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We study the nonparametric estimation of a decreasing density function
go in a general s-sample biased sampling model with weight (or bias) func-
tions w; fori =1, ..., s. The determination of the monotone maximum like-
lihood estimator g, and its asymptotic distribution, except for the case when
s = 1, has been long missing in the literature due to certain nonstandard struc-
tures of the likelihood function, such as nonseparability and a lack of strictly
positive second order derivatives of the negative of the log-likelihood func-
tion. The existence, uniqueness, self-characterization, consistency of g, and
its asymptotic distribution at a fixed point are established in this article. To
overcome the barriers caused by nonstandard likelihood structures, for in-
stance, we show the tightness of g, via a purely analytic argument instead
of an intrinsic geometric one and propose an indirect approach to attain the
/n-rate of convergence of the linear functional [ w; g, .

1. Introduction.

1.1. Background and problem formulation. The estimation of a density func-
tion is a fundamental problem in nonparametric statistics. A monotone constraint
may arise naturally and is often assumed. Grenander (1956) showed the maxi-
mum likelihood estimator (MLE) of a decreasing density function is the derivative
of the least concave majorant of the empirical distribution. Its theoretical proper-
ties are studied by Prakasa Rao (1969), Barlow et al. (1972), Groeneboom (1985)
and Diimbgen, Wellner and Wolff (2016), among others. Nonparametric estima-
tion under monotone constraints in various statistical problems has been studied.
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For instance, Huang and Wellner (1995b) studied monotone density and hazard
estimation for right censored survival data, and Groeneboom and Wellner (1992)
studied interval censoring data. A comprehensive survey of nonparametric esti-
mation problems under shape constraints can also be found in Groeneboom and
Jongbloed (2014).

Existing methods mostly require that the observed data be a simple random
sample from the underlying population. Biased sampling, however, often arises in
practice when a unit is preferentially sampled based on its value. This is often due
to the method of selection such that units in the study population do not have equal
chances of being recorded. Many examples exist in the literature. For instance,
a large herd is more likely to be sampled in wildlife [Cook and Martin (1974)],
a more long-lived survivor is more likely to appear in a prevalent cohort [Wang
(1991)], a long textile fiber is more likely to be picked from a bulk of fibers in
intersect sampling [Cox (1968)]. Other examples are given in Patil and Rao (1978)
and Drummer and McDonald (1987) among others.

Suppose s > 1 sampling methods are adopted, each resulting in a different form
of sampling bias. This is called a s-sample biased sampling model and the cor-
responding estimation of a distribution function was studied by Vardi (1985) and
Gill, Vardi and Wellner (1988). Our primary goal is to study the estimation of a
decreasing density function under a s-sample biased sampling model. It is note-
worthy that if only one set of biased samples is available, that is, s = 1, the prob-
lem of the monotone density estimation can be carried out via the classical method
[Grenander (1956)] based on properly transformed samples, which has been stud-
ied by El Barmi and Nelson (2002). This is feasible due to an invariance principle
which allows a one-to-one mapping between the two densities. This approach,
however, cannot be directly extended to s > 1 as such an invariant structure is no
longer available. To the best of our knowledge, a general solution to this prob-
lem has long been missing due to several nonstandard features of the likelihood
function, which will be discussed in Section 1.3.

More precisely, we consider the following estimation problem. Let G be a
fixed but unknown distribution function with a decreasing density go supported on
a bounded interval [a, b], where 0 < a < b < c0. Assume that there are s known
positive weight (or bias) functions w; (i =1,...,s). Suppose we obtain s inde-
pendent samples X;1,..., X, (i =1,...,s), each X;; independently follows the
biased distribution F; (i =1,...,s,j=1,...,n;), such that

X
Fio) & fab wigody (. bl.
Jd wi(y)go(y)dy

where 0 < ff wi(y)go(y)dy < oo fori =1,...,s. Let G be the class of all de-
creasing densities on [a, b]. For any g € G, the likelihood evaluated at this g of the
s-sample is proportional to

AT [T/, e(Xij)
(b Ln(g) 2 i |
i:l_[l (ff w; (x)g(x)dx)m




MONOTONE DENSITY ESTIMATION IN BIASED SAMPLING MODELS 2127

From now on, without ambiguity, we also regard L,, as the likelihood function. The
monotone MLE g, € G is then defined such that L, (g,) > L,(g) forall g € G. Our
goal of this article is to characterize the properties of and to establish the limiting
distribution of g, at a fixed point 7y € (a, b). We shall prove the following theorem.

THEOREM 1.1. Under Assumptions 2.1, we have
n1/3( ° : Aiwi (to)
iZ1 J4 wi(x)go(x)dx

where Y & argmax, {W () — 12}, W(1) (t € R), is the standard two-sided Brownian
motion with W(0) =0, n =3 }_, n; and }; =lim, n; /n > 0.

~1/3

(20 (t0) — go(t0)) = 2,

13
) ’58600)80(’0)

1.2. Examples of applications. Multisample selection bias often arises when
data are collected from multiple sampling plans. Examples include outcome de-
pendent enriched sampling in medical studies [Wang and Zhou (2006), Kang, Nel-
son and Vahl (2010)] and endogenous stratified sampling in economics [Hausman
and Wise (1981), Imbens and Lancaster (1996)]. In these cases, biased samples are
collected in addition to a random sample. Such sampling designs are often consid-
ered more focused and economical than random samples from a population. Multi-
sample selection bias also occurs frequently in combining different data sources.
For example, an unbiased sample and a duration-biased sample are formed when
the Surveillance, Epidemiology and End Results (SEER) data are linked to the
Medicare data [Chan and Wang (2012)]. Since Medicare data are only available
from 1986 but SEER data are available from 1973, the linked data excludes the
SEER subjects who died before 1986. Hence, subjects with cancer diagnosis be-
fore 1986 forms a duration-biased cohort in the combined data while subjects with
cancer diagnosis on or after 1986 forms an unbiased cohort. Patil (1984) combined
travel survey data collected from hotels and frontier stations in Morocco, where the
samples collected from hotels are biased toward longer sojourn times. Other ex-
amples of multiple-sample selection bias include the measurement of velocities
of moving vehicles by multiple moving observes traveling at different velocities
[Smith and Parnes (1994)], the sampling of time from a disease incidence to a
failure event from multiple prevalent cohorts with different time trends of disease
incidence [Wang (1991)] and the collection of survival data from multiple study
sites with different reporting delay distributions [Wang (1992)].

1.3. An overview of our approach. We first show that the maximizer of L,
must be a step function. We then show that the monotone MLE exists uniquely,
and can be evaluated via a self-induced characterization through the use of an
isotonic regression problem, in which we need to choose a diagonal matrix with
positive entries. In particular, we choose the first term of the second-order deriva-
tive of the negative of the log-likelihood function, which is always positive and is
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also the dominating term for a large enough n. There is a special feature of the
presence of the linear functional [ w;g, in the log-likelihood function making it
nonseparable; hence, we aim to establish that | [ w; g, — [ wigo| = OP(n_l/z) o)
that we can essentially replace [ w;g, with [ w;go in most of the calculations for
deriving various estimates. To this end, we have a set of preparatory lemmas. More
specifically, we first show that g, is bounded in probability and use this to obtain
a Lp-rate of convergence of g, from its rate of convergence in Hellinger distance.
Unlike the one-sample unbiased case where the maximum likelihood estimator can
be characterized as the left-continuous slope of the least concave majorant of the
empirical distribution, such a geometric interpretation is lacking here. We cannot
directly extend the tightness results of Woodroofe and Sun (1993) to the s-sample
case, which will be needed for our proofs, as they use the geometric configuration
of the Grenander estimator in their proof. Thus, we seek an alternative analytic
argument to show the tightness of the monotone MLE. After obtaining this crucial
rate of convergence of [ w; gy, the local consistency of g,, and hence the asymp-
totic distribution of g, at a fixed interior point can then be obtained. More detailed
explanations and relevant connections with the existing literature are provided in
each section. An additional comparison with the interval censoring problem (case
2) studied in Groeneboom (1996) is given in the discussion, where his proposed
problem and ours both possess the nonseparability in the log-likelihood function.

1.4. Organization. The remainder of this paper is structured as follows: Sec-
tion 2 describes the notation and some relevant technical assumptions. Discussions
on the existence, uniqueness and characterization of the monotone MLE are in-
cluded in Section 3. Section 4 establishes the consistency of the monotone MLE.
Section 5 studies the rates of convergence of the monotone MLE and its linear
functionals, and contains the majority of our notable methodologies. Those results
are then used for establishing the asymptotic distribution of the monotone MLE
in Section 6. Concluding remarks are given in Section 7. Numerical demonstra-
tions and part of the technical details and proofs of our theoretical results will be
relegated to the supplementary material [Chan et al. (2018)].

2. Notation and assumptions. Consider the biased sampling model intro-
duced in Section 1.1. Denote n £ Yi_yni.Fori=1,... s, the empirical mea-
sures from X1, ..., X;,, ~ F; will be denoted as [F; ,,, where the measure F; has
a density f; with respect to Lebesgue measure. In the rest of this article (including
the supplementary material [Chan et al. (2018)]), if clarity of the dependence of
&n on an element w of the sample space 2 is demanded, we shall explicitly write
&n(x, w); otherwise, we shall only write g, (x) for simplicity. For other functions,
we shall follow the same custom. The indicator for a set A will be denoted by
1(A).

Before we proceed further, we shall state the regularity conditions adopted in
the whole article.
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ASSUMPTIONS 2.1. (A) The sampling fraction '}’1—’ — X >0, for all i =
1,...,s.

(B) The true unbiased decreasing density gg is differentiable on the interior of
its support (a, b), with O < infyc(4,5) 185(t)| < SUP, (4. 180 ()| < 0.

(C) There exist constant bounds 0 <m < M < oo suchthatforalli =1,...,s,
m =< go, w; <M.
(D) Foreachi=1,...,s, w;, wijog, I are Lipschitz continuous.

Our main theorem concerns the asymptotic distribution of g, at a fixed point
to € (a, b). The conditions on gg in Assumptions (B) and (C) are similar to As-
sumptions (A1) and (A2) imposed in Theorem 1.1 in Groeneboom, Hooghiemstra
and Lopuhai (1999), which assists in deriving the asymptotic normality of a suit-
ably rescaled version of the L error of the Grenander estimator; while the lower
boundedness condition on w; in Assumption (C) is also used in El Barmi and
Nelson (2002). Assumption (D) is used to ensure the permanence of the Donsker
property after Lipschitz transformation and the rate of convergence of certain inte-
grals in connection to the Ly-convergence [ (g, — go)2 in Lemma 5.6.

For any function H on [0, co) with H(0) = 0, we define the least concave ma-
jorant (LCM) H of H to be the smallest concave function that dominates H over
[0, o0) with H (0) = 0. Clearly, as H is concave, its derivative is nonincreasing.
Given points {(x;, i)}/, with xg = yo = 0 and xo < x1 < --- < X, consider
the right-continuous step function P such that P(x;) = y; and it remains con-
stant on each interval [x;, x;41) fori =0, ...,n — 1. Denote the R"-vector of left-
derivatives of the least concave majorant of P computed at the points (x1, ..., X,)
by slolem{(x;, y;)}7_,.

3. Existence, uniqueness and characterization of the monotone MLE g,,.
Since the observations are from a continuous distribution, we assume that there
are no ties. Let a =Ty < T < --- < T, be the order statistics of all X;;’s. As in
many other nonparametric estimation problems with monotone shape constraints,
the monotone MLE in the current problem must be a step function with jumps only
at the observations as shown below.

PROPOSITION 3.1. For any g € G, there exists a left continuous decreasing
step function g with jumps only at the order statistics T; (not necessarily all) for all
i=1,...,n,and it takes value 0 whenever x ¢ [Ty, T, such that L,(g) > L,(g).

PROOF. See the details provided in Section 8 of the supplementary material
[Chan et al. (2018)]. O

3.1. Existence and uniqueness of the monotone MLE g,. For a given sequence
of To < Ty <---<T,,define GT to be the (samplewise-) set of all left continuous
decreasing piecewise constant densities with jumps only at the order statistics 7;’s.
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Define also c ik = ffk"_l w;(y)dy > 0. Proposition 3.1 suggests that we only have

to look for the maximizer of L, in GT, which is equivalent to the resolution of the
following maximization problem with the objective function

(3.1) .c,,(m,...,zn)é]_[z,-]"[(Zc,-kzk) :

i=1  j=1 \k=1
subject to
n
zi(T; —Ti—1) =1,
(3‘2) l; L i—1
21 =22, 20.
Let

n
Kpn21zeR":zy>--->z,>0and Zzi(Ti —Ti—1)=1yg.
i=1

Then, for each n € N, with probability one, K,, is compact. The original problem
can be recovered through the transformation z; = g(7;) and cjx = fTTkk,l w;(y)dy.
The constraint ) 7_, z;(T; — T;—1) = 1 ensures at least one of the z;’s is positive
(nonvanishing), and hence ) }_, zxcjx > 0 as w; > 0. Therefore, (3.1) is well
defined.

Note that the log-likelihood function of (3.1) is neither concave nor convex in

z. We define p; = log z; for z; > 0, otherwise if z; =0, p; £ _oo,fori=1,...,n
and
‘Cl’l(plv ---’pn)
n N n
3.3) NI log<z c,-kep"> if all p; € (—o0, 00),
=1j=1 i=1 k=1
—00 if some p; is equal to —oo.

Note that at least one of the z;’s is positive and so p;’s cannot be all equal to —oo,
and hence £, is well defined. Then it can be shown that £, is concave in p =
(p1, ..., pn) (as shown in Proposition 8.1 in the supplementary material [Chan
et al. (2018)], see also Davidov and Iliopoulos (2009)). With the concavity of En,
it can also be shown that, with probability one, the monotone MLE g, for the
true unbiased density go uniquely exists for each n € N; see Proposition 8.2 in the
supplementary material [Chan et al. (2018)] for details.

3.2. Characterization of the monotone MLE &, via theory of isotonic regres-
sion. Self-induced characterization in the estimation of monotone function has
become prevalent since the work of Groeneboom and Wellner (1992). One of the
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developments is to connect isotonic regression problems with self-induced charac-
terization; this approach relies on a suitable choice of a diagonal positive definite
matrix in a quadratic programming problem that closely links to the original max-
imization problem.

To tackle our present problem, we here advocate the approach in Banerjee
(2007) and Groeneboom and Wellner (1992). However, due to the nonseparate-
ness of the arguments in the log-likelihood function, we propose an alternative
function v, which is the negative log-likelihood function of all the data instead of
just one single datum. That is,

(3.4) Un(Z1seens2n) = — Zlogz,—i—Zn, log<2zkc,k>
i=1

However, 1, is not necessarily strictly convex (also see Proposition 8.1 in the sup-
0 wn

plementary material [Chan et al. (2018)]), and
wﬂ

(z) may not always be strictly

/
positive therefore (2)’s cannot 1mmed1ately serve as the diagonal entries in the

positive definite matrlx mentioned above. A proper choice of matrix plays a critical
role so that the methodologies in Banerjee (2007) and Groeneboom and Wellner
(1992) can be implemented in our setting. We therefore note that the cumulative
sums of these diagonal elements of the matrix are essentially the first coordinates
of the corresponding isotonic regression problem (Proposition 3.2); its increasing
structure results in a natural geometry of the solution of that regression problem.

Therefore, to maintain this plausible approach, alternative candidates other than
3 wn

(2)’s have to be suggested in order to keep this monotonic structure. In partic-

ular we here choose Az , which is always positive and is actually the first term of
8 dfn

(z) to form that posmve definite matrix.

PROPOSITION 3.2. The maximizer Z of (3.1) subject to (3.2) satisfies

. . U BRI T
(3.5) (Z1,...,2n) =slol = — - ()
T socm{;# ;(Zj )}

i=0

PROOF. See Section 8 of the Supplementary Material [Chan et al. (2018)] for
details. O

Without ambiguity, we shall use Z; and g,(7;) interchangeably depending on
the actual context. Following Proposition 3.2, we consider some processes G, 3, ,
Gn 20 Un., and U n,g0» Which will be defined next. Our main theorem concerns the

asymptotic distribution of g, at a fixed interior point 7 in the support of go. Define
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A2 Y5 M fi(t0)/ g (to) and

NN N 2
U"’g"(t)_”;(énm) 5z, (Z)>1(T =1).

Then, from Proposition 3.2,
{82 (T1), ..., gn(T,)} =slolem{G,, 4, (T}), Uy 5, (T }1—y

Define the normalized and localized version of G,, 5, (t) and U, ; () as follows:

1/3

~ n _
Gp g, (D) = T[Gn,gn (to+tn™'7) = G, 5, (10)]
131 »n |
n
= -y - WT; <to+tn~ '3 = 1(T; <1p)),
5 L\ n2/3 .
Up 5, (1) & ——[Ung,(t0 +tn™'7%) = Uy g, (t0)
— 80(10)(Gy 3, (to + =13 - Gy 3,(10))]
_P I (@) —sot) 1 nici;
hon Jj=1 é;%(TJ) g”(Tj) i=1 ZZ:] gn(Tk)cik

STy <to+1tn'P) — (T <19)).

Finally, we define the theoretical counterpart process U,,. g as U, 4, and Gy, £
as G, ; .2»» Tespectively, with g, being replaced by go, that is,

AnP1TE

Grg(t) & —— ((T; <to+tn™13) — (T} < 1)),
»80 N n Z O(T ) J J
1231 g0(T)) — golto) 1 : nicij )
Un d —_— + - ~7 -~
= Aon ;( g5 (T)) go(T}) ; > k=1 80(Ti)cik

A(U(Tj <to+tn™ 13 — (T < 19)).

Following established approaches, the determination of the asymptotic distribution
of the monotone g, relies on the asymptotic distribution of G, 2, and U, .4n» DOth
of which can be determined via the establishment of the asymptotlc equivalence

of G, 4, and G.g, and that of U, 2, and Up.go» and then through the finding of
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the asymptotic distributions of G, ,g0 and U, g0~ However, in showing the asymp-

totic equivalence of Un and Un g0 the choice of & Z 5 instead of ‘/’” (2), and the

nonseparability of the arguments in the log- hkehhood function requ1re additional
analytic treatment that involves techniques beyond those illustrated in Banerjee
(2007); see Section 5 for a more detailed discussion. Essentially, we develop a no-
table approach on first obtaining the /n-convergence of [ w; g, in Proposition 5.8
in order to establish the asymptotic equivalence of U 8, and ﬁn 20-

4. Consistency of the monotone MLE g,. Following the same notation as in
van de Geer (2000), denote H), (8, Z, Q) as the §-entropy with bracketing for the
L ,(Q)-metric of Z, where 7 is a class of suitable functions and Q is a measure on a
measurable space (M, B). Consistency of the monotone MLE can be established
by usmg the notion of Helhnger distance and the theory of empirical processes.

Define f;, £ fwu’)gg and f; £ 28 for g, g0 € G. For clarlty, we shall write all
the integrals, except for [ w;go and [ wign, in the form f f(x)dx, where the
argument of the integrand and the domain of integration are written out explicitly.
For any density functions g1, g2 € G with support on [a, b], their Hellinger distance
h is defined as

N2 12
h(611,q2)=<5/ (q 1/2()6) 1/2()6)) ) .

To obtain the consistency of g, with the appropriate rate of convergence, we
show item (iv) in the following proposition, which is a consequence of items (i)
to (iii).

PROPOSITION 4.1. Under Assumptions 2.1, for eachi =1, ...,s

(i) h(fin, fi) > O as.
() [wign — [wigo a.s.
(iii) Forany 0 <8 <b — a limsup,, g, (a + 8) < % and there exists constants
C(6) such that P(limsup, >—7— (b 5 = <C())=1.
(iv) For any closed submterval [o,t] C (a,b), SUPy e[q, 7] |gn(x) — go(x)] — 0
a.s.

PROOF. See the details provided in Section 9 of the supplementary material
[Chan et al. (2018)]. O

5. Rates of convergence of the linear functional [ w; g, and the monotone
MLE g,.

5.1. Rate of convergence of the linear functional [w;g,. To establish the
asymptotic equivalence of U, 5, and U, 4,, the minimum order o0, (n~'/3) of the
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term Y y_; go(Tk)cik — [ w;&n is necessary. In this subsection, the main result to
be obtained is the fact that [ w; g, — [ wigo = O, (n~1/2), which is given in Propo-
sition 5.8. The proof of this result requires several intermediate lemmas, and we
here briefly describe the crux of their arguments. By invoking two noncanonical
rudimentary results related to order statistics (Lemma 5.1 and Corollary 5.2), we
develop a new purely analytic approach to establish the boundedness in probability
of g, instead of using the geometric configuration of the Grenander estimator in
the existing literature; see Lemma 5.3. The multisample and the self-induced char-
acterization nature of g, make g, substantially different from the Grenander esti-
mator, QSE, corresponding to the 1-sample unbiased case, in which the Grenander
estimator gSE can be characterized as the left-continuous slope of the least con-
cave majorant of the empirical distribution. By using this geometric interpretation
of g,?E Woodroofe and Sun (1993) showed that if 0 < go(0+) < oo, then

~GE 0 k
(5.1) I CAR S
go(0+) l<k<oo L'k
where ', ['7, ... are partial sums of i.i.d. standard exponential random variables.

In our present situation, such a geometric connection is absent and we therefore uti-
lize some pure analytic arguments that lead to a similar bound in the spirit of (5.1),
yet allow more room for further generalization; see Lemma 5.1, Corollary 5.2 and
Lemma 5.3.

From (9.1) in the proof of Proposition 4.1, we can also obtain a rough rate
of Hellinger distance #( f,',,,, fi). Together with the boundedness in probabil-
ity of g,, we can establish a rough, but fast enough for our later development,
L,-rate of convergence of fi,n, and hence that of g,; see Lemma 5.4 for de-
tails. We next implement the approach from Huang and Wellner (1995a), by us-
ing Karush—Kuhn—Tucker conditions, we can “insert” any function y such that

1 %(E)y@n(l})) =0 (Lemma 5.5). Using suitable choices of y, together
with the L;-rate of convergence of g, and the Donsker class property of a class
of modified version of g,, we obtain the key equation (5.5) in order to deduce the
desired /n-convergence of [ w; g, (Lemma 5.6). The form of (5.5) motivates us to
consider a linear system by suitably choosing a number of y’s for which s linearly
independent equations involving [ w; g, will then result. Direct matrix inversion
immediately gives «/n(f w;g, — [ wigo) = O,(1) as desired (Proposition 5.8). To
the best of our knowledge, methods for handling s linear functionals of this kind
simultaneously are rare in the literature.

Next, we then show that Z’}':l go(Tj)cij — [wigo = Op(n_l/z) in Lemma 5.9.
Hence, as a direct consequence of Proposition 5.8 and Lemma 5.9, we obtain
27=1 go(Tj)cij — [wign = OP(n_l/z) as claimed before.

LEMMA 5.1. Suppose that Wy, ..., W, 1L F with a density function f sup-
ported on a finite interval [c,d] C R so that f is bounded above and below from
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zero on [c,d]: there exists 0 <my < My < 00 such thatmy < f(x) < My for all
x € [c,d]. Let Wy, be the hth order statistic of Wy, ..., Wy. Then:

() maxj—;__, "YW= — 0, (1);
Gi) (minj—y,, 201 _ o (1).

PROOF. See the details provided in Section 10 of the Supplementary Material
[Chan et al. (2018)]. O

COROLLARY 5.2. (i) maxj—i,., "2 Ti=t) — 0, (1);
PROOF. See the details provided in Section 10 of the Supplementary Material
[Chan et al. (2018)]. O

LEMMA 5.3. The monotone MLE &, is bounded above in probability, that is,
gn(a) gnla+)=21= Op(1).

Remark: we also have sup,.c(, p| fin(x) = Op(1) fori=1,...,s

PROOF. In the Supplementary Material [Chan et al. (2018)], we show that

T,—T,_
. MPmaxyo,, M Teen) 1
5.2) 21 = in—5 - n(T;—a) + :
meomingoy, mE T —a

Note that since Z,, = £,(Ty), T, 3 b, and Proposition 4.1(iii) implies that g, (b —
8) < §n(a+8) = O(1) for a small enough 6 > 0, we have Z,, = O, (1). As T,,_; B
b, T =a = = 0,(1). In light of Corollary 5.2, we have Z; = O,(1). O

To prepare for the proof of Lemma 5.6, we provide the first batch of rough
estimates of the rate of convergence.

LEMMA 5.4. Foreachi=1,...,s

() h(fin, fi) = Op(n=1/%);

(i) | [ wign — [wigol = Op(n~1/%);
(i) [2(fin(x) = fi(x)2dx = 0,(n""?);
(V) [2(8,(x) — go(x))2dx = 0,(n""/?).

PROOF. See the details provided in Section 10 of the Supplementary Material
[Chan et al. (2018)]. I
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LEMMA 5.5. For any function y, we have

" 1 ' n; Cij " N
(5.3) Z<—m+z _ )V(gn(T]))—O-

j=1 =1 Jwign

PROOF. See the details provided in Section 10 of the Supplementary Material
[Chan et al. (2018)]. [

Next, we choose a particular form of function y to facilitate the subsequent
proof. For some constants ¢;’s and 8, define y""ﬂ 1 (0,00) x [%1, 1] x --- x

[5, 11— R by

ya’ﬁ('x’rlv---,rs)

x[2i_1 i fi(b) + Bgo(b)]
S 71 b)
OV e e DA ),
Yiorifilgy ()
x[Xi_y @i fi(a) + Bgo(a)]
>iorifi@
Aj

Note that 0 < 5+ =<rj=<l1 for each j, therefore, the denominator in the def-
inition of y®# for all values of x is bounded away from zero with a lower

for 0 < x < go(b),

for x > go(a).

bound Z‘;Zl % fj(b) > 0. In addition, as w; o g, ! is assumed to be Lipschitz
and bounded above and below, it is straightforward to see that:

(i) The mapping (x,r1,...,rs) = y*P(x,r1, ..., rs)/x is bounded and Lips-
chitz continuous on (0, 00) x [%1, 1] x -+ x [%, 11;
(i1) The families of functions {x — y""ﬂ(x,rl, s T)/x i) € [%, 11,7 =

1,...,s} and {x — y""ﬂ(x,rl,...,rs) rj € [%, 11, j=1,...,s} are uniformly
and globally Lipschitz such that for any x1, x> € (0, 00),

sup [y P(x1,r1, ) /x1 — 2P (xa, 11, . 1) Jx2] < Clxy — x2l,

sup P er, ) —y®P (a1, )| < Clxg — xal,

)»/' )
rjE[T',l],_]Zl ...... s
where C is a constant that depends only on Aq, ..., As.

p is not well

Denote y,f"ﬂ(-) £ yob, 7L...., 7). Note that for small , v
B

. : . . . o, .
defined if some ’;—’ < % However, since ’;—’ — Aj as n— 00, ¥, "~ is then well
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defined for large enough n and this observation is used in the following Lemma 5.6.
Note that we are only concerned with the asymptotic behaviors of g, and the linear
functional [ w;g,, and so it suffices to consider y*# for large enough 7.

LEMMA 5.6. For all large enough n, y,f"ﬁ

Ky ; 1 b N
Zn_—/ wi(x)y,f"ﬁ(go(X))dx/wi(go—gn)

= n (fwigo)? Ja

(5.5) @) \ 7P (g0(x)
_ nl w; (X go(x . s
/’; (1 1 1 fwzé’O) go(x) (g0(x) = &n(x))dx + Op(n ).

is a well-defined function and

PROOF. For notational simplicity, we shall write y, for y, # in this proof.

Consider all enough large n such that ’;—’ > 1;/2 > 0 for each i so that y,; s well
defined. From (5.3), by separating the terms in the first sum into s-sample, we have

d 0 (8n(Xi))) ni Y1 cijvn(@n(T)))
5.6 ( n(8n(Xij)) ) . J ( _
( ) ; JX:I gn(le) ; n fwign

Note that

b n
/a wi ()Y (8n () dx — D cijvn (%(Tﬂ)‘

j=1

b
- ‘ / W ()Y (80 (1)) dx

b gn(x)(X 0y Ioz, | SUPxe[a p) Ji(x) + Iﬁlgo(a))
T =1 2 mfxeab] f_](x)

<MC'(b - Tn>§n<0+) =0,(n™"),

<M

where C’ 2 X llwzlsupxqa b Ji ¥)+1Blgo(a)

% and the last equality follows from the
j 172 mfxe[a b) f](x)

fact that b — T, = Op(n~ 1) and Lemma 5.3. To see that b — T), = OP(n_l) let
le, Jj=1,...,ny, be the order statistics from the first sample X1;, j =1,...,n;.
Observe that, for some universal constant L,

P(ni(b—T.)) > M) = (1 —IP(X” . [b— n_A;fbD)nl 3 (1 B %)m

Hence, b — T, <b — T} = 0,(n]") = 0,(n~"). Also, note that 1/ [ w;g, =
O,(1) by Proposition 4.1(ii) together with the latest result that | fab w; (x) x
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Y (8n(x))dx — ?:1 Cijyn(@n(T))| = Op(n_l), by writing (5.6) in terms of em-
pirical measures I;, we obtain

TS A (x) 4+ 0p(n 7).

n; f wz(x)yn(gn(x)) _ nl Vn(gn(x))
g n Jwign / 8 (x)

By applying a change of variable formula f; (x) dx =dF;(x),

n, Vn(gn(x)) S wigo
'/ gO(X) dhi )f tgn

_an/ Vn(gn(x)) dF[,ni(X)—l-Op(l’l_l).

By telescoping and rearranging the terms, we obtain

5.7) nl/ Vn(gn(x)) dFi(x)fwigO_fwign

- =A1+ A+ 0,(n™Y,
go(x) S wign pin)

where

Al AZ”I/ Vn(gn( )) i — F) (),

gn(x)
S ni Yn(8n(x)) _ Yn(8n(x)) _
AZ_; n /a ( 8n(x) go(x) )dF’(x)'

() Let F£{f:R —> ]R f is decreasing and 0 < f < go(a)}, and F; = {f :
R—>R:f=C,Cel%, 1]}, foreachi =1,...,s, which is a class of constant

(gn x) _ Vn(gn(x))

%00 PR if we define

functions. For A, note that Vo

go(b) if g,(x) < go(b),
Zn(x) £ 138,(x)  if go(b) < ga(x) < go(a),
go(a) if g,(x) > go(a).
Clearly, {g,} C F. Define

o,B r r
Bl ) e e mi= )
fa

As the mapping (x,71,...,75) — y""ﬁ(x, r1,...,¥s)/x is uniformly bounded
and globally Lipschitz continuous on (0, co) x [%, 1]x---x [%, 1], and the fam-
ilies of functions F, F1, ..., Fy are Donsker classes [see Example 2.6.21 in van
der Vaart and Wellner (1996)], where all functions in each family are also uni-
formly bounded, all the conditions in Theorem 2.10.6 in van der Vaart and Wellner
(1996) are satisfied and we can conclude that I'* is also a Donsker class.

(5.8) r* é{
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Let[ & {%g”)};’lil. Clearly I' c I'* and so Aj is OP(n_l/z) as s is finite.
(ii) For A, by telescoping and rearranging the terms

- ni b Yn(8n(x)) _Vn(gn(x))
2 /( gn(x) go(x)

)dF,- x)

:i@ by (n(x)) wi (D)

(g0(x) = &n(x))

(5.9) = nJa gn(x)go(x) Jwigo
= Z . fwlgo /b wi(X)%(go(x) — &n(x))dx
=1+ I,
where
R N T

R I ¥n(80(x))
LAY - () LR80 )
? —n fwigo/a Wi 80(x)

For I;, note that

(80(x) — &n(x)) dx

N

i 1 b
e / wi (x)

Yn(8n (X)) ¥n(g0(x))

‘|go(X) — &n(x)|dx

=i 1 Jwigo Ja 8n(x) g0(x)
ni b ) )
=< ; n fw,g / (g0(x) —gn(x))de =0,(n 1/2)’

by the boundedness of wj;, the Lipschitz continuity of x — y,(x)/x and Lem-
ma 5.4. Hence, by (5.7), (5.9), the fact that A; = O,(n""/?) and I = 0,(n"1/?),

nl/ Vn(gn(x)) Fi(x )fwth fwién
go(x) l fwlén

| b vn(go(x)) A ~1/2
_ngwlg()/; wl(X)W(gO(X)—gn(X))dX‘i‘Op(l’l )

Changing the variable d F; (x) = f;(x) dx on the left-hand side, we obtain

i

— n [wigo [ wign

m w; (%) \ ¥u(go(x)) . 1
_/ (l I”fwzgo) 20(xX) (go(x) — gn(x))dx + O, (n~ /7).

b A A
/ Wi () Y (80 (1)) dx / wi (g0 — &n)
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Telescoping the denominator on the left-hand side and using the fact that [ w; (go—
8n) = OP(n_1/4) from Lemma 5. 4(ii) and noting that fb w; (X)Yn(gn(x))dx <
MC' (b —a)g,(0+) = 0p(1), and 'A = 0, (1) from Proposition 4.1(ii),

s ; 1 b R A
Z%W/ wi(x)yn(gn(x))dxfwi(go_gn)
i=1 i “

(5.10) - .
l’ll w; (X Vn(go(x . i
_/a <l o fwlgo) 20(%) (g0(x) — gn(x))dx + O, (n~"77).

Fix ¢ > 0. As x — ¥, (x) is Lipschitz,
b

b
/ Wi (X) Vi (8 (1)) dix — / Wi () v (0(x)) dx

b
<M f 17 (80() — Y (80 ()| dx
b A
< MC/a 182 00) — g0()| dx

b 12
< MC(b— a)‘/z( [ (@ - go(x))2dx>
=0,(n™""%),

where the last equality follows from Lemma 5.4(iv). In light of this result, without
changing the overall order, we can replace y,(g,(x)) by y,(go(x)) in the first
integral on the left-hand side of (5.10) to obtain (5.5). O

Denote S, = i=1 ’,'1’ fi = m, A, be the s x s diagonal matrix with elements
in order and
A T 1
(5.11) Wit [(f o £ (R R,
n

Also define S, W and A to be the limiting versions of S,,, W,, and A,,, respectively,
such that S £ Y°3_, A; f3,

we (g i A

and A is the diagonal matrix diag(ry, ..., As).

LEMMA 5.7. (i) For all large enough n, the rank of the matrix A, W, A, — Ay
iss—1.
(ii) The rank of the matrix AWA — A isalsos — 1.
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PROOF. We shall only prove part (i), as part (ii) is completely analogous. Con-
sider all large n such that % > % > 0 for each i. Using Theorem 5.19 in Perlis
(1991), it suffices to show that A, W,, A, — A, is singular and hasa (s — 1) x (s — 1)

nonsingular principal submatrix. Denote 12 (1,...,1)" and
T
— ni n L/ n
WnéAanAn:/(_fl _st> _<_f1 _st>,
n n S, \n n
Direct computation gives (W, — A,)1 = 0. Therefore, W, — A, has eigenvalue 0,
implying that it is singular. Now, let A, = diag(%L, ..., "*=1) and
T
— ni Ng—1 1 /n ng—1
Wn,bé/(_fl e = fs—1> —(_fl e = fs—1>.
n n S, \n n

Clearly, Wn,b — App is a principal submatrix of W, — A,. For any 0 #
ueR ulA,pu= Zf;ll uly;—‘ Applying the Cauchy—Schwarz inequality to

(sl iy, £i(x))2, we obtain

i=1 n

dx

_ b (I My fr(x))?
T _ i=1n
# Wbl = /a Pkt 5 Ji(x)
/b 02 M2 i () (232 % fi(x) e
a Zi:] r;_kfk(x)

b=l
</a (Z%u?ﬁ(x))-ldx

i=1

<

s—1 b
n:
= E —luiz/ ﬁ(x)dx:uTAn,bu,
i—1 " Ja

where the strict inequality follows as Zf;ll “u?f; # 0 whenever u # 0 and
Zf;ll Sfi(x) <2 K fi(x) for all x € [a, b] as 7+ > 0. Therefore, u" W —
Ay, p)u < 0 whenever u # 0. Hence, Wn,;, — Ap p 1s negative definite and so it is

of full rank, s — 1. [

PROPOSITION 5.8. Foreachi=1,...,s, we have
(5.12) /w,-gn —/w,-goz 0,(n"13).

PROOF. It suffices to consider all large n such that 2 > A; /2 > 0 for each i.
For a sequence of matrix B;, we denote B, converges to B in the usual matrix

& Swi(go—E&n) S ws(g0o—8n)\T
norm by B, — B.Letn, = ( Twigo 0 Twsg )
three steps:

. We split the proof into
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(i) We first provide some useful identities. For some constants oz, k=1, ..., s,
i=1,...,s,define y, 1 (-) £y 0(, 1 oL o) foreachk=1,...,s. Thatis,

le 105kifi(b)
Sl L fi(b)
le 105szz(g0 (x))

S fiey ()
SYRLIA0

j 1 nf](a)

Recall that S, =Y 7 _; ’;—k fx. Clearly, we have some systematic representations for
the terms in (5.5) as follows:

b
/ i () vk (80 (0)) dx

for 0 < x < go(b),

Y k(X) = for go(b) < x < go(a),

for x > go(a).

(5.13)

B b w; (x)go(x) f1(x) b w; (x)go(x) f (x)
‘°‘“/a Sy (x) d”"'*“’“/a S (x) ax.

and for x € [a, b],

S . .
5.14) (Z ni wi(x) )yn,k(go(x» L ) @)
= n[wigo) go(x) Jwigo Jwsgo
Note that [ w;go and n; /n are nonzero. Hence, we can find scalar d,g')’s such that
b
(5.15) / wi ()Y i (80(x)) dx = d / w/’go fori,k=1,...,s
a l

Define A 2 (@gi)sxs» Dn 2 (d\”)sxs. From (5.13) and (5.15), we have
(5.16) WaAT=A,'D,/,
where W, = W, is defined in (5.11) and A, = diag(5t, ..., 75).

’n

(ii) Let V, £ D,, — A. Combining (5.5), (5.14) and (5.15), we have

Vnﬂnz(Op(”_l/z) Op(”_1/2)>T

If V,, were nonsingular, the result would follow immediately; however, using
(5.16), for a nonsingular choice of A, V, = AA;l(An W,A, — Ay) exactly has
rank s — 1 by Lemma 5.7, therefore, V), is rank deficient. On the other hand, in the
proof of Lemma 5.7, we know that the principal submatrix obtained by deleting
the last row and last column of A, W, A, — A, is nonsingular. This implies that
the first s — 1 rows of A, W, A,, — A, are linearly independent. Choose A to be
the identity matrix, then since A, is diagonal, it follows that the first s — 1 rows of

V,, are also linearly independent. Denote v,T [reens v; s to be the first s — 1 rows
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of V,,. To complete the proof, we construct a vector that is linearly independent of
(vL, el vnTS_l).

(iii) Let y,0() = y®1(-, 2L ..., %) That s,
xgo(b)
— for 0 D),
J lnfj(b) or0<x <go

5.17 ,, = for go(b) < x < go(a),
(5.17) Yn,0(x) - 1nff(g o) 80 80

L(a) for x > go(a).
Clearly,

b b w; (x)gd(x)

(5.18) [ witmoleot) dx = [ P .
and for x € [a, b],

21 wi(x) \ ¥a0(go(x))
5.19 — ’ =1.
G (; n fwigo> go(x)

Let g, = (2 [ 480, % [ LE0)T Following (5.18), (5.19) and the fact that

[go(x)dx = fgn(x)dx =1, (5.5) becomes ‘I,Iﬂn = OP(n_l/z). We finally claim
that v, 1,..., vy 5—1, q, form s linearly independent vectors in R*; indeed, if

ClVp, 1+ Cs—1Vps5—1 + Csqn = 0,
then, in particular, we have
c1{vn1, 1) + -+ es—1{vns-1,1) + ¢5(q,, 1) =0,

where (-, -) is the standard inner product on Euclidean space. In the proof of
Lemma 5.7, we know that (A, W, A, — A;)1=0.As V, = AA;I(AHW,,A” —

A,), hence as row vectors of V,, (v,;,1) =0 for each i =1,...,s — 1. Fi-
nally, as (g,.1) = >>}_, "n—’ffﬁs—fo >3 %% > 0, we know ¢; = 0. Since
Vy.1,-.-,Vns—1 are linearly independent, we know that ¢y = --- = ¢;—1 = 0.
Hence, v, 1, ..., vy 5s—1, q, are linearly independent. Now, consider

T _ B T
(5.20) (vn,l e Ups—1 Qn) N, = (OP(n 1/2) OP(n 1/2)>

Note that V,, = AW, A, — A. As the integrands in W,, are bounded, W,, - W
by bounded convergence theorem. Also, A, — A = diag(Ai, ..., As). There-
fore, V, > AA(A"'WA — A). Similar to the discussion of V,, we see that
the first s — 1 rows of V are linearly independent. Moreover, ¢, — g =
(A [ %, ces ks f %)T. Using the same argument for the linear independence
of {vn,1,..., Uns—1,qn}, we see that {vy, ..., vs_1, g} is also linearly independent.
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In addition, (v,,1 -+ Yy 51 qn)T - (v1,..., vs_l,q)T. By their nonsingulari-
ties, the convergence of the inverses is warranted:

(01 vns1 ) ) = (1 v )TN

As a finitely linear combination of terms of the common order O, (n—1/2), each
component of 5,, preserves the same order of convergence. Hence, the result fol-
lows. [

LEMMA 5.9. Foreachi=1,...,s,we have

n
> go(T))ci —fwigo =0,(n"""?).
Jj=1

PROOF. See the details provided in Section 10 of the Supplementary Material
[Chan et al. (2018)]. O

COROLLARY 5.10. Foreachi=1,...,s, we have

n
> go(Tj)ci —_/wién
j=

= 0,(n"'7).

PROOF. The claim follows directly from Proposition 5.8 and Lemma 5.9. [J

5.2. Rate of convergence of the monotone MLE g,. To establish the asymp-
totic equivalence of G, g, and Gy.g, and that of U,,, 4, and Up.¢o» the local consis-
tency of g, at an appropriate rate, particularly of order around 1/3 if not too less
(see Proposition 5.13), is necessary in addition to the result \/n (Z’}Zl go(Tj)cij —
Jwign) =0 »(1). Essentially, for each target point 7y, we want to show that cer-
tain events have arbitrarily small probability. To this end, we first aim to show that
there is an arbitrarily high probability that g,, has a jump in an interval of the form
(fo— R, 1o — Cn—1/3] for large enough n. This result can be ensured by the uniform
consistency of g, in Proposition 4.1(iv).

Then, by considering a sample point for which g, has a jump in that interval,
the key inequality in proving Proposition 5.13 is (10.23) in the Supplementary Ma-
terial [Chan et al. (2018)], which is similar to the one in the proof of Lemma 2.1
in Banerjee (2007) and to (5.20) in Groeneboom and Wellner (1992). All of these
inequalities could actually be obtained by considering Karush—Kuhn—Tucker op-
timality conditions; also see (8.2) and (8.3) in the Supplementary Material [Chan
et al. (2018)]. The inequalities in Banerjee (2007) and Groeneboom and Wellner
(1992) involve expressions that contain estimators 1},, (z) and I:”n(Ti), which can
be bounded by the same expression with ¥r(zg) and Fp(#p) in place of 1},1 (z) and
Fu(T)), respectively. However, we can only replace g,(7;) by go(fo) in the first
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term of the corresponding expression in (10.23) as there is no direct comparison
between the magnitudes of [w;g, and [ w;go, in which the former appears in
the second term of that expression. Nevertheless, by using the ,/n-convergence
of [w; g, as explained before, we are still able to show that the event considered
in (10.24) has an arbitrarily small probability; see Lemma 5.11. The proof of the
local consistency of g, with n~!/3-rate then follows from the arguments as that
developed in Groeneboom and Wellner (1992) and Banerjee (2007).

LEMMA 5.11.  For any ¢ > 0, there exist Cy > 0 and Ry > 0 such that for any
C > Cpand 0 < R < Ry, we have

1 s n; Cijj ) )
P( sup - +Y ——L-]>0] <e,
(zelnj:t;j:qo( ngo() ; n [ wign

for all sufficiently large n; here, I, = (to — R, to — Cn™/3].

PROOF. See the details provided in Section 10 of the Supplementary Material
[Chan et al. (2018)]. O

LEMMA 5.12. For any € > 0, there exist C1 > 0 and Ry > 0 such that for any
C > Cjand R < Ry, we have

1 S e
P<inf > (— +> = )<0)<e
[ p— —1 3 _’\ —_— f— ’
tEI”j:to—ZCn*1/3§Tj<t l’lgo(lo 2Cn~Y ) =1 n fwlgn

i
for all sufficiently large n; here I, = [tg — Cn~ 13,1y + R).

PROOF. See the details provided in Section 10 of the Supplementary Material
[Chan et al. (2018)]. I

PROPOSITION 5.13. For any K1 > 0, we have

sup  |&n (0 —I—hn_1/3) — go(10)| = OP(n_1/3).
he[-K,K1]

PROOF. See the details provided in Section 10 of the Supplementary Material
[Chan et al. (2018)]. [

LEMMA 5.14. Givene > 0and C > 0, there exist D > 0 and R > 0 such that
for large enough n,

P(sup > ( : +ini °u )ZO)SS;

B A —1/3 n fw:p
1€y jup<1; <t9—26n~113 ngo(to —2Cn=13) ~ = n [wign

here I, 2 (ty — R, tg — (2C + D)n~1/3].
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PROOF. See the details provided in Section 10 of the Supplementary Material
[Chan et al. (2018)]. O

LEMMA 5.15. Fix K, > 0. Consider an interval of the form [ty — Kon~1/3,
to+ Kon~13]. Let 7, and 1,7 be the two points corresponding to the last change
of slope of g, < to — Kan™'/3 and the first change of slope g, > to + Kon=1/3,
respectively. Then t,” —ty = OP(n_1/3) and 1',;" —ty= 0p(n_1/3).

PROOF. See the details provided in Section 10 of the Supplementary Material
[Chan et al. (2018)]. I

6. Asymptotic distribution of the monotone MLE. Let Bj,.(R) denote the
space of all locally bounded real functions on R endowed with the topology of
uniform convergence on compacta.

6.1. Asymptotic distributions of Gn,gn and 0n,g,1- In Lemmas 6.1 and 6.2, we
first establish the asymptotic equivalence of G,,, 4, and Gn ¢ and the asymptotic
equivalence of l}n, ¢, and ﬁn 0> Tespectively.

LEMMA 6.1. Forevery K >0,

~ ~ P
sup |G, go(t) — Gy 5, ()] = 0.
re[-K,K]

PROOF. See the details provided in Section 11 in the Supplementary Material
[Chan et al. (2018)]. O

LEMMA 6.2. Forevery K > 0,

~ ~ P
sup  |Up, g0 () — Un.s, ()] — 0.
te[—K,K]

PROOF. See the details provided in Section 11 in the Supplementary Material
[Chan et al. (2018)]. O

In showing the asympt(;tic equivalence of (7,1’ 4, and ﬁn, g in Lemma 6.2, the
a n
nite matrix used in the proof of Proposition 3.2 will lead to incomplete cancella-
tion of terms when applying Taylor’s expansion theorem. Therefore, we require
the results in Section 5 in order to complete the proof. In addition, the func-
tion ¢(x,-), which is the negative log-likelihood of a single datum, as previ-
ously mentioned, appears in fj’n’ T and En,w of Lemma 2.4 in Banerjee (2007)

choice of sz instead of (2) for the diagonal elements of the positive defi-
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as a function of one variable; while our presently proposed ,, the negative log-
likelihood function of all the data, appears in l~]n, ¢, and l~]n, ¢ as a function of
n variables. This is because unlike the monotone response model considered in
Banerjee (2007), where separability of the arguments in the log-likelihood func-
tion can be achieved, such a mathematical simplification does not appear in our
present problem. Indeed, in Banerjee (2007), the negative of the log-likelihood
function is }_7_; ¢(X;, ¥ (Z;)) while the corresponding expression in our case
Ya(zly .., 2n) = Z"leogzj + > i nilog(3_y_; zkcik). As a result, unlike
in the proof of Lemma 2.4 in Banerjee (2007), where algebraic cancellation of
some terms could be ensured when applying Taylor’s series expansion theorem,
we are actually confronted with more terms, where the determination of their or-
ders could not be resolved by applying any common approach available in the
literature. More speciﬁcally, the minimal possible order o (n_l/ 3) of the term
> i1 80(Ti)cix — [ wign would be needed. Corollary 5.10 ﬁlls this important gap.
In l1ght of the asymptotic equivalence of G, . and G ,go and that of U

and Un g0 it suffices to find out the asymptotic d1str1but1ons of Gn g0 and Un .20
which will be established in the following Lemmas 6.3 to 6.5, respectively, by
using arguments as developed in van der Vaart and Wellner (1996).

LEMMA 6.3. The process Gn, o0 (1) converges uniformly in probability to the
identity function on any compact interval [— K, K], for any K > 0.

PROOF. See the details provided in Section 11 in the Supplementary Material
[Chan et al. (2018)]. O

Define

a 1 -
(%) :n1/6<g0(X) " go{X;()(;;O(tO))[ (x <to+m™ ") —1x <1)].

Simple calculation leads that )»Un, g0 () =A1(t) + Az (1) + A3(r), where

MO 2 Y M [ (0 d i, — F ),

i=1

s , l‘()-l—l‘n_l/3 _ t
Ay(t) 2 Z”_zn2/3/ go(x) — go(to) dF; (%),

—n f 8% (x)

S

ax Moo ] i3

25 2ot L ) JdF,
2/32”1 J 1 ¢ij (I(T; <to+tn_l/q’)—1(T <t0))
n -

i1 Y i1 Cik80(Tx)
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Let [°*°[—K, K] be the space of uniformly bounded functions on [—K, K]
equipped with the topology of uniform convergence. Let W (¢), t € R, be the stan-
dard two-sided Brownian motion with W (0) = 0.

LEMMA 6.4. The process A|(t) converges weakly, in Bioc(R), fo the process
APW ().

PROOF. See the details provided in Section 11 in the Supplementary Material
[Chan et al. (2018)]. O

LEMMA 6.5. l~]n’ g0 converges weakly in Bio.(R) fo the process U defined by

UG 2 LW(;‘) g (to)ltz

e 7 , t e R.

PROOF. See the details provided in Section 11 in the Supplementary Material
[Chan et al. (2018)]. I

6.2. Main theorem. Let L (R) £ {¢: [ ¢>(t)dt < oo for all ¢ > 0}, with
the topology of L2-convergence on compacta. For a, 8 > 0, define the process
Xg, (1) L aW@) — ,Btz, t € R. Let Gy g denote the LCM of X, g and g, g the
left derivative of G, g. Denote also X, () £ pl/3 (gn(to + tn~13) — go(t)), a* &
A~1/2 and b* £ |g((t0)]/2.

Our main theorem, Theorem 6.6, can be proven using continuous-mapping ar-
guments for slopes of least concave majorant estimators as illustrated by Banerjee
(2007). The main ingredients of the proof will be the asymptotic distributions of
(N}n’ 2, and Un 3, discussed in Section 6.1. Finally, the asymptotic distribution of g,
at fg € (a, b) is a direct consequence of Theorem 6.6 and follows the argument as
in Banerjee (2007); see Theorem 1.1.

THEOREM 6.6. Under Assumptions 2.1, X, (1) E 8a* b+ (1) finite dimension-
ally and also in the space L3 (R).

loc

PROOF. See the details provided in Section 11 in the Supplementary Material
[Chan et al. (2018)]. O

As in equations (6.7)—(6.9) in Banerjee and Wellner (2001), it is easy to see that

D
8a*,b* (I) = a*(b*/a*)l/3 - 81,1 ((b*/a*)2/3t),
as a processes indexed by ¢ € R. Using switch relationship, we also know that
£1,1(0) D 2argmax, {W(t) — t2}. Hence, we obtain Theorem 1.1.
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7. Discussion.

7.1. Comparison with Groeneboom (1996). A comprehensive piece of work
that also deals with nonseparated log-likelihoods in monotone function models
is Groeneboom (1996), which studied the estimation of survival functions under
case-2 interval censoring. Here we provide a detailed comparison between the ap-
proach in Groeneboom (1996) and ours:

1. The indicator function 1jp.) in Lemma 4.4 and g in Corollary 4.3 in
Groeneboom (1996) play similar roles as w; in our Proposition 5.8 in the sense
that they appear in certain linear functionals whose rates of convergence are de-
manded for establishing the asymptotic distribution of the corresponding estima-
tors at a fixed interior point. The 1yp .) (resp., g) in Groeneboom (1996) are quite
arbitrary and the corresponding statement in Lemma 4.4 (resp., Corollary 4.3) is
valid uniformly in ¢ (resp., g in a suitable class of functions). On the other hand, as
long as Assumptions 2.1 are satisfied, our Proposition 5.8 holds. Therefore, there
is also flexibility for the choices of w; but the problem setting requires them to
be fixed at the first place. In principle, /n(f wg, — [ wgo) = O, (1) should also
hold uniformly in w over a suitable class of functions; however, this is not of our
primary concern in this article and, therefore, we do not discuss in details.

2. The proof leading to Lemma 4.4 in Groeneboom (1996) and that for our
Proposition 5.8 are very different. In his case, due to a missing data structure,
integral equation (3.8) is constructed by considering the score operator and its
adjoint, but we do not have such a missing data structure in our present problem.
Instead, we make use of the Karush—Kuhn-Tucker conditions to prove Lemma 5.5
and its more useful corollary Lemma 5.6. In particular, Groeneboom (1996) uses
(4.29) to define 5,, £ that links the linear functional of interest as indicated in (4.36).

This is similar in spirit to our y,, *# in Lemma 5.6 and Yn.k in Lemma 5.8. While
6;.F serves as a transformation of 1y, and g through the solution to the integral
equation (4.29); our y, x in Lemma 5.8 is defined so that we can form an invertible
matrix transformation to recover the rate of convergence of the linear functional
[ w; g, due to our multiple samples mechanism.

3. Moreover, in the proof of Lemma 4.4 in Groeneboom (1996), two crucial
estimates are required, namely (4.39) being obtained using the L;-rate of conver-
gence of F,, and (4.42) being a consequence of Donsker class of the set of functions
involving 9}7 r. In our case, the corresponding results would be Lemma 5.4(iv) for

(4.39) and the fact that a class of functions related to y,fl *# is a Donsker class; see
(5.8), for (4.42). In particular, in deriving the (squared) L,-rate of convergence of
gn from its rate of convergence in Hellinger distance in Lemma 5.4, the crucial
fact that g, (a+) = O,(1) is required (Lemma 5.3).

4. After proving Lemma 4.4 and Corollary 4.3 in Groeneboom (1996), the re-
maining steps to derive the asymptotic distribution of the estimator at a fixed inte-
rior point are relatively similar to other monotone-constrained estimation problems
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such as that in Groeneboom and Wellner (1992) and Banerjee (2007). In particu-
lar, the proofs of Lemma 4.5, (4.56) and (4.57) are analogous to our proofs of
Lemmas 5.11 and 5.12; Lemma 4.6 in Groeneboom (1996) is analogous to Propo-
sition 5.13; Theorem 4.4 in Groeneboom (1996) corresponds to the derivations in
our Section 6.

7.2. Concluding remarks. In this article, we study nonparametric estimation
of a decreasing density function gg in a s-sample biased sampling model, and
provide the existence, uniqueness, self-characterization, consistency, rates of con-
vergence and asymptotic distribution of the maximum likelihood estimator at a
fixed interior point. The major challenges come from nonseparability and a lack
of strictly positive second-order derivatives of the negative of the log-likelihood
function. We have developed notable arguments to establish the tightness of the
monotone MLE and the rate of convergence of the linear functionals of the esti-
mator, which are key ingredients to complete the proof of asymptotic distribution.

The self-characterization of the monotone MLE suggests an iterative algorithm
to compute the MLE. An initial estimator can be obtained as the slope of the least
concave majorant of the distribution function estimator of Vardi (1985), and an
update of the estimator is defined as the solution of the right-hand side (3.5). These
updated values will then serve as the initial values for the next iteration and the
procedure will continue iteratively until convergence.

Kernel smoothing is an alternative approach to density estimation. In compari-
son to kernel smoothing, which typically requires selection of a bandwidth param-
eter, an advantage of the monotone MLE is that it can be defined and computed
unambiguously without introducing a smoothing parameter. The price paid is the
monotonicity assumption of the density function. In one-sample estimation with
an unbiased sample, Jankowski (2014) recently developed the asymptotic distri-
bution of the Grenander estimator under misspecification of the monotone density
assumption, and the extension to s-sample biased sampling models will be studied
in the future.
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SUPPLEMENTARY MATERIAL

Supplement to “Estimation of a monotone density in s-sample biased sam-
pling models” (DOI: 10.1214/17-A0S1614SUPP; .pdf). In the supplementary pa-
per, we provide the proofs for Propositions 3.1, 3.2, 4.1 and 5.13, Lemmas 5.1,
52,54,55,5.9,5.11,5.12, 5.14, 5.15, 6.1, 6.2, 6.3, 6.4 and 6.5, Theorems 1.1
and 6.6. In addition, we also state and prove the fact that the function £, defined in
(3.3) is concave in p in Proposition 8.1, and hence establishes the unique existence
of g, in Proposition 8.2.

REFERENCES

BANERJEE, M. (2007). Likelihood based inference for monotone response models. Ann. Statist. 35
931-956. MR2341693

BANERIJEE, M. and WELLNER, J. A. (2001). Likelihood ratio tests for monotone functions. Ann.
Statist. 29 1699-1731. MR1891743

BARLOW, R. E., BARTHOLOMEW, D. J., BREMNER, J. M. and BRUNK, H. D. (1972). Statistical
Inference Under Order Restrictions. Wiley, New York.

CHAN, K. C. G. and WANG, M.-C. (2012). Estimating incident population distribution from preva-
lent data. Biometrics 68 521-531. MR2959619

CHAN, K. C. G,, LING, H. K., SIT, T. and YAM, S. C. P. (2018). Supplement to “Estimation of a
monotone density in s-sample biased sampling models.” DOI:10.1214/17-AOS1614SUPP.

CoOOK, R. C. and MARTIN, F. B. (1974). A model for quadrat sampling with visibility bias. J. Amer.
Statist. Assoc. 69 345-349.

Cox, D. R. (1968). Some sampling problems in technology. In New Developments in Survey Sam-
pling (N. L. Johnson and H. Smith, eds.) 506-527. Wiley, New York.

DaviDOV, O. and ILIOPOULOS, G. (2009). On the existence and uniqueness of the NPMLE in
biased sampling models. J. Statist. Plann. Inference 139 176-183. MR2473996

DRUMMER, T. D. and MCDONALD, L. L. (1987). Size bias in line transect sampling. Biometrics
43 13-21.

DUMBGEN, L., WELLNER, J. A. and WOLFF, M. (2016). A law of the iterated logarithm for
Grenander’s estimator. Stochastic Process. Appl. 126 3854-3864. MR3565482

EL BARMI, H. and NELSON, P. 1. (2002). A note on estimating a non-increasing density in the
presence of selection bias. J. Statist. Plann. Inference 107 353-364. MR1927774

GILL, R. D., VARDI, Y. and WELLNER, J. A. (1988). Large sample theory of empirical distributions
in biased sampling models. Ann. Statist. 16 1069-1112. MR0959189

GRENANDER, U. (1956). On the theory of mortality measurement. II. Skand. Aktuarietidskr. 39
125-153. MR0093415

GROENEBOOM, P. (1985). Estimating a monotone density. In Proceedings of the Berkeley Con-
ference in Honor of Jerzy Neyman and Jack Kiefer, Vol. Il (Berkeley, Calif., 1983) 539-555.
Wadsworth, Belmont, CA. MR0822052

GROENEBOOM, P. (1996). Lectures on inverse problems. In Lectures on Probability Theory and
Statistics (Saint-Flour, 1994). Lecture Notes in Math. 1648 67-164. Springer, Berlin. MR 1600884

GROENEBOOM, P., HOOGHIEMSTRA, G. and LOPUHAA, H. P. (1999). Asymptotic normality of
the L error of the Grenander estimator. Ann. Statist. 27 1316-1347. MR1740109

GROENEBOOM, P. and JONGBLOED, G. (2014). Nonparametric Estimation Under Shape Con-
straints: Estimators, Algorithms and Asymptotics. Cambridge Series in Statistical and Proba-
bilistic Mathematics 38. Cambridge Univ. Press, New York. MR3445293

GROENEBOOM, P. and WELLNER, J. A. (1992). Information Bounds and Nonparametric Maximum
Likelihood Estimation. DMV Seminar 19. Birkhiuser, Basel. MR1180321


https://doi.org/10.1214/17-AOS1614SUPP
http://www.ams.org/mathscinet-getitem?mr=2341693
http://www.ams.org/mathscinet-getitem?mr=1891743
http://www.ams.org/mathscinet-getitem?mr=2959619
https://doi.org/10.1214/17-AOS1614SUPP
http://www.ams.org/mathscinet-getitem?mr=2473996
http://www.ams.org/mathscinet-getitem?mr=3565482
http://www.ams.org/mathscinet-getitem?mr=1927774
http://www.ams.org/mathscinet-getitem?mr=0959189
http://www.ams.org/mathscinet-getitem?mr=0093415
http://www.ams.org/mathscinet-getitem?mr=0822052
http://www.ams.org/mathscinet-getitem?mr=1600884
http://www.ams.org/mathscinet-getitem?mr=1740109
http://www.ams.org/mathscinet-getitem?mr=3445293
http://www.ams.org/mathscinet-getitem?mr=1180321

2152 CHAN, LING, SIT AND YAM

HAUSMAN, J. A. and WISE, D. A. (1981). Stratification on endogenous variables and estimation:
The Gary income maintenance experiment. In Structural Analysis of Discrete Data with Econo-
metric Applications (C. Manski and D. McFadden, eds.) 365-391. MIT Press, Cambridge, MA.

HUANG, J. and WELLNER, J. A. (1995a). Asymptotic normality of the NPMLE of linear functionals
for interval censored data, case 1. Stat. Neerl. 49 153-163. MR1345376

HUANG, J. and WELLNER, J. A. (1995b). Estimation of a monotone density or monotone hazard
under random censoring. Scand. J. Stat. 22 3-33. MR1334065

IMBENS, G. W. and LANCASTER, T. (1996). Efficient estimation and stratified sampling. J. Econo-
metrics 74 289-318. MR1411601

JANKOWSKI, H. (2014). Convergence of linear functionals of the Grenander estimator under mis-
specification. Ann. Statist. 42 625-653. MR3210981

KANG, Q., NELSON, P. I. and VAHL, C. 1. (2010). Parameter estimation from an outcome-
dependent enriched sample using weighted likelihood method. Statist. Sinica 20 1529-1550.
MR2777335

PATIL, G. P. (1984). Studies in statistical ecology involving weighted distributions. In Statis-
tics: Applications and New Directions (Calcutta, 1981) 478-503. Indian Statist. Inst., Calcutta.
MRO0786158

PATIL, G. P. and RAO, C. R. (1978). Weighted distributions and size-biased sampling with applica-
tions to wildlife populations and human families. Biometrics 34 179—189. MR0507202

PERLIS, S. (1991). Theory of Matrices. Dover, New York. MR1215486

PRAKASA RAO, B. L. S. (1969). Estkmation of a unimodal density. Sankhya, Ser. A 31 23-36.
MRO0267677

SMITH, W. and PARNES, M. (1994). Mean streets: The median of a size-biased sample and the
population mean. Amer. Statist. 106—10.

VAN DE GEER, S. (2000). Empirical Processes in M-Estimation. Cambridge Univ. Press, Cambridge.

VAN DER VAART, A. W. and WELLNER, J. A. (1996). Weak Convergence and Empirical Processes:
With Applications to Statistics. Springer, New York. MR1385671

VARDI, Y. (1985). Empirical distributions in selection bias models. Ann. Statist. 13 178-205.
MRO0773161

WANG, M.-C. (1991). Nonparametric estimation from cross-sectional survival data. J. Amer. Statist.
Assoc. 86 130-143. MR1137104

WANG, M.-C. (1992). The analysis of retrospectively ascertained data in the presence of reporting
delays. J. Amer. Statist. Assoc. 87 397-406.

WANG, X. and ZHOU, H. (2006). A semiparametric empirical likelihood method for biased sampling
schemes with auxiliary covariates. Biometrics 62 1149—-1160. MR2307440

WOODROOFE, M. and SUN, J. (1993). A penalized maximum likelihood estimate of f(0+) when
f is nonincreasing. Statist. Sinica 3 501-515. MR1243398

K. C. G. CHAN H. K. LING
DEPARTMENT OF BIOSTATISTICS DEPARTMENT OF STATISTICS
UNIVERSITY OF WASHINGTON COLUMBIA UNIVERSITY
SEATTLE, WASHINGTON 98195 1255 AMSTERDAM AVENUE
USA NEW YORK, NEW YORK 10027
E-MAIL: kcgchan@uw.edu USA
E-MAIL: hokkan.ling @columbia.edu
T. SIT
S. C. P. YAM

DEPARTMENT OF STATISTICS

CHINESE UNIVERSITY OF HONG KONG

SHATIN, NT

HONG KONG SAR

E-MAIL: tonysit@sta.cuhk.edu.hk
scpyam@sta.cuhk.edu.hk


http://www.ams.org/mathscinet-getitem?mr=1345376
http://www.ams.org/mathscinet-getitem?mr=1334065
http://www.ams.org/mathscinet-getitem?mr=1411601
http://www.ams.org/mathscinet-getitem?mr=3210981
http://www.ams.org/mathscinet-getitem?mr=2777335
http://www.ams.org/mathscinet-getitem?mr=0786158
http://www.ams.org/mathscinet-getitem?mr=0507202
http://www.ams.org/mathscinet-getitem?mr=1215486
http://www.ams.org/mathscinet-getitem?mr=0267677
http://www.ams.org/mathscinet-getitem?mr=1385671
http://www.ams.org/mathscinet-getitem?mr=0773161
http://www.ams.org/mathscinet-getitem?mr=1137104
http://www.ams.org/mathscinet-getitem?mr=2307440
http://www.ams.org/mathscinet-getitem?mr=1243398
mailto:kcgchan@uw.edu
mailto:hokkan.ling@columbia.edu
mailto:tonysit@sta.cuhk.edu.hk
mailto:scpyam@sta.cuhk.edu.hk

	Introduction
	Background and problem formulation
	Examples of applications
	An overview of our approach
	Organization

	Notation and assumptions
	Existence, uniqueness and characterization of the monotone MLE gn
	Existence and uniqueness of the monotone MLE gn
	Characterization of the monotone MLE gn via theory of isotonic regression

	Consistency of the monotone MLE gn
	Rates of convergence of the linear functional wi gn and the monotone MLE gn
	Rate of convergence of the linear functional wi gn
	Rate of convergence of the monotone MLE gn

	Asymptotic distribution of the monotone MLE
	Asymptotic distributions of Gn,gn and Un,gn
	Main theorem

	Discussion
	Comparison with Groeneboom (1996)
	Concluding remarks

	Acknowledgments
	Supplementary Material
	References
	Author's Addresses

