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We provide a unifying view of statistical information measures, multiway
Bayesian hypothesis testing, loss functions for multiclass classification prob-
lems and multidistribution f-divergences, elaborating equivalence results be-
tween all of these objects, and extending existing results for binary outcome
spaces to more general ones. We consider a generalization of f-divergences
to multiple distributions, and we provide a constructive equivalence between
divergences, statistical information (in the sense of DeGroot) and losses for
multiclass classification. A major application of our results is in multiclass
classification problems in which we must both infer a discriminant function
y—for making predictions on a label Y from datum X—and a data repre-
sentation (or, in the setting of a hypothesis testing problem, an experimental
design), represented as a quantizer q from a family of possible quantizers
Q. In this setting, we characterize the equivalence between loss functions,
meaning that optimizing either of two losses yields an optimal discriminant
and quantizer g, complementing and extending earlier results of Nguyen et
al. [Ann. Statist. 37 (2009) 876-904] to the multiclass case. Our results pro-
vide a more substantial basis than standard classification calibration results
for comparing different losses: we describe the convex losses that are consis-
tent for jointly choosing a data representation and minimizing the (weighted)
probability of error in multiclass classification problems.

1. Introduction. Consider the multiclass classification problem: a decision
maker receives a pair of random variables (X, Y) € X x {1, ..., k}, where Y is un-
observed, and wishes to assign the variable X to one of the k classes {1, 2, ..., k}
to minimize the probability of a misclassification. We represent the decision
maker via a discriminant function y : X — RK, where each component Yy(x),
y=1,...,k, represents the margin (or a score or perceived likelihood) the de-
cision maker assigns to class y for datum x. The goal is then to minimize the
expected loss, or L-risk,

(1 Ri(y) :=E[L(y(X),Y)],

where L(y(x), y) measures the loss of margins y (x) € R¥ when the true label of
x is y and the expectation (1) is taken jointly over (X, Y). When L is the 0-1 loss,
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L(y(x),y) = l{yy(x) < yi(x) for some i # y}, the formulation (1) is the misclas-
sification probability P(argmax,, yy (X) # Y). We may also consider the classical
k-category Bayesian experiment: given a random variable X € X drawn according
to one of the k hypotheses

H: X~ P, Hy, X ~ P, e, H,: X~ P,

with prior probabilities 1, ..., mg, we wish to choose y minimizing the expected
E[L(y(X), Y)] or posterior Zy PY=y|X=x)L(y(x),y) loss.

We briefly note that often in decision theory, one has L : A x ) — R, where
Y = [k] and the action space A =) or is the probability simplex over ) (for
prediction of distributions on ) [12, 13]); as we restrict ourselves to margin-based
loss functions the action space R is most natural. For some margin-based losses,
such as hinge-type losses, there is no straightforward probabilistic interpretation
or link function mapping predictions to probability vectors. It is, of course, often
the case that y,(x) is a transformation of some hypothesized class-conditional
probabilities, in which case if the action space A = ) the natural decision is to
map y(x) tod(x) = argmax., Yy (X).

In many applications, making decisions based on the raw X is undesirable—
the vector X may be high-dimensional, carry useless information impinging on
statistical efficiency or we may need to store or communicate the sample using
limited memory or bandwidth. If all we wish to do is to classify a person as being
taller or shorter than 160 centimeters, it makes little sense to track his or her blood
type and eye color. With the increase in the number and variety of measurements
we collect, such careful design choices are important for maintaining statistical
power, interpretability, efficient downstream use and mitigating false discovery
[3]. This desire to give “better” representations of data X has led to a rich body of
work in statistics, machine learning and engineering, highlighting the importance
of careful measurement, experimental design and data representation strategies [9,
23, 25, 29].

As Nguyen et al. [20] note in the binary case, one thus frequently extends the
classical formulation (1) to include a stage in which a (data-dependent) q: X — Z
maps the vector X into a vector Z. A number of situations suggest such an ap-
proach. In most practical classification scenarios [26], an equivalent feature se-
lection reduces the dimension of X or increases its interpretability. As a second
motivation, consider the decentralized detection problem [20, 30] in communica-
tion applications in engineering, where remote sensors communicate data X ~ P;
through limited bandwidth or memory. In this case, the central processor can infer
the distribution P; only after communication of the transformed vector Z = q(X),
and one chooses a quantizer q from a family Q of (low complexity) quantizers.
In fuller abstraction, we may treat the problem as a Bayesian experimental design
problem, where the mapping q : X — Z may be stochastic and is chosen from a
family Q of possible experiments (observation channels). In each of the preceding
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examples, the incorporation of a quantizer g into the classification procedure poses
a more complex problem, as one must simultaneously find a data representation q
and discriminant y. The goal, paralleling that for the risk (1), thus becomes joint
minimization of the quantized L-risk

) Ri(y |a) :=E[L(y(a(X)), Y)]

over a prespecified family Q of quantizers q: X — Z, where y : Z — Rk,

Often—for example, in the zero-one error case—the loss functions L(-, y) are
nonconvex (even discontinuous), so population or empirical minimization is in-
tractable. It is thus common to replace the loss with a convex surrogate and min-
imize this surrogate instead. A surrogate is Fisher consistent if its minimization
yields a Bayes optimal discriminant y for the original loss L [for any distribution
P on (X, Y)]; researchers have characterized the Fisher consistency of convex sur-
rogates for binary and multiclass classification [2, 19, 28, 33]. A weakness of such
results is that they rely strongly on using the unrestricted class of all measurable
discriminants y : X — R¥, and thus most “natural” convex losses are consistent
[2, 33]. In this context, a major difficulty is to understand the consequences of
using various surrogate losses, and requiring a restricted quantizer class Q is one
approach to discovering nuanced properties of the relationship between surrogate
and Bayes risk. Nguyen et al. [20] tackle this in the binary case, considering the
problem of joint selection of the discriminant function y : Z — R and quantizer
q: X — Z. They exhibit a precise correspondence between binary margin-based
loss functions and f-divergences—measures of the similarity between two prob-
ability distributions developed in information theory and statistics [1, 8, 31]—to
give a general characterization of loss equivalence through classes of divergences.
An interesting consequence of their results is that, in spite of positive results for
Fisher consistency in binary classification problems [2, 19, 33], essentially only
hinge-like losses are consistent for the 0—1 loss. We provide the extension of these
results to the multiclass case.

Outline and discussion of our contributions. We build on this prior work to
provide a unifying framework that relates statistical information measures, loss
functions and generalized notions of entropy in the context of multiclass classifica-
tion. To begin, we recall a generalization of f-divergences that applies to multiple
distributions [11, 14], enumerating analogues of the positivity properties, data-
processing inequalities and discrete approximation available in the binary case,
as multiway f-divergences may be unfamiliar and they motivate our approach
(Section 2). We begin our main contributions in Section 3, where we establish a
correspondence between loss functions L, generalized entropy on discrete distri-
butions [13] and multi-way f-divergences. To make this precise, define the proba-
bility simplex Ay :={p € Rl_i |17 p =1}. Let € A be a prior distribution on the
class label Y and 77 (x) € A be the posterior probabilities for ¥ conditional on the
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observation X = x. For concave H : Ay — R, DeGroot [9] defines the information
associated with the experiment (X, Y) as

3) Ig(X;7):=H(w)—E[H(@(X))].

The notion of H as a generalized entropy is clear here, as [ is the gap between
prior and posterior entropy and is always nonnegative. In this context, the value
H () measures the uncertainty of the experimenter (in some appropriate units)
about the unknown class label y when his or her prior belief over y is 7, so [ is
the gap between prior and posterior uncertainty [9].

To relate this type of entropy to loss functions, recall the well-known result [9,
13] that any loss L : Rk x [k] = R U {+o0} induces an entropy Hr : Ay — R, also
called the pointwise Bayes risk [11, 13, 24, 32], via

k

4) Hp(m) = inﬂgk{sz(a, i)} — I € Ay},
ae i=1

where I{-} is o0 if its argument is false (we drop this indicator in the future, defin-
ing Hy implicitly on Ay). We show an inverse construction, providing an explicit
and constructable mapping from any concave function H to a loss L inducing H
as the pointwise Bayes risk (4), where for each y the loss o — L(«, y) is convex.
In Section 3.2, we also develop the natural connections between these generalized
entropies H and classification calibration [2, 19, 28, 33], in that our explicit L is
generally calibrated.

In Section 4, we address the comparison of loss functions—building off of
Nguyen et al.’s approach in the binary case [20]—and present our main results on
consistency of joint selection of quantizer (data representation) q and discriminant
y. Using our correspondence between concave H, losses L, and f-divergences,
we characterize the pairs of losses L) and L® for which equivalent quantiz-
ers and discriminants minimize the quantized risk (2) in the sense that there is a
continuous concave A with /(0) = 0 such that

Rio(yla) — inf Rpo(y|a) <h(Rpo(yla)— inf Rya(y|a)
¥,9€Q y.q€Q

for any y and q € Q. Another way to understand our results is as providing in-
sight into classification calibration when the Bayes act (i.e., optimal discriminant
y ) does not belong to the class of functions the statistician may choose in a clas-
sification problem. A substantial challenge for and criticism of the line of work
on classification calibration and surrogate risk consistency [2, 19, 28, 33] is that
the results say little for restricted families of classifiers. In this context, a corol-
lary of our main contribution is as follows. The loss LV is calibrated [2, 28,

33] for L@ if for any distribution P on X x Y and sequence y, : X — Rk,
R; 1y (yn) — infy, R; o (y) implies R; 1) (y,) — inf, R;2)(y). Now, consider a
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collection Q of functions q : X — Z for some set Z, and then define the class
of functions

G(Q:={yoqlgeQandy: Z— R* is measurable}.

Translated to this scenario, our main results—Theorems 1 and 2—imply the fol-
lowing.

COROLLARY 1. Assume that the loss L'V is calibrated for L'® and let H; =
Hj; i) denote the associated pointwise Bayes risk (4). Then

5 R — inf R implies R — inf R
) 1 (&n) s L (8) p 1@ (&n) o L@(8)

for any collection Q of mappings X — Z, any set Z, any distribution P on X X
{1,...,k}, and sequence g, € G(Q) if and only if there exist a > 0, b € R¥, and
c € R such that Hy () = aHy () + b + ¢ for all m € Ay.

This corollary reposes on the connections we develop between losses, uncer-
tainty measures and generalized f-divergences. Such measures of statistical in-
formation and divergence have been central to the design of communication and
quantization schemes in signal processing [16, 18, 22, 30]; we characterize the di-
vergence measures that, when optimized, yield optimal quantizers and detectors.
We also provide a result showing when empirical minimization of a surrogate risk
is consistent for the desired (original) risk.

A number of researchers have studied the connections between divergence mea-
sures and risk for binary and multicategory experiments; these point to the results
we present. Indeed, [6] shows that if a quantizer q; induces class-conditional dis-
tributions with larger divergence than those induced by qp, then there are prior
probabilities such that q; allows tests with lower probability of error than q;. Liese
and Vajda [17] give a broad treatment of f-divergences, using their representation
as the difference between prior and posterior risk in a binary experiment [21] to
derive a number of their properties; see also the paper [24]. Garcia-Garcia and
Williamson [11] show how multidistribution f-divergences [14] arise naturally in
the context of multiclass classification problems as the gap between prior and pos-
terior risk in classification, as in the work [17]. In the binary case, these results
elucidate Nguyen et al.’s characterization of Fisher consistency for quantization
and binary classification [20]. We pursue this line of research to draw the connec-
tions between Fisher consistency, information measures, multiclass classification,
surrogate losses and divergences.

NOTATION. We let 0 and 1 denote the all-zeros and all-ones vectors, respec-
tively. For a vector or collection of objects, we define t1.,, = {t1,..., tn}. The
indicator function I{-} is +oo if its argument is false, O otherwise, while 1{-}
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is 1 if its argument is true, O otherwise. We let Ay = {v € R’_} 1Ty = 1} de-
note the probability simplex in R¥. For m € N, we set [m] = {1,...,m}. We let
aff A = {37 Aix; | AT1=1,x; € A,m € N} denote the affine hull of a set A,
and relint A denotes the interior of A relative to aff A. We let R = R U {400}
and R =R U {—o0c}. For f: RF > R, we let epi f ={(x,t): f(x) <t} denote
the epigraph of f. We say a convex function f is closed if epi f is a closed set,
though we abuse notation and say that a concave f is closed if epi(— f) is closed.
For a convex function f :R¥ — R, we say that f is strictly convex at a point
r € RF if for all A € (0,1) and t1, 1t # t such that t = Aty + (1 — L), we have
f@) <Af(t1) + (1 — &) f(t2). The (Fenchel) conjugate of a function f : RF >R
is

(©) fr(s)=supfs’r— f)}.

teRK
For any f, the conjugate f™* is closed convex (see [15], Chapter X). For measures
v and u, we let dv/dp denote the Radon—Nikodym derivative of v with respect to

L
w. For random variables X,,, we say X, £ X if E[X, — Xx|P]— 0.

2. Multidistribution f-divergences. Divergence measures for probability
distributions have significant statistical, decision- and information-theoretic ap-
plications, including in optimal testing, minimax rates of convergence and the
design of communication schemes [1, 8, 16, 22]. Central to this work is the f-
divergence, introduced by Ali and Silvey [1] and Csiszéar [8] (see [17] for an
overview). Given distributions P, Q defined on a common set X, a closed con-
vex function f : [0, oo) — R satisfying f(1) = 0, and any measure x dominating
P and Q, the f-divergence between P and Q is

, p(x) _ d
@ oar10= [ (55 Jawranw = [ (55)de.
Here, p = and q= d 92 denote the densities of P and Q, respectively, and the

value u f (¢ / u) is defined approprlately fort =0andu =0 (e.g., [17]). A number of
classical divergence measures arise out of the f-divergence; taking f(¢) =tlogt,
f@) = %(\/? —DZor f (@) = |t — 1] yields (resp.) the KL-divergence, squared
Hellinger distance or total variation distance.

Central to our study of multiway hypothesis testing and classification is an un-
derstanding of relationships between multiple distributions. We use the following
generalization [11, 14] of the f-divergence to multiple distributions.

DEFINITION 2.1. Let Py,..., P; be p_robability distributions on a common o -
algebra F over a set X. Let f : kal — R be a closed convex function satisfying
f(1) =0. Let u be any o-finite measure such that P; <« u for all i, and let p; =
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dP;/du. The f-divergence between Py, ..., Pr—1 and Py is

p1(x) Pi—1(x)
pex) T pr(x)

8)  DPi..... PP :=ff( )pk(X)du(X).

We must specify the value of the integrand (8) when py (x) = 0. In this case, the
function f : R’_‘|r — R defined, for an arbitrary ¢’ € relintdom f, by

uf (t/u) ifu>0,
) ft,u)y={limsf(t' —t+1/s)  ifu=0,

s—0

+00 otherwise,

is a closed convex function with value independent of #'; f is the closure of the
perspective function Ry x R¥ 5 (u,t) — uf(t/u) of f (see [15], Proposition
IV.2.2.2). Any time we consider the perspective we implicitly treat it as its clo-
sure (9).

We now enumerate a few properties of multiway f-divergences, showing how
they naturally generalize classical binary f-divergences. We focus on basic prop-
erties that are useful for our further results on Bayes risk, classification and hypoth-
esis testing and that parallel results in the binary case (7): they are well defined,
have continuity properties with respect to discrete approximations and satisfy data-
processing inequalities. While Gyorfi and Nemetz’s original work [14] essentially
contains the results, we carefully address infinite values [the closure (9)] and strict
convexity, and we use them as definitional building blocks; we provide all proofs
in the supplement [10], Section 10.

As our first step, we note that Definition 2.1 is independent of the base measure
. (See [10], Section 10.1, for a proof generalizing [14], Corollary 1.)

LEMMA 2.1. In expression (8), the value of the divergence does not depend
on the choice of the dominating measure (1. Moreover,

Dg(Py, ..., Pe—1llPx) > 0.

The inequality is strict if f is strictly convex at 1 and the P; are not identical.

Given the importance of quantization to come, we now consider discrete ap-
proximations to the divergence. For an at most countable partition P of & into
measurable sets A, we define the partitioned f-divergence

Pi(A) Pr—1(A)
Pe(A) 7 Pe(A)

Di(Py,.... PP | P)= ) f(

AeP

)Pk(A).

As in the binary case [17, 31], we have the following approximability result gener-
alizing [14], Theorem 6, to possibly infinite integrands: quantizers give arbitrarily
good approximations to f-divergences (see [10], Section 10.2, for a proof).
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PROPOSITION 1. If f is a closed convex function with f(1) =0, then
Dy(P1, ..., Pe—1l|Pr) =sup Dg(P1, ..., Pe—1l| P | P)
P

where the supremum is over finite partitions of X .

In the binary case, f-divergences satisfy data processing inequalities [7, 8, 17],
which state that processing or transforming an observation X drawn from the dis-
tributions Py, P,, decreases the divergence between them. To formalize this, recall
that Q is a Markov kernel from a set X to Z if Q(- | x) is a probability distribution
on Z for each x € X, and for each measurable A C Z, the mapping x — Q(A | x)
is measurable. The following general data processing inequality shows that this
holds in the multidistribution case as well, generalizing [14], Theorem 4, to possi-
bly infinite f and the closure (9); we provide a proof in [10], Section 10.3.

PROPOSITION 2. Let f be closed convex with f(1) =0, Q be a Markov ker-
nel from X to Z, and define the marginals Qp(A) = [, OQ(A | x)dP(x). Then

Di(Qpyy....0p_ 10p) < Dg(Py, ..., Pr_1|lPr).

This proposition is related to the relationships between risk, information and
quantization we develop in Sections 3 and 4. Defining a quantizer q to be a mea-
surable mapping q: X — Z between measurable spaces X and Z, the quantized
f divergence is

Pi(A) Pk—l(A)>P (A),

Df(Py, ..., P—il|Pc| Q) :=sup Y f(Pk(A)""’ P CA)

P Aeq-i(P)

where P ranges over finite partitions of Z and q~!(P) = {q~!(B) | B € P}. Propo-
sition 2 immediately yields that quantization reduces information: the indicator
Q(A | x) = 1{q(x) € A} defines a Markov kernel, yielding the following.

COROLLARY 2. Let f be closed convex, satisfy f (1) = 0 and q be a quantizer
of X. Then

D(Pr, ..., Pe1llPc|Q) < Dg(Pr, ..., P_1ll Pr).

We also see that if q; and qp are quantizers of X, and q; induces a finer parti-
tion of X’ than gy, meaning that for x, x’ € X" the equality q; (x) = q;(x") implies
Q2 (x) = q2(x"), we have

De(Pr, ..., P 1|P | Q) < Dg(Pr, ..., Pe1ll Pl qr).

This type of ordering is central to this work: any multiclass loss L induces a unique
f-divergence, and consistency of discriminants y : X — R for a loss L after
quantization is intimately tied to the preservation (and relative ordering) of infor-
mation as related to the quantized risk (2).
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3. Risks, information measures and f-divergences. Having reviewed the
basic properties of f-divergences, we turn to a more detailed look at their re-
lationships with multiway hypothesis tests, multiclass classification, generalized
entropies and statistical information relating multiple distributions. We build a cor-
respondence between these that parallels that for binary experiments and classifi-
cation problems [17, 20, 24].

We first recapitulate the probabilistic model for classification and Bayesian hy-
pothesis testing problems from the Introduction. We have a prior w € Ay and prob-
ability distributions Py, ..., Py defined on a set X'. The coordinate Y € [k] is drawn
according to a multinomial with probabilities 7, and conditional on Y = y, we
draw X ~ P,.Following DeGroot [9], we refer to this as an experiment. Associated
with any experiment is a family of information as follows. Let 7 be the posterior
distribution on Y given observation X = x, 7;(x) = m; d P; ()C)/(Z’;:1 mjdPj(x)).
Given any closed concave H : R’_} — R, which we refer to as generalized entropy
(see [13], Section 3.3; DeGroot [9] calls H an uncertainty function), the informa-
tion associated with the experiment is the reduction of entropy (uncertainty) from
prior to posterior (3),

In(X;m)=H(x)—E[H(7(X))].

The expectation is taken over X ~ Zf‘:l m; P;. That Iy (X; ) > 0 is immediate
by concavity; DeGroot [9], Theorem 2.1, shows that Iy (X; 7w) > 0 for all distri-
butions Pj, ..., Py and priors 7 if and only if H is concave on Ay.

In this section, we develop equivalence results between multiclass classification
losses and risk, multiway f-divergences and entropy measures. Concretely, con-
sider L : R* x [k] = R, and recall the risk (1), defined as R (y) = E[L(y (X), Y)1,
where y € I, the set of measurable functions y : X — RX. As in equation (4)
in the Introduction, each loss L induces the entropy H; on Ay via Hp(w) =
inf,, cgk Zle m; L(e, i), also called the pointwise Bayes risk [11, 13, 24, 32].
In Section 3.1, we give an explicit inverse mapping showing how each gener-
alized entropy H is induced by (at least one) convex loss function L, that is,
L(-,i) is convex for each i. In Section 3.2, we illustrate consistency properties
the entropy H implies about the convex loss L inducing it. We connect these
results in Section 3.3 with multiway f-divergences. For any loss L and asso-
ciated entropy/Bayes risk Hp, for all m € Ay there exists a convex function
IR R’f[l — R with f7 (1) = 0 such that the gap between the prior Bayes
L-risk—the best expected loss attainable without observing X—and the posterior
Bayes risk inf, Ry (y) is

Hp(m) — }}Ielg Rp(y)=Hp(m) —E[HL(7(X))] =Dy, (P1,.... P11 Pr)

(see [11, 13]). The inverse direction is new, and given any closed convex function
[ Rﬁ_l — R with f(1) =0, we construct convex losses L(-, i), an associated
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generalized entropy Hy , and prior ¥ = 1/k € Ay, satisfying

k
D#(Py,..., Pr_q||P) = inf m;L(a,i) — inf R .
#(Py k111 Pe) aeRki:ZI iL(@.i) = inf Ry()

3.1. Generalized entropies and losses. We construct a natural bidirectional
mapping between losses and generalized entropies, giving a few examples to illus-
trate. For any loss L : R¥ x [k] — R, the construction (4) of H, yields a closed con-
cave function, as Hy is the infimum of linear functionals of . It is thus a general-
ized entropy [13] (or uncertainty function [9]), and the gap Hy () —E[H (7 (X))]
between prior and posterior entropy is nonnegative. The following two examples
with zero-one loss are illustrative.

EXAMPLE 1 (Zero-one loss). Consider the zero one loss
L*(a, y) = Hory < for some j # y},

where y € [k]. Then we have

k
Hyz(m) =inf Znil{ai <aj forsome j #i}; =1— maxm;.
n .
i=1 J
This generalized entropy is concave, nonnegative and satisfies Hyz () = 0 if and
only if m = ¢; for a standard basis vector e;.

EXAMPLE 2 (Cost-weighted classification). In some scenarios, we allow dif-
ferent costs for classifying certain classes y as others; for example, it may be less
costly to misclassify a benign tumor as cancerous than the opposite. In this case,
we use a matrix C = [cyi]];’l.:1 € R/fﬁk, where cy; > 0 is the cost for classifying
an observation of class y as class i (i.e., assigning X ~ P; instead of Py in the
experiment). We assume ¢y, = 0 for each y and define

(10) LY (a, y):miax[cy,- |oe,-:mjax05j], a € RF,

the maximal loss for those indices of « attaining max; ;. Let C =[cy --- cx] be
the column representation of C. If cyTn = min; ClTT[, then by choosing any « such
that oy > «; for all j # y, we have
k
Hjpew(m) = inf{ Z Ty max{cyi | ¢; = maxa; }} = minj'L’TC[.
n ¢ :
=1 i j l

The entropy Hyew is concave, nonnegative and satisfies Hyew(e;) = 0 for standard
basis vectors e;; Example 1 corresponds to C = 117 — [ .



3256 J. DUCHI, K. KHOSRAVI AND F. RUAN

The forward mapping (4) from losses L to entropy Hj is straightforward,
though it is many-to-one. Using convex duality and conjugacy arguments, we can
show an inverse mapping. This construction is new, though precursors for proper
scoring rules and predictions in the probability simplex exist (cf. [13] or [12], The-
orem 2); these characterize proper scoring rules, but it is not always clear how
to generate convex losses from these. Before stating the proposition, we recall the
definition (6) of the Fenchel conjugate f*(s) = supt{sTt — f@®}.

PROPOSITION 3. For any closed concave H : Ay — R, the losses
(11) L(,i):RE >R, L(a,i) =—a; + (—H)*(a),

i €{l,...,k},are closed, convex and satisfy the equality (4) that H = Hy .

PRrROOF. Standard Fenchel conjugacy relationships [15] imply

H(n) = inﬂgk{—nTa—i—(—H)*(a)} where (—H)*(a) = sup {a! 7 + H(7)).
oe

TeEA,
Defining L(w,i) = —a; + (—H)*(a) fori =1, ..., k, we can write

H(r) = inf {~n"a + (—H)*()}

acRF

= inf {~nTa+7"1- (—H)* (@)}

acRK

k
= inﬂgk{ZmL(a,i)}. -

SR =1

Proposition 3 shows that associated with every concave entropy defined on the
simplex, there is at least one set of convex loss functions L(-,i) generating the
entropy via the infimal representation (4), and there is thus a mapping from loss
functions to entropies and from entropies to convex losses: given any loss L, we
may construct a convex loss LY* with Hy = Hpevx. The mapping from entropies
H to loss functions generating H as in (4) is one-to-many, as any losses L1 and
L® with the same range satisfy H; 1) = H ).

3.2. Surrogate risk consistency and generalized entropies. Our construction
(11) of loss functions is a somewhat privileged construction, as it often yields de-
sirable properties of the convex loss function itself, especially as related to the
nonconvex zero-one loss. Indeed, it is often the case that the convex loss L so gen-
erated is Fisher consistent; to make this explicit, we recall the following definition
[28, 33].
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DEFINITION 3.1. Let L : RF x [k] = R. Then L is classification calibrated
for the zero-one loss if for any w € Ay and i* such that 7;+ < max; 7},

k k
(12) inf {Zn,L(a z)} < inf {Zn,L(a 1) o >maxozj}
J

aeR aeR

Given a matrix C € RﬁXk as in Example 2, L is classification calibrated for the
cost matrix C if for any m € Ay and any i* with ciT*zr > min; CJTJT,

(13) inf {Zn,L(a 1)} < inf {Zn,L(a i): al*>maxa1}
acR aeR J

Tewari and Bartlett [28], Theorem 2, and Zhang [33], Theorem 3, show the

importance of Definition 3.1: let R(y) be the zero-one or cost-weighted risk (Ex-

amples 1-2). If L is lower-bounded, then it is classification calibrated (with respect

to zero-one or the cost-weighted loss) if and only if for any sequence y, : X — RX
and distribution P on X x Y we have Fisher consistency, that is,

Ry (yp) — inf Rp(y) implies R(y,) — inf R(y).
yel yel

That is, classification calibration (with respect to zero-one-risk or the cost-
weighted risk) is equivalent to surrogate risk consistency of the loss L. Because of
the predominance of the zero-one loss in the literature, we use “classification cali-
bration” without any qualification to mean “classification calibration with respect
to zero-one loss.”

We now show how—under minor restrictions on the generalized entropy func-
tion H—the construction (11) yields classification calibrated losses.

DEFINITION 3.2. A convex function f : R¥ - R is (A, k, | - |I)-uniformly
convex over C C R¥ if it is closed and for all ¢ € [0, 1] and x1, x» € C,

f(tx1 + (1 — Z)XQ)
A K Kk—1 k—1
Slf(X1)+(1—t)f(X2)—§t(1—t)IIX1—X2|| (A=) +77].

We say, without qualification, that f is uniformly convex on C if dom f O C
and there exist A > 0, a norm | - ||, and constant ¥k < oo such that Definition 3.2
holds; we say f is uniformly concave if — f is uniformly convex. Definition 3.2 is
an extension of the usual notion of strong convexity, which holds when ¥ =2, and
is essentially a quantified notion of strict convexity.

With this definition, we have the following two propositions. These two proposi-
tions, whose proofs we provide in [10], Section 7, show that generalized entropies
naturally give rise to classification calibrated loss functions; we provide examples
of these results in Section 3.4 to come.
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PROPOSITION 4. Assume that H is closed concave, symmetric and has
dom H = Ay, and let L have definition (11). Additionally, assume that (a) H is
strictly concave, and inf,, Zle i L(a, i) is attained for all w € Ay, or (b) H is
uniformly concave. Then L is classification calibrated.

Even when H is not strictly concave, we can give classification calibration re-
sults. Indeed, recall Example 1, which showed that for the zero-one-loss, we have
Hp(r)=1-—max;x;.

PROPOSITION 5. Let H(w) = 1—max; ;. The loss (11) defined by L(a, i) =
—a; + (—H)*(a) is classification calibrated. Moreover, we have for any w € Ay
and o € R* that

Zn,L(a i) — 1nf2n,L(a i)>— (ZmLZO(a z)—mfZJr, “(a, z))

3.3. Divergences, risk and generalized entropies. 1In this section, we show that
f-divergences as in Definition 2.1 have a precise correspondence with generalized
entropies and losses; [11] establish the correspondence between f-divergences
and entropy/pointwise Bayes risk H; our results show the important link from
f directly fo the loss L. We begin as in equation (4) with a concave generalized
entropy H and loss L satisfying H () = inf,, g« Z _1 i L(a,i); by Proposition 3
itis no loss of generality to assume this correspondence. Let I" be the collection of
measurable functions y : X — R*. The posterior Bayes risk for L is

k
(14)  Hp(mw, Pry) == inf/ > miL(y(x),i)dP;(x) =E[HL (% (X))].
velJx 3

where 77 (x) is the posterior distribution on Y conditional on X = x. The infor-
mation measure (3) is thus the gap between the prior Bayes L-risk and posterior
Bayes L-risk. We may then write

inf Zn,L(a i)— 1nf Rp(y)
aeRk

=Hp(m)— H(m, Pr)
=1y, (X;m)

k—1
_/ sup(HL(rr) — Zn’,L(a z)— — i L(c, k)) dPy

=Dy, (Prx—1llPr),
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where the closed convex function fi r : R]f[l — R has definition

k—1
(15) fL.x(t):= sup (HL(n) - ZmL(a, i)t; — i L(a, k)).

acRk i=1

As f1 r is the supremum of affine functions of its argument ¢, it is closed convex
and f1. (1) = Hp(w) — Hp (r) = 0. That is, equation (15) shows that given any
loss L or generalized entropy H, the information measure Iy, (X; ), gap between
prior and posterior L-risk and f7 r-divergence between distributions Py, ..., Px_1
and Py are identical.

We can also give a converse result that shows that every f-divergence can be
written as the gap between prior and posterior risks for a convex loss function. We
first recall the result that D ¢(Py.x—1| P) is a statistical information (3) based on
an generalized entropy H associated with f. Except for the closure operation, this
result is known (see [11], Theorem 3).

PROPOSITION 6.  For closed convex f:R¥"! — R with f(1) =0, let

N Tk—1
H(t,...,tx) = —ktkf(—,..., —),
T T

where we implicitly use the closure of the perspective | Definition (9)]. Then
Dy(Py. ... Peoi||P) = H(1/k) — E[H (7 (X))],
where the prior 1 = 1/ k and the expectation is taken according to )_; 7; P;.
By combining Propositions 3 and 6 with the infimal representation (4) of Hp,

we immediately obtain the following corollary, which is our explicit construction
of a closed convex loss from an f-divergence.

COROLLARY 3. Let 7% = 1/k. For any closed and convex function f :
R¥1 — R such that f(1) =0, the convex losses defined by

. T T Tk—1
L(a,i) = —a; + sup {71 ot—knkf(—,...,—>}
TeEAL Tk Tk

satisfy f(t) = sup {HL (7% — Zf;ll rrl.OL(a, it — n,?L(oz, k)}, equation (15). Ad-
ditionally,

k
D (Pri—1llPp) = inﬂgk Y Al L(e,i) - ig}fE[L(V(X), )],
“ER =

where the expectation is over Y ~ 1% and X ~ Py conditional on Y =y.
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For binary classification problems, Nguyen et al. [20], Theorem 1, provide
an explicit construction of a closed convex margin-based loss inducing the f-
divergence as in equation (15); the binary case allows a complete characterization
of all such convex functions, which appears difficult in the multiclass case.

Corollary 3, coupled with the information representation given by the f-
divergence (15), shows the complete equivalence between f-divergences, loss
functions L and entropies H. For any f-divergence, there exists a loss function L
and prior 7 = 1/k such that D ¢(Py.x—1 || Px) = Hy () — H (7, P1.). Conversely,
for any loss function L and prior 7, there exists a multiway f-divergence such that
the gap Hy () — Hy (7w, Pr:x) = D p(Prx—11| Py)-

3.4. Examples of generalized entropies and loss correspondences. To com-
plement our general results, we illustrate the correspondence between (concave)
generalized entropies and the loss construction (11) through several examples, us-
ing Propositions 4 and 5 to guarantee classification calibration.

EXAMPLE 3 (Zero-one loss, Example 1, continued). We use the generalized
entropy H () =1 — max; r; generated by the zero-one loss to derive a convex
loss function L that gives the same entropy via the representation (4). The conju-
gate to —H is

k
anptop 1 Xijen 1 }

16 —H)*(a)=1 -, — =, .., -1,
(16) ()@ =1+max{aq) e L20
where o1y > o(2) > --- are the entries of a € R* in sorted order (see [10], Sec-
tion 7.5, for a proof). Then the convex “family-wise” loss, named for its similarity
to family-wise error control in hypothesis tests,

1 1
LM i) =1-0 +/ef?f*_’fk}{7 Za(j) a 7]
j=1
generates the same entropy H; w and associated f-divergence as the zero-one loss.
Moreover, Proposition 5 guarantees that L™ is classification calibrated (Defini-
tion 3.1). It appears that the loss L™ is a new convex classification-calibrated loss
function.

Rather than reconsidering Example 2, which we do later in the context of show-
ing that distinct convex losses can yield the same generalized entropy, we now
consider the multiclass logistic loss. The loss does not correspond to the zero-one
loss, but it generates Shannon entropy and information.

EXAMPLE 4 (Logistic loss and entropy). For 1 <i <k, define p;(¢) =
e“i/ Z’j‘-zl ¢%/ . The multiclass logistic loss is then

k
L(a,i) = —log pi(a) = log<z e“f—“i) forl <i <k.
j=l1
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The entropy associated with the loss is the familiar Shannon entropy,
k k
17 H; () = inék{—Znilogpi(a)}:—Znilogm.
«e i=1 i=1

The conjugacy calculation (11) (i.e., our inverse construction from H to loss L)
to generate L also yields the multiclass logistic loss. That the multiclass logistic
loss is calibrated for the zero-one loss [33], Section 4.4, is now immediate: the
negative Shannon entropy is strongly convex over the simplex Ay (this is Pinsker’s
inequality [7], Chapter 17.3), so the fact that logistic loss and Shannon entropy
are dual via equation (11) and Proposition 4 yield calibration. The information
measure (3) associated with the logistic loss is the mutual information between the
observation X and label Y. Indeed, we have

In(X;7m)=H(r) —E[HF(X))]
=H(Y) —/ HY |X=x)dP(x)
X
=HY)-HY |X)=I1(X:Y),

where H denotes the Shannon entropy, P = Zf‘:l 7; P; and 1 (X;Y) is the usual
(Shannon) mutual information between X and Y.

We include one final example to show that in some instances, many different
convex losses can yield the same generalized entropy H.

EXAMPLE 5 (Hinge losses). Define the pairwise multiclass hinge loss

L e, i) = Y (1 +ajls +1{1Ta =0},
J#i
We also consider the slight extension to weighted loss functions to address asym-

metric losses of the form (10) from Example 2. In this case, given the loss matrix
Ce leﬁk, we set

k
LMo, i) =" cij[1 + ;] + {17 = 0}.
j=1
The loss L(a, i) = ) jzicijll +aj —a;]+ yields a completely identical set of
calculations without the restriction 17« = 0, as it is invariant to shifts. A calcu-

lation (see [10], Section 7.6, for completeness) shows the generalized entropy (4)
associated with the hinge loss with loss matrix C = [c] --- ck] is

k
(18) Hywn(m) = inf 1> 7 L" (o, i) { =kminz ¢
aeRk i=1 [
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Such losses satisfy a number of classification calibration guarantees; we note
one, essentially due to Zhang [33], Theorem 8. For completeness, we provide a
proof in [10], Section 7.4.

OBSERVATION 1. Let ¢ : R — R be any bounded below convex function,
differentiable on (—o0, 0], with ¢’(0) < 0. Then L(a, y) = Zle Cyi@(—a;) is
classification calibrated for the cost matrix C [Definition 3.1, equation (13)].

Taking C = 117 — I;..x, we see that the hinge loss is calibrated for the zero-one
loss (Example 1); taking arbitrary C € lefk, the weighted hinge loss is calibrated
for the cost matrix C. Even more, we have the following quantitative calibration
guarantee in analogy with Proposition 5:

k k
Z 7 LM (@, i) — ior}/fz i LM (o i)
i=1 i=1

k k
>3 L (e, i) —inf Y i LV (o, i)
C(,

for all 7 € Ay and o € R¥, strengthening Observation 1. (We prove this as
Lemma 7.9 [10], Section 7.7.) In the binary case, similar quantitative guarantees
hold for any margin-based classification calibrated loss L for which Hy = Hpz
(cf. [20], Lemma 2); we do not know if this extends to the multiclass case.

4. Comparison of loss functions. In Section 3, we demonstrated the corre-
spondence between loss functions, generalized entropies, statistical information,
f-divergences and (in restricted cases) classification calibration. These correspon-
dences assume that decision makers have access to the entire observation X, which
is often not the case; as noted in the Introduction, it is often beneficial to pre-
process data to make it lower dimensional, communicate or store it efficiently or
to improve statistical behavior. Thus, we now explore the impact quantization has
on these concepts.

To motivate this further, consider that each of the family-wise loss L™ of Exam-
ple 3, logistic loss (Example 4) and any loss of the form L(«, y) = Z#y ¢ (—a;)
for ¢ convex and decreasing with ¢'(0) < 0 (Example 5, Observation 1) is classi-
fication calibrated. This relates to one of the major criticisms of classification cali-
bration: if the Bayes classifier (minimizer of risk over all functions X — R¥) does
not belong to the class of functions considered, classification calibration says little.
In this context, we shed light on this issue by identifying losses that are consistent
(calibrated) even with the additional selection of quantizer or data representation—
arestriction of the class of possible functions as in the implication (5) in the Intro-
duction.
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4.1. A model of quantization and experimental design. We extend Nguyen et
al.’s approach in the binary case [20] to the multiclass case by treating the design
of an experiment or choice of data representation as a quantization problem, where
a quantizer g maps the space X to a measurable space Z. Then, for a loss L, prior
7w € Ag on the label Y, and discriminant y : Z — R¥, we consider the quantized
risk (2), which we recall is

Re (v 1@ :=E[L(y(a(X)),Y)].
Given class-conditional distributions Pj.; (equivalently, hypotheses H; : P; in the
Bayesian testing setting) and collection Q of quantizers, our criterion is to choose
the quantizer q that allows the best attainable risk. That is, we consider the quan-
tized Bayes L-risk, defined as the infimum of the risk (2) over discriminants
[={y:Z— Rk,
k
19 inf R = | inf) mL(a,i)dP(2),
(19) inf Rex(y10)= [ in YmiL (@D dPiG)

where P9(A) = P(q~'(A)) denotes the push-forward measure. The risk (19) mea-
sures the best attainable risk for a fixed choice of q € Q; one thus seeks the design
q giving the lowest quantized Bayes L-risk.

Whether for computational or analytic reasons, minimizing the loss (19) is of-
ten intractable; the zero-one loss L*° (Example 1), for example, is non-convex
and discontinuous. It is thus of interest to understand the asymptotic consequences
of using a surrogate loss L in place of the desired loss (say L*°) [2, 19, 28, 33],
including the setting in which one incorporates further dimension reduction via
the choice q € Q. [20] introduce and study this problem for binary classification,
giving a correspondence between f-divergences, loss functions and surrogate con-
sistency with quantization. The consequences of using a surrogate for consistency
of the resulting quantization and classification procedure in the multiclass case are
a-priori unclear: we do not know when using such a surrogate can be done without
penalty. To that end, we now characterize when two loss functions L") and L®
provide equivalent criteria for choosing quantizers (experimental designs or data
representations) according to the Bayes L-risk (19).

4.2. Universal equivalence of loss functions. Recalling our arguments in Sec-
tion 3.3 that statistical information (the gap between prior and posterior risks) is
a multiway f-divergence between distributions Py, ..., Pr—1 and P, we give a
quantized version of this construction. In analogy with the results of Section 3.3,
the quantized statistical information is

Iy, (X; 7 | ) := Hp (1) — E[HL(F(a(X)))]

k
(20) = inf > miL(e,i) —infRLx(y | Q)

k
aeR i—1

=Dy, (P1,..., Pk—1||Px | 9),
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where Hy () = inf, g« Zf: 1 i L(a, i) as in (4), the convex function f7, - is de-
fined as in expression (15) and does not depend on the quantizer g, and 7 (q(X))
denotes the posterior distribution on Y € [k] conditional on observing q(X). We
extend Nguyen et al.’s notion of universal equivalence from the binary case, defin-
ing losses as equivalent if they induce the same ordering of quantizers q under the
information measure (20).

DEFINITION 4.1.  Loss functions L") and L® are universally equivalent for
the prior 7, denoted L") =, L@ if for any distributions P, ..., Py on X and
quantizers q; and qp:

I(X,7w;Hyo |a1) <I(X,m; H oy | q2) if and only if
I(X,m;Hyo la) < I(X,7m; Hpo) | a2).

Definition 4.1 evidently is equivalent to the ordering condition

ig/lfRLm,ﬂ (ylan = ig/lfRLa),ﬂ()/ |q2) if and only if

2D ) _
II]}fRLm,T(V lan) < 11)}fRL<2>,ﬂ(V [ q2),

for all distributions Py, ..., Pk, on the quantized Bayes L-risk (19). This defini-
tion is somewhat stringent: losses are universally equivalent only if they induce
the same quantizer ordering for all population distributions. If a quantizer q is
finer than qp, all losses yield 1 (X, w; Hr | q2) < I(X, ; Hr | q1) by the data pro-
cessing inequality (Corollary 2 of Section 2). The stronger equivalence notion is
important for nonparametric classification settings in which the underlying distri-
bution on (X, Y) is only weakly constrained and neither of a pair of quantizers
di, g2 € Q is finer than the other.

Definition 4.1 and the representation (20) suggest that the entropy function
Hp associated with the loss L through the infimal representation (4) and the f-
divergence associated with L via the construction (15) are important for the equiv-
alence of two loss functions. This is indeed the case. First, we have the follow-
ing result on universal equivalence of loss functions based on their associated en-
tropies.

THEOREM 1. Let LD and L® be bounded below losses and H; ) and H; )
be the associated generalized entropies as in the construction (4). Then L'V and
L@ are universally equivalent with respect to all priors 1 if and only if there exist
a>0,beRF and ¢ € R such that for all w € Ag,

Hyo)(m)=aHpo (1) +b"m +c.

We can also characterize universal equivalence for a prior 7.
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THEOREM 2. Let w € Ay and as in Theorem 1 and let LY and L® be
bounded below loss functions, with fr D and fr 2 the associated f-divergences
as in the construction (15). Then LY and L® are universally equivalent with
respect to the prior 7 if and only if there exist a > 0,b € R*™!, and ¢ € R such
that

(22) OOy =af@@)+b"t+c  forallt e R

Nguyen et al. [20] prove Theorem 2 for binary classification problems (k =
2), using convex-conjugacy arguments. We outline our proofs (which apply for
arbitrary k and so require a different set of tools) in Section 5.

4.3. Consistency of empirical risk minimization. A major application of these
theorems is to show that certain nonconvex loss functions (such as the zero-one
loss) are universally equivalent to convex loss functions, including variants of the
hinge loss, by showing that their associated entropies are scalar multiples. As a
first application of Theorems 1 and 2, however, we consider the Bayes consis-
tency of empirical risk minimization for selecting a discriminant y and quan-
tizer q (in analogy with [20], Theorem 2). In this case, we receive a sample
{(X1,Y1),...,(Xy, Y,)} and define the empirical risk

Rea(yla) = ZL (a(X)). Y;).

Now,letQ CQ; C---CQbea nondecreasmg collection of quantizers, indexed
by sample size n, and similarly let I'y C I'; C --- C I" be a nondecreasing collec-
tion of discriminant functions, where we assume the collections satisfy the estima-
tion and approximation error conditions

E[ sup [Ria(yla)—Re(ya)|] <&,

(23) yel',,qeQ,
i R f R < %P,
Verinq ca, Ly la)— “,‘qeo Ly la <e,
where 8'3“ — 0and & — 0 as n — oo. Additionally, let R be the risk functional

for the cost—weighted misclassification loss LY (Example 2), where LV («, y) =
max; {cy; | &; = max; o ;}. Then we have the following result.

THEOREM 3. Assume the conditions (23) and that y,, and q, are approximate
empirical L-risk minimizers satisfying

P =E[RiaOn @) = it Ria(1@] >0 asn— oo

ns

Let R*(Q) =infy,cr gqeq R(y | Q). If the loss L is classification calibrated and uni-
versally equivalent to the cost-weighted loss LV, then

Ry |an) — R*(Q) 2 0.
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Theorem 3 guarantees that under the estimation and approximation conditions
(23), empirical risk minimization is consistent for minimizing the quantized Bayes
risk whenever the loss L is classification calibrated and equivalent to the desired
loss. The proof of Theorem 3 reposes on the following risk inequality, which may
be of independent interest. The lemma is a consequence of the results on surrogate
risk consistency for classification calibration [27, 28, 33] and our universal equiv-
alence guarantees that exhibits the power of calibration and universal equivalence.

LEMMA 4.1. Assume L is classification-calibrated and universally equivalent
to the weighted misclassification loss LY with cost matrix C € kak. Then there
exists a continuous concave function h with h(0) = 0 such that

R(ylo)— inf R(y|@)<h(Re(y |a)~ inf R} @).

With the choice L(o,y) = Zlecyi[l +oly + I{1Ta=0} or L(a,y) =
Zf:l cyill +a; — ayly, we may take h(e) = (1 + %)8, that is,

. ! .
Ryl - nt ROl < (14 )[Rey 19— int Ruy19)]

Lemma 4.1 shows that the gap in surrogate risk provides a guaranteed upper
bound on the true cost-weighted risk; in the case of the modified hinge losses of
Example 5, this gap is linear. In the binary case, even stronger results are pos-
sible [20]—one may take h(e) = ae (for some a < 0o0) in Lemma 4.1 for any
margin-based classification-calibrated loss universally equivalent to the 0—1 loss.
This relies on the specific form any such binary convex loss must take (see equa-
tion (9) of [20]); our Examples 3 (the family-wise loss) and 5 show that fairly
different-looking losses can be classification calibrated and universally equivalent
to zero-one loss. We provide the proof of Lemma 4.1 in [10], Section 9.1. Theo-
rem 3, which we prove in [10], Section 9.2, is then a consequence of this lemma
and Theorem 1.

4.4. Examples of universal equivalence. In this section, we give several ex-
amples that build off of Theorems 1 and 2, showing that there exist convex losses
that allow optimal joint design of quantizers (or measurement strategies) and dis-
criminant functions, opening the way for potentially efficient convex optimization
strategies. To that end, we give two hinge-like loss functions that are universally
equivalent to the zero-one loss for all prior distributions 7. We also give exam-
ples of classification calibrated loss functions that are not universally equivalent to
the zero-one loss, although minimizing them without quantization yields Bayes-
optimal classifiers.

EXAMPLE 6 (Cost-weighted losses). We return to Example 5, where we have
Lhingy i) = > jziCijll +ajl + I{17« = 0}. In this case, we have Hiynin () =
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kming 77 ¢; = kHpew (1), where LSV denotes the cost-weighted misclassification
error as in Example 2. Theorem 1 immediately guarantees that the (weighted)
hinge loss is universally equivalent to the (weighted) O—1 loss. The weighted hinge
loss LM is also, as in Example 5, calibrated for the cost-weighted misclassification
error.

EXAMPLE 7 (Max-type losses and zero-one loss). We return to Example 3
and let wa(a, i)=1—o; +max{aq) — 1, W — %, e 1TT°‘ — %}, the con-
vex family-wise loss. By Example 3, the associated entropy is Hym(7) =1 —
max; w; = Hpz for m € Ay, and Proposition 5 shows that L™ is classification
calibrated. We thus have that L™ and the zero-one loss L?° are universally equiv-

alent by Theorems 1 and 2.

For our final example, we consider the logistic loss, which is classification cali-
brated but not universally equivalent to the zero-one loss.

EXAMPLE 8 (Logistic loss). The loss L°2(a,i) = log(Z'}:1 e%~%) has
(Shannon) entropy H () = — Zle m; log ;, as in Example 4. There are no a, b, ¢
such that Hyzo () =1 —max; m; = aHje () + bT 7 4 ¢ for all & € Ag. Theo-
rem 1 shows that the logistic loss is not universally equivalent to the zero-one loss.
That is, in spite of its classification calibration, there are distributions Py, ..., Py,
a collection Q of quantizers X — Z, and a sequence y, : £ — RF such that

RLlog (Vn | qn) - inf)/,qeO RLlog(V | Q)7 but Rz ()/n | qn) 7L> infy,qeO RLZO(V | Q)~

5. Proof of the Theorems 1 and 2. The remainder of the main body of the
paper consists of the major parts of our arguments for Theorems 1 and 2. We divide
the proof of the theorems into two parts. The “if”” part is straightforward; the “only
if” is substantially more complex.

Proof (if direction). We give the proof for Theorem 2; that for Theorem 1 is
identical. Assume that dom fél) = dom féz) and there exist a > 0, b € RF"! and
¢ € R such that equation (22) holds. By Definition 2.1 of multiway f-divergences,

for any quantizer q, we have
D (P, ..., P—tll Pl ) =aD (P, ... Pe—tll P @) + bT1+c,
as [, dP; = 1. Applying the relationship (20), we obtain
I(X, 73 Hyoy @) =al (X, 73 Hpe | ) + b7 1+c.

As a > 0, the universal equivalence of L") and L® follows immediately.
We turn to the “only if” part of the proofs of Theorems 1 and 2. A roadmap
is as follows: we first define what we call order equivalence of convex functions,
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which is related to the equivalence of f-divergences and generalized entropies
(Definition 5.1). Then, for any two loss functions L1 and L® that are universally
equivalent, we show that the associated entropies H; ) and Hj ), as constructed
in the infimal representation (4), and the functions (1) and f® generating the f-
divergences via expression (15), are order equivalent (Lemmas 5.1 and 5.2). After
this, we provide a characterization of order equivalent closed convex functions
(Lemma 5.3), which is the linchpin of our analysis. The lemma shows that for any
two order equivalent closed convex functions f; and f> with dom f| = dom f>,
there are parameters a > 0, b € R, and ¢ € Rsuch that f(V (1) =af@ () +bTr +
¢ for all t+ € dom f; = dom f>. This proves the “only if”” part of the Theorems 1
and 2, yielding the desired result. We present the main parts of the proof in the
body of the paper, deferring technical nuances to the supplement [10].

5.1. Universal equivalence and order equivalence. By Definition 4.1 [and its
equivalent variant stated (21)], universally equivalent losses L") and L® induce
the same ordering of quantized information measures and f-divergences. The next
definition captures this ordering slightly differently.

DEFINITION 5.1. Let f; : 2 — R and f> : 2 — R be closed convex func-
tions, where Q@ C R* is closed convex. Let m € N be arbitrary and the matrices
A, B € Rkxm satisfy A1 = B1, where A has columns g; € 2 and B has columns
b; € Q. Then f] and f> are order-equivalent if for all m € N and all such matrices
A and B we have

24) > filap <Y fiby) ifandonlyif Y falaj) <Y fa(by).

j=1 j=1 j=1 j=1

As the above context suggests, order equivalence has strong connections with
universal equivalence of loss functions L and associated f-divergences and gen-
eralized entropies. The next two lemmas make this explicit.

LEMMA 5.1.  Iflosses L'V and L® are lower bounded and universally equiv-
alent, then the associated entropies of the construction (4) are order equivalent
over Ay C Rﬁ.

PROOF. Let H; be the entropy (pointwise Bayes risk) associated with L,
noting that dom Hy = dom H, = Ay because infyca, Hi(w) > —o0. Let the
matrices A = [a] --- an] € Rl_‘ﬁm and B € Rﬁxm satisfy a;, b; € Ay for each
i=1,...,m, and let v = ;-Al = ;-B1 € A;. We show that Y| H(a;) <
Z’]’?:l H,(b;) if and only if Z’}’:l Hy(a;j) < ZTzl Hj(bj), that is, expression (24)
holds, by constructing appropriate distributions P;.; and r, then applying the uni-
versal equivalence of L1 and L®.
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Let My be any integer large enough that vo = ¢ L+ M )1 — M v e R, so that

vo € Ag. Then define the vectors a; = v, ..., dum, = Vo, and let
AN =[a; - aw @ -+ Gumy € ]le_XM and
B =[by -+ by @ - dnmy| € REM,

where M = (Mg + 1)m. These satisfy A**'1 = B**'1 = %1. We let a®*' and b
denote the columns of these extended matrices.

Now, let the spaces X = [M] x [M] and Z = [M]. Define quantizers qi, qz :
X —> Zbyqi(i,j)=iand qo(i, j) = j.Forl=1,...,k, define the distributions
P; on X by

2

k
P, )= ai'bs;t,  so ZP;(z ])_—af;“ Zbext_M asit
j=1

and similarly > °; Pi(i, j) = %b?’l‘t. Let 7 = %1 be the uniform prior distribution
on the label Y € {1, ..., k}, and note that the posterior probability

[ w Y P, J) ]k _[ a ]k
Yy Y P =t L pai Lz

because Pj(q; L)) = b, j) = M fl’“, and similarly 77 (q, ({J})) = be’“
Ay. Taking the expectation over X ~ Z 1—1 711 P, we have

ext = Ak,

#(ay ' (1)) =

E[H. (% (a7 ' (a1(X))))] Z Pi(a; @) He (7 (a; ' ()))

il
M
Z ext

because Y ; af l = 1. Similarly, E[H} (7 (qz_] (RN =37 Z | Hx (bjf’“). Re-
calling the definitions (3) and (20) of the (quantized) 1nformat10n associated with
H, we have I(X,m; H|qy) = H(w) — ﬁziﬁil H(@@™) and I(X,7; H | o) =
H(r) — ﬁ Ziﬂi] H (bf"t). Then the universal equivalence of losses L1 and L
immediately implies for & = %1 that

1 X 1 M
H(7) — 7 ; Hy(af™) < Hy () — 7 ; Hy (b)) iff
M M

Hy(w) — — ZH af™) < Hy(m) — — ZH (bs™).

tl ll
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Noting that a{*' = b§*" for each i > m + 1, we rearrange the preceding equivalent

statements by adding % Y i=mi1 H(af*") to each side to obtain that the H; satisfy
inequality (24). O

For f-divergences, a parallel result is possible; as the techniques are similar to
those we use to prove Lemma 5.1 (by constructing an explicit discrete space X’
and quantizers q), we defer the proof to [10], Section 8.1.

LEMMA 5.2. Iflosses LY and L® are universally equivalent for the prior
(Definition 4.1) and lower-bounded, the corresponding f-divergences f L 7 and
f LO of construction (15) are order equivalent.

5.2. Characterization of the order equivalence of convex functions. Lem-
mas 5.1 and 5.2 illustrate the intrinsic relationship between the universal equiv-
alence (Definition 4.1) of losses and the order equivalence (Definition 5.1) of their
associated generalized entropies and f-divergences. Therefore, it is natural to ask
when convex functions are order equivalent. The lemma below characterizes this
order equivalence, and coupled with Lemmas 5.1 and 5.2, it immediately implies
Theorems 1 and 2.

LEMMA 5.3. Let fi, f>: S — R be closed convex functions, where Q C R¥

is a convex set. Then fi and f, are order equivalent on Q2 if and only if there exist
a>0,b G]Rk, and c € R such that for all t € Q

(25) fit)=apr(t) +b't +c.

While the proof of Lemma 5.3 is complex, we provide a partial proof high-
lighting the most important parts of the argument, deferring technical details to
the supplement. The essential idea is that Lemma 5.3 holds for simplices (and so
it certainly holds for Hy ); we can then cover any convex set £2 with a number of
overlapping simplices to extend the result to all of €2, which we do fully in [10],
Section 8.2. To demonstrate Lemma 5.3 for simplices, we require the following.

DEFINITION 5.2. Vectors ug, U1, ..., Uy are affinely independent if
up — uo, Uz — uo, sy Um — UQ,
are linearly independent. A set E C RFisa simplex if E = Conv{ug, uy,...,ux}
where ug, ..., uy are affinely independent.

Then the essential special case of Lemma 5.3 is the following result.

LEMMA 5.4. Let E = Conv{uo, ..., ur} C Q where uo, ..., ur are affinely
independent. If fi and f> are order equivalent, then there exist a > 0, b € R*, and
c € R such that

fit)y=afrt) +b"t +c forallt € E.
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The proof of Lemma 5.4 proceeds in a series of intermediate results, which we
provide in turn, with proofs in [10], Section 8.3. Our first step is to argue that we
need only prove equivalence results for convex functions on dense subsets of their
domains.

LEMMA 5.5 ([15], Proposition IV.1.2.5). Let fi, f>: Q2 — R be closed convex
and satisfy f1(t) = f2(t) for t in a dense subset of Q2. Then f1 = f> on Q.

The first technical lemma we prove is essentially a direct consequence of the
definition of order equivalence.

LEMMA 5.6. Let uy,...,uy, € Q, a € Q" satisfy 1Ta =1, and v € Q with
v=>""ou;. If fi1, f>: 2 — R are order equivalent, then

Y aifiw) < fiw) ifandonlyif Y aifo(ui) < fo(v).

i=1 i=1

Thus if & € Q" satisfies 17 =1 and uy, ..., u, € 2, then

(26) fl(Z%’W) Zalfl(u) iff fz(za,ul>=zaifz(ui)-
i=1

i=1 i=1

The next lemma shows that we can force equality (25) to hold for the k + 1
extreme points and centroid of any simplex in R¥; it is intuitive because there are
k 4 2 free parameters in the choices of a > 0, b € R, and ¢ € R.

LEMMA 5.7. Let f1, fo: 2 — R be closed convex and let uy, ..., u; € Q be
affinely independent. There exist a > 0, b € R, and ¢ such that fi (u) =afr(u) +
bTu+ cforu€{ug,...,ur, Ucent}, Where Ucent = k+1 Zl oUi-

Lastly, we have the following characterization of the linearity of convex func-
tions over convex hulls.

LEMMA 5.8. Let f:Q — R be convex with uy,...,u, € Q and ucent =

Lo wi If f(teend) = = X0 f (uy), then

m m
f(Z,\,-u,-) =Y "Nif(u)  forall A eR} with1 1 =1.
i=1 i=1

With the four Lemmas 5.5-5.8, we can now prove Lemma 5.4. By rotating with
u; — ug and shifting by ug, it is no loss of generality to assume that the func-
tions f; are definedon V = {v € R’i | 17v < 1}, so that f1 and f> are continuous,
defined, convex and order equivalent on V. We make one further reduction. Let
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e € R¥ for 1 <i < k be the standard basis for R* and eo = 0 be shorthand for
the all-zeros vector. Further, let ecenter = ﬁ Zf:() e; be the centroid of V (so

V =Conv{ey, ..., er}). Lemma 5.7 guarantees the existence of a > 0,b € Rk, and
¢ € R such that

fiw) =af2(v) +bTU +c forv € {eg, e, ..., ek, ecenter)-

Now, let 1 (v) = f1(v) and ha(v) = af>(v) + b v + ¢, so hy and h, are convex,
order equivalent on V, and satisfy i1 (v) = ho(v) for v € {eg, ..., €k, ecenter}- Thus,
Lemma 5.4 is equivalent to showing that if /11, h, are convex, order equivalent, and
equal on the extreme points and centroid of V, then

(27) () =hy(v) forveV={veR:|1Tv<1].

We divide our discussion into two cases.

Linear case. Suppose that /1 (ecenter) = ﬁ fozo h1(e;). Then by order equiv-

alence of h; and hy [equation (26)], we have h2(ecenter) = ﬁ Zf:o ho(e;).
Lemma 5.8 thus implies that 4] and &, are linear on V = Conv{ey, ..., ex}, equal
on the vertices of V, and hence equal on its interior.

Nonlinear case. By convexity, we have hi(ecenter) < ﬁ Zfzohl(ei), and
order equivalence (Lemma 5.6) implies Ao (ecenter) < ﬁ Zf:o hy(e;). For v €
V = Convieg, ..., ex}, we use vg = 1 — 17v for shorthand, so we may write
V= Zf:o vie; and have [vg vy -+ vg]” € Agy1. Now, fix an arbitrary v € V NQF.
We wish to show that &1 (v) = ha(v). To that end, we consider consider the gaps
due convexity of /1 j(ecenter) to the values of £ (e;) relative to those from & (v) to
h(e;), defining the linear functions ¢; : [0, 1] — R by

1 k k
9j(r) =1 —=r)| hj(ecenter) — —— 2 _hjle)) | +r| D vihjer) —hjv)
k+1 i=0 i=0
for j =1,2. Then
1 k
9 (0) = hj(ecenter) — mghﬂei) <0
by assumption, and by convexity,
k
@j() =Y vihj(e;) —hj(v) > 0.
i=0

The key is that the order equivalence of #| and 27 on V implies that
(28) sign(p1 (r)) = sign(pa(r)) forr € [0, 1],
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so that ¢1 and ¢; have the same zero crossing r* > 0, that is, there exists 0 < r* < 1
with @1 (r*) = g2 (r*) = 0. [We prove equality (28) presently.] At this r* > 0, we
find

0=1(r*) — 2(r*) = =r*h1(v) + r*ha(v),

where we use that i1(e;) = ho(e;) for i =0, ...,k and hq(ecenter) = 2 (€center)-
That is, 1 (v) = h2(v), and as v € V N QF is arbitrary and QF is dense, Lemma 5.5
extends the equality 4| = h; to all of V. Expression (27) holds.

Returning to the sign equivalence (28), for r > 0, we may divide ¢;(r) by r,
and we have ¢;(r) <0 if and only if

1—r

r

1 k k
[hJ-(ecemer) i1 Zh,-(e»} + > vihje)) <hj(v).
i=0

i=0

Defining «; = v; — €Qfori=0,...,k and a4 = lr;’ the inequality

aEy
@j(r) < 0is equivalent to Zf:o aihj(e;) +args1hj(ecenter) < hj(v). A calculation
yields 17¢ =1 and Zf:o aje; + Qg4 1€center = U, and applying Lemma 5.6 imme-
diately yields that ¢ (r) < 0 if and only if ¢, (r) <0 for all r € (0, 1] N Q. Noting
that ¢1(0) < 0 and ¢, (0) < 0, we obtain equality (28).

6. Discussion. Rather than recapitulating our contributions, we point out a
few directions we believe will prove interesting for further study. While Corol-
lary 1 shows that some convex losses are surrogate-risk consistent even with re-
stricted families of classifiers, it does not apply to the practical case in which the
collection of discriminants y is a (convex subset of a) finite-dimensional vector
space. This longstanding problem certainly deserves further work. Another direc-
tion, a bit further afield, is to investigate the links between this work and objective
Bayesian approaches and reference priors [4, 5]. In this line of work, one has a
family {Py}gc@ of probability models on an observation space X and before per-
forming inference chooses a prior w on 6 to maximize I, (X; ), the (Shannon)
information between X ~ Py and 6 ~ . For tasks other than minimizing log loss,
it may be sensible to use a notion of information and entropy corresponding to
the desired loss. Our notions of loss equivalence, including construction of convex
losses equivalent to nonconvex losses, could provide insight in such situations.
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SUPPLEMENTARY MATERIAL

Proofs of Results (DOI: 10.1214/17-A0S1657SUPP; .pdf). We provide proofs
of all deferred results not included in the main text.
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