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Abstract

In this work, we consider a finite-state inhomogeneous-time Markov chain whose
probabilities of transition from one state to another tend to decrease over time. This
can be seen as a cooling of the dynamics of an underlying Markov chain. We are
interested in the long time behavior of the empirical measure of this freezing Markov
chain. Some recent papers provide almost sure convergence and convergence in
distribution in the case of the freezing speed n~?, with different limits depending on
0 < 1,60 =1or 6 > 1. Using stochastic approximation techniques, we generalize these
results for any freezing speed, and we obtain a better characterization of the limit
distribution as well as rates of convergence and functional convergence.
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1 Introduction

Let (in)n>1 be an inhomogeneous-time Markov chain with state space {1,..., D} with
the following transitions when i # j:

P (in+1 = ]‘Zn = l) = qn(i7j)7 Qn(imj) :pn(q(i’j) + ’I“n(’i7j>),

where (p,),>1 is a decreasing sequence converging toward some p € [0, 1], the remain-
ders r,(i,7) tend to 0 (fast enough) and ¢ is the discrete generator of some {1,...,D}-
valued ergodic Markov chain. This model is related to the simulated annealing algorithm,
and the sequence (p,),>1 can be interpreted as the cooling scheme of an underlying
Markov chain generated by ¢. If p < 1, since lim,,—, o ¢ (%, ) = pq(4, j), the probability
of (i,)n>1 to move decreases over time, from which the appellation freezing Markov
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chain. As pointed out in [14, Section 1] or in [17, Section 2], this type of inhomogeneous
Markov chain is naturally related to MCMC algorithms, Bernoulli trials (like the GEM
model) or urn models.

The behavior of (iy,),>1 is simple enough to understand, and depends on the summa-
bility of the sequence (p,)n>1. The chain (,,),>1 converges in distribution to the unique
invariant probability v associated to ¢ if > o Pn = +00 (see Theorem 2.4 below). On
the other hand, if > 7, p, < +00, the Markov chain freezes along the way, as a conse-
quence of the Borel-Cantelli Lemma. Then, we shall assume that ZZOZI pn = +00, so that
we can investigate the convergence of the empirical distribution x| = % > orey Gi-

The problem of the convergence of this empirical measure can be traced back to
the thesis of Dobrusin [15], and several questions are still open, as pointed out in the
recent article [17]. Some results can be obtained from the general theory developed in
[31, 29], and [14, 17] study the present model. In particular, convergence results are
only obtained for a freezing rate of the form p,, = a/n’ (and r,(4,j) = 0). More precisely,

e if 6 < 1 then (l’n)n21 converges to v in probability; see [14, Theorem 1.2].

» if § < 1/2, then (z,),>1 converges to v a.s. This can be extended to 1/2 < 6 < 1
when the state space contains only two points; see [14, Theorem 1.2] and [17,
Corollary 2].

* if 0 < 1and D = 2, then, up to an appropriate scaling, the empirical measure
(zn)n>1 converges in distribution to a Gaussian distribution; see [17, Theorem 2].

e if # = 1 then (z,),>1 converges in distribution, and the moments of the limit
probability are explicit. If ¢ corresponds to the complete graph (see Section 4)
then this limit probability is the Dirichlet distribution. When D = 2, this covers
classic distributions such as Beta, uniform, Arcsine or Wigner distributions; see
[14, Theorems 1.3 and 1.4] and [17, Theorem 1].

» when D = 2, some convergence results are established for (z,),>1 for general se-
quences (pn)n>1, under technical conditions that we find hard to check in practice;
see [17, Theorem 3].

We shall refer to the case § < 1 as standard, since it is related to classic laws of
large numbers and central limit theorems. This case was called subcritical in [17],
in comparison with the critical case # = 1. Since we can slightly generalize this
critical case here, the term non-standard will be preferred from now on. In the present
article, we generalize the aforementioned results by proving that, in the standard case,
if > (p,n®)~! < +oo then (x,),>1 converges to v a.s., and we also give weaker
conditions for convergence in probability; this is the purpose of Theorem 2.10. Under
slightly stronger assumptions and up to a rescaling, we obtain convergence of (z,,),>1
to a Gaussian distribution with explicit variance in Theorem 2.11. Finally, if p,, ~ a/n,
then (z,),>1 converges in distribution exponentially fast to a limit probability (see
Theorem 2.8). This distribution is characterized as the stationary measure of a piecewise-
deterministic Markov process (PDMP), possesses a density with respect to the Lebesgue
measure and satisfies a system of transport equations; see Propositions 3.1 and 3.4.
Furthermore, Corollary 3.9 links the standard and non-standard setting by providing a
convergence of the rescaled stationary measure of the PDMP to a Gaussian distribution
as the switching accelerates. We also investigate the complete graph dynamics in
Section 4 and are able to derive explicit results in Propositions 4.1 and 4.2. Most
of our convergence results are also provided with quantitative speeds and functional
convergences.

In contrast with the Pdlya Urns model (see for instance [22]), where the random
sequence converges almost surely to a random variable (thus converges in distribution),
Theorems 2.8 and 2.11 provide convergences in distribution which are not a consequence
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of an almost sure convergence. However, note that, by letting p,, = 1 forall n > 1, we
can recover classic limit theorems for homogeneous-time Markov chains (see [24]).
Furthermore, the remainder term r,(¢,j) enables us to deal with different freezing
schemes (see Remark 2.3). In particular, the proofs in [14] and [17] are mainly based
on the method of moments, which is why more stringent assumptions are considered
there. Our approach is completely different, and is based on the theory of asymptotic
pseudotrajectories detailed in [3] and revisited in [4].

Briefly, a sequence is an asymptotic pseudotrajectory of a flow if, for any given
time window, the sequence and the flow starting from the same point evolve close to
each other (see for instance [6, 3]). This definition can be formalized for dynamical
systems and be extended to discrete sequences of probabilities and continuous Markov
semi-groups. This theory allows us to derive the behavior of the sequence of empirical
measures (x,),>1 from the one of auxiliary continuous-time Markov processes. The
interested reader may find illustrations of this phenomenon in [4, Figures 3.1, 3.2 and
3.3], see also Figure 4. In the present paper, depending on whether we work in a
standard or non-standard setting, these processes are either a diffusive process or a
switching PDMP. The careful study of these limit processes is of interest per se, and is
done in Section 3. More precisely, Gaussian distributions appear naturally since we deal
with an Ornstein-Uhlenbeck process generated by

Lofly) =~y Vf(y) + V) SPOVf(y), (1.1)

where (") is the D x D real-valued matrix equal to

D

pr) _ 1 .

,fjl =TT "21 vi [q(i, ) (haj — hug)(hay — hiiy) — 2 (Ve — Lig) (v — Liy) ], (1.2)
1,]=

with p and h respectively defined in Assumption 2.1, and in (2.6). On the contrary, we

shall see that, in a non-standard framework, the empirical measure is linked to a PDMP,

called exponential zig-zag process, generated by

Lof(x,i) = (ei —2) - Vaof(w,d) + Y aq(i, ) f(x, ) = f(,4)]. (1.3)
J#i
These Markov processes shall be defined and studied more rigorously in Section 3. In
particular, besides some classic long-time properties (regularity, invariant measure, rate
of convergence. .. ), we prove in Theorem 3.3 the convergence of the exponential zig-zag
process to the Ornstein-Uhlenbeck process when the frequency of jumps accelerates, i.e.
when a — +o0.

The rest of this paper is organized as follows. In Section 2, we specifiy the notation
and assumptions mentioned earlier, that will be used in the whole paper. We also state
convergence results for (z,),>1, which are Theorems 2.8, 2.10 and 2.11. We study the
long-time behavior of the two auxiliary Markov processes in Section 3 and investigate the
case of the complete graph in Section 4, for which it is possible to get explicit formulas.
The paper is then concluded with the proofs of the main theorems in Section 5.

2 Freezing Markov chains

2.1 Notation
We shall use the following notation throughout the paper:

« If d is a positive integer, a multi-index is a d-tuple N = (Ny,...,Ng) € ({0,1,...} U

{-+00})%; the set of multi-indices is endowed with the order N < N if, for all

1<i<d,N; <N;. We define |N| = Z?:l N; and and we identify an integer N with

the multi-index (N, ..., N). Likewise, for any = € R, let |z| = Zf.l:l | ;]
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+ For some multi-index N and an open set U C R¢,C(U) is the set of functions
f U — R which are N; times continuously differentiable in the direction ¢. For
any f € CN(U), we define

O =00y f 1N e = sup ()]
Te

When there is no ambiguity, we write C* instead of C " (U), and denote by C;¥ and
CX the respective sets of bounded C ' functions and of compactly supported C ¥
functions.

+ Let A be the simplex of RP defined by

D
N = {(:v1,...,xp) ERD;%- e [0,1],2%:1}’
i=1

and £ =A x{1,...,D}.

* We denote by L (X) the probability distribution of a random vector X, and we
identify the measures over {1,..., D} with the 1 x D real-valued matrices. Let I
be the Lebesgue measure over R”.

* If u, v are probability measures and f is a function, we write u(f) = [ f(z)u(dz).
For a class of functions F, we define

dg(p,v) = ;3}; lu(f) —v(f)l

Note that, for every class of functions F considered in this paper, convergence
in d# implies (and is often equivalent to) convergence in distribution (see [4,
Lemma A.1]). In particular, let

W(p,v) = sup lu(f) —v(Hl,  dv(pv) = sup |u(f) —v(f)
|f(@)—f (y) | <lz—y| Ifllee<t

be respectively the Wasserstein distance and the total variation distance.

* For § € (0,+00)?, let D(¢) be Dirichlet distribution over R”, i.e. the probability
distribution with probability density function

D
I (Zk:l ek) D 0, —1
— Ry — H H 1{m€A}-
Hk:l F(ek) k=1

For 6,,02 > 0, let 5(61,63) be the Beta distribution over R, i.e. the probability
distribution with probability density function

T

L(0) +02) 4 )
T ————2" (1 — )2 Locp<i-
1—\(91)1-\(92) ( ) 0<z<1

e Letz Ay :=min(z,y) and z V y := max(z,y) for any z,y € R.

* We write, for n > 1,u, = O(v,) if there exists some bounded sequence (h;),>1
such that v, = h,v,. Moreover, if lim,_, . h, = 0, we write u,, = o(v,), and if
lim,,— +00 by = 1, we write u,, ~ vy,.
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2.2 Assumptions and main results

Let D be a positive integer and (iy),>1 be a {1,..., D}-valued inhomogeneous-time
Markov chain such that, Vi # j,

The following assumption, which will be in force in the rest of the paper, describes the
behavior of the transitions ¢,, as time goes by.

Assumption 2.1 (Freezing speed). Assume that that the matrix Id +q is irreducible and,
forn >1andi # j,

n(i; ) = pn (q(i, 5) + T0(i: 7)) 2.1

where (p,) is a sequence decreasing to p € [0,1] such that Y.~ p, = +oo, and
lim,, 400 Tn(4,5) = 0. Fori # j, assume q(i,j) > 0, ¢, (4,5) > 0 and

q(i,i) == q(i,5), (i) ==Y aulis j).

Jj#i j#i

Note that we do not require (p,),>1 to converge to 0. Of course, if p > 0, then the
series ) p, trivially diverges; as pointed out in the introduction, if this series converge
then the problem is trivial. In fact, if p,, = 1 and r, (¢, j) = 0 for any integers i, j, n, then
the freezing Markov chain (i, ),>1 is a classic Markov chain. When p = 0, the dynamics
of Assumption 2.1 corresponds to the lazier and lazier random walk introduced in [4].

Remark 2.2 (Irreducibility or indecomposability). The irreducibility of the transition
matrix Id +¢ associated to ¢ is a classic hypothesis when it comes to Markov chains,
since otherwise we can split their state space into different recurrent classes. However,
the result of the present article can be extended to indecomposable! Markov chains,
which is a weaker concept. For instance, the transition matrix

0 1 0
1 0 0
1/3 1/3 1/3

is indecomposable but not irreducible. Namely, Id +¢ is irreducible if it cannot be written
as

T A 0
where A, A’ are square matrices and P is a permutation matrix. Indecomposability
allows such a decomposition, as long as B has a nonzero entry.

In any case, Id +¢ possesses a unique absorbing class of states on which it is irre-
ducible. Using Perron-Frobenius Theorem (see [21, Theorem 2p.53]), the matrix Id +¢
possesses a unique invariant measure v ', and the associated chain converges toward it
under aperiodicity assumptions (see also Remark 3.3). Note that aperiodicity hypotheses
are not relevant for the freezing Markov chain whenever p < 1, since the freezing scheme

automatically provides aperiodicity to the Markov chain.

Under Assumption 2.1, Id +¢ possesses a unique invariant distribution v, which
writes v g = 0; let v € A be its associated vector.

1The algebric term indecomposable also exists for matrices, and is sometimes mistaken for irreducibility.
Throughout this paper, a Markov chain (or its associated transistion matrix) is said indecomposable if it admits
a unique recurrent class.
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Remark 2.3 (Interpretation of the term r,, (7, j)). The remainder r,, (¢, j) in (2.1) can either
model small perturbations of the main freezing speed p,¢(i, j), or a multiscale freezing
scheme with p,, being the slowest freezing speed. For instance, the case

—n*G n*G ~
n = 5 5 |, 0,0>0
q { n—(0+0)  _,—(6+0) }

is covered by Assumption 2.1, with

-1 0
a=1 4 o Pa=n"

The following result characterizes the long-time behavior of the inhomogeneous
Markov chain (i, )n>1.

Theorem 2.4 (Convergence of the freezing Markov chain). Under Assumption 2.1, if
either p < 1, or p =1 and 1Id +q is aperiodic,

lim ¢, = v in distribution.

n—-+oo
Now, let us define (e, ...,ep) the natural basis of RP and introduce two different
scaling rates
1 Iz
’Yﬂ, = Qp = 7”7 (22)
n Yn
and the associated rescaled vectors
n
Tn = Tn Z €Ciry Yn = an(xn - V)- (2.3)
k=1
It is clear that (2.3) writes
1
Tp41 = 7’7;7—’_37” + Tn+1€ip 415 (24)
n

that the vector x,, belongs to the simplex A and that (z,,%,) € E = A x {1,...,D}. We
highlight the fact that, in general, the sequence (z,,),>1 is not a Markov chain by itself,
but (a?n,in)n21 is.

Remark 2.5 (Interpretation of A). The transpose x — x| is a natural bijection between
A and the set of probability measures over {1,..., D}. Then, the sequence (z,),>1 can
be viewed as the sequence of empirical measures of the Markov chain (i, ),>1. From
that viewpoint, we highlight the fact that the L' norm over A can be interpreted (up to a
multiplicative constant) as the total variation distance: indeed, for any =,z € A,

1 1 D D

Following [3, 4], and given sequences (V,)n>1, (€n)n>1, We define the following pa-
rameter which rules the speed of convergence in the context of standard fluctuations:

1 n n
A(y,€) = —limsup M.

T (2.5)
n——+o0o Zkzl Yk

Finally, we need to introduce a fundamental tool in the study of the standard fluctua-
tions: the matrix h, which is solution of the multidimensional Poisson equation

Zq(@j)(hj —h;) =v —e;, orequivalently Zq(i,j)(hk,j —hgi) =vi — Lz (2.6)
J#i J#i
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forall 1 < i,k < D, where we denoted by h; the i-th column vector of the matrix h. This
solution is classically defined by

+oo
hi = —/ (6,7 et(Id +a) —I/T) dt.
0

With the help of Perron-Frobenius Theorem (see [21, Theorem 2p.53]), it is easy to see
that h is well-defined.

Throughout the paper, we shall treat two different cases, which entail different limit
behaviors for the fluctuations of (z,),>1 or (yn)n>1. Each of these cases corresponds to
one of the two following assumptions.

Assumption 2.6 (Non-standard behavior). Assume that

a
Dn ~ -

n—+oco N ’

Note that, under Assumption 2.6, the sequences (v,),>1 and (p,),>1 are equivalent
up to a multiplicative constant and the scaling («,),>1 is trivial, hence we are not
interested in the behavior of (y,)n>1.

Assumption 2.7 (Standard behavior). i) Assume that

lim sup Tn _ 0.
n—+oo Pn

ii) Assume that

p"“:1+T+o<1>, lim —n =0,
Pn n n n—+0o \/DnYn

with R, = sup; Y, [rn (4, j)]-

Now, we have all the tools needed to study the behavior of the empirical measure
(Tn)n>1-
Theorem 2.8 (Non-standard fluctuations). Under Assumptions 2.1 and 2.6,

lim (x,,i,) =« in distribution,
n—-+o0o

where 7 is characterized in Propositions 3.1 and 3.4.
Moreover; if there exist positive constants A > 1,60 < 1 such that

A
n .7 . S >
max(|r(i,))) < 5
then, denoting by p the spectral gap of Id +q, for any
0

U<A+e(1+a—1p)’

there exist a class of functions F defined in (5.4) and a positive constant C such that
dg (L (xn,i,),m) < Cn™".

It should be noted that our approach for the study of the long-time behavior of
(@n, in)n>0 also provides functional convergence for some interpolated process (X, I;):>o0
defined in (5.3) (see Lemma 5.1, from which Theorem 2.8 is a straightforward conse-
quence). Moreover, note that the speed of convergence provided by Theorem 2.8 writes,
for any function f : A x {1,...,D} — R, two times differentiable in the first variable,
there exists a constant C'y such that

‘E[f(.%’n,ln)] — 7T(f)| < Cfn_”.
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Remark 2.9 (Is it possible to generalize Assumption 2.6?). This remarks leans heavily
on the proof of Theorem 2.8 and may be omitted at first reading. It is interesting to
wonder whether it is possible to obtain non-standard fluctuations for a more general
freezing speed (p,)n>1. To that end, let us try to mimic the computations of the proof of
Lemma 5.1 with (Z,,,i,)n>1 With

n
j:‘n = ﬁ/n E €iks
k=1

for any vanishing sequences (v, )n>1 and (9,)»>1. Our method being based on asymptotic
pseudotrajectories, the limit of the rescaled process of (z,,%,),>1 belongs to a certain
class of PDMPs which can be attained if, and only if,

im 22— 0 Lm 2 —Cy  lim - <7"+1 - 1> — Oy, 2.7)
n—+400 Y, n—-+00 vy n—+00 Yy, Tn
with Cy, Cs, C3 > 0. Without loss of generality, one can choose v, =4, and C, = C3 = 1.
Then, the third term of (2.7) entails 7, = (n + o(1))~! as n — +o0, which in turn implies
pn = Cin~! + o(n~!) when injected in the first term of (2.7).
Also, note that assuming A < 1 or # > 1 in Theorem 2.8 would not provide better
speeds of convergence, since one would obtain a speed of the form

ON1

u < .
Av1+9/\1(1+a—1p)

Theorem 2.10 (Standard convergence of the empirical measure). Under Assumptions 2.1
and 2.7.i),

lim =z, = v in probability,
n—+oo

or equivalently in L.

Moreover, if Y °7_ | v2p, ! < 400, then lim,,_, | - z,, = v a.s.

Moreover, if { = A(v,7v/p) A A(7, R) > 0, then, for any v < { there exists a constant?
C > 0 such that

C
|x, —v| < v as.

Theorem 2.11 (Standard fluctuations). Under Assumptions 2.1 and 2.7, (yn)nZI con-
verges in distribution to the Gaussian distribution N (0, £(»1))

The precise proofs of the main results are deferred to Section 5. As pointed out in
the introduction, our proofs of Theorems 2.8 and 2.11 rely on comparing (z,),>1 and
(Yn)n>1 with auxiliary continuous-time Markov processes, using the theory of asymptotic
pseudotrajectories (in Lemma 5.1) and the SDE method (in Section 5.2). Then, these
discrete Markov chains will inherit some properties of the Markov processes that we
investigate in Section 3. In particular, the results we use provide functional conver-
gence of the rescaled interpolating processes to the auxiliary Markov processes (see [4,
Theorem 2.12] and [16, Théoréme 4.11.4]).

Remark 2.12 (Weighted means). Note that one could consider weighted means of the
form

1 n
g

for any sequence of positive weights (w,),>1, as in [5, Remark 1.1] or [4, Section 3.1].
Then, we define v, = >, _, wi, and Theorem 2.10 still holds with the bound

Tn WEE€iy, ,

2The constant C is random but finite a.s.

EJP 23 (2018), paper 2. http://www.imstat.org/ejp/
Page 8/31


http://dx.doi.org/10.1214/17-EJP130
http://www.imstat.org/ejp/

Fluctuations of the empirical measure of freezing Markov chains

[z —v| < Cexp (—vac) :

k=1

Remark 2.13 (Examples of freezing rates). For the sake of simplicity, consider r, (i, ) =
0 for all ¢, j,n. Assumption 2.7 covers sequences (p,),>1 of the form p,, = n~? for any
0 <60 <1, since v2p;;! =n’~2. In this case, £ = A(n"},nf~1)=1-6>0.

But we can also consider more exotic freezing rates, for instance p,, = log(n)‘n~!, for
some ¢ > 1. Then, v2p,; ! = n~'log(n)~¢. If ¢ > 1, then the series converges and ¢ = 1.
Our results do not provide almost sure convergence in the case ( = 1, however, but only
convergence in probability.

It should be noted that assuming that (p,),>1 is decreasing, lim, 1., p, = 0 and
> pn = +oo do not imply in general that p, 11 ~ p,. A slight modification of the proof
shows that, if p,,4; is not equivalent to p,,, we have to assume the existence of a sequence
(Bn)n>1 such that

P ( B — V27 .
1—v,) — 1) = -1, R = 400, lim Bpv, =—1

lim
n——+oo ’y%ﬂ% 6n—1 n—+oo

n=1

and such that the sequences (v232p;;!),>1 and (8,7 )n>1 are decreasing; then the
conclusion of Theorem 2.11 holds.

3 The auxiliary Markov processes

In this section, we study the ergodicity of the processes arising as limits of the
freezing Markov from Section 2. We also study their invariant measure, and provide
explicit formulas when it is possible.

3.1 The exponential zig-zag process

In this section, we investigate the asymptotic properties of the exponential zig-zag
process, which arise from the non-standard scaling of the Markov chain (4, ),>1. To this
end, let (X, I;);>0 be the strong solution of the following SDE (see [23]), with values in
E:

t D t
(Xt,1t>:(xo7lo)+/ (A(XSf,ISfHeIS_)dHZ/ Br__ j(X,-,1-)N1__ j(ds),
0 =170

(3.1)
where the N; ; are independent Poisson processes of intensity aq(i,j)]l{#j} and
-1 0 .- 0 0
A= Tt By (0) Fo (3.2)
o =10 0
0O --- 0 0 0O -+ 0 72—3

Thus, the infinitesimal generator of this process is £z defined in (1.3) (see e.g. [18,
13, 25]). Actually, the exponential zig-zag process is a PDMP; the interested reader
can consult [13, 8] for a detailed construction of the process (X,I). Let us describe
briefly its dynamics: setting Iy = ¢, the process possesses a continuous component X
which is exponentially attracted to the vector e;. The discrete component I; is piecewise-
constant, and jumps from 7 to j following the epochs of the processes N; ;, which in turn
leads the continuous component to be attracted to e; (see Figure 1 for sample paths
of the exponential zig-zag process, and Figure 3 for a typical path in the framework of
Section 4.2).
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The following result might be seen as a direct consequence of [7, Theorem 1.10] or
[11, Theorem 1.4], although these articles do not provide explicit rates of convergence,
which are useful for instance in the proof of Corollary 3.9.

Figure 1: Sample paths on [0, 5] of the exponential zig-zag process for
Xo=1(1/3,1/3,1/3),4(¢,j) = 1 and a = 0.5,a = 2,a = 20 (from left to right).

Proposition 3.1 (Ergodicity). The exponential zig-zag process (X, 1,),>¢ admits a unique

stationary distribution 7. If p is the spectral gap of q, then for any for any v < ap(1+ap)~!,

there exists a constant C' > 0 such that
Vvt >0, W((XyI),7)<Ce .
Moreover, if L (Iy) = v, then
Vvt >0, W ((Xe,L),m) <W((Xo,Ip),m)e".

Note that the speed of convergence provided in Proposition 3.1 can be improved
when D = 2, since we are able to use more refined couplings (see Proposition 4.5).

Proof of Proposition 3.1. The pattern of this proof follows [7]. Let (X, I, Xt, it)tzo be
the coupling for which the discrete components I and I are equal forever once they are
equal once. Let ¢ > 0 and « € (0,1). Firstly, note that, if I, = iat, then the processes
always have common jumps and

X, — X| = |Xq, — Xo,|et <267t (3.3)

From the Perron-Frobenius theorem (see [21, 30]), for any € > 0, there exists C > 0 such
that
drv(I, L) < Ce(@r=eolt,

Then there exists a coupling of the random variables I,,; and iat such that
P(Io # Ioy) < Ce(@me)at, (3.4)
Now, combining (3.3) and (3.4),

B[I(X0 1) — (X L)l < B [|(X0 1) - (X0, 1)

Iat # iat] P(Iat 7& iat)
+ B [1(Xe 1) = (Koo )l Tar # T | P(Tat # L)

S 2]P(Iat 7é iat) + 26_(1_a)t
S QOef(apfs)at +2 ef(lfoc)t )

One can optimize this speed of convergence by taking a = (1 + ap — )7}, and get

w ((Xta It)a (Xt7it)) S Ce_vt (35)

EJP 23 (2018), paper 2. http://www.imstat.org/ejp/
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with ¢ = 2C + 2 and v = (ap —€)(1 +ap —)~". Then, (L ((X;,1;)) is a Cauchy sequence
and converges to a (stationary) distribution 7. Letting L (Xo, io) = 7 in (3.5), achieves
the proof in the general case.

Now, if L (Iy) = v, then L (I5) = L (Iy); we can let Iy = I, and then it suffices to
use (3.3) with a = 0. O

If Assumption 2.1 is in force, there exists a unique invariant measure w, which
satisfies

/ Lz f(x,4)m(dx,di) =0,
E

for any function f smooth enough. Now, let us establish the absolute continuity of this
invariant distribution with respect to the Lebesgue measure L.

Lemma 3.2 (Absolute continuity of the exponential zig-zag process). Let K C A be a
compact set. There exist constants ty,cy > 0 and a neighborhood V' of K such that, for
any (z,i) € E and for all t > to,

P(X, €I, = j|Xo =Ty =14) > coL(-NV). (3.6)

Remark 3.3 (When Id +q is only indecomposable). This remark echoes Remark 2.2
and describes the behavior of the Markov chain (z,,,%,),>1 when Id +¢ is reducible but
indecomposable. In that case, Proposition 3.1 holds as well. However, Id +q possesses a
unique recurrent class which is strictly contained in {1, ..., D}, the vector v possesses
at least one zero and belongs to the frontier of the simplex A, and TI'(A) =0. Itis
then impossible to obtain an equivalent to Proposition 3.1 with a convergence in total
variation; when Id +¢ is irreducible, this is possible using techniques inspired from [10,
Proposition 2.5].

If Id +q is indecomposable, one can obtain equivalents of Lemma 3.2 and Proposi-
tion 3.4 below by replacing the Lebesgue measure I on R” by the Lebesgue measure

on the linear subspace spanned by the recurrent class of Id +q.

Proof of Lemma 3.2. The proof is mainly based on Hormander-type conditions for switch-
ing dynamical systems obtained in [1, 8]. Using the notation of [8], let F : x +— ¢; — 2
and then, if D > 3,

Vo e A, Go(z) = Vect{Fi(z) — Fi(x) :i# j} = Vect{e; —e; :i # j} = RP,
where Vect A denotes the vector space spanned by A C RP. If D = 2, then G, (z) = R2.
As a consequence, the strong bracket condition of [8, Definition 4.3] is satisfied. In
particular, using [8, Theorems 4.2 and 4.4], we have that, for every x € A, there
exist tp(x),co(x) > 0 and open sets Uy(z),V(x), such that for all g € Uy(x),i,j €
{1,...,D},AC A and ¢ > to(z),

IP(Xt S A, I = JlXO = x9,Ip = ’L) > Co(l‘)]L(A N V(l’))
Since A = UzeaUp(z) is compact, there exist z1,...,z, such that A = U}_,Uy(xy). In
particular, setting V' = U}_, V (xx), co = mini<g<n co(zx), to = maxi<p<n to(zx), we have,
forall zg € A,i,j €{1,...,D},AC A and t > t,
P(Xt S A,It = ]|X0 = x9,Ip = Z) > CQIL(A N V)/

Using the Markov property, this holds for every ¢t > ty, which entails (3.6). O

EJP 23 (2018), paper 2. http://www.imstat.org/ejp/
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Proposition 3.4 (System of transport equations for 7). The distribution 7 introduced in
Proposition 3.1 admits the following decomposition:

D
T = Z v ® 05, mi(de) = p(x,4)dx, (3.7)
i=1

where the function ¢ satisfies, for any (x,i) € E,

X

D
(D = De(z,i) + Z$k6ks0($,i) — 0;p(w, i) + Z ;J

k=1 j=1""

aq(j,i)¢(x, j) = 0. (3.8)

Once we will have proved that 7 admits the decomposition (3.7), the next step is the
characterization of ¢ in (3.8). Indeed, since it satisfies

D
Zui/ Lo f(z,i)p(z,i)ds =0, (3.9)
i=1 &

for every smooth enough function f, all we have to do is compute the adjoint operator of
L7. For general switching model, it would not possible to characterize ¢ as a solution of
a simple system of PDEs like (3.8). However, the present form of the flow enables us to
derive a simple expression for the adjoint operator of £z. Before turning to the proof
of Proposition 3.4, let us present the following formula of integration by parts over the
simplex A.

Lemma 3.5 (Integration by parts over A). For all f,g € C} (A) and k,l € {1,...,D},
we have

/ 9(2)(On — O0) f () = — / (O — O g(a) f (x)d.
A A

Proof of Lemma 3.5. Fix| =1 and let A\ = {l‘g, ...,xp €10,1] : Ziz z; < 1}. Then,
D D
/ 9(2)Or f(z)dzxy ... dxp = / g (1 — in,xg, > O f (1 — in,xg, ) dx
A ! i=2 i=2

-/ lak <g <1_§> s (1_2>>

D D
—1—819 <1 — Z$i7$2,...> f (1 — Z.’I,‘i,x%...)
=2

=2
D D
+g <]. - Z.’L‘Z‘,.’L‘Q, ) 81f (1 - Zl’i,xz, >
=2 1=2

=2

D D
—0kg <1 — in,azg, ) f <1 — in,xz, )] dry...dxp.
i=2

Now, as ¢g(0,z2,...) = f(0,22,...) = 0 and 9;1 = 0, use a (classic) multidimensional
integration by parts to establish that

D D
/ Oy 1—21‘1-,1'2,... f 1—in,x2,... dri...dep =0,
AN} i=2 i=2
which entails Lemma 3.5. O
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Proof of Proposition 3.4. Integrating (3.6) with respect to the unique invariant measure
7, we obtain that m admits an absolutely continuous part (note that uniqueness comes
from Proposition 3.1). Since 7 cannot have an absolutely continuous part and a singular
one (see [1, Theorem 6]), 7 admits a density with respect to the Lebesgue measure,
which entails (3.7).

Now, let us characterize the function ¢. We have

Vi/A(_xk + Lizk)p(z,9) 0k f (2, 1)dx

D
i,k=

1

(e, )00 f (@, 1)dz + vy /A

o(x,1)0; f(x, i)dx)

and, using Lemma 3.5, forany 1 <i < D,
D
-3 [ metmions i+ [ eloio (e ids
k=174 &

:fZ/Azkga(x,i)akf(x,i)dx—/Axicp(x,i)&f(z,i)dqu/Agp(g:,i)aif(g;,i)dx

ki

= Z {/A Ok (xrp(, )] f(z,1)dx — /Aa;kso(x,i)c‘?if(:c,i)dm - /Aai (zpp(x,1)) f(m,i)dx)

ki
—/ xigp(x,i)aif(x,i)dx—i-/ o(x,)0; f(x,i)dx.
A A

As a consequence,
D

Vi/ (—@k + Lizg) (2, 9) 0 f (2, 1) d
o A

1‘7

1

D
= Z Z [/A O (xk<p(zvi)) f(x,i)d;t - /A 0; (Imp(l‘,i)) f(:z:,i)d:z:

i=1 \ k#i

D
=S Z/Aak (xw(x,i))f(x,i)dz—(1—xi)/Aai¢(x,i)f(z,i)dx

i=1 \ k#i

Hence, (3.9) writes

D
0:;/Auif(x7l)><

D
Z ak (l’k@(l‘,l)) - (1 - 951)8190(33’2) + Z V—jq(]7z)<p(:v,]) - Z q(l7j)(,0($,l) dx.
ki j=1"" j=1

It follows that ¢ is the solution of (3.8). O

3.2 The Ornstein-Uhlenbeck process

In this short section, we recall a classic property of multidimensional Ornstein-
Uhlenbeck processes, which is useful to characterize the behavior of (y,),>1 in a stan-
dard setting. Thus, we define (Y;);>¢ as the strong solution of the following SDE, with
values in R?:

t t
Y=Y, _/ Y. ds+ \/5/ (2®IN 2w, (3.10)
0 0
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where W is a standard D-dimensional Brownian motion and (X(*7))!/2 is the square root

of the positive-definite symmetric matrix X®1), i.e. (X®1))1/2((x@1))1/2)T = »@:1),
The process Y is a classic Ornstein-Uhlenbeck process with infinitesimal generator Lo
defined in (1.1). Such processes have already been thoroughly studied, so we present
only the following proposition, which quantifies the speed of convergence of Y to its
equilibrium.
Proposition 3.6 (Ergodicity of the Ornstein-Uhlenbeck process). The Markov process
(Y,)¢>0 generated by Lo in (1.1), with values in R, admits a unique stationary distribution
N (0,2®1)).

Moreover,

W (Yt, N (o,z@ﬂ))) = W (Yo, m)e .

Proof of Proposition 3.6. First, since

T (p,Y)\—1
N (07 E(p,T)) (dz) = C'exp (36(22)36) dz,

a straightforward integration by parts shows that, forany f € C2, N (0,2®™)) (Lof) =0
so that N (0, E(p’T)) is an invariant measure for the Ornstein-Uhlenbeck process Y.
It is well-known and easy to check that (Y;);>o writes

t
Y, =Yge ! +\/§(E(”’T))1/2/ e~ =9 qw,
0

where W is a standard Brownian motion. Consequently, if we consider Y another
Ornstein-Uhlenbeck process generated by Lo and driven by the (same) Brownian motion
w,

E[|Yt—?t|} :E[\YO—YOQ et (3.11)
Taking the infimum over all the couplings gives a contraction in Wasserstein distance.
Now, if L (Yo) = N (0,5(®) and (Y, Yo) is the optimal coupling between L (Y,) and
N (0,2®1)) with respect to W, then (3.11) writes

W (Yt, N (0,2<m>)) W (YO, N (0,2@”))) e,

which entails the uniqueness of the invariant probability distribution as well as the
exponential ergodicity of the process. O

3.3 Acceleration of the jumps

The current section links the Sections 3.1 and 3.2 in the following sense:

Slow freezing .| Exponential zig-zag process

( 'L (X¢, Ii)i>0

Markov chain :
v . - Acceleration of the jumps

(in)n21 :
h 4
L jOrnstein-Uhlenbeck process
Fast freezing 'L (Yi)e>o0
EJP 23 (2018), paper 2. http://www.imstat.org/ejp/
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Indeed, we prove in Theorem 3.7 the convergence of the (rescaled) exponential
zig-zag process to a diffusive process as the jump rates go to infinity. Such results are
fairly standard and are already known in the cases of (linear) zig-zag processes (see
[19, 9]) or of particle transport processes (see [12]). Heuristically, since there are more
frequent jumps, the process tends to concentrate around its mean v, and the effect of
the discrete component fades away. This phenomenon can be seen on Figure 1. We shall
end this section with Corollary 3.9, which provides the convergence of the stationary
distribution of the exponential zig-zag process toward a Gaussian distribution.

To this end, let (a,),>1 be a sequence of positive numbers such that a,, - +0o0 as

n — 400 and, for any integer n, let (X, 1"),~, be a Markov process with values in E

generated by
L f(w,i) = (i — @) - Vo f (2,0) + an Y a(i, )f (@, 5) = f(@,9)]-
J7#i
We define Y\ = ./a,(X™ — ) and denote by Y™ (k) and X" (k) the respective k'
component of Y™ and X{".

Theorem 3.7 (Convergence of the processes). If (Y(()n))n21 converges in distribution
to a probability distribution y, then the sequence of processes (Y("))n21 converges in
distribution to the diffusive Markov process generated by

Lof(y) =—y Vi) + Vi) 2OVVf(y)

with initial condition p.

Proof of Theorem 3.7. We shall use a diffusion approximation and follow the proof of
[19, Proposition 1.1]. For now, we drop the superscript (n), and let, forany 1 < k,I < D,

or(z,1) = Van(xr — vg) + %hk,u Yia(x,1) = oz, 1)@ (z, 7).

NG
Then,
Log(z,7) = v/an(ve — z1),

LY i(w,i) = an (Lizk — zk)p1(2,7) + (Lizt — 21) @k (7, 17))
+ap ((zk —vie) (v — Lizy) + (2 — v) (v — Li=k))

+> a0, 5) (e shug — P ihe)
J#i
Then, by Dynkin’s formula, for fixed n, the processes (M;(k));>0 and (N¢(k,1))¢>0 are

local martingales with respect to the filtration generated by (X(™),1(")), where

Mi(k) = Yi(k) — \@/0 (e — X, (k))ds + \/anh“

1
Ni(k, 1) =Y (k)Y (D) + Ye(k)hix, + Yi(Dhea, + ;hk,lthl7lt
t
- / [ 2Y, (Y () + her, (L, —y — XaD)) + o, (Lgr. sy — X))

0
+ > q(Ls,5) (hijhiy — hex hix,) ] ds.
AL,
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Remark that, forany 1 <i < D, if oy, (i) = ZjDzl q(i,5)(hej — hi)(hij — Prgy),

D D
> a6, 5) (hwejhu g — P b i) Z q(i, 7) (haj — hasi) (hie,j — hiei)
j=1

+hei (Ve — Lizk) + hii (v — 1izi)
=05, (1) +hy; (Vs — Lizi) + b (1 — Li=y)

Then, denoting by Z.(k) = fot Y (k)ds,
t t
1
No(k, 1) = Y, (k)Y (1) + 2/ Y, (k)Y (1)ds —/ Ora(L)ds + —hi g, by,
0 0 n

hiea, (Ye(l) +Ze(1) + —=hux, (Yi(k) + Zi(K))

1 1
e N
and

My(k)M(1) = Ni(k, 1) + Y (k) Ze(1) + Y (D) Ze (k) + Ze (k) Ze(1)

¢
—2/ Y( ds+/ ok, (Is)ds
0

t t
+ (hk 1, Zt(l) + hletZt(k:) — / thsYs(l)dS — / hleYs(k})dS) .
0 0

Jn

By integration by parts,

Y, (k)Z (1) = / Z.(1)dM, (k) - / Z. ()Y (k)ds + / Y. (k)Y

1 /t )
+ thQYS l)ds — hkitzs D,
= ([ maxa 0

hence
t t t
M, (k)M (1) :Nt(k7l)+/ Zs(k:)dMS(l)—i-/ Zs(l)dMs(k)—i-/ pot(Ly)ds.
0 0 0
Finally, for any 1 < k,I < D, the processes M (k) — B(™ (k) and M (k)M ™ (1) —

AM)(E,1) are local martingales, with

t
A (k1) = / oea(I)ds, B / Y{Mds + —hk oy
0 t
Note that I(™ is a Markov process on its own, generated by

LM f6) = an Y ali, HIFG) — £(0)-

J#i
In other words, for any ¢ > 0, we can write IE”) =1, a.s., for some pure-jump Markov
process (I;);>0 generated by

Lif(i) = qi, ) (G) — £Q)].
J#i
Using the ergodicity of (I;);>¢ together with lim,,_, + a,, = +oc0, we have

t 1 ant
lim A™ (k)= lim [ oxy(la,s)ds = lim —/ o (L)du

n—-+oo n—-+oo 0 n—-+o0o an 0

D
= tz viok,1(i) = tv(ok)-
i=1

Thus, the processes Y () (k), B( (k), A (k, 1) satisfy the assumptions of [18, Chapter 7,
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Theorem 4.1], which entails Theorem 3.7. O

Remark 3.8 (Heuristics for a direct Taylor expansion of the generator). As for many
limit theorems for Markov processes, one would like to predict the convergence of the
exponential zig-zag process to the Ornstein-Uhlenbeck diffusion from a Taylor expansion
of the generator. Let us describe here a quick heuristic argument based on [12], which
justifies the particular choice of functions ¢ in the proof of Theorem 3.7. For the sake
of simplicitylet us work in the setting of Section 4.2, that is the generator of (X, I;):>0
is of the form

Lzf(x,i) = gi(2)02 f(2,4) + abs_i[f (2,3 — 1) — f(x,1)]

where g; : © — (1{;=1} — ). For some smooth function f : R” — R, we have Lz f(z,i) =

gi(z) - V. f(x) which cannot be rescaled to converge to some diffusive operator. We need
an approximation f, of f in a sense that lim,, 1 f, = f and Lz f, has the form of a
second order operator. Then, let

fa:(z,9) = f(z) +a " h(x,i) - Vuf(x)

where h(z, ) is the solution of the multidimensional Poisson equation associated to the
transitions of the flows

> ali, )l §) = b, i)] = O3s[h(x,3 — i) ngg] (2) = v1 = gy
J#i
Then, )

Lzfa(w,1) = —gi(x) - Valh - Vof)(2,0) + Vo f (@ Zng]

Here, >, vjg;(z) — gi(¥) = v1 — 1{;=1) does not depend on z, neither does the function
h, which is thus defined by (2.6). Furthermore, h(z,i) = (6; + 02)~'1;—;. Moreover
limg 100 gi(v + y/V/a) = €; — v, 80 limg_ 4 oo Lz fa(x,i) = Lo f(x) up to renormalization.

From Proposition 3.1, for any fixed n > 1, the process (X\",1{"),, admits and
converges to a unique invariant distribution 7(™, characterized in (3.7) as

D
=3 v @6, " (d) = ) (x,1)de.

Let 7(™ be the first margin of the invariant measure of the Markov process (Yt("), Ign))tzo,
i.e. the probability distribution over R” defined by

(dy) = Z (an + v, z) dy.

Corollary 3.9 (Convergence of the stationary distributions). The sequence of probability
measures (7("),,>1 converges to N (0,5(1).

Proof of Corollary 3.9. Letn > 1,t > 0 and
F={feC’R”) : |fle<LIfx)—fW)l<|z—yl}.

Up to a constant, d & is the Fortet-Mourier distance and metrizes the weak convergence.
Fix ¢t > 0 and let X\ = v and L (I")) = »7. From Theorem 3.7,

lim ds (Y(”) Yt) —0,

n—-+oo
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where Y is an Ornstein-Uhlenbeck process with generator £ and initial condition 0.
Using the definition of d# and Proposition 3.1,

dz (Y, 7)< w (Y1), 7)) <w (g @ va™ ) et =W (6,70 et
Let us check that the term W (50, 7?(")) is uniformly bounded. To that end, let

2
O (@,i) = 23 + (Thk,ia?k + vy,

so that 5
£ (g, 4) = 223 + - (Lpizky — k) his + 20 L gy -

Since (™ (£ (M) =0,

1
/ 22n™ (de, di) — v} = — (hkykuk —/ zphy ™ (dx,di)) .
E an E

Hence, with C = Zszl hi kv, — min, ; h; ;, and since fE ) (dz, di) = vy,
D
/ |z — v||27™) (da, di) = Z/ (z1 — vi)>7 ™ (da, di)
E i1 /E
/ (27 — 2vpar, + 1) 7" (dz, di)
D
= Z/ 2™ (de, di) — v}
=1 /E

/ xphy 7™ (da, dz‘))
E

th VL —mlnh”> <

I
S |~
]
>
ET
o
<
ol
|

IA
|
§\Q

—_
]

By Holder’s inequality,

W(ég,fr(”)> :/ \y|7-r<n>(dy):/ Jan|z — v|a™ (dz, di) < V/C.
R

E

Consequently to Proposition 3.6,

ds (ﬁ("), N (0,2(07”)) <ds ( () Y(”)) +dg (Y(") Yt) +ds (Yt, N (0,2“)71)))
<2V/Ce ' +dg ( 7 t)

Then,
lim sup d g (7?("), N ( 0,2 1)>)
t—+o0
which goes to 0 as ¢t — +o0. O

4 Complete graph

In this section, we consider a particular case of freezing Markov chain, where all
the states are connected, and the jump rate to a state does not depend on the position
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of the chain. This example of Markov chain has already been studied in the literature,
for instance in [14]. Section 4.1 deals with the general D-dimensional case, for which
most of the results of Section 3 can be written explicitly, notably the invariant measure
of the exponential zig-zag process, which is a mixture of Dirichlet distributions (see
Figure 2). Section 4.2 studies more deeply the case D = 2, where we can refine the
speed of convergence provided in Proposition 3.1.

4.1 General case

Throughout this section, following [14], we assume that there exists a positive vector
6 € (0,4+00)” such that, forany 1 <i,j < D,

D
q(i,j) = 0; — 0]Li=y, 0] = _0;, (4.1)
j=1

and we will recover [14, Theorem 1.4]. If D = 2, let us highlight that an irreducible
matrix Id +¢ automatically satisfies (4.1) (if Id +¢q is indecomposable then this is true as
soon as ¢(1,2)q(2,1) # 0).

€3 €3

€3

\

\

€1 €y €1 €2 €1 €2

Figure 2: Probability density functions of m; = D(2,2,5),m = D(1,3,5),73 = D(1,2,6),
for 6, = 1,0, = 2,03 = 5 (from left to right).

Proposition 4.1 (Limit distribution for the complete graph in the non-standard setting).
Under Assumptions 2.1 and 2.6, and if q satisfies (4.1), then v; = 6,|0|~* and

D
ngrfoc(xn, in) = z; v;D(af + e;) ® §; in distribution.
1=

In particular;

lim , = D(af) in distribution, ~ lim 4, = v' in distribution.
n—-+oo n—-+oo
Proof of Proposition 4.1. If q satisfies (4.1), it is straightforward that its invariant distri-
bution v is given by v; = 6;|0|~! for any 1 < i < D. The convergence of (tn)n>1 to v’
and of (z,,%,)n>1 to some distribution 7 are direct corollaries of Theorems 2.4 and 2.8.
Moreover, Proposition 3.4 holds, hence 7 satisfies (3.7) and it is clear that

(el +1) 0; ab;—1 N w1
p(z,1) = 2 [ 20" = i e—a? [ [ 2%
F(el + 1) Hj;éz F(97) Jl;Iz J H]D:1 F(oj) ]1_[751 J

is the unique (up to a multiplicative constant) solution of (3.8), which entails that

D
™= ZZ/Z‘D(CLH +e;) ®0;.
i=1
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Finally, if L (X, ) = 7, it is clear that L (I) = v " and that

D
L (X)(dz) =Y vip(z,i)dz = DF(Iiel) []=""dz = D(6)(du). O
i=1 Hj:l F(aj) j#i
In the framework of (4.1), it is also possible to obtain explicitly the solution of the
Poisson equation related to g as well as the covariance matrix of the limit distribution
in the standard setting. This is the purpose of the following result, whose proof is
straightforward using Theorem 2.11 together with the expressions (1.2) and (2.6).

Proposition 4.2 (Limit distribution for the complete graph in the standard setting). Under
Assumptions 2.1 and 2.7, and if q satisfies (4.1), then v = |0|7'6 and h; = |0]"'e; and

_2-p ifk £ 1
lim y, =N (O, E(”’T)) in distribution, with $";") = { QEJTVM : *
n—-+o00 ’ —1+Tyk.(1 — Vk> ifk=1

Finally, let us emphasize the fact that Corollary 3.9 provides an interesting conver-
gence of rescaled Dirichlet distributions, when considered in the particular case of the
complete graph.

Corollary 4.3 (Convergence of the rescaled Dirichlet distribution to a Gaussian distri-
bution). For any vector § € (0, +00)?, if (X,,)n>1 is a sequence of independent random
variables such that L (X,,) = D(a,0), then

lim +/a, (X, —v)=N (0,diag(v) —vv") in distribution.

n—-+oo

4.2 The turnover algorithm

In this subsection, we consider the turnover algorithm introduced in [17]. This
algorithm studies empirical frequency of heads when a coin is turned over with a certain
probability, instead of being tossed as usual. The authors provide various convergences
in distribution for this proportion, depending on the asymptotic behavior of the turnover
probability, which corresponds to (p,),>1 in the present paper. However, this turnover
algorithm can be seen as a particular case of freezing Markov chain, and can then be
written as the stochastic algorithm defined in (2.4), in the special case D = 2. Since
x,(1) =1 — x,(2), there is only one relevant variable in this section, which belongs to
[0, 1]:

Ty = 1,(1) =Yy Z Liip=1y- (4.2)
k=1

Note that we are in the framework of Section 4.1, with 6; = ¢(2,1) and 6; = ¢(1,2),
and that Propositions 4.1 and 4.2 hold. In particular, we have v; = 6;(#; + 6)~!. Then,
for any y € R and (z,4) € [0,1] x {1, 2}, the infinitesimal generators defined in (1.1) and
(1.3) write

Lof(y) = —uf'(9) + T2 (1 =) ") 4.3)
and
Lzf(x,i) = (Lg=1y — 2)0z f(x,4) + ab3_;[f(x,3 — i) — f(x,)]. (4.4)

Remark 4.4 (Comparison with [17]). In the present paper, we recover [17, Theorems 1
and 2] as direct consequences of Theorems 2.8 and 2.11. The aforementioned results
are extended by allowing ¢(1,2) # ¢(2, 1), but mostly by obtaining results for general
sequences (p,),>1 while [17] deals only with p,, = an~? for positive constants a and 6. It
should be noted that, in order to perfectly mimic the algorithm of the aforementioned
article, one should consider the chain z}, = v, > p_; (L{;,=1} — L{i,—2}), which evolves
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in [-1,1]. The behavior of this sequence being completely similar to the one we are
studying, we chose to work with (4.2) for the sake of consistence.

However, the reader should notice that the invariant measure of the process gen-
erated by (4.3) is a Gaussian distribution with variance Egp iT). In the particular case
where p = 0 and #; = 6, this variance writes

1
E(Ov’r) —
11 2(1+17T)’

which is, at first glance, different from the variance provided in [17], which is (under our

notation)
9 1

T2+ )

The factor a2 comes from the fact that [17] studies the behavior of a‘lyn. The factor
2 comes from the choice of normalization mentioned earlier, since z,, € [0,1] and
zy € [-1,1].

Whenever D = 2, it is easier to visualize the dynamics of (X, I) (see Figure 3), and
we can improve the results of Proposition 3.1 concerning the speed of convergence of
the exponential zig-zag process to its stationary measure .

1
: X,
X,
0 1 1 1
T, T, Ts b

Iy =2 I =1 Iy =2

Figure 3: Typical path of the exponential zig-zag process when D = 2.

Proposition 4.5 (Ergodicity when D = 2). The Markov process (X;,1;):>¢ generated by
Lz in (4.4), with values in [0,1] x {1,2}, admits a unique stationary distribution

b1

= (7] 1 .
0+ 0 B(ab1,abs + 1) ® o

s

0
0 1,al _—
B(aby + ’a2)®61+6‘1+92

Moreover; let v = a(6; V 63), then

(2 n |12*UU|) e (A0 jfy £ 1
W((X, L), m) < (2+t)e? ifr=1

W((Xo,Io),m)e™t  if L (Iy) = 52561 + 526

Since the inter-jump times of the exponential zig-zag process are spread-out, it
is also possible to show convergence in total variation with a method similar to [10,
Proposition 2.5]. Note that, following Proposition 4.1, the limit distribution of (X;):>¢ is
the first margin of 7, namely 5(af1, afs).

Proof of Proposition 4.5. Without loss of generality, let us assume that 6; > 65, that is
v = afy. Using Proposition 4.1, it is clear that 7 is the limit distribution of (X, I). Let us
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turn to the quantification of the ergodicity of the process. Since the flow is exponentially
contracting at rate 1, one can expect the Wasserstein distance of the spatial component
X to decrease exponentially. The only issue is to bring I to its stationary measure

first. So, consider the Markov coupling ((X, I), (X,T)) of Lz on E x E, which evolves

independently if I # I, and else follows the same flow with common jumps. We set 7 = 0
and denote by T,, the epoch of its nih jump. If I # Iy, the first jump is not common a.s.,
but in any case, since D = 2, I, = I, a.s. and L (77) = E (v). Consequently,

E|[(X¢, 1) — (tht)q =k [|Xt - itﬂ + P(I #it)
< /tE [|Xt — it|‘T1 = s} ve "Pds
0

+(]E[\Xt—

t
<2e v +/ E [\Xé — Xs\} e () yeTv ds
0

T > t} +1) P(Ty > t)

t
§2e_”t+ve_/ e1=v)s gg

<< ul) T Ly + 2+ ) e Ly

IN

_m‘ t:| 1{1;7&1} + (2 + ’Ut) e—vt ]l{v:l}

Note that if L (Iy) = L (I), let Iy = I, so that the coupling ((X, I), ()NC,T)) always has
common jumps and B _

|Xt — th = |X0 — X0| e_t
Letting (Xo, XO) be the optimal Wasserstein coupling entails Wasserstein contraction.

The results above hold for any initial COI’ldlthIlS (XO,IO) Then, let L (XO,IO) = to
achieve the proof; in particular, L (IO) =yl = o +9 o1+ 7105 +9 0. O

5 Proofs

In this section, we provide the proofs of the main results of this paper that were
stated throughout Section 2.

Proof of Theorem 2.4. Under Assumption 2.1, let us first assume that p > 0. The matrix
(Id +¢) is irreducible, and so is (Id +pq). Moreover, v is also the invariant measure of
pq, and Perron-Frobenius Theorem entails that there exist C > 0 and p € (0,1) such that
foreveryn > 1landi € {1,...,D},

drv (0;(Id +pg)™,v") < Cp™.

Now, let us prove that (i,),>1 is an asymptotic pseudotrajectory of the dynamical system
induced by Id +pg. The limit set of such a system being contained in every global
attractor (see [3, Theorems 6.9 and 6.10]), we have

drv (6;, (Id +pq), iny1) = drv (65, (Id +pq), d;,, (I1d +¢5,))

D
<o —pl+ D [rnlin, ) < lpo —pl+ D [ra(ig)l,  (5.1)
J#in i,5=1

and the right-hand side of (5.1) converges to 0, which ends the proof.
The case p = 0 is a mere application of [4, Proposition 3.13]. O
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5.1 Asymptotic pseudotrajectories in the non-standard setting

In this section, we prove Theorem 2.8 using results from [4], based on the theory of
asymptotic pseudotrajectories for inhomogeneous-time Markov chains. Indeed, with the
convention 22:1 =0, let

n
Tp = Z’yk, m(t) =sup{k > 0: 7 <t}, (5.2)
k=1
and define the piecewise-constant processes
oo (oo}
Xi = Z xn]l‘rngt<'rn+17 I = Z in]l‘rngt<7'n+1 . (5.3)
n=1 n=1

We shall show that, as t — +oo, the process (X, I;);>o converges in a way (see
Figure 4) to the exponential zig-zag process (X;,I;);>¢ solution of (3.1), that we already
studied in Section 3.1. To that end, let (P;):>o be the Markov semigroup of (X,I),
Ny =(2,...,2,0) and

Ny
F =S feD(L) NCM i Laf € D(L2), |L2f oo + [1£2L2f loo + D [1f9loo <1
j=0
(5.4)
Note that convergence with respect to d s implies convergence in distribution (see [4,
Lemma A.1]).

Figure 4: Sample path of the process (X;);>o in the setting of Section 4.2 for a = 1,
q(1,2) = § and ¢(2,1) = 2.

Lemma 5.1 (Asymptotic pseudotrajectory for non-standard fluctuations). Under the
assumptions of Theorem 2.8, the sequence of probability distributions (p;)¢>0 is an
asymptotic pseudotrajectory of (P, f);>o with respect to dz.

Moreover, if there exist positive constants A > 1,0 < 1 such that

A
n .7 ' < 0>
ma(|ra (5.)]) < 75

then, for any v < ap(1 + ap)~!, there exists a positive constant C such that
d(@'mg(L(Xt,It),’ﬂ') S Ce_vt. (55)

Moreover, the sequence of processes ((Xn¢,Init)i>0),~,; converges in distribution,
ast — +oo, toward (X7,IF);>o in the Skorokhod space, where (X™,I") is a process
generated by Lz with initial condition 7.
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The proof of Lemma 5.1 consists in checking [4, Assumptions 2.1, 2.2, 2.3 and 2.7.ii)]
and relies on three ingredients:

» Convergence of a kind of discrete infinitesimal generator £,, , which characterizes
the dynamics of (X, I), to £z defined in (1.3).

* Smoothness of the limit semigroup (P;);>o and control of its derivatives with
respect to the initial condition of the process.

* Uniform boundedness of the moments of (z,,%,),>1 up to some order, which is
trivially satisfied here since F is compact.

Proof of Lemma 5.1. In what follows, the notation O (as n — 4o00) is uniform over z, i, f.
We define £, f(z,i) = ngllE[f(an, in+1|Tn = x,i, = i], and we study the convergence
of L, to Lz in the sense of [4]. Let (z,i) € E and xu, (z,i) = Hszl r3. We recall that
qn(i,3) =14 O(p,) as n — +oo. With

1 o
€n = — \ maX(V’n(%J)Da
#i

n
we have
. Gn+1(, 7 Ynt1 . .
Lo f(x,1) :Z +10,7) [f( s :U+’yn+1ej,j> —f(x,z)}
. Yn+1 Tn
Jj#i
1= 2 ny1(i, J) . . )
+ iz [f (lex#—vnﬂei,z) — f(x,z)}
Tn+1 n
Pr .. ..
=" T (q (i, 5) + P (i) %
i Tl

[7@,9) = J@,3) + X100 @ DIV o0 ()]

1+ O(py,
i + O(pni1) »
Tn+1

[((“ - 1) + %Hei) VL1 (@) + s (@ )| O (%H)}

Tn

=Lz f(x,1) + x5, (2, )| F N[0 O (ent1) -

We turn to the study of the regularity of the limit semigroup, following [26]. Let ¢t > 0
and note that || P;f|lco < ||f||co- Moreover, the process (X, I) is solution of the following
SDE (we emphasize below the dependence on the initial condition):

t D t
(X2 1) = (.4) 1 /0 (AT g ) s+ /0 Bres (X34 T54) Ny (d),
j=1

(5.6)
where NN; ; is a Poisson process of intensity aq(i, j)1;»;; and the matrices A and B; ; are
defined in (3.2). Then, if we denote by n7"*"" = p~! [(Xf*’”kvi,l’f*hw) — (XPL IR,

we recover from (5.6) that the process nm’kfh satisfies the ODE

t
,]72377/,19,]1 — (€k70) +/ An:f’k)hdS,
0

so that /"% = (et e}, 0). Thus, %% admits a continuous modification (notably at h =

0) and 9y (X®% I%") = (et ey, 0) is continuous. Using similar arguments, 9;9; (X%, 1%) =
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0. Gathering those expressions, and since f" is bounded for every multi-index N < N,
it is clear that P, f € C™1, with, for any j, k < D,

O3(P)a,i) = B [0,/ (X', 17| e,
0,01(Pof)(z,i) = E [ajak FX, va")} e 2t

Hence, for any j < Ny, [|[(Pf)9]|oe < |f9)||0o. Finally, for any n > 1, |z,,| < 1, so that

2

Sup XN, (In, Z.n) = SUPZ |$n‘k <3.
n>1 n>1 k=0

Hence, we can apply [4, Theorems 2.6 and 2.8.ii)] with Ny = No =d; =d = (2,...,2,0),
Cr =1, M, = 3, to obtain the existence and the announced properties of 7 as well as

lim dg (L (zn,in),7) =0.

n—-+oo

Moreover, following [4, Remark 2.5],

. log(vVe,) 0
A(y,€) = —limsup —=7—- < —.
( ) n——+oo Zk:l Vi A
Finally, using Proposition 3.1 together with [4, Theorem 2.8.ii)] entails (5.5). Recall
the compactness of F, then we can apply [4, Theorem 2.12] and achieve the proof of

Lemma 5.1, which also entails Theorem 2.8. O

5.2 ODE and SDE methods in the standard setting

In the present section, we successively provide proofs for Theorems 2.10 and 2.11.
We shall prove the former with a method involving an asymptotic pseudotrajectory
for some interpolated process, similarly to Section 5.1 and [5]. On the contrary, the
fluctuations obtained for (z,),>1 in Theorem 2.11 are obtained through a more classic
result for stochastic algorithms, namely the SDE method developed in [16] (see also
[27]).

Proof of Theorem 2.10. In the following, we mimic the proof of [5, Lemma 2.4] (see also
[28, 2]). Indeed, for any n > 1, (2.4) writes

Tp4+1 = Tp + 'Yn+1(’/ - xn) + 'Yn-&-l(ein“ - V)-

Let the sequence (7,,),>0 and the function m be as in (5.2), and define the interpolated

process
X, 4s0=12, + SM,

Tn+1 — Tn

for all s € [0,7,,+1) and n > 0. We will show that X is an asymptotic pseudotrajectory

(and a /—pseudotrajectory) for the flow ®(x,t) = v + e !(z — v) associated to the ODE

Oy ®(x,t) = v — ®(x,t). From [3, Proposition 4.1] it suffices to show that, for all 7' > 0,

m(t+h)
lim A(t,T) =0, with A(t,T)= sup | > (e, —v)|, (5.7)
t——+oo 0<h<T
="=" lk=m(t)
and log(A (. T
t
- CIGED) ) (5.8)
t——+o00 t
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Consider h defined in (2.6). Then,

D
Yn+1 (einﬂ - 1/) = Tn+1 Z q(in+1,7) (hz‘n+1 - hj)

D
'Yn 1 . . . . ’Yn 1 .
= ; Z (pnq(ZTL?]) - Qn(lru])) hin+1 + u (hin+1 - ]E [hin+1 |Zn])
Pn = Pn
~ D
n+1 . . . .
+ S " (Gnling §) = pnd(in, 5)) by
n =1
D D
+ [ Va1 Y alins g — 0 Y qlin, 5)h;
Jj=1 Jj=1
D
+ | Z Q(inaj)hj — Yn+1 Z Zn+17 . (5.9)
j=1 i=1

We shall bound each term of the sum (5.9) separately. We easily have

D
Yn+1 Z (qn(in,J) = Pnq(in, j)) p—j = [Yn+1 Zrn(lmj)hj < |AlliRnyna

and

D D

Yn+1 Z (Pnq(in, J) — qn(in,j)) hin+1 = 'Yn+1hzn+1 Zrn int1,7)| < 1Bl RaYnt1,
=1 j=1

where ||h|1 = sup; >, |hi;| and R, = sup; >_; |rn(i, j)|. Also, for some constant C' > 0,

D

D
Tn+1 Z q(inaj)hj — Tn Z Q(in,.ﬂhj S C(’Yn - 7n+1)'
7j=1

=1

Note that (7, ijzl q(in, J)hj — Vg1 Z]D:l q(in41,7)h;) is the main term of a telescoping
series. It remains to bound the norm of the sum of v, y1p, " (hi,,, — E[hi, . |int1]). For
alm,n>1land!=1,...,D, set

n
= Z ’Y;:l (hlvik+l - I [hlaikﬂ‘ikﬂ]) :
k=m

The sequence (M, »(I))m>n is a martingale and

n

E [My (1) Minn(c)] = Z 7 ZQk i, ) (g = Elhu i [ik]) (he,j — Blhe,iy i)

k=m k 7j=1

Moreover, as

E qu iny §) (i — Bl |ik]) (e, — Elheyiy . |ix])

=E Z @ik, J) (hjhej — Elhy o lie]Elhe, o |ik])
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=pilE Z (i, J)hijhe,j | +E 1_kaQ(ik7j) iy e, iy
JFik JFik

D D
-k ZQk(ikaj)hl,j ZQk(ibj)hc,j + o(pr)
Jj=1 Jj=1

=i | Y q(in §) (i = huig) (heg — hey)
J7#ik

+ B (ph | Y qlinsd) Py = hug) | | D alin §) (e — hei,) | | + olpw),
JFik JFik

by Theorem 2.10, we obtain

Z Qk lkv hl J E[hlﬂllwfl |ik])(h07j - ]E[hcyilc+l |Zk])
D D
=pe ) vi | ali5)(heg = hug)(hey — heyp)
i= j=1

D
—pi Y i (v = Timt) (Ve — Lize) + (). (5.10)
=1

As a consequence of (5.10), there exists some constant C' > 0 such that

ZE[ <Csz+1
k=m

By Doob’s inequality and Assumption 2.7, it follows that, for every k > 0,

D
E| sup |Mm(kT),m(kT+h)|:| <2 B [|Moir) m(i+1yr) (1))

0<h<T =
m((k+1)T)
<20 Z fyj+1%+1 <2CT sup M,
J=m(kT) j i>m(kT) Pj

which implies that limy._, oo SUPg<j, <7 [Mon(k1),m(k7+1)| =0 and then limy_, o A(KT,T) =
0 in probability. By the triangle inequality and [3, Proposition 4.1], (5.7) holds.
Under the assumption that 7 72, ,p,* < 400,

E Z Sup | My (k1) m(kT+1)| <Z ZE [ Mooy ,m(os1yry (D]

k>0 VShsT k>0 =1
2
<2C Z M<—|—o<>,
k>m(r) Pk

which implies limy, ., y oo SUPg<f <7 [ Min(kT),m(k7+1)] = 0 a.s. Then, limy 1 oo AKT,T) =0
a.s. and lim;—, 1 o, A(t,T) = 0 since

A(t,T) <2A([t/T|T,T)+ A(([t/T] +1)T,T).

EJP 23 (2018), paper 2. http://www.imstat.org/ejp/
Page 27/31


http://dx.doi.org/10.1214/17-EJP130
http://www.imstat.org/ejp/

Fluctuations of the empirical measure of freezing Markov chains

In order to obtain a ¢-pseudotrajectory, use Markov’s and Doob’s inequalities so that

m((k+1)T) .
_ > 1
IP( Sup | M (k1) m(kT+h)| > € kTQ) < efTogC Z Vi1t
0<h<T j=m(kT) Pj

<20(T +1)efT®  sup Ji+l
i>m(kT) Pi

Now, for all € > 0 and k large enough,

s ”p—* < exp (~(A(1.7/0)) — &) Tmr) < exp (—(A(7,7/p)) — E)RT),

where A(v,~/p) is defined in (2.5). Hence,

P (50 (Mo misr ] = €747¢) < 20T + D exp (T = X 1/) + ).

and by the Borel-Cantelli lemma, we have

. 1
limsup - sup [M, 1) mkr+h)| < —A(v,7/p) as.
k—+oo K 0<h<T

Then, bounding all the other terms of (5.9), we find

lim log(A(t, T) <

t——+oo t -

—t
with
¢=min (A(3,7/p): A(3:7), A B)) = A 7/p) A A, R).

Since the flow ® converges to v exponentially fast at rate 1, use [3, Theorem 6.9 and
Lemma 8.7] to achieve the proof. O

Proof of Theorem 2.11. We have

Ap41

Yn+1 = Yn + Yn ( (1 - ’Yn+1) - 1> + 'Yn+10‘n+1(6in+1 - V)~

n

Recall (5.9), so that

Tn+1 .
’Vn+1(ein+1 - V) = P (hin+1 - E[hin+1 |Zn]) + bnv
n

with a remainder term b,, converging to 0. Now, we want to use [16, Théoreme 4.11.4].
In our setting, its notation reads

Ynt1 = Yn + Tn (h(yn) + ?nJrl) + VAn€nt1,

with
1+7\ % 1 L 1+ 2,02,
€ntl1 = <2) \/ﬁ(hin+l_E[hin+l‘Zn])7 Yn+1 = 9 “ pnn 5 h:z— —Z,
and
~ 1 Qi1 . 1+7T
Tn+l = Yn<—" ( nt (1 — ’yn+1) —1 + Yn+1 ())
Tn+1 Oy 2
« v, D
L N iy ) (B s — Dy
e Yl s = )
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D D

(7% . .

+ = ’YnJrl Zq Zna] h - ZQ(2n+17J)hj
’771-&-1 j=1 j=1

Then, by (5.10) and similar computations,

E[Enu:n] =0 E[enem]:n] =x®0 +o(pn), supE [|€n|q] < 400, g4 > 2,

n>1

where (1) is defined in (1.2). Classically, we should prove that lim, o [|[7n]| = 0,

in order to work in the framework of [16, Hypothése H4-4], which is quite difficult.

Nevertheless, rather than checking that lim,,_, o |7, || = 0 it is sufficient® to prove that
m(t+s)

Pa=r D +72, lim 70 =0, lim E| swp | Y Foaioh|| =0,  (5.11)

n—-+oo n—-+4oo 0<s<T
="=" [n=m(t)

for any T > 0, where m(t) is defined in (5.2). Then, let

1 « N 1+7T
A'Sll—‘,)-l = yna < ol (1= Ynt1) = 1+ Y41 <)>

n+1 (07% 2
(0% Y D
+ An—i—l n+1 r (i ,j hn — ,
e T Z D =
a D
2 +1
/\fhzl = /\n Z(I Znaj Zq Zn+1a
j=1

The sequence (?7(11))@1 goes to 0 a.s. and in L' straightforwardly under our assumptions.
Furthermore

D D
~ 2 . . . .
7n+1ﬁw21 = Ont17n+1 Z q(in; J)hj — Qng2Ynt2 Z q(in+1,5)h;
j=1 j=1
D
+ (Oén+2'>/n+2 — Op4+1Yn+1 Z q 'Ln+1a (512)
j=1

The first line of (5.12) is a telescoping series and is bounded by «,,v,+1 which goes to 0.
The second line of (5.12) is bounded by,

m(t+T)
C Z ‘an+27n+1 - an+17n| ) (513)

n=m(t)

for some C > 0. Since (5.12) is a telescoping series as well, and goes to 0, we established
the announced decomposition (5.11). As a conclusion, the diffusive limit (Y;);>¢ is the
solution of (3.10), which trivially admits V : z — z as a Lyapunov function, as required
in [16, Hypothése H4-3]. The only use of an assumption on the eigenelements of X(®:1)
would be to guaranty the existence, uniqueness of and convergence to an invariant
distribution for Y, which was already proved in Proposition 3.6. O

3This assertion can be easily checked at the end of [16, p.156], whose proof is based on usual arguments on
diffusion approximation, such as [18]. The decomposition (5.11) is often assumed in more recent generaliza-
tions, see for instance [20]. Note that we cannot use directly [20], which besides does not provide functional
convergence.
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