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Abstract

It is well known that the spectral measure of eigenvalues of a rescaled square non-
Hermitian random matrix with independent entries satisfies the circular law. In this
paper, we consider the product 7°X, where T' is a deterministic N x M matrix and X
is a random M x N matrix with independent entries having zero mean and variance
(NAM )’1. We prove a general local circular law for the empirical spectral distribution
(ESD) of T X at any point z away from the unit circle under the assumptions that
N ~ M, and the matrix entries X;; have sufficiently high moments. More precisely,
if z satisfies ||z| — 1| > 7 for arbitrarily small = > 0, the ESD of T'X converges to
xp(z)dA(z), where xp is a rotation-invariant function determined by the singular
values of T" and dA denotes the Lebesgue measure on C. The local circular law is valid
around z up to scale (N A M)~'/4* for any ¢ > 0. Moreover, if |z| > 1 or the matrix
entries of X have vanishing third moments, the local circular law is valid around z up
to scale (N A M)~/2%¢ for any € > 0.
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1 Introduction

Circular law for non-Hermitian random matrices. The study of the eigenvalue
spectral of non-Hermitian random matrices goes back to the celebrated paper [19] by
Ginibre, where he calculated the joint probability density for the eigenvalues of non-
Hermitian random matrix with independent complex Gaussian entries. The joint density
distribution is integrable with an explicit kernel (see [19, 28]), which allowed him to
derive the circular law for the eigenvalues. For the Gaussian random matrix with real
entries, the joint distribution of the eigenvalues is more complicated but still integrable,
which leads to a proof of the circular law as well [6, 10, 18, 35].
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Local circular law for the product of a deterministic matrix with a random matrix

For the random matrix with non-Gaussian entries, there is no explicit formula for the
joint distribution of the eigenvalues. However, in many cases the eigenvalue spectrum of
the non-Gaussian random matrices behaves similarly to the Gaussian case as N — oo,
known as the universality phenomena. A key step in this direction is made by Girko
in [20], where he partially proved the circular law for non-Hermitian matrices with
independent entries. The crucial insight of this paper is the Hermitization technique,
which allowed Girko to translate the convergence of complex empirical measures of a
non-Hermitian matrix into the convergence of logarithmic transforms for a family of
Hermitian matrices, or, to be more precise,

Trlog[(X — 2)T(X — 2)] = log [det((X — 2)NX - 2))], (1.1)

with X being the random matrix and z € C. Due to the singularity of the log function
at 0, the small eigenvalues of (X — z)7(X — 2) play a special role. The estimate on the
smallest singular value of X — z was not obtained in [20], but the gap was remedied
later in a series of paper. Bai [1, 2] analyzed the ESD of (X — 2)"(X — z) through its
Stieltjes transform and handled the logarithmic singularity by assuming bounded density
and bounded high moments for the entries of X. Lower bounds on the smallest singular
values were given by Rudelson and Vershynin [31, 32], and subsequently by Tao and Vu
[36], Pan and Zhou [30] and Gétze and Tikhomirov [21] under weakened moments and
smoothness assumptions. The final result was presented in [38], where the circular law
is proved under the optimal L? assumption. These papers studied the circular law in the
global regime, i.e. the convergence of ESD on subsets containing n/N eigenvalues for
some small constant n > 0. Later in a series of papers [7, 8, 40], Bourgade, Yau and Yin
proved the local version of the circular law up to the optimal scale N~'/2t€ under the
assumption that the distributions of the matrix entries satisfy a uniform sub-exponential
decay condition. In [37], the local universality was proved by Tao and Vu under the
assumption of first four moments matching the moments of a Gaussian random variable.
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Figure 1: The eigenvalue distribution of the product T X of a deterministic N x M
matrix 7" with a Gaussian random M x N matrix X. The entries of X have zero mean
and variance (N A M)~!, and TT" has 0.5(N A M) eigenvalues as 2/17 and 0.5(N A M)
eigenvalues as 32/17. (a) N = M = 1000. (b) N = 1000, M = 2000. (c) N = 1500,
M = 750.

In this paper, we study the ESD of the product of a deterministic N x M matrix T
with a random M x N matrix X, where we assume N ~ M. In Figure 1, we plot the
eigenvalue distribution of T X when T has two distinct singular values (except the trivial
zero singular values). The goal of this paper is to prove a local circular law for the ESD of
TX at any point z away from the unit circle. Following the idea in [7], the key ingredients
for the proof are (a) the upper bound for the largest singular value of T X — z, (b) the
lower bound for the least singular value of T X — 2, and (c) rigidity of the singular values
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of T X — z. The upper bound for the largest singular value can be obtained by controlling
the norm of X through a standard large deviation estimate (see e.g. [9, 27, 33]) or by
studying the eigenvalue rigidity of X* X (see e.g. [4] and (2.64)). The lower bound for
the least singular value of T X — z follows from the results in e.g. [32, 36, 39] (see also
Lemma 2.23). Thus the bulk of this paper is devoted to establishing (c).

Basic ideas. To obtain the rigidity of the singular values of TX — z, we study the
ESD of Q := (TX — 2)"(T'X — 2) using Stieltjes transform as in [7]. We normalize X so
that its entries have variance (N A M)~!. Then @ is an N x N Hermitian matrix with
eigenvalues being typically of order 1. We denote its resolvent by R(w) := (Q — w)~},
where w = E + in is a spectral parameter with positive imaginary part n. Then the
Stieltjes transform of the ESD of Q is equal to N ~'Tr R(w), and we have the convergence
estimate

N~'Tr R(w) ~ m(w) (1.2)

with high probability for large N. Here m. is the Stieltjes transform of the asymptotic
eigenvalue density, and the convergence in (1.2) is referred to as the averaged law. By
taking the imaginary part of (1.2), it is easy to see that a control of the Stieltjes transform
yields a control of the eigenvalue density on a small scale of order n around F (which
contains an order nN eigenvalues). A local law is an estimate of the form (1.2) for all
n > N~'. Such local laws have been a cornerstone of the modern random matrix theory.
In [16], a local law was first derived for Wigner matrices. Subsequently in [7], a local
law for the resolvent of (X — 2)7(X — z) was established to prove the local circular law.

In generalizing the proof in [7] to our setting, a main difficulty is that the entries of
TX are not independent. We will use a new comparison method proposed in [24], which
roughly states that if the local law holds for R(w) with a Gaussian X, then it also holds
in the case with a general X. For definiteness, we assume N = M for now, and let T be
a square matrix with singular decomposition 7= UDV. For a Gaussian X = X5, we

have V X Gaussyy 4 X Gauss where X is another Gaussian random matrix. Then for the
determinant in (1.1), we have

det(TXFuss — )= det(DV X sy — 2) L det(DXFouss — ). (1.3)

The problem is now reduced to the study of the singular values of DXG%4ss — » which
has independent entries. Notice the entries of DX 4ss are not identically distributed,
which will make our proof much more complicated. However, this issue can be handled,
e.g. as in [14], where a local law was obtained for generalized Wigner matrices with
non-identically distributed entries.

To use the comparison method invented in [24], it turns out the averaged local law
from (1.2) is not sufficient. We have to control not only the trace of R(w), but also
the matrix R(w) itself by showing that R(w) is close to some deterministic matrix
[I(w), provided that n > N~!. This closeness can be established in the sense of
individual matrix entries R;;(w) ~ II;;(w) (see e.g. [7, 17]). We call such an estimate an
entrywise local law. More generally, in [4, 25] the following closeness was established
for generalized matrix entries:

(v, R(w)u) = (v,II(w)u), 7> N1 V|v|2,|ul2 = 1. (1.4)

We call the estimate in (1.4) an anisotropic local law. (If II is a scalar matrix, (1.4)
is also referred to as an isotropic local law, in the sense that R(w) is approximately
isotropic for large N.) This kind of anisotropic local law is needed in applying the
method in [24]. Here we outline the three steps to establish the anisotropic local law for
Q= (TX — 2)Y(TX — 2): (A) the entrywise local law and averaged local law when T is
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diagonal (Theorem 2.18); (B) the anisotropic local law when 7' is diagonal (Theorem 2.18);
(C) the anisotropic local law and averaged local law when 7' is a general (rectangular)
matrix (Theorem 2.19).

In performing Step (A), our proof is basically based on the methods in [7]. However,
our multi-variable self-consistent equations and their solutions are much more compli-
cated here. Thus a key part of the proof is to establish some basic properties of the
asymptotic eigenvalue density and prove the stability of the self-consistent equations
under small perturbations. These work need some new ideas and analytic techniques
(see Appendix A). In performing Step (B), we applied and extended the polynomialization
method developed in [4, section 5]. Finally, as remarked around (1.3), (B) implies the
anisotropic local law and averaged local law for Gaussian X and general 7'. Based on
this fact we perform Step (C) using a self-consistent comparison argument in [24]. With
the averaged local law proved in Step (C), we can obtain a generalized (inhomogeneous)
local circular law for 7 X. In general, the averaged local law we get is up to the non-
optimal scale 7 > (N A M)~'/2. As a result, we can only prove the local circular law for
TX up to the scale (N A M)*l/‘““. A new observation is that the non-optimal averaged
local law can lead to the optimal local circular law for T'X outside the unit circle (i.e.
|z| > 1) (see Section 2.4). To prove the optimal local circular law inside the unit circle
(i.e. |z| < 1), we need the optimal averaged local law up to the scale n > (N A M)~!,
which can be obtained under the extra assumption that the entries of X have vanishing
third moments.

Conventions. The fundamental large parameter is /N and we assume that M is compa-
rable to N (see (2.1)). All quantities that are not explicitly constant may depend on N,
and we usually omit N from our notation. We use C' to denote a generic large positive
constant, which may depend on fixed parameters and whose value may change from one
line to the next. Similarly, we use c or € to denote a generic small positive constant. If a
constant depend on a quantity a, we use C(a) or C, to indicate this dependence. We use
7 > 0 in various assumptions to denote a small positive constant, and use ¢, 7’ to denote
constants that depend on 7 and may be chosen arbitrarily small. All constants C, ¢ and ¢
may depend on 7; we neither indicate nor track this dependence.

For any (complex) matrix A, we use Af to denote its conjugate transpose, A” the
transpose, ||A|| := ||Al|;2—;2 the operator norm and ||A||gs the Hilbert-Schmidt norm.
We use the notation v = (v;)_, for a vector in C”, and denote its Euclidean norm by
|[v| = ||v|l2- We usually write the n x n identity matrix I,, as 1 without causing any
confusions.

For two quantities Ay and By > 0 depending on N, we use the notations Ay = O(By)
and Ay ~ By tomean |Ay| < CBy and C~ !By < |Ax| < CBy, respectively, for some
positive constant C' > 0. We use Ay = o(By) to mean |Ay| < ¢y By for some positive
sequence {cy} with cy — 0 as N — oo. If Ay is a deterministic matrix, we use the
notations Ay = O(By) and Ay = o(By) to mean |[Ay|| = O(By) and ||An| = o(Bn),
respectively.

2 The main results

In this section, we state and prove the main result of this paper. In Section 2.1,
we define our model and list our main assumptions. In Section 2.2, we first define the
asymptotic eigenvalue density ps. of Q = (T X — 2)"(TX — 2), and then state the main
theorem—Theorem 2.6—of this paper. Its proof depends crucially on local estimates of
the resolvent of (), which are presented in Section 2.3. In Section 2.4, we prove Theorem
2.6 based on the local estimates stated in Section 2.3.
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2.1 Definition of the model

In this paper, we want to understand the local statistics of the eigenvalues of T X — 21,
where T is a deterministic N x M matrix, X is a random M x N matrix, z € C and [ is
the N x N identity matrix. We assume M ~ N, i.e.

M
N
for some small constant 7 > 0. We assume the entries X;, of X are independent (not
necessarily identically distributed) random variables satisfying
1
2

EX,, =0, E|X;.| = N A (2.2)
foralll1 <+ < M,1 < pu < N. For definiteness, in this paper we only focus on the case
where all the X entries are real. However, our results and proofs also hold, after minor
changes, in the complex case if we assume in addition EX i2u =0 for X;, € C. We assume
that for all p € IN, there is an N-independent constant C}, such that

T < <71 2.1)

EVNAMX,,|P<C, (2.3)

forall1 <7< M,;1 < u < N. We define ¥ := TTT, and assume the eigenvalues of ¥
satisfy that
T 201200 > ZoNam =T (2.4)

and all other eigenvalues are 0. Furthermore, we can normalize 7" by multiplying a scalar

such that
1 NAM

We summarize our basic assumptions here for future reference.
Assumption 2.1. We suppose that (2.1), (2.2), (2.3), (2.4) and (2.5) hold.

2.2 The main theorem

To state the main theorem, we need to define the asymptotic eigenvalue density
function for ). We first introduce the self-consistent equations, then the asymptotic
eigenvalue density will be closely related to their solutions. Let

NAM

1
= — Og. 2.6
s = i ; . (2.6)

denote the empirical spectral density of ¥. Let n := |supp px| be the number of distinct
nonzero eigenvalues of Y, which are denoted as

7'*1251>52>~~~>5n27'. (2.7)

Let [; be the multiplicity of s;. By (2.5), [; and s; satisfy the normalization conditions

n

1 1 i
I, =1, R lis; = 1. 2.8
NAMZ1 N/\M; 5 (2.8)

1=

For each w € C; := {w € C : Imw > 0}, we define the self-consistent equations of
(ml, mg) as

! (14mi)+ "
—_— = —Ww m
mo ! 1 —+ mq

) (2.9)
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1 n |Z|2
mi = Ni:zllisi —w (14 s;ma) + - (2.10)
If we plug (2.9) into (2.10), we get the self-consistent equation for m; only:
-1
! zn:l 1+ % n 2F (2.11)
mi; = — iSi | —wW 5] .
N —w(1+m1)+% L+my

The next lemma states that the solution to the functional equation (2.11) in C, is unique
if z is away from the unit circle. It will be proved in Appendix A.3.

Lemma 2.2. Fix z € C such that |z| # 1. Forw € C,, there exists at most one analytic
function my. . s(w) : C; — C4 such that (2.11) holds and wm;. . x(w) € C4. Moreover,
Mmic,»x,n(w) is the Stieltjes transform of a positive integrable function p,. with compact
support in [0, c0).

We shall abbreviate m;.(w) := mi. . x(w). We also define ma.(w) := mac, . n(w) by
taking m; = mi.(w) in (2.9). Obviously, ma.. is also an analytic function of w. Moreover,
for any w € C; we can verify that ma.(w), wma.(w) € C; by using (2.9) and that
myc, wmi. € C;. We define two functions on R as

1., .
p1,20(x) = - 71]1{‘% Immy o.(z+in), = €R. (2.12)

It is easy to see that p; 5. > 0 and supp(p1,2.) C [0, 00). Moreover, supp pz. = supp pi. by

(2.9). We shall call ps. the asymptotic eigenvalue density of Q = (T X — 2) (T X — 2) (for
a reason that will be made clear during the proof in Section 4). Since Im(wmsy.) > 0, we
have

Eli

| < —Imuw,
1 + Mic

Im [—w (14 s;mac) +

and (2.10) gives |mi.] < 1/Imw — 0 as Imw — oco. Similarly, |ma.| < 1/Imw — 0 as
Imw — oo. Thus mq ».(w) is indeed the Stieltjes transform of p; 2.:

My o (w) = / Prac(@) ) (2.13)
R

r—w

We now state the basic properties of p;. and ps2., which can be obtained by studying
the solutions m4 2.(w) to the self-consistent equations (2.9) and (2.11) when w € (0, 00).
Here we extend the definition of m; 2. continuously down to the real axis by setting

mi,2¢(x) = %{%ml,%(m +in), = €R.

As a convention, for w € C, we take \/w to be the branch with positive imaginary part.
Denote m := y/w(1 +m1) and m, := y/w(1 + m1.). Equation (2.11) then becomes

f(Vw,m) =0, (2.14)

where

fWw m)=—ﬂ+m+iil<s- mm’~ J2I") (2.15)
’ N & om® = (it [ P)m? = ValePmo

The following lemma gives the basic structure of supp p; 2.. Its proof will be given in
Appendix A.1.
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Lemma 2.3. Fix 7 < |[z|> — 1| < 77'. The support of p1 2. is a union of connected
components:

supp p1,2¢ N (0, +00) = U le2rs e2x—1] | N (0, 00), (2.16)
1<k<L

where L = L(n) € N and Ci77 ' > e >ey > ... > eq >0 for some constant Cy > 0 that
does not depend on 7. If |2|> <1 — 7, we have ea;, = 0; if 1 +7 < |2|> < 1+ 77!, we have
ear, > €(7) for some constant €(7) > 0. Moreover, for every e; > 0, there exists a unique
m.(e;) such that

Om f(Vei, me(e;)) = 0. 2.17)

We shall call e; the edges of p;2.. For any w € (0,00) and 1 < i < n, the cubic
polynomial Jwm?® — (s; + |z|*)m? — yJw|z[*m + |2|* in (2.15) has three distinct roots
a;(w) > 0, b;(w) > 0 and —¢;(w) < 0 (see Lemma A.1). Our next assumption on px, and |z|
takes the form of the following regularity conditions.

Definition 2.4. (Regularity) Fix T < ||z|> — 1| < 771
(i) We say that the edge e, # 0, k = 1,...,2L, is regular if

i {[me(er) — ailer)], Ime(ex) = bi(er)|s [meler) + cilex)l} = ¢, (2.18)
and
|02, f (v/ex, me(er))| > € (2.19)

for some small constant ¢ > 0. In the case |z|2 < 1— 7, we always call e;;, = 0 a regular
edge.

(ii) We say that the bulk components [ea, ea.—1] is regular if for any fixed 7/ > 0 there
exists a constant ¢(r,7') > 0 such that the density of p. in [ea, + 7', €e2p—1 — 7'] is bounded
from below by c.

Remark 1: The edge regularity conditions (i) has previously appeared (may be in slightly
different forms) in several works on sample covariance matrices and Wigner matrices
[3, 11, 23, 24, 26, 29]. The conditions (2.18) and (2.19) guarantees a regular square-root
behavior of pi. near e; and ensures that the gap in the spectrum of p;. adjacent to ej
does not close for large N (Lemma A.5):

min |e; — ex| > € (2.20)
1#k

for some constant ¢ > 0. The bulk regularity condition (ii) was introduced in [24]. It
imposes a lower bound on the density of eigenvalues away from the edges. Without it,
one can have points in the interior of supp p;. with an arbitrarily small density and our
arguments would fail.

Remark 2: The regularity conditions in Definition 2.4 are stable under perturbations of
|z| and pyx. In particular, fix px, suppose the regularity conditions are satisfied at z = zg
with 7 < ||20|* — 1| < 7~1. Then for sufficiently small ¢ > 0, the regularity conditions hold
uniformly in z € {z : ||z] — |20|| < ¢}. For a detailed discussion, see the remark at the end
of Section A.3.

We will use the following notion of stochastic domination, which was first introduced
in [12] and subsequently used in many works on random matrix theory, such as [4, 5, 7,
13, 14, 24]. It simplifies the presentation of the results and their proofs by systematizing
statements of the form “¢£ is bounded by ¢ with high probability up to a small power of
N”.
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Definition 2.5 (Stochastic domination). (i) Let
= (M@ NeNuet™), ¢=(cMw:NeNueU™)

be two families of nonnegative random variables, where UN) is a possibly N-dependent
parameter set. We say & is stochastically dominated by ¢, uniformly in u, if for any (small)
e > 0 and (large) D > 0,

sup P [¢M) () > N¢V(w)] < NP
ueUN)

for large enough N > Ny(e, D), and we use the notation £ < (. Throughout this paper
the stochastic domination will always be uniform in all parameters that are not explicitly
fixed (such as matrix indices, and w and z that take values in some compact sets). Note
that Ny(e, D) may depend on quantities that are explicitly constant, such as 7 and C, in
(2.1), (2.3) and (2.4).

(ii) If for some complex family £ we have |£| < (, we also write £ < ¢ or £ = O<(().
We also extend the definition of O (-) to matrices in the weak operator sense as follows.
Let A be a family of complex square random matrices and ( be a family of nonnegative
random variables. Then we use A = O<(() to mean |(v, Aw)| < (||v||2||w||2 uniformly for
all deterministic vectors v and w.

(iii) We say that an event = holds with high probability if 1 — 1(Z) < 0.

In the following, we denote the eigenvalues of T'X by p;, 1 < 7 < N. We are now
ready to state our main theorem, i.e. the generalized local circular law for T'X .

Theorem 2.6 (Local circular law for T'X). Suppose Assumption 2.1 holds, and 7 <
||zo|2 — 1] < 77! for any N (zy can depend on N). Suppose ps. (defined in (2.6)) and
|z0| are such that all the edges and bulk components of p,. are regular in the sense of
Definition 2.4. We assume in addition that each entry of X has a density bounded by
N©2 for some Cy > 0. Let F be a smooth non-negative function which may depend on N,
such that ||F||cc < C1, ||[F]lec < N and F(z) = 0 for |z| > C}, for some constant C; > 0
independent of N. Let F,, ,(z) = K**F(K%(z — 29)), where K := N A M. Then TX has
(N — K) trivial zero eigenvalues, and for the other eigenvalues ;;, 1 < j < K, we have

K
1 1 - —~1/242a
2 2 Paelis) = [ Froa@in(dal) < K22 AR, @2
for any a € (0,1/4]. Here
- 1 [
xp(2) = 1/ (log ) A, pac(z, 2)dz, (2.22)
0

where pa. = pac,.,x is defined in (2.12). If 14+ 7 < \,zo|2 < 147! or the entries of X have
vanishing third moments,
EX3 =0, 1<i<M,1<u<N, (2.23)

[

then we have the improved result
1 = 1 ° —142a
=Y Frpali) = [ Froa(2)%0(2)4A(2) < K42 AF | 1, (2.24)
j=1

for any a € (0,1/2]. If the entries of X are identically distributed, then the bounded
density condition is not necessary.
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Remark 1: Note that F,, ,(z) = K**F(K%(z — z)) is an approximate delta function
obtained from rescaling F' to the size of order K =% around z,. Thus (2.21) gives a
generalized circular law up to scale K ~!/4*¢, while (2.24) gives a generalized circular
law up to scale K ~1/2¢. The yp in (2.22) gives the distribution of the eigenvalues of 7'X .
It is rotationally symmetric, because ps.(z, z) depends only on |z| (see (2.9) and (2.10)).
IfTT* =1o0orT*T =1 (i.e. all the nontrivial singular values of 7" are equal to 1), then yp
becomes the indicator function yp on the unit disk D, and we get the well-known local
circular law for X (see [7] for the T' = I case). For a general T, we do not have much
understanding of xp so far. This will be one of the topics of our future study. Also, we
have assumed that z is strictly away from the unit circle. Our proof may be extended to
the |z — 1| = o(1) case if we have a better understanding of the solutions mj a.

Remark 2: As explained in the Introduction, the basic strategy of this paper is first to
prove the anisotropic local law for the resolvent of () when X is Gaussian, and then to
get the anisotropic local law for a general X through a comparison with the Gaussian
case. Without (2.23), our comparison arguments cannot give the anisotropic local law
up to the optimal scale, so we can only prove the weaker bound (2.21). We will try to
remove this assumption in the future work.

Remark 3: If the entries of X are identically distributed, then it was proved in [39] that
the smallest singular value of TX — z is larger than N —!~¢ with high probability for any
€ > 0. Otherwise, we need the extra bounded density condition, which is only used in
Lemma 2.23 to get a lower bound for the smallest singular value of TX — z.

We conclude this section with two examples verifying the regularity conditions of
Definition 2.4.

Example 2.7 (Bounded number of distinct eigenvalues). We suppose that n is fixed,
and that s1,...,s, and ps({s1}),..., p=({s»}) all converge as N — co. We suppose that
limy ey > limy x4y for all k, and furthermore for all e, we have 92, f(\/ex, mc(ex)) # 0.
Then it is easy to check that all the edges and bulk components are regular in the sense
of Definition 2.4 for small enough e.

Example 2.8 (Continuous limit). We suppose py is supported in some interval [a,b] C
(0,00), and that py converges in distribution to some measure p., that is absolutely
continuous and whose density satisfies 7 < dp(E)/dE < 77! for E € [a,b]. Then
there are only a small number (which is independent of n) of connected components for
supp p1., and all the edges and bulk components are regular. See the remark at the end
of Section A.1.

2.3 Hermitization and local laws for resolvents

In the following, we use the notation
Y=Y, =TX —zI, (2.25)

where [ is the identity matrix. Following Girko’s Hermitization technique [20], the first
step in proving the local circular law is to understand the local statistics of singular
values of Y. In this subsection, we present the main local estimates concerning the
resolvents (YY1 — w)_1 and (YTY — w)_l. These results will be used later to prove
Theorem 2.6.

Our local laws can be formulated in a simple, unified fashion using a 2N x 2N block
matrix, which is a linear function of X.

Definition 2.9 (Index sets). We define the index sets

T,:={1,.,N}, IV :={1,...,.M}, Iy:={N+1,..,2N},

EJP 22 (2017), paper 60. http://www.imstat.org/ejp/
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and
T:=T,UZL, IM.=1MU1,.

We will consistently use the latin letters i,j € Z; or Iiw, greek letters u,v € Iy, and
s,t € Z. We label the indices of the matrices according to

X=Xiy:i€IMpel), T=(T;:icT,jecIM).

When M = N, we always identify TM with T,. Fori € 7, and u € T,, we introduce the
notationsi:=i+ N €T, and[i:=u— N € I;.
Definition 2.10 (Groups). For anZ x T matrix A, we define the 2 x 2 matrices A as

Apyg) = ( poll ) (2.26)

We shall call Aj;; a diagonal group if i = j, and an off-diagonal group otherwise.
Definition 2.11 (Linearizing block matrix). For w := FE + in € C,, we define the T x T
matrix

(2.27)

—wl  w'?Y
Hw)=H(T, X, z,w) :z(wl/QYJr —wl >,

where we take the branch of \/w with positive imaginary part. Define the T x 7 matrix
G(w) = G(T, X, z,w) := H(w) ™, (2.28)

as well as the 7; x 71 and 7, x 7o matrices
Gr(w) = (YYT —w)™", Grlw)= YTy —w) " (2.29)
Throughout the rest of this paper, we frequently omit the argument w from our notations.
By Schur’s complement formula, it is easy to see that

G (w) = Gr w2GLY (wTYGRYT —wTi T w2V Gg
W= w2vta, w 'Yty —w il ) T w2GRY T Gr '
(2.30)

Therefore a control of G immediately yields a control of the resolvents G, and Gg.

In the following, we only consider the N < M case. The N > M case, as we will see,
will be built easily upon N < M case. We introduce a deterministic matrix II, which will
turn out to be close to G with high probability.

Definition 2.12 (Deterministic limit of G). Suppose N < M and T has a singular decom-
position

T =UDV, D= (D,0), (2.31)
where D = diag(dy,ds, . ..,dy) is a diagonal matrix. Define ;. to be the 2 x 2 matrix
such that ) "

-1 [(—w(l+|d;|*mac) —wh/*z
(W[z]c) - ( 77“01/22 7’LU(]. + mlc) . (232)

LetI14 be the 2N x 2N matrix with (I14)(;; = 7). and all other entries being zero. Define

= 1S, 2, w) = ( U 0 >Hd( ut o ) <(1+m1C)A(E) w22A(D) >

0 U 0o Ut w2ZAE) —(1+maX)AR)
) (2.33)
where ¥ = TT" and A(X) = [w(l 4+ me.X)(1 +mac) — [2[2] .
EJP 22 (2017), paper 60. http://www.imstat.org/ejp/
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Definition 2.13 (Averaged variables). Suppose N < M. Define the averaged random

variables 1 1
m = Z (3G),; 0 ma =5 > (26),, (2.34)
€Ty pnELy
where
= > 0
3= ( 0 I ) . (2.35)
Define 7[; to be the 2 x 2 matrix such that
—1 —w(1 +|d;|* ma) —wl/?z
) = . 2.
(7a) ( —w'/?z —w(l+mq) (2.36)

Remark: Note that under the above definition we have

1 1
m2 =5y R= 7 L
which is the Stieltjes transform of the empirical eigenvalue density of YY T and Y'Y
Moreover, we will see from the proof that m; . are the almost sure limits of m, > as

N — oo with
1 1

mie = Z (S, mae = > (Em),, (2.37)
1€y HELs

The following two propositions summarize the properties of p; ». and m; 5. that are
needed to understand the main results in this section. They will be proved in Appendix
A. In Fig. 2, we plot ps. for the example from Fig. 1 for different values of z.

z|=0.75

|z|=1.2

Figure 2: The densities ps.(x, z) when |z| = 0.5, 0.75, 1.2, 1.5. Here py = 0.56\/2/—17 +

Proposition 2.14 (Basic properties of p; o). The density p;. is compactly supported in
[0,00) and the following properties regarding p. hold.

(i) The support of pi. is UlSkSL(n)[ezk,(fgk_l] where e; > ey > ... > e, > 0. If
1+7< |2/ <1+ 771, then ey, > € for some constant € > 0; if |2|> < 1 — 7, then ey, = 0.

EJP 22 (2017), paper 60. http://www.imstat.org/ejp/
Page 11/77


http://dx.doi.org/10.1214/17-EJP76
http://www.imstat.org/ejp/

Local circular law for the product of a deterministic matrix with a random matrix

(ii) Suppose [esr, eax—1] is a regular bulk component. For any 7' > 0, if x € [ea +
7/, ear—1 — 7'], then pi.(z) ~ 1.

(iii) Suppose ¢; is a nonzero regular edge. If j is even, then p.(z) ~ \/x —e; as
x — e; from above. Otherwise if j is odd, then pi.(x) ~ \/€; —x as x — e; from below.

(iv) If |2|> <1 — 7, then py.(z) ~ 2~ /% as x \ ear, = 0.

The same results also hold for ps.. In addition, ps. is a probability density.

Proposition 2.15. The preceding proposition implies that, uniformly in w in any compact
set of C,,
[ 2e(w)| = O(|w]~1/?). (2.38)

Moreover, if 1 + 7 < |2|? < 1+ 771, then |mj o.(w)| ~ 1 for w in any compact set of C. ; if
|2|> < 1 — 7, then |my o.(w)| ~ |w|~'/? for w in any compact set of C, .

We will consistently use the notation E + in for the spectral parameter w. In this
paper, we regard the quantities F(w) and n(w) as functions of w and usually omit the
argument w. In the following we would like to define several spectral domains of w that
will be used in the proof.

Definition 2.16 (Spectral domains). Fix a small constant ( > 0 which may depend on 7.
The spectral parameter w is always assumed to be in the fundamental domain

D=D(,N):={we Cy :Ceor <E<{ LN my |t <np<¢tY, (2.39)
unless otherwise indicated. Given a regular edge e, we define the subdomain
c=DL(( 7 ,N):={weD((,N):|E—ex| <7 ,E >0} (2.40)
Corresponding to a regular bulk component [ea, e2r—1], we define the subdomain
D! =DY(¢, 7', N):={w e D((,N): E € [ea + 7', €061 — 7]} (2.41)
For the component outside supp p1., we define the subdomain
D° =D, 7', N) := {w € D(¢,N) : dist(E, supp p1.) > 7'} (2.42)
We also need the following domain with large 7,
D.,=D;(()={weC:0<E<(hn>¢1Y, (2.43)
and the subdomain of D UDy,
D =D((,N) == {w e D((,N) 1 p > NV my |} UDL(Q). (2.44)

We call S a regular domain if it is a regular Dj, domain, a regular DZ domain, a D°
domain or a D domain.

Remark: In the definition of D, we have suppressed the explicit w-dependence. Notice
that when |z|? < 1 — 7, since |ma.| ~ |w|~/? as w — 0, we allow 1 ~ |w| ~ N~2*%C in
D. In the definition of Df, the condition £ > 0 is only useful for the edge at 0 when
|22 <1 -7

Now we are prepared to state the local laws satisfied by GG defined in (2.28). Let

I ct c 1
U= W(w) = | ke T 2e) (m}\/'n mac) N (2.45)

be the deterministic control parameter.
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Definition 2.17 (Local laws). Suppose N < M. Recall G = G(T, X, z,w) defined in (2.28)
and I1 = 1I(%, z,w) defined in (2.33). Let S be a regular domain.
(i) We say that the entrywise local law holds with parameters (T, X, z,S) if

G(T, X, z,w) —II(E, z,w)],, < ¥(w) (2.46)

uniformly inw € S and s,t € .
(ii) We say that the anisotropic local law holds with parameters (T, X, z,S) if

G(T, X, z,w)—T(%, z,w) = O (¥ (w)) (2.47)

uniformly in w € S (recall Definition 2.5 (ii)).
(iii) We say that the averaged local law holds with parameters (T, X, z,S) if
1

|ma(T, X, z,w) — mac (X, 2z, w)| < N (2.48)

uniformly in w € S.

The local laws for G with a general T will be built upon the following result with a
diagonal T'.

Theorem 2.18 (Local laws when T is diagonal). Fix 7 < ||z|° = 1| < 7—!. Suppose

Assumption 2.1 holds, N = M, and T = D := diag(dy, ...,dy) is a diagonal matrix. Let S
be a regular domain. Then the entrywise local law, anisotropic local law and averaged
local law hold with parameters (D, X, z,S).

Now suppose that N < M and T is an N x M matrix such that the eigenvalues of %
satisfy (2.4) and (2.5). Consider the singular decomposition 7' = U DV, where U is an
N x N unitary matrix, V is an M x M unitary matrix and D = (D,0) is an N x M matrix
such that D = diag(d;, ds,...,dy). Then we have

TX —2=UDV1X — 2z, (2.49)

where V] is an N x M matrix and V5 is an (M — N) x M matrix defined through
V= < Kl ) _If X = XGauss ig Gaussian, then V; XGouss L X Gauss{rt where XGouss ig
2

another N x N Gaussian random matrix. Then by the definition of G in (2.28),

Gauss d u o0 >Gauss []]L 0
G(T,X ,z,w)—< 0 U>G(D,X ,z,w)< o Ut ) (2.50)

Since the anisotropic local law holds for G(D, XS5 > w) by Theorem 2.18, we get
immediately the anisotropic local law for G(T, X“**¢, »,w). The next theorem states
that the anisotropic local law holds for general T X provided that the anisotropic local
law holds for T'X Gouss,

Theorem 2.19 (Anisotropic local law when N < M). Fix 7 < ||z|2 — 1] < 77!, Suppose
Assumption 2.1 holds and N < M. Let T = UDV be a singular decomposition of T,
where D = (D,0) with D = diag(dy,da,...,dy). Let S be a regular domain. Then the
anisotropic local law and averaged local law hold with parameters (T, X, z,SND). Ifin
addition (2.23) holds, then the anisotropic local law and averaged local law hold with
parameters (T, X, z,S).

Finally we turn to the N > M case. Suppose 7' = UDV is a singular decomposition of
T, where U is an N x N unitary matrix, V' is an M x M unitary matrix and D= 10) is
an N x M matrix such that D = diag(dy, ds, . ..,dn). Let U = (Uy, Us), where U has size

EJP 22 (2017), paper 60. http://www.imstat.org/ejp/
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N x M and U, has size N x (N — M). Following Girko’s idea of Hermitization [20], to
prove the local circular law in Theorem 2.6 when N > M, it suffices to study det(T'X — z)
(see (2.52) below), for which we have

DVXU, —z DVXU,

det(TX — z) = det ( 0 .

) =det(VIDTU' XT — 2)(—2)VN M.
(2.51)

Comparing with (2.49), we see that this case is reduced to the N < M case. The
only difference is that the extra (—z)"~™ term now corresponds to the N — M zero
eigenvalues of T X. Thus we make the following claim.

Claim 2.20. The N < M case of Theorem 2.6 implies the N > M case of Theorem 2.6.

2.4 Proof of Theorem 2.6

By Claim 2.20, it suffices to assume N < M. Our main tool will be Theorem 2.19. A
major part of the proof follows from [7, Section 5]. The following lemma collects basic
properties of stochastic domination <, which will be used tacitly during the proof and
throughout this paper.

Lemma 2.21 (Lemma 3.2 in [4]). (i) Suppose that £(u,v) < ((u,v) uniformly inu € U
andv e V. If|V| < N€ for some constant C, then

S o) < 3 Cluw)

veV veV

uniformly in u.
(ii) If &1 (u) < (4 (u) uniformly in uw € U and & (u) < (2(u) uniformly in u € U, then

&1 (u)€2(u) < Cu(u)a(u)

uniformly inu € U.
(iii) Suppose that ¥(u) > N~¢ is deterministic and &(u) is a nonnegative random
variable such that E¢(u)? < N for all u. Then if £(u) < ¥(u) uniformly in u, we have

uniformly in u.

The Girko’s Hermitization technique [20] can be reformulated as the following (see
e.g. [22]): for any smooth function g,

%Zg(”j) = ﬁ /Ag(z) D log(y — 2)(; — 2)dA(2)
= ﬁ/Ag(z) log |det(Y (2)Y(2))| dA(z)

1 N
= M/Ag(z);logkj(z)dA(z), (2.52)

where 0 < \; < Xy < ... < \y are the ordered eigenvalues of Y (2)Y(z). For g = F.oar
we use the new variable £ = N*(z — z¢) to write the above equation as

| X
N Zon,a(Mj) =

i=1
Define the classical location ~;(z) of the j-th eigenvalue of Y ()Y T(z) by

sup, {fowpgc(x)dxgﬁ'}, if 1<j<N-1
v5(2) == . :
€1, lf j = N

N—1+2a

N
/ (AF)(€) Z log \;(2)dA(€). (2.53)

(2.54)
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In fact, if y; lies in the bulk, then by the positivity of p,. we can simply define «y; through

Yi ]
/0 pac(x)dz = N

By Proposition 2.14, we have that for any ¢ > 0,

N o0
Zlogvj(z) —N/ (log x)pac(z, z)dx
j=1 0
N 75 (2)
< ZN/ llog v, (2) — log x| pac(z, z)dz < N° (2.55)
j=1 vi-1(2)

for large enough N. Suppose we have the bound

Zlog)\j — Zlog’yj < N°. (2.56)
J J
Plugging (2.55) and (2.56) into (2.53), we get
1 & N2a o0
N 2 Faln) = S RO [ omrpac(a,nd A + 0LV SF )
=5 [FO [ 1080) Al 2)dndA©) + O«(N AR,

Thus we obtain (2.21) if we can prove (2.56) for b = 1/2, and we obtain (2.24) if we can
prove (2.56) forb =0when 1+ 7 < |zo|2 <14 77! or when the assumption (2.23) holds.

We need the following lemma which is a consequence of Theorem 2.19. Recall (2.16)
and (2.20), the number L of the connected components is of order 1 and the number
of v;’s in each component [eay, eax—1] is of order N. We define the classical number of
eigenvalues to the left of e, 1 < k < 2L, as

N = [N/ pgc(aj)—‘ . (2.57)

0
Note that NQL =0, N1 = N and N2k+1 = Ngk, 1< k < L—1.
Lemma 2.22 (Singular value rigidity). Fix a small ¢ > 0. R

(i) If the averaged local law holds with parameters (T, X, z,D(¢, N) N D({, N)) for

arbitrarily small (, then the following estimates hold. For any es;, > 0 and Noj + N1/2te <
j < Nog_1 — N1/2+e,

o — s L Now Now o — i\ L3
A=l (min{j 2k T2k—] J}) N-1/2, (2.58)
Vi N N
In the case |z|?> < 1 — 7 with e, = 0, we have for any N'/?t¢ < j < Ny — N'/2*e,
A — Nopq—j\ /3
A=l (2L ! j) N2, (2.59)
Vi N

Moreover, if 1 +7 < |2|2 <1+ 771, then for any fixed 0 < ¢ < ey,
£ 0< ) <c}<1. (2.60)

(ii) If the averaged local law holds with parameters (T, X, z,D(¢, N)) for arbitrarily
small {, then the following estimates hold. For any es, > 0 and Nop+N€ < 5 < Nog_1—N¢,

s — s C Ner Now o i1\ "1/3
1A =il 777” < (min{j NZ’“, 2’“]\} J}) N (2.61)
J
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In the case |z|?> < 1 — 7 with ey;, = 0, we have for any N¢ < j < Nap_; — N°,

Ne — Nov o i\ —1/3
1 =l J7.7j| <1 (”A; j> . (2.62)
J

Proof. The proof is similar to the proof of [7, Lemma 5.1]. See also [4, Theorem 2.10] or
[14, Theorem 7.6] O

Using (2.58) and (2.59), we get that

)\, A
> llog Aj —log ;] < > Py =l e,
Nop+N1/2+e<j<Ngj_1—N1/2+e Nag+N1/2+e<j< Noy_q—N1/2+¢ Vi
(2.63)
By Theorem 2.10 of [4], there exists a constant C' > 0 such that
< with high probability. .
X*X| < C with high babili (2.64)
Thus we have
<|IYIP < (TIIXI+12)* <1, 1<j<N. (2.65)

Together with Lemma 2.23 concerning the smallest singular value of T X — 2z, we get

2L
> > llog \j| < N1/2+e, (2.66)

k=1 |jfek|<N1/2+‘f

Since [log ;| < 1 by Proposition 2.14, we conclude

Z Z llog A; —log ;| < N1/2+e, (2.67)
k=1 |j—ep|<N1/2+e

Combining (2.63) and (2.67), we get for any € > 0,

Z [log A; — log ;| < N1/2+e (2.68)

1<<N

for large enough N. This implies (2.56) for b = 1/2. If in addition the assumption (2.23)
holds, the averaged local law holds with parameters (7, X, z, D(¢, N)) for arbitrarily
small ¢ by Theorem 2.19. Then we can prove (2.56) for b = 0 using the better bounds
(2.61) and (2.62).

Finally we show that when |Zo|2 > 1+ 7, with the bounds (2.58) we can still prove the
estimate (2.56) for b = 0. By the averaged local law and the definition of v; in (2.54), we

have
N N

ZA_I, 2 _1‘ EY (2.69)
- p

uniformly in N—1/2t€ <y < N'/2. Taking integral of (2.69) over n from N~1/2t¢ to N1/2,
we get

N .
/\jszfl/2Jr6 )\ 71N1/2
j=1 J
Then we use (2.58) and the bound (2.65) to estimate that

A; — iN1/2 al _ .
Zlog( —ZN1/2) <> |y = N2 < e
j=1
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Thus we conclude

N .
Aj — AN/t ;
j=1

Using v; ~ 1, (2.60) and (2.73), we get

N . N .
\j — iNT1/2Fe Aj \j — iNT1/2Fe A
log (j . ) - log ~L| <1+ log (] : ) - log =2
; v — aNT1/2+e ; Vi AJZ;C v — iN /2 );c Vi

<1+Z

/\j ZC

(Aj — ;) N7V < N2 (2.72)

Combing (2.71) and (2.72), we conclude (2.56) for b = 0.

If the entries of X are identically distributed, then instead of Lemma 2.23, we shall
use the results in [39] to get a lower bound for the smallest singular value of TX — z
(see Remark 3 below Theorem 2.6). In particular, the bounded density condition for the
entries of X is not needed anymore. This concludes the last statement of Theorem 2.6.
Lemma 2.23 (Lower bound on the smallest singular value). If N < M and the entries of
X have a density bounded by N¢* for some C3 > 0, then

[log A1(z)] < 1 (2.73)
holds uniformly for z in any fixed compact set.

Proof. We already have an upper bound for \;; see (2.65). Hence to get (2.73), we still
need to prove that

P (,\1(2) < e*N‘) <N-€ (2.74)
for any ¢, C' > 0. By (2.49), we have that
TX —2=UD(ViX — DU '2) = UDY (2).

Hence it suffices to control the smallest singular value of Y (z), call it A;(z). Notice the
columns Y7, ..., Yy of Y(z) are independent vectors. From the variational characteriza-
tion

we can easily get

M(2)Y2 = NTV2 min dist (Y/k,span{ifl,l ” k}) — N2 min ‘m,uk> . (2.75)

1<k<N

where vy is the unit normal vector of span{f’l,l # k} and hence is independent of Yi. By
conditioning on u;, we get immediately that

P(Ai(z) < N~9) < ON~Co/2+Cs+3/2 (2.76)

which is a much stronger result than (2.74). Here we have used Theorem 1.2 of [34] to
conclude that (Y}, uy) for fixed uy, has density bounded by C N, O

2.5 Outline of the paper

The rest of this paper is devoted to the proof of Theorem 2.18 and Theorem 2.19.
In Section 3, we collect the basic tools that we shall use in the proof. In Section 4, we
perform step (A) of the proof by proving the entrywise local law and averaged local law
in Theorem 2.18 under the assumption that 7" is diagonal. We first prove a weak version
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of the entrywise local law in Sections 4.1-4.3, and then improve the weak law to the
strong entrywise local law and averaged local law in Sections 4.4-4.5. In Section 5, we
perform step (B) of the proof by proving the anisotropic local law in Theorem 2.18 using
the entrywise local law proved in Section 4. Finally in Section 6 we finish the step (C)
of the proof, where using Theorem 2.18, we prove Theorem 2.19 with a self-consistent
comparison method.

The first part of Appendix A establishes the basic properties of p; 2. stated in Lemma
2.3 and Proposition 2.14. In Sections A.2 and A.3, we prove some key estimates about
m1,2. and the stability of the self-consistent equation (2.11) on regular domains. In
Appendix B, we prove a fluctuation averaging lemma that will be used in the proof of the
strong entrywise local law.

3 Basic tools
In this preliminary section, we collect various identities and estimates that we shall
use throughout the following.

Definition 3.1 (Minors). For J C Z, we define the minor HY) := {H,; : s,t € T\ J}, and
correspondingly G\) .= {(HU) ;' : s,t € T\ J}. Let[J]:={s€T:sc Jorsec J}. We
shall also denote H'Y! := {H,; : s,t € T\ [J]} and G'] .= {(HV]) ' : s,t € T\ [J]}. We
will abbreviate ({s}) = (s), ({s,t}) = (st), [{s}] = [s] and [{s,t}] = [st].

Notice that by the definition, we have HE;’ ) = 0and Gf;{) =0ifseJorte J.
Lemma 3.2. (Resolvent identities).

(i) Fori € I, and u € Z,, we have

Gl“_ =—w—w (YGU)YT)” , le =—w—w (YTG(“)Y)W. (3.1)
Fori # j € 7, and u # v € I, we have

Gy = wGGY) (YGW)YT)Z_]_ G = G, GUY (Y*GW)Y)W . (3.2)

(ii) Fori € 7, and p € Z,, we have
Gip = GiiGY) <_w1/2yw " w(YG(“‘)Y)w) , (3.3)
Gui = GuuGY) <w1/2ylji +w (YTGW)YT)M) : (3.4)

(iii) Forr € T and s,t € T\ {r},

G =Gy - Gl L1 GorCirs (3.5)

G Gw GO g.cWa,,

(iv) All of the above identities hold for G\Y) instead of G for J C T.

Proof. All these identities can be proved using Schur’s complement formula. They have
been previously derived and summarized e.g. in [14, 15, 17]. O

Lemma 3.3. (Resolvent identities for G[ij] groups).

(i) Fori € 71, we have "
—1 7
Gy = Hiiy — Y Hiw) Gy H- (3.6)
k£
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Fori # j € 7, we have

1)
Glij) = =G > Ha Gy = = > GEl Hyy Gy (3.7)
k#i k#j
) i
~CligHi Gy + Gy Y, HaGyl Hug Oy (3.8)
RAE i}

(i) Fork € I, andi,j € T, \ {k},

k _
sz]'] = Glij) = Gk G[k’}c]G[kj]’ (3.9)
and . 1
k k -
Gin= (Gl ~ GaiGumGan G (G1) (3.10)

(iii) All of the above identities hold for G instead of G for J C Z.

Proof. These identities can be proved using Schur’s complement formula. The details
are left to the reader. O

Next we introduce the spectral decomposition of G. Let
N
Y =3 V&)
k=1

be the singular decomposition of Y, where A\; > Ao > ... > Ay > 0 and {§k}kN:1 and
{¢z}_, are orthonormal bases of C*' and C?2 respectively. Then by (2.30), we have

IR ael - wT VN
g Dp v < v NGE G | G40

Definition 3.4 (Generalized entries). For v.w € C%, s € T and an 7 x 7 matrix A, we
shall denote

Avw = (v, Aw), Ay := (v, Aey), Aqw = (€5, AW), (3.12)
where e, is the standard unit vector.
Given vectors v € C7* and w € C?2, we always identify them with their natural
embeddings < g ) and ( ‘?V ) in CZ. The exact meanings will be clear from the
context.

Lemma 3.5. Fix 7 > 0. The following estimates hold uniformly for any w € D({, N) U
D (¢). We have

|G| < Cn~t, [|0,G]| < Cn~2. (3.13)
Letv € €Tt and w € C%2, we have the bounds
Imwa
Y Gwul* =Y IGuwl’ = (3.14)
HEZL HEL
S Gl =D 1Gn* = (3.15)
1€Ty €Ty
_ 1 Im Gyw
S 1Gwil? = Y 1Giwl? = [w] ™! G + 10 o] T (3.16)
i€y €74 n
_ 1 ImGyy
S (Gl = 3 Gl = ]! Gy + ] (3.17)
HEL HEL:

All of the above estimates remain true for G\Y) instead of G for J C T.
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Proof. The estimates in (3.13) follow from (3.11). For any unit vectors x,y € CT:, we
have

N ‘ka“fk, ‘ 1 N , 1/2 - N 1/2 .

For any unit vectors x € C* and y € C’2, we have

o L VR [(Chy)| N1
|(x, Gy)| < [w] 1/2k:1 )\k_u‘}| k ‘ 22< (x, &) +’(§k, )’ > =

k=1
where we have used that for w = E + in, |w|™/* v/ /|\x — w| < n~L. For the other two
blocks of (G, we can prove similar estimates. This gives the first bound in (3.13). It is
trivial to generalize the proof to d,,G, where 12 comes from the (\; — w)~? factor of
0w G. For (3.14), we observe that

Imwa (w,Cr) C W) al |<WaCk>|2
- 71 Z A — : - Z A E 2 2’
k=1 k k=1 ( k — ) +17

and by (2.30),

N
Z \Gw#\z = Z (w,GRreu) <6M,G};W> = <W,GRGJE;CW> Z )\k (w, Ck 5 (3.18)

HELy HELy - + T]

Similarly, we can prove the identity for |Guw|2 and (3.15). For (3.16), first we can

prove that ‘Z |Gwi\2 = ‘Z \Giw|2 usin(;e(?.ll). Then we use (2.30) and (3.18) to get
that i€ i€
> 1Gwil* = |w| ™! (GRYTYGE)
i€Th ww
= |w|™! [GR (Y'Y — @) GH _tw lw| ™ (GRGL)WW
= 0| ™! Gy + @ 0] (GRGE)WW " G + @ P TRE(519)
Identity (3.17) can be proved in a similar way. O

The following Lemma gives useful large deviation bounds. See Theorem B.1 and
Lemmas B.2-B.4 in [13] for the proof. See also Theorem C.1 of [14].
Lemma 3.6. (Large deviation bounds) Let (Xi(N)), (Yi(N)) be independent families of
random variables and ( ) (b(N ) be deterministic complex numbers. Suppose all
entries Xi(N) and Yi(N) are independent and satisfy (2.2) and (2.3). Then we have the

following bounds:
1/2
2
(Z |aij| )
i#]

12 o
> biXi < (ZM ) ZaUXY < <Z|a” )

N Zainin = 4]\[ )

i i#£j
(3.20)
where, for simplicity of notation, we omitted the superscript (N) in the above expressions.

If the coefficients (a (N)) and (bEN)) depend on some parameter u, then all of the above
estimates are un1form inu.
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We have stated some basic properties of p; 2. and m; ». in Lemma 2.3 and Proposition
2.14. Now we collect more estimates for m; o, that will be used in the proof. The next
lemma is proved in Appendix A.2. For w = F + i1, we define the distance to the spectral
edge through

k=k(E) = min |E — eg]. (3.21)
1<k<2L,e,>0
Notice in the |z| < 1 case, we do not take into consideration the edge at es;, = 0.

Lemma 3.7. Fix 7 > 0 and suppose 7 < ||2|> — 1| < 77'. We denote w = E + in.

Case 1 Fix 7" > 0. Suppose the bulk component [esy, ear—1] is regular in the sense of
Definition 2.4. Then for w € D% ((, 7/, N), we have

[1 4+ mic| ~ Immq. ~ 1, |mo| ~ Immg. ~ 1. (3.22)
Case 2 Fix 7' > 0. Then forw € D°(¢,7’, N), we have
Immy gc ~n, |14+ mac| ~ 1, [ma| ~ 1. (3.23)

Case 3 Suppose e, # 0 is a regular edge. Then for w € D{((,7',N), if 7/ > 0 is small
enough, we have

v/ ifF e c
Imml,Qc ~ { K’—"_n SUPP P12 ) |]. +Wllc| ~ 1; |m2C| ~ 1. (324)

n/vk+n if E ¢ supp pi .

Case 4 Suppose |z|> <1 — 7 so that ea;, = 0. We take 7’ > 0 to be small enough. Then for
w e DS, ((,7',N), iflmw > 7/, we have

[14 mic| ~Immye ~ 1, |mac| ~ Immg. ~ 1; (3.25)

if lw| < 27/, we have

mie = z\/\/; +O(1), mae = \/Fu(;\sz) +0(1), (3.26)
for some constantt > 0, and
Immy o0 ~ Jw| =12 (3.27)
Case 5 For w € D (¢), we have
|mic| ~ Immy, ~ l, |mae| ~ ITmmg, ~ l (3.28)
n n
In Cases 1-4, we have
‘w (1+ simae) (1 +mqe) — \z|2’ > ¢, (3.29)

where ¢ > 0 is some constant that may depend on 7, 7’ and (. In Case 5, we have
‘w (14 s;mac) (1 +mae) — \z|2‘ >, (3.30)

Note that the uniform bounds (3.29) and (3.30) guarantee that the matrix entries of
IT(w) remain bounded. We have the following Lemma, which will be proved in Appendix
A2,
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Lemma 3.8. In Cases 1-4 of Lemma 3.7, we have
Il < Chol™/2, || (mae) ™" | < Clul 2, (3.31)
and in Case 5 of Lemma 3.7, we have
Imaell < Cnt || (me) ™| < om. (3.32)
For all the cases in Lemma 3.7,
Im Iy < CIm(my. + ma.), (3.33)

uniformly in w and any deterministic unit vector v € CZ.

The self-consistent equation (2.11) can be written as
T(w,mq) =0, (3.34)

where

—1
1+ my

—w(l+m)? + |2

T(w,my) =mq + %Zl,sl(l +mq) lw (1 + 85 ) (I1+mq) — |22]

(3.35)
The stability of (3.34) roughly says that if Y (w, m) is small and m; (w’) —my.(w’) is small
for w' := w +iN~'°, then m;(w) — my.(w) is small. For an arbitrary w € D, we define
the discrete set

L(w) :={w}U{w € D:Rew =Rew,Imw’ € [Imw,1]N (N 'IN)}, (3.36)

Thus, if Imw > 1 then L(w) = {w}, and if Imw < 1 then L(w) is a 1-dimensional lattice
with spacing N1 plus the point w. Obviously, we have |L(w)| < N1°.

Definition 3.9 (Stability of (3.34)). We say that (3.34) is stable on D if the following
holds. Suppose that N ~2|my.| < 6(w) < (log N)~'|my.| forw € D and that ¢ is Lipschitz
continuous with Lipschitz constant < N*. Suppose moreover that for each fixed E, the
function n — 6(E + in) is non-increasing for n > 0. Suppose that u; : D — C is the
Stieltjes transform of a positive integrable function. Let w € D and suppose that for all
w’ € L(w) we have

T (w, uy)] < §(w). (3.37)

Then
(o)

- (& < T
|ur (w) = mae(w)] < 0
for some constant C > 0 independent of w and N.
We say that (3.34) is stable on Dy, if for 0 < 6(w) < (log N)~}|my.

(3.38)

, (3.37) implies
lug (w) — mq.(w)| < C9, (3.39)

for some constant C > 0 independent of w and N.

This stability condition has previously appeared in [4, 7, 24]. In [24], for example,
the stability condition was established under various regularity assumptions. In the
following lemma, we establish the stability on each regular domain. The proof is given in
Appendix A.3. This lemma leaves the case |w|'/? + |z|? = o(1) alone. We will handle this
case in a different way in Section 4.5.

Lemma 3.10. Fix 7 > 0 and let 7 > 0 be sufficiently small depending on 7. Let
Tr<|]z2P -1 <77 L
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Case 1 Suppose the bulk component [eay, ea,—1] is regular in the sense of Definition 2.4.
Then (3.34) is stable on D% ({, 7/, N) in the sense of Definition 3.9.

Case 2 (3.34) is stable on D°(¢, 7/, N) in the sense of Definition 3.9.

Case 3 Suppose e, # 0 is a regular edge in the sense of Definition 2.4. Then (3.34) is
stable on D¢ ({, 7', N) in the sense of Definition 3.9.

Case 4 Suppose |z|? <1 — 7 so that ey;, = 0. If |w|'/? + |2|> > € for some constant € > 0,
then (3.34) is stable on D5, (¢, 7/, N) in the sense of Definition 3.9.

Case 5 (3.34) is stable on D, (() in the sense of Definition 3.9.

4 Entrywise local law when 7' is diagonal

In this section we prove the entrywise local law and averaged local law in Theorem
2.18 when T is diagonal. The proof is similar to the previous proofs of the entrywise
local law in e.g. [4, 5, 7, 24]. We basically follow the idea in [7], and we will provide
necessary details for the parts that are different from the previous proofs.

The main novel observation of this section is that the self-consistent equations (2.9)
and (2.10) can be “derived” from the random matrix model by an application of Schur’s
complement formula. It is helpful to give a heuristic argument here. We introduce the
conditional expectation

Egl] = E[- | B,

i.e. the partial expectation in the randomness of the i and i-th rows and columns of H.
For the diagonal |;; group, we ignore formally the random fluctuations in (3.6) to get
that

1 (i
G ~ B Hyg — Y By (H[m]GW]H[m)
k,l#i
—w —w1/22> w (d'QGM 0 )
- _ - ik , (4.1)
1/2 7
(—w 12z —w N Xk: 0 \dk|QGL;€

B —w w2z w |d;|?ms 0

T\ —wl/?2z —w 0 my )’
where we used the definitions of m; and ms in (2.34). The 11 entry of (4.1) gives the
equation

1 -
G ~ u 5, (4.2)
w (1 + [d;i[Pm2) (1 +m1) — 2]

from which we get that
|22

s 2
Gii |—w (1+|di|*ms2) + -

Summing over i and using that N~' 37, Gi; = N~' Y Gy, = ma, the above equation
becomes
|2[*mo

—w (Mg +mim
(ma +mq 2)+1—|—m1

~ 1,

which gives (2.9). Multiplying (4.2) with |d;|?> and summing over i, we get the self-
consistent equation (2.10). In this section we give a justification of these approximations.

Before we start the proof, we make the following remark. In this section we mainly
focus on the domain D. On the domain Dy, the proofs are much simpler and we only
describe them briefly. The parameter z can be either inside or outside of the unit circle.

EJP 22 (2017), paper 60. http://www.imstat.org/ejp/
Page 23/77


http://dx.doi.org/10.1214/17-EJP76
http://www.imstat.org/ejp/

Local circular law for the product of a deterministic matrix with a random matrix

Recall Lemma 3.7 and Lemma 3.10, the domain D of w can be divided roughly into four
regions: w near a nonzero regular edge, w — 0, w in the bulk, or w outside the spectrum.
In this section we will only consider the case |z 2 < 1 — 7 since it covers all four different
behaviors of m; 5.. Note that in this case |m; 2.(w)| ~ |w|~'/? for w in any compact set of
C by Proposition 2.15. Also due to the remark above Lemma 3.10, in Sections 4.1-4.4,
we assume |w|'/? + |z|> > ¢ for some ¢ > 0. We will handle the |w|!/? + |z|?> = o(1) case in
Section 4.5.

4.1 The self-consistent equations
To begin with, we prove the following weak version of the entrywise local law.

Proposition 4.1 (Weak entrywise law). Fix |z|> < 1 — 7 and a small constant ¢ > 0.
Suppose Assumption 2.1 holds, N = M and T = D := diag(ds,...,dn). Then for any

regular domain S C D,
1/4
1 Jw|'/?
‘ < T ( N (4.3)

for all w € S such that |w|'/? + |2|? > ¢. Forw € Dy, we have

max
i,5€T1

(G(w) — (w));

ij]

1 1
—4/ =. 4.4
=< ey (4.4)

For the purpose of proof, we define the following random control parameters.

max
1,J€ET,

(G(w) — T(w))

[i]

Definition 4.2 (Control parameters). Suppose N = M and T = D := diag(dy, ...,dn). We
define

(G —1I) (G —10),, .|| (4.5)

, A, := max
i#J€Ts

A := max
1,J€L1

[i] [24]
For J C Z, define the averaged variables mg‘]z) (m[l'g) by replacing G in (2.34) with GW)
GY)), ie. ,
1
J J J
mg )= N Z |di|2GZ(-i ), mg )= N Z ij) (4.6)
igJ neJ

The averaged error and the random control parameter are defined as

Im (mqe. +mae) + 0 1
0 :=|m1 — mic| + |ma —mo.| and Wy := (my 2¢) + -, (4.7)
Nn Nn

respectively.

Remark: By (2.4), we immediately get that

TIm mg’]) <Im mg‘]) < 7~ 'm m(z‘]) 4.8)

and § = O(A), since |m1 — m1.| < 77'A and |mg — ma.| < A.

We introduce the Z variables:

By the identity (3.6) we have
]

—w —wld;[> mb _apl/2
G[;il]E[i]G[_iil]JrZ[’i]( R Zm>+Zm, 4.9)

—wl/?2z —w — wmy

z = s
li] =

—1/27. v - _ [7] -
w24, X7 — (XtDTGl X1 DY)

L mll - (xDiGiDx),
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Lemma 4.3. For J C 7,, the following crude bound on the difference between m, and

mt! (@ = 1,2) holds:

mi| < ClJ| 7
=Ny

where C = C(7) is a constant depending only on 7.

a=1,2, (4.11)

’ma B

Proof. Fori € 71, we have

GiiG;
> ldil? ’2;“ :

kely

i 1
m’l =5

lmy —

-1 -1
S (Gufr = TG ST (g )
N|Gn| hel, N77 |Gl Nn

where in the first step we used (3.5), and in the second and third steps the equality
(3.15). Similarly, using (3.5) and (3.16) we get

G ! G%) w Im GZ(;) 27!
Z || @ +— <
N\G |\ Jwl  wl Nn

k€T,
By induction on the indices in [J], we can prove (4.11) for m;. The proof for ms is
similar. O

) (i)

m{) —m{"| =

Lemma 4.4. Suppose |z|?> <1 — 7. Fori € Z;, we have

Im mg]

| (Ziay)yy | < [l Ny | (Z(i)) 9 | < 0] Tn’ (4.13)
—1/2 [i] (4]
w Imm
| (Z[i])st | < |w | \|/N + ]|V1w| + \/ an fors#t e {1,2}, (4.14)

uniformly in w € D UDy. In particular, these imply that
Zp < |w|Pg, (4.15)

uniformly in w € D, and
Zy = [w|(Nn) =2, (4.16)

uniformly in w € Dy,
Proof. Applying the large deviation Lemma 3.6 to Z};; in (4.10), we get that

1/2

(Z[ )i

>1/2

<5 | (et

C Im G[f] 1z Im mm
_ - Z pp —C 2 )
NA\5 N

) (g

(Z ’Gm

where in the third step we used the equality (3.14). Similarly we can prove the bound

for (Z[i])22 using Lemma 3.6 and (3.15). Now we consider (Z['i])m' First, we have

Xz < N~1/2 by (2.3). For the other part, we use Lemma 3.6 and (3.17) to get that
1/2 a2

E 2 —1 Al W i3

’(DXGMDX) ‘<7 Z|d| ]G“
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< [fmil], i " cofyimil [ (4.17)
| Nlwl Ny - N |wl Nno | '

Similarly we can prove the estimate for (Z;),,
Now we prove (4.15). By the definitions (4.7) and using (4.11), we get that

Im m[;] B Immo. + Im (m[;] — m2> + Im (me — ma.)

[(Za) | <l =% = Tl N

(4.18)

We can estimate (Z[i]) and the third term in (4.14) in a similar way. For the Cases 1-4

22
in Lemma 3.7, we have |m1.| ~ 1 for |w| ~ 1, Immy. ~ |w|~"/? ~ |my.| for |w| — 0, and
n < CImmq.. Thus

K;w'ch' 5 < CWoforfu| ~ 1, and ,/K}TC <Oyt IMie o, for fw] — 0.

Then for the second term in (4.14), we have that

! 1 6 [Imyl
<O —+4)— < C'0y.
Nl =\ TV Ny T N ) SO

This concludes (4.15). Finally, the estimate (4.16) follows directly from (4.13), (4.14) and
(3.13). O

Lemma 4.5. Suppose |z|> < 1 — 7. Define the w-dependent event Z(w) = {0 <
|w|~1/?(log N)~'}. Then we have that for w € D,

1—|—m1

1(2)me = 1(Z
—w (1 +m1)® + |22

+0<(Te) |, 1(E)T(w,mi) < 1(E)Tp,  (4.19)

where Y is defined in (3.35). For w € Dy, we have

14+m _ _ _ _
my = —— +O< (77 Y(Nn) 1/2), Y(w,my) <y~ (Ng) "2, (4.20)
—w (1+m1)” + 2|

Proof. First, suppose that w € D. Using (4.9), we get
-1 -1
where 7y is defined in (2.36) and
di|2 <m2 — mm) 0
€] =W | 2 (1] + Z[i]'
0 my — my

By (4.11) and (4.15), we have that ¢};) < |w|¥y. Let B; = 7r[L] — w[q]c, where 7;). is defined
in (2.32). By (3.31) and the deﬁn1t1on of Z, we have 1(2)||By7j.|| < C(log N)~!. Thus we
have the expansion

1(E)mp = 1E)(npe + Bi) ™! = 1E) e (1 = Bimpge + (Bimpge)” + - ) = LE) (7 + €a),
(4.22)
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where ¢, can be estimated as 1(Z)||e,|| < 1(E)C|w| '/?(log N)~'. This shows that
1E)|Imgl = 1E)O(Jw|~'?), and so 1(Z) ||eymy || < 1E)|w[/2¥y < 1(2)CN~¢/2 by
the definition of D in (2.39). Again we do the expansion for (4.21):

1 &
l(E)G[ii] =1(5) (7’1'[;]1 + E[i]) = 1(3)7Tm (1 + Z (—emﬂ'm)l> =1(5) (ﬂ'm + eb) ,
=1

(4.23)

where 1(Z)||e|| < 1(E)¥y. Now the 11 entry of (4.23) gives that

-1 - ma
1(5)Gi; = 1(3) 10« (W), (424)
w (L4 |d; o) (1+ma) — |2 )
from which we get that
1(E)Gii | —w (1+ |di[*ma) + 2F ] 1(2) [1 + 0. (\w|1/2\119)] . (4.25)
1+ my

Here we used that
|22

z
1+m1

&) [-u (14 ame) + T2 = g,

which follows from Lemma 3.7 and the definition of Z. Summing (4.25) over ¢, we get

|2[*mg
1 +m1

1eﬂﬂMmerma+ ]=uaﬁ+o<@w”%ﬂ,

which gives
]. =+ mq

—w (1 +m1)® + |22

1(E)my = 1( +1(2)0 (). (4.26)

Now plugging (4.26) into (4.24), multiplying with |d;|> and summing over i, we obtain
that

-1-
1E)m = 1(E) |5 Y Liss m ~+ 0. (V)| , (4.27)
i=1 w(1+87‘,m> (1+m) — |z

where we used (3.29) and 1(Z)(1 + m;) = 1(E)O(|w|~'/?). This concludes the proof.
Similarly, when w € Dy, it is easy to prove (4.20) using the estimates (4.16) and
(3.13). Note that |mj 2| = O(n~!) by (3.13), which implies immediately the bounds
|7l = O(n~!) and || (77[,;])71 || = O(n). Hence without introducing the event =, we can
obtain directly
G[ii] =T + O.<(’I7_1(N77)_1/2). (4.28)

The rest of the proof is essentially the same. O

Notice that applying Lemma 3.10 to (4.20), we obtain that |[m; o —my 2| <7~ (Nn)~1/2.
Plugging it into (4.28), we immediately get (4.4) for w € Dy. This proves the entrywise
law on Dy, since n~' N~1/2 < C'U by the definition (2.45) and the estimate (3.28).

4.2 The large 7 case

It remains to prove Proposition 4.1 on domain D. We would like to fix F and then apply
a continuity argument in 7 by first showing that the rough bound A < |w|~/?(log N)~*
in Lemma 4.5 holds for large 7. To start the argument, we first need to establish the
estimates on G when 1 ~ 1. The next lemma is a trivial consequence of (3.13).
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Lemma 4.6. For any w € D and n > ¢ for fixed ¢ > 0, we have the bound

max |Gst (w)] < C (4.29)

for some C > 0. This estimate also holds if we replace G with GY) for J c T.
Lemma 4.7. Fix ¢ > 0 and |z|?> < 1 — 7. We have the following estimate

max A (w) < N7V/2, (4.30)
weD,n>c
Proof. By the previous lemma, we have |m[f]2| = O(1). So by Lemma 4.4, ||Z;|| < N—1/2
uniformly in > ¢. Then as in (4.21), we have
—1
~1
Glg) = (m + em) 7 (4.31)

where ||7r[,_i]1|| = O(1) and |[e;|| < N~'/2. Notice since G[;;; = O(1), we have the estimate
1
-1 -1
™ = (Gm - EM) = Gy (1= €Gp) = 0<(1).
Then we can expand (4.31) to get that
G[ii] =m +0O< <N_1/2> . (4.32)

The 11 and 22 entries of (4.32) lead to the equations

-1

N 2
1 ] _
m :—E d;]? | —w (1 + |d;|?mq) + ——— + 02 (N2 , (4.33)
' Ni:1| | [ (Ut ldilPma) + 30 *( )
N 2 -1
1 |Z| -1
==Y |-w( — N~L/2) 4.34
" Ni:l[ o +m1>+1+\di|2m2 +O<( ) (4.3

We claim that Imm; » > C(log N)~! with high probability for some C > 0.
Using the spectral decomposition (3.11), we note that for ! > 1,

D D S
N MNe—E)?2+n2 ~ In
1

o~

[A—E|>In

==

E : |E — Al n
N CEP RSN § : Ty < Imme.
— 2 2 — o 2 5 =
By M T B TN, Mk B

Summing up these two inequalities and optimizing /, we get

1
eMma| S mm . .
R <9 2 (4.35)
n

Assume that Immy < C(log N)~?, then by (4.8) we also have Imm; < C7(log N)~*.
From (4.35), we get |my| < C(log N)~!/2, Together with the estimate m; = O(1), we get

Els N -
—w (1+my) + ————| < C with high probability. 4.36
( 1) 1 + |di|2m2 = gnp y. ( )
On the other hand
Im —w(l—I—ml)—l—L < —-Imw=-n (4.37)
1+ |di2ms | = ’ '
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where we used Im[|z|?/(1 + |d;|*m2)] < 0 and

1 & A
Im(wm;) = Im [N;|di|2|§k(i)|2 <_1+ x kw)] >0.

With (4.36) and (4.37), we get from (4.34) that Im my > ¢’ with high probability for some
¢’ > 0. This contradicts Immy < C(log N)~!. Thus we must have Immy > C(log N)~*
with high probability, which also implies Imm; > C(log N)~! by (4.8).
Now we can proceed as in the proof of Lemma 4.5 and get that
1+my
—w (14 m1)? + ||

My = + O, (N‘l/Q) . T(w,my) < N2, (4.38)

We omit the details. Applying Lemma 3.10 to (4.38), we conclude |m; o — mq oc| < N-1/2

uniformly in n > c. By (4.32), we get ||(G — II);;|| < N~%/2 uniformly in n > c and i € Z;.
Finally using (3.8), Lemma 3.5 and Lemma 3.6, we can prove the off-diagonal estimate;
see (4.51) below. O

4.3 Proof of the weak entrywise local law

In this subsection, we finish the proof of Proposition 4.1 on domain D. We shall fix
the real part E of w = E + in and decrease the imaginary part n. Recall that Lemma 4.5
is based on the condition # < |w|~*/?(log N)~!. So far this is established only for large 7
in (4.30). We want to show that this condition also holds for small n by using a continuity
argument.

It is convenient to introduce the random function

NImw'\ /*
_ 1/2
v(w) fw,rggf(wﬁ(w’)\w’\ / < |w,|1/2) ;

where L(w) is defined in (3.36). Fix a regular domain S, € < (/4 and a large constant
D > 0. Our goal is to prove that with high probability there is a gap in the range of v, i.e.

P (v(w) < N¢,v(w) > N3f/4) < N~D+21 (4.39)

for all w € S and large enough NV > N (e, D).
Suppose v(w) < N¢, then it is easy to verify that

O(w') < Clw'|~/?(log N)~* (4.40)

for all w’ € L(w). Hence {v(w) < N°} C E(w') for all w’ € SN L(w). Then by (4.19), for
all w’ € SNL(w), there exists an Ny = Ny(¢, D) such that

no N b
< NF€ < N™
P | v(w) < NS T(w') > w172\ Nimwr | = , (4.41)
for all N > Ny. Taking the union bound we get
NI !
P | v(w) < N max YT(w) m1w2 > N¢| < N~PHIO0, (4.42)
w' € L(w) lw'| =Y
Now consider the event
NI !
=)= Jo(w) < N9, max Y(w'), |~z < N°¢. (4.43)
w’ € L(w) lw'|~ /
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/‘1/2

We have 1(Z;)Y(w') < ¢ (w’) for all w’ € L(w) with ¢ (w’) := ‘wj,vw Jl\qflmw,. We now
apply Lemma 3.10. If k < 1 (recall (3.21)), then |w| ~ 1 and we have
1 1/4
1(E Dl ) = mew)| < OVFTw) < N ( o)
for all w’ € L(w); if kK > ¢ > 0 for some constant ¢ > 0, then
1/2
Ne ('
= ! ! 1
for all w’ € L(w). Combining these two cases we get
1/4
Ne/2 |w/|1/2
= N — / - (=t
1(Z1)|m1 (w') — mye(w')] < C\w’\l/Q (Nlmw’ (4.44)
for all w’ € L(w). By (4.19), we have
1/4
Ne/2 |w/|1/2
—_ / / — / / =
H(E1)[me(w') — mac(w’)] < L(Er)[ma(w') — mac(w’)] + 1(E1)¥p < T <Nlmw’ :

for all w’ € SNL(w). Together with (4.44), this shows that there exists an N; = N; (e, D)

such that
NI !
P | v(w) < N max Y(w') % < N¢,
w' €L (w) lw'|~ /

NI , 1/4
max 0w’/ | —— > N3/4) < N-D (4.45)
w'€L(w) [w'| /

for N > max{Ny, N1}. Adding (4.42) and (4.45), we get

1/4

NI !

P | v(w) < N, max g(w/)‘w/‘l/z Hi“; > N3</4 | < N-DHIL
w’€L(w) ‘w/‘ /

Taking the union bound over L(w) we get (4.39) for all N > max{Ny, N1 }.

Now we conclude the proof of Proposition 4.1 by combining (4.39) with the large 7,
estimate (4.30). We choose a lattice A C S such that |A| < N?° and for any w € S there
is a w’ € A with |w’ — w| < N~9. Taking the union bound we get

P (Elw €A v(w) € (N34, Nﬂ) < N—D+41, (4.46)
Since v has Lipshcitz constant bounded by, say, N%, then we have
P (Elw €S :u(w) € (2N3/4, Nf/Q}) < N—D+41, (4.47)
Combining with (4.30), we see that there exists No = Na(¢, D) such that for all N > N,
P (Vw €S :vw) < 2N36/4) > 1 - oN—DHL,

Since € and D are arbitrary, the above inequality shows that v(w) < 1 uniformly in w € S,

or
1/4

1 ‘w|1/2

EJP 22 (2017), paper 60. http://www.imstat.org/ejp/
Page 30/77


http://dx.doi.org/10.1214/17-EJP76
http://www.imstat.org/ejp/

Local circular law for the product of a deterministic matrix with a random matrix

In particular this shows that for all w € S, the event = holds with high-probability.
Now using (4.23) and (4.48), we get

1/4

1 |w|1/2
|G = maell < G = mall + e = muael| < o +0 < Zm ( - )+ (449

To conclude Proposition 4.1, it remains to prove the estimate for the off-diagonal G|;;
groups. Using (4.11), it is not hard to get that

12 1/4
1 (|w| > (4.50)

lw[/2\ Nn
[J]
[44] (G[u])
O (Jw|*/?) with high probability. Let i # j € Z;, using (3.8) and the above diagonal
estimates, we get that

[J]
HG[M ~ Tile

for any |J| <[ with [ € IN fixed. Thus we have HG

O (Jw|~'/?) and ‘

1/4

|w]'/? 1 1 |w|'/?
[Grig || < wl ™! Y HanGR Hyg|| < o < —
iz Uy )
VN i w| 7

(4.51)

where we used Lemma 3.5 and Lemma 3.6 to obtain that

[is] _ il 5
w7 D H k]G[kz Hp;) H (Zk 1 XMG[ 1Xj 2ot (o) Xikafd']le> H =< ¥y
[z ] v = '
e Ykagtigy KOt XL Traggy XhCil X
(4.52)
Its proof is very similar to the proof of Lemma 4.4, so we omit the details.

4.4 Proof of the strong enterywise local law

In this section, we finish the proof of the (strong) entrywise local law and averaged
local law in Theorem 2.18 on domain D and under the condition |w|'/? + |z|?> > ¢. In
Lemma 4.5, we have proved an error estimate of the self-consistent equations of m; »
linearly in ¥y. The core part of the proof is to improve this estimate to quadratic in Wy.
For the sequence of random variables Z;, we define the averaged quantities

2] =+ Z%}Zmﬂ[z =~ Z |di[*mys

The following Lemma gives an improvement of Lemma 4.5.
Lemma 4.8. Fix |z|° <1 — 7. Then forw € D,

m= O (W A IAN), @5
and
T, ma) < o]0 4 1Z)] + 1(2)]) (@.54)
Forw € Dy,
= e e 0L (V) 21+ 1)), (4.55)
and

T(w,m1) < (N~ + [[IZ]]l + {2)]. (4.56)

Proof. The proof is almost the same as the one for Lemma 4.5, we only lay out the
difference. We first consider the case w € D. By Proposition 4.1, the event = holds with
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high probability. Hence without loss of generality, we may assume = holds throughout
the following proof. Using (3.9), we get

1 di|> 0 i
w2 (8 T) (- ily)

keI,
_ |di|* 0\ Gl 1 |di|?> 0 .
B ( 0o 1) NN g; 0 1 Gri) G i Gliny- (4.57)

By Proposition 4.1, (3.31) and (4.51), we have
|GG Gian | < wl/2w3.

By Lemma 3.7, it is easy to verify that ||G[;;/N|| < C|w|"/>¥3. Plugging it into (4.57), we
get
’m[ﬁg - mm‘ < w202, (4.58)

By (4.15) and (4.58), the error ¢, in (4.23) is
& = O<([w]/293) = w1 Zgmyy [1+ O<(jwl"/2Wy) | = O<(jw]'/293) — mp Zyg .

Then following the arguments in Lemma 4.5, we can prove the desired result. For
w € Dy, the proof is similar by using (4.4). O

In the following lemma, we shall give stronger bounds on [Z] and (Z) by keeping
track of the cancellation effects due to the average over the index i. Its proof is given in
Appendix B.

Lemma 4.9. (Fluctuation averaging) Fix |z|> <1 — 7. Suppose ® and ®, are positive,
N-dependent deterministic functions satisfying N~1/2 < &, &, < N~¢ for some constant
¢ > 0. Suppose moreover that A < |w|~'/2® and A, < |w|~'/?®,. Then for w € D,

12111+ IK2)]) < |~ @2, (4.59)

Now we finish the proof of the entrywise local law and averaged local law on the
domain D. By Proposition 4.1, we can take

o — 1/2 Im(mlc + mZC) + |w|73/8(N77)71/4 o — |w|1/2
o |'lU| N?’] 9 N?’]

1/4

in Lemma 4.9, with A, < ¥y < |w|~/2®, and A < ¥y + 0 < |w|~/2®. Then (4.54) gives

[0l PIm(me + ma,) + ]/ (N~

T (w, mq)

Nn
Using the stability Lemma 3.10, we get
w2 +mae) ol 1w o w2\
|y —maye| < =75 <—+ﬁ<\w|_ 2 .
Ni/E+1 (Nn)>/8 = Nn— (Nn)>/ N7

Here if \/k + 7 > (log N)~', we use

lw|/?Tm(my, + ma.) < ClogN 1

= ;
Nnyk +1n ~ Npy Nn
if \/k + 71 < (log N)~!, we have Im(my. + ma.) = O(y/k + 1), which also gives that

|w|*?Tm(my, + mae) 1
Nnk+n Nn’
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We then use (4.53) to get that

0 < \ml —m15|—|—

|w|1/21m(m1c+m2c)+|w\1/4(N77)_1/4 oy ‘_1/2 ‘w|1/2 1/24+1/8
w —_— .
Nn Nn
(4.60)
Repeating the previous steps with the new estimate (4.60), we get the bound

|w]*/2 ) Shoy 1/2541/2142

0 < Jw|~Y? [

ol (5,
after [ iterations. This implies the averaged local law 6 < (Nn)~! since [ can be arbitrarily
large. Finally as in (4.49) and (4.51), we have for i # j € 7,

Im(mic + ma.) 1
|G = e[ + [ Graall < Yo +6 <y | = =+ 5
This concludes the proof of the entrywise local law and averaged local law on domain D
when |w['/? + |2|> > c.
When w € Dy, we have proved the entrywise law (see the remark after (4.28)). Also
we can prove a similar estimate as in Lemma 4.9, which implies
1 —+ mi

- +O0- ((N) ™), T(w,ma) < (Nn)~". 4.61
mao 7w<1+m1)2+ |Z‘2 < (( 77) ) (w ml) ( 7)) ( )

The averaged local law then follows from Lemma 3.10. We leave the details to the
reader.

4.5 Proof of Theorem 2.18 when |z| and |w| are small

In the previous proof, we did not include the case where |w|'/? + |z|?> < € for some
sufficiently small constant ¢ > 0. The only reason is that Lemma 3.10 does not apply in
this case. We deal with this problem in this subsection.

The main idea of this subsection is to use a different set of self-consistent equations,
which has the desired stability when |w| and |z| are small. Multiplying (4.24) with |d;|?
and summing over ¢, we get

1 - —1- ma
LE)ym = 1(E) | ) _lisi + 0 (W) (4.62)
Nizzl w(1+sim2)(1+m1)—|z\2 =
Recall that ¥ := DDt = D D. We introduce a new matrix
~ —wX 1 w'/?(X — D7 12)
H(w) := ( WX — D) ol > : (4.63)

and define G := H~!. By Schur’s complement formula, the upper left block of G is

GL=[(X-D'2)(X -D '2)f —wx]7",

and the lower right block is

Gr= [(X — D_IZ)TE(X — D_lz) - w}_l = [(DX _ Z)T(DX —2)— w}_l — Gg.

Now we write m; > in another way as

my = %Tr (Dt (vvT-w) " D] = %TrG‘L, (4.64)
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1 ~ 1 _ _ -1
my = TrGr = Tr (X =D '2)'2(X — D 'z) — w]
1 _ _ -1 1 4=
= STr[(X —=D75)(X — D7 '2)is—w] ' = TTr (z 1GL). (4.65)

We apply the arguments in the proof of Lemma 4.5 to H, and obtain that

Gl (—w|di|2 —wmy  —w'/?zd; !

= (g Tl Y ouul) (4.6

from which we get that

=~ —]. — mi
1(2)Gi = 1(2 + 0~ (Tp)| .
€160 = 1) | T Ty~ O~
Plugging this into (4.65), we get
-1 - mq
1(E)ms = 1 E + O (¥ 4.67
( ) 2 [N Z S w +m2)(1+m1) |Z|2 —1 <( 9) ( )
We take the equations in (4.62) and (4.67) as our new self-consistent equations, namely,
L(Z) fi(m1,m2) = L(2)O(¥y), 1(E)f2(m1,m2) = 1(2)O(¥y), (4.68)
where
1 ].+ mq
Ji(my,ma) ==my+ = > Iis; , (4.69)
N Z w (1 + s;ma) (1+my) — |2)°
1+my

fa(mi,mg) == mg + NZ (4.70)

(14 s;mo)(1+my) —|2]2°
According to the following lemma, this system of self-consistent equations are stable
when |w| and |z|? are small enough.

Lemma 4.10. Suppose that N~ 2|w|~/? < §(w) < (log N)~'|w|~/? forw € D. Suppose
uy,2 : D — C are Stieltjes transforms of positive integrable functions such that

max {| fi (ur, ug)(w)], [ f2(ur, ug)(w)[} < d(w).

Y2 11212 < ¢, we have

Then there exists an € > 0 such that if |w|
lur (w) — mye(w)] + |ua(w) — mac(w)| < CO, (4.71)
for some constant C > 0 independent of w, z and N.

Proof. The proof depends on the estimate of the Jacobian at (m;., ma.). By (3.26) and
(A.35), we have

B i\/%+0(|w|1/2+|z|2) _ ity 1/2+O(|U}‘1/2+|Z| )

mi,. = = )
lc \/w ) 2c \/E
where to = (N~' Y7 | l;/s;)~*. Then we can calculate that

ofi Ofi 1+ 0(|2?) to+ O(w|*? + |2]?) 1/2 2
= :2 .
(o 8f>_ et (" Ot 3L ol + oy ) Ol aP)

We can conclude the stability by expanding fi 2(u1,u2) around (ms., ma.) and using a
fixed point argument as in the proof of Lemma 3.10 in Section A.3. O

With this stability lemma, we can repeat all the arguments in the previous subsections
to conclude the entrywise local law and averaged local law when |w|"/? + |2|? < e.
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5 Anisotropic local law when 7' is diagonal

In this section we prove the anisotropic local law in Theorem 2.18 when 7' is diagonal.
The basic idea of the proof follows from [4, section 5], and the core part of our proof is a
novel way to perform the combinatorics. By the Definition 2.17 (ii) and Definition 2.5 (ii),
it suffices to prove the following proposition for generalized entries of G.

Proposition 5.1. Fix |z|2 < 1 — 7 and suppose that the assumptions of Theorem 2.18
hold. Then for any regular domain S C D,

[(u, (G(w) = II(w)) v)| < ¥ (5.1)
uniformly in w € S and any deterministic unit vectors u,v € CZ.
It is equivalent to prove that
> uly (Grigy = Mgy vy < ¥, gy = ( o ) vy) = < v > (5.2)
i,j€T g J
By the entrywise local law,

Z“[z] Glij) — Mpijp) vpy)

< 2 G = M| g [ora] + D uli G| < U+ >l Gy |-

i#] i#j
Thus to show (5.2), it suffices to prove

Zu v | < P (5.3)
i#]

Note that with the entrywise local law, one can only get that

Zu@]e[mvm < Uljully|lv]; < N,
i#j
using |lul|; < N'/2||u|l; and ||v||; < N'/2||v|2. In particular, this estimate of the ¢! norm
is sharp when u, v are delocalized, i.e. their entries have size of order N~1/2.
The estimate (5.3) follows from the Markov’s inequality if we can prove the following
lemma.

Lemma 5.2. Suppose the assumptions in Proposition 5.1 hold. For any p € 2IN, we have
p

i
E Zu[i]G[ij]v[j] < PP,
i#]
The proof of Lemma 5.2 is based on the polynomialization method developed in [4,

section 5]. For simplicity, we only consider the case with w € D and |z|?> < 1 — 7 in this
section. If w € Dy or 1 + 7 < |2|> < 1+ 771, the proof is almost the same.

5.1 Rescaling and partition of indices

For our purpose, it is convenient to define the rescaled matrix
RY) .= '/2GW), (5.4)

for any J C Z with |J| <[ for some fixed I. Consequently we define the control parameter
d
& = |w|* v (5.5)
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By the entrywise law, for w € D,

-1
R =0.(1), (RJ]) =0x(1), R} =0<(@) fori#j, (5.6)
under the above scaling. Now to prove Lemma 5.2, it is equivalent to prove
p
E|» uliRujvy)| < 97 (5.7)
i#£]
We expand the product in (5.7) as
T ’ ok T - T
Zu[i}R[ij]U[j] = Z H u[ik]R[ikjk]U[jk] ’ H u[ik]R[ikjk]U[jk]'
i#£] ik #JjL €L k=1 k=p/2+1

Formally, we regard {i1, ..., ip, j1, ..., jp} as the set of 2p (index) variables that take values
in Z;. Let B, be the collection of all partitions of {i1, ..., %p, j1, ..., jp } such that i, j, are
not in the same block forall k = 1,...,p. For I" € B,, let n(I") be the number of its blocks
and define a set of Z;-valued variables as

L(F) = {bl,...,bn(p)}. (58)

Now it is convenient to regard I' as a symbol-to-symbol function,
{1, . ip, 1, dpt = L(T), (5.9)

such that each I'"! (b;,) is a block of the partition. Then we can rewrite the sum as

p
;
> uly R

i#)
p/2 p
:
= > Z HU o BraorGorear - L wleeo BiraorGorereos
FGB b€, = —p/2+1

1=1,. ,n(F)
(5.10)

where Z* denotes the summation subject to the condition that the values of by, ...b,, are
ordered as b; < by < ... < b,. We pick one term from the above summation and denote

p/2 P
_ } T
AM) = [T vl Brraororreeo - 11wl BiraorGorar: (5.11)
k=1 k=p/2+1

Notations: For any b, € L, we can define a corresponding Z,-valued variable b;, in the
obvious way, and we denote

[L] := {by1, ... by, b1, ... bn }. (5.12)

For notational convenience, we will also use letters i, j, k, [ to denote the symbols in L.

5.2 String and string operators

During the proof we will frequently use the following resolvent identities for rescaled
matrix R. They follow immediately from Lemma 3.3.

Lemma 5.3 (Resolvent identities for R;;; groups). Fork ¢ J andi,j € 7, \ J U {k}, we
have
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Ul _ plikl | pldl (pl) " pldl
R = RE + RG (BR) R, (5.13)
DN (RN T (R T Bl (pl T Bl [ pla) T
(R[ii}) - <R[ii] ) (R[ii]) R[ik] (R[kk]) R[ki] (R[ii] ) ’ (5’14)
—1 .
F)R N 2 v I () 1] 77[]]
(RE]) =wrmg - w30 HGIRGHG, (5.15)

LI JU{i}

Furthermore, fori # j and L defined in (5.8), we have

[L\{ij}] _ plL\{ij}] [L\{5}] : _ -1/2 —1 (L]
Ry = Ry ™S Ry, with S = —w™ 2 Hggy +w™t Y Hyy Ry i)
kgL
(5.16)
In this section, we expand the R variables in A(T") using the identities in Lemma 5.3.
During the expansion, we need to distinguish carefully between an algebraic expression
and its value as a random variable.

Definition 5.4 (Strings). Let 2 be an alphabet containing all symbols that may appear
-1

during the expansion, such as R{;]j]], (Rw]) , Slij)s uErl.] and v for J C L(T). We define a

string s to be a formal expression consisting of the symbols from %, and denote by JsK

the random variable represented by it. Let 9]t be the collection of all possible strings.
We denote an empty string by (.

Given a string s, after an expansion of R’s in it, we will get a different string s'.
However, they represent the same random variable Jsk = Js’K. During the proof, we will
identify more elements of 2 (see the symbols in (5.32)).

To perform the expansions in a systematical way, we define the following operators

-1
acting on strings. We call the symbols R[;]], (Rm) to be maximally expanded if

[is] [i]
JU{i,j} = L. We call a string s to be maximally expanded if all the R symbols in s is

maximally expanded.

Definition 5.5 (String operators). (i) Define an operator Ték) for Q) € 9, in the following

-1
sense. Find the first Rw] in Q such that k ¢ J U {i,j}, or the first (R%) such that

—1
is found, replace it with R{;]j']c]; if <RE]Z]]) is found, replace it with

k¢ Ju{i}. IFR}]]

J]

TR Y e . *) 1y k) sy
R ; if neither is found, 7; ' (2) = 2 and we say that 7, is trivial for ).

[i4]
(ii) Define an operator Tl(k) for Q € 9M, in the following sense. Find the first

-1
RL]J]] in Q such that k ¢ J U {i,j}, or the first (RE]Z]]) such that k ¢ T U {i}. If
J]

R[ . is found, replace it with R[‘.]] (R[J] >_1 R[J]. ; if (R[i],]) o is found, replace it with
[ig] . . [ik] Uikl] (k4] [éd]
— (RE?]) R%] (ch]) Rm] (RL‘];]) ; if neither is found, Tl(k)(Q) = () and we say that
Tl(k) is null for Q.
(iii) Define an operator p for ) € 9, in the following sense. Find each maximally
expanded off-diagonal R{fj}{ij}] in  and replace it with R{fi]\{ij}]s[ij]]%&}{j}]. If nothing
is found, p(Q2) = Q.

According to Lemma 5.3, for any €2 € 9t we have
r z
(Tg“ + Tf"“) (Q) =JOK, Ip(Q)K = JOK. (5.17)

Definition 5.6. Define the function Fq_nax : 9 — IN (where the subscript “d-max”
stands for “distance to being maximally expanded”) through

Facmax (REY) = 1L\ (T U i)

[i]
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where * could be 1 or —1, and

fdfmax(Q) = Z fdfmax(R»

R variables in 2

Define another function Fog : M — N with Fox(§2) being the number of off-diagonal
symbols in §2.

By off-diagonal symbols, we mean the terms of the form A,; with s ¢ {t,7} or A[;;
with i # j, e.g. Rw] and Sp;;; with ¢ # j. Later we will define other types of off-
diagonal symbols (see (5.32)). Note that a R symbol is maximally expanded if and only if
Fa—max(R) = 0 and a string 2 is maximally expanded if and only if Fyq_ax(Q2) = 0. The
next two lemmas are almost trivial by Definition 5.5.

Lemma 5.7. Fixk € L. If i\ (Q) = Q and =¥ () = 0,
fd—max (T(gk) (Q)> = ]:d—max(Q)a ]:d—max (Tfk)(Q)> = 07 (518)
otherwise,
Fumax (Tg’“>(9)) = Fiman(Q) — 1, Fiema (71(’”(9)) < Ficmax(Q) +4n(D).  (5.19)

For p, we have
Fd—max (P(Q)) - ]:d—max(Q) + a, (520)

where a is the number of maximally expanded off-diagonal R’s in 2.
Lemma 5.8. Fix k € L. For any () € 9, we have

For (1§7()) = Forr (), Forr () = Forr (), (5.21)

and
For(Q) +1 < Fog (Tl(k)(Q)) < For(Q) +2 if 7F(Q) £ 0. (5.22)

5.3 Expansion of the strings

For simplicity of notations, throughout the rest of this section we omit the complex
conjugates on the right hand side of (5.11) (if we keep the complex conjugates, the proof
is the same but with slightly heavier notations). Suppose the right hand side of (5.11)
is represented by a string Q. Given a binary word w = ajas...a,, with a; € {0,1}, we
define the operation

(Qa)w = prm) - pr82) pr{) (Q4) (5.23)

where by, 1, := b, (recall (5.8)) for any 1 < r < nand ¢ € IN. So a binary word w uniquely
determines an operator composition. By (5.17), J(Qa )woK + J(2a)wi1K = J(Qa)wK and so
we get

D I(Qa)wk = 30K

|w|=m
for any m > 1, where |w| denotes the length of w.

Lemma 5.9. Given any w such that |w| = (n* + 1)(p + 6ly) and (Qa)w # 0, then either
Fort(Qa)w) > lo := (8/C +2) p, or (Ua)w is maximally expanded.

Proof. We use mg to denote the number of 0’s in w, and m; to denote the number of
1’s. Furthermore, we use m(()o) to denote the number of 0’s corresponding to the trivial

T0’s, and m((Jl) to denote the number of 0’s corresponding to the non-trivial 7y’s. Assume
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Fort((2a)w) < lp and (24 )w is not maximally expanded. By (5.21) and (5.22), we have
my1 <lp—p <lp. By (5.18)-(5.20), we have

fdfmax((QA)w) S ]:dfmax(QA) + lO + 4nm1 - m(()l)

Then with Fy_ax(2a) = np, we get a rough bound mgl) +my < n(p+6ly). By pigeonhole

principle, there are at least n 0’s in a row in w that correspond to trivial 79’s. This
indicates that (Q2a )w is maximally expanded, which gives a contradiction. O

Lemma 5.10. There exists constants C,,;,, Cp ¢ > 0 such that

> Y B Y s <auNTet <o 529
reB, beI, |w|=(n?+1)(p+6lo),
l:17~~~:n(r) foff((Qa(r))w)Z?o
Proof. The first bound is due to the fact that each summand is of the order O (®/) and
there are at most N2? of them. For the second bound, we used ® < CN~¢/2, O

This lemma shows that all the strings with sufficiently many off-diagonal symbols
contribute at most ®P. It remains to handle the maximally expanded strings. Define a
diagonal symbol as

S[”] = = (dXT 0 ) +w ! Z H[ik]R[kl]H[li]v (525)
T kgL
such that ”
I\ (w —z
(R[ii] ) = ( _z _w1/2) — Slia]- (5.26)

Nt)t\i?gi]all the R symbols in a maximally expanded string are diagonal. We taylor expand
RN 55
[i4]

, -1 bl
(NG _ [ 121 = ok l
R[“] = {w 1/27T[i]c + (S[”] - Bl)} = Z Tic [(S[“] - Bi) 7T'ic] + O.< ((I) 0) y (527)
k=0
1/2) 7.2
where 7). := w'/?mp,, B; = (w [difFmac 1/9 > and for the error term,
0 w Mic
g N g (AP (mae —mi) 0
Shii) — Bi = w / 2 +w 0 | =@
Miec — MMy

by (4.15) and the averaged local law. Now for all maximally expanded (2a)w with
|w| = (n? +1)(p + 6ly), denote by o J(2a)wK the expression after plugging in (5.26) and
(5.27) without the tail terms. Similar to Lemma 5.10, we have

Z Z E Z (q(QA(F))wy - Uq(QA(r))wy) < Cp PP

FEBP b€, |w‘:(n2+1)(p+6lo),
I=1,...,n(T") (A )w maximally expanded

From the above bound and Lemmas 5.9, 5.10, we see that to prove (5.7), it suffices to
show

> > B > Uq(QA(r))wy<Cp,<<I>P. (5.28)

reB, b€, |w|=(n+1)(p+6lo),
I=1,...,n(T") (24 )w maximally expanded
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We write 0 J(2A)wK as a sum of monomials in terms of Sj;;:

oI Qa)wk =Y M(w,A(T),i), (5.29)

where ¢ is an index to label these monomials. Note that after plugging (5.29) into (5.28),
the number of summands M (w, A(T'), %) inside the expectation depends only on p and (.
Thus to show (5.28), it suffices to prove the following lemma.

Lemma 5.11. Fix any I € B,, and binary word w with |w| = (n? +q1)(p + 6102, Suppose

(Qa)w is maximally expanded. Let M (w, A(T")) be a monomial in ¢ (a(r))w . Then we
have

> [EM (w, A())| < Cp.c®P (5.30)
bi€Ty,l=1,...,n(T)
for some constant C), ¢ that only depends on p and (.

For the rest of this section, we fix a I' € 3, and a maximally eépanded (Qa))w with
|w| = (n® 4+ 1)(p + 6ly). Then we fix a monomial M(w,A(T)) in o (Qar))w - Let Qs be
the string form of M (w, A(I')) in terms of S;;;. It is not hard to see that

Forr (1) = Forr (Qa)w) - (5.31)

Now we decompose S;; as

_ oX X R R R R
Sg = S5 +S;; + S5 + Sij + 555 + Sy, (5.32)
where we define the following symbols in 2:
0 1 - 0 0
X d X = X . g.xT
Sij T deZ] (O 0) ) Sz‘j T leij (1 O) ) (5.33)
(L] (L]
R._ - (0 R; R._ vyt (B 0
SHi= " didi XX (0 i ) , SH= Y didi XX < (R (5.34)
kgL k,l¢L
- 0 0 _ - 0 0
1= f X, R._ fxt
Sfi= Y did X1, X5 (o R[L]>’ Sii= Y did X3 XL <R[LJ 0). (5.35)
kgL ki kgL ki

We expand the S[;;’s in M (w, A(I')) using (5.32), and write M (w,A(T')) as a sum of
monomials in terms of SX and S&:

M(w,A(T) = > Q(w, A(T), i), (5.36)

where 7 is an index to label these monomials. Again it is not hard to see that
Fort (20) = Forr (1) = Forr ((Qa)w) - (5.37)

Since the number of summands in (5.36) is independent of NN, to prove (5.30) it suffices
to show

> [EQ(w, A())| < C, -®P (5.38)
biE€Ty,l=1,...,n(T)

for any monomial Q(w, A(T')) in (5.36). Throughout the following, we fix a Q(w, A(T"))
with nonzero expectation, and denote by Q¢ the string form of Q(w, A(I")) in terms of
SX and SE. Notice the R variables in SZ are maximally expanded. As a result, the
SX variables are independent of S& variables in Q(w, A(T')). Therefore we make the
following observation: if S appears as a symbol in ), then Q) contains at least two of
them.
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Definition 5.12. Recall I' defined in (5.9). Let h be the number of blocks of I' whose

sizeis 1, i.e.
n(T)

he=>Y 1(|T7 (b)) =1). (5.39)

1=1
Forl =1,...,n, define

I .= |{Z.1,...,ip}ﬂril(bl)|, Jp = |{j1,...,jp}ﬂl“’1(bl)| .

Lemma 5.13. Suppose for any by, ..., b, taking distinct values in 7.,

|EQ(w,A())| < ON"202 TT [ugp|" o™ (5.40)
=1

holds for some constant C' independent of N. Then the estimate (5.38) holds.

Proof. By Cauchy-Schwarz inequality,

N {N1/2 ifa+b=1

a b< )
;\U[kﬂ Pl <07 e

Thenusing h= > 1(; + J, =1), we get
=1

*

3 EQ(w, A))| < CON2TT S Jupy|" o | < COP. 0

b €Zq,l=1,..., n(T) l=1b€Z4

Hence it suffices to prove (5.40). The key is to extract the N —h/2 factor from
EQ(w,A(I')). For this purpose, we need to keep track of the indices in L during
the expansion.

Definition 5.14. Define a function F;, : L x M — N with F;, (I, Q) giving the number of
times | or | appears as an index of an off-diagonal R or S symbol in Q.

The following lemma follows immediately from Definition 5.5 and the expansions we
have done to obtain Qg from (Qa)w-.

Lemma 5.15. (1) For any string 2, jfTék) is not trivial for (), then

Fin (z, Tg’”(m) = Fu(,Q), Fun (1,71(’”(9)) = Fiu(,Q) +a, a € {0,2). (5.41)
(2) For any string (,
Fin (1, p(Q)) = Fin(l, Q). (5.42)
(3) For any maximally expanded (Qa)w,

Let Qg be the substring of ) containing only S* symbols, and Qg be the substring
of Q¢ containing only S symbols. Define

V= {l € L| ]:in(vaA) = 1}7 (544)

and
Vo :={l € L| Fin(l,Qa) = 1 and Fin (1,Q3) = 0}, (5.45)
V1= {l € L| Fin(l,Q) = 1 and Fis (1,Q) > 2}. (5.46)

Recall the observation above Definition 5.12, we have V = Vy U V; and

h=V|= Vol + W1l
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Let ny be the number of off-diagonal S* symbols in Qg and np be the number of off-
diagonal S symbols in Qg. Note that n, := nx + np is the total number of off-diagonal
symbols in Qg.

5.4 Introduction of graphs and conclusion of the proof

We introduce graphs to conclude the proof of (5.40). We use a connected graph to
represent the string Q¢, call it by B . The indices in [L] are represented by black nodes
in 8go. The SX or S symbols in Qg are represented by edges connecting the nodes
s and t. We also define colors for the nodes and edges, where the color set for nodes
is {black,white} and the color set for edges is {S~, S% X, R}. In &, all the nodes are
black, all SX edges are assigned S¥ color and all S” edges are assigned S color. We
show a possible graph in Fig. 3. In this subsection, we identify an index with its node
representation, and a symbol with its edge representation.

Definition 5.16. Define function deg on the nodes set [L] such that deg(l) gives the
number of ST edges connecting to the node I.

By Lemma 5.15, we see that for any [ € V),

Fin(l,Q0) = deg(l) +deg(l) =1 (mod 2). (5.47)
Hence
Vol = > [Fin(1,2) mod 2] <> [(deg(l) mod 2)+ (deg(l) mod2)]. (5.48)
1eVo IS

Now we expand the S% edges. Take the Sg edge as an example (recall (5.34)). We
replace the Sg edge with an R-group, defined as following. We add two white colored
nodes to represent the summation indices k,[ ¢ [L], two X-colored edges to represent

- [L]
X and X;3, and an R-colored edge connecting k and ! to represent Ry . We call

the subgraph consisting of the three new edges and their nodes an R-group. If i = j,
we call it a diagonal R-group; otherwise, call it an off-diagonal R-group. We expand
all the S* edges in G ¢p into R-groups and call the resulting graph &4;. For example,
after expanding the S¥ edges in Fig. 3, we get the graph in Fig.4. In the graph 601,
the R edges, X edges and S¥ edges are mutually independent, since the R symbols are
maximally expanded, and the white nodes are different from the black nodes.

by bs
o —05s5¢
o 5X
o
by by bs

Figure 3: An example of the graph &y.

Notice that each white node represents a summation index. As we have done for the
black nodes, we first partition the white nodes into blocks and then assign values to the
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Figure 4: The resulting graph &, after expanding each ST in Fig. 3 into R-groups.

blocks when doing the summation. Let W be the set of all white nodes in &, and let
W be the collection of all partitions of W. Fix a partition v € VW and denote its blocks by
Wi, ..., Wi (4. If two white nodes of some off-diagonal R-group happen to lie in the same
block, then we merge the two nodes into one diamond white node (Fig. 5a). All the other
white nodes are called normal (Fig. 5b). Let ng) be the number of diamond nodes (which
is < the number of diagonal R-edges in &;). Then we trivially have (recall Definition
5.16)

# of white nodes = —n) + Z [deg (by,) + deg(by)] - (5.49)
k=1

(a) Diamond white node.

(b) Normal white nodes.

Figure 5: Two types of white nodes

By (5.48), there are at least |V,| black nodes with odd deg in [Vy] (where [Vy] is defined
in the obvious way). WLOG, we may assume these nodes are by, ..., by, |. To have nonzero
expectation, each white block must contain at least two white nodes. Therefore for each
k=1,...,|Vo|, there exists a block connecting to b; which contains at least 3 white nodes.
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Call such a block W (b), and denote by A(bx) the set of the adjacent white nodes to by,
in W(by). Be careful that the W (by)’s or A(b)’s are not necessarily distinct. WLOG, let
W1, ..., W, be the distinct blocks among all W (b;)’s. Define

Voo := {bx| A(br) has no normal white nodes, 1 < k < [V},

and
Vo1 := {bk| A(br) has at least one normal white node, 1 < k < |[Vy|}.

The following lemma gives the key estimates we need.
Lemma 5.17. For any partitiony € W,

. . . (d) n 7
m(y) < Yool = Wonl/2 = s +2Zk:1 [deg(bk)ereg(bk)], (5.50)

and
nx +ng > p+ Vil + Vool, nx > Vi, n%‘) > |Vool- (5.51)

Proof. The second inequality of (5.51) can be proved easily through
V1| < {k € L|Fin(k,Q5) > 2} < nx.

Notice for by, € Vo, A(b) contains at least three diamond white nodes, while each of the
white node is shared by another b;. Thus we trivially have |Vyo| < ng).

Now we prove (5.50). A diamond white node is connected to two black nodes and a
normal white node is connected to one black node. Hence a diamond white node belongs
to two sets A(bg, ), A(bk,), and a normal white node belongs to exactly one set A(by).
Therefore for each ¢ = 1, ..., d, if W, contains exactly one A(by), then

1y, (b
(Wil > 3> 24 1y, (b) + %
Otherwise if W; contains more than one A(b), then
3 1y, (b
br:A(br)CW; bt A(br)CW;

Here the first inequality can be understood as following. For each black node b; with
A(br) € W;, we count the number of white nodes in A(b;) and add them together. During
the counting, we assign weight-1 to a normal white node and weight-1/2 to a diamond
white node (since it is shared by two different black nodes). If b, € Vo, there are at
least three diamond white nodes in A(b;) with total weight > 3/2; if by, € V1, there are
at least one normal white node and two other white nodes in A(b;) with total weight
> 2. Thus Y2 s b ycw; (2 Loy (bi) +3/2 - 1y, (by)) is smaller than the number of white
nodes in W;. Then summing |W;| over i, we get

d
Z|W|>2d+|V01|+

=1

|Voo|

For the other m — d blocks, each of them contains at least two white nodes. Therefore

v
2m + |V01| + | 00'

d
Z Wil +2(m—d) < nR —i—Z deg (by,) + deg(by)],
i=1 k=1

where we used (5.49) in the last step. This proves (5.50).
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For by, € Voo, A(br) contains at least three white nodes from off-diagonal R-groups,
Voo C{bk € L| Fin(br, Qa) = 1 and Fin(be, ) > 3} =: V.

Recall Lemma 5.15, only Tl(k) can increase F;,. Thus w contains Tl(b’“) for each by, € ViUV,

(recall the definition of V; in (5.46)). Therefore by (5.22), (5.37) and the fact that Vg
and V; are disjoint, we have

nx +nr = For((Qa)w) >For(Qa) + V1 UVa| > p+ [Vi| + Vool
This proves the first inequality of (5.51). O

Now we prove (5.40). By (2.3) and (5.6), a diagonal R edge contributes 1, an off-
diagonal R edge contributes ®, and an S¥ or X edge contributes N~'/2. Denote

n
U =T fupal" [vpa]™ -
=1

Then using Lemma 2.21, we get

IEQ(w, A())|
* n 7
nx (d) deg(bk)+deg(bk)
<cu(N12)T N 3 oreri T (N-12)
YEW y(W1),....y (Wi )EZ\L k=1
kildeg(bk)ﬁ—deg(gk) (@
< QUN-N/2 3T N el

yEW

d
—[Vo1l—IVool/2—ntP
2

B (I)"R—"gg)

< CUN—"x/? Z N

yeEW
< CUN—I/? Z N—(nx—=ViD)/2 (0 Voo ) /2 rr—nly
YEW
< CUN—M2 N grxtnr=Pal-Mul < cyN—h/2¢P,
YEW

where in the third step we used (5.50), in the fourth step h = [V| = V1| + |Voo| + [Voul,
in the fifth step N~1/2 < ® and (5.51), and in the last step (5.51). Thus we have proved
(5.40), which concludes the proof of Proposition 5.1.

6 Anisotropic local law: self-consistent comparison

In this section we prove Theorem 2.19. We first prove the anisotropic and averaged lo-
cal laws under the vanishing third moment assumption (2.23). When > N~1/2+¢|my, |71,
the anisotropic and averaged local laws can be established without assuming (2.23). For
convenience, we only consider the case with w € D and |2|? < 1 — 7 in this section. The
proof for the other cases is very similar.

Following the notations in the arguments between Theorems 2.18 and 2.19, we have

= —w(DID)~! w'2(ViX — (UD)'2) \ =t
H(TX —zw)=T ( w'/2(Vi X — (UD)~12)f —wl o
= UD 0
T := ( 0 I ) . (6.1)
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Now we define

—w(D'D)! w2 (ViX — (UD)'2) \ o
G(w) := |w|”2< 12 i ) = |w|Y?T'GT.
w (VlX — (UD) z) —wl
(6.2)
Since T is invertible and ||T'|| + ||T!|| < 7~! by (2.4), to prove the anisotropic law in
Theorem 2.19, it suffices to show that for all deterministic unit vectors u,v € I,

<u, (g(w> - H(w)) v> < ®(w), (6.3)
where
T(w) == [>T )T, ®w):= |w|*/2¥(w). (6.4)

Notice we have ||II| = O(1) by (3.31). By the anisotropic local law in Theorem 2.18
and the remark around (2.50), if X = X&euss g Gaussian, then (6.3) holds. Hence for a
general X, it suffices to prove that

(u, (G(X,w) — G(XT" w)) v) < B(w). (6.5)

Similar to Lemma 3.5, we can prove the following estimates for G.

Lemma 6.1. Fori € I{”, we define v; = Vie; € C11, i.e. v, is the i-th column vector of
Vi. Letu € €Tt and w € C%2, then we have for some constant C > 0,

I wWw
> Gwnl® = o] /2 G (6.6)
HELy n
I uu
D Gy, P < O] /2 MG (6.7)
ieTM N
- I WwW
S G’ <C <w| Y21G el + ]2 mg) , (6.8)
ieTM n
- Im Guu
> 1Gul*<C (Iw Y216 | + |w] g) . (6.9)
pneLs n

6.1 Self-consistent comparison

Our proof basically follows the arguments in [24, Section 7] with some minor modifi-
cations. Thus we will omit some details during the proof. By polarization, it suffices to
prove the following proposition. In fact, we can obtain the more general bound (6.3) by
applying (6.10) to the vectors u + v and u + iv, respectively.

Proposition 6.2. Fix |z|2 < 1 — 7 and suppose that the assumptions of Theorem 2.19
hold. If (2.23) holds or > N~'/?*C|m,,|~', then for any regular domain S C D,

<v, (g(w) - H(w)) v> < B(w) (6.10)

uniformly in w € S and any deterministic unit vectors v € CZ.

We first assume that (2.23) holds. Then we will show how to modify the arguments
to prove the > N~V 2+C¢my,.|~! case. The proof consists of a bootstrap argument from
larger scales to smaller scales in multiplicative increments of N9, where

¢
§e <o, 200) (6.11)
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with Cy > 0 being a universal constant that will be chosen large enough in the proof. For
any > |mic|”' N71¢, we define

m:=nN°for |=0,.,L—1, np:=1. (6.12)

where L = L(n) := max {{ € N| pN°(~1) < 1} . Note that L < 25,

By (3.13), the function w — G(w) — ﬁ(w) is Lipschitz continuous in S with Lipschitz
constant bounded by CN3. Thus to prove (6.10) for all w € S, it suffices to show that
(6.10) holds for all w in some discrete but sufficiently dense subset S C S. We will use
the following discretized domain S.

Definition 6.3. Let S be an N~ °-net of S such that |S| < N2° and
E+ineS=FE+ipeSforl=1,...L(n).

The bootstrapping is formulated in terms of two scale-dependent properties (A,,)
and (C,,,) defined on the subsets

S,, = {w €es | Imw > N_ém}.

(A,,) Forallw € §m, all deterministic unit vector v, and all X satisfying (2.2)-(2.3), we
have

Im Gy (w) < |w|*?Im [my.(w) + mac(w)] + NCO®(w). (6.13)

(C,,) Forall w € §m, all deterministic unit vector v, and all X satisfying (2.2)-(2.3), we
have

Gov (W) — Tyy (w)]| < NCOD(w). (6.14)
It is trivial to see that property (Ag) holds. Moreover, it is easy to observe the following
result.

Lemma 6.4. For any m, property (C,,) implies property (A.,).
Proof. This result follows from (3.33). O

The key step is the following induction result.
Lemma 6.5. For any 1 < m < 25!, property (A,,_1) implies property (C,,).

Combining Lemmas 6.4 and 6.5, we conclude that (6.14) holds for all w € S. Since §
can be chosAen arbitrarily small under the condition (6.11), we conclude that (6.10) holds
for all w € S, and Proposition 6.2 follows. What remains now is the proof of Lemma 6.5.
Denote

Fo(X,w) = |Gy (X, w) — yy (w)]. (6.15)

By Markov’s inequality, it suffices to prove the following lemma.

Lemma 6.6. Fixp € 2IN and m < 20~'. Suppose that the assumptions of Proposition 6.2,
(2.23) and property (A,,—1) hold. Then we have

EF?(X,w) < (N ®(w))” (6.16)

forallw € §m and all deterministic unit vectors v.

In the following, we focus on proving Lemma 6.6. First, in order to make use of the
assumption (A,,_1), which has spectral parameters in S,,,_1, to get some estimates for
spectral parameters in S,,, we shall use the following rough bounds for Gy, .
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Lemma 6.7. Foranyw = E +in € S and x,y € C%, we have

L(n)

Gxy(w) — ﬁxy(w)‘ ~<N? Z [Im G, e, (£ + i) + Im Gy, (B + imy)
=1

HmGyy, (B + i) +1m Gy,y, (B +ip)] + [[x[2]ly 2,

where x = < zl ) andy = < zl ) forx,,y; € €' and x5,y2 € C*2, and 1, is defined
2 2
in (6.12).

Proof. The proof is similar to the one for [24, Lemma 7.12]. O

Recall that for a given family of complex square random matrices 4, we use A = O<(¢)
to mean |[(v, Aw)| < (||v||2||w]||2 uniformly for all deterministic vectors v and w (see
Definition 2.5 (ii)).

Lemma 6.8. Suppose (A,,_1) holds, then
G(w) — I(w) = O (N?) (6.17)

and
Im Gyy < N ||w|2Im (mye(w) + mae(w)) + NCOd(w) (6.18)

forallw € §m and all deterministic unit vector v.

Proof. Letw = FE +in € §m. Then E + in; € §m,1 forl=1,...,L(n), and (6.13) gives
Im Gy (w) < 1. The estimate (6.17) now follows immediately from Lemma 6.7. To prove
(6.18), we remark that if s(w) is the Stieltjes transform of any positive integrable function
on R, the map 1 — nlm s(E + in) is nondecreasing and the map 7 +— 1~ Im s(E + in) is
nonincreasing. We apply them to |w|~'/?Im G, (E + in) and Im m1 ».(E + in) to get for
wi = E +im € Sy,

|w|1/2

s 1
ImGyy(w) <N |wr | 1/2

Im gvv (wl)

wl/?
<V 2t ) + ) + N )|
1

< N2 [ 21 )+ e 0) + NP5

where we used ®(w) := |w|"/?¥(w) and the fact that 1 — W(E + i7) is nonincreasing,
which is clear from the definition (2.45). O

Now we apply the self-consistent comparison method introduced in [24, Section 7] to
prove Lemma 6.6. To organize the proof, we divide it into two small subsections.

6.1.1 Interpolation and expansion

Definition 6.9 (Interpolating matrices). Introduce the notation X° := X“ouss and X! :=
X. Let pj, and pj, be the laws of X{, and X},, respectively, fori € I} and . € T,. For
6 € [0, 1], we define the interpolated law

p?p, = (1 - Q)p(z)u + QPZI;L

EJP 22 (2017), paper 60. http://www.imstat.org/ejp/
Page 48/77


http://dx.doi.org/10.1214/17-EJP76
http://www.imstat.org/ejp/

Local circular law for the product of a deterministic matrix with a random matrix

We shall work on the probability space consisting of triples (X°, X% X') of independent
I x I, random matrices, where the matrix X? = (X{,) has law

II 11 Ab.taxs,). (6.19)

i€IM pels

For A € R, i € IM and u € I,, we define the matrix X(Gi’;\) through

<X947A> = {XZGH if (]7 V) ?é (Z’ 'u) .
(ip) j A if (]7 V) = (1a :u’)

We also introduce the matrices
0 L 0 0,1 . 0,
G'(w) =G (X% w), Gl (w) =g (X w),

according to (6.2) and the Definition 2.11.

We shall prove Lemma 6.6 through interpolation matrices X? between X° and X!. It
holds for X° by the anisotropic law in Theorem 2.18 (see the remark above (6.5)).
Lemma 6.10. Lemma 6.6 holds if X = XO.

Using (6.19) and fundamental calculus, we get the following basic interpolation
formula.

Lemma 6.11. For F : R%" %% _ C we have

d 0,X9,
G BF(X?) = >y {IEF( ) EF (X(w) )] (6.20)

i€TM pels

provided all the expectations exist.

We shall apply Lemma 6.11 with F'(X) = F2(X,w) for Fy, (X, w) defined in (6.15). The
main work is devoted to proving the following self-consistent estimate for the right-hand
side of (6.20).

Lemma 6.12. Fix p € 2IN and m < 26~!. Suppose (2.23) and (A,,_1) holds, then we
have

% {EF‘? <Xf:§> — EF? <X(":§)] = O (N9°®) + EFP(X% w))  (6.21)

i€ pelz

forall 6 € [0,1], allw € S,,, and all deterministic unit vector v.

Combining Lemmas 6.10, 6.11 and 6.12 with a Gronwall argument, we can conclude
the proof of Lemma 6.6 and hence Proposition 6.2.

In order to prove Lemma 6.12, we compare X(l’u)l“ and X( )“‘ via a common XZE)'

i.e. under the assumptions of Lemma 6.12, we will prove

S []EFP( ”“) EFP (X“ )] = O ((N“°®)? + EFP(X? w))  (6.22)

(i)
i€ZM pels

for all u € {0,1}, all € [0,1], all w € S,,, and all deterministic unit vector v.
Underlying the proof of (6.22) is an expansion approach which we will describe below.

Throughout the rest of the proof, ‘we suppose that (A,,—1) holds. Also the rest of the

proof is performed at a single w € S,,. Define the M x IM (recall Definition 2.9) matrix

A(w) through

(M), o= Mists + Mibys, 1 €T p € T, (6.23)
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Then we have for any A\, \’ € Rand K € IN,

K+1
A=) K41 A=\
Glimy = <w>+20‘ Glim (VA iV g(w) +a T GhD (VA(W v g(w)) )
(6.24)
where V := (‘61 ?_) and « := "u’jll—l/z The following result provides a priori bounds for

the entries of g?;/j).

Lemma 6.13. Suppose that y is a random variable satisfying |y| < N~—1/2, Then
g(zu) ﬁ = O<(N26) (6.25)

foralli € I{” and p € Is.
Proof. See [24, Lemma 7.14]. O

In the following, for simplicity of notations, we introduce f(;,)(A) := FJ(X (w)) We

use f((ﬁt)) to denote the n-th derivative of f(;,). By Lemma 6.13 and expansion (6.24) we
get the following result.

Lemma 6.14. Suppose that y is a random variable satisfying |y| < N~'/2. Then for fixed
n €N,

(n) 25 (n+p)
[ )| =< oo, (6.26)

By this lemma, the Taylor expansion of f;,) gives

Fa (y Z v Ll (0) + O4(@), (6.27)
provided Cy is chosen large enough in (6.11). Therefore we have for u € {0, 1},
BFy (X(0") —BF (X009
=B [fon (Xil) = Fiim (0)]
= B fu(0) + 55 BSE)0) + Z CE 0 (X5)" + 0-(@)

where we used that X};, has vanishing first and third moments and its variance is 1/N.
Thus to show (6.22), we only need to prove for n = 4,5, ..., 4p,

NN S [BIGH 0] = 0 (N + BRY(X, w)) (6.28)

i€TM pels

where we used (2.3). In order to get a self-consistent estlmate in terms of the matrix X

on the right-hand side of (6.28), we want to replace X ) in T (0) == FP(X(GZS)) with
X6‘ X9 X(w)
(ip)
Lemma 6.15. Suppose that
DYDY ‘E £ (8 ’ O ((NCD)P + BEFP(X? w)) (6.29)
i€IM pels
holds forn =4, ...,4p, Then (6.28) holds forn = 4, ...,4p.
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Proof. From (6.27) we can get

4p—-l
1 ! Y" (s
Ty O) = £y () = D T fi " (0) + O<(NV/2a). (6.30)
n=1 ’

The result follows by repeatedly applying (6.30). The details can be found in [24, Lemma
7.161. O

6.1.2 Conclusion of the proof with words

What remains now is to prove (6.29). For simplicity, we abbreviate X? = X for the
remainder of the proof. In order to exploit the detailed structure of the derivatives on
the left-hand side of (6.29), we introduce the following algebraic objects.

Definition 6.16 (Words). Given i € I{W and pu € I,. Let W be the set of words of
even length in two letters {i,u}. We denote the length of a word w € W by 2n(w)
with n(w) € IN. We use bold symbols to denote the letters of words. For instance,
w = tysotoss - - - t, 8,41 denotes a word of length 2n. Define W,, := {w € W : n(w) = n}
to be the set of words of length 2n. We require that each word w € W,, satisfies that
tisi11 € {ip, pi} forall1 <1 <n.

Next we assign each letter x its value [*] through [i] := v;, [u] := p, where v; € CTt is
defined in Lemma 6.1 and is regarded as a summation index. Note that it is important
to distinguish the abstract letter from its value, which is a summation index. Finally, to
each word w we assign a random variable A, ; ,(w) as follows. If n(w) = 0 we define

Av,i,u(w) = gvv _ﬁvv-
Ifn(w) > 1, say w = t1sataesz - - - t,, 8,41, we define

Avipn(W) = Gylty) Gisalita] =+ Gisnlltn] lsnia] v - (6.31)

Notice the words are constructed such that, by (6.24),

(3«)69‘”)” (gvv a ﬁ"") = (—a)"nl Y Aviu(w)

weW,,

forn =0,1,2,..., with which we get that

(5%;) R0 = oy ¥ T/[n

ni+-+np=nr=1

o

x Z Z Av,i,u(wr)m

Wr&Wn, Wrip/2€Wn, 4

Then to prove (6.29), it suffices to show that

p/2

NN N IE]] Aviw(we)Av i (wrp2)| = O (N°®)P + BFP(X?,w))  (6.32)
i€ZM pels r=1

for 4 <n < 4p and all words w, ..., w, € W satisfying n(w1) + - - - + n(w,) = n. To avoid
the unimportant notational complications associated with the complex conjugates, we in
fact prove that

N2 N H vin(w)| =0 (N @)Y + EFP(X?, w)). (6.33)
i€IM p€lz | r=1
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The proof of (6.32) is essentially the same but with slightly heavier notations. Treating
empty words separately, we find it suffices to prove

q
NN N R|AL (wo) [ Aviiw(we)| = O (NC°@)P + BEF2(X?,w))  (6.34)
r=1

i€TM pels

for4 <n <d4p, 1 < ¢ < p, and w, such that n(wy) =0, > n(w,) = n and n(w,) > 1 for
r>1.
To estimate (6.34) we introduce the quantity

Rs = |Gy, (6.35)
for s € Z, where as a convention we let v, = ¢, for u € Zs.
Lemma 6.17. For w € WW we have the rough bound
|Av i (w)] < N2, (6.36)
Furthermore, for n(w) > 1 we have
[Av,ip(w)| < (R? + RZ )N ()=, (6.37)
For n(w) = 1 we have better bound
[Aviu(w)] < RiRy. (6.38)

Proof. (6.36) follows immediately from the rough bound (6.17) and definition (6.31).
For (6.37), we break Ay;,(w) into Gy, (Gssita] * Gisnlien)) /> times
(Gisafta] ** " Gisultn]) /2 Gps,..a) v @and use Cauchy-Schwarz inequality. (6.38) follows from
the constraint t; # s in the definition (6.31). O

By pigeonhole principle, if n < 2¢g—2 there exists at least two words w, with n(w,.) = 1.
Therefore by Lemma 6.17 we have

q
Agzqu wWo H V, %, [t wr
< N25<"+Q> FP9(X)(1(n>2¢—1)(R; +R;) +1(n < 2¢ — 2)RR). (6.39)

By Lemma 6.1, we have

1 1 [w|'?Tm Gy +n)w| "2 |Gyy|
LY R TR
N ieTM N nELy N

_ o lwlm(mae +mac) + jw|!/2NC0P

< N(©+2)092 (6,40
N , )

w|~Y2n = O(Jw|Tmmy,.)
by Lemma 3.7, and in the last step the definition of . Using the same method we can

get
N2 > RIRE < (N(Crig2 )2. (6.41)

i€ZM pels

Plugging (6.40) and (6.41) into (6.39), we get that the left-hand side of (6.34) is bounded
by

2 4
N2 N2 t2) | g X) <1(n >9q— 1)<N005/2<I>) F1(n<2-2) (NC°5/2cI>) ) .
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Using ¢ > N—1/2, we find that the left hand side of (6.34) is bounded by
n—2 n
N26(nta+2) | pp=a(x) (1(n >92¢ 1) (NCO5/2<I>) +1(n<2-2) (NCOJ/‘Z@) )
n—2 n
<EFPI(X) (1(n >2¢—1) (Ncoé/2+125¢) +1(n<2¢-2) (NC°6/2+125<I>) )

where we used that ¢ < n and n > 4. Choose Cy > 25, then by (6.11) we have
NC08/2+125 < NC/2 and hence N€09/2+120p < 1. Moreover, if n > 4 and n > 2¢ — 1, then
n > g + 2. Therefore we conclude that the left-hand side of (6.34) is bounded by

EFP-9(X) (N“%g)?. (6.42)

Now (6.34) follows from Holder’s inequality. This concludes the proof of (6.29), and
hence of (6.22), and hence of Lemma 6.5. This finishes the proof of Proposition 6.2 under
the assumption (2.23).

In the rest of this section, we prove Proposition 6.2 when n > N~/2+¢|my.|~! without
assuming (2.23). In this case, we can verify that

o < NTU/A=0/2, (6.43)
Following the previous arguments, we see that it suffices to prove the estimate (6.29) for

n = 3. In other words, we need to prove the following lemma.

Lemma 6.18. Fix 1 <m < 2§~! andp € 2IN. Letw € §m ND (recall (2.44)) and suppose
(A,,—1) holds. Then we have

N2 NSRS (X8| = O (NP@)” + BFY(X?,w)) . (6.44)
i€TM pels

Proof. The main new ingredient of the proof is a further iteration step at a fixed w.
Suppose )
G—11=0.(N?¢) (6.45)

for some ¢ < 1. By the a priori bound (6.17), (6.45) holds for ¢ = 1. Assuming (6.45), we
shall prove a self-improving bound of the form

NS B (x| =

i€eTM pels

- ((NCO%)P 4 (N~$/4g)P + BEFP(X?, w)) . (6.46)

Once (6.46) is proved, we can use it iteratively to get an increasingly accurate bound
for the left hand side of (6.14). After each step, we obtain a better a priori bound (6.45)
where ¢ is reduced by N~¢/4. Hence after O((~!) iterations we can get (6.44).

As in Section 6.1.2, to prove (6.46) it suffices to show

q
N732INT N AR (wo) [ Avis ()| < FETIX)(N(@m D00 + N=¢/2¢)9, (6.47)

Vi,
ZEIM HELs r=1

which follows from the bound
q
NN N T Aviwn) | < (N0 4 N=C/2g)0, (6.48)
i€TM pETy r=1

Each of the three cases ¢ = 1, 2, 3 can be proved as in [24, Lemma 12.7], and we leave
the details to the reader. This concludes Lemma 6.18. O
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6.2 Averaged local law for T'X

In this section we prove the averaged local law in Theorem 2.19. Again for conve-
nience, we only consider the case with w € D and |z\2 <1 — 7. First we assume (2.23)
holds. The anisotropic local law proved in the previous section gives a good a priori
bound. In analogy to (6.15), we define

F(X,w) : = [w]/?[mz(w) — mae(w)| =

5 3 Gulw) 0] macw)]

vELy

Since ®2 = O(|w|*/2/(Nn)), it suffices to prove that F' < ®2. Following the argument in
Section 6.1, analogous to (6.29), we only need to prove that

VoYY

i€TM peTs

E (8;1# ) ' ﬁp(X)‘ =0 ((N5q>2)P + EﬁP(X)) (6.49)

forall n =4, ...,4p. Here § > 0 is an arbitrary positive constant. Analogously to (6.33), it
suffices to prove that forn =4, ...,4p,

NTES DB f[ (le > Aey,i,u(wr)>' =0 ((N'o?y + BFP(X))  (6.50)

i€TM pels veELy

r=1

for ), n(w,) = n. The only difference in the definition of A ; ,(w) is that when n(w) = 0,
we define
Avipn(w) == Gyy —|w\1/2mgc.

Similar to (6.35) we define
Ruﬁs = |guv5

+ Gy - (6.51)

By the anisotropic local law, G —II = O~ (®). Hence combining with Lemma 6.1 and
(3.33), we get

1 o [P Im Gy v, 0wV |Gy | [wlim(mie +mac) + ]2 2
_ s Vs s Vs — @ .
N V; RV’S = Nn = Nng 0(2%)
(6.52)
Since G = OL(1) by the anisotropic local law, we have
1 1
v D Aeyip(w)] < N > (R +RE,) <@ forn(w) > 1. (6.53)
vels vels

Following (6.53), for n > 4, the left-hand side of (6.50) is bounded by
E FP~9(X)(9?)4.

Applying Holder’s inequality, we conclude the proof.
Then we prove the averaged local law when 7 > N~1/2%¢|m,,.|~!. It suffices to prove

N2 N B <8)‘zm>3ﬁp()() =0 ((N5q>2)” + (N

ieZM pels

—co/2

p
> +EFP(X)>, (6.54)

for some small constant ¢y > 0. Analogous to the above arguments, it reduces to show
that

DY ﬁ <11v > Aewi,u(w,.)> =0 (@2q - (%;)q) : (6.55)

i€IM pels r=1 VET,
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where ¢ is the number of words with nonzero length. Again we can prove the three cases
q=1, 2, 3asin[24, Lemma 12.8], and we leave the details to the reader. This concludes
the averaged local law.

A Properties of p, ;. and Stability of (2.11)
A.1 Proof of Lemma 2.3 and Proposition 2.14

We now prove Lemma 2.3. First is a technical lemma for f defined in (2.15).

Lemma A.1. For w > 0 and |z| > 0, f can be written as

f(Ww,m) = —vw+m+w 1?4 lez< L4 Bi + Cs > (A.1)

m—a; m-—b m+g

where we have the following estimates for the poles and the coefficients,

2 _ 2
max(| [, ijl' )<ai<sl+\/£|+|z|, p < Ap_1 < ...<ai, (A.2)
2
0<b <by<...<b, <min (|z|, |\/|E) , (A.3)
21*) + v/ (s: + |2]?)? + dw|z|?
+12) \/2f|| 17l <c <z, g <ea<...<cp, (A.4)

and
. 2 ) 2 4 9
0<a, <otV (o psit PVl s AR+ V]
w w
(A.5)

Proof. The proof is based on basic algebraic arguments. Let
= Vaom® — (s; + [2[)m® — vwlzPPm + ||,
It is easy to verify that
A = 18(s; + |2[))w|2|® + 4(s; + 22)2|2)* + (si + |2]*)?w]|z|* + 4w?|2|® — 27w|2[® > 0.

Thus p; has three distinct real roots. By the form of p;, we see that there are two positive
roots and one negative root, call them a; > b; > 0 > —c¢;. Now we perform the partial
fraction expansion for the rational functions in (2.15):

il i - & (A.6)
Vwm3 — (s; + [2]2)m? — VwlzPm + |z m—a; m—b; m+tc;’ '
where
A= af — |2 B — b — |2’ o N

¢ \/E(CL, —bi)(ai—i—ci)’ ¢ \/’lj(bl —ai)(bi—i-ci)’ ¢ \/E(ci—l—ai)(ci —‘rbl)
We take s; = 0 in p; and call the resulting polynomial as

z
po = vum?® — |z]*m? — Vw|z]*m + |2|* = Vw [ m — 2 (m® — |2]?),
Vw
which has roots m = +|z|,|z|?/\/w. By (2.7), we have p; < ps < ... < p, < po for all
m # 0. Comparing the graphs of p;’s (as cubic functions of m) for 0 < i < n, we get that

2 2
max(|z|,| d ><an<an_1<...<a1,0<b1<b2<...<bn<min<|z 12 >, (A.8)

Vw Vw
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and
0<c<c<...<c,<|z| (A.9)

Thus we get (A.3). By these bounds, we see that a7 — |z|> > 0, b? — |2|> < 0 and
—c? +|2|2 > 0, which, by (A.7), give that A} > 0, B! > 0 and C! > 0. Plugging (A.6) into
f, we get immediately (A.1) with A; = A‘a;, B; = Blb; and C; = Clc;. The w™'/? term
can be obtained by comparing the coefficients of the m? terms in (2.15) and using the
normalization condition (2.8).

Now we compare p; with p; := \/wm? — (s; + |z|*)m? — \/w|z|?*m, which has roots

(s +|2%) £ /(50 + [27)? + dw[2]?

=0
7 2w

Since p} < p; for all m, we get

_ it ) + Vs 4 P+ dwlPP s |2 n

a; NG Vo |z, (A.10)

and

—(si + |2*) + V/(si + 1217 + 4w|z]?
2y/w '

Combining (A.9) and (A.11), we get (A.4). Then we compare p; with p} := Jwm?® — (s; +
|2|?)m?, which has roots w = 0, (s; + |2|?)/+/w. Note that p/ > p; for m > |z|?/\/w, which
gives a; > (s; + |z|?)//w since a; > |z|?/\/w. Combining this bound with (A.8) and (A.10),
we get (A.2).

Finally we estimate the coefficients A;, B; and C;. Using (A.7) and (A.2)-(A.4), we
first can estimate that

c; >

(A.11)

A — (ai — [2[)(a: + |2]) < ai + |2| < 2
b Vw(ap = bi)(ai +e) T Vw(ai o) T Vw?
o (b2 = b)) |z +bi <281+|Z|2+\/7~71|Z|
' \/E(ai — bz)(bl +Ci) - \/E(bl + Ci) - ’LU‘Z| ’
o= Uzl =ci)leitlol) o Jxl-e st 2> + Vwlz]|
" V(e ta)(ei+bi) T Vw(e +bi) T w|z] 7

with which we can get that

2 ’ 2 i 2
A = Ala; < e <S+\F|Z| + z|> _ oSt A+ Vulz| (A.12)
w w w
. 2 _ 2
B, = Bl < 251 |+| vl gl + Vil A13)
w|z w
, 2 , 2
Cr = Cle < ST 1 I+\ Vilal, st el + vl (A.14)
w|z w
This completes the proof. O

In (A.1), it is sometimes convenient to reorder the terms and rename the constants to
write f as

2n n _
1 cir 1 C
Syl

_ —1/2
m)=—/w+m-+w . A.15
f(m) = —vw+m+ TN TN (A.15)
k=1 =1
where all the constants C,j and C] are positive and chosen such that
0<21 <2< ...<Tap, 0<yy1 <ya<...<Yn. (A.16)
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Clearly, f is smooth on the 3n + 1 open intervals of R defined by
I—n = (*OO, 7yn)7 I—k = (7yk’+1a 7yk) (k = 17 cee, 1)7 IO = (7y1ax1)7

I = (g, xp41) (k=1,...,2n = 1), Iz, := (z2p, +00).

Next, we introduce the multiset C of critical points of f (as a function of m), using the
conventions that a nondegenerate critical point is counted once and a degenerated
critical point twice. First we will prove the following elementary lemma about the
structure of C (see Fig. 6 and Fig. 7).

Lemma A.2. (Critical points) We have [C N I_,| = |CNIy,| =1 and |C N I}| € {0,2} for
k=-n+1,...,2n—1.

Proof. We omit the dependence of f on w for now. By (A.15) we have

2n n —
1 ohs 1 C
fiim)=1-—= E —k = —t
N k=1 (m — Ik)Q N =1 (m + yl)2

and
2n n —
1 2C; 1 2C
flm)y= 5> gty
N = (m— ) N = (m+wu)
We see that f” is decreasing on all the intervals I, for k = —n+1,...,2n — 1. Thus there

is at most one point m € I; such that f”(m) = 0. We conclude that f has at most two
critical points on Ij;. By the boundary conditions of f’ on 0I), we get |C N I}| € {0,2} for
k=-n+1,...,2n— 1. For m < —y,, we have f’(m) < 0, while for m > xs,, we have
f”(m) > 0. By the boundary conditions of f’ on 9I_,, and 91»,, we see that f’ decreases
from 1 to —oo when m increases from —oc to —y,,, while f’ increases from —oo to 1 when
m increases from xzs, to +00. Hence we conclude that each of the intervals (—oo, —y5,,)
and (z2,, +00) contains a unique critical point in it, i.e. [CNI_,| =|CNI3,| = 1. O

From this lemma, we deduce that |C| = 2p is even. We denote by 25, the critical
point in I_,,, z; the critical point in I5,, and z; > ... > 29,1 the 2p — 2 critical points in
I 41 U...Ulg,—1. Fork =1,...,2p, we define the critical values hy := f(zx). The next
lemma is crucial in establishing the basic properties of pi. (see e.g. Fig. 6).

Lemma A.3. (Orderings of the critical values) The critical values are ordered as h; >
hg > ... > hgp. Furthermore, there is an absolute constant Cy > 0 independent of T such
that h;, € [—CO(T‘1|w\‘1/2 +z]) — Vw, (Jo(r‘l|w|‘1/2 +|z]) = Vw] fork =1,...,2p.

Proof. Notice for the equation (2.14), if we multiply both sides with the product of all
denominators in f, we get a polynomial equation P, (m) = 0 with P,, being a polynomial
of degree 3n + 1. An immediate consequence is that for any fixed w > 0 and F € R,
f(y/w,m) = E can have at most 3n + 1 roots in m. This fact will be useful in the proof of
this lemma and Lemma 2.3.

For i = —n,...,2n, define the subset J;(w) := {m € I; : 0, f(v/w,m) > 0}. From
Lemma A.2, we deduce thatifi = —n+1,...,2n — 1, then J; # ) if and only if I; contains
two distinct critical points of f, in which case J; is an interval. Moreover, we have
J_p = (=00, z29,) and Ja, = (21,+00). Next, we observe that for any —n < i < j < 2n,
we have f(J;) N f(J;) = 0. Otherwise if there were E € f(J;) N f(J;), we would have
{z : f(z) = E}| > 3n + 1. We hence conclude that the sets f(.J;), —n < i < 2n can be
strictly ordered. The claim hy; > hy > ... > hy, is now reformulated as

f(Ji) < f(J;) wheneveri < j and J;, J; # 0. (A.17)
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To prove (A.17), we use a continuity argument. Let ¢ € (0, 1] and introduce

—1/2
fiim) = —vw+m+w NZ pe— sz+yl

It is easy to check (A.17) holds for small enough ¢t > 0. We claim that
J; # 0= Jl £ forallt e (0,1]. (A.18)

This is trivial for ¢ = —n, 2n. Recall that for —n+1 <7 <2n —1, Jf # () is equivalent to
I; containing two distinct critical points. Moreover, 0,0, ft(m) <0inI_, 1 U... U5, 1,
from which we deduce that the number of distinct critical points in each [;, : = —n +
1,...,2n — 1, does not decreases as ¢ decreases. This proves (A.18).

Next suppose that there exist ¢ < j such that J;, J; # 0 and f(J;) > f(J;). From
(A.18), we deduce that J}, J! L # () for all t € (0,1]. By a simple continuity argument, we
get that f*(Jf) > f'(J}) for all t € (0, 1]. However, this is impossible for small enough ¢
as explained before (A.18). This concludes the proof of (A.17).

To prove the second statement of Lemma A.3, we only need to show that h; <
Co(t7Hw|™Y2 + |2|) — v and hg, > —Co(7~ |w|~Y/2 + |z|) — y/w for some absolute
constant Cy. We only give the proof for h;; the proof for hy, is similar. At z;, we have

C n
f(1) +Vw < (21 +yn) |1+ + w2
NZ (21 — ap)? le; 21+yl
=221+ Yn) +w™ 1/2,
where we used
1 & 1< Cf
0=f(z)= Nz 727. (A.19)

(21 —z)> N = (a1t w)’

Now we would like to estimate z; + y,,. Again using (A.19), we have that

NZ > 1.

_ 2’1 - $2n)

2n

NZ

2’1 - $2n

Then by (A.5) we get

2n n
1 1 _ T4+ 22 + Vw|z]
+
A S\ F 2 O 2 6 S\/5 w '
k=1 =1
Using the above estimates and (A.2)-(A.4), we obtain that

-1 2 2
f(z1)§2<\/57 1P+ VBl st +2Z|>+w_1/2_\/;u

w Vw
< Co(m7Huw| 2 +|2]) — V.
for some constant Cy > 0 that does not depend on 7. O

Proof of Lemma 2.3. Let J(w) := Ufﬁ_n Ji(w). Given w > 0 such that 0 € f(J(w)), then
the set {m € R : f(y/w,m) = 0} has 3n + 1 points. Since f(y/w,m) = 0 has at most 3n + 1
solutions in m, we deduce that m.(w) is real and hence m;.(w) is also real. Since m;. is
the Stieltjes transform of p;., we conclude that w ¢ supp pi.. On the other hand, suppose
w>0and 0 ¢ f(J(w)). Then the set of preimages {m € R : f(y/w,m) = 0} = {m €
R : P,(m) = 0} has 3n — 1 points. Since P, (m) is a degree 3n + 1 polynomial with real
coefficients, we conclude that P, has a unique root with positive imaginary part. By the
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fw 12 m)

Figure 6: The graphs of f(/w,m) for the example from Figure 1, i.e. py, = 0.56\/2/7 +
0.564\/2/—17. We take |z|] = 1.5, and w = 10 and 0.01 in the upper and lower graphs,
respectively. In the lower graph, we only plot the five branches near m = 0. The

remaining two branches are far away.

uniqueness of the solution of P, 1, in C; (Lemma 2.2) and the continuity of the roots of
P44y in 1, we conclude that Im m.(w) > 0 and hence Im m;.(w) > 0 by taking n \, 0, i.e.
w € supp pi.. In sum, we get

supppic ={w>0:0¢ f(J(w))}. (A.20)

From Lemma A.3, we see that there exists an absolute constant C; > 0 such that if
w > Cy771, then hy (w) < Co(77 w| =2 4 |2]) — yw < 0. Hence fix w > C;7~!, we have
0 € f(Jan(w)) and w ¢ supp p1. (see the upper graphs in Fig. 6 and Fig. 7). This shows
that p;. is compactly supported in [0, C;7~!]. Now we decrease w so that w < s; +|z|> +1.
Then using (A.2), we have

si+ 2P +1—-w
Vw
By continuity, there must be some 0 < w < C7~! such that 0 ¢ f (J(w)). Thus supp p1. #

(. By (A.20), it is not hard to see that supp pi. is a disjoint union of (countably many)
closed intervals,

> 0.

hi(w) >z +w % — w >

supp pre = | Jlezr, e2x—1], (A.21)
k
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f(wl/z, m)
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Figure 7: The graphs of f(1/w, m) for the example from Figure 1, i.e. ps = 0.56\/2/7 +
0.564\/2/—17. We take |z| = 0.5, and w = 6 and 0.01 in the upper and lower graphs,
respectively. In the lower graph, we only plot the five branches near m = 0. The
remaining two branches are far away.

where C;77! > e; > ey > .... Furthermore, for e; to be a boundary point, we must have

that 0 is a critical value of f(,/e;,m), i.e. there is a unique critical point m = m.(e;) such
that

F(/eme(es) = 0, dnf(y/er me(e:)) = 0. (A.22)

Notice the two equations in (A.22) are equivalent to two polynomial equations in (y/w, m)
with order 3n + 1 and 6n, respectively. By Bézout’s theorem, there are at most finitely
many solutions to the equations (A.22). Hence there are finitely many e;’s, call them
€1 > ... > eyr, where L = L(n) € IN. The statement about eyy, follows from Lemma A.4
below. This concludes Lemma 2.3. O

Lemma A.4. If1 + 7 < |z|? <1+ 771, there is a constant ¢(7) > 0 so that ea;, > e(7). If
|22 <1 -7, ear, =0 and py.(z) ~ 27/2 when z \, 0.

By this lemma, the behavior of the leftmost edge es;, changes essentially when z
crosses the unit circle. From the following proof, we will see that the singularity happens
at 2| = N=' 3" | I;s;. Thus the fact that the singular circle has radius 1 is due to our
normalization (2.5) for 7.
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Proof of Lemma A.4. We first study the equation (2.14) when w \, 0 in the case 1 + 7 <
|z|> < 14 77L. We calculate the derivative of f as

m? — | 2|2

1 n
Onf (Vim) =1 3 st e et — oo T

(A.23)

"y Vi (m? = |22)° + 2s,]22m

- = S .
N [Vawm3 — (s; + [2[2)m? — Vw|2[?m + |[4]*
Recall the definition of J; in the proof of Lemma A.3. It is easy to see that Jy # () for
all w > 0, since 9,, f(v/w,0) =1 — |2|72 > 0 (see the lower graph in Fig. 6). Call the end
points of Jy as zi(w) > 0 and 2,11 (w) < 0. By the definition of Iy, we have z; < b < |z|.
Suppose z; = o(|z|) as w — 0, then (A.23) gives that 0 = 1 — |z|~2 + o(1), which gives a
contradiction. Thus z; ~ |z| as w — 0. Now using 9,, f(v/w, zx) = 0, we can estimate that

f(22—|z|2)2+25i|z\22k
[Vwz} — (s; + |212)23 — vwlz 2z, + |24

2s;z|1%2
_—f+—21“ E ||8 g ze—Vu (A.24)

f(\/avzk):_\/»‘kiz:h Si

V

for some constant ¢ > 0 independent of w, where in the second step we used that
Vwzi = (si + [2%)27 = Vwlz]?z + |2|* > 0, and Vwz — (si + [2[%) 27 — Vwlz[*z <0

which come from the fact that 0 < 2 < b; < |z| forall 1 < i < n. By (A.24), we
can find ¢ small enough such that f(y/w,z;) > 0 for all 0 < w < e. In this case,
0 € f(Jo(w)) and hence w ¢ supp p1.. In fact, it is not hard to see that there is a solution
mo = vwl|z|?/(]z|*> = 1) +o(/w) € Iy such that f(y/w, mg) = 0 and 9,, f(v/w, mg) > 0. This
proves the first statement of Lemma A.4.

Now we study equation (2.14) when |z|2 <1-—7and w — 0. For later purpose, we
allow w to be complex and prove a more general result than what we need for this lemma.
Let w = 0 in the equation (2.14), we get m =0 or

m2—|z|2
1;8; A.25
Z e P B T E (A.25)

We define

— |2 2 < —z+ 2 — s

)i=14— l; i = — l; . A.26
ol Z A R AR T N S Tt et e 429

It is easy to see that g is smooth and decreasing on the intervals defined through

|2* > < Els )
K =|-00,——= ), Kpt1:=|—F—5,0],
' ( s1+ |2[? o sn + |2[?

|2[* [2* ,
K; = =2,...,n.
7 <821+|Z|2,81+|Z|2 bl 1 b )n

By the boundary values of g on these intervals, we see that g(x) has exactly one zero on
intervals K; for i = 1,...,n, and has no zero on K, ;. Since g(x) = 0 is equivalent to a
polynomial equation of order n, it has at most n solutions. We conclude that all of its
solutions are real. Obviously, the zeros on the intervals K; are positive fori=2,...,n.
Now we study the zero on K;. Observe that g(0) =1 — |2|72 < 0 (as |z|> < 1 — 7), hence
the zero on K, is negative, call it —t. Moreover, it is easy to verify that g(—77!) > 0
using (A.26),sot < T > 7/2, then by the concavity of g on the K, we get

and

EJP 22 (2017), paper 60. http://www.imstat.org/ejp/
Page 61/77


http://dx.doi.org/10.1214/17-EJP76
http://www.imstat.org/ejp/

Local circular law for the product of a deterministic matrix with a random matrix

t> (A.27)

In the case |z|? < 7/2, we have |z]? — s, < —7/2 and g(|2|?> — s,,) < 0 by (A.26). Hence we
have
—t < |22 =8, < —7/2. (A.28)

Combining (A.27) and (A.28), we get that cr* < ¢ < 7~ ! for some constant c > 0.
Now we return to the self-consistent equation (2.14). The previous discussion shows
that

£(0,iv/t) =0, witht > ert.
It is easy to see that there exist constants c;, 7’ > 0 such that
|=(si + |2[)m? + |2[* + Vo (m® — |2[*m)| > ¢; for |m — iVt < 7. (A.29)

First we consider the case |z| > ¢ > 0. Expanding f(y/w, m) around (0,i/¢) and using
(A.29), we get

0 =0z f(0,iVE)NWw + 0 f(0,iVt)(m — iVt) + o(v/w) + o(m — iV't). (A.30)

By (A.23), the partial derivative

m (m® — |Z|2)2
; IR ir SO . (A31
vl (Vw,m) ; § [—(si + |22)m2 + |2|* + Vw (m? — |2[2m)]” ( !

and (A.29), we obtain that |9 s f(0,iv?)| < C and

) t — 2s;|2]?
A £(0, iVt :7§ l;8; > ¢ (A.32)
TONVO =3 e ey e =

for some constant ¢y > 0. Using (A.32), we get from (A.30) that
m—ivt = O(vw), if |z] > (A.33)

Then assume that |z|?> < e for sufficiently small e. From g(—t) = 0 and (A.26), we get
that

n t 27 i
Z |2 — s S =0. (A.34)
= (s + [2P)t+ |2

From the leading order term, we get t~! = t;" + O(|z|?), where ¢, := (N~ Y, li/si)_l

2, we get
2
t=to+ ( 0 Z = - 2> |22 + O(|[*). (A.35)
Now we write equation (2.14) as
F(y/w,m) =0, (A.36)

where F(y/w,m) := f(y/w,m)/m. Expanding F' around (0,i/?) and using (A.29), we get

0 =0/ F (0, iVE)Vw + 9, F(0,iVE) (m — iVt) + 00 s F(0,ivE) (m — iv/t) /w
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+ %8\2@F(0, ivt)w + %8,2nF(O, i) (m — ivt)? + o(w, |m — iV, |m — iVi|[Vw).
(A.37)

We can calculate that (the partial derivatives of F' can be obtained using (A.23) and
(A.31))

012
POV ive) = ~2E N o2, ), (a38)
0
0 mF(Vw,ivt) = (i|z]” + 2v/wiy) ]\7;0 Z% (|2]2, vVw). (A.39)
j=1"1

From (A.38) and (A.39), we get that

B2
to

0 F (0. i) = 2L o(1f?), 0, (0, = Z"”Ziﬁ oll21)

Omd 5 F(0,iVt) = f% +O0(|2]%), 025 F(0,ivt) = WOZ%

2 F(0,iVt) = O(|z]?).

Plugging the above results into (A.37), we get that

0= 2PVt + Vit \F—i_ftoz +o(|z]*) | vw + —27“2| +\/UTO+0(|Z|2) (m — iVt)

3/2
j=1 J to/
o(w, |m — iVt |m — ivt|Vw). (A.40)
Observing that |i|z|?\/To + vwto| ~ [2[* + /|w], we get
m— iVt = Z 42 O(Jw|"? + |2)?) | Vw, if|z] <e. (A.41)
j=1 J

Combing (A.33) and (A.41), we get thatif [2]? <1—7, m = iVt + O(y/w) when w — 0.
In particular, this shows that |m| ~ Imm ~ 1 when w — 0. Finally, we conclude the proof
of Lemma A.4 by using that m;.(w) = m.(w)w=1/2 — 1. O

To prove Proposition 2.14, we need the following lemma, which is a consequence of
the edge regularity conditions (2.18) and (2.19).

Lemma A.5. Suppose e;, # 0 is a regular edge. Then |my.(w) — my.(ex)| ~ |w — ex|'/? as
w — ey and min;y, |e; — eg| > 6 for some constant § > 0.

Proof. Denote my, := m.(ex) and let w — e;. Note that by Lemma 2.3 and Lemma A.4, if
er # 0, we have
€ <ep,<COr 1, (A.42)

for some constant ¢ > 0. Then we expand f around (/ex, my) to get that
1
0 =0,/ f (vew mu) (Vo = v/ex) + 505, f (vVer, me) (me(w) — my)*

+ 0 [[Vw = Ver? + [me(w) — mg|* + |Vw — Veg||me(w) — my] (A.43)
where by (A.31),

B) =-1 l; (mf —|=*)° A44
vl (Ver, mi) = =1 — Z iy (M, — @) (my, — ;)2 (my, + ¢;)?” (Aad
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and by (A.1),

B, C
2 z % i
O f (Ver, mi) ;z i8i [ CRn Rl e R e (A.45)

Applying (A.2)-(A.5), (A.42) and the conditions (2.18)-(2.19) to (A.44) and (A.45), we get
that

1< |0 mf(Vermi)| < C1, € < |02 f(Ver, mi)| < Co (A.46)
for some C7, Cy > 0. Similarly, if |w — ex| < 7" and |m.(w) — my| < 7’ for some sufficiently
small 7/, using the condition (2.18) we can get that

max{@f’nf(\/a me(w))|, (Vw,me(w))|, |0m0 sw f(Vw, mc(w))|} < Cs. (A47)
Plugging them into equation (A.43), for |w — e;| < 7/ and |m.(w) — mg| < 7/, we get
[me(w) = my| ~ |y~ y/e]'/2 and
1
0, (e ) (Vo — ) + O =B 2) = 502, (/e ) (e (w)—n ). (A.48)

By (A.42), we immediately get that |\/w — \/eg| ~ |w — ex| and |m.(w) — mg| ~ |mic(w) —
mic(er)|, —ep| <7,
we have that

w

. _ _26ff(\/a’ mk) . 1/2 12 _ 1/2

Thus in a sufficiently small interval U = [e;, — d, ex, + d], m.(w) has positive imaginary
part for w on one side of e, while m.(w) is real for w on the other side. Hence U does
not contain another edge. This shows that min;j |e; — ex| > 6. O

Proof of Proposition 2.14. The properties of p;. have been proved in Lemmas 2.3, A.4
and A.5, and included in Definition 2.4. Since supp ps. = supp pi. by the discussion
after Lemma 2.2, we immediately get property (i) for ps.. The conclusion p,. being a
probability measure is due to the definition of ms in (2.34) and the fact that ms. is the
almost sure limit of ms.

The properties (ii) and (iv) for p,. can be easily obtained by plugging m;. into (2.9).
To prove the property (iii) for ps., we need to know the behavior of Im ms.(w) when
w — e; along the real line. By (2.9), it suffices to prove that if |z — e;| < 7/ for some small
enough 7’ > 0, then

|—w(l+mie)? + 2| = |m2 — |2*| > ¢
for some constant ¢ > 0. Suppose that |m2(w) — |z|? ‘ = o(1). Then plugging m, into
Om f(/w,m.) in (A.23), and using condition (2.18) and Lemma A.5, we get that

O f(Vw,me(w)) = =14 O(Im?2 — |2[?|). (A.50)

Again using condition (2.18) and Lemma A.5, we can bound 0, /3;0,, f(v/w, m.(w)) and
02, f(v/w,m.(w)) for w near e;. Thus we shall have that

0 = O f (&7, mele5)) = O f (Vo, me(w))+0(jw—e;|"?) = —1+0(jmZ — |2 +|w—e;[/?).
(A.51)
This gives a contradiction. Thus we must have a lower bound for |m§ —|z? | O

Remark: Here we add a small remark on Example 2.8. Given the assumptions in Example
2.8, it is easy to see that f can only take critical values on intervals I_,,, Iy, I, and
I, since max{|a; — a;—1|, |b; — bi—1|,|c; — ci—1]|} — 0 in this case. Thus the number of
connected components of supp pi. is independent of n, and all the edges and the bulk
components are regular as in Example 2.7.
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A.2 Proof of Lemmas 3.7 and 3.8

We first prove Lemma 3.7. We consider the five cases separately.

Case 1: For w = E + in € D}(¢, 7/, N), we have

_ pic(z) _ pre(@, 2)n

By the regularity condition of Definition 2.4 (ii), we get immediately Im m,. ~ 1. Since
Immi. < |1+ my.| < C by Proposition 2.15, we get |1 + m1.| ~ 1. Notice wm;. can be
expressed as

wmae(w) = / wpre(,2) / pre(, 2)da + / zpe(@,2) o
R R R

r—w r—w

By the same argument as above and using the fact that 2 > 7/ for « € [eop + 7/, €261 — 7],
we get

xp1e(, 2) d
R r —w

Im(wmi.) = Im x ~ 1.

Since the imaginary parts of —w and |z|?/(1 + m.) are both negative, we get

|2

Im | —w(1 J P
m[ wl +m1)+1+m1c

] < —Im(wmy.). (A.53)

Using the bounds for mi. and Im m;. proved above, it is easy to see that

|2

| = 0. (A.54)

‘—w(l + mie)

Equations (A.53) and (A.54) together give that Immso. ~ 1 and |ms.| ~ 1 by (2.9).
Similarly, we can also prove that
|2

wmoe =

-1
|z
—(1 R . —
( + mlC) + U)(l + mlc) € C+

and Im(wmg.) ~ 1. Then (3.29) follows from the bound

N

Im (w + s;wmeoe — Txm
lc

) > s;Im(wma.).

Case 2: For w = E + in € D°(¢(,7',N), using (A.52) and dist(E,supp p1,2.) > 7/, we
immediately get Imm; o, ~ 1. Now we prove the other estimates.

We first prove (3.29). If n ~ 1, the proof is the same as in Case 1. Hence we assume
n < ¢, where ¢ = ¢/(r,7') > 0 is sufficiently small. Recall the definitions of D and D° in
(2.39) and (2.42), we always have F ~ 1 in this case.

We shall prove that

miin{|mc(w) — a;(w)], [me(w) = b;(w)], [me(w) + c;(w)|} > €, (A.55)

for some constant ¢’. This leads immediately to (3.29) since

1+ mq. w(me — a;)(me — b;)(me + ¢
w1+ s; - 5 | (L +mae) — |27 = vl X 2)( ) :
—w(l+me)? + |2 —mZ + 2|
(A.56)
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For p; = VEm?® — (s;+|2|?)m? —V/E|z|>m+|z|*, it is not hard to prove that the roots a;(E),
b;(F) and —c;(E) decrease as FE increase. Since E ¢ supp pi., we have m;.(F) € R and

dmi(E) [ pic(,2)
dE /]R (- E)?

dr > 0.

So m1.(F) (and hence m.(FE)) increases as F increases. Suppose e, is the smallest edge
that is bigger than F, then for a;(E) bigger than m.(E), we have that

a;(E) —me(E) > a;(er) — me(ex) + € (7") > € (), (A.57)

by using |E — ex| > 7’ (see (2.42)). On the other hand, If e;_; is the largest edge value
that is smaller than F, then for a;(E) smaller than m.(F), we have that

me(E) — a;(E) > me(ep—1) — ai(ex—1) + €' (7') > € (7). (A.58)
Applying the same arguments to b;(E) and —c¢;(FE), we get

min{[me(B) - ai(B), [me(E) ~ bi(B)], [me(E) + ci(B)]} > ¢ (A.59)

for £ € (eak+t1,e2r) for some k. Now we are only left with the case F < eqy, the
rightmost edge, when |z|? > 1 + 7. In this case, we have seen that 0 < m.(E) < b;(E)
for all 7 in the proof of Lemma A.4. Thus we can use (A.57) to get lower bounds for
|me(E) — a;(E)| and |m.(E) — b;(E)|. Since ¢;(F) ~ 1 in this case (by (A.4) and using
E,|z| ~ 1), Im.(E) + ¢;(E)| > € is trivial. Again we get the estimate (A.59).

Then we consider w = E + in with n < ¢/. First, it is easy to check that a;(F + in),
b;(F +1in) and ¢;(F + in) are continuous in 5. On the other hand for m.(E + in), we have

1Owmic(w)| = ‘/}R(’mc@‘ <C (A.60)
by the condition dist(E, supp p1.) > 7. Thus we immediately get |m.(E + in) — m.(E)| =
O(n). Hence as long as ¢’ is small enough, (A.55) still holds true, which further gives
(3.29).

Now we show that |1+m;.| ~ 1 for w € D° and n < ¢. In fact, if |m.| can be arbitrarily
small, then by (3.29) we get that

f(\/E, mc) = —\/E—f— O(mc) # 0,

which gives a contradiction. Finally we have |ms.| ~ 1 for w € D° and < ¢ by
Proposition 2.15.

Case 3: For a regular edge e; # 0, we always have e, > € for some ¢ > 0 by Lemma A.4.
Thus we always have |w| ~ 1 for w = E +in € D{({,7’,N) as long as 7’ is sufficiently
small. If n ~ 1, then /& + 7 ~ n/y/k + 1 ~ 1 and the proof is the same as in Case 1. Now
we pick 7/ small and consider the case n < 7. By the regularity assumption (2.18) and
Lemma A.5, we have

in {[me(w) = ai(w)], [me(w) = bi(w)|, [me(w) + ci(w)[} = /2 (A.61)
uniformly in w € {w € D{((,7',N) : k(w) + n(w) < 27'}, provided 7’ is sufficiently
small. The above bound implies (3.29). If m.(w) — 0, then using (3.29) we get from

f(/w,m.) = 0 that —/w + O(m.) = 0, which gives a contradiction. Thus we must have
[1 + mac| ~ |me¢| ~ 1. To show |mg.| ~ 1, we can use Proposition 2.15.
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We still need to prove the estimates for Im m; . when < 7’. Recall the expansion
(A.48) around e;, and equation (A.49), where both _; f(\/€x, mx) and 97, f(\/ex, my) are
real (as e, and my are real). Suppose k is odd, then Imm.(E) = 0 for F \, e (i.e.
E ¢ suppp.) and Imm.(E) > 0 for E " e (i.e. E € suppp.). Thus (A.49) gives

me(w) —my = Cr(w)(w — ex)/? + Dy (w),

with C, > 0, Cj, ~ 1,

Dy| = O(Jw — eg]) and Im Dy, = O(7n). Then for E > e, we have

Imm.(E +in) ~ Im(k + z'r])l/2 +O0(n) ~

VR
and for £ < ¢, we have
Imm.(E +in) ~ Im(—+ +in)'/? + O(n) ~ VK + 1.
If k is even, the proof is the same except that in this case, we have
me(w) —mp = Cr(w)(er, — w)? + Dy(w).
For m;.(w) and ma.(w), we get the conclusion by noticing w ~ e; and

Me

Vw(=mg +|z[?)

where we used that |[m? — |2|?| ~ 1 as observed in the proof of Proposition 2.14 in Section
A.l.

Immi. =Im (w_l/gmc) ~Imm.(w), Immsy. =Im ~ Imm.(w),

Case 4: Again if ) ~ 1, the proof is the same as in Case 1. If |w| < 27/ for small enough 7/,
in the proof of Lemma A.4, we have seen that m. = iv/t + O(y/w), which gives the first
equation in (3.26). Plugging it into (2.9), we get the second equation in (3.26). Taking
the imaginary part, we obtain (3.27). Finally using (3.26), we can verify (3.29) easily.

Case 5: For w = E +in € Dz (¢, N), the bounds for m; 5 and Imm, » in (3.28) follows
from (A.52) directly.

Proof of Lemma 3.8. The estimates (3.31) and (3.32) follow immediately from (2.32),
(3.29) and (3.30). For (3.33), we can write

U o utoo al
e = <V’ ( 0 U > Ha ( 0 Ut > V> = (Ma)w = > (i Taea)

=1

u = 0 UT v, u[i] = u; .

To control ImIl,y, it is enough to bound (uj;, 7;.uj; ) for each i.
We first consider Cases 1-4 of Lemma 3.7. By the definition of ;. in (2.32), we get

where

14+ mie |w] 1+ mie

= |wC| {(1 + |di|*Re mae ) Imw + |d;|* (Re w)Im ma,

where in the second step we used (3.29) and |1 + my.| ~ |w|~'/2. In the first three
cases of Lemma 3.7, we have |w| ~ 1 and Imw = O(Imm;.), which give that Im 7;; . <

2 2 17 _ ¢ 2 ES
Immi; e =Im | —w(1 + |d;|*mac) + ———— < —Im |w(l+ |d;|*mac) —

ks

—1 el
Tt mp mml]
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CIm(my. + ma.). In case 4 of Lemma 3.7, we use [Imw| + [Rew| + |1 + my.|~2 = O(|w])
and Tmmy 5. ~ |w|~'/? to get that Im 7;; . < CTm(my. + ma.). Similarly, we can get the
bound Im 7y, < CTm(mi. + ma.). Finally we can estimate the following term using

similar methods,
Im (’ﬁ;uiﬂ'gi’c + ﬂiu;ﬂ'i;,c) = 2Re (@;u;2) Im {w_1/2 [w(l + \di\zmgc)(l +mye) — |z|2] 71}
< CRe (@u;2) Im(mae + mo.) < C (|u1|2 + |u;|2) Im(mq. + mac).

Combining the above estimates we get Im (v}, 7;.up)) < Clug)[*Im(mi. + ma.), which
implies (3.33). For the Case 5 of Lemma 3.7, we use (3.28) and (3.32) to get

Im (ugy, mpeup) < lupPllmgell < Clug PIm(mace + mae).

This completes the proof. O

A.3 Proof of Lemma 3.10 and Lemma 2.2

We first prove Lemma 3.10. During the proof, we also use the following equivalent
definition of the stability expressed in terms of m = /w(1 + my), u = Vw(l + u1) and
f(y/w,m). Suppose the assumptions in Definition 3.9 holds. Let w € D and suppose that
for all w’ € L(w) we have |f(y/w,u)| < |w|*/?6(w). Then

Clw|/?5
VE+n+3d

Case 1: We take over the notations in Definition 3.9 and abbreviate R := f(y/w,u), so
that |R| < |w|'/?6. Then we write the equation f(y/w,u) — f(v/w,m.) = R as

[u(w) —me(w)| < (A.62)

alu—me)? + Blu—m.) = R, (A.63)

where using (A.1), « and 3 can be expressed as

1 ~ Az Bz CZ
o= N ;lisi |:(u ) (me —a)? + (@ = b;)(me = b))? + @+ c)(met ) , (A.64)

and
1 - Ai Bi Ci
=1 =Y Is; _ N
g N ,Z:;l“% |:(mc —a;)? " (me — b;)? - (me + ¢;)? mf (Vw,me). (A.65)
We shall prove that
o] +[0ual < C, B ~ 1, (A.66)

for w € D% and u satisfying [u — m.| < (log N)71/3. If [u — m.| < (log N)~%/3, we also
have Imu ~ 1. By (3.29), we have

min{|m. — a;|, |me — bi|, |me + ¢;|} > € (A.67)
for some ¢ > 0. Replacing the m, in (3.29) with u, we also get that
min{|u — a;|, |[u — b, |u + ¢;|} > € (A.68)
3
for some € > 0. Using (A.67) and (A.68), we get immediately that |a| + [0,a| + |8] < C.
What remains is the proof of the lower bound || > ¢. If Imw > € for some constant € > 0,
the lower bound follows from Lemma A.6 below. If Im w < ¢ for a sufficiently small ¢ > 0,

the lower bound follows from Lemma A.7 below. Now given the estimate (A.66), it is
easy to prove (A.62) with a fixed point argument. This proves the stability of (3.34).
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Lemma A.6. Suppose that Imw ~ 1 and |m.| ~ Imm. ~ 1. Then |0,, f(v/w,m.)| > ¢ for
some constant c > 0.

Proof. Using (2.13), m. = v/w(1 + my.) and the conditions Imw ~ 1, Imm, ~ 1, we can
get that

a\/ﬁf(\/aa me) om.
= <C=10 )l < C o, ,me)| A.69
S| || < ¢ 0wl (amo)| < Clonf(Vamal, 69
for some constant C' > 0. Now we assume that |9, f(v/w, m.)| can be arbitrarily small.
Then |0,z f(vw,m.)| can also be arbitrarily small. Denote a := dp,f(v/w, m.) and
b= 8\/Ef(\/fu, m.). Using (A.23) and (A.31), we get that
n 2 2)2 2
- 2 i c
a = @ _ % liSi \/E(mc |Z| ) + S |Z| m 5 (A.70)
e o1 (s [2P)mE + 2]t + Vo (md — |zPme)]
and )
2 n 2 _ 1,2
b=—1- 203 0, (m: — |=) S @71
NI i+ 2Pm2 + [ + v (md — |22m)]

Using (A.70) and (A.71), we can get that

(ome Z PN, _ L 12 — a2 (mea — vy = LEE=vEmedme 210 -4 79

Mme 2 Me ’

where we used the equation f(y/w,m.) = 0 in the derivation. By our assumption, the
left-hand side of (A.72) can be arbitrarily small. For the right-hand side of (A.72), we
have |m.| ~ 1 and |\/wm,. — |2|?| ~ 1 (since Im (y/wm,.) = Im (w + wmy.) ~ 1). Then if
|m. — i|z|| > ¢ for some constant ¢’ > 0, we have |m? + |z|?| ~ 1, and hence

2(,12
(\/Emc — |Z| >|Z| b— l(mz _ |z|2)(mca _ \/Eb) ~ 1,
Me 2
which gives a contradiction. Thus we must have a lower bound |0,, f (v/w,m.)| > c if
|m —ilz|| > .
We still need to deal with the case with |m. — i|z|| < ¢’ for some sufficiently small ¢'.
Notice |z| ~ 1 in this case. It is easy to calculate that

0 : ’ v 42|
/ (Vw, i|z|) :_1+j\|lek8k[ 2
k=1

: (A.73)
(s + [22) 212 + |21 = 2iv/wl =)

PN

Denote Ly := (si + |2|?)|2]? + |2|* — 2iy/w|z|3. Since i\/w = i(x + iy) = iz — y for some
x,y >0and z,y ~ 1, we have Re L, > 0, Im L;, < 0 and |Re Lg|, |Im L| ~ 1. In particular,
this gives that ImL? < 0 and |Im L?| ~ 1. Thus each fraction 4|z|*/L? in (A.73) has
positive imaginary part of order 1. Therefore

of .
m(\/@,lm)

Then by (A.69), we get that |9, f(v/w, |z])| > ¢ for some ¢ > 0. Using (3.29), it is easy to
see that

>t | 2L ()| ~ 1

Om f(Vw,me) = Om f(Vw,il2]) + O(Jme — i[z]]).

Thus in the case |m. — i|z|| < ¢/, we still have |0, f(v/w, m.)| > ¢/2, provided that ¢’ is
sufficiently small. O
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Lemma A.7. Suppose that w € DZ and Imw < e. Then for sufficiently small ¢ > 0, we
have |0y, f (Vw,me)| ~ 1.

Proof. By (3.22) and (3.29), we have 0 s;0m f(w,m.) = O(1) and 82, f(w,m.) = O(1).
Denote w = E + in. Taking the imaginary part of the following equation

Ai Bi Ci )
+ + :
—a;

0= f(VE,m.(E)) = —VE+m,+E""?+ % zn:zisi (
i=1

me Me — bl Me + ¢
(A.74)
and noticing that A;, B;, C; and a;, b;, c; are all positive real numbers for real F, we get
N 2l =1 A.75
% ot (2 e ) (4.75)

i=1

Using the above equation, we get

e —a)? | (me—0)2 " (mo + )2

5'mf(\/E, mc(E)) =1- N ;lisi { }

1 « A; Aj B; B; C; C;
=— Z lLS7 - + - + - .
N & Ime—ai|?  (me—ai)?>  [me=0i*  (me—0:)*  [me+el? (me+e)?
(A.76)
We look at, for example, the term
A; A; A;

o _ 1 _ 6—27;91'
|mc - a'i‘z (mc - ai)2 |mc’ - ai|2( )7

where m, — a; := |m. — a;|e’%:. Using Imm,. ~ 1, it is easy to see that Re(1 — e~2%) > ¢/
for some constant ¢/ > 0. Applying the same estimates to the B, C terms in (A.76), we
get

Omf(VE, mC(E))’ > Re [amf(\/E, me(E))| > ¢ (A.77)

for some constant ¢ > 0.
Now for w = E + in with n < ¢, we can expand 0, f(v/w, m.(w)) around
amf(\/Ev me(E)):
O f(VW, me(w)) = O f(E, me(E)) + O(n),
where we used (3.29). Combing with (A.77), we get |0, f (w, m.(w))| ~ 1 for small enough
€. O

Case 2: We mimic the argument in the proof of Case 1. We see that it suffices to prove
|a|+]0,a| < Cand |B] ~ 1 for a, 3 defined in (A.64) and (A.65) and |u—m.| < (log N)~'/3.
Using (3.29), it is not hard to prove that |a| + |0,a| + |8] < C. What remains is the
proof of the lower bound |3| > ¢. For the Imw ~ 1 case, the bound follows from Lemma
A.6. We are left with the case where £ = Rew ~ 1 and = Imw — 0. Using (2.13),
me = v/w(l +may.), [w| ~ 1 and dist(F, supp p1.) > 7/, we can get that

’Q/Uf(\/@ me) ‘ om,
Om f(Vw,me) IVw

for some constant C > 0. Thus it suffices to prove that |8\/@f(\/@, m.)| has a lower
bound. Using (A.31) and noticing that m.(E) € R, we get

(m2 - |2]2)

2
(= (s + [22)m2 + |24 + VE (m3 — |2]m.)|

<C

2

8 i f(VE,mo(E)) = —1 — ?v 3 lisi
i=1

< -1
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Expanding 0 s f(v/w, m.(w)) around aﬁf(\/E, m.(F)), using (3.29) and |m.(E + in) —
me(E)| ~ n, we get for n small

|0 /wf(Vw,me)| > 1+ 0(n) > c.
This concludes the proof for Case 2.

Case 3: The case Imw > 7’ can be proved with the same method as in the proof of case
1. Hence we only consider the case |w — e;| < 27’ in the following. Note that |w| ~ 1 in
this case. Suppose

lw —er| <27, |Ju—me| < (logN)~1/3. (A.78)
Then we claim that
o] ~ 1, |8 ~vVE+7 (A.79)

for small enough 7’. Using (A.78), (3.29), (2.19) and Lemma A.5, we can get that

1
o= S0 (Ve me(ex)) + O(lw — ex|"/? + (log N)TV) ~ 1

To prove the estimate for 5, we use (2.17), (3.29) and Lemma A.5 to get that

ﬁ = /6:?) %6771]0(\/&; mc(wl))dw/

e 8\/58171]”(\/07 me(w')) w p adme(w') o,
- / N et / Oond (V! mew) =3 = dw
. /w a\/aamf(\/a7 mc(ek)> + O(lw - ek|1/2)
e, 2vw’

“f " [0 s ne(en) + O — ex] /2] dim

me(er)

= O f(Ver, mi) (me(w) — me(er)) + O(|w — ex]). (A.80)

Thus we conclude for small enough 7’ that

18] ~ |w— ek\1/2 ~ K+

With the estimate (A.79), we now proceed as in the proof of [4, Lemma 4.5], by
solving the quadratic equation (A.63) for u — m. explicitly. We select the correct solution
by a continuity argument using that (A.62) holds by assumption at z + iN~1°. The
second assumption of (A.78) is obtained by continuity from the estimate on |u — m,.| at
the neighboring point z 4+ iV —10 We refer to [4, Lemma 4.5] for the full details. This
concludes the proof for Case 3.

dw'’

Case 4: The case when Imw > 7’ can be proved using the same method as in the
proof of Case 1. Now we are left with the case |w| < 27’ for some sufficiently small 7’.
First we assume |z| > ¢ > 0 for some small ¢ > 0. Then mimicking the argument in
the proof of Case 1, we see that it suffices to prove |a| + |0,a] < C and |3| ~ 1 when
|u—m.| < (log N)~1/3. Using (3.29), it is not hard to prove that |a| +|9,a| + |3| < C. The
lower bound |3| > ¢ can be obtained easily from (A.32).

Then suppose |z|? < ¢, but |w|'/? + |2/ > e. According to (A.38) and using that
|ilz|? + Vwto| ~ |w['/? + |2|, we can verify that

B = O f(Vw, me(w)) ~ [w|"/? + [2* ~ 1.
With (3.29), it is easy to check that
9 f(Ww, &) = 0(1), 05 f(Vw, &) =0(1),
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for |¢ —m,| < (log N)~1/3, from which we get that |a| + |9,«| = O(1). With a fixed point
argument, we conclude (A.62).

Case 5: Again we following the arguments in the proof of Case 1. However, instead
of f(y/w,m), we shall study T (w, m;) in (3.35) directly. We take over the notations in
Definition 3.9 and abbreviate R := T (w, u1), so that |R| < é. Then we write the equation
T(w,u1) — T(w,mi.) = R as

a(ur)(ur —mie)® + Bur —ma.) = R, (A.81)

where we used the same symbols as in (A.63) for notational convenience. As in Case 1,
we have 8 = 0p,, T(w, m1.), and we can estimate that |«| + |0y, | < C for w € Dy, and
uy satisfying |u; — m.| < |m1.|. Now to conclude (3.39), it suffices to prove || ~ 1 for
w € Dy,. In fact with (3.35), we can obtain that

B=1+0(n"")~1,
forn > C‘l. This concludes the proof.

Proof of Lemma 2.2. The fact that p;. has compact support follows from Lemma 2.3; p1.
being integrable follows from Lemma A.4. Note that in proving Lemmas 2.3 and A.4,
we do not make use of the regularity assumptions in Definition 2.4. It remains to show
that for fixed w € C, and |z| # 1, there exists a unique m1.(w) € C satisfying equation
(2.11). This follows from the proof of Case 1 in this section under the extra condition
n ~ 1. Again, we do not need the regularity assumptions for the proof, because n—!
provides a nice bound for the Stieltjes transforms in the global region with n ~ 1. O

Remark: The estimate (3.29) has been used repeatedly during the proof of Lemma 3.10.
Here we remark that it also gives the stability of the regularity conditions in Definition
2.4 under perturbations of |z| and py. For example, we define the shifted empirical

spectral density
NAM

1
Pt = m Z 601+t7 (A.82)

i=1

and the associated m.(w,t) and function f(y/w,m,t). Given a regular edge ej, we have
that

f(\/a7mk7t:()) :Oa amf(\/aamkat:()) 207

where we denote my, := m.(ex). We have the Jacobian

J = det < Oval — Omf

. > = 0w (vew, mi, 0095, f (v/er, my, 0).
OOt Ot ) (Jomiy=(yer.me0)

By (A.31), we have |0 s f(y/€k, mk,0)| > 1. Combining with (2.19), we get |.J| > e. Using
(3.29), we can verify that 0, f(\/ex, mx,0) = O(1) and 0;0, f(\/ex, my,0) = O(1). Thus if
we regard e, and my, as functions of ¢, then dymy(t = 0) = O(1) and diex(t = 0) = O(1)
by the implicit function theorem. Then it is easy to verify

Ot (VerlD)meler.t)) = 02, (ver,me(ex)) + O(),
me(ert) = ailer )] = [me(er) - ai(ex)| + O(),

and similar estimates for |m. — b;| and |m. + ¢;|. Thus if Definition 2.4 (i) holds for some
ps, then it holds for all px; ; provided that ¢ is small enough.
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Now given a regular bulk component [eay, eox—1] and E € [eax, + 7/, ear,—1 — 7']. Differ-
entiating the equation f(vE,m.(E,t),t) = 0 in ¢ yields

8tf(\/E, mc(Ea t)’ t)
O f(VE, me(E,t),t)

By (3.29), we find that 8, f (v E, m.(E),0) = O(1), (VE, m.(E),0)| =
B ~ 1. Thus dym.(F,0) = O(1). A simple extension of this argument shows that
me(E,t) = m.(E) + O(t) and hence Imm.(E,t) is bounded from below by some ¢ =
c(7,7'). Thus we conclude that if Definition 2.4 (ii) holds for some py, then it holds for
all px.; with ¢ in some fixed small interval around zero. Obviously, the above arguments
also work for |z| perturbation.

atmc(E, t) = —

B Proof of Lemma 4.9

Our proof of (4.59) is an extension of [4, Lemma 4.9], [7, Lemma 7.3] and [14
Theorem 4.7]. Here we only prove the bound for ||[Z]||. The proof for ||(Z}|| is exactly the
same. For i € Z;, we define P; := ;) and Q; := 1 — P;. Recall that Z;; = Q;G [“] Hence
we need to prove

N
Z] = ;,Z;Wm (QZG[Z}}) iy < fw| 72 @2,

for w € D. For J C Z, we define w[[j] by replacing m; » in (2.36) with mm defined in (4.6).

As in (4.58), we can prove that \m[f,]Q —myz| < |w|_1/2 ®2, which further gives that

2] = lei i (Qu6d) mid + 0« (jul 7 @2)

% Q ( e in H)+o< (|wr1/2<1>§).

i Mz Ik

Thus if we abbreviate B; := |w|!/? Ql( T ] [[z]]) it suffices to prove that B :=

Nt > Bi < ®2. We will estimate B by bounding the p-th moment of its norm by
®2P for p = 2n € 2N, i.e. E|B||P < ®?. The lemma then follows from the Markov’s
2 we have that

2n
Te(BBY" > ||BB!||" = || B|*" .
Thus it suffices to prove that
ETr(BB")P/2 < 2P for p = 2n. (B.1)

This estimate can be proved with the same method as in [14, Appendix B], with the only
complication being that ;) is random and depends on :. In principle, this can be handle
by using (3.9) and (3.10) to put any indices j, k, ... € Z; (that we wish to include) into the
superscripts of ;. This leads to a minor modification of the proof in [14, Appendix B].
Here we describe the basic ideas of the proof, without writing down all the details.

The proof is based on a decomposition of the space of random variables using P; and
Qs. It is evident that P; and @), are projections, Ps; + Qs = 1 and all of these projections
commute with each other. For a set J C Z, we denote Py := [[,.; Ps and Q; := [],.; Qs.
Let p = 2n and introduce the shorthand notation Bks := By, forodd s < p and Bks = B,L
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for even s < p. Then we get

IE)Tr(BBT)”ﬂ:% > IETrHBk =$ > IE)TrH(H Py, +Qr,)B )

kl,kz, ,k kl,kz, , =1
(B.2)
Introducing the notations k = (k1, ko, ..., k) and {k} = {k1, ko, ..., k,}, we can write
1 P -
ETr(BBY? = 3" > EIr]] (PISCQ]SBkS). (B.3)
k I,..,I,C{k} s=1

Following the arguments in [14, Appendix B], one can see that to conclude (B.1) it
suffices to prove that for k € I,
QB < @}, (B.4)

As in [14, Appendix B], it is not hard to prove that for k£ € I,
jw|~1/2 HQIG@]H <ol and |uw|"V/?2 HQI\{,C}G[;}dH < olllif 1) > 2. (B.5)
Now we extend the proof to obtain the estimate (B.4). For the case |I| =1 (i.e. I = {k}),

1Bkll = lw|/2 |7 Zygm i || < Jwl =22 Zp || < @0,

il
where we used || Zj|| < |w|'/?®,, which can be proved with the same arguments as in
Lemma 4.4. For the case |I| > 2, WLOG, we may assume k = 1 and I = {1,...,¢} with
t > 2. It is enough to prove that

|w|1/2HQt...Q2Q17r[[H Sl [1]H<<I>t (B.6)

We take ¢t = 3 as an example to describe the ideas for the proof of (B.6). Using (3.9), we
get

1 [12 1]_[12] [12 1_[12] [12
”[[1]] = [1]] + |w |1/2 [11]7T[1] Alw[l]] + \w|1/2 [—] [ Agw[l]] + error; o, (B.7)

(1] []

where €;; and ;7 are the upper left and lower right entries of

(1]

G 1
1. _ [22] (1]
el = Ju|"/2 }: Gy (GBy) Gl | < @2
N it

Aj » are deterministic matrices with operator norm O(1), and |error; o| < |w|~!/2®4.
Then we get

P 2] A

WGy = ) Gl

12 1 _[12 (12
[[1] e 11]5[11]7T[[1] ]AIW I w|'/?r

12] 1 [12] ~—1 _[12 12] 12] 1 _[12
[ +|w|1/25[11] [1]]A1 T ]G[n {1]]+‘w|1/26" ; Aﬂ[ Gll] [1]]

12]G 1 [1] [12]142 [12]+O (|’LU| 1/2<I)AOL)_

1/2
+ |w] " T Yy
(B.8)

We first handle the 7r G_n] [1] I term. By (B.5), we have

12l o-1 (12 _ [12 [12] 1/242
Qurli' Gl = wfi? (QeOpy) alif! < ul = 7@2.
For the remaining term, we first expand W[[if] = F[[i]zgl + O (|w|~"/2®2) and use (B.5) to
get

[12] ~— [12 123 [123]
Q3Q2W[1]]G11] [1]] - [ ]<Q3Q2 11]) [1] +O-< (|w‘ 1/2<I)4) = |w| 1/2(1)3
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Then we deal with the second terms in (B.8). We first expand em = e + O (®3), where

Sl Ggg{ | (A3 4]
3 1/2 13 13 13
n) = |l N Z G ( 22]) G[2k]

k¢{1,2,3}

Using the similar arguments as above, we get

Qalul ey Al Gty =l 2eli i vl (QaGiph) wfif + O< (w1 /2@))

< Jul V21,

Thus we have

Q2Q3‘w|1/2€1177[[1]2 Al”[[l]Q [11] [}]2] = |w|_1/2¢>§.

Obviously this kind of estimate works for the rest of the terms in (B.8). This proves (B.6)
when ¢t = 3.

We can continue in this manner for a general ¢. At the [-th step, we expand the leading
order terms using (3.9) and (3.10), and after applying Q; . .. @3@- on them, the number
of ®, factors increases by one at each step by (B.5). Trough induction we can prove
(B.6). In fact the expansions can be performed in a systematic way using the method in
[14, Appendix B], and we leave the details to the reader. Also we remark that similar
techniques are used in the proof of anisotropic local law in Section 5, and we choose to
present the details there (in fact the proof here is much easier than the one in Section 5).
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