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1. Introduction

The simple exclusion process is a statistical physics model that has received
much attention from physicists and probabilists over the years. In the present
article, we consider the case where the lattice is a segment of length 2V, the
total number of particles is N and the process is endowed with zero-flux bound-
ary conditions. We present a classification of the scaling limits of this model
according to the asymmetry imposed on the jump rates.

We start with a precise definition of the model. Consider a system of N
particles on the linear lattice {1,...,2N}, subject to the exclusion rule that
prevents any two particles from sharing a same site. Each particle, independently
of the others, jumps to its left at rate py and to its right at rate 1 —px as long as
the target site is not occupied. Additionally, we impose a “zero-flux” boundary
condition to the system: a particle located at site 1, resp. at site 2N, is not
allowed to jump to its left, resp. to its right. At any given time ¢, let X;(¢) be
equal to +1 if the i-th site is occupied, and to —1 otherwise.

It is standard to associate to such a particle system a so-called height function,
defined by

S(0)=0, S(k)=> X;, k=1,...,2N.

Since the total number of particles is N, we necessarily have S(2N) = 0 so that S
is a discrete bridge. The dynamics of the particle system can easily be expressed
at the level of the height function: at rate py, resp. 1 — py, each downwards
corner, resp. upwards corner, flips into its opposite: we refer to Figure 1 for an
illustration. The law of the corresponding dynamical interface will be denoted

by PV,
This dynamics admits a unique reversible probability measure:
1 pN O\ 2AS)
S) = —( ) : 1
pn (S) Zo\ T pn (1)
where A(S) = ii’l S(k) is the area under the discrete bridge S, and Zy is

a normalisation constant, usually referred to as the partition function. This
observation appears in various forms in the literature, see for instance [25, 18,



158 C. Labbé

rate 1 — py

F1G 1. An example of interface.

17]. Notice that the dynamics is reversible w.r.t. uy even if the jump rates
are asymmetric: this feature of the model is a consequence of our “zero-flux”
boundary condition.

From now on, we only consider “upwards” asymmetries, that is, py > 1/2,
and we aim at understanding the behaviour of the interface according to the
strength of the asymmetry. It is clear that the interface will be pushed higher
and higher as the asymmetry increases. On the other hand, the interface is
subject to some geometric restrictions: it is bound to 0 at both ends, and it is
lower than the deterministic shape k — k A (2N — k). Actually, it is simple to
check that under a strong asymmetry, that is, py = p > 1/2, the interface is
essentially stuck to the latter deterministic shape. Therefore, to see non-trivial
behaviours we need to consider asymmetries that vanish with N. We make the
following choice of parametrisation:

PN ( 4o )
= ex 5 0'>07 a € 0,00 5
1 —pNn P (2N)> (0, 00)

so that
1. e @(L)
pN—2+(2N)a+ N2a )
The important parameter is . When it equals +o00, we are in the symmetric
regime, while a« = 0 corresponds to a strong asymmetry. In the present paper,
we investigate the whole range a € (0, c0).

The results are divided into three parts: first, we characterise the scaling
limit of the invariant measure; second, the scaling limit of the fluctuations at
equilibrium; and third, we investigate the scaling limit of the dynamics out
of equilibrium. As we will see, the model displays a large variety of limiting
behaviours, most of them already appear in related contexts of the literature.
Let us mention that two sections of the present paper have been taken from the
recent work [29], and have been enriched with more details and comments.
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From now on, we extend S into a piecewise affine map from [0,2N] into
R: namely, S is affine on every interval [k, k 4+ 1]. We also let L be the log-
Laplace functional associated to the Bernoulli +1 distribution with parameter
1/2, namely L(h) = log cosh h.

1.1. The invariant measure

The main result of this section is a Central Limit Theorem for the interface
under pp. To state this result, we need to rescale appropriately the interface
according to the strength of the asymmetry. For o > 1, the space variable will
be rescaled by 2NN so that the rescaled space variable will live in I, = [0,1]. On
the other hand, for & < 1, we will zoom in a window of order (2N)® around
the center of the lattice, hence the rescaled space variable will live in I =
[-N/(2N)*,N/(2N)?] for any N > 1, and I, = R in the limit N — oo.

This being given, we introduce the curve % around which the fluctuations
occur. One would have expected this curve to be defined as the mean of S
under upy, but it is actually more convenient to opt for a different definition.
However, %% coincides with the mean under jy up to some negligible terms,
see Remark 13 below. For all k£ € {0,...,2N}, we set z, = k/(2N) if o > 1,
xp=(k—N)/(2N)* if a < 1, and

k
Eﬁ(m)zZL’(h?), hf\’z(;Ta)a<N—i+%>, ie{l,....,2N}. (2)

In between these discrete values x;’s, ¥ is defined by affine interpolation.
Let us mention that 3 (z) ~ (2N)?>~%0z(1 — ) when a > 1, and X (z) ~
2N [ L'(0(1 —2y))dy when o = 1. On the other hand, when o < 1, 3% differs
from the maximal curve k — kA (2N — k) only in a window of order N¢ around
the center of the lattice. We refer to Figure 2 for an illustration and to Equations
(22) and (24) for precise formulae.

We are now ready to introduce the rescaling for the fluctuations. For o > 1,

we set
N . S(x2N) — 2N (x)
u™ (z) := o , x€]0,1],

and for a < 1, we set

_ S(N+z(2N)*) — ¥ (2)
u () = N3 , eI,

. . (d
Theorem 1. Under the invariant measure py, we have ulN :é B, as N — 0.
The process B, is a centered Gaussian process on I, with covariance

_ 40(0,7) ga(y,1)

E[Ba(2)Ba(y)] (0. 1) ;

Ve<yel0,1], a€cll,o0), (3)
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o(n2—a)

0 N 2N

—
O(N®)

FiG 2. Upper left a > 3/2, upper right o € [1,3/2], bottom o < 1. The red curve is Y : in
the first case, it is negligible compared to the fluctuations so we have not drawn it.

and
E[Ba(2)Ba(y)] = q“(qj’_”oo‘fﬁi)*m) , Ve<yeR, ac(0,1), ()
where
rVy—x Ay if a € (1,00)
Go(z,y) = f;x; L"(o(1—-2u))du ifa=1
ffAvyy L"(20u)du if a € (0,1).

Remark 2. In all cases, the process (coBa(ro(x)),x € [0,1]) is a Brownian
bridge where

1 ifa>1,
Cq = m Zfa =1 s
Vo if € (0,1).
and
T ifa>1,
ro(r) = { (1 + o lartanh((22 — 1) tanh(0))) ifa=1,
= artanh(2z — 1) if € (0,1).

Let us make a few comments on this result. Recall that the mean shape %%
is of the order N2~ The scaling of our process u¥ together with the con-
vergence result stated in Theorem 1 show that the fluctuations of the interface
around this mean shape are of the order N(1"®)/2_ Consequently, according as a
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is larger than 3/2, resp. equal to 3/2, resp. smaller than 3/2, the mean shape is
negligible, resp. of the same order, resp. dominant, compared to the fluctuations.

Notice that for a < 1, the features of the limiting mean shape and fluctua-
tions depend on the step distribution of our interface (through the log-Laplace
functional) while they are “universal” for a > 1. The case o« = 3/2 is already
covered in [17], while the case a« = 1 can be deduced from previous results of
Dobrushin and Hryniv [15] on paths of random walks conditioned on having a
given large area.

We also derive the asymptotics of the partition function Zy.

Proposition 3. As N — oo we have

q

22 (2N)3=20 4 O(N1-20y N5—4)  jfq € (1,00) ,
N) [} L(o(1 — 22))da + O(1) ifa=1,
(2N)?>~* —2Nlog2 + O(N®) if a €(0,1) .

ZN
log 22_N =

S

Finally, let us observe that all the results presented above can be extended
to a more general class of static models: namely, to paths of random walks
having positive probability of coming back to 0 after 2N steps and whose step
distribution admits exponential moments.

1.2. Fluctuations at equilibrium

We turn our attention to the dynamics. Below, W will denote a space-time white
noise on [0, 00) X I, that is, a centred Gaussian random distribution such that for
any two functions f, g € L?([0,00) x I,), we have EW ()W (g) = (f,g). We will
denote by S(t, k) the dynamic height function and by X (¢, k) = X (¢t) € {-1,1}
the occupation variables at time t and site k.

For ao > 1, we set

S(H2N)2, 22N) — N (z)
V2N ’

uN (t,z) = z€0,1,t>0,

while for a < 1, we set

S(t(2N)2*, N + z(2N)*) — =N ()
(2N)$5 ’

ulN (t, x) = zelI¥ t>0.

For convenience, we set $1(z) = limy o0 7 (2)/(2N) = [ L'(0(1 — 2y))dy
for all z € [0,1], and, for o < 1, ¥,(z) = limy_ (Y (z) — N)/(2N)® =
z+ [ (L'(20y) — 1)dy for all z € R.

Theorem 4. Assume that the process starts from the invariant measure jiy .
Then, as N — oo, the process u¥ converges in distribution to the process u
where
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1. For a € (1,00), u solves

Ou=312u+W, z€(0,1),
u(t,0) =u(t,1) =0,

started from an independent realisation of B,
2. For a =1, u solves

Ou = 102u — 200,51 0pu + /1 — (0,51)2W, € (0,1),
u(t,0) =u(t,1) =0,

started from an independent realisation of By,
3. For a € (0,1), u solves

Opu = %83u — 200,80 Opu—+/1— (8,202 W, zeR, (7)

started from an independent realisation of B,.
In all cases, convergence holds in the Skorohod space D([0,00),C(14)).

Once again, notice the specific behaviour when o < 1. De Masi, Presutti
and Scacciatelli [11] and Dittrich and Gértner [14] prove convergence of the
fluctuations of the weakly asymmetric simple exclusion process (WASEP) on
the full line when the asymmetry scales like € and time is sped up by € 2: the
limiting fluctuations are then given by an equation similar to (7). Let us also cite
the work of Derrida, Enaud, Landim and Olla [13] on a related model interacting
with reservoirs.

An important ingredient in the proof of this theorem is the Boltzmann-Gibbs
principle, which is adapted to the present setting in Proposition 18.

1.3. Hydrodynamsic limit

The subsequent question we address concerns the convergence to equilibrium:
suppose we start from some initial profile Sy at time 0, how does the interface
reach its stationary state? We consider the following rescaled height function

S(t(2N)(@+DA2 2o N
m™N (t,z) = (£ )2N * ), t>0, xcl0,1].

Notice that under this scaling, at any time ¢t > 0 the profile  +— m™ (¢, ) is
1-Lipschitz.

Theorem 5. Let a € (0,00). We assume that the initial profile m™ (0, ) is de-
termanistic and converges uniformly to some continuous profile mo(-). Then, the
process m™ converges in probability, in the Skorohod space D([0,00),C([0,1])),

to the deterministic process m where:
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1. If a € (1,00), m is the unique solution of the linear heat equation
oym = %&%m , (8)
m(t,0) =m(t,1) =0, m(0,:) =mp(:).

2. If a =1, m is the solution of the following heat equation with non-linear

drift
{@m = %82771 + 0(1 — (&Cm)Q) , )

m(t,0) =m(t,1) =0, m(0,-) =mo(-) .

3. If a € (0,1), m is the solution of the following Hamilton-Jacobi equation

om =o(1—(9,m)?), (10)
m(t,0) =m(t,1) =0, m(0,-) =mp(-).

Compare (8), (9) and (10) and observe the competition between the Laplacian
and the non-linear term: as « decreases, the non-linear term becomes predomi-
nant. Notice that (8) and (9) are well-posed parabolic PDEs, while (10) does not
admit unique weak solutions so that one needs to specify the notion of solutions
considered, see below. The convergence result in the case a = 1 is similar to the
results of Kipnis, Olla and Varadhan [28] and of Gértner [19] who consider the
WASEP respectively on the torus and on the line Z; let us also cite the work of
Enaud and Derrida [16] on a similar model interacting with reservoirs.

Let us now be more precise on the notion of solution of (10) that we consider
here. For any Lipschitz function mg, we let 79(-) = (9xmo(-) + 1)/2 and we say
that m is solution of (10) if m(¢,z) = fox (2n(t,y) — 1)dy where 7 is the entropy
solution of the Burgers equation with zero-flux boundary condition

om=200,(n(1—n)), z€(0,1), t>0,
n(t,z)(1 —n(t,z)) =0, ze{0,1}, t>0, (11)
77(0a ) =To -

The precise formulation of the associated entropy conditions is given in Propo-
sition 31. Let us recall that this conservation law does not have unique solutions
in general, and that one needs to impose further conditions - here the entropy
conditions - to recover uniqueness. Let us mention that the interpretation of the
boundary conditions for this type of equations is not elementary. In the case of
Dirichlet boundary conditions, say 7(t,0) = a and 7(t, 1) = b, the solution the-
ory does not yield solutions that satisfy the prescribed values at the boundaries
at all times, but they rather satisfy the so-called BLN conditions at the bound-
aries: we refer to Bardos, Le Roux and Nédélec [3] for the BV setting and to
Otto [33] for the L setting. On the other hand, zero-flux boundary conditions
are simpler and one can impose to the solution to indeed have a zero-flux at the
boundaries at almost every time. We refer to Biirger, Frid and Karlsen [6] for
the complete solution theory.
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Tt turns out that the solution of (11) coincides with the solution of the same
PDE with appropriate Dirichlet boundary conditions: one simply needs to im-
pose 1n(t,0) = 1 and n(¢,1) = 0. This fact can be heuristically explained as
follows.

If we consider the same dynamics on the whole line Z, then the hydrodynamic
limit is given by the same PDE but on the whole line R: this was proved by
Rezakhanlou [36] when the asymmetry does not depend on N, and, as we will
see, the proof extends to the case where the asymmetry is not too weak. Now, if
we start with particles at all negative sites and no particle at positive sites, then
the hydrodynamic limit is constant in time: the system does not evolve at the
macroscopic scale, and non-trivial behaviours can be observed only at a smaller
scale around the origin. A coupling argument then shows that adding particles
at positive sites does not modify the hydrodynamic behaviour on negative sites.
Similarly, if we start with particles at all sites £ < 2N and no particle after site
2N, then the hydrodynamic limit remains constant. A coupling argument shows
that if we remove some particles on {1,...,2N}, the hydrodynamic behaviour
on {2N + 1,2N + 2,...} remains unchanged.

Consequently, if we consider the same dynamics on the whole line Z and if we
start with particles at all negatives sites, no particle after site 2NV, and the same
initial configuration of particles on {1,...,2N} as in our original system, then
the initial condition outside the segment remains invariant at the level of the
hydrodynamic limit so that one should get the “effective” boundary conditions
7(t,0) =1 and (¢, 1) = 0.

The proof of the theorem in the case o < 1 thus mainly consists in showing
convergence of the density of particles

X(t(2N)" k) +1
2 )

2N
PV (tdn) = o S N () (dw) o (R) = (12)
k=1

towards the deterministic process p(t,dx) = n(t,x)dz where n is the entropy
solution of the Burgers equation with the above Dirichlet conditions.

This convergence result is taken from [29], it is in the flavour of the works of
Rezakhanlou [36] and Bahadoran [2].

Observe that in the case a € (1,3/2) and under the invariant measure pp,
the interface is of order N2~® < N. Therefore, when the process starts from
an initial condition which is at most of order N2~ it is natural to derive the
hydrodynamic limit at this finer scale N2=<. (This is no longer relevant when
a > 3/2 since, then, the fluctuations are dominant.) If we set

S(t(2N)2, 22N)

oV (t,x) = (2N)? o ;

t>0, z€][0,1],

then it is possible to show that the sequence vy converges to the unique solution
of the following linear heat equation

{&gv =30%2v+o0,

v(t,0) =v(t,1) =0, v(0,-) =wvo(") . (13)
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F1G 3. A plot of (14): the bold black line is the initial condition, the dashed line is the solution
at some ttme 0 < t < 1/(20), and the dotted line is the solution at the terminal time 1/(20).
The blue box corresponds to the window where we see KPZ fluctuations.

We do not provide the details on this convergence, but it relies on essentially
the same arguments as the case a = 1 of the previous theorem.

1.4. KPZ fluctuations

From now on, we consider the flat initial condition
S(0,k) =kmod 2, ke{0,...,2N}.

Let us provide explicitly the solution of the Hamilton-Jacobi equation (10) start-
ing from the flat initial condition:

m(t,z) =z A(1l—2)A(ot), t>0, z€]0,1], (14)

see Figure 3 for an illustration. Notice that the macroscopic stationary state
is reached at the finite time 7' = 1/(20). This is an important feature of the
hydrodynamic limit for a € (0, 1): indeed, when « > 1, the hydrodynamic limit
is parabolic and reaches its stationary state in infinite time.

We are now interested in fluctuations around this hydrodynamic limit. The
reader familiar with the Kardar Parisi Zhang (KPZ) equation would probably
guess that it should arise in our setting. Let us first recall the famous result
of Bertini and Giacomin [4] in that direction. Consider the WASEP on the
infinite lattice Z with jump rates 1/2 + /€ to the left and 1/2 to the right.
If one starts from a flat initial profile, then results in [19, 11] ensure that the
hydrodynamic limit grows evenly at speed +/e. Then, Bertini and Giacomin
look at the fluctuations around this hydrodynamic limit and show that the
random process /e (S(te~2, ze~ 1) —e~3/2t) converges to the solution of the KPZ
equation, whose expression is given in (17) below (in Bertini and Giacomin’s
case, 0 = 1/2).

Although our setting is similar to the one considered by Bertini and Giacomin,
the “zero-flux” boundary condition induces a major difference: our process ad-
mits a reversible probability measure, while this is not the case on the infinite
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lattice Z. However, if one starts the interface “far” from equilibrium, then we
are in an irreversible setting up to the time needed by the interface to reach
equilibrium, and one would expect the fluctuations to be described by the KPZ
equation.

Bertini and Giacomin’s result suggests to rescale the height function by
1/(2N)*, the space variable by (2N)?* and the time variable by (2N)%®. The
space scaling immediately forces one to take o < 1/2 since, otherwise, the lat-
tice {0,1,...,2N} would be mapped onto a singleton in the limit. It happens
that the geometry of our model imposes a further constraint: Theorem 5 and
Equation (14) show that the interface reaches the stationary state in finite time
in the time scale (2N)®*!; therefore, as soon as 4a > « + 1, Bertini and Gia-
comin’s scaling yields an interface which is immediately at equilibrium in the
limit N — oo. Consequently, we have to restrict o to (0,1/3] for this scaling to
be non-trivial.

We set
AN (t,2) == ynS(t2N)**, N + 2(2N)**) — Ant , (15)
where
._ 1 DN — (QN)4a o TN -~
YN —§log1_pN 5 CN .—m, )\N .—CN(e _2+6 ) (16)

The following result was established in [29]

Theorem 6. Take o € (0,1/3] and consider the flat initial condition. As

N = o0, the sequence hN converges in distribution to the solution of the KPZ

equation:

Oh = 302h —o(0:h)*+ W, z€R, t>0, )
h(0,z) =0.

The convergence holds on D([0,T),C(R)) where T = 1/(20) when o = 1/3, and
T = oo when o < 1/3. Here D([0,T),C(R)) is endowed with the topology of
uniform convergence on compact subsets of [0,T).

Observe that for « = 1/3, T is the time needed by the hydrodynamic limit
to reach the stationary state. Indeed, in that case the time-scale of the hydro-
dynamic limit coincides with the time-scale of the KPZ fluctuations. Although
one could have thought that the fluctuations continuously vanish as t 1 7', our
result show that they don’t: the limiting fluctuations are given by the solution
of the KPZ equation, restricted to the time interval [0,7). This means that the
fluctuations suddenly vanish at time T'; let us give a simple explanation for this
phenomenon. At any time ¢ € [0,7T), the particle system is split into three zones:
a high density zone {1, ..., ;\—gt}, a low density zone {2N — ;\—gt, ...,2N} and, in
between, the bulk where the density of particles is approximately 1/2, we refer
to Figure 3. The KPZ fluctuations occur in a window of order N2® around the
middle point of the bulk: from the point of view of this window, the boundaries
of the bulk are “at infinity” but move “at infinite speed”. Therefore, inside this
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window the system does not feel the effect of the boundary conditions until the
very final time T" where the boundaries of the bulk merge.

Let us recall that the KPZ equation is a singular SPDE: indeed, the solution
of the linearised equation is not differentiable in space so that the non-linear
term would involve the square of a distribution. While it was introduced in the
physics literature [26] by Kardar, Parisi and Zhang, a first rigorous definition was
given by Bertini and Giacomin [4] through the so-called Hopf-Cole transform
h— & = e~ 27" that maps formally the equation (17) onto

_ 192 T
{8t£—28z£+2J£W, reR, >0, 18)

£0,2)=1.

This SPDE is usually referred to as the multiplicative stochastic heat equa-
tion: it admits a notion of solution via Itd integration, see for instance [10, 41].
Miiller [32] showed that the solution is strictly positive at all times, if the initial
condition is non-negative and non-zero. This allows to take the logarithm of the
solution, and then, one can define the solution of (17) to be h := —log&/20.
This is the notion of solution that we consider in Theorem 6.

There exists a more direct definition of this SPDE (restricted to a bounded
domain) due to Hairer [22, 23] via his theory of regularity structures. Let us also
mention the notion of “energy solution” introduced by Gongalves and Jara [20],
for which uniqueness has been proved by Gubinelli and Perkowski [21]. It pro-
vides a new framework for characterising the solution to the KPZ equation but
it requires the equation to be taken under its stationary measure.

For related convergence results towards KPZ, we refer to Amir, Corwin and
Quastel [1], Dembo and Tsai [12], Corwin and Tsai [9] and Corwin, Shen and
Tsai [8]. We also point out the reviews of Corwin [7], Quastel [35] and Spohn [38].

The paper is organised as follows. In Section 2, we study the scaling limit of
the invariant measure. Section 3 is devoted to the fluctuations at equilibrium. In
Section 4 we prove Theorem 5 on the hydrodynamic limit, and in Section 5 we
present the proof of the convergence of the fluctuations to the KPZ equation.
Some technical bounds are postponed to the Appendix. The sections are essen-
tially independent: at some localised places, we will rely on results obtained on
the static of the model in Section 2.

2. The invariant measure

Let Be(q) denote the Bernoulli £1 distribution with parameter ¢ € [0, 1], and
let L be the log-Laplace functional associated with Be(1/2), namely L(h) =
logcoshh for all h € R. For each given N > 1, we will work on the set
{—1,4+1}?" endowed with its natural sigma-field. The canonical process will
be denoted by X1, ..., Xan, and will be viewed as the steps of the walk S(n) :=
Y k<n Xk Recall that A(S) is the area under the walk S, defined in (1) and
recall that py = 1/2 +0/(2N)* + O(1/N?®).

The strategy of the proof consists in introducing an auxiliary measure vy
which is the same as uy except that, under vy, the walk is not conditioned on



168 C. Labbé

coming back to 0 but satisfies vx[S(2N)] = 0. This makes v more amenable
to limit theorems. In particular, we establish a Central Limit Theorem and a
Local Limit Theorem for the marginals of the walk under vy. Since ppy is equal
to vn conditioned on the event S(2N) = 0, and since the vx-probability of this
event can be estimated with the Local Limit Theorem, we are able to get the
convergence of the marginals of the walk under py. The tightness is obtained
by similar considerations. Let us now provide the details.

Let mn be the law of the simple random walk, that is

2N
TN = ® Be(1/2),
k=1

and let vy be the measure defined by

—dVN frg L ( pN ) @ epNS(QN) Z/ - eLS(hN) (19)
dry  ZG\1—pn ’ N ’

where Lg(hN) := 32N L(hY) and
20 1 N 20 1

Remark 7. Under the measure vy, the total number of particles is not equal
to N almost surely, but is equal to N in mean. The measure vy can be seen as
a mizture of 2N 4+ 1 measures, each of them being supported by an hyperplane
of configurations with ¢ € {0,...,2N} particles. It is easy to check that our
dynamics is reversible with respect to each of these measures, and therefore,
with respect to vy .

Lemma 8. The measure vy satisfies

dVN 1 Z h‘k Xk 2N N
&N _ _ 5 )
din 2 , vN = ® Belgi') (20)
where g = (L'(h{) +1)/2.
Proof. Notice that
A(S)
( PN ) T pNS2N) _ iw AS)+on S(2N) ’
1—-pNn
and
20 A(S) + pnS(2N) ZX(2N k4 1) 2 ) ZXh

k=1

Since 7y is a product of Bernoulli measures and given the expression of the
Radon-Nikodym derivative above, we deduce that vy is also a product measure
of Bernoulli distributions with parameters

hy hy 1N
ek ek L'(hy)+1
X =1 = Sy (e =1) 2 cosh hY 2



Scaling limits of bridges 169

From there, simple calculations yield

k kAL

vn[S(R)] =D L'(hY), Var,, [S(k),S(0O] =Y L'(AY). (1)

=1 i=1

Observe that the curve ©Y defined in (2) is nothing but the mean of S under
vy . Recall the definition of g, from Theorem 1. A simple calculation yields the
following asymptotics. For a > 1, we have

N NPT oz(l—2) + O(N*3) a>1,
Fo (@) = {2N Jo L'(o(1—2y))dy + O(1) a=1, (22)
and
) (2N) qa(0,2 A y) + O(N3—2) a>1,
Var,, [S(z2N), S(y2N)] = {(21\7) (0.2 A g) + OW) az1, @
for all ,y € [0, 1]. For a < 1, we find
YN(x) =N+ (2N)O‘(a: + /00 (L' (20y) — l)dy) +0(1) a<1, (24)

and

Var, [S(N—&-:c(QN)a), S(N—i—y(QN)O‘)] = (2N)%qa (=0, zAYy)+0(1), a<1,

(25)
for all z,y € R.
The important observation for the sequel is the following result.
Lemma 9.
un(-) =vn(-|S(2N) =0). (26)

Proof. Let Cn be the set of all discrete bridges from (0,0) to (2N,0), then we
have

lA(S) lA(S)
E PN 2 2N PN 2
ZN:SEC <l_pN) :2 7TN|:(1_pN) 1{5(21\[):0}(5)] ,
N

since my is the uniform measure on the set of all lattice paths with 2/N-steps
and since the latter set has cardinal 22V, Hence, for any subset D of Cy, we
have (for all S € D, S(2N) =0)

FA(S) _ )
vN(D|Sany =0) = WN[(leNV e L'S(]N)lD(S)]
=U0)= T
™ [(—ﬁZN ) 2A(S)e_’:s(hN)1{5(2N):0}~(S)]
- 1 on PN 3 A(S)
=2 ()T o)
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1 1A®9)
" Zn (1 - )2 1p(5)
N SeCn by
= /LN(D) )
and (26) follows. O

Recall that for o« > 1 we have

gy = SN S @) 0.1,

V2N

while for v < 1

S(N + z(2N)®) — £V (z)

N oY «
= 2 .z e [-N/(2N)*, N/(2N)?].
N (z) S v € [-N/(2N)", N/(2N)]
Until the end of the section, k will denote an integer and ¥ = (x1,...,xg)
will be an element of (0,1]% if @ > 1, of (o0, +00]* if & € (0,1). It will be

convenient to write u™¥ (Z) = (u™ (z1),...,u" (x1)). Also, we use the convenient
notation u’¥ (+00) to denote u™ (N/(2N)®) when a € (0,1). For a € (0,1), we

define the lattice approximation 2V of x by setting

~ ._ =(2N)*]
= R
v @N)e 0 TR
zN := 400 for & = 00, and F := (z',...,z}) for all F as above. We also let

zy =1 when o > 1 and 2y = 400 when a € (0,1).

If @ > 1, we let B, be the centred Gaussian process on [0, 1] whose covariance
is given by ¢ (0,- A -). If a € (0,1), we adopt the same definition except that
the process lives on R and that its covariance is given by g, (—00, - A -). Notice
that in this last case, By (x) converges to a finite limit when 2 — +oo since this
is a martingale bounded in L2.

It is simple to check that B, is obtained by conditioning B, to vanish at z ¥
More precisely, if we denote by gZt~* and jo" " “**/ the probability densities
of the vectors (By (1), . . ., Ba(zx)) and (Ba (1), . . ., Ba(z1), Ba(2f)), then we
have .

T1,.0,Th _ ~041 ..... i f(ylv"'vykvo)
Ya (yla"'ayk) ng(O)

The proof of Theorem 1 is divided into the following four steps.

(27)

Step 1: Convergence of the marginals under vy.
Lemma 10. The vector u™ (Z) under vy converges in distribution to Ba(f)

Proof. The proof is classical, we only provide the details for the case o € (0, 1)
as the other case is treated similarly. Until the end of the proof, i denotes the
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complex number v/—1. For each j € {1,...,k}, we define k; := N + |z;(2N)*].
For all t = (t,...,t) € R*, let

2N k
Lk(ﬂ = ZL(iZt]’]—{lgk]‘} + hév) )
=1 j=1

so that Lj,(0) = Ls(h™N) = 32N L(hY) and
log yy [ SO HT CNIN] — 1 (7) — L4(0) .
It is simple to check that
02, L = —Var,, [S(k;), S(km)] -

tj,tm k‘fz(]

Fix t € R*. Using (25) and a Taylor expansion at the second line, we get

log 1y [eaauw(fwn} = Ly ({(2N)~%) — Ly(0) — GN)E (£, VLi(0))
k
1 LS
= —5 Z tjtg qa(—OO,iCj /\l’z) + O(NO‘/2 + m) s

dl=1
so that the characteristic function of the vector u¥ (#V) converges pointwise to
the characteristic function of the Gaussian vector of the statement. Since the
difference between u (#V) and u” (Z) is negligible, the lemma follows. O
Step 2: Local limit theorems under vy. We have the following Local Limit
Theorems under vy . Let D(":‘;*N be the finite set of all = (y1,...,yx) € R¥ such
that vy (u¥ (ZY) = 7) > 0.

Lemma 11. Uniformly over all § € D®N and all N > 1, we have

(QN)%(OL/\l)

ok vy (N (@) =) = GL()) = o(1) .

In the case k = 1, let EZY be the set of values y such that vy (u(zf) —
uN (V) = y) > 0.

Lemma 12. Uniformly over ally € EXYN and all N > 1, we have

(ZN) (A1) N(

% xr,r
() @) =) = [ e = o).
z€R

Below, we provide the proof of the first lemma. The second lemma follows
from exactly the same arguments, one simply has to notice that u¥(zy) —
ulN (2V) converges in law to B, (25) — Ba(z), and that Loer gﬁf"”f)(z, z+y)dz
is the density at y of this limiting r.v.
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Proof of Lemma 11. Let us prove the case o € (0, 1) which is the most involved.
The main difference in the proof with the case a > 1 lies in the fact that
the forthcoming bound (29) cannot be applied to all A" simultaneously when

€ (0,1). Indeed, these coeflicients are not bounded uniformly over ¢ and N
when « € (0, 1). However, for any given a > 0, they are bounded uniformly over
alli € Ing :=[N —a(2N)* N +a(2N)*] and all N > 1.

Without loss of generality, we can assume that 7 < x2 < ... < x so that
only zj, can take the value +o0. Let ¢p(t) = exp(L(h +it) — L(h)) for ¢t,h € R.
This is the characteristic function of the Bernoulli +1 r.v. with mean L’(h) so
that

¢n(t) = cos(t) +4iL' (h)sin(t), teR, heR. (28)

In particular, the characteristic function of the r.v. X; under vy is given by
¢n~. The function ¢ is 2m-periodic and |¢p(t)| < 1 for all h,t. From (28), one
deduces that for any compact set K C R, there exists r(K) > 0 such that

[0 (0)] < exp(—rL" (), Vi e[~ %”2?”] CYhek.  (29)

Let @, denote the characteristic function of the Gaussian vector B, (). Classical
arguments from Fourier analysis entail that for all 7 € DZN

ak - " ~E
Ry :=(2N)>2 I/N(uN(xN) = y) — 2kga(y) ,
can be rewritten as

= —/ Oy (F)e 1T dtf—/ O, (Fle “ENaf

where @ is the characteristic function of u™ (V) under vy and
D= {t ERF : |t] < (zN)%,/z 1k} .

Notice that the factor 1/2 in the definition of D comes from the simple fact that
our step distribution charges {—1, 1}, and therefore has a maximal span equal
to 2. Then, we take p € (0 ) and we bound |Rx|7* by the sum of the
following three terms

1
) 3(B31R)
Jl - / |‘1)N(£> - ¢a(f)|d£7 D1 = [_Npa’Npa]k
D
Jo :/ |®o (£)|dE, Dy =RM\Dy ,
D»

J3:/ |®n(t)|dE, Dz = D\D; .
D3

It suffices to show that these three terms vanish as N — co. Regarding J;, the
proof of Lemma 10 shows that

s

@(i) @B 5 [2aI(1 + 51Y.

2
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uniformly over all [{]* = o(N®/2). Since p(3 + k) < 3, a simple calculation
shows that J; goes to 0 as N — oo. The convergence of Js to 0 as N — oo is a
consequence of the exponential decay of the characteristic functions of Gaussian
r.v. We turn to Js. For each £ € {1,...,k}, we set

Dy¢=DsnN {|t4| > 37ENPYG > 4 Jt;] < 3-3'NW} ,

so that D3 = U;D3 . The important feature of these sets is that for all N large
enough

[te]
2

We bound separately each term Js ; arising from the restriction of the integral
in J3 to D3 . Take @ > 0 such that —a < 1 < ;-1 < a and recall that z; can
be infinite. Let K be a compact set that contains all the values h , 1 € INg,
and let r be the corresponding constant introduced above (29). We also define
Jp=N+ |z,(2N)¥| for all p e {1,...,k} and

2 .
<|te+.. +tk|§§(2N)f, Vie Dsy, Wee{l,... k}. (30)

IN7a7g =1IneN (N + :Ez_l(QN)a, N+ CB@(QN)Q} .

Using the independence of the X;’s under vy and the fact that the modulus of
a characteristic function is smaller than 1 at the second line, as well as (29) and
(30) at the third line, we get

[ @)] = [ [ex (i ZX Z usin e
<H‘¢h1\’( I; 11{;?p}t >‘

< T Jonr ()]

(te+ ... +tx)? "N
<exp| —r——mm—— L"(h; .
( (2N)« j":—%\;az ( J )>

Since W ZjEIN,u,,Z L”(h;»v) — q(xo—1,2¢ Na) as N — oo and since the limit
is strictly positive, we have for N large enough

1
Z L'(h)) > §Q(9ﬁz717$e Na),

JEIN,a,e

@N)®

so that, using (30), we get

(k— l)a

_r42
30 < / e §tia(zmena) g7 <N / e wtea(Te—rmena) gy,
Ds lte| >3~ ¢ Npo

which goes to 0 as N — oo. This concludes the proof. O
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Remark 13. It is possible to push the expansion of the local limit theorem one
step further, in the spirit of [34, Thm VIL.12]. Then, a simple calculation shows
the following. Let x € (0,1) if a > 1, and x € R if « < 1. We have

1Na

pun [S(k)] —vn [S(K)] = o(N727) |
uniformly over all k < x(2N) if a« > 1, and all k < N + z(2N)* if a < 1.

Corollary 14. The Radon-Nikodym derivative of puyn with respect to vy, re-
stricted to o(X1,...,XnN), is bounded uniformly over all N > 1.

Proof. Using (26) at the first line and the independence of the X;’s at the second
line, we get

v (0 {SG) =y S2N) = 0)
vn(S(2N) =0)

L n(S@2N) = S(N) = —yn)
N {S6) =vi}) = vn (S(2N) = 0) =

p( 0 {S(0) = ui}) =

D=z

= o

for all y1,...,yv € R. By Lemmas 11 and 12, the fraction on the r.h.s. is
uniformly bounded over all yy € R and all N > 1, thus yielding the statement
of the corollary. O

Step 3: Convergence of the marginals under py. From (26), we deduce

that
vy (u (@) = g uM (zg) = 0)

VN (uN(xf) = 0)

By Lemma 11 and Equation (27), we have

py (N (@) =§) = (31)

pn (uN (@) = ) = 28@N) T EEgT () (1 + 0(1)) |

uniformly over all N > 1, and all i lying in the intersection of D*" with a
compact domain of R¥. Thus, we deduce that for all 7 < @ € R¥, we have

pv(@N@EN) emal) = > v (N@EY) =7)

aAl

as N — oo. Since |[u™ (7)) — uN (V)| = O(N~%2") uniformly over all ¥, we
deduce that the finite dimensional marginals of «" under jy converge to those
of B,,.
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Step 4: Tightness of the sequence . For convenience, we restrict to the
case a € (0, 1) but the case a > 1 is actually simpler. We start by showing
tightness of (u™¥ (z),z € R) under vy . More precisely, we are going to show that
there exists 8 > 0 such that

SupVN[|UN(O)|+ sup M

3 } < o0,
N>1 zA£yc[—A,+A] |z — vy

for all A > 0, which ensures tightness in C(R, R).
We have for any A € R

logvy [e ™ (0 Zlog vN [GXP ((2]$)% (Xk — L’(hﬁ)))}

A

=3 (5 + ) - £002) - s 02))

2
g

uniformly over all N > 1, which ensures that all the moments of u” (0) are
uniformly bounded in N > 1.

Regarding the Holder semi-norm, a direct computation shows that for all
A,6>0

Ga(—00,0) + O(N /%) |

M)} <L ooz — y|* 20,

logVN[exp( =]

uniformly over all z,y of the form (k — N)/(2N)® with
ke {N—|A2N)“|,...,N+ [A2N)“]}.

Taking 6 € (0,1/2), this yields a finite bound uniformly over all N > 1 and
all such discrete z,y. Using classical interpolation arguments, we deduce that
this bound is still finite for non-discrete x,y lying in [—A, A]. Henceforth, the
Kolmogorov Continuity Theorem ensures that for any 8 € (0,1/2) and any
p > 1 we have:

[ (@) — N (y)”

sup vy | sup 3 <00,
N>1 P | |z — y|P
where J = [—A,+A]. Notice that we did not introduce a different notation

for the modification built from the Kolmogorov Continuity Theorem, since it
necessarily coincides almost surely with the continuous process u!v. Since J is
arbitrary, tightness in C(R, R) of v under vy follows.

By Corollary 14, the law of (uV(z),z € [—%, 0]) under py is absolutely
continuous w.r.t. the law of the same process under vy. This ensures that the
sequence of the laws of (u”(z),z € [—ﬁﬂ]) under ppy is tight. Since the

laws of the processes (u’¥ (—x),z € [0, %]) and (u(z),z € [0, #]) under
un coincide, we deduce the tightness of the whole process.
This concludes the proof of Theorem 1.
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Proof of Proposition 3. Recall that my is the uniform measure on the set of
lattice paths that make 2N steps and start from 0. We write
Zy — 22V ()

N
qn Lisen=op| = 22V un(S(2N) = 0) "= (32)

Since vn(S(2N) = 0) — 0 as N — oo, it suffices to estimate the exponential
term. When o > 1, we use the fact that L(0) = L'(0) = L®)(0) = 0, L"(0) = 1
and ||[LW| s < oo, to get

N o N 20 " X . 1N2 5—4
Ls(hY) =3 L(hY) = L (O)Z(N—z+§) + O(NO e

2
_ %(QN)?,—M + O(N(5—4a)\/(l—2a)) ’

and the asserted result follows in that case. For a = 1, the result follows from
the convergence of Riemann approximations of integrals. Finally, when o < 1,
we use the simple facts that L is even and that L(z) — x + log 2 is integrable on
[0,00) to get

N N N
Ls(hN) =23 L(hY) =23 hN —2Nlog2+2Y  (L(hY) — hY +log2)
1=1 1=1 =1

_ g
2
thus concluding the proof. O

(2N)?™* —2Nlog2 + O(N®) ,

3. Equilibrium fluctuations

The goal of this section is to establish Theorem 4. Our method of proof is
standard: first, we show tightness of the sequence of processes u'V, then we
identify the limit via a martingale problem. Recall that we work under the
reversible measure p .

3.1. Tightness

From now on, we set J = [0,1] when a > 1 and J = [-A, +A4] for an arbitrary
value A > 0 when o < 1, along with

V2sin(nrz) fora>1,
en() = ﬁsin (;‘—z(x—l—A)) fora<1.

This is an orthonormal basis of L?(J). For all 8 > 0, we define the associated
Sobolev spaces

HA) = {1 € S'(D): IfI3s 1= D n 2 (fren)? < oo}

n>1
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Recall that for a@ < 1, the value A > 0 is arbitrary. In order to prove tightness
of the sequence u” in the Skorohod space D([0,00),C([0,1]) for & > 1 and
in D(]0,00),C(R)) for a < 1, it suffices to show that the sequence of laws of
ulV(t =0,-) is tight in C(J), and that for any T > 0 there exists p > 0 such that

lim lim E}) Nty = uN ()5, | =0 33
i m B | sup et () = u T (6)lie) : (33)
|t—s[<h

see for instance [5, Thm 13.2].

Since we start from the stationary measure, the first condition is ensured
by what we proved in Step 4 of the preceding section. To check the second
condition, we proceed as follows. We introduce a piecewise linear interpolation
in time @V of our original process by setting

a(t,) = (tv +1 - t(2N>2‘“2)uN((2N%%v )

. ty + 1
+ (t(2N)** —tN)uN<(2§7)m") )

where ty = [t(2N)?"2].
Lemma 15. For all 8> 1/2 and all p > 1, we have
1
BN 18 @) = @V ()] S VI3,
uniformly over all 0 < s <t <T and all N > 1.
Proof. Assume that we have the bound
1
» _3(1na
EN, (16 @) = uV ()l )] S VE= 5+ NTHOA) (34)

uniformly over all 0 < s <tand all N > 1. Let 0 < s <t <T. We distinguish
two cases. If ty = sy or t = (sy +1)/(2N)?*2 then t — s < 1/(2N)?*"2 and

B (1)~ 1) = (= N2 (W () o () )

so that the asserted bound follows from (34) and the fact that (t—s)(2N)?"2 <
Vt —5(2N)?M in that case. If ty > sy + 1, then we write

aN(t7 ) - aN<87 ) = uN((zj\;)#/\Q’ ) - uN((QSJZ\\;)%}\T >

vaNt, ) — aN((QNt)#M )

_N sy +1 _N
+u (W,)*U (5,').
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The second and third increments on the r.h.s. can be bounded using the first
case above, yielding a term of order v/t — s. Regarding the first increment, either
tny = sy + 1 and it vanishes, or ty > sy + 2 and (34) yields a bound of order

tn sy +1 _3(1ra 3
\/(QN)QQAQ_@N)ZQ/Q""N DS VE— s+ (- s)T SVE-s,

as required. To complete the proof of the lemma it suffices to show (34).
For all n > 1, we let a(t,n) = [, u(t,x)e,(x)dz. Since § > 1/2, (34) is
proved as soon as we show that for all p > 1

B, [l —aeap] S E=s eI )

uniformly over all N > 1,alln >1and all 0 < s <.
Let £Y be the generator of u” . Using the reversibility of the process, we have
the following identities

a(t,n) —i(s,n) = / LN a(r,n)dr + ML (n)
AT = (T = ),n) — (T — (T — 5),n) = —/ £Va(r, m)dr + M (n) |

where M2 (n),t > s is a martingale adapted to the natural filtration of /v
and Mt s; s < tis a martingale in the reversed filtration. Summing up these
two 1dentltles7 we deduce that it suffices to control the p-th moment of the
martingales M2, (n) and M}Y,(n). Using the Burkhélder-Davis-Gundy inequality
(92), we get

1 1 1

P 2] P P
B [V eor] " S (e )] 4B, [ sup (M2 0= 02l

€(s,

uniformly over all N > 1, all n > 1 and all 0 < s < ¢. It is then a simple
calculation to check that almost surely (M (n)); is bounded by a term of order
t—s and sup,.¢ (s 4 |MD,.(n) — M, _(n)| by a term of order N—30A2) yniformly
over all n, N > 1, thus yielding (35). The same bound holds for the reversed
martingale by symmetry, thus concluding the proof. O

We need an interpolation inequality to conclude the proof of the tightness.

Lemma 16. Let n = 1/2 — € and 8 = 1/2 4+ €. For € > 0 small enough, there
exist ¢ > 0 and v,k € (0,1) such that

I£llercry < el IE Il ts ey YFECU)NHP(J). (36)

Proof. We rely on two standard interpolation results, we refer to the book of
Triebel [39] for the proofs. For ¢ > 1 and d € (0, 1), let W%4(J) be the space of
functions f : J — R such that

s = 7l + ([ [ LD 0 0y) " < oo
zJy

|z — yloett
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For n,8>0and x € (0,1), we set 6 := xkn — (1 — k)B as well as ¢ := 2/(1 — k).
Then, there exists ¢’ > 0 such that

I Fllwsa < NSNS, VfeC T nH .

Furthermore, for any v > 0 such that (6 —~y)g > 1 there exists ¢’ > 0 such that
[ Fller < Il fllwea s VF W,

Therefore, taking x € (2/3,1), n =1/2—¢€ and 8 = 1/2+ € with e small enough,
we deduce the statement of the lemma. O

By the triangle inequality at the first line, we deduce that for all p > 1 and
all n € (0,1/2)

R (L URL Ol

p
< sup BN, [(1a ®llea + 17V ($)lencn) )

0<s<t

S B (17 Ol -

Using the Hoélder regularity of the interface under py proved in Step 4 of the
previous section, the stationarity of the process 4" and the definition of @V, we
then deduce that for all p > 1 and all n € (0,1/2)

susuE[u }
s sup B [187(0) = 5 (52

Using Lemmas 15 and 16 together with Holder’s inequality, we deduce that there
exist v, k € (0,1) such that for all p > 1

BN, (1@ () - ¥ ()2,

uniformly over all N > 1 and all 0 < s <
Continuity Theorem, we deduce that for all v

e H N( ) — N( )Hp
u (T U (8)|| oy
[ ¢ (J):| < o0

S(t_s) 2 )

t < T. Applying Kolmogorov’s
€ (0,(1—x)/2) and all p > 1, we

sup E e
N>1

sup
s£LE[0,T] |t — s|P

We deduce that condition (33) is fulfilled by the process @V. The next lemma
shows that vV and 4 are uniformly close on compact sets, so that (33) is also
fulfilled by the process u”, thus concluding the proof of tightness.

Lemma 17. For all p > 1, limy_,o0 BN, [sup, < [[u (£) — @™ (¢ e | =

Proof. For all k € {0,...,2N — 1} and all ¢ € N, we set

Bie = (212\62’ (22;;2} “Jov o]
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B, ._[ i i—i—l} [k—N k:—i—l—N} o<1
LNy Nyl LN Ny |
Suppose that for all p > 1 we have
BN [ sw o [0 - @V @aP] S @) s @)

(t,x)EB; &

uniformly over all i € N and all k € {0,...,2N — 1}. Then, we deduce that
E;JJYN [fgg HuN(t) _ aN(t)||g(J):| 5 (2N)(a/\1)(3_§) 7

uniformly over all N > 1. This yields the statement of the lemma for p large
enough, and in turn, Jensen’s inequality ensures that it holds for all p > 1.
Therefore, we are left with the proof of (37). For notational convenience, let us
consider the case o > 1. We have

W (o) —aV (L) < Y N (k40 — N (4 5)2N) Tk + 0]
j,£€{0,1}

for all (¢t,z) € Bk, alli € N, all k € {0,...,2N — 1} and all N > 1. There
are four terms in the sum. For each of them, the supremum over (¢,z) € B, j, of
the corresponding increment is stochastically bounded by 2/(2N)(@"D/2 times
a Poisson r.v. with mean 1. Computing the p-th moment of the latter yields

(37). O

3.2. The Boltzmann-Gibbs principle

The next result is the main ingredient that we need for the identification of
the limit. We will work at the level of the particle system 1 € {0,1}2". Under
the measure vy defined in (20), the n(k)’s are independent Bernoulli r.v. with
parameter q,iv .

Let 75 denote the shift by k& modulo 2N: namely, 7,n(j) = n(j + k) for all
j€{1,...,2N}. Let ¥ be a cylinder function, that is, a function ¥ : {0,1}" — R
for some r € N. As soon as r < 2N, we can define ¥(n) = ¥(n(1),...,n(r)).
Then, we set

V() == () =¥y —rWn(n(1)—q), Uy :=vy[V], Wy:=0dnvn[V].
as well as its shift by &
Ve (1) == W(ren) — e Un — r(m V) (n(k + 1) — qify1)

where 7,0 N == vy [\I/(Tk)] and T;C\ilﬁ\, = 8qiy+1VN [\IJ(T/Q)} Notice that V' and
all its shifts have zero expectation under vy.
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Proposition 18 (Boltzmann-Gibbs principle). Let ¢ be a continuous function
on [0,1] if « > 1, a continuous and compactly supported function on R if « < 1.
Then for every t > 0 we have

[ S ()] -o. 21
N

([ oy )] 0. wsi.

Note the specific scaling of the test function for @ < 1: this is because in
the scaling limit we only ever look at the interface within a window of size N¢
around site N. When a > 1, we consider the whole interface in the scaling limit.

This type of result is classical in the literature on fluctuations of particle
systems. However, our setting presents some specificities. First, our stationary
measure is not a product measure, but it can be obtained by conditioning the
product measure vy on the hyperplane of all configurations with N particles, as
we did in Section 2. Second, vy is the product of independent but non-identically
distributed Bernoulli measures; however the means of these Bernoulli measures
vary “smoothly” in space. Given these differences with the usual setting, we
provide the details of the proof, following the structure of the classical proof
provided in [27, Thm 11.1.1]. We restrict ourselves to proving the case o < 1,
as the case o > 1 is actually simpler.

Proof. Let A > 0 be such that supp ¢ C [—A, A]. We adopt the notation ¢(k)
for o((k — N)/(2N)%) for simplicity. An important argument in the proof will
be the uniform absolute continuity of uny w.r.t. vy, when the measures are
restricted to the filtration generated by n(1),...,n(N + A(2N)%), which follows
as an immediate adaptation of Corollary 14. To prove the proposition, we let
K be an integer and we decompose {N — A(2N)*,...,N + A(2N)*} into M
disjoint, consecutive boxes of size 2K + 1 (except the last box that may be
of smaller size), that we denote by B;, i = 1... M. Necessarily M is of order
N*/K. For each box B;, we define its interior BY as the subset of all points in
B; which are at distance at least r + 1 from the complement of B;. This being
given, we denote by B¢ = U;(B;\By). We also let k; be an arbitrary point in
B;, for each i. Then, we write

- 1
——= >y Ve (elk) = ——= Ve (n)e(k)
(2N)2];k\1/7780 (2N)2k€2336k\1;7790
1 M
MPINE ;g; Ve () (p(k) — @(k:)  (39)
M
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The contribution to (38) of the first term on the right gives (using Jensen’s
inequality on the time integral, the stationarity of p, the absolute continuity
of uy w.r.t. vy):

2L ([ s 3w etiis) |

keBe

st (s PR mel)

<o (s & V@ e) |

keBe

Using the independence of the 7(i)’s under vy and the fact that the vy-
expectation of V\II,V is zero, we get

v [V )Vl (ne(k)e(0)]

keBC LeBe

v [nVa eVl (ne(R)e(0)]

* iepe tepe [e—k|<r
M
<r? ,
(2N)e

so that it vanishes when N — oo and then K — co. Similarly, the contribution

o (38) of the second term on the right of (39) vanishes N — oo and then
K — o0. Let us deal with the third term, which is more delicate. For each i, we
set & = (n(k), k € B;) and we let L be the generator of our process restricted
to B; and not sped up by (2N)2<:

LESE) = Y (FEH = 1©) (on (1 - GR)&R+1)

k,k+1€B;
+ (L= pn)&R)(1 — &k +1))) -

Following the calculations made at Equation (1.2) and below, in the proof of [27,
Thm 11.1.1], we deduce that

Jim inf lim B}, {(/ (2N) "ng VLY, f(&i(s))d )10,

so that it suffices to show that

N _a
N [GRCERD o
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< (X ) - LA ds) | =0,

keB?

where the infimum is taken over all f : {0, 1}2(6+! — R. Using Jensen’s inequal-
ity on the time integral, the stationarity of our dynamics w.r.t. uy and then
the absolute continuity property recalled above, we bound the expectation in
the last expression by a term of order

t2<2N>—%N[(§¢<ki>( > e - L)) o)

keB?

uniformly over all N > 1, all K > 1and all £ > 0. Recall that the vy-expectation
of ViV is zero, and observe that vy is reversible for our dynamics. Hence the
vy-expectation of

Z Ve (&) — Ly, f(&)

keB?
is also zero. Moreover, §; and &; being independent under vy as soon as i # 7,
we deduce that the expression in (40) can be rewritten as

2oncasm o varn < Plol? 1 ey,
t*(2N) Z‘P(ki) Fr (i) S K MZFK (i),
=1 =1

where )
FRG) = ww (3 nva' @) - LE f€) ] -
kEB?
The main difference with the classical proof presented in [27, Thm 11.1.1] lies
in the following argument. Let K and f be as above. For every « € (—A4, A) let
j=7(N,z) €{l,..., M} such that

by = N = 2(@N)*[ = _min (K~ N~ 2(2N)")

Recall the definition of ¢} given below (20). As N — oo, q,i\; converges to
q(z) := (14 L'(—20x))/2 and

2K —r+1

FYGIN,2) = Fe(w) =2 [ 32 mvd@ e - 13719) |

k=r
where v}, is the product of 2K + 1 Bernoulli measures with parameter ¢, V{ is
defined by
Ve (&) = U(&) — vi [€] — 9, (v [€]) (1) —a)
and L™ is the generator of the simple exclusion process on {0, 1}2E+1 that is

12K

L' 1) = 5 D0 () = 1(6))

k=1
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Since F (i) is bounded uniformly over all i and all N > 1, we deduce that

as N — oo. Let @ = {¢q(z),z € [—A, A]}, and observe that it is a compact
subset of (0,1). Putting everything together, we deduce that

t M 2
Jim B ([ @078 etk ( 3 nid ) - 1 566 as) |

keB?
1 . 2K—r+1 - 9
S s vke[( > Vel - L 1©) ]

uniformly over all f and all K as above. The supremum on the right is achieved
for some gy by continuity and compactness. Then, we can directly apply the
arguments below Equation (1.3) in the proof of [27, Thm 11.1.1], which prove
that the infimum over f of the latter expression vanishes as K — oo, thus
concluding the proof of the Boltzmann-Gibbs principle. u

3.3. Identification of the limait
We treat in details the convergence of the processes v when a < 1, the argu-

ments for o« > 1 are essentially the same. Let us introduce a few notations first.
We write (f, g) for the usual L?(R,dx) product as well as

k—N k—N
(9w 2N Zf( )9((2N)a)’
for the discrete L? product, and

Vi) :=flz+@2N)"") = f(z), Af(x):=Vf(x)-Vflz-02N)""),

for the discrete gradient and Laplacian. Let us state a classical result of the
theory of stochastic PDEs.

Proposition 19 (Martingale problem). Let (u(t,z),z € R,t > 0) be a contin-
uous process such that E[||u(0,)|lec] < 0o and for all ¢ € C°(R), the processes
M(p) and L(p) are continuous martingales where

Mifi) = (ult). ) = (u0). ) = 5 [ (u(s). 020+ 400, (0,50 yds

Lt(@) = Mt(@)2 - t(@? 50(1 - (azza)2)> .

Then, u solves (7) started from the initial profile u(0, ).
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Proof of Theorem 4. We treat in details the case o < 1. By Subsection 3.1, we
already know that (uV) > is a tight sequence in D([0, 00), C(R)). Since the sizes
of the jumps are vanishing with N, any limit point lies in C([0,00),C(R)). Let
us consider an arbitrary convergent subsequence (u"?);>1 and let u be its limit.
We only need to check that u satisfies the Martingale problem of Proposition 19.
Our starting point is the stochastic differential equations solved by the discrete
process. Namely, for all ¢ € C°(R), we set

1

M () =™ (), 0)n — (W™ (0), ) — 5/0 (u"(s), 2N)**Ap) yds

3a

t
w [T1 n
—(2N) /0 <§A2a () + (2pn — 1)1ias(s, )20} <P>Nd8 ,

where we have abbreviated AS(s(2N)2%, N+-(2N)%) into AS(s, -) for simplicity.
Then, MY () is a martingale, as well as LY (p) := M} (p)? — (M (p)); where

t
(MY () =/0 Apn1ias(s,)>0r + (1= PN)1{as(s, <oy ©°) yds

t
:/0 2(1as.(s)£0y: ¥ ) yds + O(N™%) .

Notice the similarity between M¥ (), L (¢) and M (), L(¢). In order to pass
to the limit along the subsequence N;, we need to deal with the indicators in the
expressions above. To that end, we set U(n) = n(1)(1 —n(2)) + (1 — n(1))n(2),
which is nothing else than the indicator of the event {AS(1) # 0}, and we aim at
applying the Boltzmann-Gibbs principe of Proposition 18. A simple calculation
yields

20

(2N)«

Uy =g (1-g)+(1—q{)ay , Uy =1-2¢ , 2py—1= +O(NT2).
By Proposition 18, the error made upon replacing the indicators in M N and
LN by .Uy + 27.W (ns(- + 1) — ¢\;) vanishes in probability as N — co. We
are left with computing

2N%2N LasV (B o )7, ¥ 41
(2N) ;(5 Y (Gye) + Cov — Dmn (41)
20~ DBy ) — ) (Ggm) (2
as well as
12N\i12xiﬂk1N2k_N
(QN)Q;(M v 2y sk 1) = af)) o ()

We have the identities L' (h)Y) = 2¢) — 1 and

k—N) 2(775(k+1)_q;ev+1)

= Uy =
(2N)a sy Tk¥YN

(2N)a/2 (]‘ - L/(hfcv)z) + O(Nia) s

1
N il
Vu (s, 5
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uniformly over all k. By a simple integration by parts, we get

. 2N - . LN
202y = DN X (s +1) = ) (o)
k=1
2 <X k—N N ) E— N 3
~aN)e ;w(s (QN)Q)(QN) V(L (hkN)¢(W)) L ON).

Furthermore, the identity L” = 1 — (L’)? together with the expression of 3%
yield

1 N ( k—N
27 Y\ (2N)~
uniformly over all k. Putting everything together, we deduce that M (p) and

LY (¢) converge in probability to M;(p) and L;(¢) along the convergent subse-
quence u™¢. This completes the proof of Theorem 4. O

)+ @ox = Dmd = O(N2),

4. Hydrodynamic limit
4.1. The replacement lemma

The goal of this subsection is to establish the so-called replacement lemma that
allows to replace averages of non-linear functionals applied to the particle system
by non-linear functionals applied to averages of the particle system. This lemma
will be needed in the proof of the hydrodynamic limit.

In this subsection, we work at the level of the particle system 7;,¢ > 0 where

1+ X(t(2N)(+)A2
ne(k) = ut 2) ) :

Even though the model was defined on systems of N particles, the dynamics
still makes sense when the total number of particles is any integer between 0
and 2N.

We need to introduce some notations. Let » > 1 be an integer and ¢ :
{0,1}" — R. For all n € {0,1}?" and as soon as 2N > r, we define

o(n) == @ (n(1),...,n(r)) -
We also introduce the expectation of ® under a product of Bernoulli measures
with parameter a € [0, 1]:
®(a) := Z @(n)a#{i:n(i)zl}(l _ a)#{i:n(i)ZO} ) (43)
n€{0,1}"

We let Typ(i) :={i —£,i — €+ 1,...,i+ £} be the box of size 2¢ + 1 around site
i, and for any sequence a(k), k € Z, we define its average over Ty(i) as follows:

1 i+
///Tz(i)a = m kzza(k) .

=1—
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For every k € Z, we define the shift operator 7 as follows

where ¢+ is taken modulo 2N. We consider the sequence ®(n)(k) := ®(7n) and
the associated averages .#r,(;y®(n). In the sequel, we will need a “replacement
lemma” that bounds the following quantity

Vi(n) = | Ar,0)®(n) — é’(‘///ﬂ(o)"” '

Informally, if this quantity is small, this says that one can replace the average
on a large box of some function ® evaluated at the particle system 7, by the
expectation of ® under a product of Bernoulli measures whose parameter equals
the density of n on this large box.

The replacement lemma works for all initial conditions when o > 1. On the
other hand, when o < 1, we make the following assumption.

Assumption 20. For all N > 1, the initial condition vy is a product measure
on {0,1}?N of the form 2N, Be(f(k/2N)), where f : [0,1] — [0,1] is assumed
to be piecewise constant and does not depend on N.

We can probably relax this assumption, but it is sufficient for our purpose.

Theorem 21 (Replacement lemma). Let o € (0,00) and let 1y be a measure
on {0,1}2N. For a € (0,1), we suppose that Assumption 20 is fulfilled. Then,
for every § > 0, we have

o 2N
n n N - > -0.
161&1 A}ma P, (/0 N kil Ven (ks )ds > 5) 0 (44)

The proof of this theorem relies on the classical one-block and two-blocks
estimates. First, let us introduce the Dirichlet form associated to our dynamics:

Dy(f) ==Y VLNV F) vw(n)

where f: {0,1}2Y — R, and £ is the generator of our sped up process, that
is
2N—1
LNg(n) = 2NN (g™ R — g() (pv n(k + 1)(1 = n(k))
k=1
+ (1= pn)n(k)(1 = n(k+1)),

where 7 is obtained from 7 by permuting the values at sites k and k + 1.
Notice that the reference measure in the Dirichlet form is taken to be the
reversible measure vy, which was defined in Section 2. Recall that vy is sup-
ported by the whole set {0, 1}2¥ but its restriction to the hyperplane with N
particles coincides with the measure py up to a multiplicative constant.
In the statements of the lemmas below, the function f will always be non-
negative and such that vy[f] = 1.

k,k+1
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Lemma 22 (One-block estimate). For any o > 0 and any C > 0, we have

12N

fm Jim sup =S o[Vt )] =0

{—00 N—)OOf DN(f)<CN(2 a)Vi =1

The proof is an adaptation of Kipnis, Olla and Varadhan [28].

Proof. In this proof, ¢ always denotes an element of {0, 1}2*! and 7 an element
of {0,1}*N. The identity 77, ;) = £ will be an abusive notation for (i — £ —1+
J)=¢&(j) for all j € {1,...,2¢ 4 1}. Recall that ® only depends on r sites.

First, let us observe that we can restrict the sum over k to RY = {{ +
1,...,2N — ¢} since the remaining terms have a negligible contribution. Second,
we have the following identity

1 1
~ 2 e[V =5 SN S Va@smn(m) + 0@
keRY keRY & mmT,)=¢
(45)
uniformly over all densities f. Let D* denote the Dirichlet form of the symmetric
simple exclusion process on {0, 1}2*1, that is

)= § T (T - Vo)

Let us introduce

i€RY M1, (1) =§

Since vn[f] = 1, we immediately deduce that 3, f¢(§) = 1. Recall the inequality

JZ»\/» S (var - Vb

that holds for all summable sequences a;,b; > 0. Using this inequality, one gets

the bound
02— 2/

(fé) #RN(QN)2/\(1+Q) D (f) ’

uniformly over all densities f, all # > 1 and all N > 1. Notice that #R) =
2N — 2¢. Combining the last bound with (45), we deduce that we only need to
show
Jim - Tim sup F(g)=0, (46)
> * g:D*(9)< (QN)C;%
where the supremum is taken over all g : {0, 1}2*! — R such that 29§ =1,
and where F'(g) := > . Vi(§)g(§). By the lower semi-continuity of the Dirichlet
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form, {g : D*(g9) < (ZN)CZ%} is a closed subset of the compact set of all
densities g and is therefore a compact set. Let gy be an element for which F
reaches its maximum over this compact set. We claim that

lim F(gny) < sup  F(g).

N=eo 9:D*(g)=0
Indeed, there exists a subsequence of (gn)n whose image through F' converges
to the L.h.s. One can extract another sub-subsequence that converges to some
element go.. Necessarily g~ is a density and D*(goo) = 0, thus yielding the
claim.

Notice that {g : D*(g) = 0} is the set formed by all convex combinations
of the measures 7, k € {0,...,2¢ + 1} where 7 is the uniform measure on
the subset of {0, 1}2*! with k particles (which is irreducible for our dynamics).
Henceforth, we have to show

T sup > V(€)mea(€) = 0.

£—00 =0,...,20+1 c

This can be done using a Local Limit Theorem, see [27, Step 6 Chapter 5.4]. O

Lemma 23 (Two-blocks estimate). For any a > 1 and any C > 0, we have

1 2N—-1 1
lim lim lim su — _—
l—00 €0 N—oo fDN(fl)DSCN N ; (2€N + 1)2

n| S -t =0

Jili—EI<eN j7:]j'— k| <eN
For a < 1, if uy satisfies Assumption 20, we have for all t,6 > 0

2N—-1

1 1
lim lim lim — — E E
56 el0 NSso N D (2eN +1)% .
k=1 Jilj—k|<eN j’:|j' —k|<eN

t
x /0 Py (an(a")(ns) = M,y (n5)| > 5)d5 =0.

The proof in the case a > 1 is due to Kipnis, Olla and Varadhan [28].

Proof of Lemma 23, a > 1. We can restrict the sum to all k € RY where RN :=
{[eN1],...,2N — [eN}, since the contribution of the remaining terms is negli-
gible. We can also restrict the sum over j,j’ to the set

J(k) = {(5,5") : 7 — k| < eN, |5 = k| < eN,j" > j+20} .
Notice that #J(k) = #J does not depend on k and that it is of order (eN)? as

long as ¢ is small compared to eN. Therefore, we have to control

T sl T o -]

kERN (4,3")€J (k)
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From now on, (£1,&;) will always denote an element of {0, 1}2¢+1 x {0,1}2¢+1,
and 7 an element of {0, 1}*V. We set

20
DH(g) = 1 3 277D S (ol 6) — Vilen 8)’
n=1

§1,62

22
DQ(g):z—ZQ CHD S (Ve ™ — V(e &)
n=1

§1,82
2
D°(g) 12%2272(%“ Z(\/g (£1,6)°) — Vg(£1,&) ) ;
£1,62 n=1

where (£1,&2)° is obtained from (&1, &2) upon exchanging the values of & (€ +1)
and & (¢ + 1). Let us now set

fol€,6) = > s N# > Z fmvn(n) -

keRY (4,3)€J (k)
77|T[(J) =1

M, (57) =82

Notice that . . fe(§1,€2) = 1. As in the proof of Lemma 22, we get the
bounds 0 /

D'(f)) FDN(JC) D*(fe) S WDN(JC)

uniformly over all £ and all densities f. On the other hand, we have the bound

Z Z #R N# Z Z VN(”)(\/f(Uj’j,)_\/m)2

&1,62 keRY (4,3")€J (k) mo
N1, () =61
M1 (57) =82

Observe that we have

p7 = (oo (o (ornyrnasz) =Y 2y

This induces a chain of configurations ng = 1, n = /74, .. nogr_jy_1 = nh’
Then we write

(' =9)—
(i - VTm) <ei—i-1 Y (V) - VTaD)’
m=1

A simple calculation then yields the following bound:

(eN)? Dn(f)

Do(fl) S N (2N)2

By similar arguments as in the proof of Lemma 22, we deduce that it suffices to
show that

lim sup Z ’//TZ(O)fl — M1, 0)62]9(61,62) =0

£=00 D1(g)=D2(g)=D°(g)=0 £1,62
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The set {g : D'(g) = D?(g) = D°(g) = 0} is the set of all convex combinations of
the measures my, i, where my x, is the uniform measure on {0, 1}2+1 x {0, 1}2¢+1
with k particles, k = 0,1,...,4¢ 4+ 2. Consequently, it suffices to show

T, o, 2 Mot — o) =0

A computation shows that this quantity vanishes, thus concluding the proof. [

The proof in the case o < 1 is due to Rezakhanlou, we only adapt the
arguments in [36, Lemma 6.6].

Proof of Lemma 23, a € (0,1). We rely on the coupling (ni¥, (), t > 0, intro-
duced in Subsection 4.3: ¢V is stationary with law @Y, Be(c), nV follows the
same dynamics as before, 1y has law ¢y, (19, (o) is ordered as follows:

N [mo(k)) = ¢ & no(k) = Co(k) ,

and the dynamics preserves the ordering (see Subsection 4.3 for more details).

Forthcoming Lemma 35 shows that the number n(t) of changes of sign of
k — n:(k) — (:(k) is bounded by a constant C' > 0 for all ¢ > 0 and all N > 1.
We deduce that on the box Taeny (k) and for all ¢ > 0, either n; > (; or 0y < (;
except for at most 2CeN integers k’s in {1,...,2N}. Consequently, except for
at most 2CeN integers k, we have for all j such that |j—k| < eN and all ¢ < eN:

M,y () < AMr,5y(G) 5 and Ay, ) () < My ) (C)

or
M,y () = AMr,5)(Ge) s and My, 5y (M) = Ay 5 k) (Ct) -

With a probability going to 1 as N — oo, € | 0 and ¢ — 0o, we can replace the
averages of (; by the value c. Therefore, for any given 6 > O:

2N

lim lim 1
1m am nm — —
o0 el0 NjooN h—1 2eN +1

> B (///mj)(m), My () () S+ 0,

li—k|<eN
O M, () (M) Mo () (M) 2 € = 5) =1.

Applying this reasoning simultaneously for all values ¢ € (6Z)N[0, 1], we deduce
that

11
e >
l—00 €l0 N—)ooN k=1 2eN +1 li—k|<eN

x B, (|4, 3y () = A,y ()] < 26) = 1.

Consequently, for any ¢ > 0

2N—-1

- 1 1
lim lim lim — o E E
Jim T T 52 > (2eN +1)2 -

k=1 Jili—k|<eN j":|j'—k|<eN
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x P, (\//fTe(j')(Ut) — M1, ()| = 45) =
The Dominated Convergence Theorem completes the proof. O

We also need the following technical lemma.

Lemma 24. Let G : {0,1}2Y — R,. For any t > 0 there exists C > 0 such
that for any initial probability measure 1 on {0,1}2N we have

t
B ([ Gdsza) <o swp S s)
0 f:DN(f)SCva(z—a) n

where the supremum is taken over all f :{0,1}*N — Ry such that vy[f] = 1.

Proof. Denote by P} the semigroup associated to our discrete dynamics and
by fN the density of the measure ¢y P}¥ w.r.t. the measure vy. In other words,
[ is the density w.r.t. vy of the law of our process starting from the initial
distribution ¢y. Since the dynamics is reversible w.r.t. vy, the operator £V is
self-adjoint in L?(vy) and we have:

dt
I = o =N
VN

Let us collect a bound on Dy (1 fot fNds) following the lines of [27, Section 5.2].
To that end, we recall the definition of the entropy of some measure m w.r.t. to
the measure vy:

dm dm
Hy(rlvy) = vy {dVN dVN] ZVN (n)log 77— (1)

In the case where 7 = .y PN, we will write Hy (f|vy) for simplicity.
We have:

O HN (f lvi) = Zlog 1) LN(ft +ZLN £ m)vn(n) .

Since vy is invariant under the dynamics the second term on the right vanishes
and since LV is self-adjoint in L?(vy) we can rewrite the first term as follows

=> LN (log(fM) () £ (mvw (n) -

n

From the elementary inequality logx < x — 1 that holds for all > 0, by setting
z = +/b/a we deduce that alogb/a < 2\/a(v/b— +/a) holds for all a,b > 0. Thus
we get for every k

5 ) Qog () 1) = 1og (M) 0) < 24/ £ (G5 (1) =\ ()



Scaling limits of bridges 193

and consequently
> £V (Qog () ) Y (v (n) < 23\ FY )N (V£ ) o ()
= —2Dn (1 (n)) -

We thus get

Hy (Vo) +2 / Dn(fN () < Hy (1) |

The convexity of the Dirichlet form and the positivity of the entropy yield

Dy (1/ fNds) < /DN (fM) ds<—HN(f0).

Let us estimate this last quantity. Using the inequality xlogz < 0 that holds
for all x <1 we have

HN(fév):HN(LN) LN|:10g fl:]]\\{[}

= ZLN (log tn(n) —log VN(U))
< ZLN ) log(1/vn(n))
< mf]ixlog(l/VN( ) -

From the definition of vy given in (19), we deduce that

_AB)
1/vn(n) :22N(p—N> 7 Ls(WN)+ 535 (N+3)S(2N)
1—pNn

)

where S is the height function associated to n. Maximising over 7 this quantity,
we find

max 1/vn(n) <
7

22N( PN )(QN)zeLS(hN)Jraa@N)?*a .
1—pn

Using the computations made in the proof of Proposition 3, we deduce that
there exists C > 0 such that for all N > 1 we have

HN(fON) < CNl\/(Qfa) )

Let G : {0,1}?Y — R,. For any measure ¢y we have

/Gnsds>5 <51EN{/G775 }

<570 [CwRX oGt



194 C. Labbé

<ot sup ZVN (),

f DN(f)<CN1\/(2 a)

where the supremum is taken over all f : {0,1}2Y — R, such that vy[f] =
1. O

We now proceed to the proof of the Replacement Lemma.

Proof of Theorem 21. Fix £ > 1. Following the calculation performed on p.120
of [28], we get

1 1
V. :’— S o) - (i > ')‘
N (mkn) 2N 1 £ NTJ () <2GN+1|A, k|<N”(J)

J—R|XE€E J —R|XE€E

1 1
S 9N 11 > ‘2@ 1 > ()

+
|j—k|<eN In—j|<t

Sb(og X )| +oum)

|j'—k|<eN

where the last term is uniform over all £ and 7. Then, we write

1 1
N T w200~ @(5 5 ")l
2N +1 ‘2e+1 Z Tn®(n) 2N +1 > )
li—k|<eN In—j|<e 7' —k|<eN
ot Xl X e -(5ag X am)
—26N+1_ 201 & TV w11 2 T
[j—k|<eN [n—j|<¢ [n—j|<¢
1 -1 i 1
N T (51 ) - (oo )|
TN 1 Z ‘ 2+ 1 Z n(n) 2N +1 Z n(7")
|7 —k|<eN [n—j|<e |7/ —k|<eN

The latter term can be bounded as follows

v 2 P X ) -t 3 )

li—k|<eN |n—j|<eN |7/ —k|<eN
19| ‘ 1 y ‘
< M= lloo - -
S2N+1 201 Z ) = 5NTT > )
|7—F|<eN [n—j|<e |7/ —k|<eN
9l ‘ 1 1 ’
< - - _ -
(2eN + 1)2 Z > 20+ 1 Z ) = 53 Z n(n)
—k|<eN |j'—k|<eN In—j|<£ [n—j’|<e
+O(/N).

Putting everything together, we showed that:

190
Ven () < Gen 192 > ) ’///sz(ﬁ)—%n(j)(n)
J:lj—k|<eN j':|j'—k|<eN (47)
1

Y4
ToNTI ,Z VZ(TJ’”HO(N) :
Jili—k|<eN
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where the O(%) is uniform in k and 7, so that it has a negligible contribution
n (44) when N — oo and then ¢ — oo.

To control the contribution of the second term of (47), we apply Lemma 24
with the map

1 1
GO =5 D 5w 1 | ,Z Vlmim) -
k=1 jili—k|<eN
We obtain:
/ Z 26N—|— Y Vdmm)ds2 )
j:|li—k|<eN
1 &
<51t sup VN [— Pe—— VZ(TJ‘U)JC(W)} )
f:Dn(f)SCNVE=e) N ; 2eN +1 j:jzk|:<eN

so that Lemma 22 ensures that this term has a vanishing contribution as N —
00, € | 0 and then ¢ — oo.

Similarly, for @ > 1 the contribution of the first term of (47) is handled by
applying Lemma 23 combined with the bound of Lemma 24.

For « < 1, the contribution of the first term of (47) is dealt with as follows.
Using the Markov inequality, we get

|| o
/ Z 2l|N |—l— 1)2 Z ‘///Tz(j/)(ns) — Mr,5y(ns)|ds > (5)
jili—k|<eN
j:i —k|<eN
1 ||
=0 1N Z % Z / |///T4(J y(ns) — %Tg(j)(ns)”ds .
J: |j—k|<eN
j':i' —k|<eN
(48)

Then, for any x > 0 we write

Ef\zfv U‘///Tz(j’)(%) _%Te(j)(ns)u < ]P)f\j\, (|///T@(j')(775) _///Te(j)(ns)’ > 5,%) + 0K,

where we have used the fact that .#r,;)(n) belongs to [0,1] for all £,j,7. By
Lemma 23, we deduce that (48) goes to 0 as N — oo, € | 0 and ¢ — oo. This
concludes the proof. O

4.2. Hydrodynamic limit: The parabolic case

The goal of this subsection is to prove Theorem 5 for a € [1,00). We start with
the proof of tightness, and then we identify the limit. This second task is carried
out separately according as o > 1 or o = 1: this is because the limiting PDEs
are different and a special treatment is necessary in the second case. We write
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PV for the law of the process involved in the statements. Recall that we write
m™ (t, k) instead of m™ (t,k/2N) for simplicity.

To prove tightness of the sequence m” in the Skorohod space ([0, 00),
C([0,1])), it suffices to show that the sequence m” (¢t = 0, -) is tight in C([0,1]),
and that we have for any T > 0

MEEN[ su mNt,-—mNs,- | =0. 49
lim. lim MST"&‘S}IH (t,") (sl (49)

The former is actually a hypothesis of our theorem. To prove the latter, we
introduce a piecewise linear time interpolation of m”, namely we set ty :=
|t(2N)?] and

S

ty +1
HON)? — ¢ mN(—,-)
+ ( ( ) N ) (2 N)Q
This process is continuous in time so that one can hope that it is (uniformly
in N) Hélder continuous in space-time. If such a property holds true, then we
get tightness of m® if we are able to control the distance between m” and m'V:
this is the content of the next lemma.

Lemma 25. For all T > 0, we have

lim EV| sup ||mN(t,-)—mN(t,-)||oo} =0.
N—o0 tE[O,T]

The proof of this lemma is almost the same as the proof of Lemma 17, so we
omit it. This result ensures that it is actually sufficient to show (49) with m®
replaced by m” in order to get tightness.

The following proposition ensures that m” satisfies (49).

Proposition 26. For any T > 0, there exists § > 0 such that

_N _N

£ — .
B |y 1Y) =l
N>1 0<s<t<T [t — s

< 0.

Before we proceed to the proof of this proposition, we need to collect a few

preliminary results. The stochastic differential equations solved by the discrete

process m” are given by

dm™ (t,0) = @Ny

AmN (t,0)dt
+ (2N)(2pn — D1{aseen)?ozopdt + dMY (8, 0)
where MY is a martingale with bracket given by

A(MN (-, 0)), = 4(pN1{AS(t(2N)2,£)>O} +(1— PN)l{AS(t(zN)z,e)<o}>dt .
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If we let p (k, ) be the fundamental solution of the discrete heat equation:

AN (k, 0) = <2N ApN (k, 0)
Py (k,0) = 5k(€) :
piv(k‘,O) :piv(k;,QN) =0,

then it is simple to check that we have

pr (k, £)m™ (0, k) + NE(0)

(50)
+ (2N)(2pN — 1)/ > ol (k. 0)1(as(s(2n)2 )20y ds |
0 &
where N!(¢) is the martingale defined by
_ / ST Pl (kMY (k) , s € [0,1].
0k
Lemma 27. For all 0 € (0, ), allT >0 and all p > 1, we have
1
P 1
EN [[mN @, z) = mMN (¢, )P < |¢ —t]° + — 51
[ (¢ 2) =m0} | S W=l (51)

uniformly over all t',t € [0,T], all x € [0,1] and all N > 1.

Observe that the term 1/v/2N reflects the discontinuous nature of the process

m™.

Proof. Let t' > t. Given the expression (50), the increment m® (¥, ) — m™ (¢, )
can be written as the sum of three terms: the contribution of the initial condition,
of the asymmetry and of the martingale terms. We bound separately the p-th
moments of these three terms. First, we let % be the fundamental solution of
the discrete heat equation on the whole line Z:

{ pY(0) = EYEARN (1)
po<f>=6<f>

Contrary to p’v, pV is translation invariant. Let us also extend m® into a
function on the whole line Z: we simply consider the 4 N-periodic, odd function
that coincides with m” on [0,2N]. By symmetry for every ¢ € {0,...,2N} and
all ¢ > 0 we have

2N -1
S oY —kymN(0,k) = > p (k, O)mN(0,k) .
keZ k=1
Therefore,
2N—1

Z (pi\’/(kvf) _piv(kvg))mN(Qk)

k=1
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=S k) — BN (¢~ B)mN (0, k)

kEZ
=> o (k)> pp () (m™N (0,0 — k — j) —m™N (0,0 — k)) .
keZ JEZL

At this point we use the 1-Lipschitz regularity of the initial condition and a
simple bound on the heat kernel (see Lemma 47 for a proof) to get

1> o (G) (mN (0,0 — k- 5) — N(O,é—@)léZﬁiﬁtU)MWﬂ—t.

. 2N ™~
JEZ JEZL

Consequently

2N—-1

S G000~ e )Y 0, £ VT,
k=1

uniformly over all £ € {1,...,2N — 1}, allt <t € [0,7] and all N > 1.
We turn to the contribution of the asymmetry. Using the estimate

N 1 t'—t
|pt,7s(k,f) bi— sk€|N 2N)ﬂ(t—s) ’

whose proof is presented in Lemma 46, we get the following almost sure bound

t’ t
‘/ Zpi\[—s(k,4)1{AS(S(2N)2,k)¢0}dS*/ Zpi]\is(h5)1{A5(5(2N)2,k)¢0}d8
0 k 0 k

t t’

< [ S0 o 0 lds 4 [ STk 0)ds
0 % t g

S(tlit)67

uniformly over all £ € {1,...,2N —1}, all t <t € [0,7] and all N > 1. Finally,
we treat the martingale term: since this term does not have contribution in
the hydrodynamic limit, we can use the rough inequality |Nf(¢) — Nf (¢)] <
INE(O)| + |NE (0)] and we bound separately the two corresponding terms. By
symmetry, it suffices to bound |N}(¢)|. Since pN ,.(k,£) < N=H(t — )12, see
Lemma 46, we have the almost sure bound

<4/prke r<—

uniformly over all ¢ € [0, T]. Since the jumps of the martingale N*(¢) are all of
size at most 1/N, we apply the Burkholder-Davis-Gundy inequality (92) and
get the bound
1
v 1
EN[NtK P]” <=
Ve V2N

as required. This concludes the proof. O
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Proof of Proposition 26. Fix T > 0. Recall the definition of m”. Arguing dif-
ferently according to the relative values of [t/ —t| and (2N)~2 (similarly as what
we did in the proof of Lemma 15), one deduces from Lemma 27 that there exists
4 > 0 such that for any p > 1

1
BN [|m™ (¢, 2) — m™ (6 2) | S -t

uniformly over all t/,¢ € [0,T], all z € [0, 1] and all N > 1. Using the 1-Lipschitz
regularity in space of m”" and the definition of mV, we also get

1

EN [|mN(t, z) —mN(t, y)ﬂ v

<5 o () - ()

S'-’If—y|,

=

]

uniformly over all z,y € [0,1], all ¢t € [0,7] and all N > 1. Combining these two
bounds, we obtain for all p > 1,

1
EN [|mN (¢, 2) —mN (6, y)P)* S (18—t + |z —y))°

uniformly over the same set of parameters. Kolmogorov’s Continuity Theorem
then ensures that m”~ admits a modification satisfying the bound stated in
Proposition 26 uniformly in NV > 1 for some & > 0. Since m?” is already contin-
uous, it coincides with its modification PV-a.s., thus concluding the proof. O

We now proceed to the proof of Theorem 5: we argue differently in the cases
a € (1,00) and a = 1. In both cases, we set

(b= g 3 1 )l 52)

Proof of Theorem 5, a € (1,00). We already know that the sequence m~, N >
1 is tight. Let m be the limit of a convergent subsequence. To conclude the proof,
we only need to show that for any ¢ € C%([0, 1]) such that ¢(0) = ¢(1) = 0, we
have

(m(t).) = (m(0).9) + 5 [ m(s). ") (53)

This characterises the unique weak solution of the PDE (8).
The definition of our dynamics implies that for all ¢ € C%([0,1]) such that
»(0) = ¢(1) = 0, we have

(0 9)x =mV O by + 5 [ (¥ (s), (2N)PAg) s
0

+ON") + MM (),

(54)
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where M¥ () is a martingale with bracket

by
(MY () = | =(0% PN L{assen)2)>0p + (1 — PN)L{as(s@n)2,)<0}) y @5

2
_ 4ol
- 2N

The jumps of M () are almost surely bounded by a term of order N !, uni-
formly over all N > 1. Then, by the Burkholder-Davis-Gundy inequality (92)
we get
213 _ 1 1
EN[su MY } S —=+4+ =,
tgg ‘ t (90)| \/N N
uniformly over all N > 1, so that M~ () vanishes in probability as N — oco.
Then classical arguments ensure that, along a convergent subsequence of m?”,
we can pass to the limit on (54) and get (53), thus concluding the proof. O

Proof of Theorem 5, « = 1. In that case, we characterise the limit via the Hopf-
Cole transform &(t,z) = exp(—20m(t, z) + 20%t) that maps, formally, the PDE
(9) into

atgzéagfa 1’6[0,1}, t>0,

€(t,0) = £(t,1) = e2°t | £(0,) = e~ 20m(0) (55)

This equation admits a unique weak solution in the space of continuous space-
time functions, and it is well-known that the unique weak solution of (9) coin-
cides with the latter solution upon reverse Hopf-Cole transform.

A famous result due to Gértner [19] shows that a similar transform, per-
formed at the level of the exclusion process, linearises the drift of the stochastic
differential equations solved by our discrete process. Namely, if one sets

20 (2N)?

en=———"——, Av=cn(eN =24 V),

TN = IN "’ eIN + e—IN

and
é-N(t,x) = e*’yNS(t(QN)Q,QNz)+)\Nt , T € [0’ 1] , t>0 ,

then, using the abusive notation &V (¢, k) for ¢V (t, x) when x = k/2N, we have

(56)

deN (t, k) = enAEN (¢, k)dt + dMN (t, k) |
EN(t,0) = €N (t,1) = 7,

where A is the discrete Laplacian and MY (¢, k) is a martingale with quadratic
variation given by

t
(MY (-, k) = (QN)Q/ fN(&k)Q((@_QW - 1)21{AS(5(2N)2,k)>0}pN
0

2
(e = 1) Laseemzp<o (1 - py) )ds .
67)
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The tightness of m’ implies the tightness of ¢V. It only remains to identify
the limit. To that end, we observe that for all ¢ € C2([0,1]) such that p(0) =
(1) =0, we have

<§N(t)790>N = <£N(O)a§0>N + R{SN(QD)

con [ (€080 g5 (e ) +o ()

where
2N—1

RéV«o):/t% 3 w(%)dl\?ﬂv(s,k).
0 k=1

It is elementary to check that there exists C' > 0 such that [V (¢, k)| < C for all
t in a compact set of Ry, all k € {1,...,2N — 1} and all N > 1. Consequently
there exists €’ > 0 such that (M (-, k)); < C’t uniformly over the same set of
parameters. Moreover, the jumps of this martingale are uniformly bounded by
some constant on the same set of parameters. Then, a simple calculation based
on the Burkholder-Davis-Gundy inequality (92) shows that R (¢) converges to
0 uniformly on compact sets, as N — oo. Hence, any limit £ of a convergent
subsequence of ¢V satisfies

€00 = €O+ 5 [ (60 + 75 0) = (1) )ds

for all ¢ as above, and therefore coincides with the unique weak solution of (55),
thus concluding the proof. O

4.3. Hydrodynamic limit: The hyperbolic case

This subsection is taken from [29].

For simplicity, we take 0 = 1 in this whole subsection. The general case ¢ > 0
can be obtained mutatis mutandzs.

Let us present the outline of this technical section which is split into four
parts. We start with a short subsection on the notion of solution that we con-
sider: we show the equivalence between the solution with appropriate Dirichlet
boundary conditions and the solution with zero-flux boundary conditions; so
that in the rest of the proof we rely on the former notion of solution.

Second we establish tightness of the sequences of processes at stake: this is
rather elementary since we are looking at the hydrodynamic scale.

Third, we assume that the convergence of the density of particles holds when
we start from “simple” initial conditions, that is, given by a product of Bernoulli
r.v. with densities that are piecewise constant. Then we show how to go from
simple initial conditions to general initial conditions. To do so, the idea is to
bound from above and below the given initial condition by some simple initial
conditions, then to run three instances of the particle systems under a monotone
coupling (that is, a coupling that preserves the order on the height functions)
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and finally to use the continuity in the initial condition of the solution map
associated to the PDE.

Fourth, we prove the convergence of the density of particles when we start
from “simple” initial conditions. The identification of the limit in that case then
follows the arguments presented in [36]: we show that the entropy inequalities
are satisfied at the microscopic level, see Lemma 36, and then we show in Lemma,
37 that they can be transferred to the macroscopic level, using in particular the
Replacement Lemma established in Theorem 21 which relies on our assumption
on the initial condition to be simple.

4.3.1. Notion of solution

Recall the notation introduced in Subsection 4.1. Let us present the notion
of solution that we consider for the Burgers equation with zero-flux boundary
condition. This material is taken from [6, Def.4].

Definition 28. Let no € L>(0,1). We say that n € L>((0,00) x (0,1)) is an
entropy solution of (11) if:
1. For all c € [0,1] and all ¢ € C2°((0,00) x (0,1),Ry), we have

/000/0 (|77(t,x) - C‘ﬁﬂp(t,m) — 2sgn(n(t,z) — c)
x ((nt,2)(1 —n(t,z)) — (1 — c))@wcp(t,sr:))dx dt >0,

2. We have esslim; | fol In(t,x) — no(x)|dz =0,
3. We have n(t,z)(1 —n(t,z)) = 0 for almost all t > 0 and all x € {0,1}.

Let us mention that the first condition is sufficient to ensure that 7 has a trace
at the boundaries so that the third condition is meaningful. Biirger, Frid and
Karlsen [6, Sect. 4 and 5] show existence and uniqueness of entropy solutions
with zero-flux boundary condition.

Let us now introduce the Burgers equation with some appropriate Dirichlet
boundary conditions:

O = 205 (n(1 —n)) ,
n(t,O) =1, 77(157 1) =0, (58)
n(0,) =mo(-) -

The precise definition of the entropy solution of (58) is the following.

Definition 29. Let g € L>(0,1). We say that n € L*((0,00) x (0,1)) is an
entropy solution of (58) if it satisfies conditions 1. and 2. from Definition 28
together with the so-called BLN conditions

sgn(n(t,0) = 1) (n(t, 0)(1 = (¢, 0)) —c(l —¢)) 20, Ve e [(t,0),1]
sgn(n(t,1) = 0)(n(t, 1)(1 —n(t, 1)) —c(l —¢)) <0, Ve e [0,n(t,1)]
for almost all t > 0.

" (59)
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Here again, there is existence and uniqueness of entropy solutions of (58), see
for instance [31, Sect. 2.7 and 2.8].

Proposition 30. The entropy solutions of (11) and (58) coincide.

Proof. Both solutions exist and are unique. Let us show that the solution of
(58) satisfies the conditions of Definition 28: actually, the two first conditions
are automatically satisfied, so we focus on the third one. If n(¢,0) € (0,1) then
pick ¢ = 1 and observe that

n(t,0)(1 = n(t,0)) > ¢l —¢),

so that

sgn(n(t,0) = 1) (n(t, 0)(1 = n(t,0)) — ¢(1 - ¢)) <0.
This raises a contradiction so that 7(¢,0) needs to be in {0,1}. A similar argu-
ment shows that n(¢, 1) needs to be in {0, 1}. O

As a consequence, we can choose the formulation (58) in the proof of our
convergence result. Let us finally collect some properties of the solutions that
we will use later on.

Proposition 31. Let 1y € L>(0,1). A function n € L>((0,00) x (0,1)) is the
entropy solution of (58) if and only if for all c € [0,1] and all p € C2°([0, 00) X
[0,1],R) we have

/000/0 ((n(t,x) — o) 9(t, ) + h* (n(t, a:),c)@x(p(t,m))dx dt

+ /0 (no(x) — &)= (0, z)dz + 2/0oo ((1 —o)Fp(t,0) + (0 — o) Fp(t, 1))dt >0,
(60)

where (z)* denotes the positive/negative part of v € R, sgn™ (z) = +1(0,00) (£2)

and h*(n,c) := —2sgn®(n — ¢)(n(1 —n) — ¢(1 —¢)).
Furthermore for any t > 0, the map no — n(t) is 1-Lipschitz in L'(0,1).

Proof. The notion of solution defined by (60) is introduced in [40, Def. 1] and
it is shown therein that it coincides with another notion of solution, originally
due to Otto, which is based on boundary entropy-entropy flux pairs. It is then
shown in [31, Th 7.31] that the latter notion of solution is equivalent with the
notion of solution of Definition 29. This completes the proof of the first part of
the statement. The Lipschitz continuity in L*(0,1) is proved in [6, Th. 3] for
the Burgers equation with zero-flux boundary conditions. By Proposition 30, it
also holds for (58), thus concluding the proof. O

4.3.2. Tightness

We let M be the space of measures on [0, 1] with total mass at most 1, endowed
with the topology of weak convergence. Recall the process p’¥ defined in (12)
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and that m” is the rescaled height process. These two processes are related
through:

p" ([0, %}) = %(mN(%) +%> , ke{o,...,2N}.

Proposition 32. Let 1y be any probability measure on {0,1}2N. The sequence
of processes (pN,t > 0), starting from 1y, is tight in the space D(]0, 00), M).
Furthermore, the associated sequence of processes (m™ (t,z),t > 0,z € [0,1]) is
tight in D([0, 00),C([0,1])).

Note that for a generic measure ¢y on {0,1}2Y, m¥(¢,1) is not necessarily
equal to 0.

Proof. Let ¢ € C%([0,1]). It suffices to show that (pY', o) is tight in R, and that
forall T >0

mmw[ su N _ N }:o. 61
lim lim K, s,th,|£s|gh|<pt Ps > P (61)

The former is immediate since [{p)), ¢)| < ||| - Regarding the latter, we let
LY be the generator of our sped-up process and we write

t 2N

1
(ol =t se) =55 [ Do eIV (k)dr + MJi(p)
S k=1

where vat(cp) is a martingale. Its bracket can be bounded almost surely as
follows

2N—-1

(MY () < / ﬁ ; (Vo(k))* (2N dr < (;ﬁ

Since the jumps of this martingale are bounded by a term of order ||¢’ || /(2N)2,
and since

1

2

EN| sw  MNI <EY| sw MNP
t€[s,s+h]N[0,T] te[s,s+h]N[0,T]

the BDG inequality (92) ensures that we have

m  sup E{fv[ sup |Mﬁ(<p)@ ~0. (62)
N—=00 5¢(0,1] te€[s,s+h]N[0,T) ’

This being given, we observe that M (o) = M, (¢) — M, (¢) where r is taken

to be the largest element in {0, h, 2h, ..., L%Jh} which is below s. Therefore, we
have

EN] s MN@)] <2EN[ Y sup (MY ()]]
0<s<t<T,|t—s|<h r=07h,m7\-%Jht€[r,r+2h]ﬁ[O,T]
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<2 3 BN sw MN)]
TZO,h,...,I_%Jh te[r,r+2h]N[0,T]

sip EN[  supMN(p)]
rel0,T] te[r,r+2h]N[0,T]

<

= Q

for some C' > 0. Combining this with (62) we deduce that

lim lim E [ sup M;V %) }:O. 63
lim lim B, Oésgtg,‘t_s‘éﬁ ()] (63)

Let us bound the term involving the generator. Decomposing the jump rates
into the symmetric part (of intensity 1 — py) and the totally asymmetric part
(of intensity 2py — 1), we find

1 2N 2N—-1
N > k)L n(k) = —2N)* (1 —pn) Y Vn(k
k=1 k=1
2N—-1
— (2N)*(2py = 1) > nk+1)(1 = n(k))Ve(k) .
k=1

A simple integration by parts shows that the first term on the right is bounded
by a term of order N®~! while the second term is of order 1. Consequently

t 2N

EY o S e nibarl] i, (64
{st<T lt—s|<n | 2N Js £~ }

uniformly over all N > 1 and all ~ > 0. The Lh.s. vanishes as N — oo and
h 1 0. Combining (63) and (64), (61) follows.

We turn to the tightness of the interface m”. First, the profile m™(¢,-) is
1-Lipschitz for all ¢ > 0 and all N > 1. Second, we claim that for some 5 € («, 1)

1

EN. [\mN(t,k) N (s k)P < |t — s+ (65)

1
N1-5"
uniformly over all 0 < s < ¢ < T, all k € {1,...,2N} and all N > 1. This
being given, the arguments for proving tightness are classical: one introduces a
piecewise linear time-interpolation m”Y of m” and shows tightness for this pro-
cess, and then one shows that the difference between m” and m® is uniformly
small. We are left with the proof of (65). Let ¢ : R — R, be a non-increasing,
smooth function such that ¢ (z) = 1 for all x < 0 and ¢(z) = 0 for all z > 1.
Fix g € (a, 1) For any given k € {1,...,2N}, we define ¢ : {0,...,2N} - R
by setting o (¢) = ¢ ((¢ — k)/(2N)?). Then, we observe that

12N

S D (2m(0) = D)l () = m¥ (1, ) + O(N ),

(=1
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uniformly over all £ € {1,...,2N} and all ¢ > 0. Then, similar computations to
those made in the first part of the proof show that

2N

—1 2k t—s 1
N N 3
By HQN Zz: (1:(6) = ms(0)) i (£) ] St=9)+ 1\ vms=e T 75
=1
uniformly over all k, all 0 < s <¢ < T and all N > 1. This yields (65). 0

4.3.3. Identification of the limit

The main step in the proof of Theorem 5 is to prove the convergence of the den-
sity of particles, starting from a product measure ¢ satisfying Assumption 20.
Notice that if the process starts from ¢, then p)) converges to the deterministic
limit po(dx) = f(z)dx.

Theorem 33. Under Assumption 20, the process p converges in distribution
in the Skorohod space ]D)([O7 oo),./\/l) to the deterministic process (n(t,z)dz,t >
0), where n is the entropy solution of (58) starting from ny = f.

Given this result, the proof of the hydrodynamic limit is derived as follows.

Proof of Theorem 5. Let ty be as in Theorem 33. We know that p™V converges to
p, where p(t,dx) = n(t,x)dz and 7 is the entropy solution of (58) starting from
no = f. Let us show that m! converges to the integrated solution associated to
p, namely

(t,2) / “@n(t.y) - Ddy .

Once this will be proved, we will have completed the proof of our theorem when
the initial condition satisfies Assumption 20.

Let m be the limit point of some convergent subsequence m!Vi. By Skorohod’s
representation theorem, we can assume that (p™i, m¥i) converges almost surely
to (p,m). Recall that p is of the form p(¢,x) = n(t, z)dz. Our goal is to show
that m(t,x) = [ (2n(t,y) — 1)dy for all t, .

Fix ¢ € (0,1). Take ¢, be a C* function that approximates the indicator of
[0, zg]. More precisely, we assume that for any § > 0 we have

, 0z + O,
||<Pp B 1[07x0]HL1(071) -0, sup M

=0,  (66)
Fecs(10,1) I flles

as p — oo. Such a function exists, take for instance ¢,(-) =1 — fioo Py —
xo)dy where P, is the heat kernel on R at time ¢. Considering a smooth approx-
imation of the indicator of [0, z¢] is convenient as we would like to pass to the
limit on (pY, 1j0,4,)) but we established convergence in the topology of weak
convergence of probability measures, and the indicator is not continuous.

If we set I(t, o) = m(t,z0) — [;°(2n(t,y) — 1)dy for some zo € (0,1) and
some t > 0, then |I(t,zo)| is bounded by

[[m(e) = m™ (@) + [ (1), 8a0 + Baop) | + [(m™ (1), Baiop) + (207 = 1,0p)]
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+2/(pY = pr, op)| + [(20(8) — 1, 0p — Ljo.0))] -

Recall that m® is 1-Lipschitz in space, so that the second term vanishes as
p — o0 by (66). A discrete integration by parts shows that the third term
vanishes as N; goes to co. The first and fourth terms vanish as N; — oo by
the convergences of m™i and pi, and the last term is dealt with using (66).
Choosing p and then N; large enough, we deduce that |I(t, z¢)| is almost surely
as small as desired. This identifies completely the limit m of any convergent
subsequence, under ]P’f\jv.

We are left with the extension of this convergence result to an arbitrary
initial condition. Assume that m®(0,-) converges to some profile mq(-) for the
supremum norm. Since each m® (0, ) is 1-Lipschitz, so is m.

The idea is to squeeze mq in between two elements m§™ and m{~ that are
the scaling limits of initial conditions for which the result has already been
proved, then to consider a monotone coupling of three instances of our height
processes starting from approximations of these three initial conditions and then
to combine this monotonicity with the continuity of the solution map of our PDE
to deduce the convergence result.

More precisely for every € > 0, one can find two profiles mg’+ and mg~ which
are 1-Lipschitz, piecewise affine, start from 0 and are such that:

e my "~ stays below mg: mg —e <my~ < (mg—§)V (—z)V(xr—1),

e my™ stays above mo: (mo+ $) Az A(1—2) <m§T <mo+e,

o Ip5F — pollzr — 0 as € | 0, where p5*(-) = (&Emg’i(-) +1)/2.
The proof of the existence of such profiles is postponed below. Now consider
a coupling (m™¢= m~ m™:et) of three instances of our height process which
preserves the order of the interfaces and is such that m™-¢*(0,-) is the height
function associated with the particle density distributed as

€,
®i£1Be(Po (k/2N)) :
We draw independently these two sets of Bernoulli r.v. It is simple to check that
P(mN7€7_(07 ) < mN(O7 ) < mN’Ew+(Oa )) —1 3

as N — oo. By the order preserving property of the coupling, if these inequalities
are satisfied at time 0 they remain true at all times. Our convergence result
applies to m™* and, consequently, any limit point of the tight sequence m®
is squeezed in [m®~, m&*] where m®¥* is the integrated entropy solution of (58)
starting from mg’i. By the second part of Proposition 31, we deduce that m®*
converge, as € | 0, to the integrated entropy solution of (58) starting from my,
thus concluding the proof.

Let us briefly explain how one can construct mg~, the construction of m8’+
being similar. For simplicity, we let V() := (—z) V (x — 1). Let n > 1 be given.
We subdivide [0, 1] into three sets:

I={x:mo(x)>V(z)+e/2}, Ji:=1[0,1/2\I, Jo:=(1/2,1\I.
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On J; and Jo, we set mg ™ (z) = V(z). On IN{k/n : k =0,1,...,n}, we set
my ™ (x) = mo(x) — §. Then, we extend mg~ to the rest of I by affine inter-
polation. The fact that mg is 1-Lipschitz ensures that mg~ is also 1-Lipschitz.
If n is large enough compared to 1/¢ we get the inequalities my — e < mg~ <
(mo — £) V (=) V (z — 1). Regarding the convergence in L' of the density, we
observe that py~ () =0 on Ji, py~ () =1 on J; and

1
o = — d I
po (x) @] /I(w) po(u)du, xe€l,

where I(z) = IN[k/n, (k+1)/n) and k is the integer part of nz. From there, we
deduce that ||py~ — pollL1(s) = le po(x)dx. At this point, we observe that Jy
is an interval starting at 0 and that, at the end point x of J; we have mg(z) <
V(z) — €/2. Hence we have le po(x)dx < e/4 and ||pg~ — pollpr(s) < €/4.
Similarly, [|pg~ — pollzi(s) = fJ2(1 — po(z))dz which is also smaller than €/4.
Finally, ||pg~ — pollo1(r) goes to 0 as n — oo: indeed, the almost everywhere
differentiability of z — [ po(u)du ensures that p§~ (z) goes to po(z) for almost
all z € T (see for instance [37, Chap. 8]), so that the dominated convergence
theorem yields the asserted convergence. O

4.3.4. Proof of the convergence starting from simple initial conditions

To prove Theorem 33, we need to show that the limit of any convergent subse-
quence of p"V is of the form p(t,dx) = n(t, z)dr and that 7 satisfies the entropy
inequalities of Proposition 31. To make appear the constant ¢ in these inequali-
ties, the usual trick is to define a coupling of the particle system 7 with another
particle system ¢V which is stationary with density ¢ so that, at large scales, one
can replace the averages of (¥ by c. Such a coupling has been defined by Reza-
khanlou [36] in the case of the infinite lattice Z. The specificity of the present
setting comes from the boundary conditions of our system: one needs to choose
carefully the flux of particles at 1 and 2N for ¢V.
The precise definition of our coupling goes as follows. We set

p(l)=1—-py, p(-1)=pn, and pk)=0 Vk#{-1,1},

as well as b(a,a’) = a(l — a’). We denote by n** the particle configuration
obtained from n by permuting the values n(k) and n(¢). We also denote by
1 £ i the particle configuration which coincides with 1 everywhere except at
site k where the occupation is set to n(k) & 1. Then, we define

2N

LY f(n,0) = 2N)'F* Y~ p(t = k)x

k=1
[ (v0(R), n() ABCR), C0)) (F™,¢*) = £(n, )
o+ (bn(k), m(0)) = b(n(k),n(0)) ABCR), C0) (£, €) = £, €)
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(G, C0) = br(R), n(8)) ABCR), CON) (F01,¢H) = 1, )],

and

L f(n,¢) = (2N)(2pn — 1)(1 = e)¢(1) (f(n,¢ = 61) — (0, 0))
+ 2N (2py — D)e(L = C2N)) (fF(0, ¢ + dan) — f(1,€)) -

We consider the stochastic process (7, ¢N),t > 0 associated to the generator
L = L% 4 £ From now on, we will always assume that nd’ has law 1y,
where ¢y satisfies Assumption 20, and that ¢}’ is distributed as a product of
Bernoulli measures with parameter c¢. Furthermore, we will always assume that
the coupling at time 0 is such that

sgu(ng (k) — o' (k) = sgn(f(k/2N) —¢), Vke{l,...,2N},

where f is the macroscopic density profile of Assumption 20. Such a coupling can
be constructed by considering i.i.d. r.v. Uy, ..., Uy uniformly distributed over
[0, 1], and by setting 1)’ (k) (vesp. ¢V (k)) to 1 if U, < f(k/2N) (resp. Uy, < c).
We let Iﬁ’f\]fv’c be the law of the process (nV, (™).

Remark 34. The process n™¥ follows the dynamics of the WASEP with zero-
fluz boundary conditions. The process (I follows the dynamics of the WASEP
with some open boundary conditions chosen in a such a way that the process is
stationary with density c. Actually, we prescribe the minimal jump rates at the
boundary for the process to be stationary with density c: there is neither entering
flux at 1 nor exiting flux at 2N. This choice is convenient for establishing the
entropy inequalities. Let us also mention that the coupling is such that the order
of (N and n™ is preserved. More precisely, if in both particle systems there
1s a particle which can attempt a jump from k to £, then the jump times are
simultaneous.

It will actually be important to track the sign changes in the pair (™, (V). To
that end, we let Fy ¢(n,¢) = 1 if n(k) > ((k) and n(¢) > ¢(¢); and Fy ¢(n,{) =0
otherwise. We say that a subset C' of consecutive integers in {1,...,2N} is a
cluster with constant sign if for all k,¢ € C' we have Fj, ¢(n,¢) = 1, or for all
k.l € C we have Fj¢(¢,n) = 1. For a given configuration (7,(), we let n be
the minimal number of clusters needed to cover {1,...,2N}: we will call n the
number of sign changes. There is not necessarily a unique choice of covering into
n clusters. Let C(i),4 < n be any such covering and let 1 = k1 < ky < ...k, <
kni1 = 2N + 1 be the integers such that C(i) = {k;, ki1 — 1}.

Lemma 35. Under If”f\fv,c, the process 0™ has law ]P’f\fv while the process (N is

stationary with law @Y, Be(c). Furthermore, the number of sign changes n(t)

is smaller than n(0) + 3 at all time t > 0.

Proof. Tt is simple to check the assertion on the laws of the marginals " and
¢N. Regarding the number of sign changes, the key observation is the following.
In the bulk {2,...,2N — 1}, to create a new sign change we need to have two
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consecutive sites k, ¢ such that n™V (k) = ¢V(k) =1, nV (¢) = ¢V (¢) = 0 and we
need to let one particle jump from k to ¢, but not both. However, our coupling
does never allow such a jump. Therefore, the number of sign changes can only
increase at the boundaries due to the interaction of ¢V with the reservoirs: this
can create at most 2 new sign changes, thus concluding the proof. O

Assumption 20 ensures the existence of a constant C' > 0 such that n(0) < C
almost surely for all N > 1. We now derive the entropy inequalities at the
microscopic level. Recall that 75 stands for the shift operator with periodic
boundary conditions, and let (u,v)y = (2N)~! Ziﬁl u(k/2N)v(k/2N) denote
the discrete L? product.

Lemma 36 (Microscopic inequalities). Let 1y be a measure on {0,1}*N sat-
isfying Assumption 20. For all ¢ € C2°([0,00) x [0,1],R), all § > 0 and all

c € [0,1], we have imy oo PN (TN (¢) > —6) = 1 where

LN,C

20 = [ ((0uels ) (X0 = X O) ) b (Buplonn, (e m )

N
+ 2((1 — o) Fp(s5,0) + (0 — ) F (s, 1)>)ds
+ (00, (i () = ()F) -

where H*(n,¢) = —2(b(n(1),7n(0)) — b(¢(1),¢(0)))F10(n,¢) and H(1,¢) =
H*(¢,m).

This is an adaptation of Theorem 3.1 in [36].
Proof. We define

B, = /0 <<6390(37 )5 (ms() = CS('))i>N + £~<<p(8’ )y (ns() = CS(-))i>N>ds
+ <<P(O7 ')’ (77(])\7<> - C[J)V())i>

We have the identity

N .

(p(t. ) () =GV ()T) = Be+ M. (67)

where M is a mean zero martingale. Since ¢ has compact support, the L.h.s. van-
ishes for ¢ large enough. Below, we work at an arbitrary time s so we drop the
subscript s in the calculations. Moreover, we write (k) instead of ¢(k/2N) to
simplify notations. We treat separately the boundary part and the bulk part of
the generator. Regarding the former, we have

L (), () = ¢() )y
= (2N)*(2py = 1) (N1 =€) = p2N)EN)(1 = ((2N))e)
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<20(0)(L =)+ O(N™%) ,

since ¢ is non-negative and 2py — 1 ~ 2(2N)~¢. Similarly, we find

L (p(), () = C() )y £ 202N)(0—c)” + O(N™“) .

We turn to the bulk part of the generator. Recall the map Fj ¢(7, (), and set
Gre(m, ) =1—Fy (0, () Fy (¢, n). By checking all the possible cases, one easily
gets the following identity

Lo (n(k) — (k)" = (2N)t+e Y {(p(ﬂ — k) (b(¢ (k). C(0) = bln(k),n(0)))

1

= (s = O)((C(6), C(R)) = b(u(6), (k) ) Fee(n,€)
= (ple = B0, 1(0) + 9l — (060 Ga.) |

Since 1 and ¢ play symmetric roles in L% we find a similar identity for
Lo (n(k) — ¢(k)) . Notice that the term on the third line is non-positive,
so we will drop it in the inequalities below. We thus get

2N

£(p(); (1) =€) Ty < @N)* 37 ple= B (o) = £(O) T (0, 0)
k=1
l=k=+1

where

Lo (n,€) = (b(C(R), C(€)) = b(n(k),n(0)) Fie(n,C) Iy o(n, Q) = I, (C,m) -

Up to now, we essentially followed the calculations made in the first step of the
proof of [36, Thm 3.1]. At this point, we argue differently: we decompose p(+1)
into the symmetric part 1 — py, which is of order 1/2, and the asymmetric part
which is either 0 or 2py — 1 ~ 2(2N) ™.

We start with the contribution of the symmetric part. Recall the definition
of the number of sign changes n and of the integers k; < ... < k,41. Using a
discrete integration by parts, one easily deduces that for all i < n

kiz1—1 kit1—2

3 (ok) — @) Lm0 = Y (n(k) — (k)T Ap(k)
k0=k; k=k;

(=k4+1

— (nlkipr — 1) = (ki1 — 1)) Veplkisr —2)
+ (n(ks) = C(ka)) “ Viplks — 1) .

Since n(s) is bounded uniformly over all N > 1 and all s > 0, we deduce
that the boundary terms arising at the second and third lines yield a negligible



212 C. Labbé

contribution. Thus we find

2N

N S (1) (k) — o0 T, O) = O (55 ) -
k=1
l=k+1

Regarding the asymmetric part p(+1) — (1 — px), a simple calculation yields
the identity

2N

(2N)* Z (p(t = k) =14 pn) (0(k) —w(@)@(m@)
S

_ 1 QNila kK)r . H* O(N~@

—ﬁkﬂ (k)T H (1, ¢) + O( )

uniformly over all N > 1. Therefore

2N—-1

Abulk 1 1
£ (), () =€)y < 53 3 0xp (K 0,) +O( 57 -

Putting together the two contributions of the generator, we get

Bt < A (<(9390(5, ')a (77?]() - Civ())i>N + <azg0(sa ')7T'Hi(77év>Cév)>N
+2t((1 = ¢)Fp(s5,0) + (0 — ¢) (s, 1)))ds
(0.9, O -+ 05y ) -

Recall the equation (67). A simple calculation shows that EN (M), < =
uniformly over all N > 1 and all ¢ > 0. Moreover, the jumps of M are almost
surely bounded by a term of order N~!. Applying the BDG inequality (92), we
deduce that

1

l—a
2

LN ,C

1
EN [supMSQ} F <
s<t

uniformly over all N > 1 and all ¢ > 0. Since ¢ has compact support, By = —M;
for t large enough. The assertion of the lemma then easily follows. O

Recall that .#7,,)n is the average of n on the box Ty(u) for any u €
{1,...,2N}.

Lemma 37 (Macroscopic inequalities). Let 1y be a measure on {0,1}2N sat-
isfying Assumption 20. For all ¢ € C([0,00) x [0,1],Ry), all 6 > 0 and all
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c € [0,1], we have lim¢jolimy_, PN (TN (p) > —6) = 1 where

TN(p) = /Ooo <<8s<p(s, ). (o) - c)i>N
+ <5x%0(57 ), b (///Tm(-)(nﬁv)w»N
+2((1 = ¢)(5,0) + (0 - o) (s, 1)>>ds
+ (000, (i ) =) ) |

Proof. Since at any time s > 0, (" (s, -) is distributed according to a product of
Bernoulli measures with parameter ¢, we deduce that
12N
lim lim EY, [ [, = || = 0.
u=1

el0 NSoo N €12

and consequently, by Fubini’s Theorem and stationarity, we have

' . B t 1 2N
lim lim Ef\jv’c[/o ﬁZ‘///TEN(u)(Cév) —c‘ds} =0.
u=1

el0 N—oo

Now we observe that for all e > 0, we have ]@Z\L,c almost surely
+ +
(0., (0 () = )Y = (20, ) Mgy (06 = D)) +0(6) -

Recall the coupling we chose for (73’ (-), ¢V (+)). Since Pﬁ,,c almost surely the

number of sign changes n(0) is bounded by some constant C' > 0 uniformly over
all N > 1, we deduce using the previous identity that

(0.9, (V= O)F) = (00.), (M1 = (1)), +O(E)

Therefore, by Lemma 36, we deduce that the statement of the lemma follows if
we can show that for all § > 0

T T T k 1 =l +
lim lim IP’ZYV)C</O WZ’///TEN(u)(néV_CsN)
u=1

el0 N—oo

— (M iy (0 Cﬁv))i’ds > 6) -0,

t 2N
. . =t 1
lim lim Pﬁwc(/o N E ’e//TEN(u)Hi(U?IaCéV)
u=1

el0 N—oo

16 (Ot 0 () s > 8) = 0.
(69)
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We restrict ourselves to proving the second identity, since the first is simpler.
Let N.F, resp. N, be the set of uw € {1,...,2N} such that ns > (s, resp.
Cs > 15, on the whole box T,y (u). By Lemma 35, 2N — #N- — #N is of
order eN uniformly over all s, all N > 1 and all e. Therefore, we can neglect
the contribution of all u ¢ N UN . If we define ®(n) = —2n(1)(1 —n(0)) and
if we let ®(a) be as in (43) below, then for all u € N we have

My H™ (), ¢Y) — (///TN(u (), Mr, () (CN)> =0,
as well as
My B 0 ) = W (M (02, 00 ()
= 1, 1Y) = (M a0l ) = M,y @(CY) + (M 1Y) -

Similar identities hold for every u € N, . We deduce that the second identity of
(69) follows if we can show that for all § > 0
ds > 5) =0

T T T ¢ 1 —
lzfo%vlinﬂﬁw[/ o 2 6N = ()
u=1

0

t 2N
1 N =
T P (] o 35 [t = 6t

ds] =0.

The first convergence is ensured by Theorem 21, while the second follows from
the stationarity of ¢V and the Ergodic Theorem. This completes the proof of
the lemma. O

Proof of Theorem 33. For any given € > 0, we have

M1y (k) (Ns) = %pN (s, {% —e % Le )

_ 1l N _ 1
- 26p (Sa [SC 671‘+€]> +O(N ) ’

(70)

I—l

uniformly over all k € {1,...,2N -1}, allz € [LN LN and all N > 1. Notice
that the O(N ') depends on e. For all p € D([0, 00), M([0,1])), we set

wten = [ ((oste (ol [ =) =o))
(rto (oo [ = +).0)

+ 2((1 —)Fp(5,0) + (0 — ) (s, 1))>ds

(0 (oo [ e ) o))
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Combining (70), (68) and the continuity of the maps h* (-, ¢) and (-)*, we deduce
that for any ¢ > 0, we have

lim lim P (Ve(e,p™) > —6) = 1.
el0 N0

At this point, we observe that for all ¢ € C([0,1],R;) we have

2N
(N (1), ) < 530 D olk/2N)
k=1

so that a simple argument ensures that for every limit point p of p?¥ and for all
t > 0, the measure p(t, dx) is absolutely continuous with respect to the Lebesgue
measure, and its density is bounded by 1. Therefore, any limit point is of the
form p(t,dz) = n(t, z)dz with n € L>([0,00) x (0,1)). Let P be the law of the
limit of a convergent subsequence p™i. Since p + V. (¢, p) is a P-a.s. continuous
map on D([0, 00), M([0,1])), we have for all € >0

lim P (Ve(e, pN) > —0) < P(Vele, p) > —9) .

1—00

For any p of the form p(t, dz) = n(t, z)dz, we set

V)= [ (et (a6 =€) ) (Busts 1.0 (s, . c))
#2((1 (6,00 + 0= )t 1) s+ (40, (- %)

and we observe that by Lebesgue Differentiation Theorem, we have P-a.s. V.(p) =
lim, o Ve(e, p). Therefore,

P(Velp) 2 =0) = P(limVe(e, p) 2 =)
2 E[m Ly, c)2-5/2]
2 T E[1{v, (c.p)>-5/2)]
> Tim Tim P (Ve(e, p™) > —0/2) = 1,

so the process (n(t,a:),t > 0,z € (0,1)) under P coincides with the unique
entropy solution of (58), thus concluding the proof. |

5. KPZ fluctuations

This section is taken from [29], with more details at some places.
For simplicity, we take ¢ = 1 in this whole section. The general case o > 0
can be obtained mutatis mutandis.
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To prove Theorem 6, we follow the method of Bertini and Giacomin [4].
Due to our boundary conditions, there are two important steps that need some
specific arguments: first the bound on the moments of the discrete process, see
Proposition 39, second the bound on the error terms arising in the identification
of the limit, see Proposition 44. In order to simplify the notations, we will regu-
larly use the microscopic variables k,¢ € {1,...,2N — 1} in rescaled quantities:
for instance h™ (¢, £) stands for A (¢t,z) with x = (¢ — N)/(2N)?®. As usual, we
let F;,t > 0 be the natural filtration associated with the process (¢V(t),t > 0).
We also introduce the notation

VIR0 = fE+1) = (), V7 f(0):=f()—flL-1).

5.1. The discrete Hopf-Cole transform

The proof relies on the discrete Hopf-Cole transform, which was originally in-
troduced by Gértner [19] in the context of the WASEP on the line. Recall that

AN (t, z) == ynS(H(2N)*, N + 2(2N)?*) — Ant ,

and

I 1 PN . (ZN)4a I YN —IN
7N~*§10g1_pN, CN~*m, AN i=cny(e™ —2+e V).

The discrete Hopf-Cole transform consists in setting £V (¢, z) := exp(—h™ (¢, 1)).
It allows to counterbalance the asymmetry of the drift of the WASEP: while the
drift in the evolution equations of h'V was given by a Laplacian plus a gradient,
the drift in the evolution equations of ¢V is given by the Laplacian. Let us
present the details here.

We decompose £V into a drift part DV (¢) and a martingale part M (¢):

deN (t,0) = DN (t, 0)dt + dMN (¢, 0) |

and we aim at identifying the expressions of these two terms. Recall the dynam-
ics of S: the process S(t,¢) makes a jump of size 2 at rate py if AS(¢,£) = 2
and of size —2 at rate 1 — py if AS(t,¢) = —2. Hence we have

VO (2N —1)(1—pn)(2N)4 + Ay)  if AS(t,0) = -2,
DN(t,6) = { N (£, 0) ((e=2™ — 1)pn(2N)* + Ay if AS(t,0) =2,
EN(t, AN if AS(t,0) =0,

as well as d(M™N (-, k), MN(-,£)); = 0 whenever k # ¢ and

EN (1, 02(e2™ — 1)2(1 — py)(2N)2  if AS(t, ) = -2,
= Q€N (1,02 (e — 1)2py(2N)1e if AS(t,0) =2,
0 if AS(t,0)=0.

d<MN(" €)>t
dt
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On the other hand, we have the following array

| ALY (L, 0) | VIV () - VTEN(t,0) |
AS(t,0) = —2 | V(8,027 —2) EN(t, 0% (e —1)(1 — ™)
AS(t0) =2 | €N (t,0)(2e™ —2) EV(E 02 (e —1)(1 —e™)
AS(t0) =0 | £Vt (™ =24 e7) [ V(0™ — 1)(1 —e7™)

Putting everything together, we deduce that the stochastic differential equations
solved by ¢V are given by
deN (t,0) = ey AEN (¢, 0)dt + dMN (t,0) , te{l,...,2N — 1},
§¥(t,0) = EN(t,2N) = eM*, (71)
EN(0,) = M0

where the bracket of M is given by d(M™ (-, k), MY (-, £)); = 0 whenever k # ¢,
and

M (1) = A (€Y (1K) AEY (1, k) + 267V (8, k)2 ) de )
— (2N)* VN (t, k)VeN (t, k)dt .

Observe that
| (MY (-, k)| S V(L k)?(2N)**dt

uniformly over all £ > 0, all k and all N > 1.

The goal of the next paragraph is to express the process &V as the mild
solution of (71) and to split this expression into two terms: one coming from
the initial condition and another one from the stochastic oscillations. We let
p (k,£) be the discrete heat kernel on {0, ...,2N} sped up by 2cy and endowed
with homogeneous Dirichlet boundary conditions:

0ipN (k, 0) = cnADPY (k, 1) |
Py (k) = 0 (0)
piN(kaO) :piv(kva) =0,
For any t > 0, we introduce the martingale [0,¢] 2 7 — N{(¢) by setting

r2N—-1

Ni() = / S o (k, O)dMN (s, K) (73)
k=1

We also define the process IV as the solution of
atIN (t,0) = enAIN (¢, E)
I(,0) = 1701 2N> “t,
N(0,6) = €N(0,0) .
Then, standard arguments ensure that

Nt 0) = IN(t,0) + Ni(0), VL. (74)
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5.2. Preliminary bounds

The hydrodynamic limit of Theorem 5, upon discrete Hopf-Cole transform, is
given by

1Vexp (Awt = yn (€A 2N = 0)) .

At any time ¢, the set of points ¢ for which this expression is equal to 1 coincides
with the window

BY() = 2N an — My [0,2N] .
TN YN

Within this window, the density of particles is approximately 1/2. On the left of
this window, the density is approximately 1, and on the right it is approximately
0. For technical reasons, it is convenient to introduce an e-approximation of this
window by setting:

Y A
BN(t) = [—Nt+eN,2N— —Nt—eN} , tel0,T).
IN IN

The term IV coming from the initial condition remains close to the hydro-
dynamic limit, while the fluctuations are given by the martingale term. For
convenience, we set

BN (1,0) == 2 + exp ()\Nt — N (A @2N - e))) .
and we introduce the discrete heat kernel on the whole line Z:

{atpm:c NABN(6)
NOEENGE

Proposition 38. Let K be a compact subset of [0,T) and fix € > 0. Uniformly
over all t € K, we have
1IN, 0) SN (t,0) for all £ € {1,...,2N},
2. |[VEIN(t,0)| < 72 N3 uniformly over all £ € BN(t),
3. IN(t,0) — IN (', 0)] £ N~ uniformly over all £ € BN (') and allt < t' €
K,
4. [IN(t,0) — IV (,0)] < N~ uniformly over all ¢,¢' € BN(t).

Proof. It will be convenient to split IV into two terms
IN(t,0) = M0, 0) + N (8, 4) . (75)
where

0ENC(t,0) = enAENC (8, 1) 0N (t,0) = enAENX (8, 1),
Ne(t,0) = fNO(,QN):e’\Nt, and VX (¢,0) = Nx(t 2N) =0,
€N,o( [) — €N,><( ’g)
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Notice that ¢V+° is an approximation of IV where the initial condition is set to
1 for all £, while £€V>* is the error made under this approximation. Observe that

2N—-1

0 =Y pY kO (EV(0,k) —1).

k=1
The four bounds of the statement will be obtained separately for ¢V-° and
§N, X

Since our initial condition is flat, it is immediate to check that
€850 S N <0V (8, 0)

which immediately yields the bounds 1., 3. and 4. of the statement for &V-X.
Recall that pV is the discrete heat kernel on Z. Using Lemmas 49 and 50, we
get

VEENX (8, 0) = T VRN (- k)(EN(0,k) — 1) + O(N' TN |
keBiV/Z(O)

uniformly over all £ € BN (¢), all t € K and all N > 1. Then, we write

D VIR (= k) =—pl (0 =i —1)+2p) (0) =P (£ —iy)
keBi\’/Q(o)

where i1 are the first and last integers in Bg\/fg (0). Using Lemma 47 and our
choice of initial condition, we deduce that

1

> VU RE O -] S8 o

kEBY),(0)

uniformly over the same set of parameters. The same applies to V—, thus con-
cluding the proof of the bound 2. for £V,
To establish the required bounds on £V:°, we first show that there exists § > 0
such that
€02, 0) — 1] S exp(—ON>*) (76)

uniformly over all ¢ € K, all £ € BN (t) and all N > 1. Since

2N-1

t
et =1 [ (12X Lk 0) s,
0 k=1

the bound will be ensured if we are able to show that there exists § > 0 such

that
2N -1

(1= 3 sk )t s et (77)
k=1
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uniformly over all s € [0,#], all t € K and all £ € BN (t). The proof of this
estimate on the heat kernel is provided in Appendix 6.2. This yields (76), and

therefore concludes the proof of the bounds 2., 3. and 4. of the statement for
é-N’O.

Using the estimate on £€V:°(¢, N) — 1 obtained above, we deduce that for N
large enough, b" solves

0N (t,0) = ey AN (t,0), L€ {l,...,N -1},
BN (t,0) > €N0(8,0),  ON(t, N) > EN°(t,N)
bV (0,k) > EN2(0,k) .

By the maximum principle, one deduces that b (¢,£) > ¢N°(t,£) for all t €
K and all £ € {0,...,N}. By symmetry, this inequality also holds for ¢ €
{N,...,2N}. O

To alleviate the notation, we define
We now have all the ingredients at hand to bound the moments of £V.

Proposition 39. For all n > 1 and all compact set K C [0,T'), we have

EN (L, 0)\"
sup sup sup]E[( ) } < 00
N>1¢e{l1,...2N—1} teK bN(t,0)

Since b is of order 1 inside BN (t), this ensures that the moments are them-
selves of order 1 in these windows.

Proof. We fix the compact set K until the end of the proof. Using the expression
(74) and Proposition 38, we deduce that

ne 5= 2n 5
N0\ N () .
E <1+E .
i) | = e (g ™
We set DL := [N!] —(N!), and we refer to Appendix 6.1 for the notations. By
the BDG inequality (91), we obtain

E[(N{(0)™] SE[(N!(0))] +E[[D!@0)] ] (80)
uniformly over all £ € {1,...,2N — 1}, allt > 0, and all N > 1. Let

N s, n
P )

,,,,,

We claim that

E[(Nf(mﬂ <NV (t, 02 /O t %ds : (81)
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E[[Dt(é)] ] <V, 4)2n(1+

221
" g (s) )
———=ds 82
— (82)
uniformly over all ¢ € {1 2N — 1}, all N > 1 and all t € K. We postpone
the proof of these two bounds. Combining these two bounds with (79) and (80)
we obtain the following closed inequality
st [ 20

0 Vi—s

uniformly over all N > 1 and all t € K. By a generalised Gronwall’s inequality,
overall N>1andallte K
s

see for instance [24, Lemma 6 p.33], we deduce that g, (¢) is uniformly bounded
ure bound

(ND), S

£ is uni
We are left with establishing (81) and (82). Using (72), we obtain the almost

t
22 / ST P (k02N (5, )

0
uniformly over all N > 1, ¢ >0 and ¢ € {1

y...y2N —1}. Recall the function ¢
from (78). Using Holder’s inequality at the second line, we find
E (<N-t(£)>t)n
b (¢, 6)2

o ;\{7 (k‘l,f) N i ki
L CC
t

Z H 2N QQ(qu, +( Y
S1,.- ,571—0

..... o ] o f))QgiV(si)idsi

N (L, 0)

) o (s)¥ds)"

(2N)*

By the first inequality of Lemma 48 we bound Y, ¢, (k, £)/b™ (t,€) by a term
of order 1, and by the second inequality of the same lemma we bound

Su qs t(k K)
LNt 0)
thus get

by a term of order 1/4/t — s. Using Jensen’s inequality at the second step, we

EWNV& i) } /tgfﬂs)i

s=

H
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uniformly over all N > 1, all ¢t € K and all £ € {1,...,2N — 1}, thus yielding
(81).

We turn to the quadratic variation. Let Jj, be the set of jump times of £V (-, k).
We start with the following simple bound

[DH0)], =33 " pN (kO (€N (7. k) — €N (7, k)"

<t k
k 4
AT T o (D)
k T<t;TeJ)

uniformly over all N > 1, all ¢ > 0 and all £ € {1,...,2N — 1}. We set t; :=
i(2N) 74 for all i € N and we let Z; := [t;,t;11). Then, by Minkowski’s inequality
we have

Sob Y Y s o' Y (gigj;,’j;)‘*)%ﬁ,

i= k S€T;,s<t TEL,NJ)

[}

Let Q(k, 7, s) be the number of jumps of the process £V (-, k) on the time interval
[r, s]. We have the following almost sure bound

EV(r ) < €N (s, )P CAT A At

uniformly over all s € Z;,_1, all 7 € Z;, all k € {1,...,2N — 1} and all i > 1.
Consequently we get

N(r k)4 ti N (s k)4
2 (ENE:kD S(QN)M/t. <§Nézk§> Qs 5, tia) 5N A ds

TEL;NJg

uniformly over all N > 1, all ¢ > 1 and all £k € {1,...,2N — 1}. Since
(Q(k, s,t),t > s) is, conditionally given F, stochastically bounded by a Poisson
process with rate (2NV)3®, we deduce that there exists C' > 0 such that almost
surely

Sup sup sup E[Q(k,s tH_l) AN Q(k,s tiya) .7:3] <C.
N>1i>1 s€Z; 1
Then, we get
N 312
(5 (e
TELNJy
st [ () e en )
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uniformly over all N > 1, all ¢ > 1 and all k. On the other hand, when i = 0 we
have the following bound

B (gjjgg ,’3)4)1% < (gf,gg;g)4E{Q<k,o,tnzezw@(k,o,m] <

TELoNJ

uniformly over all £ and all N > 1.
Observe that

C9en(t—s 2en(t— )"
piN_S(k’g):e 2cn (t )prn(k,g)7

n!
n>0

where p,,(k, ¢) is the probability that a discrete-time random walk, killed upon
hitting 0 and 2NV and started from k, reaches ¢ after n steps. Therefore, we easily
deduce that sup,cz, .o a2, (0, k) < ¢ (€, k). Using the two bounds of Lemma
48, we get

Do s a0 S Y al ok O Ssuparl (k.0 (k1)
k

& s€Z;,s<t P

1
S bN(ta€)4(1 A W) ;

uniformly over all N > 1 and ¢ > 0. Putting everything together, we obtain

t 21w N 4 K QN(S)%
E[D,k 2}'<b £ <1+ "—d),
(D[ b0 o Vi—s@N)pz’
and the required bound follows by Jensen’s inequality, thus concluding the proof.
|

5.3. Tightness

The following two lemmas control the moments of the space and time increments
of the process.

Lemma 40. Fiz e > 0, § € (0,1/2) and a compact set K C [0,T). For any
n > 1, we have

L—0 5

<[

1
2n
)

E|[eV(t,¢) - &N (t,0)"]

uniformly over allt € K, all £,¢' € BN(t) and all N > 1.

Proof. The expression (74) yields two terms for £V (¢,£) — &N (¢, ¢'). By Proposi-
tion 38, the first term can be bounded by a term of order N~ which is negligible
compared to (|[{—¢'|/(2N)?*)? whenever £ # ¢'. Therefore, to complete the proof
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of the lemma, we only need to establish the appropriate bound for the 2n-th
moment of RY(¢,¢'), where we have introduced the martingale

r2N—1

R, 0) ::/0 S () — g (k) AMY (5,K) 7€ [0,1]

Let D!(0,0") = [RY(€,0')]s — (RY(¢,0"))s. We claim that we have

E|(R(, e’)>t] "5 (5 N)‘;/a

uniformly over all t € K, all £,¢' € BN (t) and all N > 1. These two inequalities,
together with the BDG inequality (91) yield the desired bound on the 2n-th
moment of R%(¢,¢'), thus concluding the proof. We are left with the proof of
these inequalities. As in the proof of Proposition 39, we observe that

, ]E[[D?(z,e')}f]%,g@zv)—‘m, (83)

[t(2N)** ]

S Z Z sup (¢, (k, ) — ¢y (k, )"

SEL;,s<t
(S EE)T

The arguments in that proof ensure that the expectation in the r.h.s. is uniformly
bounded over all i, all £ and all N > 1. On the other hand, sup,¢z, (qé\ft(k, 0) —

qé\ft(k,ﬁ'))4 Sal (k0 + i (k, 0)*, so that Lemma 48 immediately yields

3o

E[[D!(e,0)) ]

1 3
\/t——ti(QN)za) ’

since bV (¢, £) is of order 1 in BN (t). Hence, we get

Z sup (g2, (k, 0) qi\ft(k,ﬂ)f S1A (

s€eZ;

Lt(2N)*e ]

2 1 3
"< A 1/\<—) < A4

o3

E[[D_t(é, )]

uniformly over all t € K, all £,¢' € BN(t) and all N > 1. This yields the
second bound of (83). Regarding the first bound, we notice that we only have to
consider the cases where £ # ¢'. Then, we have the following almost sure bound

$2N—1

(RU(0.0)), < / S 0 () — (5, ) 2(2N)2€N (5, )2
k=1

We argue differently according as k belongs to BgQ(s) or not. Using Lemma 49,
we deduce that

[ @wo-aeenenea(SEy]

k¢BYN

er2(8)
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2a
5 N1+2ae—6N

b

uniformly over all £ € B.(¢), all t € K and all N > 1. This yields a bound
of the desired order whenever ¢ # ¢’. On the other hand, using Lemma 46 the
contribution of the remaining k’s can be bounded as follows

1
n

/0 (P (ks 0) — P, (, €))*(2N)2E[€¥ (s, K)°"] * ds

k€B¢/2(s)

5/ ds
0 (19}

since b (s, k) is of order 1 in BJj,(s), thus concluding the proof. O

28

7

4
(2N)2a

Lemma 41. Fiz e > 0, 8 € (0,1/4) and a compact set K C [0,T). For any
n > 1, we have

1
2N)

2n

S =t +

E[[eV(t, 0 - e (t,0)"]

uniformly over all N > 1, allt <t' € K and all { € BN (V).

Proof. Using (74), we can write ¢V (¢/,¢) — €N (t,£) as the sum of two terms.
Proposition 38 ensures that the first term is bounded by a term of order N~¢
as required. Therefore, we only need to find the appropriate bound for the 2n-th
moment of N, (¢) — N}(¢). To that end, we bound separately the 2n-th moments

of Ag’t' and Bf’t/, where we have set § = t' — ¢t and introduced the martingales
ALY = N, (6) — NE (£), w < § and BYY := N (¢) — NL(¢), s < t.
Recall that b™ (', £) is of order 1 in BN (#'). Since

t+u
ALY (0) = / S P (k, QMY (1, F) |
t k

a simple computation, using Proposition 39 and Lemma 48, shows that

B[(4 )] £ 2w /zqﬁ,u B (Sr i)™

S (2N)2“/t mdr SVo,

uniformly over all t < #' € K, all £ € BN(#') and all N > 1. Then, we set
DL (0) = (A% 0], - (A (£)),- Let Ji be the set of jump times of £V (-, k).
We have the almost sure bound

t,t’ £N LRy
RGN qivvt/(’“’gyl(ﬁ) ’

k Te(t,t'INJg
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uniformly over all the parameters. Thus, the same computation as in the proof
of Lemma 40 ensures that

B[ 0)2]" <4

uniformly over all t < ' € K, all £ € BN (') and all N > 1. Thus, by (91), we
deduce that

1
@N)e

E[|N{ (£) — NE ()] < [t —t]7 +

uniformly over the same set of parameters.
We turn our attention to B¥* . First, we have the identity

B?tl (Z) = / Z (pi\/,_r(k,f) - piv_r(k,f))dMN(T, k) ’ Vs S ¢ ’
0

so that
t2N—1

B[ 0] e[S (@ k0 alhih0)

k=1

At this point, we argue differently according as k belongs to Bé\/’Q(r) or not.
Using Lemma 49, we have

(2N)? / Z (qrt,(k l) — q”(k g)) dr < N'*2¢ N2 <N
k¢Be/2(T)

uniformly over all £ € BN ('), all t <t € K and all N > 1. On the other hand,
using Lemma 46, we get for all 8 € (0,1/4)

t t 2ﬁ
e [0S e o)ar s [ I s

0
keBl,(r)

uniformly over all t < ¢ € K, all £ € BN(#') and all N > 1. Furthermore, we
set B4t .= [B u 1. — (B i )s, 8 <t and we have the almost sure bound

» N (r. k)
[E. ’YNTGZM]; QTt’ (k,0) _th(k ﬁ)) (bN(T k)) J

uniformly over all 0 < ¢ < ', all £ and all N > 1. This being given, we apply
the same arguments as in the proof of Lemma 40 to get

2
E[[EY(0)F]" Sk
uniformly over the same set of parameters. Using (91), we deduce that

t' t 2n] 30 1
B[N (0) = MO S 1=t + G

uniformly over the same set of parameters, thus concluding the proof. O
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Proposition 42. Fir ty € [0,T). The sequence &V is tight in D([0,t0],C(R)),
and any limit is continuous in time.

Proof. One introduces a piecewise linear time-interpolation £V of our process
&N namely we set ty = [t(2N)**] and

= t ty +1

EN(t,) := (tn + 1 —t(2N)*)eN ( (2]\%% 7 ) + (2Nt —ty)eN ((QNNW ) .
Using Lemmas 40 and 41, it is simple to show that the space-time Holder semi-
norm of ¢V on compact sets of [0,7) x R has finite moments of any order,
uniformly over all N > 1. Additionally, the proof of Lemma 4.7 in [4] carries
through, and ensures that ¢V — ¢V converges to 0 uniformly over compact sets
of [0,T) x R in probability. All these arguments provide the required control on
the space-time increments of £V to ensure its tightness, following the calculation
below Proposition 4.9 in [4]. O

5.4. The key lemma

We use the notation (f,g) to denote the inner product of f and g in L?(R).
Similarly, for all maps f, g :[0,2N] — R, we set

2N—-1

(f, ghy == @%) S Fk)g(k) -
k=1

Notice that the scaling here is different from the one used in the notation (52).
This is because we only look at a window of order (2N)® in space for the KPZ
fluctuations, while in the hydrodynamic limit we were considering the whole
lattice of size 2N.

To conclude the proof of Theorem 6, it suffices to show that any limit point
¢ of a convergent subsequence of ¢V satisfies the following martingale problem
(see Proposition 4.11 in [4]).

Definition 43 (Martingale problem). Let (£(¢,z),t € [0,T),z € R) be a con-
tinuous process satisfying the following two conditions. Let to € [0,T). First,
there exists a > 0 such that

Sup sup 67“|x|E[£(t,a:)2] < 00.
t<to z€R

Second, for all p € C°(R), the processes

L(t, ) = M(t,)* — 4 / ()%, P)ds |

are local martingales on [0,tg]. Then, £ is a solution of (18) on [0,T).
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The first condition is a simple consequence of Proposition 39. To prove that
the second condition is satisfied, we introduce the discrete analogues of the
above processes. For all ¢ € C2°(R), the processes

M) = (€ ey — (68 0 — 5 [ 1€(5). (2" A s,
LV(tg) = M0 — i [ (€0 s+ BY (o) + RY ().

are martingales, where

AN

RY(t.6) =~ b [ (€ (9AY (9. s,

RY (t,p) = (2N)% / (VHEN ()7 €N (), ) s

If we show that RY(¢,¢) and RY (¢, ) vanish in probability when N — oo,
then passing to the limit on a convergent subsequence, we easily deduce that
the martingale problem above is satisfied. Below, we will be working on [N —
A(2N)?* N + A(2N)?®] where A is a large enough value such that [—A, A]
contains the support of ¢. The moments of £V on this interval are of order 1
thanks to Proposition 39. Since |AEN| < ynéN, we have

E[|RY (t, )] §WN/O ﬁ2@2(%)d857N7
k

so that RY(t,¢) converges to 0 in probability as N — oco. To prove that R
converges to 0 in probability, it suffices to apply the following delicate estimate
which is the analogue of Lemma 4.8 in [4].

Proposition 44. There exists k > 0 such that for all A > 0, we have

E|[E[V* eV (LOV-EV (10| F]|| W )

uniformly over all £ € [N — A(2N)?** N + A(2N)??], all s < t in a compact set
of [N~*,T) and all N > 1.

To prove this proposition, we need to collect some preliminary results. Recall
the decomposition (74). If we set

KN (k,0) = VN (k OVl (k. 0) |

(here the gradients act on the variable £), then using the martingale property
of N*(¢) we obtain for all s < ¢

B[V (L 0VEV (0| 7]
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= (VTN 0 + VINLO) (VIN (¢, 0) + VT NL(0))
t2N—-1

N N
+E[ / > KL O MY ),

7.

.

Fix € > 0. Using the expression of the bracket (72) of MY we get

Set

@) = EUE[V+5N(1§, OV=EN(t, 0) |fs]

F(t,0) < DY (t,6) + /t ST @N)KN (kOFN (r k), (84)

® keBN,(r)
where DY (t,¢) = DN:Y(t,0) + DN-2(¢,4) + DN3(t,¢) with
DY t,0) = E[|(VFIV(8,0) + VENAO) (VI (1,0 + VN D)
DY 0 = [T 3 Nyl Ok 1 o
S kBN, (1)

t2N—1

DN3(t, 1) = ANEUE{/ S KN, (k0 (EN (r k) AN (r, k)
S k=1

Lemma 45. Fiz e > 0. There exists k > 0 such that

+ 26N (r, k) dr | fs}

From now on, we fix a compact set K C [0,7).

Df(t,@)yAW, (85)
uniformly over all £ € BN(t), all N~ < s<t€ K and all N > 1.
Proof. Let us observe that we have the simple bound
£V k) SOV (k)R (86)

uniformly over all the parameters. Recall also that b™ (¢, £) is of order 1 whenever
e BN(1).

Let p~ be the discrete heat kernel on the whole line Z sped up by 2cxw, see
Appendix 6.2, and set K{¥ (k,£) = VpN(l —k)VpN (L — k).

Bound of DN:!. Tt suffices to bound the square of the L?-norms of V* IV (¢, ()
and V*N!(¢). By Proposition 38, we deduce that (VEIV(t,£))? < N5 uni-
formly over all N~ <t € K, all £ € BN (t) and all N > 1.
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We now treat VT N!(¢) (the proof is the same with V™). Using again Lemmas
49 and 50, we have

2N—-1

E[(V+Nt <E Z/ V+pt ( ))2 <M(ak)>r}

2N)* > / (VPN (k, 0) dr + O(N1H2ee=0N™) |
kGBel\;2(r)
uniformly over all £ € BN(¢), all t € K and all N > 1. Using Lemma 47,
we easily deduce that the last expression is bounded by a term of order 1 A
1/(v/t — s(2N)*) as required.
Bound of DN2. Using the exponential decay of Lemma 49 and (86), we
deduce that there exists § > 0 such that

/ > NN, (kOIY rkdr</ > (2N e N ar |

S S
k¢BY,(r) k¢BY,,(r)

uniformly over all £ € BN (t), all s <t € K and all N > 1. This trivially yields
a bound of order N3 as required.

Bound of DV, By Lemmas 50 and 49, there exists § > 0 such that DY:3(¢, /)
can be rewritten as

(87)
up to an error of order N20+1e=3N*" yniformly over all £ € BN(¢), all t € K
and all N > 1. The error term satisfies the bound of the statement. We bound

separately the two contributions arising in (87). First, using the almost sure
bound [AEN (r, k)| < ynEN (1, k), we get

)\N]EUIE[/t S RN 0 (KA () + 26V (1)) | ] ||

® keBN,(r)

AN]EUE[/: Z Rﬁr(k,g)gzv(r,k)AgN(nk)dr|fs}

2N/ > IEN(k0)dr

s keBY,(r)

uniformly over all £ € BN (t), all t € K and all N > 1. Using Lemma 47, this
easily yields a bound of order 1/(2N)?*** with k > 0, as required. Second, we
have

/ S KN, (kO [ﬁNrk }f}

s N
keB‘/2
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/5 Y K [gN(r k)? gN(t,ﬁ)nys}dr

kEBCI\;Z(r)

+/ 3 Kﬁr(k,é)drE[ﬁN(tag)QN:S}'

keBL,(r)

We claim that we have

/: > Kk /thKfv(kvf)dr—/: S KN,k O)dr

kGBﬁ\fz r) —Skez kéB‘m(r)

(88)
We postpone the proof of this identity. The second term on the right can be
bounded using Lemma 49: it has a negligible contribution. Using Lemma 47 on

the first term, we easily deduce that

/\NEU/: Z Kﬁr(k,z)drE{gN(t,emfs]

* keBN,(r)

1
7= s(2N)io

[ 514

uniformly over all ¢ € BN (t), all t € K and all N > 1. On the other hand, for
any given 8 € (0,1/4), the Cauchy-Schwarz inequality together with Lemmas

40 and 41 yields
E[|e¥ (k)% — €3 (2, 02|
SE[(E k) +€V0.0)°] "E[(€V 0 k) - €V ()]
VB[00 +€0,0)") B[ 6.0 - €007

1
2

26
+ |t —r|? +

)

uniformly over all £ € BN(t), all k € B /2(7"), allr <t e K and all N > 1.
Using Lemma 47, it is simple to deduce the existence of k € (0,1) such that

ANE“/WE%Q(T)KZVTM [f (r, k)2 — €N (¢, 0)? ,f]dr” (QN)%M

uniformly over all s <t € K, all £ € BN (¢) and all N > 1.
It remains to establish (88). To that end, we observe that

/S > KXk f)dr+/: KN (k,0)dr

keBN,(r) k¢B ), (r)

= / > KN(k, )dr
0

keZ



232 C. Labbé
/ ZKNk:Edr—/ S KN (k, O)dr
0 kez t=5 kez

Notice that the last two integrals converge absolutely thanks to the estimates
collected in Lemma 47. An integration by parts shows that

SOEN(k O == "pN (- k)ApN (L~ k1),
kEZ kezZ
but also that

S OEN(k 0 == "pN(—k—-1)ApN (L~ k).

k€EZ keZ

Recall that 9;p = ApY. Therefore

S KNk, 0) = ——Zat — kPN —k—1)).

keZ keZ

The integral over (0,00) of this last expression vanishes. Therefore,

/S > K Hdr+/ > KN, (K, O)dr

s
keBé\;z kgB 2(7-

/t S KN(k, O)dr

S kez
thus concluding the proof of the claim. O
We have all the elements at hand to prove the main result of this section.

Proof of Proposition /. Tterating (84) and using Lemma 51 and the bound
(86), we deduce that

F(0) < DN (t,0) + > Hy(t,tn),

n>1

where for all n > 1, we set t, 11 =1, k41 = £ and

n

Httn)= [ ST Dtk [J@NY2 KD, (ks ki)l

s<t1<...<tn<t Ki€BY,(t:) i=1

By Lemma 45, we already know that DY (¢, /) satisfies the bound of the state-
ment of Proposition 44. To conclude the proof of the proposition, we only need
to show that this is also the case for the sum over n > 1 of Hy(t,¢,n).

Fix A > 0. Let ng = clog N, for an arbitrary ¢ > —3«/log 3, where 8 < 1
is taken from Lemma 51. Using Lemmas 45 and 51, we easily deduce that
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H(t,¢,n) < B™ uniformly over all n > 1, all £ € {N — A(2N)?*, N + A(2N)?*}
and all N~ < s <t € K. Given the definition of ng, we deduce that

Z Hs(tvgv TL) S (QN)_?)
n>ng

uniformly over the same set of parameters, as required.
Let us now treat > H(t,¢,n). We introduce

n<ng
At ,n) = / > DNt k) [T@N*IER, (i ki) ldt
s<t1<...<tn<t Ki€BY(t:) i=1
By Lemma 45, we have
As(t, L,n)
<

1
- / Z (QN)MJ”{\/H H (2N 4a| tit1—t; (ki kia)dt; .

§<t1 <o <t <thi €BY (t:)

If we restrict the domain of integration to those ¢; such that t; —s > (t—s)/(n+
1), then a simple calculation based on Lemma 51 ensures that this restricted
integral is bounded by a term of order

Va1t 1
(2N)2atr\/t —s ~ (2N)20try/t — 5’

for all n < ng. On the other hand, when ¢; —s < (t —s)/(n+1) there is at least
one increment t;1 — t; which is larger than (¢t — s)/(n + 1). By symmetry, let
us consider the case ¢ = 1. By Lemma 50, we can replace Kt2 ¢, (k1, ko) with
Kt2 tl(kh k2) up to a negligible term. By Lemma 47, we bound the sum over
ky of |KN_, (ki, k)| by a term of order (2N)~4%(ty — t1)~! thus yielding the
bound

2—11

S+:17+§ 1 4o N
[T Y G VMK k)l

k1€BY (t1)
Stag 1 20
S dty + O(N' e 0N
/S (2N)2a+n‘/ 1— 8 (tz — tl) ( )
t—s 1
S n+1 <

(2N)2et njrl ~ (2N)2ets =5

for all k" € (0,x) and all n < ngy. Using Lemma 51, we can bound the integral

over ta,...,t, of the remaining terms by a term of order 87~ !. Consequently,
we have proved that there exists ' > 0 such that
Bn—l
As(t bin) S (89)

(2N)20ts' [t —5
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uniformly over all £ € [N — A(2N)?*, N + A(2N)??], all t € K, all s € [0,¢], all
n <ngand all N > 1.

Finally, we set Bs(t,€,n) := H;(t,£,n) — As(t,¢,n). We can replace each oc-
currence of p" by pV up to a negligible term, using Lemma 50. Among the pa-
rameters k1, . . ., ky, involved in the definition of Bs(¢, ¢, n), at least one them, say
E;,, belongs to Bé\/’2(ti0)\BéV(ti0). Then, using the bound |I_(tN(k;,€)| <pN(k,0)
together with the semigroup property of the discrete heat kernel at the second
line and the exponential decay of Lemma 49, we get

Z H| tiv1—ti k“kiJFlM

Kig+1,---,kn 1=%0
=N —6N2"‘
< Z H ptbﬂ t; kla ki+1) =P, (k'zovz) )
kig+1,--skn i=i0
uniformly over all the parameters. Using Lemma 45, one easily gets
(t é TL) (2N)n4a —5(2N)%~ ,

uniformly over alln > 1, all s <t € K and all £ € [N — A(2N)?®, N + A(2N)?“].
Given the definition of ng, we deduce that the sum over all n < nq of the latter
is negligible w.r.t. (2N)~3%, uniformly over the same set of parameters. This
concludes the proof. O

6. Appendix
6.1. Martingale inequalities

Let X(t),t > 0 be a cadlag, mean zero, square-integrable martingale. Let
(X)¢,t > 0 denote the bracket of X, that is, the unique predictable process
such that X2 — (X) is a martingale. Let [X]; denote its quadratic variation: in
the case where the martingale is of finite variation, we have

[X]t: Z (XT_XT*)2

7€(0,t]

The Burkholder-Davis-Gundy inequality ensures that for every p > 1, there
exists ¢(p) > 0 such that

(X" < cpE[[X]F]” . (90)

It happens that the process D; = [X]; — (X); is also a martingale. Thus, using
twice the Burkholder-Davis-Gundy inequality, one gets that for every p > 2
there exists ¢/(p) > 0 such that

ok

B[] <o) (E[0f] +5[01f]7) . o)
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We will also rely on the following inequality

B[sp X.p) < /) (E[()] +B[swpIx, - X 7]7) o2

s<t s<t

which can be found in [30] for instance.

6.2. Discrete heat kernel estimates

We introduce the fundamental solution pl¥ (k, /) of the discrete heat equation
sped up by a factor ¢y > 0

0ol (k, 0) = cnADPY (k, 1) |
pév(k’ﬂ) = 5k(€) ) (93)
pN(k,0) = pN(k,2N) =0,

for all k,¢ € {1,...,2N — 1}, as well as its analogue pY¥ (¢) on Z:

5 (0) = en Y (E)
{ N (0) = bo(t) (84

for all £ € Z. The latter is more tractable than the former since it is translation
invariant. Using a coupling between a simple random walk on Z and a simple
random walk killed at 0 and 2N, we get the elementary bound pY (k,¢) <
pN (¢ — k) for all k,£ € {1,...,2N — 1} and all ¢ > 0. The following estimates
are standard, see for instance Lemma A.1 in [12] or Lemma 26 in [17].

Lemma 46. For all 8 € [0, 1], we have

1
N
k0) <1
pt(7)~ /_tc 9
-1 8
Nk, 0) — pN (k, )| < 1 ’
‘pt(7)pt(’)|w \/F )
k) —pp (kO] <STA

|pt(7) pt(7)|N /—tc )

uniformly over all 0 <t < t', all k, 0,0 € {1,...,2N — 1} and all N > 1. The
same bounds hold for p™

Let us also state the following simple bounds.

Lemma 47. We have Y, pt (k)|k| < vent, pr(0) S 1/+/ent as well as

1
DoIVEY (k) <207 (0), YO IVBY(RIKIS T, VB (Ol S1A—,

tc
keZ keZ N

uniformly over all £ € Z, all t > 0 and all N > 1.
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Proof. Notice that Y, pi¥ (k)|k| is smaller than the square root of the variance
of a simple random walk on Z at time 2cyt. This easily yields the first bound.
The second bound follows from the Fourier decomposition of p~. We turn to
the bounds involving the gradient of pV. First, Vp» (k) is positive if & < 0, and
negative otherwise. Then, we have the simple identity

> oVpY (k) ==Y Vp (k) =p; (0)

k<0 k>0

which yields the first bound. Regarding the second bound, a simple integration
by parts yields

= VY (k=Y pr k), =Y VpY (k)k=>Y_p (),

k<0 k<0 k>0 k>0

so that we get >, ., |[Vpy (k)||k| = 1. To get the third bound, it suffices to use
the Fourier decomposition of p% . O

From now on, we work in the setting of Section 5. Recall the definition of ¢
from (78).

Lemma 48. Uniformly over all 0 < s < t, all £ € {1,...,2N — 1} and all
N > 1, we have

2N—-1

1
> kO SPY00 a0 SPO(I ) - 99)

Proof. By symmetry, it is sufficient to prove the lemma under the further as-
sumption ¢ < N. If b (s, k) < 3, then we have b (s, k)/b™ (¢,£) < 3 while if
bN (s, k) > 3, then a simple calculation ensures that

bV (s, k) _ e AN(=s)t N (k) if E < N |
ON(t,0) ~ e AnE=s)tan(k=0)  if p > N |

uniformly over all s < ¢, all k € {1,...,2N — 1}, all £ € {1,...,N} and all
N > 1. Therefore, it suffices to show that

2N -1 1
N N
kO <1, VRO SIN —m—————, 96
; pt—s( ) ~ Pt s( ) ~ Tt — 5(2N)20‘ ( )
as well as
2N-1
S Dk e NIk
=1 (97)

PiL o, Qe TN S 1A e e
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Regarding (96), the first bound is immediate since p{ (-, ¢) is a sub-probability
measure, while the second bound is proved in Lemma 46. We turn to (97).
Since k + e?* is an eigenvector of the discrete Laplacian on Z with eigenvalue
2(cosha — 1), we deduce that

2N—-1
3 g < e g
kEZ
< 2626N(t—s)(CObh’yN—1) — 26)\N(t—s) ,

thus yielding the first bound. To get the second bound, it suffices to use the
Fourier decomposition of pi¥  (-)e~". O

We also recall a simple bound on the heat kernel, in the flavour of large
deviations techniques. For all a > 0, ¢ > 0 and N > 1, we have

SN (k) < evalaia) (98)

k>a

where g(z) = cosh(argsh z) —z argsh x—1 for all « € R. By studying the function
g(z)/x, one easily deduces that the term on the r.h.s. is increasing with ¢.
We let g%y (, €) := ppl (K, £)bN (s, k).

Lemma 49. Fix a compact set K C [0,T) and € > 0. There exists 6 > 0 such
that ,
qgvt(kaf) < th(kvf) S e N )

uniformly over all k ¢ Be/2( s), all£ € BN(t) and all 0 < s <t€ K.

Proof. Let us consider the case where b (s, k) > 3; by symmetry we can assume
that k € {1,..., N}. Then, we apply (98) to get

pt g(ﬁfk) ANS— 'yNk 2(t s)cNg(m)Jr)\Ns nyk (99)

We argue differently according to the value of a. If 4o < 1, then (£ — k)/cy
is bounded away from 0 uniformly over all N > 1, all & ¢ B./5(s) and all
£ € B(t). Using the concavity of g, we deduce that there exists d > 0 such that
the logarithm of the r.h.s. of (99) is bounded by

N
—d(f — k) + Ans — ’)/Nk 5 —de; R

thus concluding the proof in that case.
We now treat the case 4a > 1. Let n > 0. First, we assume that s € [0,¢ — 7).

For any ¢ > 1/4!, we have g(z) < —x2/2 + cx? for all x in a neighbourhood of

the origin. Then, for N large enough we bound the logarithm of the r.h.s. of

(99) by

1 (£ —k)? (¢ — k)t

1) = =55t —5 T “Genli =57

+ Ans — ynk .
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A tedious but simple calculation shows the following. There exists ¢’ > 0, only
depending on ¢, such that sup,ejg ;. f(s) < —§' N2 for all N large enough.
This ensures the bound of the statement in the case where s € [0, — 7).

Using the monotonicity in ¢ of (98), we easily deduce that for all s € [t —n, ],

we have
pi\isw _ k,)eANs—’mk < ef(t—n)+>\Nn )

Recall that Ay is of order N2%. Choosing 7 < ¢’ small enough and applying the
bound obtained above, we deduce that the statement of the lemma holds true.

The case where b (s, k) is smaller than 3 is simpler, one can adapt the above
arguments to get the required bound. O

Proof of (77). The quantity 1 — igl_lpﬁs(k,ﬁ) is equal to the probability

that a simple random walk, sped up by 2cy and started from ¢, has hit 0 or 2V
by time ¢t — s. By the reflexion principle, this is smaller than twice

S B+ > b (k).

k>0 k>2N—¢

We restrict ourselves to bounding the first term, since one can proceed similarly
for the second term. Using (98), we deduce that it suffices to bound exp(2(t —
s)eng(€/(2(t — s)en)) + Ans). This is equal to the Lh.s. of (99) when k = 0,
so that the required bound follows from the arguments presented in the last
proof. O

Finally, we rely on the following representation of p™:

pi (k) =Y b (k+ JAN — £) = p (= + jAN — 1) .
JEL

The next lemma shows that p¥ (k,£) can be replaced by p¥ (¢ — k) up to some
negligible term, whenever /¢ is in the e-bulk at time ¢.

Lemma 50. Fiz € > 0 and a compact set K C [0,T). There exists 6 > 0 such
that uniformly over all s <t € K, all k € {1,...,2N — 1}, all ¢ € BN (t) and
all N > 1, we have

|p£\£5(ka€) —ﬁi\l_é(k,é)‘bN(&k) S e*&NQO‘ )

Proof. We only consider the case where b" (s, k) > 3 since the other case is
simpler. Observe that there exists C' > 0 such that logb¥ (s, k) < CN2“ for all
s€ Kandallk e {1,...,2N — 1}. Arguing differently according to the relative
values of 4 and 1, and using the bound (98), we deduce that there exists jo > 1
such that

ST B (k4 GAN — OB (s,k) + P (K + GAN — OB (s,k) S eV
JEZ:|j|>50
(100)
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uniformly over all s <t € K, all k € {1,...,2N — 1} and all £ € B.(t). On the
other hand, the arguments in the proof of Lemma 49 yield that

S Bk AN = OB (s k) S e

JEL:|j|<jo
Do Pk AN = BN (s, k) S N
JEZ:0<|7|<Jo,
uniformly over the same set of parameters, thus concluding the proof. O

Lemma 51. Fiz e > 0. There exist 8 € (0,1) such that

[ e woiemya <,

kEBCI\;2(7‘)

uniformly over all s <t € K, all £ € BN(t) and all N large enough.

Proof. Lemma 50 ensures that

/ > BN, (k,0)|(2N) 4adr—/ > |KtNT(k O)|(2N)**dr

5 k€B,a(r) 5 k€EB.ja(r
_ 2a
+ O(N1+4ae ON ) ,

uniformly over all £ € B.(t), all t € K and all N > 1. Lemma A.3 in [4] ensures
that the first term on the r.h.s. is smaller than some 3’ € (0,1). Since the second
term vanishes as N — oo, the bound of the statement follows. O
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