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Abstract: To make statistical inference about a group of parameters on
high-dimensional data, we develop the method of estimator augmentation
for the block lasso, which is defined via block norm regularization. By aug-
menting a block lasso estimator 3 with the subgradient S of the block norm
evaluated at B, we derive a closed-form density for the joint distribution
of (B,S5) under a high-dimensional setting. This allows us to draw from
an estimated sampling distribution of B, or more generally any function
of ([3’, S), by Monte Carlo algorithms. We demonstrate the application of
estimator augmentation in group inference with the group lasso and a de-
biased group lasso constructed as a function of (,5’7 S). Our numerical results
show that importance sampling via estimator augmentation can be orders
of magnitude more efficient than parametric bootstrap in estimating tail
probabilities for significance tests. This work also brings new insights into
the geometry of the sample space and the solution uniqueness of the block
lasso. To broaden its application, we generalize our method to a scaled
block lasso, which estimates the error variance simultaneously.
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1. Introduction

There has been a fast growth of high-dimensional data in many areas, such as ge-
nomics and the social sciences. Statistical inference for high-dimensional models
becomes a necessary tool for scientific discoveries from such data. For example,
significance tests have been performed to screen millions of genomic loci for
disease markers. These applications have motivated the recent development in
high-dimensional statistical inference. Some methods make use of sample split-
ting and subsampling to quantify estimation errors and significance [10, 11, 25],
while others rely on the bootstrap to approximate the sampling distributions of
lasso-type estimators [3, 29]. For Gaussian linear models, an interesting idea of
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3040 Q. Zhou and S. Min
de-biasing the lasso [20] has been developed by a few groups [6, 22, 27]. In ad-

dition, there are various other inferential methods for high-dimensional models
[7, 8, 15, 16, 24], some of which are reviewed in [4].

1.1. Group inference

In this article, we consider a linear model

y:XﬁO+E7 (11)
where 5y € RP is the unknown parameter of interest, y € R™ is a response
vector, X = [X7 | --- | X,] € R™P is a design matrix and ¢ € R” is an
error vector with mean zero and variance o?. Define Ny = {1,...,k} for an

integer £ > 1. We are interested in making inference about a group of the
parameters, Sog = (Boj)jeq, for G C N, under a high-dimensional setting that
p > n. To be specific, the goal is to test the null hypothesis Hyog : Sog = 0
and construct confidence regions for Syg. These are arguably the most general
inference problems, including individual inference about f§y; as a special case
when we choose G to be a singleton.

Group inference arises naturally in applications where predictors have a block
structure. For instance, inference about a group of genomic loci within the same
gene for its association with a disease can identify responsive genes for the dis-
ease. Even if there is no application-driven block structure among the predictors,
group inference may still be useful. By grouping variables, one can detect signals
that are too small to detect individually. High correlation among predictors is a
well-known difficulty for the lasso and related individual inference approaches.
In this situation, grouping highly correlated predictors with the group lasso
[26] will greatly stabilize the inference and increase detection power. Due to
these advantages and practical usage, a few methods have been developed in
recent papers for group inference. A de-biased group lasso is proposed by Mi-
tra and Zhang [12] as a generalization of the de-biased lasso for more efficient
group inference. van de Geer and Stucky [23] define a de-sparsified estimator for
Bog with a surrogate Fisher information matrix constructed by a multivariate
square-root lasso. Meinshausen [9] develops the group-bound method to con-
struct a one-sided confidence interval for ||Soc||1 and shows that it is possible
to detect the joint contribution of a group of highly correlated predictors even
when each has no significant individual effect. Zhou and Min [30] establish that
a modified parametric bootstrap is asymptotically valid for the group lasso and
demonstrate the advantages of grouping in finite-sample inference.

A large portion of the above methods perform statistical inference based on
the sampling distribution of an estimator b = b(3,y, X) constructed as a func-
tion of ,5’, which is either the lasso or the group lasso depending on whether
group structure is used. Examples of such an estimator b include the de-biased
lasso, the de-biased group lasso, and the trivial case b= B in those methods
that directly estimate the distribution of B . There are two big challenges in these
approaches. First, the finite-sample distribution of b is not well-understood, due
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to the high dimension (p > n) and the sparsity of . Consequently, the boot-
strap has been used to approximate this distribution for inference. Although the
de-biased estimators follow a nice asymptotic normal distribution when n — oo,
they can be far from normally distributed when n is finite. Indeed, recent pa-
pers have proposed to bootstrap the de-biased lasso as a better alternative
[5, 28]. Then, here comes the second challenge: How to efficiently simulate from
the bootstrap distribution or an estimated sampling distribution of b? With-
out an explicit characterization of the finite-sample distribution of the group
lasso (or lasso), it appears that one can only rely on bootstrap, which can be
computationally inefficient, or even impractical, for some calculations, such as
approximating tail probabilities in significance tests and conditional sampling
given a selected model in post-selection inference.

1.2. Contributions of this work

To meet the aforementioned challenges in group inference, we develop the method
of estimator augmentation for the block lasso. Partition the predictors into J dis-
joint groups gj - Np forj=1,...,J. For g = (61, ce ,ﬁp), let ﬁ(j) = (ﬁk)keg]‘
for j € N;. Given «a € [1, 00], the block lasso is defined via minimizing a penal-
ized loss function L(8; «):

J
) _ 1
p € argmin{ L(B;a):=—|y — XB|> + )\ijnﬂ(j)ua , (1.2)
BERP 2n im1
where || - || denotes the Euclidean norm. The weight w; > 0 usually depends
on the group size p; = |G;|. The regularizer is the block-(1, @) norm (when

w; = 1) of B, hence the name block lasso. Note that the lasso and the group
lasso can be regarded as the special cases of @ = 1 and a = 2, respectively.
In the context of group inference, we can always choose a partition so that
G = G; for some j, which translates our task into inference about By;) using
some function of 3. Instead of the distribution of 3, we work with the joint
distribution of a so-called augmented estimator (83, S), where S = S(y, X) € R?
is a vector. Under a particular choice of S, we are able to obtain a closed-form
density for the exact distribution of the augmented estimator for any finite n
and p and for all & € [1,00]. Given the density, one may use Monte Carlo
methods, such as importance sampling, to draw from the joint distribution and
simultaneously obtain samples of 8 and any function of 3, such as the estimator
b used in an inferential method. This method serves as a powerful and efficient
alternative to parametric bootstrap for 13, and can be applied in any group
inference approach that utilizes some function of the block lasso. Estimator
augmentation is especially useful in determining the significance in a hypothesis
test and approximating [5 | B € B] for some event B. In both scenarios, we
need to sample from a rare event, which is known to be difficult and sometimes
impossible for the bootstrap. We will demonstrate such applications with two
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group inference approaches, one using the group lasso and the other a de-biased
group lasso.

Estimator augmentation [29] was first developed for the lasso, which does
not respect any group structure. Generalizing the method to the block lasso for
all block norms (a € (1,00]) turns out to be very challenging technically. The
sample space of the augmented estimator (B ,S), which can be represented by a
collection of manifolds with nonzero curvature, becomes more complicated. The
joint distribution is thus defined over a curved space, a significant distinction
from the augmented lasso estimator. Along the development, we also identify
a set of sufficient conditions for solution uniqueness for the block lasso, which
are weaker and more transparent than known results. In fact, the method of
estimator augmentation applies to a large class of regularized estimators. To
illustrate this view and promote its practical use, we further apply our method
to find the joint density of an augmented scaled block lasso (B,S, &), which
has a coherent estimator 62 for the error variance. When we were finalizing the
first version of this paper, Tian Harris et al. posted a preprint [19], in which
they generalize the technique of estimator augmentation to derive densities for
selective sampling in a randomized convex learning program. This exemplifies
that estimator augmentation may have much wider applications than what has
been considered in our paper.

In addition to the above theoretical contributions, the significance of this
work is also seen from its application in group inference, especially when the
group size p; is large. Mitra and Zhang [12] prove that de-biasing a scaled group
lasso can achieve an efficiency gain in group inference by a factor of ,/p; over
a de-biased lasso. Zhou and Min [30] show that bootstrap inference with the
group lasso can reach an optimal rate of n=/2 if log J = O(p;), which never
holds for the lasso (p; = 1) in the high-dimensional setting p >> n. These results
demonstrate the benefit of group sparsity in making inference about a group
of parameters. Our development of estimator augmentation for the block lasso
enables efficient simulation from the sampling distributions of the group lasso
and the de-biased group lasso, which is an essential component in practical
applications of these inferential approaches.

Notation used in this paper is defined as follows. Let A C N, be an index
set. For a vector v = (vj)1.p, we define vg4 = (vj)jca. For a matrix M =
(M;;)nxp, write its columns as M;, j = 1,...,p, and define My = (M;) ca
as a matrix of size n X |A| consisting of columns in A. Similarly, we define
Mpa = (Mij)icp,jea and Mpe = (M;;)icp for B C N,,. Given the group
structure G, let G4 = UjeaG; C N, for A C Nj. Define v(a) = vg, with the
special case v(j) = vg, and let G(v) = {j € Ny : vy # 0} be the active
groups of v. For an n x p matrix M, M4y = Mg,, and for a p x p matrix M,
M sy = Mg g, where A, B C N;. Denote by M™ the Moore-Penrose pseudo-
inverse of a matrix M so M+ = (MTM)*MT when M is not a square matrix.
We use row (M) and null(M) to denote the row space and the null space of M,
respectively. Let diag(M, M’) be the block-diagonal matrix with M and M’ as
the diagonal blocks. Denote by ¢, (e;¢) the density of N, (0, cl,) for ¢ > 0. Let
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Sm=t = {v € R™ : ||v]|o = 1} be the unit £,-sphere in R™. We may suppress
(m — 1) and simply write S, when the dimension does not need to be specified
explicitly.

Throughout the paper, let a* be conjugate to « in the sense that é + $ =1.
We will assume that « € (1,00) unless noted otherwise in next three sections,
and leave to Section 5.1 the special case & = oo whose technical details are
slightly more complicated. Although not the focus of this paper, the results for
the lasso can be obtained as another special case (o = 1) after some simple
modifications of the results for a € (1, 00). The block norm reduces to the usual
£1 norm when « = 1, effectively ignoring the block structure, and thus in this
case we always assume p; = 1 for all j € N; without loss of generality.

2. The basic idea

In this section, we give an overview of the idea of estimator augmentation.
We start with the Karush-Kuhn-Tucker (KKT) conditions for the minimization
problem (1.2). Under uniqueness of the block lasso, we will establish a bijection
between y and the augmented estimator and derive the joint density of its
sampling distribution. We note that solution uniqueness for the block lasso is
an interesting topic in its own right, and the sufficient conditions in this work
are much more transparent than those in the existing literature.

2.1. The KKT conditions

Denote by sgn(-) the sign function with the convention that sgn(0) = 0. For a
scalar function f : R — R and a vector v = (v;) € R™, we define

f) = (f(1),..., fvm)). (2.1)
Definition 1. For « € (1,00), let p = a*/a € (0,00) and define n : [-1,1] —
[_17 1] by

n(x) = n(z; p) = sgn(z)|z(”.
Denote its inverse function by n~*(z) = sgn(x)|z|*/*.

Some basic properties about 7 are given in Lemma A.1 in Appendix A. In
particular, n(v) for v € S,~, interpreted in the sense of (2.1), is a bijection from
Sq+ onto S,. This fact is used in (2.2) below.

Let S = (S1,...,5,) € R? such that S(;) € R?7 is a subgradient of ||3(;)|la
evaluated at the solution B(j) of (1.2). According to Lemma A.2 on the subdif-
ferential of || - ||, we have

15 - S
i) =n" B /1B lla) € SG27 it By # 0,
15 llax <1 if B =0.

For the case a = a* = 2 (group lasso), 7(v) = n7!(v) = v and the above sub-
gradient reduces to the familiar result in [26]. Put W = diag(wL,,,...,wsI,,),

(2.2)
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which is a p X p matrix. The KKT conditions of (1.2), which are both sufficient
and necessary, are

1 N 1
EXTXB +AWS = EXTy (2.3)
for a vector S satisfying (2.2).

Definition 2. Let S be defined by (2.2) and (2.3). We will call (3,S) € R2"
an augmented solution to the block lasso problem (1.2). When we study the
sampling distribution of /3, the random vector (B ,S) will be called an augmented
estimator.

If (B, S) is unique for each y, then (2.3) defines a bijective mapping from the
space of (,@, S) onto the space of y, which is the inverse of the minimization
program (1.2) that maps y to (3, 5). From the density of y or ¢, it is hopeful to
derive the joint density of the augmented estimator (B ,S) via this bijective map-
ping. Then one may apply Monte Carlo methods, such as Markov chain Monte
Carlo (MCMC) and importance sampling, to draw from the joint distribution of
the augmented estimator. As a marginal distribution, the sampling distribution
of B can be readily approximated by Monte Carlo samples, as well as any func-
tion of (B, S). This is the basic idea of estimator augmentation. Although the
idea seems intuitive, there are a few technical difficulties in the implementation:

1. To establish the uniqueness of (3, S) under fairly general situations.

2. To characterize the sample space for (B,S), which appears to be a 2p-
vector but in fact lives in the union of a finite number of n-dimensional
manifolds. This makes the aforementioned bijection conceivable since € €
R™.

3. To calculate the Jacobian of the mapping and obtain the target density
via a change of variable.

We will establish the solution uniqueness in the remainder of this section, and
take care of the other two major steps in Section 3. Although the basic idea
follows from that in [29], there are substantial new technical issues in each of
the three steps, which will be discussed in the sequel.

2.2. Uniqueness

We briefly present here the most relevant results about solution uniqueness for
the block lasso, while leaving many useful intermediate results and proofs to
Appendix A. Despite that the KKT conditions only require the existence of a
subgradient, it turns out that S is always unique:

Lemma 2.1. For anyy, X, A >0, and « € [1, 0], every f3 (1.2) gives the same
fitted value X8 and the same subgradient S.

This lemma covers the full domain of «, including the boundary cases oo = 1
(lasso) and o = oco. Hereafter, we call S the subgradient vector due to its

uniqueness. Next, we establish the uniqueness of B and thus the uniqueness
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of the augmented solution (3,5). The lasso solution is unique if the columns
of X are in general position [21], which says that the affine span of the set
{s;X; s; € {-1,1},j € K C N,} for every |K| < n A p does not contain any
+X; for i ¢ K. We generalize this definition to establish the uniqueness of the
block lasso.

Definition 3. We say that the columns of a matrix M € R"*? is in block-
wise general position with respect to (G, «) if for all s € row(M), the vectors
{M;n(s;y) : j € £} are in general position, where £ = {j € Ny : [|s(j)[lax = 1}

Let U = %XTE € RP, and denote the Gram matrix by ¥ = %XTX hereafter.
The KKT conditions (2.3) can be written as

VB +AWS — Wy =U. (2.4)
Since U € row(X) and ¥(5 — ) € row(X), we have
WS €row(X) < S €row(XW™1) =V CRP. (2.5)

The following assumptions are sufficient for the main results of this work.
Assumption 1. Every (n A p) columns of X are linearly independent.

Assumption 2. The columns of XW ! are in blockwise general position with
respect to (G, ).

The two assumptions are quite weak. Assumption 1 simply states that X
does not satisfy any additional linear constraint other than those that must be
satisfied by any n X p matrix. If the entries of X are drawn from a continuous
distribution, then Assumption 1 holds with probability one. To help understand
the intuition behind Assumption 2, choose W = I, to simplify the exposition.
Then this assumption is imposed on the vectors X )v(;y, where v(;) = n(s(;)) €
S (Lemma A.1) and s € V. Under Assumption 1 with n < p, dim(V) = n and
v = n(s) € RP has only n free coordinates. Thus, we essentially require linear
combinations of disjoint subsets of any n columns of X be in general position,
which is a mild condition in practice. For the special case of the lasso with
p;j = 1, Assumption 2 reduces to that the columns of X are in general position.

Theorem 2.2. Suppose that Assumption 2 holds. Then for any A > 0 and
y € R™, the solution [ to the block lasso problem (1.2) with « € [1,00) is unique

and |G(B)| <nAJ.

Since solution uniqueness is a topic of independent interest, we make a brief
comparison to some existing results. Theorem 2.2 unifies a few important special
cases, including the lasso (aw = 1) and the group lasso (o = 2). For o = 1, this
theorem is comparable to the result in [21], while the existing results about the
uniqueness of the group lasso involve conditions that are much less transparent
than the one stated here. As an example, Theorem 3 in [17] states that, under
Assumption 1, the group lasso solution § (with o = 2) is unique if (i) |Ga| < 7,
where A = G(j) is the active groups, and (i) A = {j € Ny : ISl = 1}.
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Unlike Assumption 2 which is imposed on X explicitly, conditions (i) and (ii)
are implicit in nature and can be verified only after a particular solution is
calculated. According to Theorem 2.2, it is possible to have a unique solution
when |G4| > n as long as |A| < n, i.e., there are no more than n active groups
but the total number of active coefficients of B could be greater than n. Such
cases are not covered by the result in [17]. As will become clear in next section,
the set of 3 satisfying (i) and (ii) is a proper subset of the full space of unique
solutions and thus, in general, will have a probability mass strictly less than
one.

3. Estimator augmentation

We will go through the main steps in detail to derive the joint density of the
augmented estimator (B,S), which is useful for understanding this method.
Section 3.1 characterizes the sample space of (B ,5), Section 3.2 defines explicitly
the bijective mapping from the KKT conditions, and Section 3.3 derives the
joint density. A few concrete examples will follow in Section 3.4 to illustrate
the method. The joint density of (B ,S) depends on the true parameter 8y and
the error distribution. We will discuss in Section 4 how to apply estimator
augmentation in high-dimensional inference. By default, we assume p > n. The
results for p < n will be obtained as special cases.

3.1. Sample space

Denote by 4 = (§;) € R’ the vector of the norms of B(j)7 ie 4 = ||B(j)|\a. It
follows from (2.2) that B(j) = 4;n(S(;)) for all j € Nj. Thus, the augmented

estimator (B, S) can be represented by the triplet (94, S,.4), where A = G(B)
is a random subset of N; when considering the sampling distribution. Given
A = A for a fixed subset A C Ny, it is seen from (2.2) and (2.5) that the sample
space for S is

My = {SEV: ||S(j)|

ar = 1Vj e Aand |s(;]

ar <1Vj ¢ A}, (3.1)

Since s(;) € SZJ;_l for j € A and dim(V) = n under Assumption 1, M4 is an
(n—|A|)-manifold in R? if |A| < n: It is the product of unit £,«-spheres and balls
intersecting with the linear subspace V. Correspondingly, the space for (44, 5)
given A is Q4 = (R)I4l x My, which is an n-manifold. Taking union over
subsets of size < n, we obtain the sample space for the augmented estimator
(’?Aa Sa A)

Q= [J Q4 x {4} (3.2)

|Al<n

Remark 1. We do not have to consider {|.A| > n}, since this never happens
under the assumptions of Theorem 2.2. Hereafter, we always regard the essential

range of A as
of ={ACNy:|Al <n}. (3.3)



Estimator augmentation 3047

In summary, the sample space of the augmented estimator, represented by
the triplet (4.4,5,.4), is the union of a finite number of n-manifolds. Thus, it
is possible to find a bijective mapping from this space to R"™, the space for ¢;
see the mapping H to be defined in (3.10). For the lasso, 24 degenerates to a
union of n-dimensional polyhedra with zero curvature.

Remark 2. Parameterizing the augmented estimator in terms of 4 and S is
a critical choice for our derivations. In this way, all the equality constraints
are imposed on S as in (3.1), leading to familiar geometry for the spaces of 4
and S, which is helpful for understanding distributions over these spaces. It is
also a nature choice, since the subgradient S is alway unique (Lemma 2.1) and
non-uniqueness comes solely from 4 (Lemma A .4).

3.2. A bijective mapping

Putting B(j) = 4;n(S() for j € A, Equation (2.4) becomes
1, . .
~XTe = 40 n(Sy) + AWS = Uy = H(34, 5. A fo, ), (34)

jeA

which defines a mapping H : Q — row(X) for any 8y € RP and A > 0. For

notational brevity, we often suppress its dependence on (5y, A) and write the

mapping as H(e). In what follows, we show that H is bijective, which is a

consequence of the uniqueness of (3,.5), or equivalently of (44, .5,.4).

Lemma 3.1. Suppose that o € [1,00) and Assumption 2 holds. Then for any
Bo € RP and A > 0, H is a bijection that maps  onto row(X).

This lemma applies to a = 1, in which case we define n(z) = zI(|z| = 1) and
n~1(x) = sgn(z) by taking the limit p — oo in Definition 1.

The mapping H is established at a quite abstract level so far. It will be more
convenient to work with the restriction of H to 24 for A € &7, defined by

Ha(ra,s):=H(ra,s,A) for (ra,s) € Qa, (3.5)

where 7 = (r1,...,7;) € R/ with r; = 0 for j ¢ A. Then H can be understood
as a collection of one-to-one mappings {H,4 : A € &/} indexed by subsets of N;.
Write the block lasso solution for the response y as 5 = S(y). Let

Ey = {v eER": G (B(Xﬂo —|—v)) = A}
be the set of noise vectors v for which the active set of the block lasso solution

B(XBO + v) is A. Denote the block norms and the subgradient of B(XBO +v)
by 4(X By + v) and S(X By + v), respectively. Then for v € E 4, we have

HAGa(X 6o +0), S(X50 +v)) = ~XTo.
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The one-to-one mapping H4 allows us to obtain the density for (§4,.5) from
the density of the noise vector via a change of variable.

It remains to find the differential of H 4 so that we can calculate the Jacobian
for the change of variable. A special aspect of this mapping is that H 4 is defined
on a manifold and thus its differential is determined with respect to local pa-
rameterizations. As an (n—|A|)-manifold in R?, a neighborhood of s € M4 can
be parameterized by sp, where F' C N, may depend on (s, A) and |F| = n—|A|.
Correspondingly, the n-manifold Q4 will be parameterized by (r4,sp) € R™ in
a neighborhood of (74, s). Under this parameterization, Lemma 3.2, proven in
Appendix B.1, gives an expression of dH 4 in terms of a few matrices defined
below. Let 7’ : [—1,1] — [0,00] be the derivative of  so that () = p|z|*~!.
Define

roWvw. .= [T1\I’(1)|...|TJ\I/(J)] S Rpo, (36)
Won:=[Taynsm)l--- [Cunlsey)) € R, (3.7)

and D = D(s,A) € RP*P to be a diagonal matrix whose diagonal elements
Dy = 1n'(sg) for k € G4 and Dy = 0 otherwise.

Lemma 3.2. Fizp>n, fo € RP, A >0 and A € o . Suppose that o € (1,00)
and Assumption 1 holds. Then for any interior point (ra,s) € Qa, there is a
full rank matriz T = T(s, A) of size p x (n—|A]|) such that ds = T(s, A)dsr and

dHA=[(Ton)a | {(ro®)D+A\W}T(s,A)]dd := M(ra,s,A;N\)db, (3.8)
where 8 = (r4,sr) € R™ and r; =0 for j ¢ A.

Remark 3. This lemma applies to every interior point of 24, irrespective of
whether or not the corresponding solution is unique. The size of the matrix
M = M(ra,s, A; \) is p X n. Assumption 1 is only needed to fix the dimension
of the manifold M 4. With some modifications of the proof, the result can be
generalized to the situation in which Assumption 1 fails to hold. The parame-
terization sp for M4 is defined locally for a neighborhood of s. For each j € A,
the unit sphere SZTI, except a set of measure zero, can be covered by two
parameterizations, one for each open semi-sphere.

Remark 4. For the special case a« = a* = 2 (group lasso), we have p = 1,
n(z) =z and n'(z) =1 for z € [—1,1]. The matrix M (3.8) has a simpler form:

M(ra,s, AiA) = [(¥ 0 5)a | (r o + AW)T(s, A)]. (3.9)

The only reason that we excluded the case & = 1 in the above lemma is because
7’ is not well-defined. We will cover this case, which reduces to the lasso, in
Example 3.

Geometrically, the columns of T consist of a set of tangent vectors of the
manifold M 4 while those of M consist of tangent vectors of the mapping H 4.
These tangent vectors determine the ratio between the volume element in the
image space row(X) and that in the domain €24, and thus the Jacobian of the

mapping.
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3.3. Joint density

Now we make an explicit link from the augmented estimator (54, S,.4) to the
noise vector e. Under Assumption 1, null(XT) = {0} and thus by (3.4)

6/\/> = \/E(XT)JFH(&Aa Sa Aa 607 )‘) = f({(&Aa Sa A7 BO) A) (310)

We note that H € R" is the coordinates of H with respect to the basis (XT/\/_)
of row(X). By Lemma 3.1, H is a bijection that maps © onto R”. Define H4
similarly as for H4 in (3.5). It then follows from Lemma 3.2 that the Jacobian
of f{A is

Ta(ra,s;0) = det [Va(XT) " M(ra,s, 4; 1)) (3.11)

of which the matrix on the right side is of size n x n.

Theorem 3.3. Fizp > n, By € RP and A > 0. Suppose that Assumptions 1
and 2 hold. Then the distribution of the augmented estimator (ya,S,A) for
a € (1,00) is given by the differential form

dpg :=P(dra,ds,{A}) = gn(ﬁA(rA,s;ﬁo,)\))\JA(rms; A)|db (3.12)

for (ra,s,A) € Q, where 0 = (ra,sp) € R™ and gy, is the density of (g//n).

See Appendix B.2 for a proof, from which we see that (3.12) is valid as long
as the block lasso program (1.2) has a unique solution for almost all y € R™. For

each A € &/, the n-form du4 defines a measure on Q4 in the following sense.
Let k =n —|A| and

fa(ra,s) = gn(Ha(ra,s))|Ja(ra,s)|. (3.13)

Suppose that T' € (R*)I4l and & = {®(u) : u € A} C My is a k-surface in R?
with parameter domain A C R*. Then by (3.12) we have
dudr 4,

P(&AEF,SG‘I),A:A):/ duA—//fATA, ‘
I'xd
(3.14)

where the Jacobian 0sp/0u = 1 if ® is parameterized by sp. Note that for a par-
ticular k-surface, parameterizations other than by sz may be more convenient.
As shown in (3.14), the distribution of (§4,5,.4) is defined by a collection of
measures, {4 : A € o/}, due to the discrete nature of A, and f4 is the density
of pua parameterized by 6 = (ra4,sp). It is possible that f4 = co on a set of
measure zero in 4. An important special case of the above integral is

PA=4) = ua(@) = [ dua.

Lastly, summing over &/ in the above equation leads to

Z/ﬂ da= Y PA=4)=1.

Acol |A|<n
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Remark 5. Evaluation of the joint density in (3.12) for any (r4,s, A) €  can
be done by a simple procedure:

1. Find a local parameterization s for s and the associated matrix T';
2. Calculate the Jacobian J4 (3.11), evaluate the mapping H4(r4, s) (3.10),
and plug them into (3.13) to obtain f4(ra,s).

See Examples 1 and 2 for concrete illustrations.

As a consequence of Theorem 3.3, the density fa under i.i.d. Gaussian errors
can be found in the following corollary. See Appendix B.3 for a proof.

Corollary 3.4. Suppose that the assumptions of Theorem 3.3 hold. If ¢ ~
N, (0,0°1,,), then for (ra,s) € Q4 and A € o,

2mo?

n/2
1
) exp [—@nx(b +AUFEWs = Bo) || | Ta(ra, s)],
(3.15)

falra,s)= (

n

where b € RP is such that bijy = rn(s(;)) for all j € A and by = 0 otherwise.

As we have seen, the sample space 2 (3.2) for the augmented estimator is
complex due to the many constraints involved in M 4 (3.1) and the mix of con-
tinuous and discrete components. It is quite surprising that one can find an exact
joint density for the augmented estimator given By and the noise distribution,
which is usually simple under an i.i.d. assumption. The density gives a complete
and explicit characterization of the sampling distribution according to (3.14).
In light of the non-linear and sparse nature of /3 and the high dimension of the
problem, the joint density itself is a significant theoretical result that improves
our understanding of the block lasso estimator. Applications of this result in
group inference will be discussed in Section 4.

Remark 6. We summarize the main differences between the joint density of
the augmented block lasso in Theorem 3.3 and that of the augmented lasso in
[29]. First, the sample space €4 is an n-manifold with nonzero curvature for
a > 1, and consequently the density is specified in (3.12) by a differential form
of order n. In contrast, the space Q4 has no curvature for the augmented lasso
estimator, whose density can be defined with respect to the Lebesgue measure.
Second, the Jacobian (3.11) depends on 74, s and A for the block lasso, while
it only depends on A for the lasso. See Example 3 for the technical reason
and a geometric interpretation for these differences. Both aspects result in new
challenging computational issues in this work for the development of Monte
Carlo algorithms, which are discussed in Section 4.2.

For the sake of completeness, we also give the density of (94, S5,.4) when
p < n, which can be obtained by simple modifications of a few steps in the proof
of the result for p > n. See Appendix B.4 for details. Assume that rank(X) =
p < n, which is sufficient for both Assumptions 1 and 2 to hold. Then row(X)
and V (2.5) are identical to RP, which implies every s € M 4 (3.1) can be locally
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parameterized by sg with |F| = p — |A|. In this case, H4 maps 4 into RP and
M(ra,s, A; A) € RPXP,

Corollary 3.5. Fizn > p, fo € RP and A > 0. Ifrank(X) = p, the distribution
of the augmented estimator (Y 4,5, A) for a € (1,00) is given by the p-form

d,U/A - gn,X(HA(TAa S3 507 >‘))| det M(TAa S, A; )‘)|d0 (316)

for (ra,s,A) € Q, where 0 = (ra,sp) € RP and g, x is the density of U =
n~1XTe.

An interesting observation is that we need the density g, x of U =n"1X Te
when p < n, which is more difficult to determine than the density of € needed in
the high-dimensional case (3.12). The underlying reason for this can be found
from the sufficient statistic t = X Ty (2.3). When p < n, the dimension of ¢ is
smaller than the sample size n and thus this statistic achieves the goal of data
reduction. Consequently, one needs the distribution of ¢ or U to determine the
sampling distribution of . However, when p > n, y is the coordinates of the
statistic ¢ using the rows of X as the basis and thus the two are equivalent up
to a change of basis, in which case the distribution of y or € is all we need.

3.4. Examples

We illustrate the distribution of the augmented estimator with a few examples.
Example 1 is a simple concrete example that demonstrates various key concepts,
including the sample space, the density, and probability calculations. The second
example shows that, under an orthonormal design, the joint distribution given
by Theorem 3.3 coincides with the result from block soft-thresholding. The last
example considers the lasso. Technical details involved in these examples are
deferred to Appendix C.

Example 1. Consider a simple but nontrivial example with p = 3, n = 2, and
J = 2. The two groups G; = {1,2} and G = {3}, and pick a = 2. Suppose that
1 |1 01 . 2 _
%X_|:O 1 1 :|7 60_07 5\f\/-/\[Q((LO— 12)7 W_Ig'

Put r = (ry,72) and s = (s1, 2, 53).
We first determine the space M4 (3.1). Incorporating the constraint that

seV=row(X) < s1+53—353=0, (3.17)
the manifold M 4 can be expressed as
Ma = {(s1, 82,51 + $2) : ($1,82) € Da}, (3.18)

where Dy C R? is the range for 51y = (s1,s2). Let B™ be the unit f3-ball in
R™. For A = @, the definition of M4 shows that Dy = B2 N {|s; + so| < 1},
whose boundary 0Dg consists of two arcs and two line segments connecting at
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Fia 1. Sample space of S(1y shown by the shaded area.

four points: a = (1,0), b= (0,1), ¢ = (—1,0), and d = (0, —1). See Figure 1 for
illustration. Use (g1, ¢2) to denote the boundary of Dg from ¢; to ¢ along the
positive orientation. It is then immediate that

a(b,c)UI(d,a) for A={1},
Da=< 9(a,b)Ud(c,d) for A={2}, (3.19)
{a,b,c,d} for A ={1,2}.

Plugging D4 back into (3.18), we see that My is a surface, M) and My
are curves, and My, oy degenerates to four points in R3.

We find fa (3.13) and calculate P(A = A) for A = {1} here. The two arcs
in Dy can be parameterized by s; and (21, correspondingly by 6 = (r1,51)
with two domains, RT x (—=1,0) and RT x (0,1). After a few steps of algebra,
we arrive at the density

(3.20)

o2

_ 1 (T1+/\)2 r+ A
f{l}(rl731)82) - mexp |:_ |52| -

Integrating f13dridsy over RT x Dyyy gives P(A = {1}) = %e”‘g/az. In Ap-
pendix C.1, we provide the results for A = &,{2},{1,2}, and verify that
P(A = A) indeed sums up to one.

Example 2 (Orthogonal design). Suppose p = n = mJ, ¥ = I,, and put
W = y/ml,. In this example, all the groups are of the same size m. It is known

that under this setting, the group lasso (o = 2) is obtained by block soft-
thresholding the least-squares estimator g = %X Ty:

By = Bu) [1 - WWHB@)IIL ,og=1 (3.21)

Assume ¢ ~ N, (0,0%1,). Then B(j) ~ N (Boi), (02 /n)Ly), § € Ny, are mu-
tually independent. The distribution of (%4,S5,.4) for @ = 2, derived in Ap-
pendix C.2, is given by

dpa = [T £i(rs50)d0), (3.22)
JEN,
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in which

fi(rj,sgy) = (

df(;y = drjdsp(jy if j € A and df(;) = ds(;) (with r; = 0) otherwise. Here, F'(j)
is a chosen set of (m — 1) free coordinates of s(;), and | det M(;;)| has a closed-
form expression (C.10). In what follows, we exemplify that (3.22) is consistent
with block soft-thresholding (3.21).

Since du 4 factorizes into a product of .J terms, different groups (45, S;) are
mutually independent. The density f;(r;,s(;)) determines the distribution of
(95, 8¢))- If j & A, letting 7; = 0 we have

m
2

B n
) exp { =55 s + Mm)sg) — Bogy) |12 [det My

2mo?

_m n m
fids(g) = (270 /n) ™% exp [~ 5 5 [AVms) — fo 2] (Wm)"dsg). (3.23)

It then follows that

P(B(j) =0)= /IBM fidsgy = /|z|<>\\/m bm (23 Bo(jys 0°Lin /m)dz
=P(| Byl < AVm),

where the last equality comes from the distribution of B(j). This result is clearly
consistent with the soft-thresholding rule (3.21). Next we calculate P(§; > t)
for j € A. To simplify our derivation, assume further that 8y;) = 0. Integrating
fjd0;y over the sphere s;) € S™~1, the marginal density of 4; is

n/o? 5

fi(ry) = m(_l—)
2271.T'(m/2)

for r; > 0. It then follows that, for ¢ > 0,

(r; + A\/m)™™ exp[ (rJJr)\\/_)} (3.24)

2 2

Pl >0= [ K =p{ligl>t+avm), (329

which again coincides with the result from soft-thresholding. See Appendix C.2
for the derivation of (3.24) and (3.25).

Example 3 (lasso). When o =1 in (1.2), the block lasso reduces to the lasso
with no group structure. Thus, the result for a = 1 can be deduced by letting
p; = 1for all j and o = 2 (or any a > 1) in Theorem 3.3. In this case, for j € A
the subgradient S; = sgn(Bj) € {1,—1} is a function of Bj. This leads to two
special properties of the matrix T = T(s, A) defined in Lemma 3.2, which do
not hold in the general case p; > 2: (i) T' = T'(A) depends only on A, (ii) the
submatrix T4 is a zero matrix; see Appendix C.3. Bearing these facts in mind,
one can apply Theorem 3.3 to find the joint distribution of the augmented lasso,
given by the density

fa(ra,s)dradsp = g,(Ha(ra,s)) |det {Va(X ") [Wa | \WpTg]}| dradsp
(3.26)
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for (ra,s) € Qa, where B = N, \ A and F' C B. Owing to property (i), the
Jacobian and the set F' here do not depend on s, which is fundamentally different
from the block lasso. A geometrical interpretation for (i) is that the space M4
(3.1) for the lasso is a union of polyhedra and the set of tangent vectors that
forms the columns of T is invariant at each s € M 4, while in the block lasso case
M4 is curved with a different tangent space at different points. This gives one
of the aspects in which this work represents a highly nontrivial generalization
to the result for the lasso.

As adopted in [29], the augmented lasso estimator can also be represented
by (B4, S5, A), where B = N, \ A is the set of zero components of B. With
the change of variable, Bj = 4;8; for j € A, one can easily obtain the density
under this alternative parameterization from (3.26), which is identical to the
joint density in Theorem 2 of [29] with the choice of (XT/y/n) as a basis for
row(X). See Appendix C.3 for the technical details.

4. Applications in statistical inference

In this section, we develop Monte Carlo methods to make inference about 5y by
utilizing the joint density of the augmented block lasso estimator. Recall that
we want to test the hypothesis Hy ¢ : Sog = 0 or to construct confidence regions
for Boc. Without loss of generality, assume G = G; for some j so that our goal
is to infer By(;). Denote the null hypotheses by Hy ; : Bo(;) = 0 for j € N;.

4.1. Parametric bootstrap

Consider inference with an estimator in the form of b = B(B ,5) € RP, a mapping
of the augmented estimator (B, S). One such approach that has drawn recent
attention is the de-biased lasso and its generalization to the de-biased group
lasso. Given a p X p matrix 6= é(X), a form of the de-biased estimator may
be expressed as

b=pB+06X"(y— XB)/n=L5+1\OWS, (4.1)

where (B ,9) is either the augmented lasso or the augmented group lasso. Differ-
ent de-biased estimators have been constructed with different (:)7 which is often
some version of a relaxed inverse of the Gram matrix U. It is usually impossible
to obtain the exact distribution of (l; — Bp) for a finite sample. Thus, bootstrap
methods have been developed [5, 28] with improved performance compared to
asymptotic approximation for the de-biased methods.

Assuming the error distribution is N, (0,0%I,) with a known o2 for now, a
parametric bootstrap for the augmented estimator (B, S) contains two steps:

Algorithm 1 (PB(f,02,))). Given 62 > 0, A > 0 and a point estimate 3 € R?,

(1) draw &* ~ N, (0,0°1,) and set y* = X3 + *;
(2) solve (1.2) with y* in place of y to obtain §* and calculate S* via (2.3).
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Let b* = b(5*,5*). Choosing a function hj : RPi — [0,00), we estimate its
(1 — d)-quantile hj ;_s) from a large bootstrap sample such that

P { hi (65 = Bigy) > hj,(l—é)‘ 3} =90.
Then, a (1 — §) confidence region for fy(;) can be constructed in the form of
R;(8) = {0 € R (b)) < hjas) }- (4.2)

By duality the p-value for testing Ho ; is approximated by the tail probability

P { hi (b5 — Biy) = hj(i)(j))‘ 5} : (4.3)
Common choices of h; include, for example, various norms and h;(0) = || X;)0].

Although out of the scope of this paper, the asymptotic validity of (4.2) and

(4.3) comes from the fact that (b¢;) —By(;)) is an asymptotic pivot with a careful
choice of © [12, 22].

An interesting and key observation is that the joint density of [3*, S* | 3]
is explicitly given by (3.12) in Theorem 3.3, with B in place of By, through
its equivalent representation. Denote this density (3.13) by fa(ra, s; 8,02, A) to
emphasize its dependence on (B, 02,)). In principle, we can use Monte Carlo
methods, such as importance sampling and MCMC, to draw (ﬁ*, S*) and obtain
a sample of b* = E(B*, S5*), which serve as alternatives to the above bootstrap
sampling. Monte Carlo methods may bring computational efficiency and flexi-
bility compared to parametric bootstrap. In the following, we will demonstrate
the efficiency of importance sampling in calculating tail probabilities as in (4.3),
which is a prominent difficulty for the bootstrap. Monte Carlo methods for other
applications, including those with an estimated error distribution, are discussed
in Section 4.5.

4.2. Importance sampling

The following simple fact about the parameterization of M4 (3.1), proved in
Appendix B.5, is useful for designing proposal distributions in importance sam-

pling.

Lemma 4.1. Let a € (1,00). For each A € <, the manifold My, except
for a set of measure zero, can be parameterized by sp such that the index set
F = F(A) only depends on A.

A consequence of Lemma 4.1 is that we may use the same volume element
df = dradsp almost everywhere in the subspace 24, which eases our devel-
opment of a Monte Carlo algorithm. Suppose that ga(ra,s) is the density of
a distribution over Q with respect to df such that 3, [, qa(ra,s)dd = 1.
As long as the support of g4 is Q4 for all A € &, it can be used as a pro-
posal distribution in importance sampling. With a little abuse of notation, put
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0 = (ra,s) € Q4 so that (6, A) represents a point in the sample space Q at
which the volume element is df. Suppose we want to estimate the expectation of
a function h(3,5) = h(34, S, A) with respect to fa, using (3, 5) and (34, 5, A)
interchangeably. Importance sampling can be readily implemented given the
densities f4 and ga. Draw (A, 6;) from the proposal g4 () for ¢ =1,..., N and
calculate importance weights w; = fa,(0:)/qa,(0:). Then by the law of large
numbers, the weighted sample mean

7 — Zi\i1 Uj)\ih(otyAt) asim
D i—1 Wt

provides the desired estimate. To estimate the probability in (4.3), h is taken
to be the indicator function of the event of interest. When the true By(;) # 0,
the p-value (4.3) can be tiny, and bootstrap (Algorithm 1) may fail to provide
a meaningful estimate of the significance level. In such cases, it is much more
efficient to use importance sampling with a proposal distribution that has a
higher chance to reach the tail of the bootstrap distribution fa(ra, s; BN, a2, \).
We design two types of proposal distributions. The first type of proposals
draw (3*,5*) by the bootstrap algorithm PB(BT, Mo?, A1) with a proper choice
of (BT, M, \T), where M > 0 is a constant. The proposal distribution has density
fa(ra,s; BT, Mo? A1), again by Theorem 3.3. By increasing the error variance
with M > 1, choosing AT # B, and possibly with a different A, we can pro-
pose samples in the region of interest in (4.3) which has a small probability
with respect to the target distribution. The Jacobian term J4(r4, s; A) (3.11) is
the time-consuming part in evaluating the densities for calculating importance
weights. If we choose AT = ), however, this term will cancel out and the im-
portance weight is simply the ratio of two normal densities, whose calculation
is almost costless. Our empirical study shows that this choice gives comparable
estimation accuracy and thus we always let AT = \. Denote by I.5(3T, M) the
importance sampling with the first type of proposals. Our second design uses a
mixture of two proposal distributions with different 8 and M, which has more
flexibility in shifting samples to multiple regions of interest. Again the Jacobian
term cancels out in the importance weight (4.4). Our importance sampling with

a mixture proposal is detailed in the following algorithm. For brevity, write

H (B, 53 o) = V(X T)" (W8 + AWS — Wfy),
which is identical to the H in (3.10).

Algorithm 2 (IS(ay, 8], My;as, 85, My)). Given ay +ay =1, 81, 8] € R? and
Ml,MQ > 0,

(1) draw Z from {1,2} with probabilities {a1,as}, and given Z, draw (5*, S*)
from PB(ﬁTZ, Mzo?,\);
(2) calculate importance weight

B Pn (ﬁ(ﬁ*,s*;ﬁ);oz/n)
- > et Ok G (ﬁ(ﬁ*,s*;ﬂl);Mkoz/n) '

[h(’?Av Sv A)]

*

w
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Remark 7. The first algorithm I.S(BT, M) can be regarded as a special case
of Algorithm 2 with a; = 1, BI = BT and M, = M. One can easily generalize
Algorithm 2 to a mixture proposal with K > 3 component distributions. For
other error distributions, we simply replace ¢, in (4.4) by g,, the density of

e/v/n.

In our numerical results, the efficiency of an importance sampling estimate
is measured by its coefficient of variation (cv) across multiple independent runs
and compared with direct bootstrap outlined in Algorithm 1.

4.3. Group lasso

We begin with a simpler application to test the complete null hypothesis Hy :
Bo = 0 using the statistic T = h(8) = > ||B(j) ||, where 3 is the group lasso for a
particular \. In this case, our target density fa(ra,s; B = 0,02, \) determines
the exact distribution of T" under Hj.

We set the group size p; = 10 for all groups and fixed 02 = 1. Each row of X
was drawn from N, (0,X), where the diagonal elements of ¥ are all 1. The off-
diagonal elements ¥;; = p; if 4, j are in the same group and ¥;; = po otherwise.
We simulated 30 datasets with parameters (n, p, p1, p2) reported in Table 1. Put
v=(1,1,1,1,—1,—1,—1,—1,0,0). For the first 10 datasets, we chose By = 0
so that Hj is true. For the other 20 datasets, the first two groups of 5y were
active, with By1) = Bo(2) = v/2 for datasets 11 to 20 and By(1y) = By2) = v for
datasets 21 to 30. For each dataset, A was chosen to be the smallest value such
that the group lasso solution had two active groups. The range of A and that of
the statistic T across the simulated datasets are reported in Table 1 as well.

TABLE 1
Simulated datasets for testing complete null hypothests
Dataset  (n,p) (p1,p2) A T
1-10 (30,100)  (0,0) (0.396,0.796)  (0.017,0.337)

11-20 (30,100)  (0,0) (0.554,1.613)  (0.460, 1.964)
21-30 (30,100)  (0.5,0)  (0.956,2.650)  (0.045,2.186)

We applied the algorithm I5(0,5) to generate N = 100, 000 samples. Denote
the samples by 3}, with importance weight w;, for ¢t = 1,..., N. The p-value
for the observed statistic 7" was then estimated by

Gus) = Ziv:l w I (h(B}) > T).

N
Zt:l W

This procedure was repeated 20 times independently for each dataset to calcu-
late the mean G and the standard deviation of G/, from which we calculated
ev(GU). TIf we had used the bootstrap algorithm PB(0,02,)\) for the same
N to estimate the p-value, denoted by ¢(P®) its cv would have been close to
V(1= q)/(N). Figure 2 plots logy4(q), cv(¢\"®)) and logyo{cv(§"?)) /ev(g9))}

for the 30 datasets. We observe from the ratios of cv’s in panel (c) that, for

(4.5)
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FIG 2. Estimation of p-values for testing Ho with the group lasso. (a) logyo, (b) cv(¢{!9))
and (c) logyo{cv(§¢FB)) /ev(GU9))}. The result for a dataset is reported by a vertical bar in
each plot.

datasets 11 to 30, the importance sampling estimates are much more accurate,
while the estimated p-values, as shown in panel (a), are very small. For many of
these 20 datasets, the improvement of importance sampling over bootstrap can
be five or more orders of magnitude. The p-values are insignificant for the first
10 datasets, in which the null hypothesis is true. In a majority of these cases,
the importance sampling estimates are slightly less accurate than the bootstrap
estimates, which is fully expected.

4.4. A de-biased approach

The second application concerns a de-biased group lasso in the form of (4.1).
Since our method applies to any choice of ©, to simplify the discussion we set
6 = ©! instead of using a particular estimate, where X is the population
covariance of X. The test statistic is chosen as hj(l;(j)) = ||X(j)l;(j)\| =T} in
(4.3).

We simulated 20 datasets independently under the same settings as those
for datasets 11 to 30 in Table 1. The tuning parameter A was chosen by the
same method as in Section 4.3 to calculate the group lasso B and the de-biased
estimate b (4.1) for each dataset. Figure 3 plots these two estimates for one
dataset, in which By1) = Bo2) = v and By) = 0 for j > 2. We see that
the de-biased group lasso b is not sparse, l;(j) # 0 for all j, and its first two
groups are closer to the active groups of By than the group lasso. This largely
removed the shrinkage in the active coefficients of the group lasso solution and
substantially reduced its bias. Our goal here is to test Ho1 : Bo1) = 0 by

estimating the probability (4.3) for Ty = ||.X(1)b(1)|| with a plug-in point estimate
/3’. The observed value of the test statistic T} ranges from 4.4 to 21.2 across the
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N —— true coefficients
O  group lasso
A o A de-biased group lasso
-2
A
2

coefficient index

FiGc 3. The group lasso and de-biased group lasso solutions for one dataset with p = 100,
where the size of each group is 10.

20 datasets. Due to the asymptotic normality of I;( the bootstrap distribution

i)
[b?j) — B | B] is not sensitive to the choice of # as long as it is sparse. Thus,
we choose 3 = B, the group lasso estimate. See [5] for related discussions.

We designed the following mixture proposal for Algorithm 2 to approximate
the p-value (4.3) by importance sampling:

a; = az = 1/2§Z\41 =2, My = 4; 61( = 3,5;(1) = B(l)/Qaﬁ;(_l) = B(fl)-

Note that 5;(1) is the middle point between B(l) and 0, serving as a bridge be-
tween the target distribution and the null hypothesis Hy 1. To achieve a wider
coverage of the sample space, the error variances of both component distribu-
tions were chosen to be greater than ¢2. We applied Algorithm 2 to generate
N = 100,000 weighted samples (B;f,St*), with weights wy, for each dataset.
Similar to (4.5), the p-value for 77 was estimated as

1) _ Zim el 1Xa (i = Bl = T

N
Zt:l Wy

where 3;* = IA)(/B’t*, Sy) asin (4.1). We replicated this procedure 20 times indepen-
dently to calculate the cv of ¢U) as we did in the previous example. The same
comparisons were conducted and the results are reported in Figure 4. Strong
majority of the p-values were estimated to be significant, since By1) # 0 for
all 20 datasets. The cv’s of the importance sampling estimates are seen to be
quite small, which is especially satisfactory for those tiny tail probabilities on
the order of 10719 or smaller. As shown in Figure 4(c), our importance sampling
estimation is more efficient than parametric bootstrap for at least 13 out of the
20 datasets, many showing orders of magnitude of improvement. For most of
the other datasets, the importance sampling results are very comparable to the
results from bootstrap.

; (4.6)
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F1G 4. Estimation of p-values for testing Ho 1 with a de-biased group lasso. Plots are in the
same format as those in Figure 2.

Compared to the parametric bootstrap in Algorithm 1, the only additional
step in our importance sampling algorithms is to evaluate importance weights,
such as (4.4), of which the computing time is negligible relative to computing
group lasso solutions. As a result, the total running time of the importance
sampling is almost identical to that of the bootstrap sampling. The above two
applications thus exemplify the huge gain in estimation accuracy by importance
sampling via estimator augmentation at almost identical computing cost. It
is worth mentioning that accurate estimation of small p-values is crucial for
ranking the importance of predictors and controlling false discoveries in large-
scale screening.

4.5. Other applications

Given the joint density fA(TA,s;B,U2,)\), one may design MCMC algorithms
to draw samples (B*, S*) from this distribution, which is identical to the dis-
tribution of a bootstrap sample generated by PB(B, o2, )) in Algorithm 1. The
advantage of an MCMC algorithm is that it does not need to solve a convex
optimization program in any of its steps. But evaluating the Jacobian term in
fa could be time-consuming. Another potential application is conditional sam-
pling from [B*, S* B* € B, which will be useful in post-selection inference. For
example, conditioning on the model selected by 3, i.e. G(3*) = G(j3), we may
wish to sample from an estimator b* with a nice asymptotic distribution for
inference. For this problem, bootstrap may be impractical since the condition-
ing event is often a rare event. However, from the joint density one can easily
obtain the conditional density x fg(rg,s), where G = G(B)7 and implement
an MCMC algorithm to draw from this conditional distribution. In the case of
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the lasso, Zhou [29] implemented an Metropolis-Hastings sampler for such con-
ditional sampling. The more general case for a block lasso will be considered in
the future.

Under a Gaussian error assumption, it is a common practice to plug an es-
timated variance 62 in the bootstrap PB(B, 62,)). As long as 62 is consistent
with a certain rate, inference will be valid asymptotically [5, 30]. Therefore, we
can use our importance sampling algorithms with f4(ra, s; 8,62, A) as the tar-
get density. Note that the density fa (3.13) depends on the error distribution
only through the density g, of €/4/n. Under a general i.i.d. error assumption,
estimating g, reduces to estimating the density of an univariate distribution,
which can be done quite accurately even when n is moderate by either a para-
metric or a nonparametric method. Given an estimate §,, our target density is
readily obtained with g,, replaced by §,. An appealing alternative is to de-bias
a scaled block lasso, which estimates o2 in a coherent way, for inference as in
[12]. Estimator augmentation can be applied to derive the joint density of an
augmented scaled block lasso, including its variance estimator 62, as outlined
in Section 5.2. Given the density, one can follow the same importance sampling
algorithms for tail probability approximation.

5. Generalizations

We generalize estimator augmentation to the block lasso with a = oo and to a
scaled block lasso. In both cases, the subgradient has more structure.

5.1. Block-(1,00) norm

In this subsection, we consider the case & = co (a* = 1). The difference between
this case and the case v < 0o comes from the subgradient vector S. Let B; =

argmaxycg, | Bk| C Gj, which may contain multiple elements when a tie occurs,

and B = G; \ B; for j € Nj. It follows from Lemma A.3 that (i) for 3(;) # 0,
HS(j)Hl =1 and

S = {tk sgn(ﬁAk) ke Bj (51)

0 k:eB;

where ZBf tp =1 and t3, > 0; (ii) [|S(;)|[1 < 1 for B(j) =0.

Compared to (2.2), the discreteness of {Sy, = 0} for some k as in (5.1) distin-
guishes the (1, 00) norm from other cases of @ < co. Accordingly, the augmented
estimator (3, 5) will have more structure. Recall that the active blocks of 3 are

denoted by A = G(). For j € A, define
ICj = {ki S Qj : Sk 75 O} and K:; = Qj \/Cj (52)

Put K = U{K; : j € A} and K¢ = U{KS : j € A}. It follows from (5.1) that
B;Cj = 4, sgn(Sk,) for j € A, where 4; = HB(j)”o@ We can then represent (3, 5)
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by

(’A)/A, /B]Cc’ S, .A, IC) with SICC = 0, (53)
subject to the constraints that ||B;c;;||oo <4, for j € A For A=A € o/ (3.3),
Proposition A.6 implies that assuming solution uniqueness the range of K is

H(A)={K CGs: KNG #@Yj € Aand G4\ K| <n— |A]}.

Let K; = KNG; and K§ = KNG, for j € A, where K¢ =G4\ K. The sample
space for S given A = A and K = K is

MA,K:{SGMA:Sk#OVk‘EK,SKc:O},

where M 4 is as in (3.1) with o* = 1. The sample space for (95, BK;) is the cone
¢, = {(r,v) e R x RIEG : [[o]|o < r}.

Then the sample space for (&A,BKC,S) is the product Q4 x = (HJEA C;) x
M4 k. Taking union over the range of the sets A € & and K € J#(A)
determines the space € for the augmented estimator (5.3). Compared to the
case o < 00, the subgradient S has lost |K¢| free dimensions due to the con-
straints that Sy = 0 for all k¥ € K¢. Consequently, for every interior point
s € My g, there is a neighborhood that may be parameterized by sp with
|F| =n—|A| — |K°| := q. Note that ds; = 0 for each k € K°. Let I = N, \ K°.
Similar to Lemma 3.2, we can then find a matrix T € R®~IK°Dxa gych that
dS[ = TdSF.

For notational brevity we will use (B, S) and its equivalent representation
(5.3) interchangeably. Write the mappings H (3.4) and H (3.10) as H (b, s) and
H(b, s), respectively, where (b, s) denotes the value of (3, S). For (r4,bxe,s) €
Q4 K, let ﬁA,K(rA, bre,s) = f[(b, s) with (ra,bke, s, A, K) being the equivalent
representation of (b, s). Define two matrices

U osgn(s) = [Ty sgn(sy)| .. [Ces) sen(se)] € R,
M(s,A,K;\) = [{Tosgn(s)}a | Uke | \W,T] € RP*"™,
and a related Jacobian
Ja i (s; ) = det [\/E(XT)JFM(S,A,K; NI (5.4)

Parallel to Theorem 3.3, we have the following explicit density for the augmented
estimator under block-(1, c0) sparsity, which is proved in Appendix B.6.

Theorem 5.1. Fixp > n, By € RP and A > 0. Suppose Assumption 1 holds and
that the program (1.2) for « = oo has a unique solution for almost ally € R™. Let
gn be the density of (¢/v/n). Then the distribution of the augmented estimator
(8,S) is given by the n-form
dMA,K = ]P’(dT‘A, dec, dS7 {A, K})
= gn(Ha (74, brce, 51 80, \)) | Ja s (5 0)|d0 1= fare(ra,bice, s)df (5.5)
for (ra,bge,s, A, K) € Q, where = (ra,bge,sp) € R™.
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The sufficient condition for solution uniqueness in this case is discussed in
Appendix A.4. The density fa i is defined in terms of the parameterization
6. Suppose that I' ¢ RIAIFIEl is a subset of the product cone HjeA C; and
O = {P(sp) : sp € A} C My is a g-surface in RP with parameter domain
A C R4. Then we have

P {(&AvBKC) € Fv S e q)vA = A,]C = K} = fA,K(rAv chv CI)(SF))dg?
I'xA
which interprets the differential form (5.5). The density here differs from that
in (3.12) only in the Jacobian term. Clearly, the same importance sampling
method (Algorithm 2) can be used here due to the cancellation of the Jacobian.

5.2. A scaled block lasso

As another generalization, we consider estimator augmentation for a scaled block
lasso, which is scale invariant and provides an estimate of ¢ simultaneously.
Mitra and Zhang [12] have developed inference methods via de-biasing a scaled
group lasso, which is related to the square-root group lasso [2]. Following their
formulation, we define a scaled block lasso

J
. . ) 1 9 O
(.6) € argmin §L(5:0)i= 5y — X5l +§+A;wj|w<j>||a . (5.6)

Since the loss function in (5.6) is convex, (3, §) is given by the KKT conditions

%XT(y — XfB)=X\eWS, (5.7)
& =|ly — XBll/v/n. (5.8)

Under Assumption 1, (5.7) is equivalent to y — X3 = Ané(XT)TW S, plugging
which into (5.8), we arrive at

MWall(XT)F WS = 1. (5.9)

It is easy to see that (5.7) and (5.9) imply (5.8), and thus are sufficient and
necessary for (8,5) to be a scaled block lasso solution. This shows that the
subgradient S here satisfies an additional equality constraint. Therefore, for

A = G(f) = A, its sample space
My ={s€Mu: AWa|(XT)Ws|| =1} (5.10)
is an (n— |A| —1)-manifold, where M 4 is defined in (3.1). Note that \/n(X )"z

is the coordinates of 2z € row(X) with respect to the basis (X7 /y/n). Thus, the
vector AW S for a scaled block lasso is normalized with respect to this basis. Let
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(94, S,.A) be the equivalent representation of (B, S). Given A = A, the space
for (Ya4,S5,0) is
Qa = RYHM x My x RT,

which is still a manifold of dimension n.

Suppose the program (5.6) has a unique minimizer for almost all y € R™.
Substituting y by X8y + €, (5.7) defines a bijective mapping F : (ra,s,6,A) —
v = e/\/n, for (ra,s,6) € Q4. Recall that (5.7) with S € M4 is equivalent
to the KKT conditions, and thus this mapping is sufficient for determining the
distribution of (B, S, 5). The restriction of F to a fixed A defines a one-to-one

mapping Fy : Q4 — R™, given by

FA(TA7 S, 6'a ﬁOu )‘> = H(TA7 S7A7 /807 )\6’)7

where H is defined in (3.10). As in Lemma 3.2, we parameterize a neighborhood
of s € My by sp, with |F| = n — |A| — 1, so that ds = T(s, A)dsp, where
T =1T(s,A) is a p x |F| matrix. Following a similar derivation as in the proof
of Lemma 3.2 in Appendix B.1, we find the Jacobian of Fjy,

Ja(ra,s, ;) = det [\/E(XT)+M(7“A,S,&,A; )\)] , (5.11)
with respect to the parameterization 6 = (r4, sg,d) € R™, where the matrix
M(ra,s,6,40) =[(Ton)a|{(ro¥)D+A6W}T | \Ws] € RP*".
The joint distribution of (B7 S, 6) is then given by the n-form,
fa(ra,s,0)d0 = g, (Fa(ra,s,d; 80, \)|Ja(ra,s,d;\)|do, (5.12)

where gy, is the density of (¢/4/n). This result applies to all « € [1,00), under
the convention that p; =1 for all j when o = 1, in which case (5.6) reduces to
a scaled lasso [1, 18].

An assumption for the above result is the uniqueness of (B, ¢). Given o > 0,
denote by B(c'A) the restricted minimizer of (5.6), which is the same as the block
lasso (1.2) with tuning parameter o\. Therefore, under Assumptions 1 and 2,
B(cA) is unique for any o > 0. As established in Lemma 2 of [12], the profile
loss function L(B (o)), 0) is convex and continuously differentiable in o. Thus,
¢ is given by any solution to the equation

dL(B(cN),0)

1y - XBENI®

1
. 1
do 2 2no? 0 (5.13)

If this equation has a unique solution in (0, c0), then (ﬁ ,&) is unique. We sum-
marize this result into the following theorem.

Theorem 5.2. Fix p > n, By € RP, A\ > 0, and o € [1,00). Suppose that
Assumptions 1 and 2 hold, and that Equation (5.13) has a unique solution in
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(0,00) for almost ally € R™. Then the distribution of the augmented scaled block
lasso (B, S, ) defined by (5.6) is given by the n-form,

P(dra,ds,dé,{A}) = fa(ra,s,5)dd

as in (5.12), for (ra,s,6) € Q and |A| <n—1.

We believe (5.13) indeed has a unique solution for almost all y € R™ under
fairly weak but perhaps technical assumptions. See Appendix A.5 for a detailed
discussion. To avoid this technical issue in practice, one may include another
additive term ac? in the loss function in (5.6), where a is a small positive
constant. The uniqueness of ¢ is then an immediate consequence of the strong
convexity of the modified profile loss, L(3(c)\), o) + ac>.

6. Concluding remarks

By augmenting the sample space to that of (B ,5), we have derived a closed-form
density for the sampling distribution of the augmented block lasso estimator.
Given the density, we have demonstrated the use of importance sampling in
group inference, which can be orders of magnitude more efficient than the cor-
responding parametric bootstrap. For high-dimensional data, sparsity seems an
essential assumption for inference, and consequently, an inference method is of-
ten built upon a non-regular penalized estimator. It is unlikely to work out an
exact pivot in this setting, and thus, simulation-based approaches have been
widely used. Our work of estimator augmentation opens the door to a large
class of Monte Carlo methods for such simulations, which in our view is the
main intellectual contribution. Due to the complexity of the sample space of
an augmented estimator, development of efficient Monte Carlo algorithms is a
highly demanding job and an interesting future direction.

Appendix A: Uniqueness of the block lasso
A.1. Auxiliary lemmas

Lemma A.1. If a € (1,00), then 1 is a bijection that maps So onto S, and
(n(v),v) =1 for any v € Sy~

Proof. For any v = (v;) € Sq~,

(@)l = I)le =D lvil* =1.

Similarly, we can show that 7! (u) € S~ for any u € S,. By definition, p+ 1 =
a*. Then, straightforward calculation leads to

(n(v), v) = (sgn(v)[v]”, sgn(v)[v]) = Z i P* = Z Joil " = 1.

Here, | - | and sgn(-) are applied on v in the sense of (2.1). O
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Lemma A.2. Let h(v) = ||v||o for a € (1,00) and v € R™. If v # 0, then
Vh(v) =n (0) € STt (A.1)
with © = v/||v||o € S™~L. If v =0, the subdifferential of h
Oh(0) = {u e R™ : ||u

o <1} (A.2)
Proof. For v # 0,

oh  sgn(v;)|v;|*t L 4
do = o = SEREE =07 @),

using the simple fact that & — 1 = 1/p. Since by definition ¢ € S,,, Lemma A.1
implies that n~1(¥) € S,+. This proves (A.1). By Holder’s inequality,

(u,0) <ul

Vo < h(v), VveR™,

a*

if and only if ||u|o~ < 1, which implies (A.2). |

Lemma A.3 (Lemma 1 in [14]). Let h(v) = ||v||oo for v € R™ and K =
argmax; |v;| C Ny,. For v # 0, u € 0h(v) if and only if

tisgn(v;)) 1€ K
u; =
! 0 otherwise

for some (t;)icx so that ) ,t; =1 and t; > 0. For v =0,

Oh(0) = {u € R™ : |jull; < 1}. (A.3)

A.2. Characterization of solutions

Proof of Lemma 2.1. Suppose that BM and 3@ are two minimizers of L(B; )
such that X1 £ X3, The convexity of L implies that

L(BM;0) = L(B®;0) = L™,
Since ||z||? is strictly convex in z, for any ¢ € (0, 1),
ly = X[c6D + (1= )B@N|* < ey = XAV + (1 = o)lly — X5P?
by the hypothesis that XB(U #* Xﬁ(z). Therefore,
L(eBY + (1 = ¢)3®;a) < cL(BW;a) + (1 = o) L(B®;0) = L7,

which is contradictory to the assumption that the minimum of L is L*. The
uniqueness of S is an immediate consequence of the uniqueness of X3 and that

S =nAW)'XT(y — XB) (A.4)
by the KKT conditions (2.3). O
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We will first establish sufficient conditions for solution uniqueness for a < oo,

while deferring the case o = oo to Appendix A.4. We start with more explicit
expressions for X5 and 8. Write the KKT conditions for each block in (2.3),

1 o1 s 11 ’
— X XB+ Sy = — Xy, J=1i, (A.5)

Define

E= {j €Ny: ﬁ HX(TJ)(Z/*XB)H = AlS(|

o*

o = )\} . (A.6)
By (A.5) and (2.2), B(_g) = 0. Now the & block of (A.5) with B(_g) = 0 reads

1 .

EX(TE)(?/ = Xe)Be)) = \Wiee)Sie), (A7)
which shows that W(ge)S(e) € row(X(g)). Thus, we have

WieeySie) = X(ey(X(e)) " Wiee) St (A.8)

since the right side is the projection of W¢g)S(g) onto row(X(g)). Plugging the
above identity into (A.7), we arrive at

Xy XieyBie) = Xy [y — nAX)) Weee) o) |- (A.9)
A solution to the above equation is
Brey = (X X() " Xloy v = nAXTe)) Wiee) e
= (X&)t {y - n/\(X(Tg)VW(sE)S(g)} .
Then by the uniqueness of the fit X B (Lemma 2.1), for all solutions B we have
XB =X By = Xiey (X))t [y - nA(X(Tg))JrW(w)S(s)} =9.  (A.10)
To make the relation between B(g) and S(gy more explicit, write

By = 1By llan(S(j)) = 4m(Sy)  for j € &, (A.11)

which follows from (2.2). For B C N,, let R” be |B|-dimensional Euclidean
space with coordinates index by B so that a vector v € R” has components vj,
j € B. Similarly, R™*Z denotes the space of matrices with columns indexed by
B. Put

Zj = Xpn(Sy)) €R",  Z =(Z;)jee € R™E. (A12)

Then (A.10) can be rewritten
> A4XGn(Sy) = Ze = 9.
Jjee

Now we have the following characterization of the block lasso solutions:
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Lemma A.4. If § is a block lasso solution (1.2) for oo € (1,00), then
Zig =9 and Bg =0. (A.13)

Moreover, £, § and Z are unique for any y, X and A > 0.

The uniqueness of (§,&, Z) is an immediate consequence of Lemma 2.1. So
non-uniqueness can only come from 4¢ when the linear system Zz = gy has
multiple solutions for x, which happens only if null(Z) # {0}. Therefore, every
block lasso solution B satisfies:

Bey=0 and e =Z"j+, (A.14)
provided that

yenull(Z) CR® and (ZT§+~); >0 forjc€. (A.15)

A.3. Proof of sufficiency

If null(Z) = {0}, then § is uniquely given by (A.14) with 4 = 0. In this case
4; = (Z79); is necessarily nonnegative as there always exists a solution to
the block lasso problem. Furthermore, |£] < n and thus this solution has at
most (n A J) nonzero blocks. This leads to our first sufficient condition for the
uniqueness of 3.

Proposition A.5. Suppose A > 0 and null(Z) = {0}. Then the block lasso
solution B for a € (1,00) is uniquely given by

Biey=0, 4e=(Z2"2)"'Z", and B =4m(Sy) forj€E. (A.16)

Furthermore, |G(8)] < n A J.

In the following, we prove Theorem 2.2 for o € (1,00). Note that the case
a = 1 is equivalent to the case @ = 2 with p; = 1 for all j. Thus, this part
covers the range of « € [1,00) as in Theorem 2.2. The result for « = co will be
established in next subsection.

Proof of Theorem 2.2. Suppose that null(Z) # {0}. Then for some i € &, there
isaset AC &\ {i} and |A|] < n such that

Zifwi = ci(Z;/w;),
jeEA

where we may assume that Z;, j € A, are linearly independent and c¢; # 0
without loss of generality. Let 7 = y — X3 denote the block lasso residual. By
(A.5), for every j € &,

(Zj,r) = (Xm(Sy),r) = nAdw;(n(Se)), ) = nw;,
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where the last equality follows from Lemma A.1 since S(;) € So+. Therefore, for

A > 0 we have
1= ZC]'.
JEA
Note that Z; = X(;n(Sy)), S € row(XW~') and [|S(j)[la- = 1 for j € &.

The above equality is thus contradictory to the assumption that the columns of
XW=1 are in blockwise general position (Assumption 2). |

A.4. The case of a = oo

Recall the KKT conditions in (A.5). Let o* =1 in (A.6) to define £. By defini-
tion B(j) =0for j ¢ £ For j € £ define K; and Kf as in (5.2). Note that both
& and K; are unique due to the uniqueness of S and § = X f for any y, X and
A > 0 (Lemma 2.1). It follows from (5.1) and (5.2) that B;Cj = 4;sgn(Sk;,) for
each j € £. Then the fitted value § can be expressed as

)= Xe)Be) = Z {’%‘Xicj sgn(Si;) + X/C;BK;} = Z¢,
jee

where we define

Z = | Xk, sgn(Sk;) | XICjLGS and ¢ = (%, Brcs) jee- (A.17)

If null(Z) = {0}, then ¢ and hence § will be unique and Z has at most 7 columns.
Now we generalize Proposition A.5 to the block-(1, c0) norm regularization.

Proposition A.6. Suppose A > 0 and null(Z) = {0}. Then the solution S to
the block lasso problem (1.2) with o = oo is uniquely given by

B—ey =0, (=(Z2"2)"'Z), and BIC,- = 4;sgn(Sk;) for j € &.

Furthermore, |G(B)] < |E| < n A J and |E] + djee K5I <nAp.

A.5. Solution uniqueness of Equation (5.13)

Without loss of generality, let A = 1. Due to the convexity of L(B (0),0) in o,
the solution set of (5.13) can always be written as an interval [o7,02], which
reduces to a single point when o1 = 05. Denote by [01(y), 02(y)] the solution
set for y.

Suppose the solution to (5.13) is not unique for some y* € R™, so that
o2(y*) > o1(y*) > 0. Let us assume that the mapping y — (01 (y), 02(y)) € R?
is continuous at y*. Then, choosing a sufficiently small ball B(d) centered at y*
with radius § > 0, we can find a

ot e [ lo1y),02(y)]

yE€B(J)
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such that G(B(c*)) = A € Ny for all y € B(6). Recall that 3(c*) = B(y, o*) is
the block lasso (1.2) with tuning parameter A = o*. It follows from the KKT
conditions (2.3) and Assumption 1 that

y— XB(0*) =no* (X")TWS,

which with (5.13) implies that /n|(XT)*WS| = 1 for all y € B(4). Clearly,
the set
P={seMy: Val(X DT Ws|| = 1}

has measure zero in M 4 (3.1). Thus, by Theorem 3.3, P(S € &, A = A) = 0.
Regarding y = X 5y + ¢ as a random vector, we have

P(y € B(5)) <P(S € &, A= A) = 0.

This apparently will lead to a contradiction, as long as the density of y is positive
over B(9). This argument leads to the following result:

Proposition A.7. Suppose that A > 0, € has a positive density on R™, and
Assumptions 1 and 2 hold. If the mapping y — (01(y),02(y)) is continuous at
y*, then the solution to (5.13) is unique for y = y*.

The continuity of o1(y) and o2(y) needs further verification, which may be
technical and is left as future work. If (o1(y), 02(y)) is continuous on R™, then
(5.13) has a unique solution for all y.

Appendix B: Remaining proofs
B.1. Proof of Lemma 3.2

Consider the equality constraints on s that are involved in the definition of M 4
(3.1). Let Q = Q(X) € RP*(P=") be a matrix whose columns form a basis for
V4 = null(XW~1). By Assumption 1, rank(Q) = p—n. The equality constraints
on s are

Qs =0, (B.1)
Isgyllar =1 Vj € A, (B.2)

where (B.1) is equivalent to s € V. These (p — n + |4|) independent equality
constraints define the interior of M 4 as a differentiable manifold of dimension
(n — |A]). Consequently, every interior point s € M4 has a neighborhood that
can be parameterized by sg for some F' = F(s, A) C N, with |[F| = n — |A].
Then there exists a matrix 7' = T(s, A) € RP*("=I4D of rank n — |A| such that
ds = T(s,A)dsp in this neighborhood.

Fixing A = A in (3.4) leads to the differentiation of H 4:

dHA = Z [(drj)\lf(j)n(S(j)) + Tj\I/(j)dn(S(j))] + MV ds.
JEA
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Since dn(s(;)) = D(;jds(jy for j € A, we arrive at
dHy = (Y on)adra+ {(ro¥)D + AW }ds. (B.3)

Plugging ds = T'dsp into the above and letting 6 = (r4, sp) € R™ complete the
proof.
From (B.1) and (B.2), we have the following constraints on ds:
Qds =0, (B.4)
<’I7(S(j)), dS(j)) =0 VjeA (B.5)

These linear equations can be used to find the matrix T'(s, A) explicilty.

B.2. Proof of Theorem 3.3

Put v = fIA(rA, s) for A € o and (r4,s) € Q4. The differential of H 4 leads to
dv = (X" M(ra, s, A; N)d, (B.6)

where M and 6 = (r4, sp) are as in (3.8). Let ® C M 4 be a neighborhood of s
with parameter domain A, i.e. ® = {®(sr) : sp € A C RF}, where k = n — |A].
Suppose that I' C (R*)‘A‘ is open and contains r4. Denote by V' C R” the
image of I' x ® under H4. To establish the n-form in (3.12), it is sufficient to
show (3.14) for u = sp. The bijective nature of H (3.10) under Assumption 2
implies that

PAs e, Se®,A=A)=P/VneV)= /Vgn(v)dv.

Applying a change of variable in differential forms, we arrive at

[atto= [ (faeaoee) |5

= fA(TA7‘I)(SF))d9,
I'xA

where the Jacobian is determined by (B.6) and f4 is defined in (3.13). This
completes the proof.

df

B.3. Proof of Corollary 3.4

If £ ~ N,,(0,0°L,), then g, (v) = ¢, (v;0?/n). It follows from (3.4) and (3.10)
that

Hy(ra,s) = va(XT)T(Ub4+ AWs — Ufp).
Since U = nXT(XXT)"1X by Assumption 1, we have
Yot = XT(XXT) 71X = Py,
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which is the projection onto row(X). Thus Ws = WU+t W's, since W's € row(X).
Putting this together with the identity (XT)*W¥ = X/n, we have

~ 1
HA(TA,S) = ﬁX(b—F /\‘I’+WS - ﬁo),

and thus

~ A 1 4 9
onlalras) = (Z2) 7 exp [~ X0 awrwa— ] )

Then (3.15) follows immediately.

B.4. Proof of Corollary 3.5

It is easy to see that Assumptions 1 and 2 hold trivially if rank(X) = p < n.
Thus, by Lemma 3.1 the mapping H is bijective. In this case, row(X) = R? and
V1 = {0}, which imply that the constraint (B.4) no longer exists. Therefore,
|F| =p—|A4]|, T(s,A) is p x (p — |A]), and M(ra,s,A;\) is p X p. Now, the
desired result is established by the same arguments as in Appendix B.2 with
U = XTe/n in place of (¢/+/n) and H4 in place of Hy4.

B.5. Proof of Lemma 4.1

First, the matrix ) that defines the constraint (B.1) does not depend on s.
Second, the sphere ngfl, J € A, can be parameterized by s(;)\, for almost
every point on the sphere, where k € G; is chosen as the last component in the

group. More specifically, we may parameterize the positive half of ngfl as

j—1 a* 1/o” 1
SZ* N{sx >0} = {(S(j)\/ca [1 — Hs(j)\kHa*:| DS()N\Kk € BZJ* ,

and the negative half in a similar way, both using the variables indexed by G; \ k.
Therefore, we can always choose F(s, A) = F(A) to parameterize almost every
point in M 4.

B.6. Proof of Theorem 5.1

Put R = QT with the matrix @ as in (B.1) and let I = K UGac C N,,. Any
s € M4, kg must satisfy the following equality constraints:

sge =0, Rrsp =0, and |[sk;[1=1 Vj€A,
which in turn impose constraints on dsy:

Rrds; =0 and (sgn(sk,),dsk;) =0 Vje A
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Under Assumption 1, there are p — n + | A| independent equality constraints on
sy in the above. Thus, ds; has ¢ = n — |A| — |K¢| free coordinates and there is
a matrix T = T'(sy, A, K) so that

dS[ :T(S[,A,K)dSF, (BS)

where T € RP=IK"D*4 ig a rank ¢ matrix and F = F(s7, A,K) C N, with
[Fl=q.
Starting from (2.4), we have

H(B,S; B0, \) = TS+ A\WS — TB,
= [%‘I’ic,- sgn(Sk;) + TK;BIC;} + AWz S — ¥ fo,

jeEA
where the index set Z = KUG 4. Recalling the definition of the matrix Wosgn(s),
we arrive at

H(B,S) = [¥osgn(S)] 454 + U frce + AWzSz — Uy,

where we have used the fact that sgn(Sk:) = 0 for j € A. Denote the value
of 8 by b € RP. Fixing A = A and K = K, the differentiation of Hy g at
(T’A,ch,S) S QA,K is
dHa g = [V osgn(s)|adra + Vkedbge + A\Wids;
= [V osgn(s)|adra + Vedbre + \WWTdsp = M (s, A, K; \)db,
by plugging in (B.8) for ds; and putting 6 = (ra,bxe,srp) € R™. Then the
Jacobian of the mapping Ha x = v/n(XT)*Hy f is given by (5.4). Similar to

Lemma 3.1, H and hence H are bijections. Now following the proof of Theo-
rem 3.3 leads to the desired joint density.

Appendix C: Technical details in the examples
C.1. Results and derivations in Example 1

We present the complete results for Example 1 in this appendix. The densities
are given by the following differential forms:

/\2 r )\2 32 +52 ]
fodsidsy = ) exp —% dsi1dso, (C.1)
1 r (7‘1 + )\)2 7-‘1 + A
_ _ 2
Jrydrids, —5 oxXP _ = 5ol dridsy, (C.2)
2 [ 2ra(rg + )] A2(s? + s2
fraydrads) = 5 exp —% exp [‘%} drydsi,  (C.3)
1 : r1+7ro+ /\- 2472
fr,2ydridra = —3 €XP _(n 202 ) 2} drydra, (C.4)
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where r; > 0 for j € A and s(;) = (s1,52) € Da for A = @, {1},{2},{1,2}.
Special care must be taken when integrating over the parameter domains of
these densities. For example,

(r1,72,5(1)) € (R)? x {a,b,c,d} :==© for A= {1,2},

and therefore

P(A: {1a2}) :/ d#{m} = 4/ / f{1,2}(7’177"2)d7"1d7"2-
) 0 0

Next, we derive these results and find P(A = A). A few pre-calculations are
in order:

1 0 1
1 _
\/E(XTW:g[_Ql ) H v=|0 1 1],
1 1 2
which lead to
T1 0 T2 S1 S3
row¥ = 0 7 7 , Vos=| so s3
Ty T 212 s3  2s3

The density function g, (v) = ¢a(v;0?/2) and, with (3.17),

Hu(ra,s)=vn(X")* er(\lf 05)j+As| = (r1+ N)s@) + rassl,
JEA

where 1 = (1,1) is a (column) vector of ones and r; = 0 if j ¢ A. Constraint
(3.17) implies that
d83 = dSl + dSQ. (05)

We will first go through the calculations for A = {1} and then move to the other
three cases. In what follows, let 7 = v/2)\/o and Z = (Z1, Z3) ~ N>(0,15).

Case 1: A = {1}, r1 > 0 and r, = 0. Combining constraints (C.5) and
[sa)l* =1 leads to

1 1
ds = —81/82 dsy = T(s,{1}) = —81/82
17(81/82) 17(51/52)

Plugging in 7o = 0 and s3 = s1 + So, it is then easy to verify that
M(Tla S, {1}) = [S | (rl + )‘)T]a
Jay(r,s) = —(r1 + A)/s2,
I:I{l}(rl, S) = (’1"1 + )\)8(1).
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Consequently, we obtain the density as in (C.2). The two arcs in Dyy (its
interior) are parameterized as

a(b,c) = {(81,(1 — 81)1/2) —l<s < 0}7
o(d,a) = {(51,—(1 — s%)l/2> 0< s < 1}.

It then follows that

P(A={1}) = /_01 /OO f{1} 1,81, (1 — 3%)1/2) dryds;
/ / foy 7”1’317—( )1/2) drids;
:%{/O eXp|: %} (rl—i—)\drl}{ / m }

1 2, 2 1
= 5N/ = CR(|Z) 2 7). (C.6)

Case 2: A= @, 1 =7y =0 and sy € Dg. By (C.5), we have

T(s,2) =

)

_— O =

0
1
1

which in combination with 71 = ro = 0 leads to the following intermediate
results: 5
M(s,@) = \T(s,2), Jz(s) =A%, Hg(s)= AS(1)-

Then the density fz is obtained immediately as in (C.1) and

PA=2)= | folsq)dsidsy =P(Z € 7Dy). (C.7)
Dg

Case 3: A= {2}, r; = 0 and ro > 0. The interior of Dy is parameterized as

d(a,b) = {(s1,1 —s1): 0 <81 <1},
d(e,d) ={(s1,—(1 +s1)): =1 < s1 < 0}.

Since s3 = s1 + s2 € {1,—1} in this case, we have dss = dsy +ds; = 0 and thus

1 S3 A
T(s,{2}) = | -1 and  M(s,{2}) = | s3 -\ |,
0 2s3 0

using the fact that r; = 0. Now straightforward calculations give

Ji2y(s) = —2As3, ﬁ{g}(rg,s) = As(1) +ras3l.
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Substituting sz by s; + s2 with the fact that |s3] = 1 leads to the density in
(C.3). Consequently,

P(A = {2}) =

2 e |2 {2/ exp [_”(s? - Sl)ﬂ s},

utilizing the symmetry of (s? + s3) between 9(a,b) and 9(c,d). The second
integral

! A2(s3+ (1 —51)? V202 A2
/ exp { (51 + (2 51) )] dsy = To exp <_2> P(|Zs| < A/o).
0 g 2\ 20

After completing the first integral, we have

P(A={2})=2-P(Z; > X\/o and |Z3]| < \/o)
:2P(Z1+ZQ ZTaIld |217Z2| ST) (08)

Case 4: A= {1,2}, r1,r2 > 0 and Dy 9y = {a,b,c,d}. Since [A] =n = 2,
M(r,s,{1,2}) =Wos and Jgo(r,s)=s]—s3.
It is easy to see that [J{1 93| = 1 for all s(1) € {a,b,c,d} and
I;f{m}(r,s) = (r1 + A)s@) +rassl.

Then we obtain the density f{;2) in (C.4) immediately, which leads to

2 2
P(A={1,2}) —4/ / 7-4-0-2 [ (7”1+7”2+2)\) + 75 dridrs

g

Z1>0and ZQ_Zl>T) (Cg)
Finally, by (C.6), (C.7), (C.8), and (C.9) one can easily verify that

Y PA=A)=P(ZecR*) =1

C.2. Derivations in Example 2

This section is divided into three parts:
Part 1: Derivation of (3.22). For v € RP and j € Ny, define u = v(;, € R? so
that ur = vi, for £ € G; and u, = 0 otherwise. Let b € RP denote the value for

B, ie. by = 1585 for j € N;j. Straightforward algebra leads to:
Ha(ra,s) =b+ A\/ms — fo,
Vos=[sml...|suy] € RP*/
ro W+ AW =diag {(r; + \Vm)L,, : j € N;} € RP*P.
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Since row(X) = RP, the constraint (B.4) disappears. For j € A, choose k(j) € G;
such that sy # 0 and put F(j) = G; \ k(j). Then constraint (B.5) can be
written as

1 .
dsk(j) = B (sp(j) dsp(;)) for j € A
J

Without loss of generality, assume that k(j) = m - j is chosen to be the last
component in the group. The matrix T = T'(s, A) has a block-diagonal structure
and its j*® block

. Im—l :| . . .
T(j) = forjeA and T(j)=1,, for A.
() [ 5Tk j () Jjé

It follows immediately that
(ro W+ AW)T(s,A) = diag {(r; + \Vm)T(j) : j € Ny} .

Permuting the columns of M (3.8) to put sy, j € A, to the right of the gt
block of the above matrix, M is also seen to be block-diagonal with each block
M(j;) of size m x m. For j € A, the j*™ block

My = [(rs + Wm)TG) | s3]
and for j ¢ A, since r; = 0,
M = Ol

Simple calculation with ||s(;||> =1 for j € A shows that

| det M| = { Eg@%ﬁﬁwJ/bk@l z ; ﬁ (C-10)

Under the hypotheses, /n(XT)* = X/\/n is an orthogonal matrix whose de-
terminant is £1. Consequently, the Jacobian (3.11) is

J
| Tal = ] I det M- (C.11)

j=1

Plugging (C.11) into (3.15) with ¥ = I,, we obtain the differential form in
(3.22).

Part 2: Derivation of the marginal density of 4; (3.24) for j € A, assuming
Bocjy = 0. Let duj = f;(r;,5(;))d0;y, which specifies the joint distribution of 4;
and S(;). We start from the integral

fi(ry)dry = / dpi;

§m—1
_m m— n
= C(m)(2mo?/n)" 2 (r; + \W/m)™ T exp —ﬁ(rj + A\V/m)?| dr;,
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where C(m) > 0 is a constant:

_ 1 12,
Comy = [ pdsr =2 [ (0= Iol?)”

With a change of variable, v = z/1/1 + |22,

—m/2 2‘7Tm/2
C(m :2/ 1+ ||z de = ————,
m=2  (+]e) o)

by the normalizing constant of the multivariate ¢-distribution with one degree
of freedom.

Part 3: Proof of (3.25). The distribution of B(j) implies (71/02)||B(j)||2 gxfn
follows a x2-distribution with m degrees of freedom. Letting z = (r; + A\\/m)?,
we have

(0/0)* e n
/ fi(r;)dr; :/H)\\/_)2 mz /21 exp (_@Z) dz
=P {(a?/n)x5, > (t+AV/m)?}
=P{I3l* > (¢ + wm)?},

which completes the proof.

C.3. Derivations in Example 3

We note that the constraint (B.5) reduces to ds; = 0 for j € A, which implies
that T'he = 0 as in property (ii). Recall that B = N,\ A. The constraint imposed
on dsp comes from (B.4) and is thus independent of s, hence property (i). As a
consequence, the set of free coordinates of s is always a subset of B, i.e. FF C B,
and |F| = n — |A]|. Since rg = 0 by definition, (ro ¥); = 0 for all j € B. It
follows that (r o )T = 0 and thus, as defined in (3.9),

M(ra,s,A)=[(Tos)a | \WWT]|=[(Yos)a| \WgTg.].
Since |sj| =1 for j € Aand p; =1,
|Ja(ra,s)| = |det {V/n(XT)T[(Vos)a | \W5Tg}|
= |det {/n(XT)" [ | \W5Tgd]}].

Substituting this into (3.12) gives the density in (3.26).

To compare (3.26) with Theorem 2 in [29], we apply the following change of
variable: Let b; = s;r; denote the value for Bj for j € A. Plugging into (3.26)
that r; = |b;], s; = sgn(b;) and dr; = s;db; for j € A, we obtain the density for
(B4, S, A) parameterized by (ba, sg):

gn(Ha(|bal, ) [det {v/n(XT)T[U4 | \WpTpa]}| dbadsr, (C.12)

where we have again used |s;| = 1 for j € A in the change of the volume
elements.
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