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terior concentration rates, with priors based on these mixture models. The
rates are minimax (up to a log n term) and since the priors are independent
of the smoothness, the rates are adaptive to the smoothness.

One of the novel feature of the paper is that these results hold for densi-
ties with polynomial tails. Similar results are obtained using a hierarchical
Bayesian model based on the mixture of inverse gamma densities which
can be used to estimate adaptively densities with very heavy tails, includ-
ing Cauchy density.
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1. Introduction

1.1. Context: Posterior concentration rates in Bayesian
nonparametric mixture models

Nonparametric density estimation using Bayesian models with a mixture prior
distribution has been used extensively in practice due to their flexibility and
available computational techniques using MCMC. In some cases their theoreti-
cal properties have been studied, and in particular the asymptotic behaviour of
the associated posterior distribution. Posterior weak consistency has been stud-
ied quite systematically in particular by [17], but posterior concentration rates
have been derived only for a small number of kernels. In the case of density esti-
mation on [0,1] (or any compact interval of R) [11] has studied mixtures of Beta
densities, and [10] have considered mixtures of triangular densities, Gaussian
location mixtures have been considered by [5, 4, 7, 14, 12] and, more generally,
power exponential kernels by [7, 13]. Location scale mixtures have been consid-
ered also by [1]. Apart from the latter paper, the posterior concentration rates
have been obtained by the above authors are equal to the minimax estimation
rate (up to a logn term) over some collections of functional classes, showing
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that nonparametric mixture models are not only flexible prior models, but they
also lead to optimal procedures, in the frequentist sense.

The above results do not specifically address estimation of densities on RT,
they do not cover fat tail densities and the posterior concentration rates have
been obtained only under the condition that the densities are uniformly bounded.

In this paper we propose to estimate a possibly unbounded density supported
on the positive semiline via a Bayesian approach using a Dirichlet Process mix-
ture of Gamma densities as a prior distribution. The proposed prior distribution
does not depend on regularity properties of the unknown density (such as the
Holder exponent) so the resulting posterior estimates are adaptive. Bayesian
Gamma mixtures are widely used in practice, for instance, for pattern recog-
nition [2] and for modelling the signal-to-noise ratio in wireless channels [15].
An algorithm for implementing a Gamma mixture with unknown number of
components as well as aspects of the practical application of this model is given
in [16].

The main purpose of the paper is to derive the conditions on the Gamma
mixture prior so that the posterior distribution asymptotically concentrates at
the optimal rate (up to a log factor) around the true density over smooth classes
of densities. We derive the concentration rate of the posterior distribution when
the unknown density belongs to a local Holder class on (0,00) (see the formal
definition below) adapting the techniques applied in Shen et al. [14], Rousseau
[11] and Kruijer et al. [7] to the proposed mixture of Gamma densities. In
particular, we will show that this mixture provides a good approximation for
such functions. Secondly, we investigate the concentration rate of this posterior
distribution for an unknown density on (0,00) that can be unbounded at 0,
namely for a density 2% 'h(z) for a € (0,1) in a neighbourhood of 0 and for
function h belonging to a locally Holder class on (0,00). A typical example of
such behaviour is a Gamma density with the shape parameter between 0 and 1.
One of the novel feature of the paper is that these results hold for densities with
polynomial tails. Similar results are obtained for a hierarchical Bayesian model
based on the mixture of inverse gamma densities which can be used to estimate
adaptively densities with very heavy tails, including the Cauchy density.

For a bounded density, we use the lower bound on the rate of convergence for
estimators of densities from the local Holder class H(f, L) which is n~?/(28+1)
[9].

The paper is organised as follows. In Section 2 we define the prior distribution
and study the concentration rate of the corresponding posterior distribution over
an extension of the local Holder class to possibly unbounded densities. We also
discuss the choice of the base measure of the Dirichlet process prior as well as
the hyperprior measure on the shape parameter of the Gamma distribution that
lead to consistent estimation with the posterior concentration rate equal to the
minimax optimal rate of convergence up to a log factor. The prior model based
on the mixtures of inverse gammas and the corresponding posterior concentra-
tion result are given in Section 2.3.2. Numerical performance of the estimator
is studied on simulated data for bounded and unbounded densities and on real
data, with the results presented in Section 3. The proof of the main result is
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given in Section 4, and the proofs of the auxiliary results are deferred to the
appendix.

1.2. Setup and notation

Throughout the paper we assume that X™ = (Xy,---, X,,) is an n-sample from
a distribution with density f on RT with respect to Lebesgue measure. We
denote by F = {f € Li(R"); f : RT — R*; [, f(z)dz = 1} with L;(RT)
denoting the set of measurable and integrable functions on RT.

The aim is to estimate the unknown density f € F which we do using a
Bayesian approach. We construct a prior probability on F, by modelling f
as a mixture of Gamma densities, see (2.1) below. The associated posterior
distribution is denoted by II(:|X™). Let fo be the true density of the X;’s and
we are interested in determining the posterior concentration rate €, = o(1)
defined by

H(Bﬁn|Xn):1+OPf0(]—)v Ben :{f ||f0_f||1 Sgn}y

where || - ||; is the L; norm.
We denote by KL(f1, f2) the Kullback-Leibler divergence between f; and fo
and by V(f1, f2) the variance of log-densities ratio:

Khif) = [ 1os(5) ncan,

vt = [ s (B pwir - erin

and the square of the Hellinger distance by

D21, f2) = /W(JE— )2 ().

Throughout the paper f(-) 2 g(-) (resp. f(-) < g(-)) means that there exists
a positive constant C' such that f(-) > Cyg(-) (resp. f(-) < Cyg(-)) and f(:) < g(+)
means that g(-) S f(-) < 9()-

In the following Section we present the main results of the paper.

2. Main results

We start with description of the mixture of Gamma distributions which under-
pins the construction of our prior model on F.

2.1. Prior model: Mixtures of Gamma distributions

vwe COIlSidEI tlle fCI]'C iIlg Galnnla‘ IIli::tu'Ie tspes Of mo delS:
dP € , g e — _ .
' 0 ' ’ ( )
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We consider (P, z) ~ IT = II; ®IL,, where I1; is a probability on the set of discrete
distributions over R an II, is a probability distribution on Rt = [0, +00). We
also denote R™ = (0, +00).

Hence the densities are represented by location Gamma mixtures, since in the
above parametrization € is the mean of the Gamma distribution with parameters
(2, z/€). This particular parametrization leads to the variance equal to €2/z, and
as z goes to infinity, the Gamma distribution (z, z/€¢) can be approximated by
a Gaussian random variable with mean e and variance €?/z. This allows for
precise approximation near 0 and more loose approximation in the tail. This
parametrization has also been used in Wiper et al. [16].

The key to good approximation properties of a continuous density f by the
gamma mixtures defined above is

K.f(z) = f(z) as z = o0

where operator K, is defined by

K. f(x) = /000 gz.e(z) f(e)de. (2.2)

We explain in more details in Section 2.4, why mixtures of Gamma distributions
as proposed here are flexible models for estimating smooth densities on RT. The
general idea is that, as in the case of mixtures of Beta distributions in Rousseau
[11] or mixtures of Gaussian distributions in Kruijer et al. [7], under regularity
conditions with f verifying some Hélder - type condition with regularity g > 0,
one can construct a probability density f; on RT such that

K. fi(z) = f(@)| S 2772, 2 400

The continuous mixture K, f; can then be approximated by a discrete mixture
with O(y/zlog z) components.

We consider discrete priors on P and priors on z that satisfy the following
condition:
Condition (P): The prior on z, I, satisfies: for some constants ¢ > ¢ > 0,¢¢ >
0 and p, > 0,

I, ([z, 2x]) = e_c‘/g(logﬁ”)pz7 I, ([z, +00)] < e—¢Vallog®)™ g g +00,
IL,([0,2]) Sz for z — 0,
(2.3)
We consider either of these two types of prior on P:

e Dirichlet Prior of P: P ~ DP(m,G) where DP(m,G) denotes the
Dirichlet Process with mass m > 0 and base probability measure G having
positive and continuous density g on R™* satisfying:

2% Sg(a) Sa%asz =0, & Sg(z) Sz asw = +oo  (24)

for some —1 < af, < ap and 1 < a} < a;.
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e Finite mixture:

K
e):ij(Sej(de), K~ 7k, e%iG

—(‘1k(logk )2 > WK(k 6—02k log k)2 Vk > 2

9

(pla 7pk) ND(alv : ak)?

with G satisfying (2.4), po > 0, 0 < ¢; < ¢o < 400 and there exists m
such that
k k
> ai<mk, Y (—logai)y < mklogh Vk > 2.

=1 =1

Note that (a;,j < k) possibly all depend on k, but we omit the additional
index k to simplify the notation.

Condition (P) is quite mild. It is satisfied for instance for /z following a
Gamma distribution, in which case p, = 0. The prior condition on the base
measure (2.4) imposes fat tails on G. It is satisfied for instance if g(z) oc 2% (1+
2?)7%~1 with ag > 0.

Note that, it appears from the proofs that if g(z) < e “® then posterior
concentration rates would remain unchanged over the functional class described
below, assuming that the true density f also has exponential type tails. Hence,
when estimating such densities, Gamma densities satisfy the conditions required
for G but inverse Gammas do not.

2.2. Functional classes

In this paper we are interested in estimating densities that are possibly un-
bounded at 0. To construct a class of such functions over which posterior con-
centration rates are derived, first we need a class of bounded functions.

Let P(B,L(-),v,Co,C1,e,A), B > 0, v > 0 be the set of such functions
f: Rt — [0,00) which are r times continuously differentiable with r = [8] — 1
and which satisfy for all z € Ry and y: y > —z and |y| < A,

@t y) = @) < L@+ ), f@) <Co,  (25)
defining ro = [5/2] — 1 for B > 2 and ro =0 if 5§ < 2,

[ ()™ o

for some e > 0. In the above definition L(.) is a fixed positive function from R™
to RT.

IN
Q
<
A
=
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We also consider classes of densities unbounded around zero that are defined
as follows. Let P, (8, L(-),v,Co, C1,e,A), a € (0,1], B > 0, v > 0, be the set of
such functions f : Rt — [0, 00) such that function h(x) := z~ (@1 f(x) satisfies
the following conditions:

1) function h is r times continuously differentiable with » = [§] — 1 and such
that for all z > 0, y > —x and |y| < A,

KO @+ y) = b @)| < L@+ ), @) <G (27)

2) for some e > 0,

i1 (q (2B+e)/j
(21 |h9D) ()| 1 -
el @ < <r
/0 ( ho) 2 h(x)de < Cy, j<1;

/0°° <L(x)x5(}j(z)xw+2m))2 29 h(z)de < O, (2.8)

where rg = [5/2] — 1 for 8 > 2 and ro =0if g < 2.

Note that in the case a = 1, we recover the first functional class, namely
,Pl(ﬁv L()a s Co,Che, A) = P(ﬁ) L()a s Co, Cy, e, A)

The rationale behind the functional class P, (53, L(+),7, Co, C1,€,A) comes
from the following lemma.

Lemma 2.1. For any f € Po (B, L(:),7,Co,C1,e,A) and z > 0,
K.f(z) =2 'K, 1_oh(z/C.)(1 +O.)

where h(z) = z'7%f(z), C, =1+ (1 —a)/z and O, = % -1=0(1/2)
for large z.

Lemma 2.1 is a consequence of Lemma A.1 which is given in Appendix A.2.

Remark 2.1. 1. Note that in the above functional class P(8, L(-),~, Co, C1,
e,A), f is bounded from above but is allowed converge to 0 as x goes to
0. Interestingly if f(x) = " h(z) for any 7 > 0 and h satisfies (2.6) then
condition (2.6) is satisfied by f.

2. Iflog f is locally Hélder, with suitable integrability conditions, then f(x) €
P(B,L(+),~, Co,Cy,e,A). Similarly, the same holds for h(x) bounded from
below Zf f(l') = xailh(x) € Pa(ﬁa L(')VPYv C(), Claea A)

3. The moment condition (2.6) is satisfied for a number of densities on the
positive semiline (see Appendiz C.2 for details):

(a) for the Weibull distribution with density f(x) = C’aybxa_le_xb, a,b>

0, with 8 =0 for a € (0,1]; for a > 1, log f is Holder with exponent
b;
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(b) for folded Student t distribution f(x) = ¢, (1 + z2)~@+tD/2[(z > 0)
with v > 1;

(c) for a Frechet-type distribution with density f(z) = cz=*"le=* ", b >
0. In this case, lim,_o f(x) = 0 so we can take « = 1, v = 1 and
B <1

2.3. Posterior concentration rates
2.3.1. Posterior concentration rate for the mizxture of Gammas

Similarly to location mixtures of Gaussian densities, mixtures of Gamma densi-
ties provide a flexible tool to approximate smooth densities on RT, and using the
representation of Lemma 2.1, to approximate smooth but possibly unbounded
densities. The posterior concentration rates are presented in the following The-
orem. In addition to the regularity conditions induced by the functional classes
defined above we will need the following tail assumption:

3p1 >0&C >0 / v2 fo(y)dy < Co(1 +x)~ 7. (2.9)

x

We denote by T (p1,Ca) the set of densities satisying (2.9).

Theorem 2.1. Consider the prior defined in Section 2.1 and assume that
X" = (X1, -+, Xn) is a sample of independent observations identically dis-
tributed according to a probability Py on RY having density fo with respect to
Lebesgue measure.

Then, for any ag >0, 81 > By > 0, L(-), v, Co, C1, e, A, Cy and p1, there
exists M > 0 such that

(logn)? <
sup  sup sup Ep, [H (f—f0||1 > M—"—|X =o(1)
acloo,1] B€lBo,B1] fo€ Qs () nP/Z6H
(2.10)

with ¢ = (584 1)/(48+2) if p. <5/2 and ¢ = (2p,0+1)/(46+2) if p. > 5/2
and

Qa,ﬁ(' : ) = Pa(ﬁ> L()7/Y7 CO; Cla €, A) N T(p17 02)

Theorem 2.1 is proved in Section 4.1.

Note that in (2.10), fo is supposed to satisfy (2.9) so that the supremum in
fo is taken over the intersection of

Note also that the tail assumption (2.9) is much weaker than the tail con-
dition considered for mixtures of Gaussians as in [7] or Shen et al. [14] where
exponential decay in the form e=¢*l" is assumed for some 7 > 0. Because the
posterior concentration rates obtained in [7] or Shen et al. [14] are upper bounds,
it is not clear that the exponential tail condition was necessary. It seems however
that because Gamma densities have fatter tails than Gaussian densities, they
allow for approximations of densities with fatter tails.



924 N. Bochkina and J. Rousseau

The theorem is proved following the approach of Ghosal et al. [3], so that first
we construct an approximation of the true density fy by a continuous mixture of
Gammas in the form K, f; for some density fi close to fy and then approximate
the continuous mixture by a discrete and finite mixture. This allows us to control
the prior mass of Kullback-Leibler neighbourhoods. The tail condition (2.9) is
used in this second step, similarly as the exponential tail condition used with
Gaussian mixtures in [7] or Shen et al. [14]. It is to be noted however that the
integrability conditions (2.2) in the definition of the functional classes P,(.)
implicitly induce some tail constraints on fy, see Remark 2.1.

2.8.2. Mixture of inverse Gamma distributions

Although (2.9) is a rather mild condition, it excludes fat tail distributions such
as the folded Cauchy density whose density at infinity behaves like 272. The
Bayesian model proposed here can be adapted to estimating fat tail densities at
infinity as follows.

Let X; ~ fo with fo(z) < 29! for small x and some a > 0 and fo(z) < 27071
for some b > 0 when z goes to infinity. Then the density of 1/X;, qo(y) =
y2fo(1/y) < y~ 23 when y goes to infinity and qo(y) < y*~! when y goes
to 0. Hence ¢ satisfies the tail conditions both at 0 and infinity assumed in
Theorem 2.1. Since ||g — qol|1 = ||f — fol|1, Theorem 2.1 implies that density
q(x) can be estimated using the appropriately adapted prior, such that the
corresponding prior on f satisfies the conditions stated in the theorem, with the
same rate of convergence.

The prior for estimating f(x) = x72¢(1/z) is a mixture of inverse Gammas:

fpa(2) = / " e c(@)dP(©) (2.11)

where
1

Geg(@) = 2720, 176(1/2) = 2717 (26)° e

which is the density of an inverse Gamma distribution.
Condition (P):

The hyperprior is (P, z) ~ II = II; ®II,, where 11, is a probability distribution
on RT satisfying condition (2.3) and II; is a probability on the set of discrete
distributions over R satisfying either of these two types of prior on P:

e Dirichlet Prior of P: P ~ DP(m,G) where DP(m,G) denotes the
Dirichlet Process with mass m > 0 and base probability measure G having
positive and continuous density § on R™ satisfying:

Y <gly) Sy asy —0, Ly ™ Say) Sy P asy — oo (2.12)

for some —1 < @y < aj and 1 < @; < @) (note that this corresponds to
the density 72g(1/x) satisfying conditions (2.4) with ag = a; — 2 and
(_ll = ag =+ 2)
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e Finite mixture:

K
) =3 pide,(de), K~ & “a,

—(‘1k(logk )2 > WK(k 6—02k log k)2 Vk > 2

)

(pla 7pk) ND(alv : ak)?

with G satisfying (2.12), p2 > 0, 0 < ¢; < ¢ < +00 and there exists m
such that

k
VE>1, Y o;<km, Y (—loga;); <mklogh Vk > 2.

In particular, we have similar approximation properties for f in the following
class:

,ﬁa(ﬂ7L(')7’yaCOaCl767A) = {f : 3372‘]“(]_/1‘) € Pa(ﬁaL(')377OOaclaeaA)}a

since for all > 0, as z — oo, with ¢(z) = 272 f(1/x),

Ref@ ™ [ gucf(©ds = 5 [ gn1/alate)de > at1/a) = fo)

We summarize the result in the following corollary.

Corollary 2.1. Consider the prior defined by (2.11) that satisfies condition (P),
and assume that X™ = (X1,---,X,,) is a sample of independent observations
distributed according to a probability Py on RT having density fo with respect to
Lebesgue measure.

Then, for any ag >0, 81 > By > 0, L(-), v, Co, C1, e, A, Cy and p1, there
exists M > 0 such that

s sup  swp Bo[H(If — foll > Mn~/ D (logm)?X" )| =o(1)
a€lao,1] BE€[B0,B1] fo€Qa,p(++)

with q = (58+1)/(4B+2) if p. <5/2 and q = 208+ 1)/(48+2) if p. > 5/2
and

Qa,ﬁ(' : ) = {f : 1'72.}(.(1/1') € PQ(B,L('),’)/7CO,01,€,A) N T(pvaQ)}

Note that the folded Cauchy density satisfies the conditions for fy(x) required
in the corollary.

2.4. Approximation of densities by Gamma mixtures

As in Rousseau [11], Kruijer et al. [7], one of the key elements in the proof
of Theorem 2.1 is the approximation of a smooth density f by a continuous
Gamma mixture of the form K, f; where f; is a smooth function close to f
which is of independent interest. Similarly to Rousseau [11], Kruijer et al. [7],
f1 is constructed iteratively to be able to adapt to the smoothness of fy. The
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general idea is that K, fo(x) is a good approximation of fy if fo has smoothness
B <2, as in the Gaussian case, because the Gamma density g. . behaves like a
Gaussian density when z goes to infinity. To approximate fy with the correct
order z=#/2 for § > 2, we need to correct for the error K fy — fo and replace
K. fo by K, f1 where construction of f; takes into account K, fy — fo. Thus, we
iterate until the approximation error K. fr — fx is of the required order, z=#/2,
The above approximation scheme is described in the following proposition:

Proposition 2.1. For all z > 1 — a, for all f € Pu(B,L(:),7,Co,C1,e,A),
there exist d; € R, j =1,---,2rg such that the function fgo(z) = C,f5,q(Csx)
with C, = (z —a+1)/z and

o) = fa) =03 LI @)D, dy(a) = s+ O(1/2),
satisfies
f x)— f(x z75/2 x OOR(J:)Z T
K.frolw) = o) < =PR@). [ e < on (2.13)

where Cr depends on «, 3, L(+),v,Co, C1,e, A only. Moreover, the probability
density

. 7
fo=cs (fﬁvaﬂfﬂ,@f/z + 505, <2 (2.14)

with f(x) = C,f(C.x) for all x € RT, satisfies
DH(KZfB7f) SBZ_B/Qv vf67)&(67[’(')77’00701767A) (215)

where B depends only on «, 8, L(-),~, Co, C1,e, A.

Note that in the approximations (2.13) and (2.15), when « € [ag, 1] with 0 <
ag < 1, then Cg and B can be chosen depending on g and not «. Proposition
2.1 is proved in Section A.1.

3. Numerical results
3.1. Prior model

In the following sections we will fit a Bayesian model to the data with following
Dirichlet Process prior:

jid
f@) = D pigs(ale), &~ G, pj=V;[[(1=Vi), Vi~ Beta(l,m),
J 1<j
G(z) o< [2%I<1+x Tpsa], a>1, (3.1)
I1, : Vz ~T(b,c), b,c>0.
It is easy to check that Condition (P) holds for this prior. We use default choices

of free parameters m = 1, a = 2 and b = ¢ = 1, however we check sensitivity
with respect to these parameters.
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To sample from the posterior we use the slice sampling algorithm of Kalli et al.
[6]. Introducing the auxiliary variables u = (uq,--- ,uy,) the uniform random
truncation variables and ¢ = (¢1,- - ,¢,) the allocation variables so that the
full likelihood is written as

L,(X" u,c)= H

i=1

]Iui< c;
e, (Xpes pi =V [J-W)
¢ I<j

allows to use a Gibbs sampler algorithm based on the following full conditional
distributions

[ ]
ind —28./e; —zn;
[ej]---] "~ G(ej)e=*%/ ie; 7, S5 = ZX“ ZHCL —j
Ci=
[ ] .
[Vj] - - - exclude u] g Beta(n; + 1, an +m)
1>j
* d
[uil -] " U (0, pe,)
[ ]
plei =gl -] x HuiSijZ(Xi|€j)
[ ]
[2] -] Mefzzj Si/ej+z32, log Xi
I(z)m

where the full conditional distribution of z is sampled using a Metropolis-
Hastings step with proposal

L'l (+n)/2, Z —_—n—ZlogX + Z n;loge; | . (3.2)

Jn; >0 € Jm; >0

To improve convergence when sampling from the conditional distribution of z
at iteration i, we also use a proposal which is a mixture of the gamma density
(3.2) with weight 1 — w, and of I'(20"VB,, B,) with a small weight w, and a
large B, where z(*=1) is the value of z sampled at iteration i — 1. We use the
default values w, = 0.01 and B, = 10.

Another Metropolis-Hastings step is sampling from the full conditional dis-
tribution of €; which uses proposal IG(a + 2(""Yn;, 2(=1 ;) at iteration i for
Jjim; > 0.

3.2. Simulations

We simulate n = 1000 observations from the true density fy, and fit a Bayesian
model with prior (3.1). We considered the following true densities.

1. Exponential: fy(z) =e™® x>0 (Figure 1).

2. Folded Cauchy: fo(z) (1+x2), x > 0 (Figure 1).
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Truth: Exp(1) Truth: Cauchy, n=1000 m= 1

0.2 04 0.6 0.8 1.0
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0.0
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°

0.5 1.0 1.5 20 25 3.0

Fic 1. Left: exponential density. Right: folded Cauchy density

Truth: Gamma(0.4,1) Truth: Gamma(0.4,1)
< o <+ o
o - o
~ o ~
o o o+
T T T T T T T T T T T T T T
0.0 05 1.0 15 2.0 25 3.0 0.0 05 1.0 15 2.0 25 3.0

Fi1G 2. fo(z) = Gamma(0.4,1). Left: m=0.1, right: m=1

Truth [Gamma(1,3)+Gamma(2,10)]/2 Truth [Gamma(1,3)+Gamma(2,10)]/2
< o <«
o o @ o
~ o o~ o
° o o+
T T T T T T T T T T
0.0 0.5 1.0 15 20 0.0 0.5 1.0 15 20

Fic 3. Density: 0.5 Gamma(1,3) + 0.5 Gamma(2,10). Left: n=100, right: n= 1000

3. Unbounded: fy(x) is I'(0.4,1) (Figure 2).
4. Mixture with different z: fo(z) is 0.5I'(1, 3) + 0.5T°(2, 10) (Figure 3).

Even though the folded Cauchy density does not satisfy the conditions of the
theorem, we show that the proposed gamma mixture still provides a reasonably
concentrating posterior distribution.
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Distribution m n 50% 95%

Cauchy m=1 n = 100 0.187 0.303
Cauchy m=1 n = 1000 0.071 0.109
Cauchy m =0.1 | n=1000 0.073 0.108
Cauchy m = 10 n = 1000 0.065 0.100
Exp(1) m=1 n = 100 0.0933 | 0.1873
Exp(1) m=1 n = 1000 | 0.0323 | 0.0605
Exp(1) m =0.1 | n=1000 | 0.0312 | 0.0609
Exp(1) m = 10 n = 1000 | 0.0383 | 0.0727
Gamma mixture | m =1 n = 100 0.1527 | 0.2549
Gamma mixture | m =1 n = 1000 | 0.0944 | 0.1170
Gamma mixture | m =0.1 | n=1000 | 0.0931 | 0.1184
Gamma mixture | m = 10 n = 1000 | 0.0692 | 0.0961
Gamma(0.4,1) m=1 n = 100 0.1274 | 0.2267
Gamma(0.4,1) m=1 n = 1000 | 0.0400 | 0.0631
Gamma(0.4,1) m=0.1 | n=1000 | 0.0321 | 0.0655
Gamma(0.4,1) m = 10 n = 1000 | 0.0347 | 0.0658

TABLE 1

50% and 95% quantiles of the posterior distribution of ||f — fol||1, for different values of the
Dirichlet Process prior mass m and sample size n.

1000 thinned samples from the posterior distribution are plotted for each true
density after at least 50000 burn in iterations, with the red line representing
the mean of the posterior distribution and the green line representing the true
density. Improvement of the concentration of the posterior distribution with
increasing sample size is presented for the two component mixture in Figure 3
(see also Table 1 for other densities). For all considered true densities, including
the unbounded one and the folded Cauchy density, the proposed gamma mixture
model performs well. However, the value of the folded Cauchy density around 0
has high uncertainty. Sensitivity with respect to the choice of the free parameters
was investigated for all densities, all leading to good performance (presented for
the unbounded density Gamma(0.4,1)). We found that using m = 10 leads to
a high number of mixture components even in the cases I'(0.4,1) and Exp(1)
(there is only one component if m =1 or m = 0.1).

We study sensitivity of the quality of estimation with regard to the considered
loss function, the Ly norm ||f — fo||1, with respect to the DP mass parameter
m and the sample size n. The median and the 95% quantile of the posterior
distribution of ||f — fo||1 for the considered densities with different values of
m (0.1, 1, 10) and different sample sizes for the default value m =1 (n = 100
and n = 1000) are presented in Table 1. The quantiles decrease with increasing
sample size, and are little affected by changing the value of m.

3.3. Emasil arrival data

In this section we consider the data of the intervals between arrival times of
emails modelled in [16] which consists of the interarrival times (minutes) of 203
E-mail messages (we are grateful to Fabrizio Ruggeri, one of the authors, who
has kindly provided the data). The proposed location Gamma mixture (3.1) with
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Histogram of edata Histogram of edata
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Fic 4. Email arrival data. Top left: histogram of the data with the posterior mean density
estimate (black line). Top right: zoom in of the histogram of the data with the posterior mean
density estimate (black line). Bottom: draws from the posterior distribution with posterior
mean (red line).

the default choice of the free parameters was fitted to the data. 1250 samples
from the posterior were used which are the last 25% of the 50000 iterations
thinned by 10. The histogram of the data with superimposed posterior mean
and the samples from the posterior distribution are shown in Figure 4. The
histogram shows that the fit of the location mixture is similar to the fit of
the location-scale mixture presented in [16]. The plot of the samples with the
posterior indicates uncertainty about the values of the density around 0 as well
as high uncertainty about the possible second mode around 3. We also present
a zoom in into the neighbourhood of 0 which confirms the findings that the
density is small around 0 and that the distribution of the email arrival times
differs from exponential.

4. Proofs
4.1. Proof of Theorem 2.1
Proof of Theorem 2.1. The proof consists in verifying the assumptions of Theo-

rem 2.1 of Ghosal et al. [3]. The first assumption, on the prior mass of Kullback
- Leibler neighbourhood of the true density, is verified in Lemma 4.1. Note that
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there is a small modification from condition (2.4) of Theorem 2.1 of Ghosal et al.
[3] in that the bound on the variance of the log-likelihood ratio has an extra
logn term. This does not affect the conclusion since the variance term only need
to be negligible compared to nKCL(f, K, * P)?. In Lemma 4.2 we control the L;
(and Hellinger) entropy of the sieves which are defined below.

Fix an arbitrary ¢ > 0 to be defined later, and take a sieve Q,, = Q(Cen, Jn,
n,bn, 2, Z) as defined by (4.2) in Lemma 4.2 with

en = n P/ BN [1og ) BN/ WHH2) g — Jinl/EHD[1og )30/ (26+1)
ap = exp(—C(n(logn)* 1)) b, = exp(C(n(logn)> 1)V EHHD),
z = exp(—zo(n(log n)5l3+1)1/(2ﬂ+1))7 7= zonz/(w“)(log n)2(q—pz)
for some constants C, zgp and Jy large enough and ¢ as defined in the theorem.

Lemma 4.2 implies that we need to verify whether these constants satisfy the
following conditions:

10g N(Cens Qus || - [I) < éne?, TLQS) S e o (4.1)

for any ¢ > 0 with €, = epe,, by choosing €y large enough. This corresponds to
choosing € = (e, /5 in Lemma 4.2.
The second inequality in (4.1) holds if

J,G((0,a,)
JnG((an + by, 0)

)
)

TRTNRY
o
|
:

RS
’(‘b
—
o
o
—~
—
\
m
3
N—
~__
~
N
(9]
|
Q
3
&
AN

In our case, £, = n~7(logn)" with v = 8/(26+1) and t = (58 + 1)/(48 + 2).
The last condition holds if

Jn(log J, —loglogn + C) > en'~*¥[logn]*,

e.g. if J, = Cn'~[logn]?~1 = On!/ 2B+ [log n]3#/(26+1),
The first inequality in (4.1) holds if

JIn [loglog (b, /ay) + log(z,) + log(1/e,)]+loglog(z,/z,,) < nei = n'"?[log n]*

that is, if b, /an, < eB™" for some A, B >0, z, <nP for some D >0,

n' = logn)** ! {logn + loglogn + C} + logn < Cn'~*7[log n)*

which holds for large enough constant C, and if loglog(z,,/2,) < n'=27[log n]?.
In our case, by/an = exp(C(n(logn)®+1)1/28+1)) < Bn” with any A >
1/(28 +1), and z, <nP with any D > 2/(28 + 1).

Choosing ¢y large enough in the definition of €, completes the proof of (4.1),
and hence the proof of Theorem 2.1. O
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We extend the definition of K, in the following way: for any distribution P,
define

K, «P(z) = / 9z.e(x)dP(e).
0
If P has Lebesgue density f, then K, x P(z) = K, f(z).

Lemma 4.1. Assume that the probability density fo € Po(8, L,7,Co,C1,e,A)
and that there exist C > 0 and p1 > 0 such that

[e.e]
/ v’ foy)dy < C(1 + )"
x
Then, for any eg > 0, there exist k,C, > 0 such that
II (/CL(f7 K, xP) < ei; V(f,K.*P) < 6% logn) > Cpe_,.ml/(wﬂ)(logn)zq7

for any prior satisfying condition (P) andn > 1 where e, = egn™ P/ P+ (logn)4,
with g defined in Theorem 2.1. The constants k and C), depend on 11, ey and on
the constants defining the functional class.

Lemma 4.1 is proved in Section 4.2.
As in Shen et al. [14], we control the entropy of the following approximating
sets.

Lemma 4.2. Fire >0, J € N, a,b > 0,0 < 2z < Z < oo and introduce the
following class of densities:

_ L f= Z;’ilﬂ—jgz,ej : Zj>J7rj <e, z€]|zZ],
QQ(E,J,CL,Z%E;Z){ Gje[a,a+b} fOT‘j:]_,...7J (42)

Then, for e < V/Z,

).

Q) < (M iog(1/2)) + J(1— Cllaa+8) +1 - T1.([2, 2],

log N(5¢,Q, [ - [1) < C+J [loglog (b> —3loge + O.510g(z)] +loglog(

a

ISR

where I is a prior satisfying condition (P).

The proof of Lemma 4.2 is given in Section 4.3. In the next section we prove
Lemma 4.1.

4.2. Proof of Lemma 4.1

Consider Py the discrete distribution constructed in Lemma B.2, which we write
as Py = Z;VZI Pjou,, with N < NO\/Z(logz)?’/Q, uj € e, Bl up Sup <+, <

UN, Uit1 — Ui > z=4 and pj > 24 for some A and with e, = 27% and E, = 2b,
with a, b defined as in Lemma B.2.
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Set Uj = [(uj + Uj_1)/2,(’u,j + Uj+1)/2], with ug = w1 and UN+1 = UN,
Up = R* \ U}, U; and define for A >0

P.={P: PUj)/pj e (1-2""1-2"") VI<j<N}

Note that for all P € P,, P(Up) € (274,2274).

Let z, = n* 8+ (logn)! with t = 2¢ — 5 if p, < 5/2 and t = 2(q — p.) if
p> > 5/2 and set I,, = (z,,22,). Then for all z € I,, and all P € P, , Lemma
B.3 implies that

KL(f, K, « P) < n=28/2B+ 1) (Jogn) 2041 < 2
V(f,K.xP) < C’gn_%/(%“)(log n) 242 = € logn,
if A is large enough (depending on 3, L, v, Cy, C1, e, A).
To prove Lemma 4.1, we thus need to bound from below II(Z,, x P, ). Denote

a; = mG(U;), j = 0,--+,N with N < \/z,(log z,)*? in the DP(m,G) type
prior case. Note that for large u;_1 2 F.,

(ujtujt1)/2 (uj+ujt1)/2
a; =mG(Uj) =m g(u)du > C uw"%du > C[E,)'~®
(uj—14u;)/2 (uj—1+u;)/2
_ Czb(l—al)
and similarly «o; < Cz=%@1=1) For small Ujp1 S €z,
(ujtu;+1)/2 , ,
a; =mGU;) > C udy > Cle?|%+t = 0z(@+D),

(uj—1tu;)/2

and similarly o; < Cz~a(ao+1) Hence we have a; > Cz~ B with B = min(a(ag+
1),b(ay — 1)).
In particular, we have that Zj a;; = m for the DP prior, and

N N
> (~loga;) <> Blogz = NBlogz < NBlog N.

j=1 j=1
Also, we have that

N N
Zai(logai)+ = Zmpi(logmpi)+ < mlogm
i=1 i=1
Note that for x € (0,1], I'(z) < 27!, and for # > 1, I'(x) < exp((x —
1/2)logz — (x — 1)) [8].
Adapting Lemma 6.1 of Ghosal et al. [3] to the case of hyperparameters «;
of the Dirichlet distribution possibly greater than 1, we obtain:

L(m)  _ Atag—1)0—(ao—1)_ - a;—1
I(P,) > Wzn (a0—1)g—(ao—1) /H]IziG(pi(172Z77A),pi(1*Z;A))xi dx;
i=1
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N

>z—A(a0—1+N) F(m) H a;
~ n 1
ILT(es) 14
> Z;A(N-i—m-i—BNlogN) > Z;(B-ﬁ-l)ANlogN > e-(B+2)AN0Jzn(logzn)5/2

Using condition (P) on II, we have that TI,(I,,) = e~¢V?n(9820)" "yeplacing z,
by its expression terminates the proof of Lemma 4.1 for the DP prior.
For the mixture prior satisfying (P), we have

D500 a1y o
H(P )> (al) A(ao— 1)2 (cvo—1)— /H]II E(pi(1—2272),pi(1— z’A))‘r 1d$i

H r
I N
>, —A(ao 1+N) = \Lag %) (Z ai) Hp_ai > BNZ;A(ag—l—Q—N)
[T D) i ’
X exp <—Alog Zn Z a; + Z(—log )t — Z (i —1/2) logal)
1o >1 7 oy >1

> exp (~C(N + Nlogn)),

which terminates the proof.

4.3. Proof of Lemma 4.2

Take any f € Q, that is, f = ZJO; TGz, such that Zj>J7Tj <e z€lzZ
and ¢; € [a,a+b] for j=1,...,J.

Fix 65 = /C for the constant C' to be defined below, and dy = £/v/2z. Let A
be the following set {a(1 + 6)F}EX | with K = K, = [log(1 + b/a)/log(1 + 6)],
and Z = {z(1482)*}_, with L = [log(z/z)/log(1+ d2)]. In particular, for any

€ [2(1+ 62)%,2(1 4 02)“) for some £ € {0,1,...,L}, inf,_, |2/2 — 1| < 05.
Let S be an e-net for S = {(p1,...,ps): pj = 7;/(1 — Z;]:l ;) Vit

Define

19z, where 2 € Z, |2/z— 1| < &,

A j=1,...,J, max;— . j|éj/e; — 1| <6 =¢/V2z

~ J A ~

T = (7)) € S and Zj:l |7 — 7] <e, with 7t; = WJ/[Z] 1 75]

Now we show that Q is a 5e-net of Q:

i>J

J (o) J
I g0, = Y migee |t S 7igee, — ngz,e7 e+ 11> gzl
j=1 j=1 j=1

J
+|‘Z7Tj(gz,6] Gz.e;) ||1+||Z Tj = 75)9z8 11
j=1



Density estimation based on a mizture of Gammas 935

J J J
<Y willgee; = gse i+ YT+ D millgae — geglli + Y IR — .
j=1 j=1 j=1

i>J
The second term is less than ¢ by the definition of @. The last term is bounded
in the same way as in [14] by ijl |7t; — ;] < 2e.
To bound the third term, we first bound the L; distance between the two
gamma densities using Lemma C.1:

ng,éj - gz,ejHl < \/ QICL(gz,éjagz,sj) <V2z6=¢

by the definition of 4.
To bound the first term, we bound the Kullback-Leibler distance between the
corresponding probability distributions:

KLlgongi) = 108 (g ) = (6= 2 [PE)/TG) ~ log - 1

= 0.5(2—2)%[—z" +¥1(z0)]

for some z. between z and 2 where 1 (2) = (logT'(2))” is the trigamma function.
It is known that as z — 0, ¥1(2) = v + 272 + o(1), and as z — oo, ¥;1(2) =
271 +0.5272 + 0(272) which implies that for both z large and small,

Pi(z) = 1/2 = 0(7%),
which implies that we can bound the Kullback-Leibler distance as
KL(gze:92.6) = 0.5(2 — 2)*[~2." + ¥n(2e)] < C(2/2 = 1)* < C5;

for an appropriate constant C. Therefore, the first term is bounded by

J J
Z Tillgze; — 9zl < Z T/ 2KL(Gz¢;, 92,6,) < V200, =€
=1 =1

by the definition of 5. R
Now we study cardinality of set A. For each z € [z, Z],

log(b/a)  _ VZlog(b/a)
log(1 +¢/v2z) ~ €

for large b/a to due to log(1 + x) > z(1 — 0.5/1/2) for z < 1/v/2 and assuming
that € < v/Z.

Cardinality of S is < e/ [14, proof of Proposition 2].

Then, for ¢ < v/Z, the cardinality of Q is bounded by

K. < 1+log(1+b/a)/log(l+e/V2z) <

L — J —~J _
|Q‘ < ‘S|Z|K2|J SE_JL |:\/;10g(b/a):| < {log(b/a)\/g] IOg('Z/E)
=1

€ ~ g2 €

due to d2 = Ce and by the definition of L.
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Therefore, combining all the inequalities together, we obtain that

J [e'e)
1D 7jgee, — > migeelli < B,
j=1 j=1

and hence Q is a be-net of ), with
log N'(5¢, Q, || - [11)
< C+ J[loglog(b/a) — 2loge + 0.5log(Z)] + loglog(z/z) — loge
< C + J[loglog(b/a) — 3loge + 0.5log(z)] + loglog(z/z).

The second inequality is proved following the same route as in the proof of
Proposition 2 in Shen et al. [14].
For the Dirichlet process prior,

Q%) < TL(z )+ JG(a,a+b]°) + (Y _m; > ¢)

< IO Glloa+ 1) +1- Tz 2) + (2 log(1/2)) "

For the mixture prior,

J o) k
Q%) < (22 + Y mx(k)[G(laa+89)]" + Y mx(R)II( Y w5 >e)
k=1 k=1 J=J+1
< 1-T11.([z2]) + JG(Jla,a + b]°) + i Cecklogh)™
k=J+1
< 1=TL([z, 2) + J[1 = G([a, a + 0])]

-1 —c(log J)r2
—p2 —cJ(log J)P2 cCe
+(log J) "2e T o—ctog e

< 1-10.([z2) + J[1 — G(la,a + b))] + (log J)~rze=c/ (log )™

since py > 0.

Appendix A: Proof of Proposition 2.1 and related lemmas
A.1. Proof of Proposition 2.1

The proof of the proposition is based on the ideas of Rousseau [11], Kruijer et al.
[7] and Shen et al. [14]. First we prove (2.13) for f € P(S3, L(-),7,Co, C1,€,A),
and then adapt it for the case f € Pq(8,L(-),v,Co,Ci,e,A). The proof of
(2.15) is then presented directly for f € P, (53, L(+),7,Co, C1,€,A).
1. Proof of (2.13): Case a =1

This case corresponds to f € P(8, L(+),~, Co, C1,e, A). We can thus write

) (g .
10 =3 L0 iy Ryen)
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where |Ri(e,7)| < L(x)|e — x|?. Then, using (C.7),
" 27 fU)(2)

K.f(x) = f(x)lo(2) + Y Tz M

Jj=1

-~
R £ Loa” (1425 ).
where Ij(z) is defined by (C.1) and py(z) are defined by (C.6). We then have

R.(z)
ZB/2 7

(2) +

x " i D (g (x
Aufle) = Kef o) - S0 = 2] +ZJ-J;T/(2)M(Z) L

so that if B < 2, and since u;(z) = O(2~H) for any H > 0, we obtain

f(@) | R.(z)
1t e O e @),

where the last term only appears if 8 > 1 and Proposition 2.1 is verified for
f S P(ﬂ,L('),’Y,CO,Cl,B,A)- If ﬁ S (274]7 define

f@) 2@ @)ua(z)

z—1 2z ’

AZf(I) =

then
L z ( ) —
K.fi(x) - f(z) =—2L@) @A T@) | Relt) | O(;=Hp fO) (x)).

Note that if f € P(8,L(-),~,Co, C1,e,A), with 8 > 2, the function x —
22 f®)(z) is r — 2 times continuously differentiable and its derivatives are given
by

21

(22 P (2))® = 2 +ZC”2 (2 - j+ Va2 fEH=)(2) (A1)

so that

dx < 4o0.

© (@2 O @)D Iy [ (2 fO)(x))?
/o I / @)

Jj=2

Hence,
@2 @) D (@ 4+ y) - (@2 ) (w)|
S @+ )20 +y) - 220 @)
2A(r—2)
i Z ’m+y2 LEr=0 (g 4 g) — 2—lf(r—l)(x)‘
< W]+ PO+ 67+ + DP=2LG) + )
+ Iyl + ) lyll P (@)
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where the last term only appears if r» = 3. Combined with (C.1) and (C.6), this
leads to a remaining term in the control of A, (z?f® (z)) bounded by

Rz) = Cz 002 fO@)] + (2 + De’ L) (1 +27) + 2% O () ]
= z_(T_l)/QR(:E)

with R satisfying

* R(x)?
dx < 4o0.
e
R thus behaves like R, (x) and we can write

X z .1'2 (2) X
S0 ORI | s

* Ry .(x)?
/0 7]0(30) dx < +00

uniformly in z. We can reiterate if 8 > 4. At the k — 1 - th iteration

Kzfl(x) - f(Q?) =

with

2k—2

xjf(])( )
Jr—1( de 1,j(2) i

with di_10 = (2/(z — 1))’“‘1 and for each j

NG
{Zx.? tf(]-f—l —t) ) t}—f—R(é,(E)
t=0

T—

h

6Jf(J)

1=0
so that we can write

K. fo1(2) — f(z) = Demr0f (@)

z—1
2k—2 — 1—3 UNj

Le(l) ,
+Z :cj;l/z(:c) Cik ”+de LJZZ%

=1 I’=11t=0

2kf 2k) 2k 1 2k—j1'Nj

k2 Z 15 Z Z = Zﬁz

I'=1 t=0
+ 2z~ ﬁ/sz,Z(x)

i Rk%(x)Q
/0 7]0(30) dx < +00

with

and we define

’

l—3j U'Nj

D) @i (2)
fel@) = Y = | de —de WD e

=0 I'=1t=0
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2k 1 2k UA
Ly Sy e )
Zk/2 k=1.j Zt/2
I’=1 t=0

which corresponds to fr_1 — A, fr_1 without the terms Rk,z(x). The recursive
relation is

1—j U'nj
a'] t,ul’
dr; = di— L —de 1,];:”2; i
for | =0,---,2k with the convention that dj_i2r = 0. By construction when
B € (2k — 2,2k]
fe%s) 2
[t 1) o,
0

f(z) -

that is, we iterate until k = rq. Since fol f(z)dx = 1 and since

e} _ 2
1Ko fie — flls < \/|f||1/0 <Kzf’“<2x) f@) 4y < 512,

we have that
/Ksz(x)dx 1402 = / Fu(@)dz = 1+ O(=—P12),
0

which proves (2.13) for fs.0 = fa.a = fr-

2. Proof of (2.13): Case a < 1

Now let f € Pa(B,L(:),7,Co,C1,e,A) and denote h(z) = x'~* f(x). Recall
that C. = (z —a+1)/z and f(z) = C,f(C.x), so f is still a density. Note that
C.=(z—a+1)/z—1as z— co. By Lemma A.1,

- 2°T'(z — «
K@) = xa-lc;*-l%mmh(x)
and % =1+ 0(1/z) so we can write C2~ 1% =1+ r(z), where
|r(2)| < ¢/z for sufficiently large z.
Applying case a = 1, for P(8, L(-),v,Co, C1,e,A) to h(zx) with k such that
B € (2k —2,2k], i.e. k = ro, we have that there exists d; € R, j =1,--- ,k such
that the function

95( 2) i (z), dj(2)=d; +0(1/z)

H'M,r

J/2

satisfies

|K295(x) = h(z)] < 2~/ Ro(a).
Thus, we can define

foal®) = (L+1(2)) 102 gs(aC)
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= (1+7r(z)tC22* ! |h(2C,) - zT: 4(2) 2 CInD (2C,)

P z - Zj/2 z z 5
j=

which satisfies

(Kofpale) — f@)| < PP R@+00/2), (A2)
since
[ pa(@) = F@)] = [0+ )0+ (@) (Kapaagala) — 2 h(a))|

< 27 Kor1ags(e) — h(z)] < 27227 Ro(2) (1 + O(1/2)),

and the first part of (2.13) holds with R(z) < 2% 1 Ry(z). From the proof of case

a = 1, it follows that Ry(z) has terms proportional to (¢ + 1)z?(1+27)L; ()
with 1 < £ < 7o and xj\h(j)(x)| for 1 < j < r. Therefore, the second part of

(2.13)
SR, YR,
= [ ey <

is satisfied since

® 2228 (1 + 27)L(z))? [27 |h(3)|
/0 () f(z)dz < oo, / (x)dr < o0

hold due to f € Pu(B,L(-),7,Co,Ci,e,A) and inequality [g¢*(z)du <
[ g7 (x)dp] 2/ P for p > 2 for a probability measure .

We now prove (2.15).

3. Proof of (2.15): general case We follow the same route as in Kruijer et al.
[7]. We bound

(K. fg, [)? < 2[D% (K. fa,caf) + Df(fresf)] <2(1 - /e5)°  (A3)

+20g (J fﬁa Fouzi/2 T JQC]IfBa<f/2> - f(x)) dx.

We first prove that

051 :/0 (f,Ba( )f,; >f/2( ) + ( )/Q]Ifﬂ <f/2( )) da::l—i—O(z_ﬁ/Q).

(A4)
Define h(z) = h(C.x) and
B . 27 |hO) ()| 22 2P L; () 2B/2
Ai(a) = {x ) S(S(logz)a7]_17""2k’ o) <5(logz) }
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we have that for z large enough {fﬂa < f/2} € Ai(a)® (that is, if § Z?il |dk ;] >
(log z)~%/2 with k = 1), so that

gl = /fﬁ,a(ﬂf)dm:1+0(fﬁ/2),

Cgl = 1+O(z*ﬂ/2) +/Hfﬁ,a§f/2 (; - f~57a> dz

IN

2k
_ di il
(14+0(z"77?)) +/Hfﬂ,ag/2 (J‘(:B)Jra:“‘1 > —'Zf;glxﬂ|h<ﬂ>|(x)) da.
=1

Since
F({fs.a < [/2}) < F(Ai(a)*)

2k a— i (5 e)/j
<3 B 2 log 2B / (@ pO @) 5
<2 [Flz)]@+e)s

= O(z7 e/ (A.6)

and since for all j =1,---,2k

/ 212 |h9) (2)|da
Ai(a)e

3 ‘ 2oL i |G (2181 ile
< F(Ay(a)) [ [ f(x)dx]

= O(F(Ay(a)?)P=9/8) = O(z(F=)0te/(4R))), (A7)

which implies (A.4). We now bound the second term of the right hand side of
(A.3).

— — 2
/ (VEToaly, oo+ 05KL, _jo— V@) do

- /f‘ﬁ,azm (m— m>2dx
+/f[i,a<f/2 <\/m W)de
= /f}a,azf/z (\/m_ \/mde

+2/ 05K, f(z) + f(z)|dz
Aiq(a)e

</ - (V- Tralo) - W)de
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42 / 0.5K. f(x)dz + F(A(a)°)
Ai(a)e

since {fs.a < f/2} C Ai(a). Using (2.13), we have

/f/m>f“/2 <m m)%

], ()
; (Kofoale) = f@)P

/fﬂ,a>f/2 (W‘L W)Q
s 7 /fﬁ,a>f/z WCM
= 0(z"").

Now we consider the integral fAl(a)“ K. f(zx)dz. Note that

/i(a) Kz.f(ﬂf)dx://H-Af(a)(x)gz,e($)f(€)d6dl‘

< [ [ L@t @) F(0)deda + F(A (20))
< [ [ a0t 9= ) (et + O(47)
Using (C.5), we have that
[ [ Lo @)Lty (g (o) deds
//H|e/w V< nviorz) vELAs (a) ()14, (20) (€) 926 (2) F (€) dedz + O (=~ 1),
for any H > 0 by choosing M large enough since
//]Ile/w—1|>M\/@/\/Z]IA§(a)(x)]IAl(Qa)(6)gz,e(z)f(€)d€dx
< /HlUDM@/ﬁ(v 1)1y, () (14 O(1/2) /(v + D F (0 + 1)2)dedy

< (1—l—M\/logz/\/E)_l/H‘U|>M@/ﬁ¢1/ﬁ(0)(l+O(1/z))dv
=2(1+ My/logz/v/2) (1 4+ O(1/2))[1 — ®(M+/log z/\/2)] = O(z—H),

for the appropriate choice of M. We need only to study what happens if x €
AS(a), e € A1(2a) and |e/x—1| < My/log z/z. We assume that z is large enough
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so that M+/log z/z < 1/2 and hence

€
< — < 2¢
T 1—-My/logz/z —

For € € A1(2a) and |e/x — 1| < M+/log z/+/z, we have

|1’j/~1j(x)| - $j|/~”L(J) +Z éh(1+é x/eﬂ_ 1 O((x/e—l)ﬁ_jL,;j(e))l
r—j /2
.y s M*(log z
< ||+ 3 e (o MU 1
=1 ’

l
+O([z " log 2] #=9/2)20 | L; , (e)|
T—J are 2/2
M*(log z)
L+Y =
=1
< Cjh(€)627/*(log z)~2* 4 (log z) 2 +(B=9)/2],

< 27h(e)627%(log z) "%

+ O([log z](Bj)/z)]

We bound h(x) from below using € € A;(2a) and and |¢/z — 1| < M+/Tog z/v/Z:

h(z) > h(e) — Z M 2709 (€) — 2(M+/log z/2)P 2P L; ()

( i: M\/logz/z (2€)7h1) (e 2(Mm)5(26)~61%(6))
h(e)

\ V

= ()

ol

)(1 —O((log 2) 2“""8/2))

\ \/

(log2z)~ 2a+j/2 _ 2(2M)’65(10g z)_2a+5/2>

which implies that

fle) = O?l"ajlil(l“) > C%(26)*  h(e)(1 — O((log z) ~20+5/2))
= 271 f(e)(1 — O((log 2) > *9/2))
and -
% < §27/%(log 2)[(log 2)~**7/* + 1],

In particular, it implies that if a > /2 then z € A;(a); so for x € A§(a), we
must have a < /2. Therefore, using (A.1) and taking a € (8/4, 5/2), we have

//H|5/m L mviogz) vElas (@) ()14, 2a) (€)gz.e () f (€) deda
< 2°7(1 = O((log 2)~2* /%))~ 1 (1 + O(1/2)) "
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//H*‘C(a 2)¢1/yz(1 = w) f(x)dude

20711+ O((log 2) ~>**F/2)) (1 + O(1/2)) F(AS (a))
277/ (1 + O((log 2) 2% P/2)) (1 + O(1/2)),

IZANNYAN

and (2.15) is proved.

A.2. Adjustments for an unbounded density

Lemma A.l. For any f € P,(8, L(:),7,Co,C1,e,A), x >0, A € (0, 0],

A _a— < (Z - a) A
/0 gz.e(x)f(e)de = x lF—z)/O Gz—at1,e(z/Cy)h(e)de,
’ e CRT (e a) O
/0 9z.e(x)C,f(Cre)de = x ) /0 Gz—ati,e(x)h(e)de,
and
2z —a) _ z a—l — z)  asz — 0o
) =1+0(1/z2) & C¢ 14+ 0(1/2) — 00,

where h(z) = '~ f(x) and C, = Z=9+L,

Proof of Lemma A.1. Let f € Pq(B,L(-),v,Co,C1,e,A) and denote h(z) =
a' = f(x).

1. For large enough z and for any A € (0, o0, denoting z, = C,x, we have

/0 ! g (@) F(e)de = % / ! gt (2)" e h(e)de

 JTlz—a+1) rmagr [HeGratDzale oo 1\
= % ———= (24) h(e)de
o I(z—a+1) €

o1 2°T(z —a+1)

A
_ e m/{) G- at1.c(@a)h(e)de

A
= 1‘0‘71(1+O(1/Z))/0 gz—a+1,e(%)h(€)d€

since the Stirling formula implies

I'z—a) —a ;

2. For large enough z and for any A € (0, oo],

$Z_1

=T /OAe—zw/e (g) (C.e)* 'h(C.€)C.de

A
/0 gz,e(‘r)czf(czﬁ)dﬁ
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z—1vz C.A
- =C.= u/ = #0Cs/v (f)zva-lh(v)dv
0

I'(2) v
a2l (4 1—a) oo
- I'(z) Mz+1-a)
C:A z+l-a
» 1_
x/ e~ (ztl—a)z/v <7Z t a) h(v)dv
0 v
a—1ya—1 C,A
01207108 F(z+1—a)/ =
= 7 2t+1—a,e(T)h(€)de.
I'(z) o get1-a.e(x)h(e)
Since C. =1— 2% = 1+0(z71), we also have C2~! = (14 (1—a)/2)* " =
1+ 0O(1/%) for large z.
Therefore, the lemma is proved. O

Appendix B: Approximation of densities by finite mixtures
B.1. Construction of the discrete approximation

The construction of a discrete finite mixture and the lower bound on the prior
mass of Kullback-Leibler neighbourhoods of a smooth density f are similar to
Ghosal and van der Vaart [4] and Rousseau [11]. We first present the construc-
tion of the discrete distribution in Lemma B.1, then we control the Hellinger
distance between f and the discrete approximation in Lemma B.2.

Lemma B.1. Let e, = 27%, E, = 2° and H be a probability distribution on
lex, E.]. Then for all k > 0, there exists Ng > 0 and a probability distribution
P with at most N = Nyv/z(log 2)*/? supporting points such that: for all z €
[To€s, 1 E,] with0 <19 <1<T7 <400

|K, * (H — P)(x)] <27, when z is large enough (B.1)

Proof of Lemma B.1. The proof of the lemma is based on the ideas of Ghosal
and van der Vaart [5] combined with some ideas of Rousseau [11]. We use Gaus-
sian approximation (C.5). Set u = ¢/x and consider |u — 1| < My/log z/z := ¢,
with M some arbitrarily large constant. Then writing A(u) = logu + 1/u — 1
2FemA U _ Vzexp (—z[logu + 1/u — 1)) (14 R(z) !
I'(z)u? V2m
N in(w)d
- i S
2r(1+ R(2)) J:

+ RN(U)

j=1

where |Ry(u)| < % Note that 0 < h(u) < (u—1)? when |u—1| < 6,

and z is large enough. Hence for all, u such that |u — 1| < 6.,

_ o N+1
(Mlogz)(N-i-l) e~ (N+1)1 g( wretis) < o-T(N+D)

Y I
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as soon as N 4+ 1 > Nylogz with Ny large enough, for some 7 > 0. Choose
r > 2, then a Taylor expansion of h(u) around 1 leads to

(u—1)?

h(u) = =5~ + ) hi(u—1) + Ry(u), |Ru(u)] <

C’h|u — 1|T+1

= (r+1)!

with h; = h()(1). This implies that

_ QN,Z(€7 JL‘)
- x

9276(1') +AN(¢)7

where Qn . (€,x) is a polynomial function of ¢ with degrees less than or equal
to rN and

An(e,z) = RN(;/@ +0 (N\/E[Ith(e/x) + |zNRh(e/x)N/Nq> .

T

For all |e/z — 1| < 4.,

e—T(N-‘rl) N Z—T'/2+1(10g Z)(7'+1)/2

A

AN(G, w)

~

T T

If |e/z — 1] € (d,,6) with § > 0 arbitrarily small but fixed, h(e/x) > (¢/x—1)%/4

and )
2v/zexp (— 2550
gz,e(x) < .

V2T

Split [e,, E.] into intervals in the form I; = [e,(146,/2)7, e, (1+8,/2)7T], with
j < J, and

(b+a)

=% 1og 2 5 V(log )/

J: = [log(E./e)/log(1 +0-/2)] S

Following Lemma A1 of Ghosal and van der Vaart [5], since the functions e — €,
¢ < rN are continuous over [;, there exists a probability P; 5 with support
included in I; with at most /N + 1 points in the support such that for all
?{<rN

/ e‘dH;(e) = / e“dPj (), (B.2)

I; j

where H; = Hly, /H[I;]. Construct Py =}, H(I;)P; n, then Py has support
lex, E.] and for all z,

Jz
|K, x H(x) — K, x Py(z)| < ZH(Ij) squ |An (€, ).
=1 ecl;

Let e € I; and x € [e,(1+6,/2)7 1, e, (1 +5,/2)772], then z/e < (1+6,/2)% <
1+ 2), when z is large enough and

—7(N+1) —r/2+1 (r+1)/2
e L g )

A <
Ax(en)] < — :
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assoon as /2 >a+k+ 1. If |e/z — 1] € (20,,9)
|K. « Hj(z) — K, * P;n(z)| < K, * Hj(z) + K, *« Pj y(2)

4./z exp (— %
<

) < Z—(MQ—Q)/4+a < g

~

V2
as soon as M2 > 4(k + a) + 2. Finally if |¢/z — 1] > §, using Lemma C.2
|K, « Hj(x) — K, * Pjn(z)| < K, * Hj(z) + K, * P ny(z) S e
for some ¢ > 0. This implies that for all z € R,
|K, x H(z) — K, x Py(z)] < 27",

where Py has at most Nov/z(log 2)%/? supporting points in [e., E.], with Ny
depending on k,a, b. O

The following Lemma allows us to control the Kullback-Leibler divergence
between f and K, x P.

Lemma B.2. Assume that f € P,(B,L,7,Co, C1,e,A), and that there exist
Cy > 0 and p1 > 0 such that

/Oo Y2 f(y)dy < Co(1+ ).

Lete,=2"% and E, = z° witha > (a AN1)"H(BV (28 —1)) and b > (BV (28 —
1))/(p1 +2). Then there exists

N
Py = szﬁ(u,;), u; € e, B.], N < Noy/z(logz)*/?
i=1

such that

D3 (K, * Py,K,x f3) <277, D% (K, * Py, f) <z27".
Moreover, there exists A > 0 such that we can chooseuy < --- < un, u;j—u;_1 >
274 and p; > 324 for alli < N as long as z is large enough.

Note that it appears from the proof of Lemma B.2, that Py can be chosen
so that for all 1 < ¢ < .J, where J, is such that e,(1+Mz~/2\/log2)’>*! > E,
and e, (1 + Mz=Y2\/logz)’> < E., Py(U;) > 32~4.

Proof of Lemma B.2. Consider fs as defined in Proposition 2.1. First we ap-
proximate this function by a function supported on [e., E.] so that both upper
and lower approximation errors are bounded by O(z~#). Recall that h(z) =
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C,(Cyx)'=*f5(C,z). Since fo €)de < e for small e,, then, by definition of
fs, we have

ezg+oz1h(y) d
[ o d€<e+zf bl i Ul

ZJ/Q

) . 1/2
T 400 2j+a—117(5) 2
. A1)%I h
S e(zx + E /€?Z_j/2 </ (6 ) _ | (€)| d6>
j=1 0

h(e)
a/2

€z
o
Ses+

I(r>0).

We also have that

+oo r +°°€J+a LR (€)|de
| medesior +Z —

- F(E.)
NE,

Therefore for e, = 272, Fp([0,e,]) < C27F since a > a~1(BV (28 — 1)).
For E, = 2°, inequality Fg([EZ,oo)) < Cz77 is satisfied with b > (8 V (28 —
1)//(p1 + 2) We thus have that Fsle,, E.] > 1 — O(2~#). Define

E.

<1-F(E,)+

Fele, ,2.)

fs = Fﬁ[ez,EZ]

then

Kzf_,ﬁ(z) = Fﬂ([eza K.fﬁ / fB gze

+oo _ B
b [ FOsu(a)de = Fyllen, EDE.fp(o).

It implies that

DY(K.fs K.fs) <22 / K. fo(@)dar/Fo((e-, F2))
<2-24/1-0(z8) <275,
so that

DY (f. K- fa) < [Du(f, K-fo) + Du(K.fo, K- )] < 277 (B.3)
For an arbitrary x > 0, which we will choose later, consider the discrete distribu-
tion Py constructed in Lemma B.1, which we write as Py = Z;']; vazq D50, ;>
€ € lex(140./2)7,e,(1+8,/2)7T], with N = Z}']; N; < Noy/z(log 2)%/% and
5, = Mz=1/2\/log z, where Ny = Ny(k) such that

|K, * Py(2) — K fs(x)| S 27° Vo € le./2,2E.]. (B.4)
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Note that for e, = 2% and E, = 2%, J, < (b+a)M ~1/zlogz and N; < log 2.

This implies that

~ 1 ~
D%{(Kz *PN7Kzf5) < §||Kz * Py — Kzfﬁ”l

< z2zTF(2E, —e./2) +/ (K, * Py + K, f3)(x)dz.

lez/2,2E.]°

For any distribution P with support [e., E.], by Lemma C.2 with u = ¢/z >

1+0,0=1and ¢; = c¢(d):
e, /2 e, /2
[ wn@ia = [ Tar [ g@ap
0 0 lex,E:]

e, /2
/ xc(é)zfldl,/ 676(6)de(6)
0 [ez7Ez]

S e/ @ [P g,
[€Z1EZ]

IN

Similarly, applying Lemma C.2 with u = ¢/x <1 -0, 6 = 1/2 and ¢ 5 = ¢(d),

| @i = [ do [ g@dre
2FE, 2E. lex,E:]

/ xile*c(‘s)”/Ezdx/ dP(e)
2B, e, E-]

e 2e0)
 z/E, lez,E.]
Hence choosing x > 28 + b implies that

D} (K. x Py, K.fg) <2, D}(K.* Py, f) <270

IA

A

dP(e) < 21220057,

Let A > 0 and construct the grid (ue)e:

< z%og 2

~

log E, — loge,
w=e(1+2*¢=0,--L, L[ogoge“

log(1+ 2—4)

Let Py = Z‘j];l vazjl Pj,i0u;, be the probability on R with supporting points
u;,; where u;; is the closest point to €;; on the grid (ue,¢ < L). If there are
multiple u; ; then we collapse the probabilities and without loss of generality

we can assume that the u; ; are all distinct. Define

Ulue) = [(ue + we-1)/2, (we + o) /2], (B.5)

covering the interval [e., E,], with a suitable adjustment on the boundaries, and

hence the corresponding sets U, ; = U(u;,;). By construction |u;;/e;;—1| < z
and we have first that for x € [e,/2,2E,],

J N]
K. * Py (a) = Ko Py(@)] <)) piilgeu,. (2) = gay (2)]

j=1i=1

—A
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IN

J. Nj
Z ijai9275j,i (17) Cxp(ziAle(l =+ :E/ej»i))

j=1i=1

J= N]
< S g () exp( AT 1 2 fen)

j=11i=1
< K. % Py(x)[1 + Oz~ At1HbHa]
for large enough z, which implies
K. * Py(z) < K. * Py(2)(2 4 C2¢M =4 Vo € [e./2,2E.]. (B.6)

Finally,

- 1 -
D% (K, * Py,K,.*Py) < §||KZ x Py — K. * Py||1

J. Nj
|
322 13 [ 192000 (0) = 9 (2o

<
j=1i=1
J. Nj
< VIRYDS puar M2 = AR,

j=1i=1
where the last inequality comes from Lemma C.1. By choosing A > 1/2 + 3,

Lemma B.2 is proved by re-indexing p; ; as p; and u; ; as ug, | < N. O

B.2. Kullback-Leibler neighbourhoods

In the following Lemma we describe Kullback-Leibler neighbourhoods of f of

e 2
size €.

Lemma B.3. Assume that f € Po(8,L,~,Co,C1,e,A), and that there exists
C —2 and p1 > 0 such that

/oo Y f(y)dy < Co(1+ )P

Define Py = Zf\il Piby; and A >0 as in Lemma B.2 and set
P.={P: P(U)/pic(1-2:"241—-2"2Vi=1,...,N}.
Then, if A is large enough, for all z large enough and all P € P,
KL(f,K.* P) < 2 P(log2); V(f, K. * P) < 2 (log 2)°.

Proof of Lemma B.3. Let Py be defined as in Lemma B.2. Using Lemma B2 of
Shen et al. [14] with A = 2= and A; > 0 to be defined later, we have that if
PeP,,

KL(f, K. * P) < D%(f, K, * P)(14 A;log 2)
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e ()

S D4 (f, K.« P)(1+ Ajlog2)

log(K, x P(x)) f(z)dx

\

lez, BE-]N{f>z41 K %P}

+ f(x)(log f(x))+dx

\/{f>zAl K.xP}Nle.,E.]

/ F(@)((l0g () 4~ log(K.  P(x)))dz,
JELlen{f>z41 K, xP}

and similarly for V(f, K, x P). The above computations imply that for all P €
PZ7 lf A 2 ﬂ
D% (f, K. xP) <278

First, we show that for any x > 0, 3A, A; such that if f(z) > 241K, * P(x)
for z € A1(0) N [e,/2,2E.], then f(z) < 27", where A;(0) is defined in (A.5).
Using Lemma C.1,

|Kz*P() K*PN |_|/gzu dP szgzu1
N N
<3 / o PO i ()] + / 1900(2) — go(@)|dP(w)
) N 1 2A
<Y ge, @)PU) — pil + Zgz w (/witl) — 1| P(U;)
=1

N
Zgz i (T)piz 2A+szgz w(@)|e” /) 1 - 24
i=1 1=1

< K. * Py(x 2A+szgz w(@)|e” @ D ),
Then,
K. xP(x) > K, *PN 1—272 Zplgzm 72A+1(1+z/m)_1‘_ (B.7)

By construction f5 > csf/2 > f/2(1 + o(1)), also on A;(0),

"u h(ﬂ) x]| _
K Z b 22 =012 Ruw)] 2 ha) 2

which implies that
K. f(z) = 2*7 1+ O(1/2)) Koqa-ah(@) = (14 O(1/2)) f(x)/2.
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Using Lemma B.1, on .4;(0) N [e,/2,2E,], for arbitrarily chosen x > 0,
flz) < 2K. f(w) <AK. fy(w) S K.« Py 427"

Moreover, for = € [e,/2,2E,], using (B.7),

N N

—2A+1 . _
> pigew @)er O 1 <N pige, (2)2 21+ 42010
i=1 =1

which gives
K.+ P(z) > K, * Py (1 — 2724 — 5724 %etbH) (B.8)

and hence K, * P > CK, * Py as soon as A > (a+ b+ 1)/2. Hence on .4;(0) N
[e2/2,2E.], f(z) > 2 K, * Py(x) with A} > 0 only if f(z) < 241 f(x) + 27,
Le. if f(z) < z7".

Now consider z such that f(z) < 24 K, * Py(x) and f(z) > 2z K, * P(x),
i.e. such that K, * Py(z) > 2K, * P(z). Then, using (B.7),

21— 2213 i jge, (@) @Y 1 > K, % Py(x).
J

If 2/u; <2 then |7~ (@/uit1) _ 1| < 2=A+ while if 2 > 2u;,
Gosy (x)e” @Y < g /utD) g

for some ¢ > 0. Therefore,

) —ca(o/uj+1)
ijgz’uj (x)|ez At (g fuj+1) 1| <K, * PNZ—A-H + ijeiﬂr>2uj
7 7 *
< K, % Pyz A% pete3e2,

Using (B.7), we have

N
KoxPy <3 pigea(@)le 000 —1)(0.5 — 27247
=1

< 4K, x Pyz ATl 4 46;167362
which in turn implies that
Zae—?)cz Z Kz *PN > Z_Alf(it)

so that f(x) < z9F41e73¢% In all cases, for all H > k, by choosing A and A;

such that A+1—a — A; > H and so that (B.4) holds, we obtain that on

A1(0)N[e./2,2E.] if 221 K, * P(x) < f(z) then f(x) < 2~H. For x such that

A1(0) N [e./2,2E.] and M K,  P(x) < f(z) < 22N K, * P(x), f(z) < 27"
Now we bound from below K, x P(x).
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e Take = € [e,, F.], and let ¢ be such that x € [e,(1 + 6,)% e, (1 + 6,) ]
with e, (1+9,)"! < E, and 6, = M /2~ !log z, then

K.+ P(x) > P([e,(1 + 52)Z7 ex(1+ 52)e+1})\/gf/2:7i2/2(1 +0(1))

> Z7A+1/27M2/2
since P(U;) > p;(1 — 2~4) for all j and P([e,(1 + 8,)%, e.(1 +8,)]) >
3274,

o Ifz<e,,

Z—A—2e—zm/ez(1+5z)(Zx/ez(l + 62))2—1
e.I'(z)
> exp(2zlog(z/e,) — clogz),

K, P(zx) >

when z is large enough, for some ¢ > 0.
e lfzx>F,,

efz:v/ez (Zl’/ez)zil
aT'(2)

K, xP(x) 2

> exp (=22 + (2 = logta) - log(e.)])

€z

> 6—2258/62-

~

Then, using Lemma B2 of Shen et al. [14] with A = z~41, we have, using
log f(x) < logz,

KL(f, K.« P) < D%(f, K. * P)(1 + A log 2)

4 / f(2)log(f(2)/ K- * P(x))da
f>z41 K, xP

5Dlzﬁl(vaz*P)(1+A110gz)+logz/ f(l’)d.’[
lex, E-]N{f>z41 K %P}

+ ()0 1)
{f>2M K +P}Nle:, E.]

€z

+z f(z)(|log x| + log 2)dx + 2+ / f(z)xdx
0 E.
<z Plogz + zlog zF(0,e,) + Z7b@Fp1)/2 4 pat1=b(1tp1)

+logz/ f(2)da
A1(0)Nlez, E-]N{f>z41 K. P}

+ logz/ f(x)dx
A1(0)eN[es, E.JN{f>241 K, P}

< 2 Plogz + 2 79 log z 4 20 HP)/2 4 pat1=b(14p)
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+ 20 logz + 2 P/ log 2

using F(A1(0)¢) < z7#~¢/* and

IN

\/W\//loo f(x)log?(x)da < EZ101/2,

/ 2Ff(x)de < E§_2/ 22 f(x)de < EF-2m

EZ EZ

[ rwog sie)) i
E.

A

for E, > 1and k € [0,2).
Choosing a, b and k such that

a>(B+1)/a, b>28/(2+p1), b(l+p)—a—-1>8 k>b+p,

we have that

f _
/flog <K « P ]If>zA1KZ*P S Z B(lOgZ)

Similarly,

2
/f {log (K J; P)] Lo p S 2 P (log2)?,

under the same constraints. |

Appendix C: Some technical lemmas

Lemma C.1. For all § > 0, there exists C > 0 such that for all €1, €2 satisfying
|61/62 — 1| <4

9260 = zenllt <A 2KL(Grrcr Grren) < V220, Grcy () < ga, (w)eX0HT 1),

Proof of Lemma C.1. Inequality

ng,el - gz,ezHl < QKL(gz,eugz,ez)

holds due the inequality for the total variation distance to be upper bounded
by V2 times the square root of the Kullback-Leibler distance between the cor-
responding probability distributions.

The Kullback-Leibler distance between two densities g, ., and g, ., is

= 2,61\ L
KL(9z61:9z202) = /0 9z, () log (9,1()> da

Gz,e2 ()

— /OOO Gz, () (zx[egl — efl] + ZlOg(Eg/El)) dx
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= z(e1/ea —1 —log(er/e2))
< 262

due to condition |e; /e —1] < § and inequality z—1—logz < |z —1|r/(1+7) < 12
if |z —1] <.
Moreover, for any x > 0,

1

l0g 9., (2) =108 gz, ()] = [zaler” — & '] + zlog(e1/e2)]

<

Gy zlog(1+ )
€1

which implies that

G (2)/Gc, () < oD {j% N za}
1

which completes the proof. O

C.1. Properties of gamma densities

In this section we present some technical computations which are used through-
out the paper. We first present some identities on mixtures of Gamma densities,
together with tail inequalities

Lemma C.2. Let z > 0 and x > 0, then

1
z—1

o0
Iy(z,z) := / gze(x)de =1+
0

and for all k >0

0o 2k 5z 00 (4 — kefz/u
Iy(z,2) == /0 (e —x)¥g, (v)de = /o (u=1) du (C.2)

uZ

Moreover for all § € (0,1) there exists ¢(§) > 0 such that for all z large enough
and u <1—19,

z,—z/
z%e
< —c(8)z/u )
L(z)uz — € (C3)
and for allu>1+§6
Zze—z/u
<)z, 4
L(z)uz — “ (C4)

Proof of Lemma C.2. We have

* x* > —zx /€ 1
10(2,13) ::/O gz,e(-r)d€: P(Z) /(; e / mde

x? 1% z 1
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which proves (C.1). For all £ > 0,

o0 k—1_z oo k (z—1)+1
_ ok _Tr 7z € _ —zafel T
Btz = [ et oo =T [T (S -1) et e

koz 0 _ 1N\k,—z/u
_ vz / (u—1)%e du
I'(z) Jo u?

and (C.2) is verified. Now, note that when z is large

Zzefz/u B \/Eexp (—Z[logu + 1/“’ — ]'D

PEw var e (©5)
| VEem (50— om)
- ez

where R(z) = O(1/z) is the remainder term of the Stirling formula. When
u < 1 — 9 the first inequality leads to (C.3) while when u > 1 + ¢ it leads to
(C.4). O

From Lemma C.2, we can deduce the following approximations:
Lemma C.3. Forallk >0 and x > 0,

k k

Ii(2,2) = 75 (1 + R(z N (e +0("H)) = ;Tuk(z), VH >0, (C.6)

where p = fR 2P p(x)dr with ¢ the density of a standard Gaussian random
variable. We also have

") ()
K@) =3 T ) 2R ) (©7)

; 2
j=0

where

o
R < Colo)e® |14 5]
For all g(x) < Cy + Cox® for some a > 0, then
K.g(x) < 2Cy 4 2C52°, (C.8)

for z large enough and a fized.

Proof of Lemma C.3. Lemma C.2 implies that

Zf (z,2) + R.( Zf ,ZJ/Q u] (2) + 2~ P/2R,(z)

where

N
|R. ()| < CﬁL(x)zﬂ/Q[Ig(z, z)+ Igyy(z,7)] < C’@ZL(;L‘)xB [1 + %} .
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Also if g(z) be a function bounded by Cy + Caz® for some a > 0, then

K.g(z) < CiIo(2) + @Q /°° e_zz/e;de
z - F(Z) 0 elz—a—1)+1
“T(z—a—1)z*
I'(z)zz—a-1

for z large enough and a fixed. O

<20, + G <20 + 2C52°,

C.2. Examples of functions in Py (8, L(-),~,Co, C1,e, A)

In this section we verify conditions in Remark 2.1.
In Remark 2.1 we state that moment condition (2.6) is satisfied for Weibull

distribution f(z) = Czo—le=e=" with a,b,c > 0; for folded Student t distri-
bution f(z) = ¢, (1 + 22)~@+*V/2 2 > 0; for the Frechet-type distributions

flz) =bz=b"le==" b>0.

C.2.1. Weibull distribution

Consider Weibull distribution with density f(x) = C’,Lba:“’le’xb with a,b > 0.
Assume first that a = a € (0,1] and b > 1, then {(x) = log h(z) = —xb+log Cpp
which is infinitely differentiable. Take some integer r > 0 such that b—r € (0, 1]
then ¢(")(z) = —(b),2"" where (z), = z(z —1)...(x — 7+ 1) and 8 > r. We
need to check that for j =1,... 7,

© (2B+€)/j o ; j
/ [$J|€(])(x)\] ! f(z)dz < / [z° + xj](26+e)/]xa_le_wbdm
0 0

oo o0
< / 2P@B+e)[ita—1 —a® g | / g@Breta=lo=a’ go — (o = o]
0 0

< / @Bt italbl =z, | / X CBrera)/b-1,-2 g,
0 0

which is finite since b(268+¢)/j+a >0for j =1,2,... 7.
Since b —r € (0,1],
[0 (@ +y) = £ ()] = (B)r|(@ + )" — 2" < (b)olyl" "
due to inequality |24 —w?| < |z —w|? for A € (0,1]. Here Liog(x) = (b),, 3 =10
and v = 0.
It is sufficient to check that

oo

[ e payda 5 [ @t gt e
0 - 0
5/ [za/b+1+2a/b+3]e—zdz<oo
0
which holds.

For a > 1, then we can take a = 1, and the corresponding Weibull density
belongs to P(8, L(-),~y, Co, C1,e, A) due to the first part of Remark 2.1.
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C.2.2. Folded Student t distribution

Now we take folded Student t distribution f(z) = ¢, (1 + 2?)~@*V/2 2 > 0.
Then a = 1 and £(z) = —0.5(v + 1) log(1 + 2?), and the derivatives for large x

are
U(x) = 7(1/ + Dz(1+2*)7Y, (2)=—-1+ x2)*1 +22%(1 4 2%)72,
@ ) 25 @ +1) 1+2s
e ZCQ“ Aram © 2002”“(1 ¥ a2)irits

which is easy to prove by induction. Note that for any positive integer k,
€8 (2)] < (1+a?) 2
Hence, for even derivatives,

| e s dm<z [ (ot

which is finite. Similarly, for odd derivatives,

(1+s/5)(B+e/2)
) f()dz

| T @) O )

0
J oo 72 (2B8+e)(1+s+3)/(1+275)
;/ ( 1+x2)> f(z)dz < oo.
Case r =0:
1+ (z+y)?
|0z +y) — €(x)] = 0.5(v + 1)|log (#) |

A
050+ 1A [w ] Iy > 0)
+0.5(v +1)A™! [%} =0
A
<05+ 1A {%} I(y > 0)

+0.5(v + 1) A7 2ly|(1 + [y)]" I(y < 0)
Syl + [y
using inequality log(1+z) < 2 /A for any z > 0 and any A > 0. Then, 8 = A for

A€ (0,1],7 == Aand Ly(x) = C. Condition [;~ 22 (1+2?")L(z) f(x)dz <
oo holds if

(o) o0
/ A1+ 2N (1 4 22~ 2dr < O + / (1 + 2%~ 24z < oo
0 1

ie if 8 = A <wv/4 (here o = 0).
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Now fix a positive integer r. Since

(e ty) — @ <] s (VRIS s (14T
z€(z,z+y) zE€{(x,z+y)

Syl +2%) "Iy > 0) + [yl I(y < 0) < |yl

Therefore, for any integer r > 1, the first condition is satisfied with g = r + 1,
L(z) = C and v = 0. Condition [;° 227(1 + 2402 L2(z) f(z)dz < oo holds
if =r+1< v/2andsince f§ =r+1 > 2, we also need 26 + 4rg < v.
Since ro = [$/2] — 1 < 8/2 and 3 is an integer, we can write this condition as
B = r+1 where a,, < v where for even r = 2k a,, = 4r+2 and for odd r = 2k +1
a, = 4r. For instance, a1 = 4, as = 10, az = 12, a4 = 18 etc.

Therefore, the conditions on 8 and Ly(z) given v can be summarised as
follows: Ly(z) = C' and

eveld: B<v/4, v=4.
e veE (ar,arp1]: B=r+1,v=0.

C.2.8. Frechet distribution

Consider a Frechet-type distribution with density f(z) = cbx_b_le_fb, x>0,
for some b > 0. This density does not belong to a logarithmic Hélder class. For
simplicity we consider a bound of the type |f(z) — f(z+y)| < L(z)|y|?(1+|y|?)
with » = 0, i.e. with 5 < 1. Hence, for |y| < A, 2 > 0 and = > —y,

|x—b—1e—a:7b o ({E + y)—b—le—(z+y)7b|

<ly| sup [(b+1)z772 4 bz

b

2€(z,2+y)
< (b+1)|y| sup 2272 sup Zm22e=2" | (C.9)
zE€(z,z+y) z2€(x,z+y)
For a = b+ 2 and for a = 2, consider sup,c, ;) z7b=9¢=="" Function

27b=a¢=="" achieves the maximum on the whole semiline at zr = (14a/b)~ /.

Hence, if 2z} € (x,x + y) then the supremum is achieved at this point. If
min(z,z + y) > ¥ then the supremum is achieved at min(x,z + y), and if
max(z,z +y) < z then the supremum is achieved at max(z,z + y).
1. max(z,z +y) < zi. If y < 0 then the condition is < z} and the
supremum is z~b—ae== " If y > 0, then the supremum is
sup 2Vl = (z + y)fbfae*(”y)fb
z2€(z,z+y)
< 27792 (1 + |y|) max(1, 2ba "7 1)
using inequality
—b —b
e @ < 4o 9ply|at L (C.10)

We can unite the upper bound as x*b’“e’w_b(l + |y|) max(1, 2bx=0~1).
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2. min(x,z+y) > zf. If y > 0 then the condition is x > z and the supremum
is z7b=% 2" If y < 0 then
sup Z—b—ae—z’l7 _ (5C + y)—b—ae—(x-i-y)*b < (:C _ A)—b—ae—x’b
ZE€(z,x+Y)
We can unite the upper bound as (z — A)_b_ae_”fb
3. min(z,x+y) <z} < max(z,x+y), that is, |z —zX| < |y| < A. Let’s write
the supremum as a function of z, y and A:
sup G s xszfae*z:fb < (zr— A)*b*ae*(mﬂyl)’b
z€(z,a+ty)

(z — A)™0=9%e= " [1 + |y|] max(1, 2bz ")

IN

using (C.10).

To apply the bounds to the cases a = 2 and a = b+ 2, note that max(x,z+y) <
x, holds if z < z; — A; and it holds for both values of a if z <z}, , — A since
x} decreases in a.

Then, the upper bound in (C.9) can be written as

e e = () e T < (b4 Dfyle ™ 1+ [yl x
x max(1,2bz"71) [(z — AP (2> af iy — A) + T (v < wf iy — A)l,

ie.y=1and
L(z) = (b+ 1)6_964) max(1, 2bz 1)
<Y [@=A)T (x> ap, — A) 2T T (< 2y, — A)].
ae{2,b+2}

Now we check the integrability condition:

2

/Oo (lﬁ(l + I)L(I))2 flx)de <2 /°° (xﬁ(l + ) max(l,xib’l))
0 0
xS [@-8) T (> oy, — A)
a€{2,b+2}
Fa (2 < wh g — )] f(2)da

o0
= Z / [xﬂ max(x7m_b_1)(x o A)_b_axb+1]2 cbx_b_le_fbdx
ac{2,b+2} Y Thr2 ™A

Thea=A b—1y,.1-a2 L
+38 Z / [x’g max(z,z” ")z 7] T e da
ac{2,b42} 70

iz h 2B—b—a)—1,  —b—1 —z"
<8 Z T Cpx e dx
ac{2,b+2} 70
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+38 Z / ((z — A)_b_“$5+b+1)2 cbx_b_le_fbdx
ac{2,b+2} /Top2— A

The first integral is finite. The second integral is finite if —2a + 28 4+ 4 < b for
a =2 and for a =b+2, i.e. for § < b/2 + 1 which holds for any § € (0,1].
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