Electron. Commun. Probab. 22 (2017), no. 11, 1-12. ELECTRONIC

DOI: 10.1214/17-ECP46 COMMUNICATIONS
ISSN: 1083-589X in PROBABILITY

Product space for two processes with independent
increments under nonlinear expectations *

Qiang Gao'  Mingshang Hu*  Xiaojun Ji®  Guomin Liu"

Abstract

In this paper, we consider the product space for two processes with independent
increments under nonlinear expectations. By introducing a discretization method, we
construct a nonlinear expectation under which the given two processes can be seen
as a new process with independent increments.
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1 Introduction

Peng [4, 5] introduced the notions of distribution and independence under nonlinear
expectation spaces. Under sublinear case, Peng [8] obtained the corresponding central
limit theorem for a sequence of i.i.d. random vectors. The limit distribution is called
G-normal distribution. Based on this distribution, Peng [6, 7] gave the definition of
G-Brownian motion, which is a kind of processes with stationary and independent
increments, and then discussed the It6 stochastic analysis with respect to G-Brownian
motion.

It is well-known that the existence for a sequence of i.i.d. random vectors is important
for central limit theorem. In the nonlinear case, Peng [9] introduced the product space
technique to construct a sequence of i.i.d. random vectors. But this product space
technique does not hold in the continuous time case. More precisely, let (M,;);>o and
(N¢)¢>0 be two d-dimensional processes with independent increments defined respectively
on nonlinear expectation spaces (1, H1, El) and (Qq, Ho, Eg), we want to construct a
2d-dimensional process (Mt, Nt)tzo with independent increments defined on a nonlinear

expectation space (Q,H, E) such that (M;);0 4 (My);>0 and (N;)¢>o < (N¢)t>0. Usually,
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Product space under nonlinear expectations

set Q= Q1 x Qy, My(w) = My(w1), Ny(w) = Ny(ws) for each w = (wi,ws) € Q, t > 0. If
we use Peng’s product space technique, then we can only get a 2d-dimensional process
(MtaNt)tZO such that (Mt)tzo is independent from (Nt)tzo or (Nt)tzo is independent
from (Mt)tzo- Different from linear expectation case, the independence is not mutual
under nonlinear case (see [2]). So this (Mt, Nt)tzo is not a process with independent
increments.

In this paper, we introduce a discretization method, which can overcome the problem
of independence. More precisely, for each given D,, = {i27™ : i > 0}, we can construct a
nonlinear expectation 5" under which (]\;[t, J\th)tepn possesses independent increments.
But ]E”, n > 1, are not consistent, i.e., the values of the same random variable under g
are not equal. Fortunately, we can prove that the limit of " exisits by using the notion
of tightness, which was introduced by Peng in [10] to prove central limit theorem under
sublinear case. Denote the limit of " by IE, we show that (Mt7 Nt)tgo is the process with
independent increments under E.

This paper is organized as follows: In Section 2, we recall some basic notions and
results of nonlinear expectations. The main theorem is stated and proved in Section 3.

2 Preliminaries

We present some basic notions and results of nonlinear and sublinear expectations in
this section. More details can be found in [1, 3, 9-11].

Let Q) be a given nonempty set and H be a linear space of real-valued functions on 2
such that if X3,...,X; € H, then p(Xy, Xa,...,X,) € H for each ¢ € Cy 1,,(R?), where
Ch. Lip(Rd) denotes the set of all bounded and Lipschitz functions on R¢. # is considered
as the space of random variables. Similarly, {X = (X1,...,Xy) : X; € H,i < d} denotes
the space of d-dimensional random vectors.

Definition 2.1. A sublinear expectation I on H is a functional B : H — R satisfying the
following properties: for each X,Y € H,

(i) Monotonicity: E[X]>E[Y] ifX >Y;

(ii) Constant preserving: L[] =c forceR;

(iii) Sub-additivity: E[X + Y] < B[X]+ E[Y];

(iv) Positive homogeneity: E[\X] = \E[X] for X > 0.

The triple (2, H, IE) is called a sublinear expectation space. If (i) and (ii) are satis-
fied, I is called a nonlinear expectation and the triple (2, H,IE) is called a nonlinear
expectation space.

Let (Q,’H,IE) be a nonlinear (resp. sublinear) expectation space. For each given
d-dimensional random vector X, we define a functional on Cj,. Lip(Rd) by

I x [¢] := B[p(X)] for each ¢ € Cy 1ip(RY).

It is easy to verify that (R?, C, 1., (R), I x ) forms a nonlinear (resp. sublinear) expecta-
tion space. IFx is called the distribution of X. Two d-dimensional random vectors X; and
X, defined respectively on nonlinear expectation spaces (21, H1,1E1) and (Qq, Ha, )

are called identically distributed, denoted by X; 4 Xo, if I X, = I X, 1.€e.,
1 [p(X1)] = Ea[p(X5)] for each ¢ € Cy 1 (RY).
Similar to the classical case, Peng [10] gave the following definition of convergence

in distribution.
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Definition 2.2. Let X,,, n > 1, be a sequence of d-dimensional random vectors defined
respectively on nonlinear (resp. sublinear) expectation spaces (0, Hn, Ep). { X, : n > 1}
is said to converge in distribution if, for each fixed ¢ € Cy 1;,(R?), {Fx, [p] : n > 1} is a
Cauchy sequence. Define

Flg] = lim Fx, [¢],

n—oo

then the triple (R?, C’b‘Lm(]Rd)7 F) forms a nonlinear (resp. sublinear) expectation space.

If X,,, n > 1, is a sequence of d-dimensional random vectors defined on the same
sublinear expectation space (2, H,E) satisfying

lim E[|X, - X[ =0,

n,m— oo

then we can deduce that {X,, : n > 1} converges in distribution by

Ex,[e] = Fx,, [o]] = [Elp(Xa)] = Elp(Xm)ll < CoE1Xn — Xul],

where C,, is the Lipschitz constant of ¢.
The following definition of tightness is important for obtaining a subsequence which
converges in distribution.

Definition 2.3. Let X be a d-dimensional random vector defined on a sublinear expecta-
tion space (2, H,E). The distribution of X is called tight if, for each € > 0, there exist an
N >0anday € Ob_Lip(Rd) with I{M\ZN} < ¢ such that Fx[go] = E[QD(X)] <e.

Definition 2.4. Let {E, : A € I} be a family of nonlinear expectations and | be a
sublinear expectation defined on (Q2, H). {]E,\ : X\ € I} is said to be dominated by It if, for
each \ €1,

E\[X] — EA[Y] < E[X — Y] for each X,Y € .

Definition 2.5. Let X, A € I, be a family of d-dimensional random vectors defined
respectively on nonlinear expectation spaces (QA,H,\,I@,\). {]AFXA : A € I} is called
tight if there exists a tight sublinear expectation I¥ on (R?, C, 1, (R%)) which dominates
{Fx, :\el}.

Remark 2.6. A family of sublinear expectations {Fx, : A € I} on (R%,C, 1;,p(RY)) is
tight if and only if Flg] = sup,c; Fx,[¢] for each ¢ € Cy ip(RY) is a tight sublinear
expectation.

Theorem 2.7. ([10]) Let X,,, n > 1, be a sequence of d-dimensional random vectors
defined respectively on nonlinear expectation spaces (0, Hn, Ey). If {Fx, :n > 1} is
tight, then there exists a subsequence {X,,, : i > 1} which converges in distribution.

The following definition of independence is fundamental in nonlinear expectation
theory.

Definition 2.8. Let (2, H, E) be a nonlinear expectation space. A d-dimensional random
vector Y is said to be independent from another m-dimensional random vector X under
I5[] if, for each test function ¢ € Cy 1;,(R™*?), we have

Elp(X,Y)] = E[E[p(z,Y)]o=x].

Remark 2.9. It is important to note that “Y is independent from X" does not imply that
“X is independent from Y" (see [2]).
Remark 2.10. In the above definitions, the condition “X is a d-dimensional random

vector" can be weakened to “X is a mapping from (2 into R¢ such that p(X) € H for each
p € Cy, Lip(]Rd)". In the latter case, the nonlinear expectation of X may not exist.
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A d-dimensional stochastic process in a nonlinear expectation space (Q,’H,]E) is
a family of mappings (X;);>o from  into R? such that p(X;,,...,X;,) € H for each
0<t1 <---<t,and p e CbLip(RnXd).

Definition 2.11. Two d-dimensional processes (X;);>o and (Y;),>¢ defined respectively
on nonlinear expectation spaces (1, H1,E1) and (Qo, Ha,E2) are called identically

distributed, denoted by (X)i>0 % (Vy)is0, if for each n € N, 0 < #; < -+ < t,,
d .
(th,...,th) = (thlﬂ""}/tn)’ le.,

Eilp(Xey, -y Xe,)] = Bop(Vy,, ..., Yy,)] for each ¢ € Cy pip(R™?).

Definition 2.12. A d-dimensional process (X;):>o with X, = 0 on a nonlinear expecta-
tion space (2, H,E) is said to have independent increments if, for each 0 < t; < --- < &y,
X, — X4, _, is independent from (X,,...,X;, ,). A d-dimensional process (X;);>o with

Xo = 0 is said to have stationary increments if, for eacht, s > 0, X4 — X, 4 X:.
We give a typical example of processes with stationary and independent increments.

Example 2.13. Let I be a given bounded subset in R**?, where R%*? denotes the set
of all d x d matrices. Define G : $(d) — R by

1
G(A) = 3 glé;; tr[AQQT] for each A € $(d),

where $(d) denotes the set of all d x d symmetric matrices. A d-dimensional process
(By)t>0 on a sublinear expectation space ({2, H, E) is called a G-Brownian motion if the
following properties are satisfied:

(1) By =0;
(2) It is a process with independent increments;

(3) Foreacht, s >0, Blp(Bys — B,)] = u?(t,0) for each ¢ € Cy.1;,(R?), where u? is the
viscosity solution of the following G-heat equation:
{ Ou(t, ) — G(D2u(t,z)) =0,
u(0,z) = ¢(z).

Obviously, (3) implies that the process (B:):>o has stationary increments.

3 Main result

Let (M;):>0 and (Ny);>0 be two d-dimensional processes with independent increments
defined respectively on nonlinear (resp. sublinear) expectation spaces (1, H1, ]El) and
(Qa, Ha, IEQ). We need the following assumption:

(A) There exist two sublinear expectations El :H1 — R and ]EQ : Ho — R satisfying:

(1) ]El and ]Eg dominate ]El and ]Eg respectively;

(2) For each t > 0, the distributions of M; and N; are tight under IEl and IEQ respec-
tively;

(3) Foreach t > 0,

im (B [| My — Me| A1) + B[Ny = Ne| A1]) = 0.
Remark 3.1. Noting that for any K > 0,
M, — My AK < (K V1)(|M, — M| A1),
the assumption (3) implies
lllg(fEIHMs — My| A K]+ B[Ny — Ny A K]) = 0.
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Remark 3.2. If I, and I, are sublinear expectations, then we can get

lim (B, [| My — My A 1]+ B[Ny — Ni| A1]) =0
by IEl[-} < [[] and IEQ[-] < ]~E2[']. So we can replace E; and E, by I and I, in the
assumption (A) respectively.
Now we give our main theorem.

Theorem 3.3. Let (M;);>o and (N;);>o be two d-dimensional processes with inde-
pendent increments defined respectively on nonlinear (resp. sublinear) expectation
spaces (21,H1,IE1) and (0, Ho, Eq) satisfying the assumption (A). Then there exists
a 2d-dimensional process (M, N;);>o with independent increments defined on a non-
linear (resp. sublinear) expectation space (2, %, ) such that (M,);>0 4 (My)e>0 and
(Nt)tgo 4 (N¢)i>0. Furthermore, (Mt, Nt)tzo is a process with stationary and independent
increments if (M;);>o and (N);>0 are two processes with stationary and independent
increments.

In the following, we only prove the sublinear expectation case. The nonlinear expec-
tation case can be proved by the same method. Moreover, the following lemma shows
that we only need to prove the theorem for ¢ € [0, 1].

Lemma 3.4. Let (X}, Yti)te[o,u, 1 > 0, be a sequence of 2d-dimensional processes with
independent increments defined respectively on sublinear expectation spaces (§;, H;, ;)

i d i d
such that (Xt)te[o,l] = (Mi+t — Mi)je[oﬂ] and (}/t )te[O,l] = (Nz'+t — Ni)te[o,l]- Then there
exists a 2d-dimensional process (M;, N;):>o with independent increments defined on a
sublinear expectation space (2, H, I£) such that (M,);>o < (My)¢>0 and (N;)¢0 4 (Nt)t>o0-

Proof. Set (Q,H,E) = (12,9, ©3° Hi, 52, ;) which is the product space of
{(Q4,Hi, ;) : i > 0} (see [9]). For each w = (w;)2,, define

[t]-1 [t]—1
My(w) = Y Xi(wi) + X (i), Ne(w) = 3 Viws) + ¥ ().
i=0 1=0
By Proposition 3.15 in Chapter I in [9], we can easily obtain that (]\th, ]\7,5)@0 has inde-
pendent increments property, (Mt)tgo 4 (M;)¢>0 and (Nt)tgo 4 (Nt)e>o0- O

Set ) = Q1 x Qg = {w = (whwz) Twy € Ql,(UQ € QQ} For each w = (wl,wg) € Q,
define
Mt(w) = Mt(wl), Nt(w) = Nt(WQ) for ¢t € [0, 1]
For notation simplicity, we denote X; = (Mt, Nt). Define the space of random variables
as follows:

H= {(p(thvth _Xt17~'~;th _th—l) VN> 1,V0 <t <tp < - <t, <1,
VQD S Cb_Lip(RnXQd)}.

In the following, we will construct a sublinear expectation IE : H — R such that

~ d - d - L
(Mt)te[m] = (Mt)te[(),l]f (Nt)te[o,1] = (]\[t)te[m] and (Mt,Nt)te[OJ] possessing indepen-
dent increments. In order to construct IE, we set, for each fixed n > 1,

H" = {p(Xs,, Xos, — Xs,s- - Xans, — Xan_1)5,) : ¥ € Cp rip(R¥ *24)},

n

where §,, = 27 ". Define " : H" — R as follows:

ECP 22 (2017), paper 11. http://www.imstat.org/ecp/
Page 5/12


http://dx.doi.org/10.1214/17-ECP46
http://www.imstat.org/ecp/

Product space under nonlinear expectations

Step 1. For each given ¢(X;s, — X(i—1)s5,) = gb(Mi(;n - M(i—1)6"7Ni5n — N(i_l)(;n) eH”
with i < 2" and ¢ € Gy, 1;,(R??), define

E"[¢(Xis, — X(i-1)5,)] = B1[(Mis, — M;—1y5,)],

where
P(x) = Ea[¢(x, Nis, — N(i_1)s,)] for each = € RY.

Step 2. For each given (X, , Xo5, — X5
Cy.Lip(R?"*?4), define

e ,Xgn(;” — X(?“*l)ﬁn) € H™ with (S

]En [SD(XJW, X2§n - Xén, ey X2'n5n — X(Qn_l)én)] == QDO,

where ¢ is obtained backwardly by Step 1 in the following sense:

g02n_1($171’2, e ,Ign_l) = E”[gp(scl,xg, ey :ZZQn_l,XQn(;n — X(Q"—l)én)]a

QDQn_Q(l‘h T2y CEQn_Q) = En[(p2n_1(m1’ T2y...,Lon_9, X(Q"—l)én — X(2n_2)6n):|7

e1(z1) = E"[pa(w1, Xos, — Xs,)],

o = B"[p1(X5,)].
Lemma 3.5. Let (2, %", [5") be defined as above. Then

a) (Q,H™, ]E") forms a sublinear expectation space;

(2) For each 2 < i < 2", X5, — X(i—1)s, Is independent from (X(;n,...,X(i_l)gn —
X(i—2)5,);

- - - - - d

3) (Ms,,, Mas, —Ms,, ..., Maons, —Min_1)5,) = (Ms,, Mas, —Ms, ..., Maons, —Min_1)5,),
S S < < d

(Ns,, Nas, — Ns, s ..., Nans, — Nan_1ys,) = (Ns,,, Nas,, — N5, , ..., Nans, — Nan_1)s,)-

Proof. (1) It is easy to check that E" : " — R is well-defined. We only prove that En
satisfies monotonicity, the other properties can be similarly obtained. For each given
Y = ng(ngXQ(;n — X(;n, ey Xgn(;n — X(gn,l)gn), 7 = @Q(Xgn,ngn — X(;n, N ,Xgngn —
Xn_1)5,) € H" with Y > Z, it is easy to verify that Y = (o1 V ¢2)(Xs,, X2s, —
X5, Xons, — X(an_1)s,). Then by the definition of £ and the monotonicity of I8, and
IEJQ, we can get Er Y] > I[:J"[Z]. (2) and (3) can be easily obtained by the definition of
E™. O

Corollary 3.6. Set D,, = {i27":0 <4 < 2"}. Then

(1) Foreach0 <t; < -+ <ty witht; € Dy, i <m, Xy, — X;,,_, is independent from
(X4,,..., X, _,) under B¥ for any k > n;

(2) Foreach0 <t < - <ty witht; € D, i <m, (My,,..., M, )< (M,,..., M, )and
(Ney,..., Ny, )£ (Ny,,...,N,, ) under EB* for any k > n.

m

Proof. Noting that X, — Xy, _, is the sum of finite X;s5, — X(;_1)s,, then by Lemma 3.5
and the definition of independence and distribution, it is easy to obtain (1) and (2). O
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Obviously, H" C H"*! for each n > 1. We set

L=Jn"

n>1

It is easily seen that £ is a subspace of H such thatif Y3,...,Y;, € £, then p(Y3,...,Y,,) €
L for each ¢ € Cy i, (R™).

In the following, we want to define a sublinear expectation E:L—R. Unfortunately,
[7+1[.] # E"[] on H", because the order of independence under sublinear expectation
space is unchangeable. For example, let (M;);>o and (N;);>0 be two 1-dimensional G-
Brownian motions with the same G(a) = 3(5%a™ — 0?a™), where 0 < 0% < 52 < co. Since
E1[|Mt|k] + EQ['Nt|k] < oo forany k > 1andt > 0, we can use local Lipschitz functions to
define H™ (see [9]). Take p(Xy-1) = (M271)2N271 € H!, by simple calculation, we can
get B [p(X,-1)] = 0 and E2[p(X,-1)] = 272(5% — ¢2)Ey[(Ny-2)1] > 0. Thus B[] # E2[]
on H! for this case. But the following lemma will allow us to construct Ik,

Lemma 3.7. For each fixed n > 1, let ]f‘z, k > n, be the distribution of (X5, , X5, —
Xs,v- oy Xans, — X(an_1)s,) under EF. Then {F7 : k > n} is tight.

Proof. For each given N > 1, let o € Cp.1;,p(R?"*?) satisfy I{j,j>ny < on < Ijz>N—1}-
Taking xTr = (.’El — Zo,Y1 — Yo, " ,Xon — Tan_1,Yan — y2n,1), XTi, Yi € IR,d, 7 S 2”, it is easy
to verify that

on
Ijajzn-13 < Z(I{ui—zi,l\g(w—l)m} + I{\yi—yi,ﬂz(N—l)\/m})
=1

-
<23 U o ov-nvammmy + Ly s v-nvamm)
=0

on

<2 Z(@Z;N(xl) + YN (yi)),

=0

whe}-lre ’(/JN S Cb.Lip(Rd) such that I{|z|2(N71)\/2—(77L+3)} < ’L/JN < I{|Z|Z(N*2)‘/m}' Thus
we nave

Frlon] = B¥on (Xs,, Xas, — X, .-, Xans, — X(2n_1)5,)]

<2 Z(Ekw}N(Mién)] + E* N (Nis,)))

=2 Z(E [ (Mis,)] + Ea[n (Nis, )]),

where the last equality is due to (2) in Corollary 3.6. By (2) in the assumption (A) and
the definition of tightness, for each € > 0, we can take N large enough such that

on

sup FP[on] < 22(E1 [N (Mis,)] + Ea[ton (Nis, )]) < e

kzn i=1

Thus {F? : k > n} is tight. O

Now we will use this lemma to construct a sublinear expectation E:L—R.

Lemma 3.8.Set D = {i27"™ : n > 1,0 < i < 2"}. Then there exists a sublinear
expectation IE : £ — R satisfying the following properties:
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(1) Foreach0 < t; < --- < t, witht; € D,i <n, X;, — X, is independent from

(Xtu e 7thf1);

n—1

(2) Foreach(0 <t <---<t, witht; € D,i <n, (M,,...,M,)) < (My,,...,M,,) and
< S o\ d
(Ntyyeo oy Ney ) = (Ngyy o ooy Nt ).

Proof. For n = 1, by Lemma 3.7, we know {]F‘,l6 : k > 1} is tight. Then, by Theorem
2.7, there exists a subsequence {IF}Cl : j > 1} which converges in distribution, i.e., for
J

each ¢ € Gy 1;p(R?*2%), {]ﬁ‘}#[go] : j > 1} is a Cauchy sequence. Note that IAF}%l [] =
0] [p(X5-1,X1 — Xp-1)], then for each Y € H!, {Ek} [Y]:j > 1} is a Cauchy sequence.
For n = 2, by Lemma 3.7 and Theorem 2.7, we can find a subsequence {7 : j > 1} C
{kj : j > 1} such that for each Y € #?, {T¥[Y] : j > 1} is a Cauchy sequence.
Repeat this process, for each n > 2, we can find a subsequence {k} : j > 1} C {k;?_l :
j > 1} such that for each Y € ", {EF/[Y]:j > 1}isa Cauchy sequence. Taking the
diagonal sequence {k; . j > 1}, then for each Y € £, {E¥/[Y] : j > 1} is a Cauchy

sequence, where ks Y] =0ifY ¢ 7*3 . Define

E[Y] = lim B¥[Y] for each Y € L.

j—o0

For each Y, Z € L, there exists a jp such that Y, Z € H¥ for j > jo. From this we can
easily deduce that I is a sublinear expectation.

Now we prove that this It satisfies (1) and (2). Foreach 0 <t; < --- <t, with t; € D,
i < n, there exists a jy such that p(Xy,,..., Xy, Xz, — Xt,_,) € H"i for each j > jo

and ¢ € Cy 1ip(R"*2%). Thus, from (2) in Lemma 3.5, we can get

E[@(Xtu cee 7th—1 , th - th—l)} = Jlggo Ek; [QO(tha cee 7th—1vth - th—l)]
= lim B[y, (X,, ..., Xe, )],
J—0o0
where ¥;(21,...,20_1) = B [p(21, ..., an_1, X1, — X1, ,)] for each z; € B2, i < n — 1.

Define ¥ (z1,...,7n_1) = Elp(z1,. .., 201, Xs, — X¢,_,)] for each z; € R?¢, i <n — 1. In
order to prove (1), we only need to show that

Jim. Y [0 (Xey, ., Xe, )] = Blp(Xe,, .., Xe, ) (3.1)
It is clear that v;, j > jo, and v are bounded Lipschitz functions with the common bound
K, and the common Lipschitz constant L, where K, and L, are respective the bound
and Lipschitz constant of . On the other hand, for each z = (z1,2%,... 2} ;22 ) €
R("~1*24 1y the definition of I, we can get 1;(z) — ¢(x). Thus, from the common
Lipschitz constant L, and pointwise convergence, we can easily obtain that {¢; : j > jo}
converges uniformly to ) on any compact set in R("~1*24_ For each given N > 0, we
have

n—1

[ () — ()] < aj + 2K I (o> vy < aj + 2K, Y (on(@)) + on(a])),
=1

where a; = sup|, <y [¢j(z) — ¢ (2)] and N € Ch.1ip(R?) such that sy SN <

v/2(n—1)
I;,~_~-1 ,.From the uniform convergence on any compact set, we know a; — 0 as
{lz1=2 —}
V2(n—1)
ECP 22 (2017), paper 11. http://www.imstat.org/ecp/
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j — oo. Thus

Ek; [wJ (Xtu s ’thq)] - IAEkJ] [¢(Xt1 yeee 7th71)]|
.
< Ek] [W; (Xt1 yeee 7th71) - w(Xh yro- 7th71)|]

) n—1
< BN o) + 2K, Y (on (M) + on (V)]
< ay 12K, 3 (B [ow (0T, )] + B [on (5, )
n—1
=y 42K, S (B lon (M) + Balon (N,)).

i=1

Noting that k) WXy, X )] = Blw(X,,,..., X, )] as j — oo, we have

lim sup |Ek§ [W;(Xey - Xe, )] = Blp(Xey, o, Xe, )]
j—o00
n—1
< 2K, Y (Bilon (My,)] + Ezlon (V).

i=1

Due to the tightness of M and N, we get relation (3.1). Thus (1) is obtained. (2) is
obvious by the definition of IE and (2) in Corollary 3.6. O

Proof of Theorem 3.3. We first extend the sublinear expectation E:L>RtoE:H —
R. Here we still use It for notation simplicity. For each o( Xy, Xey =Xty X, — Xy, ) €
H with ¢ € Cy.1;,(R"*?%), we can choose t} € D, k < n, i > 1, such that ¢ <t} and
i, | ty as ¢ — oo. By (3) in the assumption (A), we have

Elp(Xe, Xog = Xogoo o, Xo, = X )] = Blp(Xpp, Xy = Xpgooo o, Xy = X )]

n—1

A 2K
< LB[(3 -y |Xt';'c - Xti - Xt};,fl + XtLl A L:]
A 2K
S LB (1Xy — Xy — Xy + Xy [ATE)]
X ~ 2K SN Y 2K
<2L, EZ:l{EHM,‘C _Mti|/\ L:]_FEHN'L _Nti|/\ L:]} (3.2)

noor 2Kpq | T 0K,

= 2Ly 3 {Ba[| My — My | A 2] + B[Ny — Ny [ A 21}
= 2 2K

< 2LLP EZ:l{ElﬂM;C - Mtk' A L; + |Mtj - Mtk‘ A L:]

- 2K, K,
HE[| Ny = Now| A= + [Ny — No| A=)

—0ast,j7 — oo,

where L, > 0 is the Lipschitz constant of ¢, K, = sup |¢| and ¢}, = 0 for i > 1. So we can
define

Elp(Xy,, X1, — Xpyy o, Xoy = X)) = lim Blp(Xyi, Xy — X0, X — Xy

i—00 n—1

)

It is easy to check that the limit does not depend on the choice of ¢} by using the same
estimate as above.

Our next task is to show that | : H# — R is well-defined, that is, if o(X;,, X;, —
thv cee 7th - th—1) = @(th ) Xt2 - th, A 7th - th_l) with ©, ()5 S Cb,Lip(]RnX2d)7

Elp(X:,, Xty — Xtyy oo, Xp, — Xt 1) = E[@(XtUXtZ - X, Xe, — X, )] (3.3)

ECP 22 (2017), paper 11. http://www.imstat.org/ecp/
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Set

Uy = {(M,, (w), My, (w) — My, (w), ..., M, (w) — M, ,(w)):weQ},
Uy = {(Nt, (W), Niy (w) = Ny, (w), -, Ny, (w) = Ny, (W) w € Q.

It is clear that ¢ = ¢ on U; x Us, where U;, i = 1,2, is the closure of U;. For each ¢ > 0,
denote
Uf = {z e R d(z,U;) < e}, i =1,2.

By Tietze’s extension theorem, we can choose a Lipschitz function ¢, : = 1, 2, such that
Iiyeye <1pf < Ige. Then

|(‘P_§5)(Xt§aXt§_Xt§w~»X Xt;L 1)‘

(I = @Husxus + ¢ — Pl (s xvgye ) (Xea, Xog — Xyiy oo, Xog — Xy

< (Ly + Lp)V2e + (Ko + Kg) (U5 (Myy, My, — My ..., My, — My )
—‘r’lﬁ;(Nti,Nt% _Ntiaantﬁl Ntz )),

n—1

)

where L;, K are defined as above. Taking [[-] on both sides, we have

|E[90(Xt§7Xt; = Xy Xy — X 1)

< (Lg + Lg)V2e + (K, + Kp) (E[g1 (M Mt’i?"' My;, - Mt; )l
+ Bls (N, Ny — Nyt o, Ny, — N;_J])

= (Lsa + L@)\/i? + (Kgo + K@)(El[qﬁ(MtgaMtg - Mt§»~~,Mt; - Mt;fl)]
+ Bah5 (Nys, Nyg — Nyt -, N — Ny ).

] [ (th th Xti e X th

n—1

)|

By the definition of M, it is easy to see Uy = {(M;, (w1), My, (w1) — My, (w1), ..., My, (w1) —
M, (w1)) : w1 € Q1}, which implies ¢§ (M, , My, — My,, ..., M, — M, _,) =0. Thus, by
the same method as (3.2), we have

B [5 (Mys, My, — My, .., My, — My ]|
= B2 [ (Mg, My — Mys, oo, My, = Mys ) =45 (M, Moy — My, My, — My, )]
0

as 1 — oo.
Similarly, Eo[t5(Nyi, Ny = Nyt, ..., Nii = Ny )] — 0 as i — oc. It follows that
lim sup |Blo( X, Xpg — Xpio oo, X — Xpo )] = B@(Xpe, Xy — Xy, Xy — X

. 1
1—> 00 "

S (Lso + L@)\/i&

)]l

Letting € — 0, we obtain (3.3).

Moreover, it is easy to verify that [ is a sublinear expectation By (2) in Lemma 3. 8
and the assumption (A), we can deduce that (Mt)te[o 1] = (Mt)te[o 1) and (Nt)te[o 1] =
(Nt)tejo,1)- Then we verify that (X;),c[0,1] has independent increments. For each 0 < t; <

- < t, <1, we can choose t};C € D as above. By the definition of & and (1) in Lemma 3.8,
we can get that for each ¢ € Cy, 1;,(R"*?9),

E[@(Xtu"'?th—l?th 7th71)] = Zlig.loE[ (tha'”aXtiﬁleﬂ Xﬂn 1)}
= ,hm E[wl(Xtiv ‘e ,Xti _1)],
1—00 n
ECP 22 (2017), paper 11. http://www.imstat.org/ecp/
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where ¥;(x1,...,2p-1) = ]E[go(:ch o Tty Xy — Xy 71)]. Define

O(x1,. . 2n1) = Blo(zy, ... 21, Xe, — Xt )]

Then
Wz‘(fﬂh ) 7217”71) - 111(9017 s 7$n71)‘
. 2K
S LV’]EHXt;z - Xti,,—l - Xt'n + th—l‘ /\ L;a]
A 2K, 2K,
< LA [| My — My, | A 17 LMy~ M, | A 7 ‘]
® ®
. 2K 2K
+E2[|Nt; - Ntn| A L £ + ‘Ni_l - Ntn—l‘ A i3 89]}’
® @

which implies

B(i (X, Xy )] = Bp(Xyq, ., X )]

- 2K 2K
< Lo{Ball My, — My, | A 22 + My, — My, A 2]
@ ®
A 2K, 2K,
+ BallNig = No | A28 4 [Ny, = Noy |4 211,
® ®

From this we deduce

E[@<Xt1 PRI Xt th - th_l)] = lim IAEW)(Xtia s 7Xt7'

i—00 n—1
= E[w(xtl’ s ’thf1)]a

which proves that (X;);c[o,1] has independent increments.
If (M¢)¢ejo,1) and (Nt)iepo,1] are two processes with stationary and independent incre-

)]

n—17

ments, then from the construction of I, (Xt)te[o,l] has stationary increments. The proof
is complete. O

In the following, we give an example to calculate B,

Example 3.9. Let T';, i = 1,2, be two given bounded subset in R¥*¢. Define G; : $(d) —
R by

1

Gi(A) = = sup tr[AQQT] for each A € $(d).

2 QEeT;
Let (Bti)tzo be a d-dimensional GG;-Brownian motion defined on sublinear expectation
space (€;,H;,18;), i = 1, 2. In the above,~ we construct a sublinear expectation space
(Q,H, ) and a 2d-dimensional process (B;);>0 = (B}, B?);>0 with stationary and inde-

pendent increments satisfying (B})i>0 = (B})i>0 and (B2)i>0 < (B2);0. Since
B[|Bi[*) < 4(B[| B! ') + B[ B°]) = 4(E1[|B}|*] + Ea(| B} ")) = 4Ct2,

where C' = I, [| B [*] + 5[| B?|?], by Theorem 1.6 in Chapter III in [9], we can obtain that
(By)t>0 is a G-Brownian motion with

A D

G(A) = DT A2

E[(ABy, B;)] for each A = [ ] € $(2d).

N |

By our construction, it is easy to check that ]Ef[(DBf, B})] = E*[-(DB?, B})] = 0 for
each n > 1. Thus E[(DB}, B})] = E[-(DB{, Bj)] = 0. By subadditivity, we can get
E[(ABy, B1)] = E[(A1 B}, Bl) + (A2 B%, B?)]. Furthermore,

E"[(A1BY, BY) + (A2 B1, B)] = Ei[(A1 B}, BY)] + Es[(A2 87, BY)]
for each n > 1 by our construction. Thus G(4) = G1(A4;) + G2(42).

ECP 22 (2017), paper 11. http://www.imstat.org/ecp/
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Finally, we must observe that I£ in our main Theorem 3.3 may not be unique. This
point will be illustrated by an example.
Example 3.10. Let (B});>¢ be a 1-dimensional G-Brownian motion defined on sublinear
expectation space (Q;, H;,It;), i = 1, 2, where

1
G(a) = 5(52a+ —c%a7), a € R,

here 0 < g2 < 52 < co. For each fixed ) € [0,1], define
G)\(A) = )\G(all + a22) + (]. — )\)[G(au) + G(GQQ)} for each A = (aij) S 8(2)

Followipg Chapter III in [9], we can construct a sublinear expectation space (2, H, i 2)
and a G\-Brownian motion (By);>0 = (B}, B?):>0. By Proposition 1.4 in Chapter III in
[9], it is easy to verify that (B})i>0 < (B} )i>0 and (B2)¢>0 = (B2);>0. Thus in Theorem
3.3 we can take |E = E), A € [0,1], where E, # E,, for A\; # Ao.
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