stands for the space of Lipschitz functions f on
the metric space (R4, dy) with unit Lipschitz constant; that is, such that

|f) — fFO)| <do(x,y).

The Kantorovich—Rubinstein theorem (1.8) on arbitrary compact metric spaces has
been presented in [46, 47]. The extension to separable metric spaces can be found
in [21, 26, 27]; see also [49] for an extension to general metric spaces and Radon
measures. Further details on optimal transport and Wasserstein distance can be
found in the books [74, 75].

The article discusses several LL,-mean error fluctuation estimates as well as a
series of exponential asymptotic stability inequalities. Special attention is paid to
the quantitative nature of the fluctuation and stability results. We track closely the
dependency of the estimation constants and the convergence decays in terms of the
parameters of the model.

We shall distinguish two classes of parameters. First, we introduce parameters
that depend solely on the kinetic parameters of the drift function (A, R, S). Sec-
ond, we introduce parameters that also depend on the choice of the diffusion pa-
rameters (U, V):

e The first set of parameters depending on the drift parameters (A, R, §) is the
collection of parameters (i, j, i,, Ji) indexed by k¥ > 0 and defined by

J A
1= , Ji=—l:=k(14+1) and
1 2 VRS
(1.9) vitJ
Je +1

=1+ + 3.
P A4+ (1457

The above parameters can alternatively be defined in terms of the equilibrium
states (w_, w4 ) introduced in (1.4) using the formulae

(1.10) o=l-w/o_=201-1)" = 1=1-2wo.

Observe the uniform estimates w.r.t. the model parameters

—1<:1<1, O<JK+1

<4(1+2 11 0<1, <2k.
_]2+1_(+K) as well as < <2
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e Define U := U/R and V := V/S. We also consider the collection of positive
parameters (¢, ¢,) dependent on the diffusion parameter (U, V') (as well as on
(A, R, S)) and defined by the formulae

1+ 1 — k+1l— j+1—
1.11 = U and = U V.
(10 T SRS | g
Observe the uniform estimates w.r.t. the drift parameter A given by

0<¢<2U  with0<¢ <2k + DU +4V).

As mentioned above, these parameters allow us to quantify with some precision
the constants arising in the fluctuation and the stability inequalities in terms of the
model parameters. For instance, when A = 0 the above parameters resume to

1=7=0 and 1 =j =«
— =2 and ¢=U and ¢ =k+DHU+V).
Also observe that

(1.12) 60 =x'T" = dsx.y)=li| M xT =y

’

with the convention dz (x1, x2) = | logx; — log x2| when 1 = 0.

Finally, we write c, ¢p, ¢i.n, Ci.n(x), ... some positive universal constants and
parameters whose values may vary from line to line, but they only depend on
some parameters i, 1, x, etc., as well as on the parameters of the Riccati processes
(A, R, S,U, V), but importantly not on the time horizon.

2. Statement of the main results and article organisation.

2.1. A uniform bias and fluctuation theorem. The first main objective of this
article is to quantify the bias and the fluctuations of the diffusion process X; in
(1.1) around the limiting Riccati equation x; in (1.3) as ¢ — 0. These regular-
ity properties are also used to analyse the fluctuations of the stochastic Ornstein—
Uhlenbeck process Z; in (1.5) around the limiting diffusion Z; introduced in (1.7).
In both situations, we provide a series of refined uniform I, -type estimates w.r.t.
the time horizon.

Our first main result takes basically the following form.

THEOREM 2.1. The nth moments of the stochastic flow ®%(x) are uniformly
bounded as soon as n > 1 and & > 0 are chosen so that (n — 1)e?V < 2. In this
situation, for any x € Ry we have the uniform estimates

@) =], VIIZ = Zll, < c1n(x)e.
In addition, we have the uniform fluctuation and bias estimates
@F(x) — p(x) — V()| < con(x)e?  and
[E(9° (1)) = ¢(x) — W] < ez (2)e”,
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for some processes (V,(x), W;(x)) and some finite functions c; ,(x) which are
explicitly defined in terms of the model parameters.

For a more precise statement and a detailed description of (V;(x), W;(x)) and
¢in(x), we refer the reader to Section 4 and Section 6; see, for instance, Theo-
rem 4.2 and Corollary 6.2.

In contrast with the multivariate stochastic analysis developed in [12], we em-
phasise that the uniform estimates w.r.t. the time horizon in the one-dimensional
models considered in this article do not require stability of A.

The stochastic analysis developed in the present work relies on specific prop-
erties of one-dimensional diffusions. Section 3 provides a brief review on the
regularity properties of Riccati semigroups. Their smoothness and the continuity
properties are discussed in Section 3.1 and in Section 3.2. The stochastic analysis
developed in this article combines Riccati semigroup techniques with fluctuating
random fields methods. This methodology, as well as a precise description of the
bias and fluctuation estimates of stochastic Riccati diffusions are described in Sec-
tion 4. The analysis of stochastic Ornstein—Uhlenbeck processes is discussed in
Section 6

2.2. Contraction and stability theorems. The second objective in this article
is to analyze the stability properties of the Riccati diffusion X; in (1.1) as t — oo.
We denote by P/ be the semigroup associated with the stochastic flow ®7; that is
for any bounded measurable function f and any probability measure © on R we
have

P (f)(x):=E(f(®f(x))) and wu=Law(Xo)

2.1
= P/ :=Law(X)).

The stability of the Riccati diffusion (1.1) is quite generally considered in Sec-
tion 5. In Section 6, these stability properties are used to analyse the long-time
behaviour of the stochastic Ornstein—Uhlenbeck process (1.5).

The description of the reversible measures 7, of the semigroup Py are discussed
in some details in Section 5.1. We preview that discussion and note that 7, is a
heavy-tailed distribution whenever V > 0. When V = 0, the stationary measure
7. is a weighted Gaussian distribution restricted to the half-line. This means that
we must carefully account for the values of the parameters (U, V) in the diffusion
function (1.2) in every estimate.

To describe precisely our main results, we need to introduce some terminology.
The stability of the linear process (1.5) is dictated by the stability of the exponential
semigroups defined by

1
E 1 (x) :=exp [/ EBA(CDZ(x)) du} and
(2.2) *

Es.1(x) :=exp [/bt %BA((pu(x)) du]
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When s = 0, we simplify notation and we write (£;(x), & (x)) instead of
(ngt(x),g(),;(x)).

We also recall that the decay rate to equilibrium of x; is given for any time
horizon t > v > 0 by

c1vexp[—Ar] <sup|¢(x) — @y | Vsup&; (x)? < c2.vexp [—At].
x>0 x>0

The proof of this assertion is provided in Section 3.1; see also the explicit formula
(3.1).

Thus we can expect that the Riccati diffusion (1.1) tends to equilibrium with an
exponential rate that converges toward A as the parameter £ — 0. We consider the
parameters

2 2
2.3) e ::A(l—%{) and  Tp . ::A(l—%g),

where it is implicitly assumed that ¢ € R is chosen s.t. Xg, « > 0. In this case, we
have

k>1 = (=< - stis,m

With this notation, our second main result takes basically the following form.

THEOREM 2.2. There exists some parameter &, € Ry such that for any time
horizont > 0, any ¢ € [0, &,], and any probability measures |11, L2 on Ry we have
the contraction inequality

(2.4) D (11 Pf . n2Pf) < exp[—Aet]Dg (11, 112).
In addition, for any x, x1, xo € Ry we have
ll€F )2, < ernoyexpl=hent]
and
I®F (x1) = @ 2, < c2.ndls (x1, x2) exp[—2et]

and for any z = (z1, z2) € (R4 x R)? we have
- = 2 ~
W\pt(s,é‘) (Zl) — \IJ[(&S) (Z2)|Hn/2 E C3,n(Z) eXp [_)Ls,nt]

For a more precise statement of these results, and a description of the param-
eters &, ¢1,,(x), 2., and c3 ,(z), we refer the reader to Section 5.3, Section 5.4
and Section 6; see, for instance, Theorem 5.6, Theorem 5.8, Theorem 5.10 and
Theorem 6.1.

Poincaré inequalities and contraction estimates w.r.t. the Wasserstein distance
associated with the diffusion function o can also be derived under more restrictive
conditions. For example, we have the following result.
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THEOREM 2.3. Assume that V. =0 and 0 < ¢2U <2 and A € R is chosen

such that
g2__
=—A+ 3RS(1—7U) > 0.

In this case, for any probability measures |11, 12 on Ry we have the contraction
inequality

(2.5) Dg, (11 Pf, 2 P) < exp[—Aet1Dg, (141, 12).

In addition, the reversible measure 1 of the semigroup P/ satisfies the Poincaré
inequality

2e[me(f?) — e ()] < 7 (02(0f)?) =

(2.6)
7o ([P =7 (N])? < expl—etime ([f — e (]2

We refer to Lemma 5.3 and Theorem 5.4 in Section 5.3 for a more detailed
exposition of this result with various combinations of (U, V). For example, other
estimates of A, are given in Lemma 5.3 in Section 5.3 for other combinations of
the parameters (U, V).

Surprisingly, when V = 0, and for negative values of A, the parameter X, is
greater than the decay rate A of the deterministic Riccati semigroup. That is, the
Riccati diffusion converges faster to the invariant measure than the deterministic
Riccati does to its fixed point. More specifically, under the assumptions of the

above theorem, when U = R we have
2 A l7IHy/3(1=¢2/2)
oy (31,32) = /3T = V3| and 5= -2

J1+ 72

In this case, a closer inspection shows that the invariant measure m, with these
parameters has lighter-weighted Gaussian-type tails; see (5.5) in Section 5.1.

In a different direction, whenever U = 0, Theorem 5.4 shows that the parameter
Mg is larger than the decay rate A of the Riccati semigroup for any positive values
of A. For instance, using the estimates stated in Lemma 5.3 when A > 0 = U and

V = § we have
re ] H30— 382/2)
and

\/7‘ Tz /1+]2 > 1

Finally, we point to the later work also in [11], for a matrix-valued (partial) ex-
tension of the stability analysis considered herein, and which also accommodates
unstable A matrices.

do (X1, x2) =
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2.3. Applications to ensemble Kalman filters. Lastly, Section 7 is dedicated
to the illustration of these results in the context of ensemble Kalman—Bucy filters
(EnKF) which are of interest in data assimilation problems. To underline the im-
pact of our results, we preview several corollaries which can be derived as direct
consequences of the main theorems stated above.

Consider a time-invariant linear-Gaussian filtering model of the following form:

(2.7) d2, =AZ,dt +RV*d¥, and d% = B2, dt+xV*dv;,

where (#;, ¥;) is an 2-dimensional Brownian motion, 2 is a Gaussian random
variable with mean and variance (E(Zy), Po) (independent of (#;, 7)), X, R > 0,
A,BeR, % =0 and we set S = B>/X. We let ), = 0(%,s < 1) be the o-
algebra filtration generated by the observations. The conditional distribution 7, =
Law(Z:|),) of the signal internal states .Z; given ), is a Gaussian distribution
with a conditional mean and a conditional variance given by

My =FE(2;|Y) and 2, :=E(2 —EZ W]

Ensemble Kalman—Bucy filters can be interpreted as a (nonunique) mean field
particle approximation of the Kalman-Bucy filtering equation. We refer to Sec-
tion 7 for a more description of the sample mean M, and the sample variance 2,
associated with the three different versions of the EnKF discussed in the present
article. We consider also the “re-centered” process QP (L///, Z;) that measures
the difference between the sample mean and the true signal state.

As shown in Sections 7.1 and 7.2, the evolution equations of the three different
versions of (&2, %) coincide with the ones of (X;, Z;) defined in (1.1) and in
(1.5) with the three combinations of parameters (U, V) € {(R, §), (R, 0), (0, 0)}.
Each of these three combinations corresponds to a particular instance of the EnKF
algorithm; see Section 7.1.

We begin with uniform fluctuation estimates w.r.t. the time horizon.

COROLLARY 2.4. Suppose that ///5 = Mo and @70 = Py. Foranyn > 1 and
for sufficiently large N > 1, we have the uniform estimates:

VNP - Py <cin and NN\ — M, < can.

The Lh.s. assertion in the above corollary is a direct consequence of Theo-
rem 2.1. The r.h.s. estimate is given in Corollary 7.1.

To give a flavour of our stability results in this context, the next corollary of
Theorem 2.2 concerns the stability and the fluctuation of the EnKF associated
with the parameters (U, V) = (R, 0). In this case, the parameters introduced in
(2.3) resume to

1 1

= 12+ <2 and ¢ := ZKZ+

Jo+1 J-+1

with the parameters (i, J,1,) defined in (1.9). We denote by (L@t,///,) and
(9’ , M, 74 ) the processes starting from two possibly different initial conditions.

<2k +1,
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COROLLARY 2.5. Foranyn > 1 and anyt > 0, we have

—~ 1
@y N> = |G-, =einew| (5~ )i
and

> o 2
@9 N2% = | Zi- P, =canexp|-a(1- 3 )]

The first assertion is a consequence of Corollary 7.3. The second asser-
tion is a direct consequence of Corollary 7.2. The other cases of (U,V) €
{(R,S), (R,0), (0,0)} are considered in Section 7.3.

The exponential decay of the exponential semigroup (2.2) discussed in Theo-
rem 2.2 play a central role in the stability of the pair process (&, 25). For large
time horizons, the Lyapunov exponent of the stochastic Ornstein—Uhlenbeck pro-
cess (1.5) can be estimated by the formula

1 1t _
(2.10) o€/ (Py) = ;/ (A— P,S)ds ~— 00 A — 1(0)S,
0

where 7, stands for the reversible measure (5.3) when V > 0 and in (5.5) when
V = 0. The next corollary is a restatement of Corollary 5.1 and provides estimates
of the Lyapunov exponent (2.10).

COROLLARY 2.6. Assume that V = 0 and let Law(g/jo) = m, be the re-
versible probability measure defined in (5.5) with ¢ =2/~/N. In this situation,
for any t > 0 we have

— 4
N>4 — — A2+RS§A—E(@t)S§—/A2+RS(1—N><O.

Now assume that V = S and let Law(gio) = 71 be the reversible probability mea-
sure defined in (5.3) with ¢ = 2/~/N. In this situation, for any t > 0 we have

N>4 =
. A2+ RS(1 —(4/N)?) —4A/N
—\/A2+RS§A—E(QZ¢)S§—\/ (1~ &/NY) / <0

14+4/N
3. Properties of Riccati semigroups.

3.1. Smoothness properties. We recall that the Riccati semigroup ¢; associ-
ated with the parameters (A, R, §) is given in closed form by the formula

(g —w_)e ™
(wy —w_)e ™M+ (x—w_)(1—e )

3.1 ¢ (x) =y + (x — @)
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The regularity properties Riccati semigroups are rather well understood in any
dimension. We refer to [9, 10] for a review on the stability properties of Riccati
semigroups and related Kalman—Bucy diffusion processes. In the one-dimensional
case, these properties can be easily checked using the explicit form given above.
For instance, for any v > 0 we have the uniform estimates

0 < ¢u(0)
= inf inf 1)
$2) < supsup ¢ (x)

x>0t=v
<o+ (e - 1)_1(w+ —w_ ) <c,Qw, —w_).

When x < @, we have ¢;(x) < @;. When x > @ for any t > v, we have

¢ (x) — oy _ X — oy e

= < .
Wy —w_ (my —w )M+ (x—wmyp)(e —1) ~ 1 —e M

We also have

¢ (x) =y + 231‘ log[(my —w_)e™ + (x —w_)(1 —e™)].

This yields for any s < ¢ the formula

1
y—w)e M+ (x—w_)(1—e M)

Er(x) =exp[—At/2]
(w

<exp[—A1/2] — &)’ <(—w_ ) lexp[—ar].
w.

Le M —m_

We also have the rather crude estimates

(3.3) XANwy < inngz(X) < ¢u(x) :==sup gy (x) =4 V x.
1z >0

Observe that the inverse flow ¢, o =1 /s (x) satisfies the same equation as
in (1.3) by replacing (A, R, S) by (A_, R_, S_) :=(—A, S, R). The extension of
this result to the inverse of the stochastic flow is given below. The proof is a direct
application of It6’s formula, thus it is skipped.

LEMMA 3.1. Assume that R > €>U. For any x > 0, the inverse semigroup
@, %(x) := 1/®% (x) satisfies the stochastic Riccati equation

(3.4) dD78(x) = A_o (D5 (X)) dt + oo (D5 (x)) dW,,

with the drift and the diffusion functions

A_e(X)=2A_x+R_—S_cx*, o .(x)=e/x[U_+V_x2],
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defined respectively in terms of the parameters

A_=—A,  R_.:=(S+¢*V),
(3.5)
S_e:=(R—¢U) and (U_,V_)=(V,U).

Using elementary differentiations, we check the following lemma.

LEMMA 3.2. Forany x e Ry and n > 1, we have

(ZZT+ o ZD'_)Z[I _ e—)»t]n—le—)ut

n _ 1\l
(3.6) 0" ¢ (x) =nl(=1) e My —w_ )+ (1 —eM)(x —w_ )"+’

In addition, we have the exponential semigroup formula
3y (x) = & (x)

and the estimates |0" ¢ (x)| < o |o_| "D exp [—At].

3.7

The Lh.s. formula in (3.7) comes from the evolution equation
3 (0 (x)) =2(A — S¢p (x))dep; (x).
For instance, we have
@? = Moy (x) = @ (x)?

3.8) Vx) —
with the function w (x) :=1 — M
(VX)) —o_

In the same vein, we have wze_“/w, < 2_182¢>, (x) < 0. This shows that x

¢:(x) is a concave increasing function.

3.2. Robustness properties. Let ¢,(x) be the Riccati semigroup associated
with some parameters (R, ) such that

R>R and S>S.

We denote by _(X,_EJF, @ _) the parameters defined as (A, @, @w_) by replac-
ing (R, S) by (R, S). To simplify the presentation, we write (A, A) instead of
(A(R, S), 1). In this notation, it is easily checked that

3.9 w_55_<0<ﬁ+§w+.

PROPOSITION 3.3. Forany x € Ry, we have the estimate

(3.10)  0<¢,(x) — b, (x) <20. 4+ 1) 'Tw (IR — Rl +[S — Slpu(x)?).
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PROOF. We have
O [P (x) — ¢, (x)] = (24 — S[¢p (x) + &, (x)]) [pr (x) — ¢, (x)]
+[R = R1+1[S — S1¢: ().

On the other hand, we have

t _ / o
exp [/ (A - S¢u(x)du)] exp [/ (A— quu(x)du)}
< Twe HHHE=9)/2 exp |:/[(S — S)pu(x) du:| < e MHHE=5)/2

— S§<S.
This yields the formula
0= ¢ (x) — ¢, (x)

' t _ _ .
= [Texp| [ @A =S[00 + 8, 00]du) [ (R = RY+15 = S16,0?) s,
s
from which the proof of the proposition is easily completed. [
4. Fluctuation analysis of Riccati diffusions.

4.1. Fluctuation random fields. Consider the first- and second-order fluctua-
tion random fields defined by the formulae

Vi (x) =& [ (x) — ¢ ()],
We(x) := e [VE(x) — V,(x)], and set
W, (x) := &~ [E(W! (x)) — W, (x)].
In the above display, V,(x) and W, (x) stands for the processes defined by

t
V,(x) = /0 O1—3) (s ()01 (s () AWy,

1 t
W) = /0 (92— ) (s ()02 (65 () ds <.

The bias and the fluctuation of &7 around ¢, as ¢ — 0 are encapsulated respec-
tively in the deterministic and the stochastic processes W;(x) and V,(x). More
precisely, we have

D (x) = ¢y (x) + eV, (x) +e*We(x) and
E[® (x)] = ¢r (x) + 2W, (x) 4+ £3W, (x).

The first part of the article is concerned with quantitative and uniform estimates
of the fluctuation random fields introduced above. Most of the estimates developed
in the article are expressed in terms of judiciously chosen collections of Riccati
semigroups.
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4.2. Uniform fluctuation estimates. The objective of this section is to analyse
the fluctuations of the random fields V; and W7 in terms of the collection of Riccati
semigroups defined below.

DEFINITION 4.1. We let ¢ be the collection of Riccati semigroups in-
dexed by the parameters ¢ € R and n € R, and defined as ¢; by replacing (R, §)
by the parameters

&2
(4.1) (REM §EMY .= (R, S) + (n — D WU, =V).

We also denote by (&™), (8" L o™ ), the objects defined similar to

(w—, @4, Ps, ...) but with (R, S) replaced by the parameters (R, ™)) in
the corresponding definition.

The semigroups ¢,(€’n) , Tesp. qbt(g’_") indexed by n > 0 are well founded as soon
as
4.2) (n — 1)’V <2 and respectively (n + 1)e?U < 2.

Observe that when V = 0 the flow ¢ is well defined for any ¢ € R, and any
n > 0. In addition, we have

e=0 = ¢""=¢=¢"" and ¢ =¢"".

The L,-norm of the fluctuation random fields V7 (x) will be estimated in term
of the collection of functions v}, (x) defined by

W) = m[ial (6 () — Lo (9 3"/%))}

V2 2
=, 701 (¢u(x)) with the parameter w; = ——\/>

The L,-norm of the random field W¢ (x) will be estimated in term of the col-
lection of functions:

wy, == w],(X) + w3, (x) and v, (x):=1V [V

with

1
ws , (x) —m[nvsn(x)ol(¢*<x>)+f (ol (x ))}

w$ , (x) == 3—”m[U¢;(x) +VUV 4+ Vg (x)/2]'?

[281)8 an — Ve n(X)_].
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In the above display, ¢, (x) stands for the supremum of the inverse ¢, I(x) Riccati
semigroup w.r.t. the time horizon. Finally, the estimate of the bias Wf (x) devel-
oped below is expressed in terms of the functions:

WE (x) := T ve 4 () [0 (P2 (0)) + (U/3 +4VPED (0)?) 3e — )]

3 2
with 75, := = (3) .
Y

w_

We are now in a position to state the main result of this section.

THEOREM 4.2. Forany x e Ry, ¢ € Ry, and any n > 1 such that (4.2) holds,
we have the norm estimates

¢ V) < o), < ¢ (x)  and
4.3)

- —1~!
6" ") <[l @f 7, < b
In addition, we have the uniform fluctuation estimates

Iveeoll, s va, W, < wp)  and

@4) sug W, (x)| <@° (x).
t>

The proof of the nth moment estimates (4.3) and the uniform estimates (4.4) are
lengthy and technical. They are provided respectively in Section A.1-A.2.

The estimates stated in the above theorem are sharp when ¢ — 0, in the sense
that all the Riccati semigroups discussed above converge to ¢; as € | 0. We end
this section with some comments about these properties.

First, observe that for any parameters 0 < &> < €1 and 1 < n;| < nj satisfying
(4.2) we have the following monotonicity properties:

¢t(81,—n2) < ¢t(61,—ﬂ1) < ¢z(82,—n1) < < ¢t(82,ﬂ1)
4.5)

< ¢t(81,n1) < ¢t(81,n2)'

The above inequalities are direct consequences of the estimate (3.10) stated in
Proposition 3.3. The difference between ¢t(5’") and ¢, can be quantified in terms
of the parameter ¢ using the estimates stated in Proposition 3.3.

When V > 0 we emphasise that the Riccati semigroups ¢,(8’")(x) are only de-
fined when the Lh.s. condition in (4.2) is satisfied. Therefore, we cannot expect
to have an uniform estimate of ¢£8’") (x) w.r.t. the fluctuation parameter ¢ for any
values of n.
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5. Stability analysis of Riccati diffusions.

5.1. Reversible probability measures. The infinitesimal generator L of the dif-
fusion X; defined in (1.1) is given by the differential operator

1
5.1 L:EGEZBZ—I—AS — df(Xy)=L(f)X)dt+dM,(f).
Recall that the martingale d M;(f) := 0.(X;)df (X;) has an angle bracket given
for any smooth functions f and g on R by

WM (), M(9)), =TrL(f. 9)(X0),

with the “carré du champ” operator

CL(f.g) = L(f8) —gL(f) — fL(g) =0}0f dg.
The second-order differential operator L discussed above can be rewritten as

*A®y)

1, .
(5.2) L(f):ioeze Us(eMeaf)  withUe(x) =2 520

dy,
where p is an arbitrary point in ]0, oo[. We set

me(x) =: /Ox ge(y)dy with g¢ (x) := 20, %(x) exp (Ue (x)) and

se0) = [ exp (<) dy.
)4

The unnormalized measure with density m.(x) is often called a speed measure,
and s, a scale function. We further assume that 0 < &2U < 2.

The Sturm-Liouville formulation of the generator L given in (5.2) shows that a
reversible measure of the Riccati diffusion (1.1) is given by the formula

1 1
d = _1 YN Z/{ d )
e (dx) z, R (x)ogu) exp (Us(x)) dx
where Z, stands for some normalizing constant. Different type of reversible prob-
ability distributions can obtained depending on the choice of the parameters.

e When U AV > 0, the measure 7, is the heavy tailed probability measure

2R _4
X2 U

e (dx) < 1, (x)

xexp|:i A tan_1<x K)]dx.
2 JUV VU

m —_— R
(5.4) / x'me(dx) <00 = —1e*V <2 and 162U <2,
0

I+ (F+)

Observe that
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with the parameter ¢ defined in (1.9). More specifically, when A < O the condi-
tion 162U < 2 is automatically satisfied. Conversely, when A > 0, the condition
—162V < 2 is satisfied.

e When U > 0 and V =0, the probability measure 7, reduces to

55 dx) o1 a0 S (v—22Y 14
(5.5) me (@) ot (0 exp| 2 (v 2 )
Observe that
w —_—
(5.6) f xT'me(dx) <00 = 167U < 2.
0

In contrast with (5.4), the r.h.s. condition of (5.6) is automatically satisfied for
any A < 0.
e When V > 0 and U = 0, the probability measure i, takes the form

_[%%+3] R 1 2A 2
me(dx) oI, (x)x e exp| — 5 (- +2% ) |dx

Observe that
Oo —
/ x'me(dx) <00 = 182V <2.
0

e When U > 0and V =0= S > A, the probability measure ; reduces to the
Gamma distribution

351 g (44
e (dx) < IR, (x)xe exp (8—2 Ex) dx.

When ¢2U < 2, the function s, is not integrable around the origin so that 0 is
repelling. On the other hand, the function ¢, is integrable around the origin so
that O is also a regular boundary state. We also have limy_, o, m.(x) < co and
limy_, 5 S¢ (x) = oo. This shows that the boundary states 0 and oo are both regular
and repellent. For a more thorough discussion on the classification of boundary
states, we refer to [1, 44], and the more recent review articles [33] and [61].
Applying (4.3) with n = 1 and letting t — oo, we have the bias estimate

A+ \/A2 + RS(1 — &2U)(1 + £2V)
S(1+&2V)
with 0(x) := x. This yields the following corollary.

<7:(0) < oy

COROLLARY 5.1.  Forany U < 1, we have

VA2 + RS = £20)(1 4+ 62V) — 24V

57) A-— S<A—-m.(0)S <— —
(57) A-o S<A-7(0)S< T
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5.2. Tangent processes. The second part of the article is dedicated to the sta-
bility properties of the Riccati diffusion process. First, observe that the long time
behaviour of one-dimensional Riccati semigroups is encapsulated into the expo-
nential decays of the tangent process 7;(x) defined below

(3.7) and (3.8)

(5.8) = oM <uK) =0¢(x) =& ) <@’ exp[—]

1
= —logt(x) — dA(wmy) = —A.
t t—00
In the same manner, x — &7 (x) is almost surely differentiable, and the tangent
process
TE(x) =00 (x) = dT°(x)=[dA(D](x))dt+ doe(DF(x))dW]|T} (x)
is given by the exponential formula

5.9) o1(x)Tf (x) = 01(Df (x)) exp [_ /0[ HE(DE(x)) ds]

< 01(®f (x)) exp [—2st],
with the potential function #° on R, defined by
9 2
He im0 ' L(0)) — A = —0A + A+ 610%  and
(5.10) o 2
Ag i= inf HE(x).
x>0

The r.h.s. estimate in (5.9) provides an almost sure exponential decay of the tangent
process. In addition, using (2.1) for any bounded differentiable function f on R
and any x > 0 we have the formula

(5.11) AP (f)(x) =E[0f (7 ()T, (x)].

To get one step further in our discussion, let 5;8 be the stochastic Riccati flow
associated with the parameters

— g2 __ — 362
(5.12) R, :=R<1+5U> and Sg=S<1—7V>.

In this notation, the stochastic version of (5.8) is given by the following proposi-
tion.

PROPOSITION 5.2.  For any bounded measurable function f on Ry, any x €
R, and any time horizon t > 0 we have the Feynman—Kac formula

(5.13) E[f (D (x)) T (x)] = E[f@f(x)) exp [/Ot aA@i(x))dsH.

The proof of the above proposition is provided in Section C.1.



1150 BISHOP, DEL MORAL, KAMATANI AND REMILLARD

5.3. Contraction inequalities. The nextlemma that can be used to quantify the
almost sure decay rate of the tangent process (5.9) in terms of the drift parameters
(A, R, S) and the diffusion parameters (U, V).

LEMMA 5.3. Let A be the parameter defined in (5.10). The following asser-
tions hold:

J— 2_
V=0 and £U<2 = Ag:—A+\/3RS<1—%U);

— 3e2__
U=0 and &*V<2/3 = k€=A+\/3RS<1—%V);

362V
— <2/ =
14382V — /

g2 — 3
re > —|A|+ RS|:1 — ?U:|[1 +382V<S — E)i|

The proof of this lemma is technical, and it is given in the Appendix C.2.

U <2 and

THEOREM 5.4. Assume that L. defined in (5.10) is positive. The Wasserstein
contraction inequality (2.5), and the Poincaré inequality (2.6), stated in Theo-
rem 2.3 are satisfied.

The proof of the preceding theorem is given in Section B.2. The preceding the-
orem is more general than the example case given in Theorem 2.3 with V =0.

The estimates stated in Lemma 5.3 and Theorem 5.4 are clearly not satisfactory
when U # 0 and A > 0 as they require that A < +/RS. However, when U = 0,
the estimates are not really useful when A < 0, as they require that |A| < +/3RS.
Roughly speaking, to improve the estimates discussed above, we need to interpo-
late between these two cases. More precisely, observe that the semigroup deriva-
tive formula (5.11) is expressed in terms of the exponential type process (5.9).
Formula (5.11) can be seen as the expectation w.r.t. to law of the process ®f (x)
weighted by some exponential potential function. In terms of importance sam-
pling techniques, these Feynman—Kac formulae can be seen as the integral w.r.t.
a twisted process which is more likely to visit regions with low energy type H?-
values. The state regions with negative H®-values are more likely to be visited but
the lower bound A, < 0 doesn’t give any information on the killing rate of the
process.

To obtain some more useful estimates, we seek a judicious change of measure
under which the potential function is an absorbing potential. To describe pre-
cisely these twisted models, we need to introduce some additional notation. We
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set

—~ 1 — ~ 1 —
(5.14) RE:R<1—82<§+1)U) and SE:S<1—82(§—1>V).
Let € be the smallest parameter € € R, such that R:AS, >0.

DEFINITION 5.5. For any ¢ € [0, 2], let 6? (x) be the stochastic Riccati flow
associated with the parameters (R;, S¢), and denote by P the corresponding tran-
sition semigroup

PE(f)(x) =E(f (P ().

We also let H, be the collection of potential functions on R defined by
~ g2 g2 _R g2
He(x) =21 |:A — |:1 + —11V]Sx:| +11(|:1 — —llU:|— + [1 + —11Vj|Sx>
2 2 X 2
and we consider the the tangent-type process 7\? (x) defined by

(515) 6—\('x)f7\;8(-x) :3[6;€(-x)] exXp |:— v/()t ﬁg(af(X)) dSi|

with & (x) := x'!.
We are now in a position to state the main result of this section.
THEOREM 5.6. For any x € Ry, any bounded differentiable function f on

R4, any € € [0, €], and any time horizon t > 0, we have the Feynman—Kac formu-
lae

(5.16)  E[f(®°(x))TF(x)] =E[f(P¢(x))TF(x)] and igfoﬁg(x)zig.

In this situation, for any smooth function f, we have the commutation formula
GlOPE(f)| <expl—AetlPE(Glaf]) = (24).

The proof of the above theorem is given in Section B.3. The proof of the impli-
cation of (2.4) in Theorem 2.2 follows the same line of arguments as the proof of
(2.5), so it is omitted.

Then next corollary is a direct consequence of (2.4) and the estimates (5.4) and
(5.6).

COROLLARY 5.7. Forany x > 0, we have

eVl v (=] <2 = lim De(8: P, me) =0,
— 00

where 1. is the measure defined in (5.3) when V > 0, and in (5.5) when V = 0.
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5.4. Exponential semigroups. Our next result is expressed in terms of the col-
lection of uniformly bounded functions
w4
¢§87_(1KV1)) (0) VX

1
Pec(X) 1= [1 + } exp [3A] < Pe

(5.17)
= SUp Pg i (X) = pe i (0).

x>0
By (4.5), one can check that ¢ — p, (0) is a decreasing function. For any x > 0,
we define g, be the smallest parameter ¢ € Ry s.t. A, > 0, that is,

2
(5.18) £ = inf{s eR, sit. %;K < 1}.

We have the following moment stability result on the stochastic exponential
semigroup. The stability of the deterministic version of this semigroup is a funda-
mental result in Kalman—Bucy filtering due originally to Bucy; see [9, 10].

THEOREM 5.8. Forany k > 0, let &, be defined as in (5.18). For any x € R4,
any time horizon t > 0, and any € € [0, ], we have the Laplace estimates

(5.19) @ (x)*exp[—Ar] < B[EF ()% ] < pee(x) exp[—Ret].

The proof of the preceding theorem is provided in Appendix B.4. Observe that
kK1<ky and g <& —
(5.20)
)"Kz,&‘z S }\'K|,8] and IO81,K] (.X) 5 psz,lcz(-x)'
To get one step further, note that
(5.21) A(x1) = A(x2) = [(A = Sx1) + (A — Sx2)](x1 — x2).

For any x1, x> € Ry we set Efit(xl ,Xp) = Sf’t(xl)gf’,(xz) with the exponential
semigroup & ,(x) defined in (2.2). Using (5.21), we have

7 (x1) — Df (x2) = &) (x1, X2) (x1 — x2)
t
+8/0 Es 1 (x1, x2)[01(P] (x1)) — 01 (P (x2)) ] d W.
This implies that

E[®] (x1) — ®F (x2)] = E[&5, (x1, x2) ] (x1 — x2).

Combining Theorem 5.8 with the Cauchy—Schwarz inequality we readily get the
following proposition.
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PROPOSITION 5.9. Let g1 be a parameter defined as in (5.18). For any x| >
x3 € Ry, any € € [0, e1], and any time horizon t > 0 we have

0 < E[®f (x1)] — E[®} (x2)] < Pe.1 exp[—he111(x1 — x2),
with the parameters x&l and pg,1 introduced in (2.3) and (5.17).

Recall that Ef>f (x) is the stochastic Riccati flow associated with the parameters
(Rs, S¢). Following Theorem 4.2, the n-moments of this flow can be estimated in

terms of the Riccati semigroups at(s,n) (x) associated with the parameters

2
(5.22) (RE™, §EM) = (R, So) 4+ (n — 1)%(U, —V).

Let (ﬁf’"), ﬁf’n)) be the parameters defined as (w_, @) by replacing the pair
(R, S) by (5.22). In this notation, we have the following theorem.

THEOREM 5.10. Foranyx e Ry, anyt > 0,anyn > 1,and any e € Ry s.1.
82[§ V(2 +2)V)] <2,
we have the contraction inequality

(523)  [|®¢ 1) — D), < [285™ — &S] ds (x1, x2) exp [—Ret].
The proof of the preceding theorem is given in Section B.5.
6. Stochastic Ornstein—Uhlenbeck processes.

6.1. Stability properties. Recalling that X; is m.-reversible as soon as
Law(X() = 7., we can easily check that

w9 (X0, Zo)

law —(&,%)

v, (Xo, Zo)

t o0
=02+ [ & Xosx)aw; — [~ & XosiCx) aw;.

Given the Riccati diffusion X,, the process Z; is the nonhomogeneous Ornstein—
Uhlenbeck process; that is, we have that

B '
\IJT(S,S) (x’ Z) = 58’1()6)2 +‘/(; 5;9,,(x)§5(q’§(x)) dW;
6.1) t
— lllt(g’o) (x,2)= 56"’[(X)Z + ./() 55,,()6)5‘(@5(36)) dW.

We have the following uniform moment bound and stability result.
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THEOREM 6.1. Forany (x,z) € Ry xR),anyn>1,any t >0, any ¢ €
[0, &2,,], and any € € [0, 1], we have

62) IO, 2, < ern(l + 1l +57)

with &y, defined in (5.18). In addition, for any (x1,z1), (x2,22) € (Ry x R) we
have

(£,%) (£,%)
W (xy, z1) — W (x2, 22)
o v Pl
<c2,,8(x1,21,X2,22) €Xp [—Ag 201 /2],

with the function

3 |x1 — x2|
) ———

g(x1,z1,x2,22) :== (1 + (lz1] A lz20)) (1 + x1 + x +1z1 — 22|

The proof of this theorem follows from standard stochastic calculus tools, and
is in Appendix C.3.

6.2. Fluctuation-type properties. Several interesting results can be derived
from the Ornstein—Uhlenbeck formula (6.1):

e The robustness properties w.r.t. the parameter € are encapsulated into the cen-
tered Gaussian process defined by the formula

w0 0,2 = w0 (x,2)

=2 ! e (Gl/g)2 € e /
= /OSS,Ax)[H J@sconstoscnam:.

V1+8%01/5)?

COROLLARY 6.2. Keeping the hypotheses and notation of Theorem 6.1, we
have

(6.4) WED (x, 2) —wED(x, 7). <&en(1 +x).
6.4 (&,8) (,0) . 2

PROOF. Combining Burkholder—Davis—Gundy inequality and the generalized
Minkowski inequality for any n > 1, we have

e R T

t
<etnir! [ ElE (ol (@) ds

t
=etlR ! [ B[EL 0™ Bl (05 )] " ds.
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Using the uniform moment estimates (4.3) and the Laplace estimates (5.19) we
conclude that

W @ 2) = w00, 2,
< EnDe2n(2RAs 20) " P[USE (1) + Vo ()]
This completes the proof of the corollary. [l

e When ¢ = 0 = &, the flow \Il,(o’o)(x,z) reduces to the nonhomogeneous
Ornstein—Uhlenbeck driven by the Riccati flow ¢, (x); that is, we have that

W0, 2) = &0 + /O £er (05 (95 (0) W

COROLLARY 6.3. Forany (x,z) € Ry xR),anyn>1,anyt >0, any ¢ €
[0, 3,1, and any € € [0, 1], we have,

(6.5) w8 (x, 2) = WO (x, 2)|| < call +x1[E* + evs, (x)(1 +2)]
with &3, defined in (5.18).

The proof of the preceding corollary is in Appendix C.4.

7. Ensemble Kalman-Bucy filters. Because of their practical importance,
this section is dedicated to the illustration of our main results within the EnKF
framework. We consider the filtering problem introduced in (2.7).

7.1. A class of McKean—Vliasov diffusions. For any probability measure 1 on
R, we let P, be the n-variance

Pyi=n(6 —n@®)]) and 2Q,:=RP;'~P,s  withS:=Bx B,

as soon as P, > 0, with the identity function 6(x) := x. We now consider three
different classes of conditional nonlinear McKean—Vlasov type diffusion processes

(1)  dX,=AX,dt+ R'*dw,
+ Py, BE7[dY, — (BX, dt + £V2dV,)];

)  dX,=AX,dt+ R'*dW,
(7.1)

’

Y —
+P; BT [dY, = B(,++,(9)) dz}

(3)  dX,=[AX,+ Q5 (X; —7,(0))]dt
+P;, BE ' [dY: — B7,(6) dt].
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In all cases, (W,, V;, Xo) are independent copies of (%}, ¥;, 2¢) (thus indepen-
dent of the signal and the observation path) and

(7.2) 7, = Law(X,|))).

These diffusions are time-varying Ornstein—Uhlenbeck processes [24], and conse-
quently 77, is Gaussian; see also [9]. These Gaussian distributions have the same
conditional mean .#; =7,(9) and the same conditional variance &, =P, =Py, .
They satisfy the Kalman—Bucy filter

1
d.tty = SON(P,) My di

+ 2Bz aw, with the Riccati equation d; &, = A ().

For a more detailed discussion on the origins, and the nonuniqueness of these
nonlinear McKean interpretations, see [30, 63, 64, 70]. In particular, the case (1)
corresponds to the limiting object in the continuous-time version of the “vanilla”
EnKF [30]; while (2) is the limiting continuous-time object of the (perhaps con-
fusingly named) “deterministic” EnKF of [64], see also [63, 77]; and (3) is a fully
deterministic optimal-transport-inspired version of an ensemble Kalman—Bucy fil-
ter [63, 70].

7.2. Mean field particle interpretations. Ensemble Kalman-Bucy filters
(EnKF) coincide with the mean-field particle interpretation of the nonlinear diffu-

sion processes defined in (7.1). To be more precise, let (W;, Vﬁ, 76)1 <i<N+1 be

(N + 1) independent copies of (W;, V¢, Xo). -
The EnKF associated with the first class (1) of nonlinear process X; defined in
(7.1) is given by the Mckean—Vlasov type interacting diffusion process

(7.3) dX,=AX,dt + RV2dW, + Z,BL"'[d% — (BX, dt + £'/2dV})].
with 1 <i < N + 1, N > 1, and the rescaled particle variance
P, - -1 =N ~1
(7.4) Pyi=(1+N")Ppv  with N = (N +1) > Ssi-
1<i<N+1

Let //Z = ﬁfv (6) be the particle estimate of the conditional mean .#;. From [24],
and via the representation theorem (Theorem 4.2 [48]; see also [25]), there exists
a filtered probability space enlargement under which we have

AP, = N(Py) dt + 0.(P;)dW,,
(7.5)

—~ 1 o~ o~ o~
d.#; = 531\(9«),),//4 dt + Z,BL 7 d%, +501(P,)dW),,
with the parameters

e
g:=——— and (U,V)=(R,S).
Vel +4
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In the above display, 0V;, W) stands for a 2-dimensional Wiener process and

2 1

In the same vein, the EnKF associated with the second class (2) of nonlinear pro-
cess X; discussed in (7.1) is given by the Mckean—Vlasov-type interacting diffu-
sion process

(7.6) dX.=AX.dt+RV2dW. + Z,Bx'[a% —2"'B(X. + 7" (0))d1],
with 1 <i < N + 1 and the rescaled particle variance

7% -1 s =N ~1
(7.7) Zr=(1+N"Py  withy) :=(N+D7" Y S
I<i<N+l1

Let 4, = ﬁfv (0) be the particle estimate of the conditional mean m;. Arguing as
above, there exists a filtered probability space enlargement under which we find

d P, = NP dt + o (P)dW;,
— 1 —_— ~ P —~
(7.8) dMly = SOMP)M; di + Z,BE ™ A% + ox(Py) AW,
with (U, V) = (R, 0).

In the last case (3), the particle mean //Z = ﬁfv (0) and the particle variance @
associated with the McKean interpretation (3) discussed in (7.1) satisfy exactly
the same equations as the Kalman—Bucy filter with the associated deterministic
Riccati equation [9]. The “randomness” only comes from the initial conditions.
Thus, the stability analysis of this last class of models (3) reduces to the one of
the Kalman—Bucy filter and the associated Riccati equation. This reduction is true
in any multidimensional filtering setting also. Several exponential estimates, in
any dimension, can be found in the article of [9, 10]; see also [22] for analysis
and applications of this approach in the nonlinear filtering setting. The fluctua-
tion analysis of this third class of EnKF model can also be developed easily by
combining the Lipschitz-type estimates w.r.t. the initial state presented in [9, 10],
with conventional sample mean error estimates based on independent copies of the
initial values; see, for instance, [13] for xz—type estimates associated with sample
covariance estimates. .

The invariant measure of &, in (7.4), (7.5) associated with the ‘vanilla’ EnKF
in case (1) is given by (5.3) with (U, V) = (R, S). Similarly, the invariant measure
of :@7, in (7.7), (7.8) associated with the ‘deterministic’ EnKF in case (2) is given
by (5.5) with (U, V) = (R, 0). As an illustrative example, take A = 20 (i.e., the
underlying signal model is highly unstable), R=S=1and N =6 = ¢ = 2/./6.
In Figure 1, we compare the invariant measure for the flow of the sample variance
in each case.
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Sample Variance Invariant Measures
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FIG. 1. The invariant measure of the sample variance of the ‘vanilla’ EnKF in case (1), versus that
of the ‘deterministic’ EnKF in case (2).

Of course, we notice in Figure 1 the heavy tails of the invariant measure (5.3) for
the ‘vanilla’ EnKF sample variance, and conversely the Gaussian-type tails in the
case (5.5) of the ‘deterministic’ EnKF. Note also the positioning of the mode/mean
in each case. In case (1) of the ‘vanilla’ EnKF, nth order moments exist only when
(2n — 4)/N is strictly less than one (in this case for n < 5); while all moments
exist in case (2) for the ‘deterministic’ EnKF.

7.3. Fluctuation and stability properties. This section is dedicated to the
stochastic analysis of the diffusion processes discussed in (7.5) and (7.8). We set

% =M — %, and 5’?::%—%.

By the representation theorem, the evolution equations associated with the three
different classes of McKean interpretation discussed in (7.1) are given by

d P, = NPy dt + 0.(P)dW,,
(7.9)

DU TS ~
4% = S0NP) i di + (P W,

with the diffusion functions o, and ggz defined in (1.2) and (1.5) and the respective
parameter in each case given by

H U V)=(R3S),
)  (U,V)=(R,0) and
@ W, V)=(Q00).

This shows that the bivariate process (,@t, Q/’}\) is a two-dimensional diffusion
driven by independent Wiener processes with a first component that does not de-
pend on the second. These models are clearly encapsulated in the class of two-
dimensional stochastic processes (X;, Z;) on (R; x R) discussed in (1.1) and
(1.5). Also observe that

T — =M, — M.
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This shows that the analysis of the EnKF performance reduces to the convergence
analysis of the processes %, toward the process Z; as the parameter ¢ (and thus
€) tends to 0. The stochastic analysis of the stochastic flows associated with the
pair of diffusion processes (9/5,, 5’}\) is developed in Section 6. Last, but not least
observe that if £ = 0, the process &f’}\ reduces to the re-centered Kalman—Bucy filter

yt:%[—%.

In the above display, the Kalman—Bucy filters .7Z; are defined as .#; by replacing
the solution # of the Riccati equation by the stochastic approximation Z.

COROLLARY 7.1. Assume that My = My and Py = P. In this situation,
for any n > 1 there exists some parameter €, € Ry such that for any ¢ € [0, &,],
C2.n
N+1

Cln -
. and ||A — A, <
N i l, <

The above estimates are a direct consequence of Corollary 6.3 and Corol-
lary 6.2. From Theorem 4.2, we also have the uniform estimate,

VNIZ = P, <cin.

WA — AN, <

Let (////t\, @7,), and (//7 , t@t’) denote the EnKF sample mean and sample vari-
ance starting from two possibly different initial conditions. In this situation, we
have

F = (M, — X)

t t

In what follows, ¢ =2/ VN, and 3:3 > 0 and ’):5, « > 0 are the parameters defined
in (2.3).

COROLLARY 7.2. Foranyn > 1, any time horizon t > 0, we have
N2>V (12 +2V) = || P = P, < cnexp(—act).
The above Riccati semigroup contraction estimates are direct consequence of
Theorem 5.10. When (U, V) = (R, 0) we find the estimate (2.9).

The next corollary is a consequence of (6.3) and gives the estimate (2.8) when
(U,V)=(R,0).

COROLLARY 7.3. For any n > 1, there exists some finite constants c, such
that for any t > 0 we have

N>20, = ||y — A4, <cnexpl—ieant/2].
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Flow of the deterministic Riccati equation Sample path trajectories (‘vanilla' EnKF sample variance) ~ Sample path trajectories (‘'deterministic' EnKF sample variance)
45 T T
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FI1G. 2.  Flow of the deterministic Riccati equation, 100 sample paths of the ‘vanilla’ EnKF sample
variance of case (1), and 100 sample paths of the ‘deterministic’ EnKF sample variance of case (2).

We consider an illustration of the fluctuation and stability properties of the sam-
ple variance in the different EnKF variants. Consider again the model leading to
Figure 1, and let &y = 0. The deterministic Riccati flow (¢ = 0) with the chosen
model parameters is given in Figure 2, along with 100 sample paths of the sample
variances for both the ‘vanilla’ EnKF and the ‘deterministic’ EnKF.

Note in Figure 2 the drastically reduced fluctuations in ‘deterministic’ EnKF
sample variance sample paths. In Figure 3, we plot the flow of the first two central
moments and the 3rd through the 9th standardised central moments for both the
‘vanilla’ EnKF sample variance, and the ‘deterministic’ EnKF sample variance
distribution. Recall that N = 6 in this case and we expect moments of the ‘vanilla’
EnKF sample variance in case (1) to exist up to n = 4 with n = 5 the boundary
case; while all moments exist for the ‘deterministic’ EnKF of case (2).

We note in Figure 3 that the sample variance moments for the ‘vanilla’ EnKF in
case (1) begin to destabilize around the 5th/6th moments as expected. Importantly,

Vanilla EnKF: Sample Variance Moments Deterministic EnKF: Sample Variance Moments
Mean Variance 3rd std. moment Mean Variance 3th std. moment
40 2500 10 50 40 i 2
|
30 A,/M/'W"W; 2000 5 L of 30 \‘\ 1 r»\
1500 30| | I \
20 0 ‘ 200 || 0 'WVWM’{'
1000 20f | I \
0 500 JW‘ 5 1ol | 1o /| ap
/ |
0 -10 0 0 -2
0 02040608 1 0 02040608 1 0 02040608 1 0 02040608 1 0 02040608 1 0 02040608 1
4th std. moment 5th std. moment 6th std. moment 4th std. moment 5th std. moment 6th std. moment
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FI1G. 3. Flow of the sample variance moments for the ‘vanilla’ EnKF and the ‘deterministic’ EnKF.
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the mean of the sample variance for the ‘vanilla’ EnKF is very negatively biased in
this case, while the mean of the ‘deterministic’ EnKF in case (2) is particularly ac-
curate. We note also the very large variance in the sample variance for the ‘vanilla’
EnKF.

Lastly, we note that ﬁ in (7.4), (7.5) associated with the ‘vanilla’ EnKF of case
(1), has non-globally Lipschitz coefficients. In particular, the drift is quadratic,
while the diffusion has a polynomial growth of order 3/2. It follows by [41] that
a basic Euler time-discretization may blow up, irregardless of the boundedness
properties of the diffusion.

APPENDIX A: PROOF OF THE FLUCTUATION THEOREM

This section is concerned with the proof of the moment and fluctuation estimates
in Theorem 4.2.

A.1. Proof of the moments estimates (4.3).

LEMMA A.1. Assume that the flow t — @;(x) satisfies a Riccati-type inequal-
ity of the form

o1 (x) <2A@,(x) + R — Sg;(x)?

or any t > 0 and any x € R.. In this situation, for any time horizon t > 0 and
y y + y
x,y >0 we have

t

(A.T) @1 (x) < ¢ (y) +exp (2_/0 (A— S¢s(y))dS>(x =)

where ¢; denotes the semigroup of the Riccati equation (1.3).

PROOF. We have
3@ (x) — ¢ (1] < 24[01(x) — ¢ ()] — S[e1 (¥)* — 1 (3)?]
= 2(A — S (M) [¢1 (x) — ()] = S[er (x) — b N
<2(A = Sops(0)[er (x) — ()]
This implies that

0; |:exp <—2/OI(A — S5 () ds)[w,(x) — ¢t(y)]i| <0 = (A.]).

This completes the proof of the lemma. [

We are now in a position to prove the moments bias estimates stated in (4.3).
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PROOF OF (4.3). Forany n > 1, we have
do; (x)" = n[cl>f(x)”_l(2A<Df(x) + R — SCDf(x)Z)

+ %be(x)”_zszq)f(x)(l] + chf(x)z)} a

+ en® (x)"DF () (U + V & (x)2) AW
This yields

n—1

n~19E[®f (x)"] = 2AE[®¢ (x)"] + (R + 82U>E[cbf(x)"—1]

— <S . ; 182v>E[cbf(x)"+1]

n—1

< 2AE[®f (x)"] + (R + er)E[d>f(x)"]l_l/"

—1
- (S U 5 £2V>E[<Df(x)”]l+1/".
Choosing & small enough so that (n — 1)e? < 25/V, we find that
OE[®°(x)"]"" = n~"E[®f (x)"]"" " 0, E[®f (x)"]

-1
< ZAE[CDf(x)”]l/" + (R + nTsZU)

-1 i
- (S U 5 szv)(E[CDf(x)”]l/ )

The end of the proof of the upper bound in the Lh.s. estimate in (4.3) is now a
consequence of Lemma A.1. Now we come to the proof of the r.h.s. estimate in
(4.3). By Jensen’s inequality,

E(®;°(x)")" > E(®;°(x)) = E(P(x)) ' = ¢, (x).

Arguing as above and using Lemma 3.1, we can also check that E(®; ® (x)")!/" <
1/ ¢,(8’ - (x). This completes the proof of the r.h.s. estimate in (4.3). Finally, notice
that

1/657V(x) = E(@] ¢ (x)) > B(®F (x)) ' =
ED () <B(92 (x)) < B(DE (x)") /"

for any n > 1. This completes the proof. [
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A.2. Proof of the fluctuation estimates (4.4). The proof of the uniform esti-
mates are based on the following perturbation lemma.

LEMMA A.2. For any time horizon t > 0, any x € Ry and ¢ € Ry we have

t
e [P0 (x) — ()] = fo (0hr—5) (D% () [ () (U + Vi (x)?)] 2 d W,
t
+ %/0 (82— ) (D5 (x))[ @ (X) (U + V D (x)?)] ds.

PROOF. By [14], Proposition 2.2, we have
Usr—s (X) = —A(pr—s(x)) = =V (x) A(x).
We fix ¢ and we use the interpolating path
s €10, 1] ¢r—s (DL (x)) between @ (Q) and ¢ (x).
Applying It6’s formula on the interval [0, ¢], we find that
Ay (PE()) = — (0 —) (D5 () A(PE (X)) ds + Dgpy—y (5 (x)) dDE (x)
2

+ S (0%1-5) (@5 ) [0, () (U + V) ())]ds

2
= 5 (0791-) (@5 () [ @5 () (U + V&; (1)) ds

+ 80— (P2 (1)) [P (Q)(U + VOi(0))]'?

This completes the proof of the lemma. [

dWs.

We are now in a position to prove the uniform fluctuation estimates stated in
Theorem 4.2.

PROOF OF (4.4). For any n > 2, combining (3.8) with Burkholder-Davis—
Gundy and the generalized Minkowski inequalities, we have

t n
IEH/O (0hr—5) (D% () [®F (x) (U + Vd)i(x)z)]l/deS‘ }

n/Z}

t
< ”EH /0 (@) (05 (1)) 2[5 () (U + VL (x)2)] ds

< nanrl |:/t e72)n(tfs)[UE(qDE(x)n/Z)z/n
0

3n/202/n n/2
+ VE(® (x)*/?) ]ds] :
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nql/n

g }
n

v/ 2k

j|1/?l

2
o261 0),

Using the moment estimates (4.3), we find that

t
EH [ @@ @) +verw?)

(e.3) (<3">

o2 (U () + Vel D (03] < o2 ().

\/_

In the same vein, using (3.6) we have

H/ 9% r—s) (PF () [@E(X) (U + Vi (x)?)] ds

2

- |w—|i[ UG (x) + Vi (x)*] <

w
||

from which we conclude that

n n 2 1 2 &,on
B(V;@[)"" = T o0 )+ — \[al(qsi ) |

This completes the proof of the L.h.s. estimate in (4.4). Now we come to the proof
of the second estimate in (4.4). Observe that

3 UB+VE2 3 ;3
do1(x) = me ﬁ\/U+Vx 52[\/U/x+\/Vx].

We consider the functions

1 3 U
0<X[x,y] :=/O (@o1)(ux + (1 —u)y)du < §|:2 /m +,Vx Vy)i|

3\’[, U
—) [4—+V(XVy)+4vUV]
2 xXVy

- E[x,y]2 < <

and

1
iwze_M < Blx, y] :=/ (82¢,)(ux + (1 —u)y)du<0.
0

w_
With this notation, we have
o1[D5(0)] = 01[¢s ()] + [DF(x) — ¢ () ] Z[DF(x), ¢5 ()],
(31 —5) (@5 (x)) = (3pr—5) (5 (X)) + [PF (x) — s ()] Er—s[ D5 (%), B ()]
By Lemma A.2, we have ¢! [VE(x) =V, (x)] = Bf(x) + C¢(x), with the bias

term

1 t
B (x) := 5 /0 (8% —s ) (@ (1)) [ (x) (U + VD¢ (x)?)] ds
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The centered remainder term C{ (x) is given by
Cf (x) =T} () + €7 () + T (v),
with

t

Cle () = fo VE (02 [0F (), s ()] Er—s [OF (), by ()] d W,
t

C2*(x) = fo (315 (65 (1)) VE () B[ D (x), s ()] AW,

t
= [ arle VDB [0 ()] W,
Arguing as above, we have

2 2
E(|C (0" < \/;nvg,n(mU’—ol (e (x)).

||
Combining the Cauchy—Schwarz inequality with the moment estimates (4.3) and
(3.8), we also check that

B} o

3n\? t o (—s)<re _
< (;) w4E<‘ /O e PIVE (O (AUGT (x) + Ve (x) + 4T V)

n/2)2/n

2
< (37’1) %w“vs,znmz[w: @)+ VUV + V(45" (1) + du(x)) /4],

The monotone properties (4.5) yield
B(C7 o)

+ Vi (x)]ds

< <%>\/gnw2vg,2n(X)[U¢:(x) =+ \/W + V¢£8,n) (x)/2]1/2

In the same vein, we check that
B(CH o)

2
< (3”3 w4E(‘/0tezk(ts)Vi(x)4[(4U¢*(x) F Ve (x) + 4 ,—UV)

w”
n/2) 2/n
(3n)?

< —w4%vg’4n[(U¢:(x) +VUV) 4+ VoEm (x)/2].

T w2 A

+ V@i (x)]ds
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This yields the estimate

E(C )| < ;—”|w2\/§v§,4n[u¢;<x) + VUV + Ve (x) /2],

We conclude that
m1/n 2 J21 1
E(IWe (o)) s;’—| X[J—z_kaf(wﬁ”)(x))+nvs,n(x>m(¢*<x))}

2
22 T 21U ) + OV + Ve (/2] 2
2 lo_|\ A

X [281)3’4,1 + v, 20 (X) |_]].

This completes the proof of the second estimate in (4.4). Now we come to the
proof of the uniform bias estimate stated in the r.h.s. of (4.4). Using (3.6), we have

1
0<X[x, yl ::/0 8(012)(x)(ux +(1—uwy)du <U+3V(x +y)2,

0<Elx,y]:= /0 l(azqsz)(mc + (1 —w)y)du < 6w?|w_| e,
On the other hand, we have
ot [PF(0)] = o7 [ ()] + [®E(x) — ps () Z[DE (x), b5 ()],
(02¢1—s) (PE(X)) = (92hy—s) (s (1)) + [PE () — s (x)] By—s [ (x), s (x)].

This yields the decomposition

l —
26 [BE (x) — W, (x)] = fo ot [ds () ]VE (X) B[ ®F (x), s (x)] ds
t R
+ /O (82r—s) (s () VE () E[@F (1), s ()] ds

t_ J—
be /0 P (x), s ()] VE (1) 28y [BF (x), 65 (x)] ds.
Taking the expectations on both sides yield
e HE(BE (x)) — W, (x)|

3
< Xw%w_|—zof[¢,<x>]v1,g<x>

o, LT (T 2y1/2
+ |w_|w vgyz(x)/o e E(Z[®(x), ¢s(x)]7) ' ds

t
+ e300 @ v () fo E(E[®F (). g5 @)]) 2 ds.
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On the other hand, we have

sup E(Z[@8(x), ¢ (0)])) /2 < U 43V (u(x) + & (1))

>0
This yields the estimate
e E(BE (x)) — W, (x)|
3 2
< - _
=7 (@ /lz-1)

x (“12 [ (00016 (x) + [U +3V (9 (x) + 6P (1))°]

|| 2
<3 Ve.2(X) + Ve 4(x)" | ). 0

APPENDIX B: PROOFS OF RICCATI STABILITY THEOREMS

This section is mainly concerned with the proof of the transition semigroup
estimate stated in Theorem 5.8 and the two contraction theorems, Theorem 5.4 and
Theorem 5.6. The proof of the Lipschitz-type stability estimate in Theorem 5.10
is also given. We start with a brief review on exponential changes of probability
measures.

B.1. Some changes of measure.

DEFINITION B.1. Let £? be the generator of a diffusion process th on some
interval / C R with a drift function » and diffusion function o ; that is,

2

(B.1) Eb:b8+%82.

For any bounded measurable function F on C([0,¢], I) and time horizon t €
R, and any smooth nonnegative function / on /, we have

h(XP) ro
E(F(X[l(’),t])h(—X;b)exp [— fo (h lcb(m)(xf)dsD:E[F(x[%f,])],

where thh is a diffusion with generator
bl b 1 h o®
L7 =LA +h7 Tpph, ) =070f + —-3°f

with b" := b + 623 (logh).
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Inversely, we have

a h(XP)
BUF (X ) = E[ £ )0

h(Xp)

X exp (— /Ot[h_lﬁa(h) - [oa(logh)]z](é’(sb) ds)},

(B.2)

with the drift function
b=a—c>3(logh)
— 'Ly =h"'L%Mh) — [0 logh)]?

2[13% [ahﬂ dh
=07 z—5— — |70 +a—.
h h

We summarize the above discussing with the following lemma.

LEMMA B.2. For any bounded measurable function F on C([0,t], 1) and
time horizont € Ry, any regular potential function V, and any smooth nonnegative
function h on I, we have

IE(F(X[%J]) exp [— /Ot V(XY ds])

= E[F(X[%JJ)ZE—% exp (— /Ot H(XP) ds)],

with the potential function H on I defined by

(B.3)

oh
(B.4) H= hilﬁb(h) +V and the drift functions b =a — 027.

The Feynman—Kac formula (B.3) is valid for any pair of functions (4, V) for
which the expectation make sense. For instance, let us assume that the pair of
functions (%, V) is chosen so that

(B.5) %::ingmxpo = LP(h)+Vh>H,.h.

In this situation, the Feynman—Kac equation (B.3) is well defined as soon as
E[h(X,b )/ h(Xé’ )] < oo. In addition, we have the estimates

exp[— /(:E[V(Xs“)]ds] §E(exp [— fotv(xs“)dsD

<E[h(XP)/ h(X])] exp [—H.t].

We further assume that / = R and the functions (a, o) in (B.3) are chosen such
that

sup Bza(x) = aza* <0 and o <o, for some ¢ € R...
x>0



ON ONE-DIMENSIONAL RICCATI DIFFUSIONS 1169

Also assume that the potential function V is chosen so that
(B.6) da+8" W+ [BO+y0 >,

for some 8 > 0 and some parameters (o, 8, ¥) € R? such that

&2 102a,| g2
a(O)z(y+—<1+6>U) and S B4 (4o,
2 N 2 2

LEMMA B.3. Under the assumption (B.6) the Feynman—Kac formula (B.3) is

satisfied with the potential function H defined by
H=h"'L0(h)+V
(B.7)
with h(x) = x? and the drift function b =a — 020 logh.

In addition, the minorisation property (B.5) is satisfied with

|82a*|
2

2 2
(B.8) H,>da +28\/[a(0) - %(1 +8)UM _p— %(1 +8)V},

as soon as ¢ is chosen sufficiently small so that the process X is well defined
onRy.

PROOF. When h = 6° for some § > 0, we find that
1
b=a—o*h'9n = h'Ll(h)=80""a— 55(5 + 1 (6 o)
For instance, when the functions (a, o) = (A, o) are given by (1.1), we find that
g2 &2
H=380A +v+50—1(R -5 6+ 1)U) +80(S -5+ 1)v>.

Observe that a(x) = da(x)x + a(0) — x2 fol 8%a(ux)u du, and further assume that

1

?z(x) =a(0) — x2/ aza(ux)u du > 0.
0

The above condition is clearly met for concave drift functions with a(0) > 0. In
this case,

H=T 7‘{‘807‘}']}—0 7

_,0h 0dh 2ah[ah 182h]

Choosing the function & = 6%, we have the estimate

=2 2 2

H>6" +80a+V—"Tls1 40
=% 2 92 '
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Next, observe that

6 and

72 a0) |3%a,l ol U
29

%a, <0 =— +Ve.

This yields the estimate

0 0%a, 2 U
HZs(Q—{—' a |9)+88a+V—%8(1+8)(5+V9).

0 2
Rewriting the last inequality in a slightly different form, we get
7—[/5>[ (0) 82(1+8)U}1 +[|82a*| 82(1+8)V}0+8 iy
= 2 6 2 2 TSy

Using (B.6), one can check that

2

g2 1 T19%a,] P
H/8 >+ [a(O) —y =5 +8)U]9 + [T —p-50 +5)V]9.

This completes the proof. [J
We are now in a position to state and prove the main theorem of this section.

THEOREM B.4. For any k > 0, we choose ¢ € R such that
(Vv )U <1 and &1+ 7V <2.
Then the Feynman—Kac formula (B.3) is met with the functions h = 6 and
b=2A0 + R(1 — &*1,.U) — S(1 + &%, V)9*V = =2k (A — S6),

2
H/kc=2A+R( + z)(l _ %(:K + 1)6)9—1

2
£ _
+ S0 — 1)(1 — ?(1 +]K)V)9.
In addition, we have the minorisation property

=1 A2+RS£M> =
A Rs

with the collection of nonnegative parameters £,  defined by
2 2
€ _— & —
o=1-Sa+00][1-Sa+,07]

PROOF. Applying the above lemma to
a(x)=2Ax + R — Sx>=2(A — Sx)x + R + Sx?
—  a(0)=Rda(x)=2(A—Sx) and 9%a=-28,
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and V(x) = —2«x (A — Sx), we find that

9 Ly =204 — 50— X so=2a[1-%]_2s[1_¥
at) + 5V =204 - $1) - S (A= sv =24] 1= 5| 251 - S .

This shows that condition (B.6) is met with

(@, B,y) = <2A[1 - %],25[1 — f},o), a(0)=R>0 and

b
92 2
| 2a*l_ﬂzs(§_1)>o,

for any 0 <6 < 2k. We set

1=08/k—1€[-1,1] —
1+
d=1,:=k(@+1) and A+ j):= ﬁ(l +1,).
By (B.8), we conclude that

K
H, > 62A[1 — §:|

B9 wmrs[i-Sacon|[(X-1)-Zarav]

2 2
ZZK{AI +/1 —12\/1%5[1 — %(1 +1K)U][1 — %(1 +JK)V”.

On the other hand, for any given o € R and g > 0, the maximal value f3 5 :=
fa,p(1a,p) of the function

vie[—1L,11 b fap@)i=ar+./(1—-12)8

18 attained at

(B.10) ap= e = fap= e+
Choosing 1 := \/ﬁ in (B.9), we find that
(2K) "',
N A2+ RS(1 —[1—4£.,))
- VAZ4+ RS

2
>\/AZ + RS(I — %(1 - \/1 — %[(1 +1)U + (1 +JK)V]>>.
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We conclude that

2 — —
%z%/ﬂ@ L) A+ U+ A+ 1)V )
]

L L _
2ATHRS | 1= (10 +10T + (1 + 50V

2
> 2 A2 + RS(] - %g,(),

with the parameter

2

141 l
A+ )= :(1 +u) = ?112(1 +10) =171+ 1) (1 + %)

(1+1)SU 4+ (1 + RV [ - 2_}
=(1 —— U +.V|.
A2+ RS (1450 1+ 52 +

Finally, to complete the proof, observe that

b(x) =a(x) — &1, (U + Vx?) =2Ax + (R — e’ U) — (S + &%, V)x>. O

B.2. Proof of Theorem 5.4. Combining (5.9) with (5.11), we have
(B.11) o1 (X)[IPF(f)(x)] <exp(—=r0)E[o1 (P (x))[af (DF (x))]]-
On the other hand, using (B.11) for any x, y € R} and any f € Lip,, (Ry), we

have

1
PECF)() — PECH() = (x — y) /0 3 PE(f)(ux + (1 — w)y) du.
This implies that

PECH () - PECHO)|
PP @lafDux + (1 —u)y)
= o1 (ux + (L= 1))
1 1
d
0 oy(ux+ (1 —u)y)

< exp(—Agt) du‘

<exp(=AgH)|(x —y) u| =exp (—Agt)dy (x,y).

The last assertion comes from the fact that ||o;df| <1 and for any x > y

1 1 1 ux+(1—u)y 1
(x—y) du:/ 8u|:/ dz:|du
0 or(ux + (1 —u)y) 0 0 01(2)

=ds (x,).

We may then conclude that

Dy, (8x P/, 8y P{) <exp(—Agt)dy (x,y) = (2.5).
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In terms of the “carré du champ” operator, we have

B.11) = TL(PE(). PE(S)) <exp(=2h) P (JTL(f. )
<exp (—=2:0) PF(TL(f, 1))
Next, consider the interpolating path
Vse[0,1]1  pi(s):= PS(PE,(f)*)  between PS(f)* and PE(f3).
It can be readily checked that
35 pi(s) = (35 PE) (PE_y (1)) = PE(0s[ P (7))
= P{(L[Pf_(f)?]) = 2P8 (P (HL[PF ((N)])
= P (CL(P (), PLy(f)) <exp (=22t — ) PS (TL(S, 1))
This implies that
D[ PE(f) = PECHP < PETL(S F)).

Integrating with 7, and letting + — oo, we find the Poincaré inequality
Varz, (f) = 7(f) = 7(f)?

1
7o(f%) = me(PE(S)) < g-me (LS ).

Recalling that 7 L = 0, we have that
3 Varg, (P (f)) = 2me [P (f)IP{ (f)(x)]

=—n:(CL(PS(f), P (f))) < —2x¢ Varg, (P (f)).
This completes the proof of Theorem 5.4. [

t—00
<«

B.3. Proof of Theorem 5.6. We apply Lemma B.3 to the drift function a and
to the potential function V(x) = —2(A — Sx). To this end, observe that

&2 2 3¢?
a(O):R+7U>O and 0%a,=— (S_TV) < 0.
In addition, we have
da(x) + lV(x) = 2A(1 — l) — 2<S<1 — l) — gV)x.
8 8 ) 2
This shows that (B.6) is met with

= (a5 1) -5}

0%a,| 2 3¢2
7 —,3=S<E—l>+7V>O for any § € [0, 2[.
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We conclude that the minorisation property (B.8) is satisfied with

2
H, /2> AlS — 1]+ /32 =) [R — %(SU]S.

Rewriting the last inequality in a slightly different way with: :=§ — 1 € [—1, 1],

we have
2
H,/2> A1 +4/1 —12\/RS|:1 - %(1 +1)U].

Arguing as in (B.10), we choose

A 2
1=——— and 2R >¢&“Ury,

A2+ RS

we find that

2
/ SU

On the other hand, the drift function (B.7) is given by
b(x) =ax) — 8211(U + sz)

2(1 2 3 2
=2Ax+|R+¢ 5—11 U)—(S+e¢ 11—§Vx
=2Ax + R, — Sex”.

The potential function in (B.7) is given by

141
X

= ﬁg(x).

Hx)=21A+

[R - %(1 +z)U} +(1- l)x[s+ %2(1 +1)V}

This complete the proof of the theorem. [J

B.4. Proof of Theorem 5.8. Combining (5.8) with Jensen’s inequality, for
any xk > 0 we have

E(&x)*) " = 1(x) > o (x)%e 7.
This proves the L.h.s. estimate in (5.19). Next, set
nei=me — (e — Dy =1, — (e — D= <my :=21, — 1.
We assume that ¢ is chosen so that

R(Ss*”l() A S(Ss*”k) A R(Evfmk) A S(g,*mk) > O’
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so that the Riccati semigroups d),(g’_n“) (x) and ¢,8’_m")(x) are well defined. We

also let d>,(€’7m“)(x) be the stochastic Riccati flow associated with the parameters
(R®~m) §(&=mo)) By the exponential change of probability measure discussed
in Theorem B .4, we find that

E(E8 (x)*) < E[(® ™) (x)/x)" | exp [~ he ct].
When i, € [0, 1] N[0, 2«], applying Jensen’s inequality we check that
E[(@ " () /x)* ] <E[(@" " () /x)]* <[ () /]
On the other hand when ¢, € [1, c0] N [0, 2« ], using (4.3) we check that

2
(R(E’_m"), S(&—mx)) + %(ZK — (U, —-V) = (R(&—lx)’ S(&—l/())

= E[(®{" 7" @) /x)"*] < [¢& ") (x)/x]".
This implies that

(&,—nk)

2 T * o D+ N 0
E(& (x)™) < [7 Vv 1] exp[—kAg ] < |:— v 1} exp [—KkAg 1]
X X

For small values of ¢, we also have
(B.12) E(£8 (x)*)/* < exp (24A1).
More generally, for any 0 < s <t we have

E(€;,(0)™) < exp[—ree(t = DJE[(¢15 " (@5 (0))/ @5 (0))"].
When 1, € [0, 11N [0, 2«], we check that

E[ (12" (@5(0))/ @5 (0)"] < (B[~ (95 () /@5 ()]

On the other hand, using the uniform estimate (3.3) we have

ET@) L w T ey
®Er) T BE) T B

Combining the above estimate with (4.3), we conclude that

E[(¢/ " (@ )/ @5 (0)*] < [1 + @y /9D O)]
Arguing as above, when i, € [1, co] N [0, 2« ] we check that
E[(6{") (95 (0)/@5(0)"*] < [1 + wy /8" O]
This implies that
(B.13) Sup E(EE, (1)) < pecs exp[— et — )],

x>0
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with the constant
pescs =1+ @y /oD O]
Combining Holder inequality with (B.12) and (B.13), we have
E(gts(x)ZK) < E(gi(x)ZK(l-Fl/M))u/(l'H/’) « E(Ej,t(x)z"““))l/(lﬂ)
< €2KAU[1 + w_+/¢l()8s_(lk(1+u)vl))(0)]K(1+l)
X exp [~k he (1) — V)],
for any u > 0. When 0 <t < v, we also have
E(EF (1)) /% < e"A+henttn] exp[—Tp o (11,

We complete the proof of (5.19) by letting u — 0 and choosing v = 1. The proof
of the theorem is now completed. [J

B.5. Proof of Theorem 5.10. Combining the Feynman—Kac formula (5.16)
with the estimate (5.15) for any n > 1 and taking any x; > x», we have the Taylor
integral formula

1
OF(x1) — Pf (x2) = (x1 — xz)/o T (uxy + (1 — u)xz) du,
as well as the estimates

[[®F (x1) = @7 (x2)|l,,

o _
<exp[—Ael] i - x2)

o Fax + @ -y |01 st + (=0l due

On the other hand, we have
H@f (ux; + (1 — u)x2)|||ln < A,(S”")(um + (1 —u)xp) < a,(g””)(xl).
Using (3.2) for any time ¢ > v > 0, we check that
185 (uxt + (1 — )|, <erw@aE™ —a5") =
19§ x) = @ ), < 20285 = FE] s (x1, x2) exp[— et .
More generally, we have
| @7 (x1) — @F (x2) ||, < d5(x1, x2)(x1 VX2 v z’z}f”"))” exp [—Agt].

This completes the proof of the theorem. [
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APPENDIX C: OTHER PROOFS

In this Appendix we give the proof of Proposition 5.2, the proof of Lemma 5.3,
the proof of Theorem 6.1 and the proof of Corollary 6.3 in order.

C.1. Proof of Proposition 5.2. We have

BLF (95 0) 7 0] = B[ 7@ ) exp [ (@500 as |t 0|

with the exponential martingale M; (x) defined by

0 (X)M? (x) := 0 (DF (x)) exp [— /O (GS_ILJS)(CI)i(x))ds].

This implies that
— & ! €
E[f(®f ()T (x)] = E[f(d), (x)) exp [fo AN (D, (x)) dsﬂ,

where 5? (x) stands for the stochastic flow associated with a diffusion with gener-
ator

L(f)=L(f) +0, ' T1(0c, f) = L(f) + 0:d0:f.

In other words, 55 (x) 1s the stochastic Riccati flow associated with the diffusion
function o, and the drift function a given by

2
0 (x)80, (x) = %(U +3Vx?)

2 2
£ 3¢ 2
= a(x)=2Ax+ (R+ ?U) - (S— TV)x .

This completes the proof of the proposition.

C.2. Proof of Lemma 5.3. For any x > 0, we have

e U+3Vx? . doe(x) 1 U+3Vx?
2/x(U +Vx2) oe(x)  2x(U+Vx2)'

In addition, we have

dog(x) =

92c (x)—f—[ X_M}
T2 AU+ VD) 2x(U + Vx2)
2 [6‘/ (U+3Vx2)2}

9* == ———
== 0 (x)oe(x) 5 x (U T VaD)
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This implies that
U+3Vx2 IR S
HE :—( ————)—2A—S
) U+ Vx2 o ( *)
2 2N\2
P 1(U+3Vx)]
“l6Vy———- |
+4[ YT UV

For instance when V = 0, we have
2

e )——A—i—l[ R-"U 1+3S}
(x) = 5( 3); x

g2
>hei=—A+ 3(R — ?U)S,

as soon as 2R > &2U. When U = 0, we have

R1 1 2 2
Hg(x)=A+3——+x—<S— 3iv> >he=A+ 3R<s—3iv>,
2 x 2 2 2

as soon as 28 > 3¢2V. We further assume that V A U > 0. In this case, we have

2
TR R
U+ Vx2
lw[ﬁ_éy_?’_gzvxz]
xU+Vx2 |2 4 4
1U+3vx? 3,
Sx{2—————— 4+ 6"V |.
+ x( 2U+Vx2+28 )

This yields the decomposition
2

He(x) = [1(x) — 2] A + %L(x)[g - %U] —I—x|:S<2 - %L(x))
]

+2 2v<5—1( ))
28 2LX

with the increasing function

U +3Vx? 2V x?
e[o,1 = 4+ €[1,3
elodl e =gy =gy e
Vx2—U

- —2=——¢€[-1,1].
‘) U+ Vx2 : ]

Observe that

. xJV/U)? -1 1 e
Ho(x) > 1+(x\/V/—U)2A+x\/V/—Ur8+S8(\/V/Ux) =H (xyV/U),
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with

2

Se 1= ﬁ[S—F%ZV(S — %)} > 0.

When A =0, for any x € Ry we have

1 2
Fe 1= Ew/V/U[R— E—U] >0 and

1
HE (x) = ;rg 4 5.x > 2. /TS

— ez [k Su][s+aev(s-2)]

as soon as 2R > ¢%U and S > %Hfj’% V. We further assume that A # 0. Observe
that

)Cz—

1 1
T (—A) + LSe Hrex.

HE(1/x) =

This shows that there is no loss of generality in assuming that A > 0, up to chang-
ing (r¢, Sg) by (s¢, r¢). We further assume that A > 0. In this case, we have
H (x):=HE (x)/A
-1 1. _x*—1 /1 o
=Ty tyetserz oot <; +x ) (T ASe)
with (Fe,5¢) = (re, s¢)/A.

This yields the estimate

2x2
1+ x2

— ez oar [r-Su][s+aev(s-3))

This completes the proof of the lemma.

H (x)=—1+

1 J—
+—78+§8XZ—1+2 Fggg
X

C.3. Proof of Theorem 6.1. The first estimate is a direct consequence of the
Ornstein—Uhlenbeck formula (6.1) combined with the exponential semigroup es-
timates stated in Theorem 5.8. It is also readily checked that

sup [[ W57 (x, z1) — W (0, 22)|, < 1nexpl—enyat /2121 — 22l.
zel0,1]
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We fix the parameters (z, €, €) and we set
AV (x1,x0) =W (01, 2) — WP (02, DAY (1, x2) 1= BE (1) — B (x),
As(x1, x2) = S[®] (x1) + Df (x2)]
+E[U + V(9 (x1)* + @ (x1) D (x2) + f (x2)7)]
/(se(®F (x1)) + (P (x2)))
R—1/2
<
- 2
Using the norm estimates (4.3), we check that

[S[DF (x1) + DF (x2)] + E2[U + V[®2 (x1) + D¢ (x2)]*]].

—1/2
2
+E[U + Vo (x1) + ¢ (x2)]*]]

< can(l+x1 4 x2)%

R
lACer, x2)]f, < [S[oE™ (x1) 4+ 6™ (x2)]

On the other hand, combining the Laplace estimates (5.19) with the decomposition
(6.1) and Burkholder—Davis—Gundy inequality, we check that

|||‘I’z(€’§) (x,2)|, < c3nexp [—2%e.n2t]lZ]

t n/2q1l/n
+nEHf EE,(x)* 2 (D5 (x)) ds }
) &5

Using the generalized Minkowski inequality, this implies that

1w (x, )],

< 3.0 €Xp[—2he n 21112l

' 2n1l/n 2 1/n 1/2
—I—n[/o E[Sf,z(x) n] E[%n(d)i(x))] ds}

< 3.0 €Xp[—2he n 21112l
12

+ can (fot exp[—Ae.n(t — s)]E[g%"(@f(x))]l/" ds)
Next, observe that
E[c2"(®5(0)]"" = (R+ $62) (1)?) +FE[(®5 () (U + V&5 (x)%)"] "
< (R+ SpE2M (x)%) + (U™ (x) + Vo3 (x)3).
We may then conclude that

|||‘I’z(€’§) (x,2)|, < csnexp [—2%e.n2t]l2]
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+con ((R + S¢£s,2n)(x)2)
(UL () + V&I (1)) V2.

This completes the proof of (6.2). The proof of the second estimate in (6.3) is
based on the formula

dA;p(xl,xz)

1 _
= EaA(éf(xl))A? (x1,x2) dt — SA? (x1, x2) W (xp, 7) dt

+ A7 (1, x2) Ay (x1, 2) AW
This implies that

Ay,(}fl,m)

t _
—_s / £, ()AL (x1, x)WED (12, 2) dis
0

t
+ /0 Eor (1) A® (x1, x2) A (x1, x2) AWV,
from which we check that

H|A;p(x1,xz)H|n
t
<cia(l +|z|+x§/2)/O E(E,. o)) /CVE(AL (x1, x2)3) /O s

+ con(1 4 x1 + x2)?

' 12
X |:/ E[Ss,t(X1)3n]2/(3n)E[A?(xl,xZ)3n]2/(3n) ds:|
0

Using (5.19) and (5.23), we obtain that
Al Ger 2l

32, 1 +x1+x2
3 ) ————x1 — x|

fcl,n(1+|z|+x 1 A%
1 2

t - -
x/o exp (—Ags) €Xp [—Ae,3n/2(t —5)/2]ds

(1+x1 +x2)°
+op———————|x1 — x2|
X1 N\ X2
1/2

t o~ o~
X [/0 exp (—2Ags) exp [ —Ag,3n/2(t — )] ds:|
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As a result, we conclude that

(14 x; +x)°
A Gty x|, < e3n(1+ 12) "2 |x) — xa]t exp[—he.an/2 /2],
X1 A\ X2

completing the proof of the theorem.
C4. Proof of Corollary 6.3. The proof is based on the decomposition
VO, ) = 90, 2)
=[Ex) - &)z + / 5.0 (1) — &, () g (D5 (x)) AW

D5 (x) + s (x) AW
S(P5(x) +6(hs(x))

+8S/0 5;,(x)V§(x)
On the other hand, we have

t
26,00 = Eur0)] =885, 0 + £, ]| [ Vi du
)
Arguing as above and using the uniform fluctuation estimates (4.4), we get that

E[|€2,(x) — €2, 0[]
< £805, (1) ( — $)(B(ES, )*) /" 1+ £0,(x)
< c1,n805,(X)(t — $)(exp [—Ren(t — 5)/2] + exp[—1(t — 5)/2]).

The last assertion is a direct consequence of (5.8) and the uniform Laplace esti-
mate (5.19). Combining Burkholder—Davis—Gundy inequality and the generalized

Minkowski inequality, we have
0 nq2/n
]| [0 - € s (@t w)aw| |

<n? /Ot E((E2,00) — E2,(0))*™) /" [R + SE(® (x)*") /"] ds.

Using the uniform moment estimates (4.3), we find that

n]Z/n

< 28705, () [1+ ¢ (x)7] /O 2 (exp[—Te 2051 + expl—As]) ds

£]| [ 00t constaso

< 308705, (01 4 62 (x)?].
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n]Z/n

< /0 E[E7, 00"V ()" [®5 ()% + g (1) 2T/ " dis

In much the same way, one can check that

D (x) + s (x)
Vs 5 aw’
W AV e + e 4

This implies that

t
< cs5.005, ()% [P (1) + 9153 (0)?] /0 52 (exp[—he.3ns) + exp [—As]) ds
O (x) + ¢y (x) ,
A s dw
H/ (Vs (x )g(¢§(x))+§(¢>s(x)) g

nj|2/n
< €605, (X)2[Ba(x)? + 03 (x)?].

Recalling that sup, .o (xe™**) = 1/(ae) for any o, we find the uniform estimate

e wEO (x,2) = WO (x, 2)|| | < €605, (X)(z Vv D1V SE3M (x)].

This completes the proof of the corollary. [
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