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Statistical methods with empirical likelihood (EL) are appealing and ef-
fective especially in conjunction with estimating equations for flexibly and
adaptively incorporating data information. It is known that EL approaches en-
counter difficulties when dealing with high-dimensional problems. To over-
come the challenges, we begin our study with investigating high-dimensional
EL from a new scope targeting at high-dimensional sparse model parame-
ters. We show that the new scope provides an opportunity for relaxing the
stringent requirement on the dimensionality of the model parameters. Moti-
vated by the new scope, we then propose a new penalized EL by applying
two penalty functions respectively regularizing the model parameters and the
associated Lagrange multiplier in the optimizations of EL. By penalizing the
Lagrange multiplier to encourage its sparsity, a drastic dimension reduction
in the number of estimating equations can be achieved. Most attractively,
such a reduction in dimensionality of estimating equations can be viewed as
a selection among those high-dimensional estimating equations, resulting in
a highly parsimonious and effective device for estimating high-dimensional
sparse model parameters. Allowing both the dimensionalities of model pa-
rameters and estimating equations growing exponentially with the sample
size, our theory demonstrates that our new penalized EL estimator is sparse
and consistent with asymptotically normally distributed nonzero components.
Numerical simulations and a real data analysis show that the proposed penal-
ized EL works promisingly.

1. Introduction. Statistical approaches using estimating equations are widely
applicable to solve a broad class of practical problems. The most influential cases
of estimating equations include the fundamental maximum likelihood score equa-
tions and those from the popular generalized method of moments (GMM, here-
inafter) [Hansen (1982)]. The estimating equation approaches are particularly
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appealing in practice with merits from requiring less stringent distributional as-
sumptions on the data model, yet being adaptable to flexibly incorporate suitable
information and conditions extracted from practical features in various scenarios
of interests.

Empirical likelihood (EL, hereinafter) [Owen (2001)] coupled with estimating
equations has been demonstrated successful since the seminal work of Qin and
Lawless (1994). It is particularly appealing that the EL estimator asymptotically
achieves the semiparametric efficiency bound [Qin and Lawless (1994)]. The prop-
erties of EL are also desirable through some higher order analyses [Chen and Cui
(2006, 2007), Newey and Smith (2004)]. Moreover, the Wilks’ theorems [Owen
(1988, 1990), Qin and Lawless (1994)] for EL ensure that EL ratio is asymptoti-
cally x2-distributed when evaluated at the truth. Hence, EL provides an analogous
device to the conventional fully parametric likelihood for statistical inferences, but
without requiring more stringent distributional assumptions.

In recent years, high data dimensionality in practice has attracted increasing at-
tention and brought unprecedented challenges to approaches based on estimating
equations and EL. Studies in Chen, Peng and Qin (2009), Hjort, McKeague and
Van Keilegom (2009), Tang and Leng (2010), Leng and Tang (2012) and Chang,
Chen and Chen (2015) reveal that with no further structural restrictions, the con-
ventional EL generally only works when both the dimensionality of the model
parameters p and the number of the estimating equations r diverge at some rate
slower than the sample size n. Practically, challenges due to high-dimensionality
require a capacity to deal with cases where p, r > n. Tang and Leng (2010), Leng
and Tang (2012) and Chang, Chen and Chen (2015) attempt to utilize the sparsity
of the model parameters by applying penalty functions on those parameters, and
show that sparse estimators with good properties are achievable. However, the re-
striction from the data dimensionality is not alleviated by using penalized EL in
their works.

The challenges for EL from high data dimensionality are well documented in
the literature. Tsao (2004) found that for fixed n with moderately large fixed p,
the probability that the truth is contained in the EL based confidence region can be
substantially smaller than the nominal level, resulting in the under-coverage prob-
lems. As remedies, Tsao and Wu (2013, 2014) propose extended EL to address
the under-coverage problems due to the constraints on the parameter space. With
a modification avoiding equality constraints, Bartolucci (2007) propose a penal-
ized EL method via optimizing products of probability weights penalized by a loss
function depending on the model parameters. Lahiri and Mukhopadhyay (2012)
propose a different type of loss from that in Bartolucci (2007) and study its prop-
erties with high-dimensional model parameters and dependent data. To our best
knowledge, no estimation problems have been investigated with the EL formula-
tions of Bartolucci (2007) and Lahiri and Mukhopadhyay (2012).

In this paper, we study the properties of EL by carefully examining the impacts
from the data dimensionality, and explore the opportunity from targeting at the
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sparse model parameters. We find that consistently estimating high-dimensional
sparse model parameters by a penalized EL is feasible even with r < p. This mo-
tivates us to propose a new penalized EL approach to tackle high-dimensional sta-
tistical problems where both p and r can grow at exponential rates of n. We solve
the problem by employing two penalty functions when constructing the EL. with
high-dimensional estimating equations. Specifically, the first penalty function is
on the magnitude of the model parameters to obtain sparse estimator. The second
penalty function is imposed on the Lagrange multiplier to encourage its sparsity
when optimizing the EL. We also observe that obtaining a sparse Lagrange multi-
plier in EL is equivalent to reducing the dimensionality r via an effective selection
among those estimating equations, which itself is an interesting problem and a new
scope; see our discussions in Sections 2 and 3.

Here, we note that the effect of the penalty on the Lagrange multiplier relates
to the moments selection in the GMM, a problem that has been extensively stud-
ied in the econometrics literature; see, among others, Cheng and Liao (2015) and
references therein. Recently, Cheng and Liao (2015) propose to treat the sample
averages of the moment conditions as additional parameters to be optimized, and
to apply the L penalty on them to encourage sparsity so that effective moment
selection can be achieved. In a recent related work to ours, Shi (2016) proposes
a new EL formulation by relaxing the equality constraints in the estimating equa-
tions to inequality ones in light of the Dantzig selector [Candes and Tao (2007)].
Shi (2016) shows that for fixed dimensional model parameters, the relaxed EL can
handle high-dimensional moment conditions with = o{exp(n'/3)} under appro-
priate conditions, and the dual form of the relaxed EL can be viewed as penalizing
the Lagrange multiplier. Nevertheless, none of Cheng and Liao (2015) and Shi
(2016) consider diverging number of model parameters that can be sparse, which
is the foundation of our new scope in this paper.

Our investigation contributes to the area of EL with high-dimensional statistical
problems from a new scope. Our approach successfully extends the EL approach
with estimating functions to scenarios allowing both p and r growing exponen-
tially with n. New results for high-dimensional penalized EL are established in
Sections 2 and 3, and many of them are interesting in both areas of EL and esti-
mating equations. Our analysis first reveals a result of its own interests that sub-
stantially broadens the understanding of the relationship between the number of
estimating equations r and the number of model parameters p with penalized EL.
Surprisingly, we find that with an appropriate penalization, a consistent and sparse
estimator of the model parameters actually does not require r > p, thanks to the
new scope from estimating sparse model parameters. In particular, we show that
a sparse estimator for the p-dimensional parameter with s nonzero components
technically may only require » > 5. Such a result crucially supports the motivation
in our new penalized EL approach for the second penalty function imposed on the
Lagrange multiplier to reduce the effective number of estimating equations actu-
ally involved in the high-dimensional penalized EL. That is, the resulting sparse
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Lagrange multiplier from the penalization is equivalent to a selection among avail-
able estimating equations for the model parameters. Our theory shows that the
new penalized EL estimator is consistent which estimates the zero components
of the model parameters as zero with probability tending to one. Additionally, the
nonzero components of the new penalized EL estimator is asymptotically normally
distributed.

The rest of this paper is organized as follows. The new scope with high-
dimensional sparse model parameters on EL and penalized EL is studied in Sec-
tion 2. The new penalized EL with an additional penalty function on the Lagrange
multiplier and its properties for estimating high-dimensional sparse model param-
eters are given in Section 3. An algorithm using coordinate descent is stated in
Section 4. Numerical studies are shown in Section 5. Some discussions are given
in Section 6. All technical details are provided in Section 7. The Supplementary
Material [Chang, Tang and Wu (2018)] contains more technical proofs and an ex-
ample of real data analysis.

2. Empirical likelihood and penalized empirical likelihood.

2.1. An overview of EL with diverging dimensionality. We define some nota-

max<jzs, Y11y bijl [Blloo = maxi<i<q £ |bij| and [Bll2 = Anlo (BBT)
where Amax(BBT) denotes the largest eigenvalue of BBT. Specifically, if so =1,
we use [Bl; = Y01, |bi1] and [B]> = (/L b7)'/? to denote the L;-norm and
L>-norm of the s;-dimensional vector B, respectively.

Let X1, ..., X,, be d-dimensional i.i.d. observations and § = (6, ..., 9p)T be a
p-dimensional parameter with support ®. For an r-dimensional estimating func-
tion g(X; 0) = {g1(X; 0), ..., g-(X; 0)}T, the information for the model parameter
0 is collected by the unbiased moment condition

2.1 E{g(Xi; 00)} =0,

where 0y € © is the unknown truth. When n grows, following Hjort, McKeague
and Van Keilegom (2009) and Chang, Chen and Chen (2015), the observations
{8(X;; 0)}7_, can be viewed as a triangular array where r, p, d, X;, 6 and g(X; 0)
may all depend on n. Qin and Lawless (1994) investigate an EL with estimating
equations:

n n n
(2.2) L(0) = sup l_[m:m>0,Zni=1,2mg(xi;0)=0}.
i=1 i=1 i=1
The so-called EL estimator is defined as 8 = argmaxgc@ L (), which is equivalent
to solve the corresponding dual problem:

-~

n
(2.3) 0 = argmin max log{1+ATg(X;; 0)},
g(,emeA"w); g{ 2(Xi: )}
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where /A\n(ﬂ) ={LeR :XTg(X,-; 0)eV,i=1,...,n}for@ € ® and V is an open
interval containing zero.

In a conventional setting where p and r are fixed as n — oo, r > p is required
to ensure all components of @ are identifiable. In high-dimensional cases, how-
ever, it is documented in the literature that accommodating a diverging r is a key
difficulty for EL; see, among others, Hjort, McKeague and Van Keilegom (2009),
Chen, Peng and Qin (2009), Leng and Tang (2012) and Chang, Chen and Chen
(2015). The reason is that the Lagrange multiplier A in (2.3) is of the same high-
dimensionality r. Since |A|; is required to be 0, (1) in theoretical analyses of EL,
high-dimensional r is clearly cumbersome. A direct consequence is that dimen-
sionality p and r for EL in (2.2) can only be accommodated at some polynomial
rate of the sample size n. To explore EL with high-dimensional problems, we first
present a general result for @ with r estimating equations.

PROPOSITION 1. Write V(0) = n' Y7 g(X;: 0)gX;: )" and 3(0) =

n! "1 8(X;; 0). Assume that there are uniform constants C1 > 0, C> > 1 and
y > 2 such that
2.4) max E{sup]gj(Xi;o)V}SCl,
I<j=<r lgco®
and
2.5) P[C;l < inf Amin{V(8)} < sup Amax [V(0)} < Cz} - 1.
0cO 0cO

Ifr= o2~V then ’O\deﬁned in (2.3) satisfies |g(§)|2 = 0p(r1/2n_1/2).

Conditions for Proposition 1 are standard. Condition (2.4) ensures that some
moments with order larger than 2 exist for the estimating functions, and (2.5) says
that the sample covariance matrices of the estimating functions should behave rea-
sonably well. Consistent with the finding in Hjort, McKeague and Van Keilegom
(2009) and Chen, Peng and Qin (2009), the higher the order of the moment y is,
the more estimating functions can be accommodated. When the estimating func-
tions are bounded, y = oo, r is allowed to be o(n'’?). The key implication of
Proposition 1 is that the sample mean of the estimating functions is well behaving,
regardless the number of the model parameters p is. With r estimating functions,
|g(@)]> is OP(rl/ 2,-1/2) Hence, the impact on the behavior of the estimating
function is the dimensionality r, which cannot grow faster than n'/? as n — oco.

Clearly, the impact from p on the EL estimator is on the identifiability of the
model parameters: 6 is not uniquely defined when r < p without further con-
straints, rendering ambiguity and inapplicability for estimating high-dimensional
model parameters. An example of the situation is that the identifiability issue hap-
pens in the classic linear models if the design matrix is not of full column rank, so
that the minimum of the least squares criterion function well exists but the ordinary
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least squares estimator is not uniquely defined in that case. To solve the problem,
our next objective is to illustrate that identifying a sparse p-dimensional model
parameter is still feasible.

2.2. High-dimensional sparse model parameters. The intuition here is that if
one concerns a sparse 6 such that most of its components are zeros, then iden-
tification and estimation of such @ are feasible with fewer estimating functions
by EL with appropriate penalization. Specifically, write 8 = (67, ..., QS)T and let
S={l<k<p: 9,? # 0} with s = |S|. Here, S is unknown, and s < p. Without
loss of generality, let g = (0[{ S 0(T)’ S()T where 0 s € R® is the nonzero com-
ponents and @y sc = 0 € R”™*. For identification of 6y, we impose the following
condition.

CONDITION 1. Assume that

(2.6) inf |E{gX;; ())}|OO > A(g)
0e{0=(05.05:)T€®:|0 5—0 5loo>5.0 50 =0}

for any ¢ > 0, where A(-) is a function satisfying liminf,_, o+ e BA(e) > K for
some uniform constants K; > 0 and 8 > 0.

The identification condition (2.6) can be viewed as a dedicated one for esti-
mating sparse model parameters. Condition 1 is not stringent, and it ensures iden-
tifying the nonzero components of @ locally. Studying local optimums in high-
dimensional statistical problems is common in the literature with reasonable tech-
nical conditions; see, for example, Lv and Fan (2009) and Zhang (2010). Con-
dition 1 means that the expected values of the estimating functions at the truth
adequately differ from those outside a small neighborhood of the sparse support of
0. Here, B is some generic constant related to the consistency result in Proposi-
tion 2. For estimating a high-dimensional mean parameter with g(X; ) =X — 0,
we can choose A(e) = ¢. For linear models, g(X; 0) = Z(Y — Z'9) with Z and
Y being the covariates and response variable, respectively, and X = (¥, Z")T, we
can select A(e) =¢]| Zilsllgol with X7 s = E(ZSZE). More generally, if there is a
subset £ C {1,...,r} with |£] = s and [E{Vy s ge (X;; 0)}]~! exists, where ge(-; )
collects the set of estimating functions indexed by &, then we can select A(g) =
8infee{oz(ag,egc)T:05c=0} IIE{Vesge(Xi; 0)}]—1”(;01. Intuitively, Condition 1 en-
sures the identifiability of the s nonzero components of #g so that a consistent
sparse estimator is possible, provided that » > s and conditions in Proposition 2.
As a special case when S is empty, Condition 1 becomes a global identification
for the dense model parameter 6. Similar global identification conditions can be
found in Chen (2007) and Chen and Pouzo (2012) for some other models.
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To estimate sparse 6, we consider a penalized EL estimator as

n p
2.7 §, = aremin max log{1+AT X;;0)! +n P 7 ,
@7 6, gaemexn(a)[i; gl +1 2(X;; 0)) ; 1l u)}

where 6§ = (61, ...,Hp)T, and P; () is a penalty function with tuning param-
eter . For any penalty function P;(-) with tuning parameter 7, take p(¢; ) =
=1 P.(¢) for any t € [0,00) and T € (0, 00). Let P (-) belong to the class as
considered in Lv and Fan (2009):

P ={P:(-): p(t; 7) is increasing in ¢ € [0, 0o) and has continuous
(2.8) derivative p’(t; ) for any t € (0, c0) with
0'(0%; 7) € (0, 00), where p’(07; 7) is independent of }.

The class P is broad and general, which includes the commonly used L penalty,
SCAD penalty [Fag and Li (2001)] and MCP penalty [Zhang (2010)]. To establish
the consistency of 8,,, we also assume the following condition.

CONDITION 2. Forany Xand j=1,...,r, g;(X;#) is continuously differ-
entiable with respect to 6 € ©, and satisfies the conditions
0gi(X;; 0
2.9 max maXE[ sup MH < K>
I<jsr k¢S lgeol 6k

for some uniform constant K, > 0, and

1 (| dgj(Xi; 0)
2.10 sup max max{ — ]—” =0
@10 bl 1%)%r K25 {n ; 96k p(én)

for some ¢, > 0, which may diverge with n.

Condition 2 is on the continuity of the estimating function with respect to 6.
Typically, smooth estimating functions can be assumed to have bounded deriva-
tives so that Condition 2 is easily satisfied. At the sample level, considering
the high-dimensionality of the problem, we can accommodate diverging ¢, in
(2.10) so that our results hold in broad situations. If there are functions By, jx(-)
such that |0g;(X;0)/36k| < B, jx(X) forany 6 € ©, j=1,...,r and k ¢ S,
and |E{B,’1’fjk(X,-)}| < Km!H™=2 for anym>2, j=1,...,r and k ¢ S, where
K and H are uniform positive constants independent of j and k, Theorem 2.8
of Petrov (1995) implies SUP| < j<, SUPk¢s n~! >iq Bu,jk(Xi) = 0, (1) provided
that max{logr, log p} = o(n). Thus, (2.10) holds with ¢,, = 1, accommodating ex-
ponentially growing » and p. Since the identification condition (2.6) only provides
a lower bound for |E{g(X;; #)}|co When 6 = o, OTQC)T satisfies [0s — 00 sloo > €
and fsc = 0, we use (2.9) to derive a lower bound for |E{g(X;;6)}|cc When
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0= (0T, 0T¢-)T satisfies @sc # 0 but |@sc|; is small, and then g is a local min-
imizer of |E{g(X;; 0)}|~. For special case with sparse linear regressions, Condi-
tion (2.9) becomes one similar to the well-known crucial irrepresentable condition
[Zhao and Yu (2006)] at the population level. We have the following proposition
on the properties of the penalized EL estimator 8, as in (2.7).

PROPOSITION 2. Let Py () € P for P defined in (2.8). Define a, =
Z,le Pl,n(|91?|) and b, = max{rn~', a,}. Assume (2.4), (2.5), Conditions 1 and
2 hold, and

(2.11) max  sup  P{ (1) =O0(xx)
k€S <1 <1091 +c,

for some x, — 0 and ¢, — 0 with b,i/(zﬁ)crjl —0.Ifr= o(n/2=1ry, max{b,,
rsxnbrl/(zﬂ)} = o(n=27) and r1~/2(pn max{rl/Zn_l/Z,sl/zx,}/ib,],/(w)} = o(m),
then there is a local minimizer 0, € © for (2.7) satisfying 10, s — 00.5lco =
0,{by’ P} and P@,,.sc = 0) > 1 as n — .

In Proposition 2, a,, depends on the true parameter 6 and the tuning parameter
7 in the penalty function. For a typical P; »(-) € P and @¢ with s nonzero compo-
nents, it is the case that a, = O(sm). Condition (2.11) is used to control the bias
introduced by Pj (-) on 5,, See (7.3) in Section 7.2 for details. With the assump-
tion b, = o(mingcs |<9,? |2ﬁ ) that the signal strength of the nonzero components of
0o does not diminish to zero too fast, (2.11) can be replaced by

(2.12) max sup P (1) = O(xn)

k€S (1901 <r <1160

for some constant ¢ € (0, 1). For those asymptotically unbiased penalties like
SCAD and MCP, x, = 0 in (2.12) for n sufficiently large if b, = o(minges |60]%);
see also Fan and Li (2001). Thus, with § = 1 in Condition 1, |0, s — 00 .5lcc =

0, (b,l,/z). Further, if 7 is chosen as o{(n! log p)l/z}, a common one in the liter-
ature, t}len 10n.s —00.5lco = OP{sl/z(n_1 log p)1/4}, a conservative convergence
rate of 0, s.

Let F, () = max, .z g0 27— log{1 +ATg(X;:0)} + >t P17 (|6k]). The
rationale of Proposition 2 is that for any # = (0%, #5)T in a small neighborhood
of 8¢ such that |0 s — 00 slec > €1, Where &, — 0 at some slow enough rate, F; ()
will take value larger than &, F;,(8¢) for some diverging &, with probability tending
to 1; see also Chang, Tang and Wu (2013, 2016) for such a phenomenon of EL.
Then with the penalty P; - (-) encouraging sparsity of 0, we are able to establish
the consistency of 6, to the sparse 6.

Proposition 2 shows that the penalized EL can consistently estimate the high-
dimensional sparse model parameter with p growing exponentially with n, though
still requires r diverging at some slower rate than n!/2. The development of
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Proposition 2 is fundamentally facilitated by our motivation: to estimate a high-
dimensional sparse model parameter. With the new identification condition (2.6),
sparse and consistent estimator can be obtained by using penalized EL. The in-
tuition of our results is clear: to identify s nonzero components of a sparse p-
dimensional model parameter, one essentially requires r (r > s) informative esti-
mating functions for those s components. The practical interpretation is also clear:
given fewer estimating functions than the model parameters, a reasonable direction
is to identify and estimate a sparse model parameter. Such an observation is con-
sistent with the ones found in Gautier and Tsybakov (2014) for high-dimensional
instrumental variables regression with endogenity where the number of instrumen-
tal variables may be less than the model parameters in the regression problems.

3. A new penalized empirical likelihood. With the penalized EL estimator
0, in (2.7) capable of handling high-dimensional model parameter with fewer
number of estimating functions, our next goal is to accommodate a more gen-
eral situation: allowing both r and p to grow exponentially with n. For such a
purpose, we propose to update the penalized EL estimator with an extra penalty
encouraging sparsity in the Lagrange multiplier A:

n r
9, =argmin max log{1+AT Xi;0l—n P A
n g0€®xef\n(0)|:; g{ g(X; )} ]X:; 2,v(| ]|)

3.1

+n Xp: Pl,n(|9k|):|s

k=1

where 0 = (01,...,0,)T, A = (A1,...,A,)T, and P (-) and P, ,(-) are two
penalty functions with tuning parameters 7 and v, respectively. Our motivation
is that with appropriately chosen penalty function P, (-) and tuning parameter v,
the estimator 6, is associated with a sparse Lagrange multiplier A. Since sparse A
effectively uses a subset of the estimating functions g(-; -), r can be large as long as
the number of nonzero components in A is small, essentially satisfying the require-
ment in Proposition 2. Hence, one expects analogous properties of (3.1) to those in
Proposition 2, but now being capable of accommodating high-dimensional p and
r simultaneously.

Not surprisingly, involving P, ,(-) makes the technical analysis much more
challenging, especially when handling exponentially diverging p and r. For any
0 and A € A, (0), let f(A;0)=n""Y"  log{l +ATg(X;;0)} — "1 Pav(2D)
and S, () = max, cx () fx;0)+ Zle Py 7 (|6k]). Here, f(A; @) is a function of
A upon given 0. Let x(0) = argmax, .3, 9) J (A; 0) be the Lagrange multiplier
defined at . For any subset A C {1,...,r}, denote by g4(X;;#) the subvec-
tor of g(X;; #) with elements indexed by .A. Write g4(6) = n! T 184X;s0),
Va®) =n"' 37 ga(Xi; 0)ga(Xi; )T and V.4(0) = E{ga(Xi; 0)ga(Xi; 0)"}.
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Forany@ e ®@and j=1,...,r, define §;(0) =n~"' 37, g;(X;; 8). We first char-
acterize the properties of A(6) for @ near the truth 6¢. To do this, we assume the
following condition for the existence of higher order moments.

CONDITION 3. There exist some K3 > 0 and y > 4 such that

max E{sup|g,-(X,-;0)|y = Ks.
I=sj=r lgco

Let pa(t;v) = v‘le,v(t). We also take P>, () € P for P as in (2.8), so that
p5(0%; v) is independent of v. Write it as p}(0T) for simplicity and define My =
{1<j=<r:lgj@)| = v,oé(OJr)} for any § € ©. Proposition 3 shows that for any
0 near the truth 6, the support of the Lagrange multiplier X() is a subset of My
with probability approaching one.

PROPOSITION 3.  Let {0,} be a sequence in ® and P» ,(-) € P be convex for P
as in (2.8). For some C € (0, 1), take ./\/l;n ={1<j=<r:|gj@0,]= Cv,oé(0+)}.
Assume Condition 3 hold. Further, we assume the eigenvalues of v M, (0n) are
uniformly bounded away from zero and infinity with probability approaching
one, and |gam,, (0,) — vo5(01) sgn{gagy, (0)}2 = Op(uy) for some u, — 0.
Let maxlfjfrn_l - |gj(X,-;t‘)n)|2 = 0,(sy) for some ¢, > 0 that may di-
verge with n. If m,ll/zungn = o(v) and m,l/zunnl/y = o(1) with m, = IM;nI,
then with probability approaching one there is a sparse local maximizer 5:(0”) =
(’):,1,1, ...,’):,,,,)T for f(X;8,) satisfying the three results: (i) |5:(0,,)|2 = 0p(up),
gi) supp{i\(()n)} C My, and (iii) sgn(x,w‘) =sgn{g;(0,)} for any j € My, with
An,j #0.

The sequence {#,} can be taken as one that approaches the truth 6¢ as
n— 00. Then g M, (6,,) will be small when n is large. As shown in Section 7.3,
v,oé (0™)sgn{g Mo, (0,,)} is the asymptotically leading term of g Mo, (0,). The rea-
son is that the tuning parameter v typically diminishes to O at some slower rate than
n~1/2, so that vpé(0+) sgn{gy, (0,,)} leads to a nonnegligible contribution, and
our analysis shows that it leads to a correctable bias term in 0,. Upon removing the
leading order term, we assume 18, @,) — vpé(OJr) sgn{gM,,n @)} 2 = O0p(uy)
with u,, — 0, which can be easily satisfied. Requirement on the eigenvalues of
\% M, (6,,) is natural so that we can characterize the limiting behavior of the es-
timator 8,,. Furthermore, m,, is taken to be an upper bound of the size of My, ,
the generic description such as m,ll/zungn =o0(v) and m,l/zunnl/)’ =0(1) can be
viewed as characterizing the capacity of the penalized EL under which it is reli-
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able for consistent estimators, depending on the behavior of the estimating function
g(-; -) on its continuity and tail probabilistic properties.

Proposition 3 implies that when @ is approaching 6, the sparse A in (3.1)
effectively conducts a moment selection by choosing the estimating functions
such that g;(#) has large absolute deviation from 0. Let 1 ;(0) = E{g;(X;; 0)},
then we know that u;(0g) =0 and g;(0) —, ;j(0) as n — oo. If @ is in the
neighborhood of 6, then Taylor expansion gives that 1 ;(6) = 11 ;(0) — . ;(00) =
{Vou; 0*)YT (0 — 6¢) for some 0* between 6 and 6. Hence, those components
of the estimating functions with large magnitude in the derivative of their ex-
pected value with respect to @ will be selected. Since larger derivative indicates
a steeper direction toward the truth g, making it easier and more informative to
find the optimum. Therefore, selecting components in My is seen sensible. How-
ever, we note that without further strong and likely to be unrealistic conditions
on the shape of the estimating functions, My cannot be controlled as a fixed set
even at the limiting case when n — o0, so that it will depend on the value of
the parameter 6. Instead of requiring My to be fixed, we show in the follow-
ing that for any choice of its subset satisfying some reasonable conditions, the
resulting penalized EL estimator is consistent and asymptotically normally dis-
tributed.

Let

(3.2) Ly = max M|
0e{0=(05.05)T€®:|0 5—0 5loo=Cn.0 5c=0}

for some ¢, — 0 satisfying b,i/ @ )cn_ ' — 0 where b, is more clearly specified
in Condition 6 below. Based on Proposition 3, we know the support of Lagrange
multiplier A(6) is a subset of Mg with probability approaching one when @ is in
a small neighborhood of 6¢. Here, £, is a technical device controlling the max-
imum number of effective estimating functions when applying the new penal-
ized EL, and it can be viewed as a cap of the r in Proposition 2. Though ¢, is
a technical device, we remark that, practically, one can always achieve the control
of the nonzero components of A by appropriately choosing the tuning parame-
ter v.

To establish the consistency of the penalized EL estimator 5,, as in (3.1), we
need the following extra regularity conditions on the continuity and probabilistic
behavior of the estimating functions.

CONDITION 4. There exist uniform constants 0 < K4 < K5 such that K4 <
Amin{V7(00)} < Amax{V£(00)} < K5 forany F C {1, ..., r} with |F| < {,, where
£, 1s asin (3.2).
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CONDITION 5. Assume that

1 8gj(Xz,9)

ST AS AR I S ,
e e IR
1 &agi(X;; 0
sup max max{ Z M‘ = 0p(wn),

0cO 1<j<r keS P

1 4
(X;: 0 =0
gu(g lllljai(r[ ;’gj( i )’ p(Qn)

for some &, > 0, w, > 0 and p,, > 0 that may diverge with #n.

CONDITION 6. Let b, = max{a,, vz} with a,, = Z,le P1,n(|9,9|). There exist
xn — 0and ¢, — 0 w1th bn/ (28) c, ' 0 for B defined in Condition 1 such that
maXies Sup()<;<\9£|+cn 1,7, (1) = O(xn)-

Here, Condition 4 is actually weaker than that in (2.5) in the sense that it only
requires the population covariance matrices of subsets of estimating functions to
well behave at the truth ¢, requiring them to be nondegenerate. The first two
bounds in Condition 5 are used to characterize the behavior of the eigenvalues of
Vf(0) when € in a small neighborhood of #g; see Lemma 1 in Section 7.4. We
do not impose explicit rates on &,, @,, and g,, so that the conditions are generally
not restrictive. Similar to our earlier discussion for ¢, in (2.10) in Condition 2,
we can actually choose &, = @, = 9, = 1 under some additional mild conditions
provided that max{logr, log p} = o(n). Condition 6 is similar to (2.11) in Propo-
sition 2 with a differently defined b,,. Similar to that in Proposition 2, Condition 6
can be replaced by (2.12) if the minimal signal strength condition is satisfied for
appropriately chosen tuning parameter 7. Then x, = 0 when n is large for those
asymptotically unbiased penalties like SCAD and MCP. We now present the fol-
lowing theorem for the consistency of 6,,.

THEOREM 1. Let Pi (), P2,(-) € P for P defined in (2.8), and P> ,(-)
be convex with bounded second derivative around 0. Assume Conditions 1-6
hold. Let b, = max{a,, v*} with ay, _Zk L Pr N(|0k|) and Ky, _max{ﬁl/2 —1/2,

s1/2 };/2 ’11/(4/3)}‘ If logr = o(n'/3), on = o(n?), st a)nbn/ﬂ = o(),
82 - Qn logr = o(1), max{b,, ¢, /cz} = o(n~— 2/7’) El/zg,l,/zkn = o(v) and

21/2 J/zmax{i v, 512y 1/2191/(4’3)} o(1), then there lsalocalminimizera €O
for (3.1) such that (0,5 — 00.5l0o = Op{bs’ *P} and P@,.sc = 0) > 1 as

n— oQ.

Theorem 1 establishes the consistency of 0, under Loo-norm with a conserva-
tive convergence rate O {bn/ @ )} Under some additional regularity conditions,
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the rate can be improved as O, (v). Theorem 1 holds for broad situations accom-
modating various cases of the estimating functions. In reasonable cases that we
discussed earlier, x,, = 0 by choosing asymptotically unbiased penalty function,
and &, = w, = 0, = 1 for smooth estimating functions with bounded fourth mo-
ment, Theorem 1 holds provided that logr = o'/, ¢, = o(min{nl/z(log r)~1/2,
n'2=1vYy a, = o(min{sfzﬂﬁ;ﬂ, n~2/Y}), and the tuning parameters v and 7 sat-
isfy £,n=12 = o(v), v = o(min{s‘ﬂﬁ;ﬁ/z, n=17}) and 6,31/21) = o(7r). Noticing
that a, < sm, choosing 7 = o(min{s_zﬂ_lﬁ;ﬁ,s‘ln_Z/V}) can ensure the re-
sult. Additionally, note that s < £,,. Thus, by letting logr < n" and £, < n® for
some 7 € [0,1/3) and § € [0, min{(y —4)/(Ty), 1/(68 +T)}), 0, satisfies The-
orem 1 if v < n~? and 7 =< n=% with ¢; € (max{388/2,1/y},1/2 — §) and
¢ € (max{(38 + 1)8,2/y + &}, ¢1 — 35/2), which are reasonable choices for the
tuning parameters. To further establishing the limiting distribution of /0\"’5, we
need the following two additional conditions.

CONDITION 7. Forany X and j =1,..., p, g;(X; ) is twice continuously
differentiable with respect to # € ®, and
1 & |0%g;(Xi:0) |
sup max max —Z M = Op(@y)
9@ 1=j=rkikesn 00k, 06k,

for some @, > 0 that may diverge with n.

CONDITION 8. Let Qr = [E{Vy g7 (Xi; 00)}T[E{ Ve g7 (Xi; 00)}] for any
F C{l,...,r}. There exist uniform constants 0 < K¢ < K7 such that K¢ <
Amin(QF) < Amax(QF) < K7 for any Fwiths < |F| < 4,.

Following similar discussion forA Qpnditioll 5, oy = 1 in Condition 7 fgr rea-
sonable models in practice. Write A(0,,) = (Aq, ..., AT Let R, = supp{Ar(0,)}
and define

Iz, = {Vos8r, @)} V2! @) {Vesgr, @),
Vr, =J2 (Vosgr, @)} Vz! @)ix,.

where 7 = (ﬁl,...,’ﬁr)TAwith nj = v,oé(lijl; V) sgn(xj) for Xj #0 and 7); €
[—vp5(0T), vp4(0F)] for A = 0.

(3.3)

THEOREM 2. Let P1 (), P2,,(-) € P for P defined in (2.8), and P> ,(-)
be convex with bounded second derivative around 0. Assume Conditions 1-8
hold. Let by, = max{ay, v2} with a, = Y0_, Py (|6°]), and i, = max{,/*n="/2,

1/2,1/4 _
s125, 20y Py If Togr = 0(n'/?), 0p = 0(n?), by = o(n™Y7), nsx2 = o(1),

E,%Q,l,/z(logr)max{sz(wn + swn)b,l,/ﬁ,n_l(sa)n + {yon)logr} = o(1),
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nin/cjmax{swn,nz/y} = o(1), nﬁnszwnmax{ﬁﬁv“,szx,fbrl/ﬂ} = o(1),

E},/ZQ:,/ZKHAZ o(v) and 6,1,/25,}/2 max{¢,v, sl/z)(,:/zbrl/(w)} = o(m), then the local

minimizer 0, € O for (3.1) specified in Theorem 1 satisfies

(3.4) a5 0,5 — 80,5 — ¥r,) > NO, 1)

for any o € R® with |a]» = 1, as n — oo, where jRn and JRH are defined in (3.3).

Theorem 2 shows that subject to a bias correction, the new penalized EL estima-
tor for nonzero components is asymptotically normal in the sense of (3.4). The bias
term 1//73" in (3.4) is due to the penalty function P» ,(-) used in (3.1); see also our
discussion after the Proposition 3. Similar to that in Theorem 1, with reasonable
cases x, =0 and &, = w, = 0, = @, = 1, descriptions on the dimensionality in
Theorem 2 can be simplified. If ¢, < s, Theorem 2 holds provided that logr =
o(n'/3), s = o(min{n'/3ogr)=2/3, nt/AB+7) (Jog r)=28/A0B+T) 1}, (v =H/(T¥)y),
and v and 7 satisfying sn='/? = o(v), v = o(min{n= V¥, s7F/2(logr)=F/?,
n_1/4s_5/4}), $3/2) = o(r) and 7 = o(min{n_z/ys_l,s_Sﬁ_l(logr)_ﬂ}). Gen-
erally speaking, conditions in Theorem 2 is stronger than those in Theorem 1,
which can be viewed as the expense for the stronger asymptotic normality results.
In summary, we have shown that the new penalized EL estimator 9, asin (3.1) has
desirable properties including consistency in estimating nonzero components and
identifying zero components of ¢, and asymptotic normality for the estimator of
the nonzero components of 6.

4. Algorithms for implementations. For ease and stability in implementa-
tions, we calculate the new penalized EL estimator #,, by minimizing the following
slightly modified objective function:

n r
9, = argmin max log, {1 +AT X;:Nl—n P (I
" gGEGXGIA\n(ﬂ)[; g*{ g(Xi )} 12 2,v(| j|)

“4.1)

+n XP: Pl,n(|9k|):|,

k=1

where log, (z) is a twice differentiable pseudo-logarithm function with bounded
support adopted from Owen (2001):

log(z) if z>¢€;

o8 (2= {log(e) —1.542z/e—2/(2¢?)  ifz<¢;

where ¢ is chosen as n~! in our implementations. In the optimization, we apply

the quadratic approximation [Fan and Li (2001)] to the penalty functions P; - (:)
and P, ,(-). More specifically, for a penalty function P;(-), the quadratic approx-
imation states Py (|t|) ~ P;(|to]) + 271 P/ (|to])Ito| = (#* — #3) for ¢ being in a
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small neighborhood of #y. The first and second derivatives are approximated by
P/(|2]) = tlto| ' P} (lto]) and P/ (|7]) ~ |to]~" P/ (|t0]).

The computation of EL is challenging, especially with high-dimensional p
and r. To compute ,,, we propose to apply a modified two-layer coordinate decent
algorithm extending the one in Tang and Wu (2014). The inner layer of the algo-
rithm solves for A with given # by maximizing f(A; @) as given in Section 3. This
layer only involves maximizing a concave function, and hence is stable. The outer
layer of the algorithm searches for the optimizer 6,,. Both layers can be solved
using coordinate descent by cycling through and updating each of the coordinates;
see Tang and Wu (2014).

In the inner layer, A is solved at a given @, which can be done by optimizing (4.1)

with respect to A using coordinate descent. Let A start at an initial value 2 With
the other coordinates fixed, the (m + 1)th Newton’s update for ; (j =1,...,r),
the jth component of A, is given by

4.2) Fom+1) _ 50m) i=1 log, (tim)g; (Xi; 0) — ”Pz/,v{ﬁ;m) N
: ' i log) (tim){g; (Xi; 0))* — an/fU{|'):§.m)|}

where #; , = 1 + g(X;; 0)TA"™ with 2™ = {3:(1'"), oo, A™YT The procedure cy-
cles through all the r components of A and is repeated until convergence. During
this process, the objective function needs to be checked to ensure it gets optimized
in each step. If not, the step size continues to be halved until the objective function
gets driven in the right direction. The iterative updating procedure (4.2) can be
viewed as sequential univariate optimizations. The convergence rate and stability
are studies in the optimization literature; see Friedman et al. (2007) and Wu and
Lange (2008).

The outer layer of the algorithm is to optimize (4.1) with respect to 6, the main
interest of the new penalized EL, using the coordinate descent algorithm. At a
given A, the algorithm updates 6; (k =1, ..., p), by minimizing S, (@) defined in
Section 3 with respect to 8 with other 6; (I # k) fixed. Let @ start at an initial value
9. The (m + 1)th update for 6 is given by

~m+1)
ek

3 —gm _ i—110g, (Sim)Wik.m +nP| ; 16"y
L {log’*/(s,-,m)wizk,m + logl, (si.m)zik.m} + nPl/fﬂ{@m)l}

k

where s;,, = 1 + ng{Xi;a(m)}, Wikm = lTag{Xi;a(m)}/aek and Zjxm =
xTaZg{X,-;ﬁ(’"’}/ae,E with 8" = {é\l(m), ...,6Y)T. Since quadratic approxima-
tions are applied in the algorithms, we follow Fan and Li (2001) and set a com-

ponent A jm) or glgm) as zero when it is less than a threshold level say 1073 in an
iteration.
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We summarize the computation procedure for # and A in the following pseu-
docode. Suppose £ is a predefined small number, say, & = 1074,

1. Set the iteration counter m = 0, and initialize 6(0) and 5:(0);
2. Define the g(X;; @) function;
3. (Outer layer) Fork =1, ..., P,
(a) Calculate é\l(cm_l—l) as in (4.3);
(b) (Inner layer) For j =1, ..., r, update Xﬁm) as Xﬁm_‘_l) defined in (4.2);

4. If max|<x<p |§,§m+]) — é}((m)| < &, then stop;
5. Otherwise repeat steps 3 through 4.

5. Numerical examples. The SCAD penalty [Fan and Li (2001)] is used for
both Pj (-) and P> ,(-) in (4.1) for all the numerical experiments in this paper.
Since local quadratic approximation is applied in the algorithms, the convexity re-
quirements of the results in Sections 2 and 3 are met. Three information criteria for
choosing the tuning parameters 7w and v in the penalty functions—BIC [Schwarz
(1978)], BICC [Wang, Li and Leng (2009)], and EBIC [Chen and Chen (2008)]—
are used.

5.1. Estimating high-dimensional mean parameter. The first simulation study
is to calculate the mean of a multivariate normal distribution in R”. Let X =
(X1, ..., Xp)T ~ N (0o, X). Suppose only three elements, X1, X, and X5, have
nonzero means and the rest p — 3 elements have zero means, that is, 89 =
(5,4,0,0,1,0,..., O)T. The covariance matrix X = (0k;) px p 18 set as oy = 1 for
each k =1,..., p and oy; = 0.9 for any k # [. The estimating function is simply
g(X; #) = X —0. In this case, the number of parameters p is equal to the number of
estimating equations . We consider the underdetermined case where p =r > n.
Table 1 summarizes the results for (n, p) = (50, 100), (100, 200) and (100, 500).
The proposed penalized EL with two penalties (namely, PEL2) is compared to
the single penalty approach (PEL) discussed in Tang and Leng (2010). In general,
all the three BIC-type criteria work similarly, with BICC and EBIC yield slightly
fewer nonzero parameters. The results from MLE for all p variables and the three
true variables (i.e., MLE-Oracle) are also considered. We also report the model er-
ror (ME) defined by ME = |§ — 00|% for a given estimator . A smaller ME means
a better estimation and prediction. Obviously, in the single penalty approach, all
equating equations are used since no moment selection is performed. In each cell,
standard error appears in the parentheses.

It is clear from the table that the double-penalty approach outperforms the
single-penalty approach, as expected. A much smaller subset of variables get se-
lected with almost all the three true predictors identified by the double-penalty
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TABLE 1
Simulation results for mean of a normal distribution based on 100 replicates. Here, @ nonzeros is the
average number of selected nonzero components, Qe is the average number of true nonzero
components that are selected, ME reports the model error and No. EE’s reports the number of

estimating equations selected
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(n, p,r) Method 0 nonzeros 0 true ME No. EE’s
(50, 100, 200) MLE-Oracle 3(0) NA 0.062 (0.009) NA
MLE 100 (0) 3(0) 2.096 (0.287) NA
PEL-BIC 24.06 (4.13)  0.72(0.12)  33.276 (1.507) 100 (0)
PEL-BICC 23.15(4.08)  0.69(0.12) 33.635(1.483) 100 (0)
PEL-EBIC 23.15(4.08)  0.69(0.12) 33.635(1.483) 100 (0)
PEL2-BIC 3.41(0.17) 2.81(0.04) 0.332 (0.041) 5.11 (0.34)
PEL2-BICC 3.29 (0.15) 2.80(0.04)  0.302 (0.041) 6.13 (0.33)
PEL2-EBIC 3.15 (0.13) 2.76 (0.05)  0.341 (0.052) 8.20 (0.21)
(100,200,400)  MLE-Oracle 3(0) NA 0.024 (0.003) NA
MLE 200 (0) 3(0) 1.743 (0.179) NA
PEL-BIC 22.02(6.02)  0.33(0.09) 38.078 (1.073) 199.98 (0.02)
PEL-BICC 22.02 (6.02)  0.33(0.09) 38.078 (1.073) 199.98 (0.02)
PEL-EBIC 22.02(6.02) 0.33(0.09) 38.078 (1.073) 199.98 (0.02)
PEL2-BIC 6.41 (1.84) 2.84 (0.04)  0.333 (0.091) 6.67 (0.23)
PEL2-BICC 6.18 (1.84) 2.82 (0.04) 0.352 (0.092) 6.64 (0.23)
PEL2-EBIC 5.82(1.86) 2.80(0.04)  0.372 (0.094) 6.69 (0.24)
(100, 500, 1000)  MLE-Oracle 3(0) NA 0.031 (0.005) NA
MLE NA NA NA NA
PEL-BIC 85.71 (22.69) 0.51(0.14) 37.585(1.193) 500 (0)
PEL-BICC 0(0) 0(0) 42 (0) 500 (0)
PEL-EBIC 0 (0) 0 (0) 42 (0) 500 (0)
PEL2-BIC 2.88 (0.11) 2.70 (0.06)  0.356 (0.057) 6.40 (0.36)
PEL2-BICC 2.82 (0.09) 2.70 (0.06)  0.376 (0.058) 6.53 (0.35)
PEL2-EBIC  2.83(0.09) 2.71(0.06) 0.369 (0.058) 6.97 (0.32)

method. That says, the double-penalty approach yields lower false positives and
higher true positives. While in the single-penalty approach, fewer true predictors
are chosen in the larger set of selected variables or nothing can be picked out if
p > n. What is the most interesting is that a small number (on average 5-8) of
estimating equations are selected in the double-penalty approach. As a result, the
double-penalty method yields a much smaller ME than the single-penalty method.

5.2. Linear regression. In this simulation study, we consider a linear regres-
sion model Y; = Zl-Tﬂo + &;, where g = (3,1.5,0,0,2,0,...,0)T, Z; € R? are
generated from N (0, X) with oy, =1 for any k = 1,..., p and oy = 0.5 for
any k # [ in X = (o) pxp» and &; is a standard normal distributed random vari-
able. Write X; = (V;, Z1)T. The estimating function is g(X; 8) = Z(Y — ZT6) with
p=r.
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TABLE 2
Simulation results for linear regression based on 100 replicates. Here, @nonzeros IS the average
number of selected nonzero components, Qe is the average number of true nonzero components
that are selected, ME reports the model error and No. EE’s reports the number of estimating
equations selected

(n, p,r) Method O nonzeros 0 true ME No. EE’s
(50, 100, 100) MLE-Oracle 3(0) NA 0.069 (0.005) NA
LASSO 15.21 (0.88) 3(0) 0.439 (0.034) NA
PEL-BIC 0(0) 0(0) 28.75 (0) 100 (0)
PEL-BICC 0 (0) 0 (0) 28.75 (0) 100 (0)
PEL-EBIC 0(0) 0(0) 28.75 (0) 100 (0)
PEL2-BIC 6.39 (0.52) 2.98 (0.02) 0.497 (0.069) 10.46 (0.46)
PEL2-BICC 6.33(0.52)  2.98(0.02)  0.498 (0.069)  10.49 (0.46)
PEL2-EBIC 6.06 (0.52) 2.97 (0.02) 0.531 (0.070) 10.43 (0.47)
(100, 200, 200) MLE-Oracle 3(0) NA 0.047 (0.005) NA
LASSO 17.79 (0.87) 3(0) 0.374 (0.019) NA
PEL-BIC 0(0) 0(0) 28.75 (0) 200 (0)
PEL-BICC 0(0) 0(0) 28.75 (0) 200 (0)
PEL-EBIC 0 (0) 0 (0) 28.75 (0) 200 (0)
PEL2-BIC 9.22 (1.27) 3(0) 0.647 (0.118) 5.38 (0.17)
PEL2-BICC 9.28 (1.28) 3(0) 0.651 (0.119) 5.39 (0.17)
PEL2-EBIC 8.38 (1.03) 3(0) 0.632(0.119) 534 (0.17)
(100, 500, 500) MLE-Oracle 3(0) NA 0.039 (0.003) NA
LASSO 23.79 (1.23) 3(0) 0.507 (0.028) NA
PEL-BIC 0 (0) 0 (0) 28.75 (0) 500 (0)
PEL-BICC 0(0) 0(0) 28.75 (0) 500 (0)
PEL-EBIC 0(0) 0(0) 28.75 (0) 500 (0)
PEL2-BIC 6.28 (1.31) 3 (0) 0.601 (0.083)  5.48 (0.16)
PEL2-BICC 5.96 (1.31) 3(0) 0.593 (0.085) 5.38 (0.17)
PEL2-EBIC 6.04 (1.32) 3(0) 0.602 (0.086) 5.41 (0.16)

The model error (ME) in the regression setting is defined by ME = |El/ 2 (6 —
00)|% for a given estimator 0. The results for (n, p) = (50, 100), (100, 200) and
(100, 500) are reported in Table 2. Similar to the previous example, the single-
penalty approach (PEL) of Tang and Leng (2010) is compared with the double-
penalty approach (PEL2). We also compare our method with LASSO. Since the
number of parameters p doubles the number of subjects n, the MLE method does
not work in this example. We only report the results from MLE-Oracle (i.e., the
MLE method using the true predictors), which gives the smallest model error. In
all the three settings, the single-penalty method fails to select any predictor when
using all r estimating equations. The double-penalty method identifies all true pre-
dictors from a handful of selected ones in most cases by using only a few esti-
mating equations. With the default tuning parameter selection method in LASSO,
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we clearly see that the number of false inclusion of the predictors is high. Hence,
compared with LASSO, we observe that our method has better performance in
recovering a sparse model.

5.3. Regression model with repeated measures. This is an example with over-
identification (r > p). Consider a repeated measures model such that y;; = z; 00 +
€j i=1,....n; j=1,2), where p = (3,1.5,0, 0,2,0,...,0)T RP, z;; are
generated from N (0, X) with oy = 0.5%'in ¥ = (0k1) px p- The random errors
(€i1, eiz)T are generated from a two-dimensional normal distribution with mean
zero and unit marginal compound symmetry covariance matrix with p =0.7.

LetY; = (yi1, yiz)T and Z; = (ziT1 , zl.Tz)T, respectively, collect the response and
predictor variables, and write X; = (YiT, ZZ.T)T. To incorporate the dependence
among the repeated measures from the same subject when estimating 6g, we
use the quadratic estimating equations proposed by Qu, Lindsay and Li (2000):

g(X;:0) = (Y, — ZT0) T, \PMyv; Pz, (Y — ZT0) v PMy, v Pz T
where v; is a diagonal matrix of the condltlonal variances of subject i, and M;
(j =1,...,m) are working correlation matrices. Note that when m = 1, that is,

using only one working correlation matrix M, the model becomes the one in
Liang and Zeger (1986) and we have r = p. Here, we choose two sets of basis
matrices with M being the identity matrix of size n; and M, being the compound
symmetry with the diagonal elements of 1 and off-diagonal elements of p. In our
setting, m = 2 and, therefore, r = 2p estimating equations to estimate p param-
eters. We obtain the same quantities as those in the example of Section 5.2, and
report them in Table 3. In comparison of the single-penalty method, we can con-
clude from Table 3, with the columns defined in the same way as those in Table 2,
that the proposed double-penalty method has much better performance. This con-
firms the efficacy and efficiency of adding the additional penalty on the Lagrange
multiplier A, which performs the selection of estimating equations by reducing the
number of estimating equations to less than 10.

6. Discussion. We study a new penalized EL approach with two penalties,
with one encouraging sparsity of the estimator and the other encouraging sparsity
of the Lagrange multiplier in the optimizations associated with the EL. Such an ap-
proach utilizes sparsity in the target parameters and effectively achieves a moment
selection procedure for estimating the sparse parameter. Both theory and numeri-
cal examples confirm the merits of the new approach. One interesting extension is
to explore inferences with estimating equations after the variable selection proce-
dure. Such direction is a suitable stage for EL method with estimating equations
which takes advantage of adaptivity to various moment conditions with less strin-
gent distributional assumptions. The other interesting and challenging problem is
to explore the optimality of the sparse estimator using estimating equations with
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TABLE 3

Simulation results for regression model for longitudinal data with repeated measures based on 100
replicates. Here, @ ponzeros is the average number of selected nonzero components, Qtrye is the
average number of true nonzero components that are selected, ME reports the model error and No.
EE’s reports the number of estimating equations selected

(n, p,r) Method 0 nonzeros O¢rue ME No. EE’s
(50, 100, 200) MLE-Oracle 3(0) NA 0.023 (0.002) NA
MLE 100 (0) 3(0) 3.446 (0.106) NA
PEL-BIC 0(0) 0(0) 15.25 (0) 200 (0)
PEL-BICC 0 (0) 0 (0) 15.25 (0) 200 (0)
PEL-EBIC 0(0) 0(0) 15.25 (0) 200 (0)
PEL2-BIC 27.92 (2.51) 2.95 (0.04) 5.252 (0.871) 5.29 (0.23)
PEL2-BICC  27.00(2.69) 2.95(0.04) 4.532(0.552)  5.21(0.24)
PEL2-EBIC 24.80 (2.87) 2.94 (0.04) 4.657 (0.625) 5.26 (0.25)
(100, 200, 400) MLE-Oracle 3(0) NA 0.014 (0.001) NA
MLE 200 (0) 3(0) 3.438 (0.068) NA
PEL-BIC 0(0) 0(0) 15.25 (0) 400 (0)
PEL-BICC 0(0) 0(0) 15.25 (0) 400 (0)
PEL-EBIC 0 (0) 0 (0) 15.25 (0) 400 (0)
PEL2-BIC 45.46 (4.37) 3(0) 5.241 (0.793) 5.51(0.19)
PEL2-BICC 43.00 (4.25) 2.99 (0.01) 4.736 (0.659) 5.50 (0.18)
PEL2-EBIC  42.40(4.33) 2.99(0.01)  4.546 (0.649)  5.52(0.19)
(100, 500, 1000) MLE-Oracle 3(0) NA 0.011 (0.001) NA
MLE NA NA NA NA
PEL-BIC 0 (0) 0 (0) 15.25 (0) 1000 (0)
PEL-BICC 0(0) 0(0) 15.25 (0) 1000 (0)
PEL-EBIC 0(0) 0(0) 15.25 (0) 1000 (0)
PEL2-BIC 30.02(6.11) 293 (0.03)  2.300(0.359)  6.70 (0.16)
PEL2-BICC 26.73 (6.02) 2.93 (0.03) 2.430 (0.377) 6.62 (0.16)
PEL2-EBIC 25.09 (5.91) 2.93 (0.03) 2.415 (0.377) 6.59 (0.16)

high data dimensionality. Semiparametric efficiency of EL with estimating equa-
tions is shown in Qin and Lawless (1994). However, when the paradigm shifts to
high-dimensional problems, the efficiency of the sparse estimator respecting its
nonzero components remains open for further investigations. We plan to address
the problems in future works.

7. Proofs. In the sequel, we use the abbreviations “w.p.a.1” and “w.r.t” to
denote, respectively, “with probability approaching one” and “with respect to” and
C denotes a generic positive finite constant that may be different in different uses.
For simplicity and when no confusion arises, we use notation h; (@) as equivalent
to h(X;; #) for a generic g-dimensional multivariate function h(-; -) and denote
by h; (@) the kth component of h;(8). Let h(8) =n~' 37, h;(9), and /;(0) =
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n! Y71 hi k(8) be the kth component of h(6). For a givenset L C {1,...,q}, we
denote by h.(:; -) the subvector of h(:; -) collecting the components indexed by L.
Analogously, we let h; £(0) =h,(X;;0) and h-(0) = n-! Yo hi £(0).

7.1. Proof of Proposition 1. Define A,(0,1) =n~' Y7 log{l + A'g; (0)}
for any # € ® and A € Ay (0). Let A= argmax, ¢x (00)A (6o, L). Pick §, =
o(r_l/2 1/V) and r1/2n=12 = (5,). Let A = argmaxyeca, A, (0o, A) where

Ay, ={A € R" ¢ |[A]2 < 6,}. By Markov inequality, maxi<;<n|gi(00)l2 =
Op(r'/2n'/7). Then maxi<i<pica, [A"i(00)| = 0,(1). By Taylor expansion,

7T Ts
0= Au(B0,0) < A, (B0, %) =1 5(60) — ~ Z)” g (00)gi (00)"X
"o 25 1+ 00

< IX12[&(00)|, = CIA3{1 + 0, (D}.
Notice that |g(00)l2 = O,(r'/?n=1/%), (7.1) yields A2 = 0, '?n~1/?) =
0p(8,). Thus, A € int(A,) wpal Slnce A, C A (6g) w.p.a.l, P w.p.a.l
by the concavity of A,(fo,A) and A, (o). Hence, max; 3, 00 An(00,X) =

Op(rn~ 1. For 8, specified above, let A* = Sng(a)/lg(0)|2, then A* € A,. By
Taylor expansion,

1 & a5 (@)g (0)™r
An(0.0%) =2Tg@
(7.2) © 56 = Z {1+c2*Tg(0))?

> 8,|80)], — ca},{l +o0,(D}.

Since A, (0,1*) < max, 3, (g,) An(00. 1) = O,(rn™"), then [8(0)12 = 0, (5,).
Consider any €, — 0 and let A™ = e,,g@), then [A™|> = 0,(5,). We have
€al8(0)13—Cen128(0)13{1+0,(1)} = 0,(rn™"). Then €,|2(0)|3 = O, (rn~"). No-
tice that we can select arbitrary slow ¢, — 0, following a standard result from
probability theory, we have |g(0)|2 =0 (rn_l)

7.2. Proof of Proposition 2. With A,(0,1) defined in Section 7.1, define
Fu(8) = maxy 3 g An(0,0) + X0_, Pir(I6c]). Recall a, = Y0, Py (I60)
and b, = max{rn—!, a,}. Since mMax; ¢, 6o) A, (09, )) = OP(rn_l) as shown
in Section 7.1, then F,(89) = O,(b,). Define ©, = {§ = (05,05)7 : |65 —
00,5100 <&, 105¢]1 < n_l/zgon_l}Nfor some fixed ¢ > 0. Let 5,1 = argmingco, F,(0).
As F,(0,) < F,(09), then F,(8,) < O,(b,). We will first show 6, € int(®,)
w.p.a.1. Our proof includes two steps: (i) to show that for any €, — oo satisfying

b enﬂ 2/v = o(1), there exists a uniform constant K > 0 independent of # such
that P{F,(0) > Kbnen } — 1 asn — oo for any 6 = (GT, 0TC)T € O, satisfying
105 — 005100 > €nbn’ *P . Thus, 18,5 — 00.5]00 = Op{enbs’ ™'}, Notice that we

can select arbitrary slow dlverglng €,, then |0n s —00.5lc= Op{b,,/ @A) }, (ii) to
show that |0, sc|1 <n 1/2 —.
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For (i), we will use the technique developed for the proof of Theorem 1 in
Chang, Tang and Wu (2013). For any 6 = 0L, 0L)T € 0, satisfying |05 —
00.5l0c0 > €n ,1,/( P take 0% = 0%, 00T and jo = argmaxi<;<, |E{g j(6)}I.
Let juj, = E{g,-,_,-o(o)}, W =B{gi jy(0%)} and X = b, *clle;, where § > 0 is
constant to be determined later, and ej, is an r-dimensional vector with the jo-
th component being 1 and other components being 0. Without lose of general-
ity, we assume ujo > 0. (2.4) and Markov inequality yield maxi<;<y, |gi,j,(@)| =
0,(n"/7) and max,<;<, |5£Tg,~(o)| = 0,(ba"*ein'17) = 0,(1). Then X € A, (6)
w.p.a.l. Write § = (6, ..., p) and X = (A1,..., A)T. It holds w.p.a.l that
Fu(0) =n~ ' Y7 log{l + X gz(0)}+Zk L PLa (16D = n 7t 0 X jogi o (0) —
n-ly? 1{x,0gl j»(0)}2. Thus, we have P{F,(8) < Kb,ex'} < P[gjo(O) Wiy <
bl/ze,‘?{K(s Vom0 g2, (8)) — j] + o(1). From (2.4) and Markov in-
equality, there is a uniform constant L > 0 such that P{n~! o’ giz’ i @) >L}—
0 for any 6. With 8 = (K /L)'/2, we have P{F, (8) < Kby, } <P{z,(6) — 11,
26, %€l (KL)'/? — pujy} + o(1). From (2.6) and (2.9), u%, = Alenby’ )
K e,’f bl/ 2/2 with K specified in (2.6) for sufficiently large n, and |u , —

2
Wil = 2kgs E{supgee, 108i,jo(0)/96k1}6k] < K2l0sc]1 = o(by?) for K, spec-
ified in (2.9). Therefore, uj, > K 16,‘? b,l,/ 2 /3 for sufficiently large n. For suffi-
ciently small K independent of 6, we have Zb}/ zef (KL)'/? — Wjy < —cpj, for
some ¢ € (0, 1). Then n'/2{2b,/%el (KL)'V2 — 1} S —elby/*n'/2 - —o0. As
W{gm 0) — wjo} —a N(O, o?) for some positive constant o, then P{F}, (0) <

A

\Y

Kb, enﬂ} — 0. We complete the proof for (i). For (ii), if |0,, scli=n 1/2 —1 we
will take 0 (0n S r0n SC) for some t € (0, 1) and show F, (0 ) < F (0n)
Wp a.l. Slnce 0n = argmmoe@ F,(0), it is a contradiction. Thus, |0n 3c|1 <

~12¢1 Write 0, = (On.1, ..., 0n.p)" and 0, = (9;;’ R ,,p)T By F,(0,) <
Fn(ao), maXxEAn(an)An(an,)») = Max; A, 0o) An(00, ) + Zkzl Pl,n(|9k|) -
>0, Pix(10,.k]). Notice that

P p
ST PL(02) = D Prr(18k])
k=1

73 !

N
<2 Pl {elfuil + (1 = o6 )80k — 601 = Op{sxuby/ 2P}
k=1
for some c; € (0,1). Since max; c3, o) A,(0p,A) = 0p(rn_1), it holds that
max, 3 G An@n. V) = 0,(rn™") + Opfsxubs’ ). Pick 8, = o(=/2n=1/7)
and max{rn! Sann/(Zﬂ)} 0(8,%). Same as (7.2), we know that op(8,2l) =
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max; ez, @,) An@n. 2) = 8118012 — C57(1 + 0, (1)}, which implies [(8,)]> =
Op(8,). Following the same arguments below (7.2), we have [g(0,)l> =
0,(r'/*n —1/2) + 0,{s" 2 *by P}, Notice that |30, < 180, +
|{V0g(0)}(0 -0 n)|2 for some0between0 and0 Smce0,,3_5n s> by (2.10),
1{V2(0)}0, — 0,12 = 0,(r'/*n1/2). Hence, 180,)]» = 0,¢"*n~1/?) +
OP{sl/Zx,yzb,l,/mm}. Let A* = argmaxlexn@:)A,,(@i:,k). With the arguments

for (7.1), A2 = 0, (r'2n=112) + 0, {s'/2x,"*by/ P}, Since F,(8,) > A, (@,
A+ S0y PLa(8ukD). then F,(8,) < Fu@,) + [n7' 7 A Vg ()1 +
2 Tg )@, —0,) + X0 Pra(@lfux) — T, Pl,n(wn,kn for some
0 between 5 and 5* Meanwhile, notice that maxj<;<, [A™ g, (é)l =o0p(1), then
we haVe =" 30 A TVg: (@)1 + 2*Tg; (0))'16, — 8,)| < \*|al[n~!

1 Vogi 0)(1 + 2*Tgi(0)} 110, — 0,)]> < |x*|2|0n,sc|10p<r“2¢n). On the
other hand, we have Zk—v+1 P, ﬂ(rlen ) — Zk s+1 P1. n(|§n WH=—(1-1) X%
Py o1 Pl Alkr +1 - cOOn i Ol < —(1 = )C X0 1100kl = —(1 —
r)Cn|0n sc|p for some Ck € (0 D). If r'/2¢, max{r'/2n=1/2 s1/2y 1/2 1/(4’3)} =
o(m), we have F), (0 )< F, (0 ) w.p.a.l. We complete the proof of (11)

Next, we will show IP’(0,, S¢ = 0) — 1. Let G,(0,%) =n""! " log{l +
&Tgl @} + ZAk=L P17 (|6k]). Then 0n and its associated Lagrange multiplier
A satisfy VaG,(60,,1) = 0. By the implicit theorem [TheoremA9.28 of Rudin
(1976)] for all @ in a | |2-neighborhood of #,,, there is a A(f) such that
VAG {0, 1(0)} =0 and X(O) is continuously differentiable in 0. . By the concav1ty
of G, (0,1) w.rt X, G {0, X(G)}_maxxEA (0)G @,1). ertek Oty oo i)Y,
From the envelope theorem, 0 = VgG {0, X(0)}|0 erte (hl, e p)T =
VoGn{0.X(0)}g_5, . Then by =n~' Y7 —12] 1A {1 + 3 gi@,)) logi @)/
96y + Ky with K = 7T,01(|9k| 71) sgn(fy) for O #0and &y € [— —7p1(07), p; (01)]
otherwise. Since supk¢5 |n— Zi=lzjzlkj{1 + g,(0,,)}_18g,-,j(5n)/89k| <
[y (R supggstn™ X0y 10gi. @) /001 +0p (D} < 0p(g) Xy 3] =
0(71) if Gk # 0 for some k ¢ S, then n,ol(|9k| ) sgn(@k) will dominates the sign

of hy. By the arguments for the proof of Lemma 1 in Fan and Li (2001), we know
0,.sc=0w.p.a.l.

7.3. Proof of Proposition 3. Recall Mg, ={1 < j <r:]g;(0,)| > vp5(07)}
and M;n ={l1<j<r:|gij@nl > Cv,oé(O”L)} for some C € (0,1). Clearly,
My, C M;n. Recall m,, = IM;HL Given My, , we select §, satisfying §, =
o(m 1/2 1/V) and u, = 0(8,). Let A, = argmaxyea, f(A;0,) where A, ={A =
O‘Mo A )T eR": |XM0 |[» <6, and XMc = 0}. For given My, , by Condi-

tion 3 and Markov inequality, maxj<;<n |8i, My, (0n)|2 = O (ml/ 21/ ¥), which
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leads to  Maxi<j<n |l gi(0,) =o0p(1). Write - (An Ly ovnsAn, An ) Y. Notice that
P[Amln{V M, (0,)} = C] — 1. By the definition of X, and Taylor expansion, not-
ing Py, (t) =vpa(t; v) and pz(t V) > ,02(O+) for any ¢t > 0, we have

0= f(0;0,) < f()_vn,an)

_T —_
I & g,(00)g,(0,,)Tk : by
== )~ gl(o ) — P,v(|)¥n,'|)
Z | (1 + A g (8, ; B

_T _ _ -
< Tor aty, [E0, (02) — v05(0F) sgn{@rdy, 02))] = ClRnpay, 13{1 + 0, (D).

Since |g/\/19n (011) __V:Oé(o—’—) S_gn{g/\/leﬂ (on)}|2 = Op(un)v then |)_“n,M9n |2 = Op(un)
=0p(8p). Write Ay py, = (A1, .. -, A|M0n|)T. We have w.p.a.1 that

n

Z gi ,Map, (0n)

1
(7.4) 0=
n =1 1+ )Vn Mo, gi, Ma, (0n)

where 7 = (71, ..., 77\|M9n|)_ with 7 = vpé(|kj|; V) sgn(kj) for ij #0and 7; €
[—vp5(07), vp5(01)] for A; = 0. (7.4) implies that i = gaq, (0,) + R with

IRloo = Op(sn’ up). Since />

for any A; # 0. )
We will show that A, is a local maximizer for f(X;8,) w.p.a.1. We first show
that 1, = argmaxyenz@,) f(X; 0,) w.p.a.1, where A} (0,) = {A = (XM* AT *C)T

eR": |XM* > <e, )‘M* « = 0} for some sufficiently small € > 0. Smce f; 0n)

u, = o(v), then w.p.a.1 sgn()_\j) = sgn{g;(0,)}

is concave Ww.r.t A, it sufﬁces to show that w = Xn My = =: (wq,... wmn)T
satisfies 0 = n 12,2181,/\/1; 0,){1 + w' 8i, M 0,))"" — 7 wp.a.l, where
= (ﬁ’l“,...,ﬁ;n)T with 77"; = vp5(lw;l; v)sgn(w;) for w; # 0 and ﬁ;‘
—vp5(07), 1P (0)] for w; = 0. From (7.4), we know 0 =n~' 3" g; 1(0,){1+
wlg M, (B 7; holds for any j € Mg,. For each j e My \M,, it
holdsthatn—lz 181 @)1+ Wg v 00} =50+ 0, (ca’*uy) where
0p(§n un) is uniform for any j € Mjy \Mo Since Cvp2(0+) <1gj@n)| <
vph(0%) for j € My \Ma,. if caun = o(), then [n=' T1_ g ;@) {1 +
WTgi’M; @)} < vpé(0+) w.p.a.1 for any j € Ma \Mep,. Then there exists
77‘}’? such that 0 = n=!1 7 18 O@O){1 + wl gi. M, @)} — ﬁjf holds for any
je M;n\/\/lon.

Second, we prove X, is a local maximizer for f(x;0,) over A e Kn(On)
w.p.a.1, where An(0,) = (A = O‘M* ,XT )l e R |XM;; — )»n,M; [h <

9n n n

oun), M pgeh = o(r=1rn=1/7y}. Note that max; ;. 3ek @, 1A 80| =



HIGH-DIMENSIONAL EMPIRICAL LIKELIHOOD 3209

op(l). For any A € A (0,), we write A = (XM* , Z;f)T and denote by
A =@T M, ,00)T the projection of A onto the subspace A} (0,). We only
need to show Plsupy e, 0,1 (A;0,) — f(x; 0,)} <0] - 1. By Taylor ex-
pansion, sup; cx g,y {f (A 0n) — (A 0,)} = supa e o, 0" 20 & (0)T(A —
{1+ Algi0,))7! - Zje/\/t;;f P>, (|2;])] for some A, between A and x. We
have [n~' >0 g(0,)"(A — D){1 + Algi(0,))7"] < Cvp(0™) jemye i+
OP(m,l/zun <n) Zje/vt;;f |Aj|, where the term OP(m,l/Zungn) is uniform for any
A € A,(0,). On the other hand, it holds that ZjeM*cP2V(|A~|) >
vp§(0+)zjeMz;f|xj|. Hence, n= 'Y g:0,)T(A — D){1 + ng,(o )yl —
Yjertge Pro(rjh = {=(1 - C)sz(0+) + 0, (my! Mngn)}ZjeMz;f |41 No-

tice that my/*u, ¢, /v — 0, then —(1 — C)vp} (1) + O, (my*uncy) <0 w.p.a.l.
Hence, A, w.p.a.1 is a local maximizer of f(;6,).

7.4. Proof of Theorem 1. Let Gy = supp{i(Oo)}. Then it holds that
max, <z, @, f A;00) =< maxﬂem(eo)n_1 " log{l + n"gig,(80)}, where
7\};(00) = {n € Rl%! . nTgi,go(Oo) e V,i = 1,...,n} for some open interval
V' containing zero. Given Gy, since |Gy| < ¢,, following the proof of Propo-
sition 1, nnaxﬂemb,o)rf1 > log{l + n'gig,00)} = 0,(¢,n~") which im-
plies MR, 0n) f;00) = 0p(yn"). Recall a, = Y0_| PLz(160]), by =
max{¢,n~", a,, v?} and S,(0) = max; cx o) S (A;0) + Z,’; 1 P1,7(|6k|). Define
O, =1{0=@1050.)T:10s — 005l < & 05| <N,} for some fixed & >
0 and R, = mm{sa)l/zbl/(z’g)é_1/2 (bl/z) o(von 12 _3/25 1/2)} Let 8, =
argmingece, S,(0). As we have shown above, P{S,(0¢) < a, + O,({yn 1
as n — 00. As S,(0,) < S,(80), we have P{S,(8,) < a, + 0p(Lun~ 1)} — 1 as
n — oo. We will show that 8, € int(®,) w.p.a.1. Same as the proof of Propo-
sition 2, our proof includes two steps: (i) to show that for any €, — oo sat-
isfying bne,%’3 n?'Y = o(1), there exists a uniform constant K > 0 independent
of @ such that P{S,(#) > Kb e,%ﬂ} — 1 as n — oo for any 0 = (OE,OEC)T €
O, satisfying [0s — 00.5|lco > enbl/(zﬂ), which leads to |5 S — 005l =
(0] {bn/ 2p )} (i1) to show that |0n sclt < Ny,. The proof of (i) is the same as
that stated in Section 7.2, thus we omit its proof and only show (ii) here. We
need the following lemma whose proof is given in the Supplementary Mate-
rial.

LEMMA 1. Let F ={FcC{l,....r}:|F| <t} and ©, = {0 = (05,057 :
0s — 00.5lcc = O {bn/(zﬂ)} |05L|1 < R, }. Under Conditions 4 and 5, then
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it holds that supg.e, suprcs [VFO) — VF©O0)l2 = Opls@wnbi™)V?) +
OP{En(n_IQn logr)l/z} provided that logr = o(n'/3), szﬁnwnbrll/ﬁ = o(l) and
2n~'o,logr = o(1).

We begin to prove (ii) now. If |§”,3c|1 = N,, we define 5: = (53 S rbj so)t
for some 7 € (0,1) and will show S, (5 )< S, (5 ) w.p.a.l. Notice that 5,1 =
argmm()e@* Sn (0) This will be a contradiction. Thus, |0n sel1 < N,. Write

0, = (9,,1,... np) Since maxxEA @, )f(k 9, n) < Max, R, (oo)f(l 0y) +
Zkzl Pl,n(|9k|) Zk 1 P rr(|9n k1), by (7.3), we have max; R, @, )f(l 0, n) =
0,(lun™ ") + Op{sxabs’ P}, Pick 8, satistying 8, = o(¢, /*n=1/7) and
max{€un=1, sxnby' P} = 0(62). Select A* such that My = SalBg, @,) —
P30 sen(Etg, @)1/ 18rt5, @) — 90" sen(Bag, @)l and A7, = 0.
Write A* = (A%, ..., A5)T. Then :

0p(82)= max f(x;0,)
AeA,(0,)

z Xj\;lgn g/\/(gn (6n)
1 lifgngi,wn@)gi,M%@)TX* .
S (M g, @)

= 2 PR

jeMg,

> W3t {8vtg, B) — 0 (07) sen(Xig, )) — C82(1 + 0, (1)

for some ¢ € (0, 1). Notice that sgn(kjvla ) = sgn{gr, (5,,)}. Thus, it holds that
8rg, ©,) — vp (0F) sgn{@rs, @,)}]2 = 0,(8,). Using the technique developed
in Section 7.1, we have [grr; (8) — vy (07) sgn{gat; @a)}la = 0p &y *n =12+
0 {s1/2 1/2 1/(4/3)}

By Lemma 1 and Condition 4, we know )»mm{VMA (0 )} > C w.p.a.l. Thus,
Proposition 3 leads to [A(8,)]> = op(z”zn—l/?) + 0,15 25, b/ “P'}. Based
on this property of the Lagrange multiplier X(0 ), we can follow the same argu-
ments stated in Section 7.2 to construct (ii). Specifically, write l(ﬂ ) and X(On)
as A = (Xl, Y AT and A= (X*, AR )T respectively. In the sequel we use 0
to denote a generic vector lying on the Jomtmg line between 9, and 0 that may

be different in different uses. Write 0 (9* .0 p)T By Taylor expansion,



HIGH-DIMENSIONAL EMPIRICAL LIKELIHOOD 3211

it holds that
$a(0,) < Su@n) + > Pau(1%51) = Y Pau([3%))
j=1 j=1
I
1 & A" vostgz(m
+ c — S‘
(7.5) So+3Tg@) B0 =00

II

Z Plrrﬂenkl Z P1n|9nk|

k=s+1 k=s+1

III

We will show I 4- I 4-1II < O w.p.a.1 as follows.

For I, we will first specify the convergence rate of IX* —X|;. Define H, (0, ) =
n=! Y0 logfl + ATgi(0)) + X7_ Pra(l6k]) — Xy Pru(l3]) for any 6 =
®1,..., QP)T and A = (A1,...,A)T. Then 5,1 and its associated Lagrange mul-
tiplier y satisfy the score equation Vy ﬁn (@n, X) =0, that is,

(7.6) 0— 1 8 (Bn) 5

nl 11+A- gl(o)

where 7 = (71, ...,7,)7 with nj = v,oé(|1j|; V) sgn(xj) for Xj # 0 and 7); €
[—vp5(0T), vp5(01)] for %j=0.Let R, = supp{Xx(8,)}. Restricted on R, for
any # € R? and ¢ = (¢4, .. §|Rn|)T RI®xl with each ¢j #0, define m(&, 0) =

nIY iR, O + ¢Tg R, (0)}” '~ w, where W = (wi,..., w,)" with
w;j = vp5(1¢j]; v) sgn(¢;). Then )»R,, and 0n satisfy m(kRn, n) = (0. By the im-
plicit theorem [Theorem 9.28 of Rudin (1976)], for all @ in a | - |-neighborhood of
ﬁn, there is a ¢ (#) such that m{¢ (), 8} = 0 and ¢ (9) is continuously differentiable
in 0. Since ), s = 0,5, we have |£(8)) — Ag, 1 = [{VeL(0)],_s} @, — 0,1 <
V05§ @)lg_5l1118}, s — 02 5¢|1. Notice that

Vosc§(0)ly_;
_ |:l gi R, g R 8
nS(1+20)Tg R, 0))

M:
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-1
gl {la @ v} o516 O] v}]}

1 & Voo gir @ 1 gr @0 Voggir, @
<122, ¥ TR. ) Z . 0\ T _05 VRz }
n314+¢0) gz,Rn(0) n {1+¢@0) g r,0)}

—:A(0) x B(0).

Since maxj<j<p |§(é)Tg, R, (é)| = 0,(1), from Lemma 1, we know ||A(é)||1 <
IR V2|A@)]2 = O (z,/ ) Meanwhile, we have [B(#)|o = O, (&%) which
implies |B(@)[; = O (En £y). Then [|[Vgg £(0)],_sll1 < IA@)I1IB@); =
01,,(63/2 1/2) Whlchlmpl1es|§(0 )—Ar,l1 =0, (6"
AR, = {(0,1) and XR; =0. For any j € R{,, we have

)0,.5¢]1. Let X satisfy

1 g0,y 1 g0 -~
e D~ e i st~y O (e [ N
n-=114+A gi(on) 3 1+A g0,

+0p(6,)10),.5 = .5,

1 g0
7—%0(1)),
"leﬂg,(o) :

where the term 0, (v) holds uniformly for any j € R;,. Write A= (X Tsonns X,)T.
Recall that m{Z (@), A*} = 0 and (7.6) holds, then it holds w.p.a.1 that 0 =
ALY g @D + Vg @) — n* for 7* = @},....7HT with 7% =
v,oé(|)\1|, v)sgn(;) for %; #0 and 7 ;e [—vp5(07), vob (01)] for X; = 0. By
the concavity of f(A;0) =n~! Yo log{l + ATgi(0)) — Z’ L P2u(I2j]), we
know A° =X w.p.a.1. Hence, |5:* — /Xll (0] (33/2 1/2)|6’,, sel1. ThlS implies

=0 (Z3/2 ;/zv)lb\n,gcll. Let Ji = supp(x ). Since maxi<j<p e g,(0)| =
opa) then ] < RX"Llln~' T Voso .2, @)1 + X (@)@, 5 —
052 < N8 5c11 0, (6262 = max {6,/ *n =112, 512, b,/ 4P) B, e -
0, (s *&:"%). Notice that Il = —(1 — ©) Xf_ 1 P{ {(ckt + 1 — c)lBuil) x
|t9nk| < —(1 — r)Crr|0n sl for some ¢ € (0,1). Since max{€3/2 12, v,
Catn P02 0,78, 251125 2/ WPy = o(r), then (7.5) implies S, () < S, (8,)
w.p.a.1. Hence, we complete the proof of (ii). Together with (i), we know such de-
fined 6, is a local minimizer of S, (0). Following the same arguments stated in
Section 7.2, we can prove P(ﬁmsc =0)—1.
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__1.5. Proof of Theorem 2. Recall R, = supp{k(ﬂ )}. We still write A =
A(0,) = (Al,... r) From (7.6), we have

1 - 1 & gr,00)ER,0) AR,
==Y gir,(0,)— - T 2" — 1R,
n niS {1+ chy, gk, 00)

=:8r, 0,) — CO)AR, — g,

for some |c| < 1, which implies Az, = {C(8,)}~'{&r, (81) — g, }. On the other
hand, together with 0 = Vg H, {6, 1(0)}|4_3 . it holds that

o=l Z" Vos8ir, 0n)
- ~T ~
(7.7) i1+ Ak, R, (00)

= D@} {CO) &R, @) —Tig, | +Es,

where ks = {Z,le V9$P1,H(|9k|)}|oszgn’s. By Condition 6, [Ks|eo = Op(xn)-

T
{C(an)}_l{gR;z (/0\”) _ﬁRn} +7€8

We will use (7.7) to derive the limiting distribution of /0\,1,3 where the next lemmas
are needed whose proofs are given in the Supplementary Material.

LEMMA 2. Assume the conditions of Theorem 1 hold. Then ||C(§n) —
an(o\H)”z — OP(Knl’l_l/z—H/y) +0 {ZI/Z 1/2 1/2b1/(4,3) l/y} and |{D(§n) _

vosgnn@)}zu:|z|2[0p<ens1/2w}/2n—1/2>+0 {03 %swn’ a2 by “PY1 holds

uniformly for any z. € R,

LEMMA 3. Assume the conditions of Theorem 1 and Condition T hold.
For F defined in Lemma 1, then sup r. & I[Vos87r(0,) — E{Vesgi 7(00)}]z]2 =

|z|>2[ O {53/251/2 12 1/(2’3)}+0,,{(71‘5“2,,(0,,logr)l/z}] holds uniformly for any
ze RS,

LEMMA 4. Let Jr = (Vos&r@))"VZ 0,)(Vos&r@,)) for any F € 7,
where F is defined in Lemma 1. Under conditions for Lemma 3 and Condi-
tion 8, if s2€2by'” o> max{wy, swu}logr = o(1), n~ ' sw,0n > (logr)? = o(1)
and 1’L_1€3Qn/2(10gr)2 = o(1), we have that for any u € R and a € R® with

1/2
laly =1, sup e 5 [P[n' 2T ¢ / {(Vos8r@n)TVZ 0,)8700) < ul — d )| —
0, where ®(-) is the cumulative distribution function of the standard normal dis-
tribution.

Recall Jr, = {Vos8r, 1)} V%' 0.){VesEr, @,)}. For any & € R® with unit
Ly-norm, let § = J'/a, then it holds that |{ Vg s&r,, (8, )}5|§ < Ama{Vr, @)} x
UUT) a3 = AmadVr, @)}, where U = V5'?@,)(Vos8r, @)
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Therefore, by Lemma 1, |{Vosg7gn(0 )}18l2 = Op(1). Since |6|2 = 0,(1), by
Lemma 2, |D(0n)8|2 = O0p(1). As shown in Section 7.4, |gM0 (0,,) - v,02(0+) X
sgn{gMa (0n)}|2 =0 (Kl/zn_l/z) + 0 {sl/le/zb]/(4ﬂ)}. From Proposition 3,
18R, @) — T, |2 = 0, (€ n=1/2) + 0,{s"/x 1/2b1/(4’3)}. From Lemmas 2 and
3, (1.7) leads to 5T{V03g7zn (0n>}TVR”(0n>{gR,, @) — Mir,} = Op(s2xa) +
(0] (Kl/z max{énn_l,sx,,brl/(zﬂ)}max{sl/zw,l/z,nl/)’}). Expanding gr, (/0\,1) near
0 =6y, it holds w.p.a.1 that
8" {Vosgr, @)} V! @[ VosEr, )} @5 —00.5) —Tir,]
(7.8) = —8"{Vos&r, 01} VR 0.)8R, 00) + O, (s"*xn)
+ 0, ()2 max{€,n", 5 x,b)/ Py max{s'2w)/? n'/7Y),

where @ is on the line joining @y and 0,,. Notice that |gr, (@1) — 8gr,(00)|2 <
18R, @)]2 + &R, B0)]2 = opaz”zv) + 0,152 xa"* by’ 7). By Taylor expan-
sion, |gr, @) — &r, 00| = A (Voskr, @) [Vostr, O)DIBrs — 60.sh
for some @ lying on the line jointing #y and #,. Same as Lemma 3,
Amin([Vo s8R, (9)]T[V9 SER, (9)]) is bounded away from zero w.p.a.1, which im-
plies 0,5 — 00,512 = 0,(x*v) + 0,{s2x2"*by' *P}. Together with Condi-
tion 7, we have |{Vp &, (8) — Vo s8R, 1)} @n.5—00.5)l2 = 0, (6 *smn* 1) +
p{ﬁl/z 2 1/2 Xnb ;/(2/3)}‘ Therefore, (7.8) leads to

8TIR,[On.s — 00.s — T {VosBr, @) V! @)iig, ]
= —a"J5*{Vos8r, @)} V2! @0)Er, 00)
+ Op(€3/2sw,}/2v2) + Op{Z}l/ZsZw,}/anb},/(zﬂ)} + Op(sl/zxn)
+ 0, ()2 max{e,n™", s x,b) PPy max|s'2w)/2 n1/7)).

By Lemma 4, we complete the proof of Theorem 2.

Acknowledgments. We are grateful to the Co-Editor, the Associate Editor and
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SUPPLEMENTARY MATERIAL

Supplement to “A new scope of penalized empirical likelihood with high-
dimensional estimating equations” (DOI: 10.1214/17-A0S1655SUPP; .pdf).
Additional technical proofs and a data analysis are given the Supplementary Ma-
terial.
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