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Abstract. We consider the number of blocks involved in the last merger of a A-coalescent started with n blocks. We give conditions
under which, as n — 00, the sequence of these random variables (a) is tight, (b) converges in distribution to a finite random variable
or (c) converges to infinity in probability. Our conditions are optimal for A-coalescents that have a dust component. For general
A, we relate the three cases to the existence, uniqueness and non-existence of invariant measures for the dynamics of the block-
counting process, and in case (b) investigate the time-reversal of the block-counting process back from the time of the last merger.

Résumé. Nous considérons le nombre de blocs impliqués dans le dernier regroupement d’un A-coalescent issu de n blocs. Nous
donnons des conditions sous lesquelles, quand n tend vers ’infini, la suite de variables aléatoires (a) est tendue (b) converge en loi
vers une variable aléatoire finie ou (c) converge vers 1’infini en probabilité. Nos conditions sont optimales pour les A-coalescents
qui ont une composante de poussiere. Pour un A général, nous associons ces trois cas a 1’existence, I’unicité et la non-existence
d’une mesure invariante pour la dynamique du processus de comptage des blocs. Dans le cas (b), nous étudions le retourné en
temps du processus de comptage des blocs depuis de le temps de dernier regroupement.

MSC: Primary 60J27; secondary 60K05; 60G51
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1. Introduction and main results

We consider coalescents with multiple mergers, also known as A-coalescents, which were introduced in 1999 by
Pitman [12] and Sagitov [13]. If A is a finite measure on [0, 1], then the A-coalescent started with n blocks is a
continuous-time Markov chain (I1,,(¢), ¢ > 0) taking its values in the set of partitions of {1, ..., n}. It has the property
that whenever there are b blocks, each possible transition that involves merging k > 2 of the blocks into a single block
happens at rate

1
Aok = /0 P21 - p)PFAp), (1)

and these are the only possible transitions. One can also define the A-coalescent started with infinitely many blocks,
which is a continuous-time Markov process (I1s(?),# > 0) taking its values in the set of partitions of the positive
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integers such that for all n, the restriction of (I1(2),# > 0) to the integers {1, ..., n} has the same law as (I, (¢),
t>0).

Let N, () be the number of blocks in the partition I1,(#). Denote by 7,, = inf{t : N,,(¢) = 1} the time of the last
merger. In this paper, we are interested in the distribution of

L, = Nn(Tn_),

the number of blocks that coalesce during the last merger. The asymptotic behaviour of the distribution of L,, depends
on how much mass the measure A has in the vicinity of point 1. Here it turns out to be decisive whether or not the
finiteness condition

1
/0 |log(1 — p)|A(dp) < oo 2)

is valid. We shall prove that (2) together with a logarithmic nonlattice property implies convergence on the sequence
(Ly) in distribution. Without additional assumptions condition (2) entails tightness of (L, ), but in general not conver-
gence. In the presence of dust, (2) turns out to be necessary for tightness of (L, ). When the A-coalescent comes down
from infinity, which means that almost surely Noo(#) < oo for all # > 0, we have T, < 0o almost surely. See [14] for
a necessary and sufficient condition for the A-coalescent to come down from infinity. In this case the distribution of
L, converges as n — oo to the distribution of Noo(Teo—).

A second issue is the characterisation of the limit distribution of L,, in case of convergence by means of invariant
measures (. Let

i—1

i ..
pij = (i - l)ki,i—jﬂ, Pi 2=j§pij, l<j<i

Then p;; is the rate at which N, jumps from state i to j, and p; is the total rate of a jump from i. In particular note
that p;; = A; ;. We consider locally finite measures ;= (i;);i>2 on {2, 3, ...} which fulfill the equations

o o
Z Wjpji =Mipi, 1>2, and Zujpﬂ:l- (3)
j=itl j=2

Note that for such measures p we have p; > 0 for all i > 2. The first property in (3) says that the measure p on
{2,3,...} is p-invariant: for each i > 2 the flow of mass into the state i > 2 equals the flow out of i. The second
property says that the total flow out of the set {2, 3, ...} equals one. We shall address questions of existence and
uniqueness of solutions to (3) and shall in particular prove that in case of convergence of L,, the limiting distribution
has weights w; p;1, i > 2, with (u;);>2 being the unique solution of (3). Moreover this representation of the limit will
allow us to identify the time-reversal of the block-counting process.

Hénard [8] and Mohle [11] were able to calculate the limiting distribution for L, when A is the beta distribution
with parameters 2 — « and « for 0 < @ < 2. Note that this coalescent process comes down from infinity only when 1 <
o < 2. Earlier, Goldschmidt and Martin [6] had calculated this distribution for the Bolthausen-Sznitman coalescent,
which is the case « = 1. Abraham and Delmas found this limit for « = 1/2 in [1], and for all @ € (0, 1/2] in [2].

We are now going to present our main results. Throughout, we will assume that A is a nonzero, finite measure on
[0, 1]. Theorem 1 concerns tightness.

Theorem 1. Suppose that condition (2) is satisfied. Then the sequence (L;),>1 is tight.

Under an additional regularity condition, we are able to show that the distribution of the number of blocks involved
in the last merger tends to a limit as n — oo. We call the measure A log-nonlattice if

vd >o:iA({1 —e 1) < A((0, 1).

z=1



Size of last merger in A-coalescents 1529

Theorem 2. Suppose (2) holds, and A is log-nonlattice. Then the sequence (Lp)n>1 converges in distribution.

In this theorem the log-nonlattice assumption cannot be completely avoided. Indeed we shall show below that
when A has all its mass at one single point within (0, 1), the sequence (L,),>1, though tight, does not converge in
distribution. It is natural to conjecture that in the lattice case we always will experience such non-convergence.

The next theorem shows that condition (2) is necessary for tightness of the size of the last merger in the presence
of dust.

Theorem 3. Suppose

1
fo p'AWdp) < o0 4)

and hence in particular A({0}) = 0. Also suppose

1
/0 [log(1 — p)[A(dp) = oo. (5)

Then for all positive integers £, we have

lim P(L, <¢)=0. (6)
n—0oo

It was shown in [12] that (4) is the condition under which the A-coalescent has a dust component, which means
that for all t > 0, the partition [T, (#) contains singleton blocks almost surely. We can see from the statements of
Theorems 1 and 3 that when A satisfies (4), the condition (5) is necessary and sufficient for (6) to hold. Therefore, the
only case that remains open is the case when the A-coalescent fails to come down from infinity but there is no dust
component. In that case, we expect that it is possible that (5) holds but (6) fails to hold.

The central tool for the proof of Theorem 3 is a uniform approximation of log N, (¢) by the solution of an SDE
driven by a subordinator, see Theorem 10 in Section 3 and its corollaries. These results can be seen as refinement
and generalization of the subordinator approximation by Gnedin, Iksanov, and Marynych [5] in the presence of a dust
component, see Remark 13 below.

Whenever the random variables L, converge in distribution, it is natural to ask whether convergence in distribution
holds for the block-counting processes N, = (N, (#));>0 as n — oo in any finite observation window around state 1.
An appropriate description is by means of time-reversal. As a tool we use p-invariant measures satisfying equations
(3). Existence and uniqueness of such measures are closely related to the asymptotic behaviour of the sequence of
distributions of the last merger sizes L,,.

Theorem 4.

(i) If L, — oo in probability as n — o0, then there is no solution to (3).
(1) If there is a probability measure m = (71;);>2 on {2,3, ...} and a sequence of positive numbers oy, n > 1, not
converging to 0, such that as n — oo

P(L,=1)~a,m;

foralli > 2, then the measure @ = (Wi );>2 given by p; pi1 = m;, i > 2, is the unique solution to (3). In particular,
if the sequence (L,)n>1 converges in distribution to a finite random variable L, then

P(Loo =1) = pipi1 = HiArii, 1>2.

(iii) In all other cases, there exist at least two different solutions of (3). In particular we have at least two solutions if
the sequence (Lp)n>1 is tight, but not convergent in distribution.
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In the case of a coalescent coming down from infinity, as already stated above, item (ii) applies. In the presence
of dust the three cases all occur (see Theorem 2, Theorem 3, and Section 5). At first sight one may expect that the
condition P(L, =i) ~ a,m; in item (ii) will occur only with o, — 1, that is the random variables L, converge in
distribution. At the moment, however, we cannot exclude the possibility that the sequence (¢;,) is not convergent.

Theorem 4 will allow us to treat the time-reversal Nn = (]\A/n (t))s>0 of the block-counting process N,,. This process
is defined as the cadlag process given by

N, (T, —t)=) for0<t<T,,

Nu(t) :=
n(®) fort > T,.

In particular we have Nn O =L,.

Theorem 5. Ifthe sequence (L, ),>1 converges in distribution, then also the sequence of processes (I\A]n) n>1 converges
in distribution in Skorohod space. The limit N, is a Markov jump process with values in {2, 3, ...} and jump rates

A MjpPji

Pij . <,

1

where the |u; are the weights of the p-invariant measure from Theorem 4(ii).

Remark 6. For the Kingman coalescent a direct computation shows that the solution of (3) is given by

2 .
=0 =2
ii—1

For A = Beta(2 — «, ) with & € (0, 2), Hénard [8] and Mohle [11] obtain

Wi

i—1 -1 i—1 .
(=1 a(?—l)f[o,l] 71_(1‘_)()17& dx ifa#l,

P(LOO = l) = 1 X,’,l .
Y f[o,l] Toa(i—m) 4% ifo=1.
Since in this case A; ; = g E’Z:Z‘é; , we obtain from Theorem 4 an expression for the p-invariant measure p obeying (3).

The rest of this paper is organized as follows. We prove Theorem 1 in Section 2. In Section 3, we show how
to approximate the number of blocks in the A-coalescent by means of a subordinator when (4) holds. We prove
Theorem 2 in Section 4. In Section 5 we give an example in which (L, ),>1 is tight but does not converge in distribution
because the log-nonlattice assumption in Theorem 2 fails. We then derive Theorem 3 in Section 6, and we prove
Theorems 4 and 5 in Section 7.

2. Proof of Theorem 1

It will be useful throughout the paper to work with a Poisson process construction of the A-coalescent. The construc-
tion that we will give is a slight variation of the original such construction provided by Pitman in [12].
Assume A ({0}) = 0. Let ¥ be a Poisson point process on (0, co) x (0, 1] x [0, 1]* with intensity

dt x p*ZA(dp) X duy X -+ X duy.

Let I1,(0) = {{1}, ..., {n}} be the partition of the integers 1, ..., n into singletons. Suppose (¢, p, uy,...,u,) is a
point of W, and IT,(r—) consists of the blocks By, ..., Bp, ranked in order by their smallest element. Then IT,(¢) is
obtained from IT, (#—) by merging together all of the blocks B; for which u; < p into a single block. These are the
only times that mergers occur. This construction is well-defined because almost surely for any fixed 7y < oo, there are
only finitely many points (¢, p, uy, ..., u,) of W for which # < #y and at least two of u1, ..., u, are less than or equal
to p. The resulting process I1,, = (I1,, (), t > 0) is the A-coalescent. When (¢, p, uy, ..., u,) is a point of W, we say
that a p-merger occurs at time 7.
We will need the following simple lemma pertaining to the rate at which the number of blocks decreases.
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Lemma 7. Consider the A-coalescent I1,, started with n blocks and let 0 <y < 1. Let W, =inf{t > 0: N, (t) < yn}.
Then there exists a positive constant C, depending on A and y but not on n, such that E[W,] < C foralln > 2.

Proof. For 2 <k < n, the probability that & is the smallest integer in one of the blocks of IT, (¢) is bounded above by
the probability that the integers 1 and k do not merge before time ¢, which is e ~*22", Therefore,

E[N,®)] <1+ (n — D)e 22",

Thus, using Markov’s Inequality,

yn yn yn

— —A2 0t
P(Wn>l)=P(Nn(t)>yn)<w§ 1 +M'

Because 122 = A([0, 1]) > 0 by assumption, there exists #p > 0 such that P(W,, > tp) < 1/2 for sufficiently large n.
By increasing the value of #( if necessary, we can arrange for this inequality to hold for all n > 2. Then by repeatedly
applying the Markov property, we get P (W, > mtg) <2~ for all positive integers m. It follows that E[W,] < 2t
for all n > 2, which gives the result. O

Lemma 8. Let By, , have a binomial distribution with parameters b and p. Then for all k, x > 0

P(By,p>b—k) <2ptt/*] )
and
P(By,, > x) < p*2". (®)
Moreover,
1 1—(1— b+1
[B;,,,,+1}: (1(a+11;1)9 ' ©)

Proof. To prove (7), let &1, ..., &, be independent random variables with P(§; = 1) = p and P(§;, =0) =1 — p.
Observe that

J
P(U{si =0}

i=1 i=

b

b .
k
sizb—k)sjP(sFO]E sizb—k>s%.
1 i=1

In particular, if j < b/2k, then the right-hand side is less than 1/2 and, taking complements, we get
4 1
P<sl=-~~=s,-=1\Zsi zb—k> =
i=1
It follows by taking j = [b/2k] that
b
P(Zsi zb—k) <P ==& =1)=2plt/H,
i=1

which gives (7).
To show (8) we obtain from an exponential Markov inequality that

P(Byp>x) <e ™ (1+ pe*)’ (10)

with A > 0. Putting A = —log p the inequality follows.
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Finally, we have
1 "1 (b 1 & (b+1
El —— | = - k(g o=k~ k1] _ pyb—k
|:Bb,p+l:| ,;)k+l<k>p( P) (b—i—l)p;(k—}-l)p 1=
which equals the right-hand side of (9). (]

Theorem 1 is an immediate consequence of Proposition 9 below when m = 1. (We state this proposition in a more
general form, which we will use in the proof of Theorem 2.)

Proposition 9. Suppose that (2) holds. Then for all ¢ > 0, there exists a positive integer K, such that P(m < N, (t) <
K.m for some t > 0) > 1 — ¢ for all integers m and n such that 1 <m < n.

Proof. For K > 2, let A,, , be the complement of the event that m < N,(t) < Km for some ¢t > 0. If A,, , occurs,
then for some nonnegative integer ¢, a single merger takes the coalescent from between 2¢Km + 1 and 2T Km
blocks down to m blocks or fewer.

Suppose there are b blocks in the A-coalescent at some time, where b > 2¢Km + 1, and then a p-merger occurs.
For the p-merger to take the coalescent down to m blocks or fewer, the number of blocks that participate in the merger
must be at least b —m + 1. By (7), if m > 2, then the probability that this occurs is bounded above by

2plb/2m=D] < 9 LA Km+1D)/Qm=1)] < 5, 2°(K/D) < 2" (K/D=1

If m = 1, this probability is bounded above by p? <2 pZK(K /2=1 Because, from the Poisson process construction of
the A-coalescent, we know that p-mergers take place at rate p~>A(dp), it follows that the rate of events that take the
coalescent down to m blocks or fewer is bounded above by

1
2 f p* KD dp).
0

By Lemma 7, the expected amount of time for which the number of blocks is between 2¢Km 4 1 and 2+ Km is
bounded above by C for all £. Therefore,

o0 1
4 _
Plnn) <2 | <= nap)

—2C ZPZ (K/)— gA(dp)
0 =0

<2 / 2(K/D=3) A (dp).
A Z

=0

For any a > 0 and any x € (0, 1), we have

0 00 ., 0 2t 2xia oox
I < B I I
= =

41]211+1 e=1j=nt-14 j=l1

ZZa ja

=2[log(1 —x)|.

J
Therefore, if 1 <m < n, then for K > 6
P(Amn)<4C/ log(1 — p®/273)| A(dp).

It follows from (2) and the Dominated Convergence Theorem that this expression tends to zero as K — 0o, which
gives the result. U
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3. An approximation in the case of dust

Condition (4) allows us to approximate the number of blocks in the A-coalescent by a subordinator. For this, we will
use the construction of the A-coalescent from the Poisson point process W introduced at the beginning of Section 2.
Let ¢ : (0, 00) x (0, 1] x [0, 1]* — (0, c0) x (0, oo] be the function defined by

¢, put, ..., uy) = (t,—log(l —p)).

Now ¢ (W) is a Poisson point process, and we can define a pure jump subordinator (S(¢),t > 0) having the property
that S(0) =0 and, if (¢, x) is a point of ¢ (¥), then S(#) = S(r—) + x. This subordinator first appeared in the work of
Pitman [12] and was used to approximate the block-counting process by Gnedin et al. [5] and Mohle [10]. The next
theorem provides a refinement.

Define

L1—a-p¢ AW
f(y):=/0 (d=p)” Adp) g, (11)

ey p2

From (4), we see that f(y) is finite for all y € R. Also f is decreasing with limy o f(y) = 0, because for fixed p
the integrand has this behaviour. Let Y, = (¥,,(¢))>0 be the solution of the SDE

t
logn — S(t) = Y,(t) — / f(Yu(s))ds, 1>0. (12)
0

Our goal is to show that for coalescents with dust the log of the block-counting process follows closely the process
Yy, up to the time when N, has nearly reached the state 1. The drift f (Y, (¢)) dt appears because a merging of b out
of N, (¢) lines results in a decrease by b — 1 and not by b lines, see equation (23) below. For this purpose, we define
for any k£ > 1

Ten c=inf{r > 0: N, (1) <k}. (13)
Theorem 10. Under assumption (4), for all ¢ > O there is an integer k > 2 such that for all n,

P( sip  [log N (r) — Yo (1) 53) S1—¢ (14)
110,10 1010.75)

Note that (14) controls the distance between Y,, and log N,, up to the first time point when N,, jumps below k. This
time point is excluded only if the jump leads directly to 1, i.e. on the event {7 , = T, }.
Before proving this theorem let us derive some consequences.

Corollary 11. Under assumption (4), for all € > 0 there is an integer £ such that

P( sup [log Ny () — Y, (1)) 5@) ~1—¢. (15)

0<t<T,
Proof. For 7 , <t < T, and |log N, (tk.n) — Yy (Tk.n)| < & we have, since f(x) >0,
Yn(t) = S(thkn) — S@) + Yn(thn) = S(tien) — S(T) — &

Hence, since f is decreasing,

T,

|Yn(t) - Yn(fk,n)| < S(Tx) — S(tk.n) +/ f(Yn(S)) ds

Tk,n

< S(Ty) — S(ti,n) + f(S@ien) — S(T) — &) (T — Thn)
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and therefore
[log N,y (1) = Y, (1)| < [log Ny (t) — log Ny (tie.) | + [log Ny (thn) — Yo (Tiesn) | + [ (Tieon) — Ya (2|
<logk +¢&+ S(Ty) — S(tk,n) + f(S(Tk,n) = S(Tw) — 8)(Tn — Tk,n)-

By the strong Markov property, 7,, — 7%, is stochastically bounded from above by 7} and similarly S(7,) — S(zk,») by
S(T). Therefore SUPy, | <i<T, |log N,,(t) — Y, (¢)] is stochastically bounded on the event | log N, (tk,,) — Yn (Tk.n)| < €.
The claim now follows from Theorem 10. O

Since f(x) — 0 for x — o0, the processes Y, and logn — § are in view of (12) close to each other, and one may
wonder whether also logn — S is suitable to approximate the log of the block-counting process. This works under a
stronger condition.

Corollary 12. Under the assumption

/ |log (p) < o0, (16)

for all € > 0 there is an integer k > 2 such that for all n,

P( sup \1ogN,,(z)—1ogn+S(z)yge)>1—e. (17)
tE[O,‘(k,n]m[O,Tn)

Proof. For z > 1 we have 1 — (1 — p)* < pz A 1. Therefore with z = ¢”

o0 Lre1—1-p¢  Ad
/ f(y)dyzf / ( - p) dy (21?)
0 0 JO e p
1 [log p| o0
5/ (/ = pdy—i—/ eydy>—A(Cip)
0 0 |log p| p

1
=/ (|10gp|+l)w <00
0 p

For any integer i we have on the event SUp; <, [log N, () — Y, (t)| < € because of the monotonicity of f,

/ P (Fae)) ds < 3 / 2" flog Nuls) — ¢) ds
0

j=i T2j+1.n
<D f(log2—e) (T, — Tai+1 )
j=zi

From Lemma 7 and the strong Markov property there is a C > 0 such that

EUO A (s))ds:| =Y f(jlog2

j=zi

e¢]

—&<— f(ydy.
1g2 (i—1)log2—e

Choosing i large enough this bound may be made arbitrarily small. In view of (12) and Theorem 10 our claim
follows. U

Remark 13. Gnedin, Iskanov, and Marynych [5] also studied the absorption time 7, by coupling with a subordinator.
The hypothesis of Lemma 4.2 in [5] is that

1 X
/ (/ v(y) dy))c1 dx < 00,
0 0
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where v(y) = f yl x~2A(dx). This condition is equivalent to (16). To see this, note that

1 1 1 X
/(|1ogx|+1)x—1A(dx)=/ (—xlogx+x)x_2A(dx)=/ (/ (—logy)dy)x_zA(dx)
0 0 0 0

1 1 1 1
:/ (—logy)(/ x_zA(dx)) dy=/ (/ Z_ldz>v(y)dy
0 y 0 y
1 z
:/ (/ v(y)dy)z_ldz.
0 0

We now come to the proof of Theorem 10. It requires two preparatory lemmas.

Lemma 14. Suppose X has a binomial distribution with parameters b and p. Then
X+1 1/ X+1 1—p

log| —— ) —1 =—\—F-p——= R, 18

og<b+1> ogp p( p )+ (18)

where

A-p
EIR = G,

Proof. By the Mean Value Theorem, if x > 0 and y > 0, then there exists a positive number z between x and y such
that log x —log y =z~ ! (x — y). Therefore, there exists a random variable Z between (X + 1)/(b + 1) and p such that

oo XY, 1/X+1 1(X+1 o
og| —— )—-logp==(——-+-p)=—|———-p) R,
B\ b+1 EP=7\box1 7))\ b1 P
where
1 1 X+1
po(LoD)(XE)
p Z)\b+1

Clearly R’ > 0. It remains to bound E[R’]. Because Z must be between (X +1)/(b+1) and p, we see that |1/Z—1/p|
can be bounded from above by substituting (X + 1)/(b + 1) in place of Z. We get

1 b+1 X+1 X+1 b+1
Pl B (KL X e,

p X+1/)\b+1 b+ Dp X+1
Now by (9),
)=
E < .
X+1 b+ p
Therefore,

I =
E[R]< 22HL =P
b+ Dp b+ Dp

Letting R = (1;14:—1’;,) — R’ proves the lemma. O

Lemma 15. Suppose A((0, 1]) > 0, and define i , as in (13). Then there exists a positive constant C1, depending on
A but not on n, such that forall 2 <k <n,

Tk,n l C'1
EUO - ds] < (19)
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Proof. Because A((0, 1]) > 0, there exist positive numbers r and d such that A([r, 1]) = d. This means that p-
mergers with p > r occur at rate d. Let a € (0,7 A 1/2) and ¢ € (0, d). By the Law of Large Numbers, there exists a
positive integer m such that for b > m, whenever the coalescent has b blocks, the rate of mergers that will bring the
coalescent down to fewer than (1 — a)b blocks is at least c. Let e, be the expected time, when the coalescent starts
with b blocks, before the number of blocks drops below (1 — a)b. Let

1
C:max{—,ez,...,em}.
c

Then, for all b > 2, if the coalescent starts with b blocks, the expected time before the number of blocks drops below
(1 —a)b is at most C. For positive integers j, let

Bj={beN:(1-a) YV Yk<b<1-a)/k}.
Then the expected Lebesgue measure of {f : N, (¢) € B;} is at most C. Therefore,

Tn ] —C(l—a)/~! ¢
E[/o Nn<s>”ls}5.Z K ak

j=1

which implies (19) with C; = C/a. O

Proof of Theorem 10. Again we construct the A-coalescent from the Poisson point process W, as described at the
beginning of Section 2. Enumerate the points of W as ((¢;, pi, 41, - - -, ”n,i))?iy Foreachi e N, let

Np(ti—)
X = Z ﬂ{uj.i>17i}’
j=1

which is the number of extant lines that are not included in the merger at time #;. Conditional on p; and N, (#;—),
the distribution of X; is binomial with parameters N, (t;—) and 1 — p;. Also, for all i € N, we have N, (#;) = X; +
1ix; <N, ;—)}- Dividing both sides by N, (#; —) and taking logs, we get

X + 1y, o
logNn(ti)_IOgNn(li—)zlog( ! {Xi <Nu (@i )}>.

Nn(tl'_)
Also,
St) — St—)=—1log(1 - p;).

It follows that for ¢t > 0,

> Xi+1ix, <N
log N, (1) — (logn — S(1)) = Z(log( d N{ (’;_;(t’_)}> —log(1 — p,-))]l{,ift}.
i=1 A
Noting
Xi+1x, <N (z-)}) < X;i+1 ) N,(t;i—) +1
10 i n\li :10 v +:H-X,' N (t— 10 - -
g( Nati—) E\ Nty + 1) TNl 08 T
and letting
Nn(ti_) + 1

o0
Un()) = ) Lix; <N, (- log
i=1

{ti<t}>

Ny (ti_)
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we can write

log N, (1) — (logn — S(1))

_i< 1 ( Xi+1 —(1_P')_L)+R->ﬂ F UL
S\ = pi \Na(ti—) +1 DTN i) + 1 i | L=<y + Un(0),

where R; is defined as in (18), with N, (t;—) in place of n, X; in place of X, and 1 — p; in place of p.
We now break this sum into pieces. Let ¢ > 0,andlet / ={i e N: p; <1 —¢/(4N, (t;—))}. For t > 0, let

o]

1 Xi+1 Di
M,() = —(1=p;)— ———— gy« 1y
(1) ;:1 1= p; (Nn(l‘i—)‘i'l ( pi) N, (Gi—) + 1 {ti<tnTy}Hied)

and
o
V(1) = Z Rily<iat)Liies)-
i=1
The probability that N, (#;) = 1, conditional on N, (¢; —) and on the event {i ¢ J}, is at least 1 — &/4. Therefore,
P(logNn(t) —U,(t) — (logn - S(t)) =M, )+ V,(t) forall t < T,,) >1—¢/4,

which means that for k > 1

P( sup  [log Nu(t) — Un(t) — (logn — S(1))| > f)
1€10,7,,1N[0,T;) 4

=<

+P<sup |Mn(z)|>f>+P(sup|vn(t)|>%). (20)
1<Tkn

1=<Tkn 8

N

Conditional on p; and N,(t; —), the random variable

1 (Xi+(1—pi)_(]_ _)>
1—pi \ No(ti—)+1 b

has mean zero and variance

N, (ti—) pi
(No(ti—) + 120 — pi)’

In particular, the process (M, (t),t > 0) is a martingale. Recalling the definition of 7 , from (13) and putting [, :=
[e/(4(1 — p))], we get for the bracket process (M,,)

Tkn l—e/(4Ny(s)) A(dp)
)4 14 /
M, n) =
(M) (Tk,n) A /() (Np(s)+ 11— p) P2 ’

1 T
1 / kno ] A(dp)
< Lin, 4(1— ds)
/(\) 1 < 0 Nn(s) {Nn(s)>e/(4(1—p))}

1 Tk n AT,
1 knAtp,n Al
< </ » ds> ( P)_
o 1=p\Jo Ny () P

Combining this result with (19) and using t; , A Ty = Tkvi,,n We obtain

1
E[<Mn)(fk n)] < L C1<l A 4(1 B P)) ) A(dp)’
’ o 1—-p \k . ,
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which is finite by (4) and goes to 0 for k — oo. Therefore, by the L> Maximum Inequality for martingales and
Markov’s inequality, we get that for k sufficiently large

3
E[ sup M, (0] = 7= andP( sup | M, (1)| > f) =7 @)

1<Tkn 4-64 I<Tkn 8

We now consider the process (V;,(¢),t > 0). By Lemma 14,

o0
E[ sup [Va)|] = E[Z |Ri|1{,i§fk_n}n{iej}]

1=<Tkn i=1

Tk,n 1_8/(4Nn(5))
§E[/k / P A(dp)ds:|.
o Jo (Na(s) + DA —p)  p?

Thus as above, if & is sufficiently large,

g2 € €
E[ sup |Vn(t)|] < 3—2andP(ti1i£) Vo ()| > §> < 7

1<Tkn
Together with (20) and (21) we arrive at

3e
<

P( sup  [log Nu(t) — Un(t) — (logn — S(1))| > 2) =5 22)
tel

0, tkﬂ]m[os Tn)

Now we approximate U, (t) by fé f(log N, (s))ds, uniformly for ¢ < 7 ,. Note that by (4), there are only finitely
many #; such that ; < T, and X; < N, (t;—). Denote these points by s; < - - - < s,,,, and also set so = 0 and s,,+-1 = 00.
Note that s, = T,,. When the coalescent has b blocks, the points s; appear at rate

1 b Adp) (! A(dp)
b) = ki — b"‘—”:f 1—(1—ph)y22 23
p(b) /0,;(/«>”( P =5 O( (1= p)) 2 (23)

Therefore, the random variables G; = (sj+1 — 5i) p (N, (s;)) for 0 <i <m — 1 are independent standard exponential
random variables, also independent of the process N, (s;), j > 1. Recalling (11), we have p(b) = bf (logh). Now for
t<T,

|
_

! m
/ S (log Nu(s)) ds = F10g Nu(s)) (i1 = 5 Lisi g <0y + (7 = ) L5y <r <51}
0 .
i=0
— m—1 Gl 1 + t— Si ﬂ
= gt Ny, (si) {siv1=t} Sitl — 8 (si<t<siv1} |-

Consequently, since U, (1) = Z;”;Ol log((Ny(si) + 1)/ Ny (si D154 <)

t "lGi—1 "G t—si
log Nu(s))ds — Up(t) = Y —— 1, L e
/Of( g N (s)) ds — Un (1) ;Nn(s» {sl+1sr}+§Nn(si)Si+l_si {si<t<sit1)

m—1
1 Nn(sl-)+1>
+ —1lo Lo <.
;(Nn(si) g N, (s;) {siv1=}
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Using that the second sum has just one non-vanishing summand, and that x — log(1 + x) < x2 for x > 0, we have for
< Tk,n

t
‘ / f(log Ny (s)) ds — Un(1)
0

m—1

< + max i]l{s~<‘rk }+Z—ﬂ{5'<fk }e
0<i<m—1 Np(s;) " 0" = Nu(sp)? %"

(24)

G —
Z N( ) {st+l§t}

We show that for k sufficiently large the supremum over ¢ < 7; , of the right-hand side gets arbitrarily small in
probability, uniformly in n. To this end we deal with the three summands on the r.h.s. of (24) in reverse order.
First we have

m—1 1 1 m—1

1
E ——1 i n) E ) E ——1 Ny (si)=Ny (si— 1 i n
i=0 Nn(si)z b=t k 2 i=1 Ny (Si)2 (8 (oe) (1-D) Hs <Tkn])

and so by Lemma 15

m—1 )
1 %n Ny(s)p(1 — p)M@=1  A(dp)
E[; NaGs)? ! “’“}} _+EU / N(s)? P }

2 T Adp)
- E ds | 2222
Sk+/o [fo Na(s) S} P
1
51(2+C1/ M). (25)
k o P

Second, since E[Giz] =2, we have foru > 0

G; m—1 G
P( max —— 1 >u)<E P ——1y, >M‘N si),i>1
(Ofiim—l Ny (s;) {si <Ten} ) - |:Z_; (Nn (s;) {si<tkn} n(8i), i >

1

1
—E <t
u? |:z =0 N”(s’)2 Huen }:|

A(dp)>

I A

2
uzk

(2 [

where we used (25) in the last inequality.
Third let

Gi—
Mr/z(t)_z N, (s ) Lisir <o)

Then (M, (¢),t > 0) is a martingale with

m—1 m—1
1 1
E[(M,)(tin)] = E{; Wﬂ{smsm}} =< E[; Wﬂ{si<fk,n}:|’
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and again by means of the L, Maximum inequality and (25)

m—1 2 1
G —1 4 A(dp)
E 1y <-(2+4cC — ).
’}W g:mun“mﬁ’}—k<+ I

tffk,n i=0
Using these three estimates we obtain from (24) that for any ¢ > 0

& &
>- )<=,
4>_4

if k is sufficiently large. Combining this bound with (22) we arrive at the formula

P( sup
t€[0, 7, 1N[0,T;)

To finish the proof we define for > 0

P< sup /I f(log Ny (s)) ds — U, (1)
0

I=<Tkn

t
log N, (1) — / f(log Nu(s))ds — (logn — S(1))| > %) <e. (26)
0

'
A, (1) :=log N, (t) — / f(log Ny, (s)) ds — (logn - S(t))
0

t t
=1log N, (1) — / f(log Ny (s)) ds — (Yn(t) — / F(Yu(s)) ds).
0 0
For fixed t and n we consider the event A~ :={t < T,,,t < 1 »,log N, (t) > Y, (¢)} and define the random time
o; = sup{s <t:log N,(s) < Yn(s)}.

Then on the event A> we have log N, (0;—) — Y, (0:—) <0 and f(logN,(s)) — f(Ys(s)) <0 for s > oy, since f is
decreasing. Thus, on A,

0 = IOgNn(t) - Yn(t)

t

=log Ny(0;—) = Yp(or—) + / (f(log Nu($)) = f(Ya())) ds + An(t) = Ay (07 —)

<A(t) — Ap(or—)

<2 sup | A ()]
[E[Oafk,n]m[oan)

Similarly on A< :={t < T;;, 1t < 7t . log N,y (t) < Y, (1)},

0<Yu(t)—logN, (N <2 sup  [A,(0)].
te[0,7,,1N[0,T;,)

Recalling (26), this implies that for sufficiently large &,

e
P( sup |log Ny (1) — Yu (1)| > 8) < P( sup |An ()| > —) <e,
1€[0,7,1N[0.T) 1€[0,74.,1N[0,T;,) 2

which was the claim. U

4. Proof of Theorem 2

In this section we prove Theorem 2. First we provide a lemma which gives a uniform lower bound for the probability
that the block-counting process does not jump over certain intervals.



Size of last merger in A-coalescents 1541

Lemma 16. Assume (2) and that A is log-nonlattice. Fix 0 < § < 1 and K > 1. Suppose m <n < Km. Then there
exist constants C > 0 and o € (0, 1], depending on § and K but not on m or n, such that P((1 — 8)am < N,(t) <
am for somet >0) > C.

Proof. We distinguish two cases. First assume that for all 7 > 0 we have A((0, ]) > 0. Let = 472K/% and define

N;, N to be the block-counting processes belonging to the two coalescents arising by restricting A to the intervals
either [0, n] or (n, 1], and using the same Poisson process W. The processes N,/,, N,/[ are independent, therefore for
any u >0

P((l —8)m < N, (t) <m for some t > O)

> P(N,g/(u) =, N (u) < (1 = 8ym, sup(N,(t—) — NL(1)) < (Sm)
t<u

> P(N,;’(u) =n, N,(u) < (1 = 8)n/K, sup(N,,(t—) — N,(t)) < Sn/K)

t<u

> P(N!(u) =n)P(N,(u) < (1 — $)n/K) — P<sup(N,; (t—) = NL(1)) > an/K).
t<u

By assumption the process N, is non-degenerate. Thus in view of Lemma 7 the expectation of W, := minft > 0:
N, (t) < (1 —$8)n/K} is bounded by a constant «, depending on § and K but not on n. Choosing u = 2« we obtain
from Markov’s Inequality

P(N,(26) > (1 = 8)n/K) = P(W, = 26) = - E[W,] <
Moreover
P(N;/(2k)=n) > e—ZKfnl p2AGp) _

Finally, for the rate at which N, performs at time ¢ a jump of size larger than dn/K, we obtain from (8) and from
the choice of n for n > 4K /§ the bound

! Aldp) _ (7 . A(dp)
/ P(Bn/(i—.p > n/K) = Sf PO/ K QN (1-) =
0 0

< nan/(2K)2nA([0’ 1]) = 2_”A([0, 1])-

Therefore

P((sup (N;(1=) = N;(0) > on/K ) < 227" A([0, 11).

<2k

Putting our estimates together we arrive at
1 _p 1,2
P((1 = 8)m < N, (t) < m for some t > 0) > 7€ 2 [y PTEAEP)

for n sufficiently large and any m with m <n < Km. A further lowering of this bound makes the estimate valid for
all n. Letting o = 1 our claim follows.

For the second part of the proof let A([0, n]) = 0 for some 1 > 0. Then (16) is satisfied such that we may resort
to Corollary 12. Note that our log-nonlattice assumption means that the random walk (S(i),i € Np) is non-lattice
in the usual sense. Condition (2) implies E[S(1)] < oco. Therefore the classical renewal theorem implies that with «
sufficiently small there is a constant 0 < C < 1/2 depending on § such that for all s > 0

1 2
P(Eli eNp:s—loga — glog(l —38)<S8S@{)<s—loga — glog(l —8)) >2C,
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and consequently for m < n (letting s = logn — logm)
2 1
At >0: glog(l —8) +logam <logn — S(t) < - log(l — &) +logam ) > 2C. 27)
Next, choose k according to Corollary 12 so that (17) holds with ¢ = %C A %|log(1 — §)|. Let k be so large that by

Theorem 1, we have P(tx , =1,) = P(N,(T,—) > k) < leC for all n. Then

P( sup [log N, (1) —logn + S(t)| > —|10g(1 — 8)|> l (28)

I<Tk.n 2

In particular with # = 1, since k > Ny (tk ),

l\)l'—‘

(logn — S(tk,n) > logk — —10g(1 — 8))
and hence for n sufficiently large, because m > n/K, and because of a.s. monotonicity of S,
2 1
PVt > 1, :logn — S(t) <logam + glog(l -8 |>1- EC.

Intersecting this event with the event in (27) we obtain

(O8]

2 1
P(Elt < Tt glog(l —6) +logam <logn — S(t) < = log(l —9) +10gam> > —C.

[\S}

Hence from (28) it follows for n sufficiently large and m <n < Km
P(3t < 1pn :log(l — &) +logam <log N, () <logam) > C.
Again by suitably lowering the constant C this estimate holds for all n, which then translates into our claim. ]

Proof of Theorem 2. We prove this result by coupling. Let ¢ > 0. It suffices to show that there exists a positive
integer ng such that if ng < n1 < ny, then we can construct A-coalescents (IT,, (¢),# > 0) and (I1,,(?), t > 0) started
with n1 and n; blocks respectively such that

P(Ny (T, =) = Ny, (Ty,—)) > 1 —&. (29)

By Theorem 1, we can choose a positive integer £ such that P(N,(T,—) <{) > 1 — ¢/4 for all n. Let C be the
constant from Lemma 16 with § = ¢/(4¢) and with the constant K = K/, from Proposition 9. Choose a positive
integer J large enough that

c2\’ ¢
1——) <-.
4 2
Thenfor 1 <j<J,letm; = Ln/J For 1 <j<Jandi€{l,2}, let A; ; be the event that m; < Ny, (1) < Km

for some ¢ > 0, and let D; ; be the event that (1 — §)am ; < Ny, () < am; for some ¢ > 0, with the constant « as in
Lemma 16. It follows from Proposition 9 and Lemma 16 that for 1 < j < J and i € {1, 2}, we have

1
P(D; j)>P(D;;NA;j)=P(A; j))P(DjjlAi;)> EC' (30)
We will need to establish that a similar inequality holds when we condition on the events D; i for k > j. To this

end, let U; y =0 fori e{l,2},and for 1 < j <J —1andi € {1,2}, define the stopping time U; ; = inf{t > 0 :
Ny (1) <amjy1}.Forl < j<Jandi€({l,2},1etG; j = {Ny, (U; ;) >m;}. Let (F;(¢), t > 0) be the natural filtration
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associated with the process (I, (¢),t > 0). With N, (U; ;) figuring as the new starting point, the reasoning leading
to (30) implies that for 1 < j < J and i € {1, 2}, we have, on the event G, ;,

1
P(D; jIFi(Ui ) = EC a.s. 1)
Because m 11 /mj — 00 as ng — 00, it follows from Proposition 9 that
lim P(Gi,j) =1. (32)
no— 00

Since Djx € Fi(U; ;) for 1 < j <k < J and i € {1,2}, the results (31) and (32) imply that if the processes
(ITy, (), t = 0) and (I, (¢), t > 0) are independent, then

. J c2\’ e
limsup P U(Dl,ijz’j) >1-— - >1—§. (33)

np— 00 j:l

We now couple the processes (1, (£),# > 0) and (I, (¢), t > 0). We allow the two processes to evolve indepen-
dently until the times Uj y_; and U, j_1 respectively. If D1 ; N D, ; occurs, then we stop. Otherwise, we allow
the processes to continue to evolve independently until the times U; j_» and Uz j_» respectively. Then we stop if
D1, j—1 N Dy, ;1 occurs, and otherwise continue as before. According to (33), with probability at least 1 — £/2, we
will eventually come to a value of j such that Dy ; N D3 ; occurs. In that case, the independent constructions will be
stopped at the times Uy ;1 and Us, j | respectively, at which times both processes will have between (1 — §)am j and
am ; blocks.

We now suppose the independent constructions are stopped at the times Uy, ;1 and Uy ;1. Set n’1 = Ny, (U1, j-1)
and n), = Ny, (Ua,j—1). Without loss of generality, assume n| < n}. Let By 1, ..., By and By 1, ..., By, denote
the blocks of the partitions IT,, (U1, j—1) and IT,, (Ua, j—1) respectively. We now construct (IT,, (Uy,j—1 +1),t > 0)
and (IT,,(Uz,j—1 +1),t = 0) from the same Poisson point process ¥, as described at the beginning of Section 2.
This means both processes will have p-mergers at the same times, and the number of blocks in I1,, (U2, j—1 +t) that
contain integers from one or more of the blocks By 1, ..., Bz’nr] will equal N, (Uy,j—1 +t). Recall that T, is the
time of the last merger in (IT,,(¢),t > 0). Unless one or more blocks of Il,,(7,,—) contains only integers from the
blocks Bz,n’, Tlseees B2,n’2’ we will have N, (T, —) = Ny, (T, —). By the exchangeability of the coalescent dynamics,
conditional on 7} and n}, the probability that a particular block of IT,,(7,,—) contains only integers from the blocks
By w1, ---s By is at most (n, — n')/n}, which is at most § because we are assuming that Dy ; N D, ; occurs.
Therefore, recalling that £ was chosen so that P(N,,(T,,—) > £) < ¢/4, we have

P(an (Tn] _) 7’5 an(Tnz_)) <

+-—-4+45=¢,

R o
Ao

which implies (29). U

5. Non-convergence for Eldon-Wakeley coalescents

To provide an example where the distribution of the size of the last merger does not converge as n — 00, we now
focus on the class of coalescents proposed in [4] and thus assume that the measure A is concentrated in one point
p # 0, 1. Because of Theorem 1, for such coalescents the size of the last merger is tight. We claim that still L,, does
not converge in distribution as n — oo. There are obvious relations to non-convergence and periodicity phenomena in
the so-called leader election, see e.g. Griibel and Hagemann [7] and references therein.

For notational convenience we restrict ourselves to the case A = p?8 pand p = e~ 1. Then the points of the Possion
point process W are of the form (oj, p,u1,...,uy), i =1,2,..., where the numbers 0 < o1 < 0op < --- form a
standard Poisson point process on R.. Define tx , as in (13).

We shall argue by contradiction, so let us assume that L,, does converge in distribution. Then, as shown in Theo-
rem 5, the sequence of time-reversed Markov chains converges as n — oo in distribution to a limiting Markov chain.
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This implies

Ve>03k >0 Ny(Tkn) > Noos With P(Nooi >2) > 1 —e. (34)

Together with N, we consider a process N, > N, defined inductively as follows: N,(0) = N,,(0) and at times o;
the random number N, (o;) is thinned according to p and afterwards is increased by one. Thinking of N, and N,
as numbers of lines, the difference between both processes only arises, when by a thinning no line of N, is affected.
Then N, does not change its value but N, increases by 1. Given N, () = m this takes place with probability g™ with
g = 1 — p. This may occur several times, and, as long as N,, stays at level m, the expected increase of N, is bounded
from above by g™ /(1 — ¢™) < ¢™/p. Therefore, given ¢ > 0 there is a k such that

m k
E[Nn(fk,n) - Nn(fk,n)] = Z q? = % <e and P(Nn(fk,n) = Nn(fk,n)) >1-—e.

m>k

Combined with (34) we obtain that also for N, the size of the first jump to 1 converges in distribution with n — oo.

Now consider a representation N, = U, + V,, with random variables U, (0) and V,,(0) to be specified below, where
at the times o; both U, and V,, are thinned independently according to p and then V), is enlarged by 1. Note that for
independent U, (0) and V,,(0) the Markov chains U,, and V), are independent as well. Also U, converges a.s. to zero,
whereas V,, is an aperiodic, irreducible chain, which is positive recurrent in view of E[V,,(y,+1) — Vi (0:m) | Vi (00)] =
1 — pV,(op) a.s. Let 7 be its stationary distribution.

Let us study the case N =u* + V with independent Markov chains U* and V, both with the dynamics described
above, where now U*(0) is Poisson(e*)-distributed with A € R and V (0) has the distribution 7. Since p = e, the
random variable U*(q,,) is Poisson(e*—™)-distributed. Let p = inf{r : N' (t) = 1} and p’ = inf{ : U*(t) = 0}. Note
that o’ < p.

We now focus on the event {ﬁk (p—) = 2}. Tt can occur in two different ways, either o’ = p or p’ < p. The first
instance takes place if and only if for some m > 0 we have U*(0,,) = 1, U*(01p41) =0, and V (0,,,) = V(01 11) = 1.
By independence this event has probability

s A
—m
7(1)e! Ze_e Ml

m=0

In case of the event {o’ < p} we have V(o) > 2 and V(p—) = 2. This will occur if and only if, defining & so that
o' = oy, we have for some £ > h that V(0;) >2fori =h,h+1,...,£—2,V(o¢—1) =2,and V(oy) = 1. By applying
the strong Markov property at time o}, and using the independence of the two chains, we see that, letting op = 0, the
probability that this occurs is

a:=P(V(0y),...,V(0e—2) =2, V(6¢—1) =2, V(c¢) = | for some £ > 1).

Replacing A by A 4 n and letting n — oo we obtain

lim_ PN (o) =2) =a+n(De 2f(0) with f():= Y e ",

m=—0oQ

The function f is smooth with period 1. By our assumption that L,, converges in distribution as n — 0o, the function
f does not depend on A. To get a contradiction we compute its Fourier coefficients. They are given by

A

fo) = /OO e—elexe—zmk,\ dh = E[e‘z””‘G],
—0o0

where the distribution of G is standard Gumbel. The characteristic function of the standard Gumbel distribution is
equal to () =I'(1 —it), t € R. Also the gamma function is known to possess no zeros in the complex plane,
thus none of the Fourier coefficients of f vanishes. Therefore f is non-constant, and we arrive at the promised
contradiction.
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6. Proof of Theorem 3

Our proof of Theorem 3 relies on an overshoot estimate for subordinators. The Renewal Theorem for subordinators
(see, for example, Corollary 5.3 in [9]) implies that if (S(¢),7 > 0) is a subordinator and E[S(1)] = oo, then for all
y >0,

lim P(S(t) € [x, x + y] for some 1) =0.
X—>00

To prove Theorem 3, we will need to establish a version of this result which holds for processes that can be obtained
by adding a small state-dependent negative drift to a subordinator.

Proposition 17. Let (S;, t > 0) be a subordinator with E[S1] = 0. Let g : R — R™ be a nonincreasing function such
that

Jim g(x) =0. (35)

For all 7 > 0, define the process (Y{)>0 to be the solution to the SDE

t
yizzo (st - / g(xg)ds). (36)
0

Forall y e R, let ryz =inf{t > 0: Y} < y}. Then for all real numbers K > 0, we have

lim P(Y". €[~K.K])=0. (37)

7—00 Tk

Equation (37) says that for any bounded interval the probability that Y'* jumps over the interval [—K, K] tends to
one as the starting point 7 — 0.

Proof. We will prove this result by following some of the ideas from [3] in the proof of Blackwell’s Renewal Theorem
in the infinite mean case. Let 8} = P(Yf, €[—K, K)), and let
K

Bk =limsup B}, . (38)

>0

Seeking a contradiction, suppose Bx > 0 for some K. Because S is a nondecreasing function of K, it suffices to
obtain a contradiction when K is chosen to be a sufficiently large positive integer. We will choose K to be large
enough to satisfy the following four conditions:

1. We require g(K) < K, which is true for sufficiently large K by (35).
2. We require

P(Si € (2(¢ — DK, 2¢K ] for some £ > 0) > 0 (39)

for all positive integers £. Note that (39) may fail for small values of K, in particular when S; has a lattice
distribution, but will hold for sufficiently large K.
3. We require

1
P(sup(g(K)t —-8) > 1) <5 (40)

t>0

Note that this holds for sufficiently large K in view of (35) and the fact that t ~'S, — oo as t — oo by the Law of
Large Numbers for subordinators.
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4. Let
ag = E[inf{r >0: 8, — g(K)t > 2}], (41)
which tends to a finite limit as K — oo by (35). We require

2ak 8K + Dg(K) _ Pk
K - 3

(42)

If Bx > 0 for some K, then this condition holds for sufficiently large K by (35) and the fact that Bk is a nonde-
creasing function of K.

Because (37) does not depend on the behavior of the process after time 75, we may consider instead the processes
(Z7):>0, defined as the solution to the SDE

IAT
Zieo— (s,_ / g(Zf,)ds). 43)
0

The processes Z* and Y? are the same until time 7., which implies that
By = P(Y; €[-K.K])=P(Z;, €[-K.K]).
However, after time ‘L'ZK the process Z* is no longer affected by the drift term involving g. Because g is nonincreasing,
we have ZF <z — §; + g(K)t for all t > 0. Therefore, (40) implies that
1
P(supi>z+1)<—. (44)
10 2

Let U* denote the potential measure associated with the process Z?, meaning that
o
U*(A) :/ P(Z,Z € A) dt
0

for all Borel subsets A of R. Suppose z > K, and n > K is a positive integer. If the process Z* enters the interval
(n — 1, n], then it drops below n — 2 after a time whose expectation is at most o, and then by (44) and the strong
Markov property, the probability that the process Z* never returns to (n — 1, n] is at least 1/2. It follows that

Uz((n -1, n]) <2ag. 45)

Let 0 < H; < Hp < --- denote the points of a rate one Poisson process, independent of (S;);>0. Note that the process
. )°° . has the same potential measure as (Z7);>¢, in the sense that for all Borel subsets A of R,
Z3y ey has th potential Z{)i>0, in th that for all Borel subsets A of R

U*(A) =) P(Z; €A).

n=1

We can choose an increasing sequence (z;,);,_, tending to infinity such that

lim g = By. (46)

m— 00

It follows from (43) and the monotonicity of g that
Zm_SHl Szzr; SZm+g(Zm_SH1)H1- (47)

Let & > 0. Choose a positive integer L large enough that P(Sy, > 2LK) < ¢. By (35) we can choose a positive integer
mo large enough that for all m > mg

P(g(zm — Su) H1 = 2K) <.
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This together with (47) implies for all
P(zm —2LK <Z3} <z +2K) > 1 2.

For the following we also require that z,,, —2LK > K.
Let u® denote the distribution of Zi,l . By applying the strong Markov property at time Hj, we get for m > my,

L
pe=X [ B (dx) + 2e. s
=0 [zm—2LK, 72 —2(L—1)K)
Write
am.t = / B " (dx). 49)
[zm—20K ,zm—2((—1)K)

It follows from (46) and (48) that

L L
Bk —2e < lrinrgioréfZaml < limsupZam,g < Bk. (50)

=0 Mm=00 41—
By (35), forall £ € {0, 1, ..., L} we have

lim P(Zy € [zm — 26K,z —2(€ = DK)) = P(Su, € (26 — DK, 2tK]). (51)

m—0Q

It follows from (38) and (51) that for £ € {0, 1, ..., L}, we have

limsupay,¢ < Bk P(Su, € (2(€ — DK, 2tK]),

m—00

and then (50) yields
liminfan, ¢ > Bk P(Sh, € (2(€ — DK, 2LK]) — 2e.
m— 00
By taking ¢ — 0, we see that for any fixed nonnegative integer £, we have
lim ap = ﬂKP(SH1 € (Z(E - DK, ZEK]). (52)
m—0oQ

Now we also see from (49) and (51) that

liminfa,,; < (liminf sup B ) P(Sw, € (26 — DK, 2¢K]).
m—00 M= xelzm—20K,zm—2(¢— 1K)
In view of (39) and (52), it follows that for all £ € {1, ..., L} and therefore for all positive integers £, we have
lim inf sup Bx =Bk (53)

m—oo xe[Zm*ZZKsZm*z(e*l)K)

Fix a positive integer M. By (46) and (53), we can choose m sufficiently large that 8" > 2B /3 and for € €
{1,...,3M}, there exists a point xy € [z,, — 2¢K, z,, — 2(£ — 1)K) such that ﬁff > 2Bk /3. Set xo = z;,. We now
consider the processes Z*0, Z*3, Z* .. Z*M which satisfy the stochastic differential equation (43) with the same
driving subordinator but different initial values. For 1 <£ < M, we have

4K < 257" — 23 < 8K. (54)
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Because g is nonincreasing, the processes Z*3¢-D and Z*3¢ get closer together over time but do not cross, which
means

0<Zz " —z" <8K (55)

forall 7 € [0, ;' ]. Thus,

3¢

1% 0 r',?e
/0 |g(Zf3‘) B g(Zf3““))|dz = Z/(; |g(Zf3‘) B g(Z:B(H)) |1{Zf”e(1<+n,K+n+1]} at
n=0

o0 T'I’?Z
= Z/o |g(K +n) —g(K+n+1+ 8K)|1{zf3fe(1<+n,1(+n+11}d"
n=0

In view of (45), we get a telescoping sum, and

3¢

E|:/ K |g(zjcwfl)) _g(zf3e)|dt] <2ag Z(g(K +n)—g(K+n+1 +8K))
0

n=0
8K
<2ag Y g(K+n)
n=0
<2ag (8K + 1)g(K). (56)
Let Dy be the event that
.L.;?l
/0 |€(27") —8(2)|dr < K.
By Markov’s Inequality and (56),
20 (8K + 1)g(K
p(p) < 2B D), -
K
It follows from (54) that on the event Dy, we have Z,*“~" — Z%* > 3K forall 7 € [0, 7;,°]. Furthermore, after time
r}?z, the process Z*3 is no longer affected by the drift term involving g, and thus it decreases at least as fast as
Z*3=b It follows that on Dy, we have wa’l) — Zf” > 3K for all > 0, and thus the process Z*3 can not be in the

interval [—(K + 1), K] at the same time as Z*3¢-D or any other process Z*3/ with j < £. Let

I {t>0:—(K+1)<Z* <Kand 1" <t <1¢"+1} on Dy,
‘ g on Dj.

The discussion above implies that the sets I, are disjoint. Let
K= E[l Ainf{r : S; > 1}].

Given the event D, N {ern € [—K, K1}, the expected Lebesgue measure of /; is at least «. Therefore, using (57) and
K
the fact that ,323‘ > 2Bk /3 followed by (42), we get

E[/ 11{,61“61@ 2K<2’i _ 20k BK + 1>g<1<>> | P
0 3 K 3
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On the event that z"igl € [—K, K], because of (55), we have sz < (8¢+1)K. During the next time unit, the process
Z* can increase by at most g(K), so if t € I, then using that g(K) < K, we get

Zm <8+ 1)K + g(K) < 10¢K.
We next note that if ¢ € I, then Z;™ > K because Z;" — Z;* > 3K as described above. It follows that

o Kﬂ[(ﬁ
Jl{telj}dt]z 3

00 14
U™ (K, 10¢K]) = E[/O Jl{K<thm<10£K}dt:| > ZE[fO

j=1
and therefore if y > 10K, then

kBky
~ 60K °

U (K. y)) = (58)

Because the process (sz Yoo is decreasing after it drops below the level K, it can only jump below zero one time.

In particular, the expected number of times the process jumps below zero is bounded above by one. Therefore, letting
v, denote the conditional distribution of Z;’,Z — ZZ’; ., given Zy, = x, we have

00 3M
1> / Vy ([x, oo))UZ'" (dx) > / Dy ([x, oo))UZ'" (dx).
K K

Let o denote the distribution of the random variable Sy, — H; g(K). Because g is decreasing, we have v, ([x, 00)) >
u([x, 00)) for all x > K. Therefore,

M 00 YAIM 3M

1z [ uroo)uman = [ [ @@ = [ v (k).
K Kk Jk K

Combining this result with (58) gives

<

M
> dy).
Z OK Kyu( y)

Because E[S1] = 0o, we have E[Sy, — H1g(K)] = oo, so the right-hand side is bigger than one for sufficiently large
positive integers M, a contradiction. (]

Proof of Theorem 3. Let K > 2 be a positive integer. If 2 < N, (7,,—) < K and the event in (15) holds, then

Ty
—L +1log2 <logn — (S(T,,—) — / F(¥a(s) ds) <L +1logk, (59)
0

with f defined in (11), and the left inequality holds with T, — replaced by any ¢ € [0, 7). In particular, putting
K':=L +1log K, we have

—K' <Y,(@t) foralltel0,T,). (60)

The right inequality in (59) says that Y, (T,—) < K'. With z :=logn we have Y, (#) = Y} in the notation of Propo-
sition 17, hence 7y, < T,,. Thus —K’ < YTZZ by (60). On the other hand we have Y .fz < K’ by definition, and
K’ K/

consequently Y % € [—K’,K']. Note that E[S]] = oo by (5). Therefore, combining (37) and (15) we see that
P(N,(T,—) < K) — 0 as n — oo, which proves Theorem 3. ([l
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7. Proof of Theorems 4 and 5

We prepare the proof of Theorem 4 by a few lemmas.

Lemma 18. Leti > 2 and ¢ > 0. Then there is a k > i such that for all n
P(Ln =i,N,(t) ¢[i+1,k] forallt > 0) <e.

Proof. Without loss of generality A ({0}) = 0, because otherwise the coalescent comes down from infinity, and the
claim is immediate.
Recall the definition of 7% , in (13). We have

P(Ly=i,Ny(t) ¢ [i + 1,k] forall 1 > 0) < P(Ny(t,0) =1i)

with £ = k + 1. As before, let (t,,, pi), m > 1, be the first two coordinates of the points of W in an arbitrary order.
Denote p := pp, if t,, = 1 . Define for k = 6i /e the events

1 K
A=13i>1:¢t, < ,————<1l—-pi < ——1,
P S Nt p’—Nn(rm—)}
B:={1—-p< ! }
' p_KNn(TZ,n_) '
c={1-p d }
= — > — .
P Nn(tl,n_)
Then
P(Ny(te,0) =i) < P(A) + P({Nu(ze.)) =i} N B) + P({Na(ze.,0) =i} N C). (61)

We estimate these probabilities.
First denote

0 = Tujiin j=0,1,...,

and let r be the smallest integer such that n/k" < £. Then

r—1
1 K
P(A) < P<Eli:a-<t <oj4l,——<1—p, < )
;0 P e Ny (1) "7 Na(tio)

r—1 i1 i +2
SZP<3iIUj<fm50j+l,—<1—17i§ )
n n
j=0

From Lemma 7 we have E[oj11 — 0] < C, for a suitable constant C, depending on «, thus

r—1
A(dp)
P =Y Bl [ !
i=0 N—kit2/n1—ki=V/n) P
<sc, [ Ap)
[(I—«kr*+t/n1) P

Al
- 3CK/ ( 217).
[1—«/,1) P
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Thus, if we choose £ sufficiently large we obtain
&
P(A) < 3 (62)
Second we have on the event B with b = N, (7¢,,—)
p 1 1 bk —1 «
— > — —-—1)> > —
bG—-i+2)(1-p) " b\1—-p - b T2

and consequently on the event B with o = Zjd (jﬁl)(l — pyi1pb—itl

P({Nu(te) =i} N BIp, Nu(te0—) = b. B)
1 b e
=_(. )(l_p)l lpb i+1
a\i—1
b—i+21—p . )
T io1 ﬁpp({N"("’")zl — 1} N BIp, Nu(te,n—) = b, B)
2
k(i—1)

=

Thus, since k > 6/¢

. e
P({Nu(ze,n) =i} NB) < 3 (63)
Third we have on the event C, again with b = N, (t¢,,—) and with b > 2j
p - 2 1 - 2
b—i+1DH(A—-p) " bl—p «
and consequently for £ > 2j
P({Nu(te.n) =i} N CIp, Nu(te,n—) =b, C)
i p . .
=T fﬁp({Nn(zg’n) =i+1}NC|p, Nu(te.n—) =b, C)
2i
< —
Tk
implying
I3
P({Namm)=i}nC) <3 (64)
for k = 6i /e . Now from (61), (62), (63) and (64) our claim follows. U

Recall that p;; denotes the rate for a jump of N, from state i to j, and p; is the rate at which N, leaves i. Next let
forneN

1
/L;”) = ;P(Nn(t) =i for some ¢ > 0).
L
Also let
py=21 1<j<i,

1

be the transition probability from state i to j of the block-counting process of our A-coalescent.
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Lemma 19. Suppose that there are numbers W, i > 2, not all vanishing, such that for some increasing sequence
(nm)m>1 of natural numbers, as m — 0o,

(nm)

Mu; — MK

forall i > 2. Then the measure . = (;);>2 is p-invariant, i.e. satisfies the first condition in (3).

Proof. First we have fori > 2
w pit = P(Ny(t) =i for some t > 0) Py = P(Ly = 1)

and therefore in the limit (along the specified sequence) by Fatou’s Lemma

Zui,oil <1

i>2
Second for2 <i <k

P(Ly=1i,Ny(t) ¢[i + 1. k] forallt > 0) = > P(N,(t) = j for some ¢ > 0) Pj; Piy
Jj>k

=ZM§n)PjiPi1~

Jj>k

Applying Lemma 18 to the left-hand term it follows that for any ¢ > O there is a k such that for all n

ZM;n)Pji <e.

Jj>k
Therefore we may proceed in the equation
n
wpi= " npi
j=i+l

along the given subsequence to the limit to obtain

o
Hipi = Z wjipji, =2 (65)
j=i+1
Thus p is p-invariant. O

Lemma 20. Let v = (v;);i>2 be a measure satisfying (3). Then for any integer a > 1 there are probability measures
wq = (Wi a)1<i<a on {1, ..., a} such that for any i > 2 we have w; , — 0 as a — 0o, and for 1 <i <a

a
Vi = Zﬂl(n)wn,a- (66)
n=i

Proof. Denote fori, j > 1

5. . YiPji _ ViPj
Pij = = jis
Vipi  Vipi
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where we set the undefined quantity vjp; equal to 1. Then the p-invariance and the norming of v (according to the
second condition in (3)) implies ) j P;j =1 for i > 1. Thus we may consider the Markov chain (X;),=o,1,... on N

with initial state f(o =1 and transition matrix (}3,- 7). We claim that it fulfils the equation
Vipj = P(X, = j forsomer), j>1.
We show this claim by induction. For j = 1 both terms are equal to 1. Suppose that it holds for 1 <i < j — 1. Then

j-1 Jj—1
P(X, = j forsome r) = ZViPiPij =V;pj iji =VjpPj-

i=1 i=1
Next define for an integer a > 1 the random times
&, :=max{r>0: f(, <a}
andforl1 <i<a
Nia \= P(X; > alXo=1).

Thenfora>land l=ig<ij<ip<---<ir<a

P(Xo=ig, X1 =i1,Xo=1i2,..., X =ir,Ea =1) = P1;, Piyiy - Pi,_,i,ira

=wj,ab; - Pii Pij1

rir—]
with

Wi =Vipilia, 1=<i<a
and i, = 1 in the case r = 0 (then both products of transition probabilities are set to be 1). For fixed i, summing over
l <ij <ip<---<i,:=i=<aandr >0 we obtain the equality P(Xg, =i)njq = w; 4, and thus Zl<i<a wiq=1.
Therefore we may view the time-reversed process Yy = Xga, Y = f(ga_l, o Y, = )~(0 as a Markov chain on
{1,..., a} with initial distribution w,, transition probabilities P;; and killed after reaching 1. This process coincides

in distribution with the block-counting process of our original coalescent in discrete time, now with initial distribution
wg. This gives another way to express v;: For 1 <i <a

a—1

pivi = P(Y, =i forsomer <§,) = Zpiul(")wn,a,

n=i

which is (66). Also n;, — 0 for a — 0o, which implies w; , — 0. Thus the proof is finished. O

Proof of Theorem 4. (i) Let i > 2. If L,, — 00 in probability, then as n — oo

m  PWLy=1)
Wt =———
Pil

0.

Now suppose that there is a measure v satisfying (3). Then we may apply Lemma 20. Let ¢ > 0 and b > i such that
,ul(") < g for n > b. From (66) for a > b

a b 1
Z EWpq < Z —wy,qtE.
Pi1

b
Vi < Z —wp,q t+
nei Pil n=b+1 n—i

In the limit @ — oo, since w, , — 0 for fixed n, we obtain v; < ¢. Thus v; =0 for all i > 2, which is a contradiction.
Hence there is no solution to (3).
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(i) Now by assumption there is an increasing sequence of natural numbers n,,, m > 1, such that as m — oo

) P(Ln,, =1) T
Mi = -

Pil Pi1

for all i > 2 and for some o > 0. From Lemma 19 it follows that u; := m;/p;1 are the weights of a p-invariant

measure /.

Now let v be any solution of (3). By assumption we have /LE") ~ %ugn) as n — 00. Therefore from Lemma 20 it

follows by a similar argument as in the proof of (i) that, as a — oo,

a
w .
ZZMi wnaNZ ll/«gl)wna“’_z én)wna—M_;VZ-

n=i

This shows that v is a multiple of w.

(iii) In the remaining situation by means of a diagonal argument there are two increasing sequences such that ME")
converges along both sequences for all i > 2, but now the limiting measures are not multiples of each other. Thus
another application of Lemma 19 gives the claim. This finishes the proof. ]

Proof of Theorem 5. Let 0 =yy < y1 <--- < ¥, = T be the jump times of ]\7,, and let A; := y;41 — y; the interim
times. For the proof it is now sufficient to show for fixed » > 1 convergence in distribution of the random vectors
(Nn ), Ao, ..., I\Aln(y,), A,) to the corresponding limiting distribution. The event {¢, < r} has vanishing probability
as n — oo. In view of the strong Markov property of N, as n — oo we have for2 <ip <ij <---<i, <n

P (N, (0) = io, Ao € dito, ..., Nu(yy) =ir, A, €dty)
= P(Nn((Tn - Vr)_) =i, Ar €dty, ..., Nu(T,—) =ip, Ao € dtO)
= M,( )/01, e Pl pi i dty e P01 pyy .
Theorem 4(ii) implies
P (N, (0) =g, Ag € drto, ..., Nu(yy) =ir, A, €d1;)
= Wi, Pi, - €O i,y dty e TP pioy dig.
For i < j define rates p;; and p; by
WiPij = Ijpjis pi IZZ/@;/.
Jj>i
Since p is p-invariant,
Z HjPji = Pi-
/>z
With these terms the above convergence statement transforms into

P(Nu(0) =io, Ao €dty, ..., Nu(yy) =ir, A € dty)

— 0 1 N 715 tr—1 N —0: 1 A
= HigPigl - € Pio’0. Pigiy dto---e "=t pi g dt—g - e pirtr. pi, dty

= P(Noo(0) =g, Ag € dto, ..., Noo(yy) = ir, A, €dy).

This is our claim. O



Size of last merger in A-coalescents 1555

Acknowledgement

We are grateful to a referee for valuable remarks which helped to improve the presentation.

References

[1]
[2]

[3]
[4]

[5]
[6]

[7]
[8]
[9]
[10]

(11]
[12]

(13]
[14]

R. Abraham and J.-FE. Delmas. A construction of a S-coalescent via the pruning of binary trees. J. Appl. Probab. 50 (2013) 772-790.
MR3102514

R. Abraham and J.-F. Delmas. B-Coalescents and stable Galton-Watson trees. ALEA Lat. Am. J. Probab. Math. Stat. 12 (2015) 451-476.
MR3368966

R. Durrett. Probability: Theory and Examples, 4th edition. Cambridge University Press, Cambridge, 2010. MR2722836

B. Eldon and J. Wakeley. Coalescent processes when the distribution of offspring number among individuals is highly skewed. Genetics 172
(2006) 2621-2633.

A. Gnedin, A. Iksanov and A. Marynych. On A-coalescents with dust component. J. Appl. Probab. 48 (2011) 1133-1151. MR2896672

C. Goldschmidt and J. B. Martin. Random recursive trees and the Bolthausen—Sznitman coalescent. Electron. J. Probab. 10 (2005) 718-745.
MR2164028

R. Griibel and K. Hagemann. Leader election: A Markov chain approach. Math. Appl. 44 (2016) 113-143. MR3557093

O. Hénard. The fixation line in the A-coalescent. Ann. Appl. Probab. 25 (2015) 3007-3032. MR3375893

A. E. Kyprianou. Fluctuations of Lévy Processes with Applications, 2nd edition. Springer, Heidelberg, 2014. MR3155252

M. Mohle. Asymptotic results for coalescent processes without proper frequencies and applications to the two-parameter Poisson—Dirichlet
coalescent. Stochastic Process. Appl. 120 (2010) 2159-2173. MR2684740

M. Mohle. On hitting probabilities of beta coalescents and absorption times of coalescents that come down from infinity. ALEA Lat. Am.
J. Probab. Math. Stat. 11 (2014) 141-159. MR3225970

J. Pitman. Coalescents with multiple collisions. Ann. Probab. 27 (1999) 1870-1902. MR1742892

S. Sagitov. The general coalescent with asynchronous mergers of ancestral lines. J. Appl. Probab. 36 (1999) 1116-1125. MR1742154

J. Schweinsberg. A necessary and sufficient condition for the A-coalescent to come down from infinity. Electron. Commun. Probab. 5 (2000)
1-11. MR1736720


http://www.ams.org/mathscinet-getitem?mr=3102514
http://www.ams.org/mathscinet-getitem?mr=3368966
http://www.ams.org/mathscinet-getitem?mr=2722836
http://www.ams.org/mathscinet-getitem?mr=2896672
http://www.ams.org/mathscinet-getitem?mr=2164028
http://www.ams.org/mathscinet-getitem?mr=3557093
http://www.ams.org/mathscinet-getitem?mr=3375893
http://www.ams.org/mathscinet-getitem?mr=3155252
http://www.ams.org/mathscinet-getitem?mr=2684740
http://www.ams.org/mathscinet-getitem?mr=3225970
http://www.ams.org/mathscinet-getitem?mr=1742892
http://www.ams.org/mathscinet-getitem?mr=1742154
http://www.ams.org/mathscinet-getitem?mr=1736720

	Introduction and main results
	Proof of Theorem 1
	An approximation in the case of dust
	Proof of Theorem 2
	Non-convergence for Eldon-Wakeley coalescents
	Proof of Theorem 3
	Proof of Theorems 4 and 5
	Acknowledgement
	References

