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Abstract: The Bergsma-Dassios sign covariance is a recently proposed
extension of Kendall’s tau. In contrast to tau or also Spearman’s rho, the
new sign covariance 7* vanishes if and only if the two considered random
variables are independent. Specifically, this result has been shown for con-
tinuous as well as discrete variables. We develop large-sample distribution
theory for the empirical version of 7*. In particular, we use theory for
degenerate U-statistics to derive asymptotic null distributions under inde-
pendence and demonstrate in simulations that the limiting distributions
give useful approximations.
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1. Introduction

Many popular measures of pairwise dependence, for example Kendall’s tau [7]
and Spearman’s rho [11], have the undesirable property that they may be zero
even when the two considered random variables X and Y are dependent. Ad-
dressing this weakness, Bergsma and Dassios [1] introduced a new rank-based
correlation measure 7*, which, under mild conditions on the joint distribution
of (X,Y), is zero if and only if X and Y are independent. Where Kendall’s tau
is defined in terms of concordance and discordance of two independent copies of
(X,Y), the new 7* is based on similar notions of concordance and discordance
for four independent copies of (X,Y). While a naive computation of ¢*, the
empirical version of 7%, thus requires O(n?*) time for a sample of size n, it was
recently shown that this computational burden can be reduced to O(n?) [5, 15].
As t* is now computable for larger sample sizes, understanding its asymptotic
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behavior becomes a problem of practical interest and has the potential to yield
simple tests of independence that avoid Monte Carlo approximation of p-values.

We introduce the statistic t* in Section 2, where we also review background
on U-statistics. In Section 3, we clarify that ¢* is a degenerate U-statistic un-
der the null hypothesis that the sample is generated under independence. We
also prove that in certain settings degeneracy occurs only under independence.
In Section 4, we use the asymptotic theory of degenerate U-statistics to derive
an explicit representation of the asymptotic distribution of t* when the sam-
ple is generated under independence and with marginals that are continuous or
discrete. The asymptotic distribution takes the form of a Gaussian chaos; specif-
ically, we find a (in some cases infinite) sum of scaled and centered chi-square
distributions. Our asymptotic results are deeply connected to the notion of a
Hoeffding decomposition, a technique which breaks down a random variable into
a sum of projections onto carefully constructed orthogonal spaces [13, Section
11.4]. In this setting, the degeneracy of ¢* under independence is equivalent to
its projection upon one of these spaces equalling 0. We note that the asymp-
totics of U-statistics also have interesting connections to stochastic integration,
indeed the theorems of Section 2.2 can be understood using representations of
Wiener integrals [4]. Simulations in Section 5 demonstrate how the large-sample
theory can be leveraged to perform tests of independence and compute power.
Indeed, asymptotic distributions are found to give accurate approximations for
sample sizes as small as n = 80. We end with a discussion in Section 6.

2. Preliminaries
2.1. The t* statistic

Let (x1,y1),- .., (Tn,yn) be a sample of points in R2. The empirical version of
the Bergsma-Dassios sign covariance is the statistic

n—4)!
t* = (T) Z a(-riwrjamk7xl)a(yi7yj7yk7yl)a (1)
’ 1<i,5,k,l<n
i,7,k,l distinct

where

0(217 22,23, 24)

= I(21,23 < 29, 24) + I(21,23 > 22,24) — (21, 20 < 23,24) — [ (21, 22 > 23, 24).

(2)

Here we use I(-) to denote the indicator function and a,b < ¢,d is shorthand
for max(a,b) < min(c, d). As in [15], we defined t* in the form of a U-statistic,
whereas in [1] it is introduced as a V-statistic. Indeed, t* from (1) is an unbiased
estimator of the sign covariance

7—* =F [a(XlaX27X33X4)a(Y17Y27Y37Y4)]
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Fic 1. Sign covariance 7™ of bivariate normal distributions.
of [1]. Here, (X1,Y1), ..., (X4, Ys) are random vectors drawn independently from

a given bivariate distribution on R2.

Example 1. Figure 1 shows the values of 7 for bivariate normal distributions,
which we computed by Monte Carlo simulation. The sign covariance T* is an
even function of the normal correlation p, and we thus only show values for
p € [0,1]. For each considered correlation p we averaged 200 values of t*, each
computed from a sample of size n = 300.

As we explain in the remainder of this subsection, the statistic t* is based on
counting concordant and disconcordant quadruples.

Definition 2.1. Let (z1,y1),...,(T4,y4) be four points relabelled so that x1 <
xo < x3 < x4. We say that the points are

o9 = x3 or there exists a permutation m of {1,2,3,4}

inseparable 4
p f so that Yr(1) < Yr(2) = Yn(3) < Yr(4),

and if they are not inseparable, then we call them

concordant if max(yy,y2) < min(ys,y4) or max(ys,ys) < min(y1,ya),
discordant  if max(y1,y2) > min(ys,y4) and max(ys,ys) > min(yi, yz2).

The above definitions are mutually exclusive and exhaustive in that any set
of four points in R? will be exactly one of inseparable, concordant, or discordant.
Moreover, if the points are drawn from a bivariate distribution with continuous
marginals then they will be almost surely concordant or discordant. See Figure 3
of [1] for a visual depiction of concordance and discordance.

Let S, be the set of permutations on 4 elements, and for 7 € S; and

(21,22,23,21) € R4, let 2r(1,2,3,4) ‘= (Zr(1)s Zn(2)» Zn(3)> Zr(4))- Introducing the
symmetric function
1
h((z1,y1), .- (2a,94)) = ] Z a(Tr(1,2,34))0(Yr(1,2,3,4)), (3)
wESy

we may rewrite t* as a sum of permutation invariant terms, namely,

t*:% S bl @) @ @), @)
(

47 (4,4,k, D) €C (n,4)
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where C'(n,4) = {(i,4,k,1) : 1 <i<j<k<l<n}. Lemma 1 in [15] gives the
following result.

Lemma 2.1. Let A= {(x1,11), (72,%2), (3,93), (v4,94)} C R2. Then

2/3 if the points in A are concordant,
h((z1,91), .., (x4,y4)) = —1/3 if the points in A are discordant,
0 if the points in A are inseparable.

Equation (4) expresses t* in the familiar form of a U-statistic with symmetric
kernel h, and we proceed to review some of the tools available for the study of
U-statistics.

2.2. Theory of U-statistics

Let Z1,Zs,... be ii.d. random variables taking their values in R¢ with d > 1.
Let k : (Rd)m — R be a kernel function invariant to permutation of its m
arguments. For n > m, the U-statistic with kernel k is the statistic

U, := % > k(Ziys.. . Zi), (5)
(

M) (i1 im ) €C(nm)

where C(n,m) = {(i1,...,im) € {1,...,n}™ 1 41 < iz < ... < ip}. Note
that E|U,] = E[k(Z1,...,Zm)] so that U, is an unbiased estimator of 6 :=
Ek(Z1,..., Zm)]

Of central importance in determining the asymptotics of U-statistics are the
functions

]{)i(2’17...,2i):E[]{(Zl,...,Zi,Zi_,_l,...,Zm)], i:l,...,m, (6)
and their variances
o? = Varlk{(Zy,...,Z)], i=1,...,m. (7)

It is well known that 0 < 03 < ... < ¢2,. In particular, if 02, is finite then so
are all other 0. We now recall two theorems on the large-sample distribution
of the U-statistic U,, [10, Chapter 5].

Theorem 2.2. If the kernel k of the statistic U, from (5) has variance o2, < 00,
then

ViU, — 0) % N(0,m202).

If 02 = 0, then the Gaussian limit is degenerate, and we have \/n(U,, —6) 2 0.
Indeed, if 0? = 0 and 03 > 0, then scaling U,, by a factor of n results in a
non-Gaussian asymptotic distribution. To present this result, we write x3 for
the chi-square distribution with one degree of freedom and define Ay to be
the operator that acts via g(-) — E[(ka2(:, Z1) — 0)g(Z1)] on square-integrable
functions g (that is, F[g(Z1)?] < 00).
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2
m <0

Theorem 2.3. If the kernel k of the statistic U, from (5) has variance o
and 02 =0 < 02, then

(U, — ) % (T;) i)\i(X%i —1)

where X3, X349, - .. are i.i.d. X3 random variables, and the \;’s are the eigenval-
ues, taken with multiplicity, associated with a system of orthonormal eigenfunc-
tions of the operator Ay.

We will use Theorem 2.3 in Section 4 to find the asymptotic distribution of
t* under the null hypothesis of independence.

3. Degeneracy of the sign covariance

Let Z; = (X;,Y;) for i = 1,2,...,n be an i.i.d. sequence comprising copies of
a random vector (X,Y’) with values in R?. Let t* be the (empirical) Bergsma-
Dassios sign covariance for this sample. We begin our study of the asymptotic
properties of the U-statistic t* by studying its degeneracy. Our first observation
is that t* is degenerate when X and Y are independent, denoted X L Y. Next,
in a particular setting that has (X,Y) continuously distributed, we are able to
show that t* is degenerate only if X 1L Y.

The statistic t* has the kernel h from (3), which has m = 4 arguments.
Specializing the definitions from (6) and (7) to the present setting, we may
define functions hy, ..., hs with variances o?,...,0%. The kernel h is a bounded
function and thus 07 < co. Hence, Theorem 2.2 applies and yields the following
result.

Corollary 3.1. As n — oo, the sign covariance converges to a mormal limit,
namely,

Vit — 1) % N(0,1602).

The result just stated provides a non-trivial distributional approximation to
t* only if 02 > 0. The following lemma observes that this fails to be the case
under the null hypothesis of independence, under which ¢* is a degenerate U-
statistic. The proof of the lemma as well as the proofs of all other results in this
section are deferred to Appendix A.

Lemma 3.1. If X 1L Y then 02 = Var[hy(X1,Y1)] = 0 so that h1(X1,Y1) is a
degenerate random variable.

According to Lemma 3.1 and Theorem 2.2, if X 1l Y we have /nt* 2
0 because E[t*] = 7* = 0 under independence [1]. We thus need to appeal
to Theorem 2.3 to find a non-degenerate asymptotic distribution for ¢* when
X 1l Y. This is the topic of Section 4.
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Remark 3.1. In the continuous case with X 1LY, it is possible to compute all

of the variances o3,...,0% evactly. We report these values to be
1 8 50
2 _ L 2_ S 2 _ Y
TR 2T o9 73T 9950 74T 25

The fact that 0? = 0 was shown in generality in Lemma 3.1. The value of o5 can
be computed as the sum of the squared eigenvalues of ho which are derived in the
proof of Theorem /.4; in particular, we have that o3 = Dy Ej 1 ﬂsfj = %
Finally, 03 and o3 can be computed explzcztly from the representatzon of h in
Lemma 2.1, this computation is trivial for o3 but quite lengthy for o3 and thus

is omitted.

Next, we turn our attention to the case that X /L Y and (X,Y’) are gener-
ated from a continuous distribution on R2. In this case we find t* to be non-
degenerate.

Theorem 3.2. Suppose (X,Y) has a bivariate continuous distribution with a
continuous density function f with support f=1((0,00)) = [a,b] X [¢,d], where
—0<a<b<wand —o0 <c<d< . If X and Y are dependent, then
O'% = Var[hl(Xl,Yl)] > 0.

In the setting of Theorem 3.2, we thus have that t* = N(7*,160%/n) +
0,(n=1/2).

Example 2. To gain intuition for the magnitude of the asymptotic variance
1602, we use Monte Carlo integration to compute 1602 in the case that (X,Y)
follow a bivariate normal distribution. Since 0% is an even function of the corre-
lation p of a bivariate normal distribution, we consider p € [0, 1]. In particular,
we perform this computation letting p take on 20, evenly spaced, values between
0 and 1. The results of this computation are shown in Figure 2. The figure shows
that the asymptotic variance 160 gradually increases with larger values of p,
peaking at 1603 ~ 0.14 when p ~ 0.74, and then decreases to 0 as the correlation
further approaches 1. Note that a value of 0? = 0 when p = 1 does not contradict
Theorem 3.2 as, in this case, the joint distribution of (X,Y) is not continuous.
The shape of the curve in Figure 2 can be partially explained by the fact that
0? <03 =Var(h(Z1,...,24)) = (t* +1/3)(1 — (7* + 1/3)). For instance, note
that (7* +1/3)(1 — (7* 4+ 1/3)) equals 0 when 7 = 2/3 (in which case the cor-
relation can be seen to be 1 or -1), and is mazimized at 7* = 1/6 ~ .167 which
corresponds a correlation of approzimately 0.7 (see Figure 1).

4. Asymptotics under the null hypothesis of independence

As in the previous section, let t* be the empirical sign covariance for an i.i.d. sam-
ple (X;,Y;), i =1,2,...,n, with values in R?. Throughout this section, we as-
sume the (X;,Y;) to be independent copies of a random vector (X,Y) with
X 1LY, so that t* is degenerate (Lemma 3.1). We thus need to appeal to
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Fic 2. Monte Carlo approximations to the values of 160’% for bivariate normal distribution
with different correlations.

Theorem 2.3 to find a non-degenerate asymptotic distribution for ¢*. Since
E[t*] = 7 = 0 under independence, we are led to the problem of determin-
ing the eigenvalues of the operator Ay, : g(-) — E[ha(-, Z1)g(Z1)].

A key observation is that under independence Ay, is a tensor product of op-
erators because the function he admits the following factorization, which along
with all other results in this section is proved in Appendix B.

Lemma 4.1. If X 1L Y then

2
ha((x1,y1), (22,92)) = ggx(m»wz)gy(yl,yz),

where gx (x1,22) = Ela(z1, 22, X3, X4)] and gv (y1,y2) = Ela(y1,y2, Y3, Ya)].

The function gx (and similarly gy) takes the form

gx(ilil,l’g) e P(l‘l,Xg < 5[»'27X4) + P(xl,Xg > LEQ,X4)
—P(ml,l‘g <X3,X4)—P($1,.’L‘2 >X3,X4). (8)

By Lemma 4.1, A, = Ay, ® Ay, and thus the spectrum of Ay, is the product of
the spectra of Ay, and A4, . We record the general version of this fact in the next
lemma. Here, eigenvalues are always repeated according to their multiplicity, and
we let Ny ={1,2,...}.

Lemma 4.2. Let g1 and go be symmetric real-valued functions with
Elg1(X1, X2)] = Elg2(Y1,Y2)] = 0 and E[g1(X1, X2)?], E[g2(Y1,Y2)?] < oc.
Fori=1,2, let \; j, j € Ny, be the nonzero eigenvalues of Agy,. Then the prod-
ucts M j, A2jss J1,J2 € Ny, are the nonzero eigenvalues of Ay for k((z1,y1),

(72,92)) = g1(71,22)g2(Y1,Y2)-

In the sequel, we use the factorization results from Lemmas 4.1 and 4.2 to
obtain the asymptotic distribution of ¢* when X and Y are continuous (Sec-
tion 4.1), and when X and Y are discrete with finite support (Section 4.2). A
straightforward extension covers the mixed continuous and discrete case (Sec-
tion 4.2).
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4.1. Continuous variables

Suppose now that X 1l Y with X and Y following continuous marginal dis-
tributions. Since h((X1,Y1),...,(X4,Ys)) depends only on the joint ranks of
(X1,Y1),...,(X4,Yy), it follows that 7* (and ¢*) are invariant to monotonically
increasing transformations of the marginals of (X,Y"). As such we may, and will,
assume that X and Y are ii.d. Uniform(0,1). Then (X,Y") is uniform on the
unit square (0,1) x (0, 1). In this case the factorization described in Lemma 4.1
has a particularly nice form.

Lemma 4.3. If X,Y S Uniform(0, 1), then for (z1,y1), (x2,y2) € (0,1)2,

ho((z1,91), (72, 92)) = 6c(21,22) c(y1, Y2)

where
(z x)—1x2+1x2 1V +1
c —— Zp2 z
LT2) =TT 5dp I V2 T g

and x1 V x9 1= max{zx1,x2}.
Somewhat surprisingly, the function ¢ corresponds to the kernel of the well

studied Cramér-von Mises statistic. Leveraging that the eigenvalues of A, are
already known, we are now able to derive the asymptotic distribution of ¢*.

Theorem 4.4. If X and Y are independent continuous random variables, then

o d b= 1,
nt %FZZW(XLU_U

i=1j=1

where {Xiij 24,7 € Ny} is a collection of i.i.d. x3 random variables.

Remarkably the asymptotic distribution just given is simply a scale multiple
of the asymptotic distribution of the U-statistic for Hoeffding’s D where

D= / / (Fx.y(2,9) — Fx(2)Fy(1))? dFx v (z.y);

see [6]. When (X,Y) has a continuous joint distribution, it is readily seen that
D =0 if and only if X 1l Y. However, this may fail in non-continuous cases.

4.2. Discrete variables

We now treat the case where X and Y are independent discrete random variables
with finite supports. Unlike in the continuous case, the asymptotic distribution
of t* then depends on how X and Y distribute their probability mass marginally.
In practical applications these marginal probabilities must be estimated before
using our limit theorem.

In order to present the result, we associate a matrix to a discrete random
variable as follows. Let U be a random variable with finite support {uy,...,u,},
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cumulative distribution function F', and probability mass function p. We then
define RY to be the r x r symmetric matrix whose (i, j)-th entry is

Ry = p(ui)p(uj){ {(F(Ui Aug) = plus Aug))® + (1= F(u; v Uj))2:|

£ ) [Pl A= Fsnw) + 3 plu)a - Fu) | }

uiNu; <ug<u;Vu,
9)

Theorem 4.5. Let X and Y be independent discrete random variables with
finite supports of size v and s, respectively. Let \i¥,... XX be the eigenvalues
of RX, and let \,...,\Y be the eigenvalues of RY . Then

I S
d
nt* — 42 Z >‘1'X>‘;/(X?,ij -1
i=1 j=1
where {X%,ij i <1, j <s}is a collection of rs i.i.d. X3 random variables.

In the special case that X and Y are Bernoulli random variables, the asymp-
totic distribution can be presented in simple form.

Example 3. If X ~ Bernoulli(p) for p € (0,1), then

x_ [ p(1-p)  —(p(1—p))*?
B = <—(p(1 —p)*?  p(1—p)? >

has rank one and its nonzero eigenvalue is p(1 — p). It follows that if Y is a
second independent random variable with Y ~ Bernoulli(q) for q € (0,1), then

« d
nt* % dpg(1 —p)(1 - q)(xi — 1)
So, t* can be centered and scaled to become asymptotically chi-square.

Example 4. For a ternary random variable X with P(X = 1) = p;, P(X =
2) =p2 and P(X =3) =p3 =1 — p1 — p2, we have

. pi(1—p1)? =Pz [p1(1 =) —p3]  —/P1ps [ps(1 — p3) + p1p2)
R* = : p2 (1 + p3) —/P2p3 [p3s(1 —ps) —pi] |,
: . ps(1 —ps3)?
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where we show only the upper half of the symmetric matriz. No simple formula
seems to be available to determine the eigenvalues of RX in this case, but the
eigenvalues can readily be computed numerically for any (possibly estimated)
values of p1 and po.

Finally, if X is discrete with finite support and Y is continuous, then a simple
extension of Theorems 4.4 and 4.5 gives the following result.

Corollary 4.1. Let X and Y be independent random variables, where X has

finite support of size v and Y is continuous. Let A1, ..., A, be the eigenvalues of
RX. Then
d 12 G =N, o
nt* = s} ZZ j_g(Xl,ij -1)
i=1 j=1

where {xiij 2i <7, j €Ny} is a collection of i.i.d. x? random variables.

5. Simulations

The results from Section 4 can be used to form asymptotic tests of independence,
and we now explore which sample sizes are needed for the asymptotic approxi-
mations to be accurate. As a test based on t* has asymptotic power against all
alternatives to independence, it is also of interest to make comparisons against
other tests known to be (most) powerful for particular settings and alternatives.
Finally, we demonstrate how the results of Section 3 can be used for sample size
computations. Code for performing asymptotic tests of independence has been
incorporated in the TauStar' R package available on CRAN, the Comprehensive
R Archive Network [8, 14].

5.1. Empirical convergence to the asymptotic distribution

Let t* be computed from a sample of size n drawn from the joint distribution of a
bivariate random vector (X,Y") with X 1l Y. Since t* only depends on ranks, its
distribution does not change when applying monotonically increasing marginal
transformations to X and Y. When X and Y both have continuous distribu-
tions, we may thus transform their distributions to N(0,1) without changing
the distribution of t*. When one or both of X and Y are discrete however, the
distribution of ¢* depends on how X and Y distribute their probability mass
making it impossible to provide an exhaustive empirical study of convergence
properties. Instead we will consider selected examples. Specifically, we consider
the following cases:

(i) The continuous case with X, Y ~ N(0,1).
(i) A discrete case with P(X =) =1/10 for 1 <i <10, and P(Y =) o 27*
for 1 <i<12.

1See https://cran.r-project.org/web/packages/TauStar/index.html


https://cran.r-project.org/web/packages/TauStar/index.html

Bergsma-Dassios sign covariance asymptotics 2297

1.0 1.2
. .
1.0
.
08 1.0 1.2
. . |

0.8
L
0.8
.

0.6
.

0.6
.
0.6
.

04
;

04
04

0.2
|
0.2
.
0.2
.

0.0
L
0.0
.
0.0
.

T T T T T T T T T T T T T T T
-1 0 1 2 3 -1 0 1 2 3 -1 0 1 2 3

(a) Continuous case (b) Discrete case (¢) Mixed case

Fic 3. Kernel density estimates from 10,000 simulated values of nt* at sample sizes n €
{10, 15, 20, 25, 30, 40, 50, 60, 70, 80}; smaller values of n are shown in lighter color. The plots
also show the density of the asymptotic distributions from Section / in dashed blue line.

(iii) A mixed case with X ~ N(0,1) and P(Y =4) =1/5for 1 <i <5.

In each setting we compute, for different sample sizes n, a kernel density estimate
for the distribution of ¢t* and plot it alongside the asymptotic density. The
resulting plots are shown in Figure 3, which demonstrates that the asymptotic
and finite-sample distributions are in close agreement already when n = 80.
While we present only one example each for the discrete and mixed cases we
found similar results when simulating with many other choices of distributions.

Remark 5.1. Computing the asymptotic densities shown in Figure 3 is non-
trivial and requires the numerical inversion of the characteristic function for
the asymptotic distributions. To perform this numerical inversion we use the
techniques described in Section 7 of Blum, Kiefer, and Rosenblatt [2]; these
computations are done automatically in the aforementioned TauStar package
for R.

5.2. Power comparisons

We explore the power of an asymptotic test based on t* in six cases:

(i) First, we take (X,Y) as bivariate normal with correlation p € {0,.1,.2,...,
1}; the distribution of ¢* then does not depend on the means and variances
which may thus be set to zero and one, respectively. We compare the test
based on t* to the two-sided test based on the standard Pearson correlation
p. We implement the latter test using the fact that py/(n — 2)/(1 — p?) has
a t-distribution with n — 2 degrees of freedom.

(ii) Next, we consider three discrete cases all of which have (X,Y) taking
values in the grid {1,2,...,5}2. In each of these cases we compare our test
to the chi-square test of independence.

(a) In the first discrete case, (X,Y) follows a mixture between the uniform
distribution on {(1,1),(2,2),...,(5,5)} and the uniform distribution
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(a) (b) (c)

(d)

Fic 4. Visualization of where probability mass is placed for different discrete distributions on
{1,...,5}2. In each case the distribution is uniform over the gray squares, and zero probability
is assigned to the white squares.

on {1,...,5}?, illustrated in Figures 4a and 4d, respectively. We let
the mixture weight p for the former component range through the set

{0,.1,...,1}.
(b) The second discrete case is analogous but a mixture between the dis-
tributions from Figures 4b and 4d.

(¢) The third discrete case is as the previous two but mixes the distribu-
tions from Figures 4c and 4d.

(iii) Finally, we experiment with two mixed cases in which the distribution of
X is discrete and the conditional distribution of Y given X = x is a normal
distribution N (s, 1).

(a) The first mixed case has X ~ Bernoulli(.3), ptz = 0 when « = 1, and
iz = p when x = 0. Here, we let the mean difference p range through
the set {0,1/6,2/6,...,9/6}, and each setting we compare against the
two-sample t-test.

(b) In the second case X ~ Uniform({1,...,6}), and Y has conditional
mean fi, is zero when z is odd and equal to p € {0,1/6,2/6,...,9/6}
when z is even. Here, we compare against a bootstrapped permuta-
tion test using the distance covariance statistic of [12], known to be
consistent for independence, using the Energy R package [9].

The simulation results are presented in Figure 5. Surprisingly, the ¢* test has
competitive power in cases (i) and (iii)(a) where the alternative tests are known
to be most powerful given the distributional assumption of normality. For the
jointly discrete cases, we observe that the chi-square test of independence has
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F1G 5. Simulated power of the t* asymptotic test (in solid line) and the power of the competing
test (in dashed line). In each case we use a level of 0.05, which is displayed as a horizontal
dashed black line.



2300 P. Nandy et al.

essentially equal power in case (ii)(a), significantly higher power in case (ii)(b),
and significantly lower power in case (ii)(c). The lack of power in case (ii)(b) is
not surprising as the t* statistic is ordinal in nature and the dependence in the
distribution from case (ii)(b) was designed to be non-ordinal. The ordinal nature
of t* also explains the significant gains in case (ii)(c). Hence, it would seem that
the t* test for jointly discrete data can offer substantial improvements in power
over the chi-square test if an ordinal dependence relationship is suspected in the
data. Finally, case (iii)(b) suggests that there are cases in which ¢t* may provide
higher power than the distance covariance.

5.3. Sample size calculations

Focusing on the continuous case, consider an asymptotic level a test of the null
hypothesis of 7 = 0 (i.e., independence) that compares the statistic t* to a
critical value ¢, derived from the asymptotic distribution from Theorem 4.4.
Suppose we would like to determine the minimum sample size ng needed for a
power of at least 8 under an alternative that has the two considered variables X
and Y dependent, so that 7% > 0. If the sample is drawn from a joint distribution
for (X,Y) that satisfies the conditions of Theorem 3.2, and if o7 is known to be
no larger than the quantity 57, then Corollary 3.1 implies that for any z < 7%,

P(t* <) =P (Vn(t*— 1) < V/n(z — 7))
~ P (N(0,1603) < v/n(z — %))
< P (N (7%,165%/n) < ).

This result can be used to find an asymptotically valid upper bound ng on
ng, by letting ng be the smallest positive integer such that ¢, /ng < 7 and
P(N(1%,165%/nig) < co/ng) < 1 — B. Finding this number iz can be accom-
plished in an iterative fashion.

The remaining difficulty in such an asymptotic sample size calculation is
finding a suitable upper bound % for the unknown variance o?. A crude but
universally valid upper bound for o7 can be obtained from Lemma 2.1, which
implies that hy(X,Y") takes values in the interval [~1/3,2/3] and thus 0% < 1/4.
When (X,Y) is bivariate normal, an approximately valid upper bound of o7 is
given by o7 < 0.14/16 = 0.00875 (see Example 2). Figure 6 plots the upper
bound for the minimum sample size needed to achieve various powers when
bounding ¢? by 1/4 and 0.00875 respectively and sampling from a bivariate
normal distribution with correlation 0.6. From the figure, we see that the 1/4
bound leads to very conservative sample sizes while the 0.00875 bound results
in values that much more closely adhere to the empirical truth. In general,
overestimation of o7 is advisable as small values of 7 may lead to consideration
of sample sizes that are too small for asymptotic approximations to be reflective
of the actual finite-sample behavior of the test.
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o |~ Sample Size Bound (1/4)
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F1G 6. Minimum sample size (ng) needed to a achieve a desired power § at level 0.05. Sim-
ulations for bivariate normal data with correlation 0.6 were used to compute an estimate of
ng (blue line with dots). These are compared to two asymptotic upper bounds for ng using
the bound 02 < 1/4 (red line) and the bound o? < 0.00875 (dashed orange line). The sample
size is presented with a log scaling.

6. Discussion

The sign covariance 7* of [1] has the intriguing property of being zero if and
only if the considered pair of random variables is independent, assuming that the
random variables follow a distribution that is continuous, discrete or a mixture
of such distributions. Under these mild conditions, testing the hypothesis that
7% = 0 thus allows one to consistently assess (in-)dependence. With the aim
of simplifying the implementation of such independence tests, we have given a
comprehensive study of the asymptotic properties of ¢*, the natural U-statistic
for 7*. The asymptotic distribution of ¢*, especially as described in Section 4.1,
is seen to be connected in interesting ways to the asymptotic distribution of
Hoeffding’s D, and the Cramér-von Mises statistic.

After the completion of our manuscript we found that some asymptotic prop-
erties of t* have been considered by Dhar et al. [3]. Indeed, their work provides
an excellent complement to the results presented here as it considers the large-
sample behavior of t* under local contiguous alternatives while ours provides
explicit descriptions of asymptotic distributions under independence and illu-
minates interesting large-sample phenomena under fixed alternatives.

While we have a complete understanding of the asymptotics of ¢* under fairly
weak distributional assumptions—we covered continuous and discrete cases, it
remains to be seen if the large-sample distribution of t* can be obtained without
any such assumptions. However, as noted above, it is also not yet known if the
property that 7% = 0 only under independence holds for distributions that are
not (absolutely) continuous, discrete or a mixture of two such distributions.

Appendix A: Proofs for Section 3

Proof of Lemma 3.1. We show that hj(x1,y1) = 0 for any (z1,y1) in the
support of (X,Y). Since X and Y are independent and Xi,..., X4 as well as
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Y1,...,Y, are i.i.d. random variables, we have

hl((mhyl))
1
=1 > Ela(Xra2sa) | X1 =21] E[a(Yag234) | Y1 =01]

TESy
1
=1 ZS; E [a(X1, X2, X3, X4) | Xr1) = 21] E [a(Y1,Y2,Y3,Ya) | Yoy =11 -
TESY

Thus it suffices to show that ggg)(xl) = FEla(Xy, X2, X3, Xy) | X; =x1] = 0,
for 7 =1,2,3,4. For j =1, we have

g&”(w‘l) = P(x1,X3 < X9, X4) + P(x1, X3 > X2, Xy)
— Pz, X2 < X3, X4) — P(x1, X2 > X3,X4)
—0

because Xo, X3, X4 are i.i.d. and thus exchangeable. Analogous arguments show
that all other ggg)(xl) are zero. O

Proof of Theorem 3.2. Let F' be the, by assumption, continuously differen-
tiable joint distribution function of (X,Y), and let Fx and Fy be the two
marginal distribution functions. Since h is invariant to monotonically increasing
transformations of its coordinates, we may assume without loss of generality
that we have applied Fx and Fy to (X,Y) coordinate-wise, so that X and Y
are Uniform(0,1) marginally. Moreover, since we assumed that (X,Y") had sup-
port [a,b] x [c,d] for a < b, ¢ < d, it follows that (X,Y’) has support [0, 1]? after
the transformation. The main idea of the proof is to show

82

0y10x1

hi(z1,91) # 0 for some (z*,y*) € (0,1)% (10)
(z*,y*)

A continuity argument and (10) then imply that hq(z,y) is a non-constant
function on a set of non-zero probability and thus hq(X,Y") is non-degenerate.

Note that since X,Y ~ Uniform(0,1) marginally we have that Fx(z) = «
and Fy(y) = y for all ,y € [0,1]. Consequently, the marginal densities of X
and Y, fx(z) := %Fx(x) and fy (y) := O—%Fy(y), equal 1 on [0, 1]. We write f
for the probability density function of (X, Y"), which is assumed continuous, and
we denote the conditional distribution function of X given Y = y by Fx,(z)
and denote the conditional distribution function of Y given X =z by Fy|,(y).
In Lemma A.1 below, we find that

0% hi(z1,v1)

duor, 6G(z1,y1)[2f (z1,y1) + 1] + 6[Fypy (1) — Y1) [Fxpys (1) — 24],

(11)

where G(21,y1) = F(z1,91) — Fx(21)Fy (y1) = F(21,91) — 21y1. We proceed
to show how to derive (10) from (11).
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Since £~ F(2,y) = Fy|2(y) fx (x) = Fy |2 (y) and similarly 2 F(z,y) = Fx, (z),
we have %G(xl,yl) = Fy|g, (y1) —y1 and %G(xl,yl) = Fx|y, (x1) —21. Thus

02 hy(x1,y1)

Do 6G (21, y1)[2f (x1,51) + 1] + 6 {iG(xl,yl)} [ia(%yl)} .

8$1 8y1

Now, G is continuous because F is, and thus the compactness of [0, 1]? yields
that G attains its extrema on [0, 1]2. In other words, there exist 2, = (Zm, Ym),
v = (@a,ym) € [0,1]? such that G(z,) = inf(, e012 G(2,y), Glam) =
SUP (540,12 G(2, ). Since X and Y are dependent we must have that either
G(zar) > 0 or G(zm) < 0. Without loss of generality assume that G(zps) > 0.

The support of (X,Y) being equal to [0,1]2, we have that G(z,y) = 0 for all
(z,y) on the boundary of [0,1]2. Hence, zp; = (zs,yar) lies in the interior of
[0,1]? and as a local (global) maximum of G, it satisfies

0
= B—G(ﬂ%yl) =0.
(znm,ym) h (za,ym)

We deduce that (10) because

0
8—x1G(l‘1’y1)

82

8y16931

= 6G(war, ym)[2f (xnr, ynr) + 1] > 0.

(1M1y1\4)

hi(z1,91)

(If instead we had assumed that G(z,,) < 0 then the same arguments would
hold and the above inequality would be < 0 instead of > 0.)

Finally, #;xlhl (1, y1) is easily seen to be continuous and thus we have that
ﬁ;zlhl(xhyl) > 0 in an open neighborhood U of z,;. Since the support of
f(x,y)isall of [0,1]?, that is f~1((0,00)) = [0, 1]2, it follows that UNf~1((0, c0))
is a non-empty open set and thus the claim of the theorem follows. O
Lemma A.1. Let (X,Y) have joint density f and joint distribution function
F. Let Fx and Fy be the marginal distribution functions, and let F'x, and Fy |,

be the conditional distribution functions of X givenY =y and Y given X =z,
respectively. If X, Y ~ Uniform(0,1) marginally, then

02 hy(z1,y1)

G, 6G (z1,y1)[2f (21, 91) + 1] + 6[Fy e, (y1) — ya1][Fxpy, (21) — 24],

where G(x1,y1) = F(x1,y1) — Fx (1) Fy (y1) = F(z1,91) — 2191 -

Proof. Let Z; = (X1,Y1),...,Z4 = (X4,Yy) be i.id. copies of (X,Y). Z4,...,
Z, are almost surely either concordant or discordant. It follows from Lemma
2.1 that

h(Zl, ZQ, Z3, Z4) = I(Zl, ZQ, Z3, Z4 are concordant) — 1/37

where I(+) is the indicator function as usual. Let C'(Z1, ..., Z4) denote the event
that Z1,...,Z, are concordant. Then
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hi(zy,y1) +1/3 = P(C(21, Zo, Z3, Z4))
=3P(z1 < X9 < X3, Xy and C(z1, 22, Z3, Z4))
+3P (X2 <21 < X3,Xy and C(z1, 22, Z3,Z4))
+3P(X;5, X4 <1 < Xy and C(21, 22, Z3,2Z4))
+3P(X3, X4 < X <2y and C(21, 22, Z3, Z4)).

We make the definitions

Pbl(-r7y) :P<X§!I},Y§y), Pﬂ(.’l),y) ZZP(XSLL‘,Y>y),
Py (z,y) == P(X >z,Y <y), P (z,y):=P(X >z,Y >y).

As suggested by the notation, Py(x,y) is the probability of (X,Y") being in the
"bottom left” quadrant when dividing R? by the lines {z} x R and R x {y}, and
the notation for the other three probabilities is motivated similarly. Now note
that

P(xl S XQ S X37X4 and O(ZlaZ27Z3aZ4))
1
— [ [ 1P X0 > 0 and Ya, ¥ < minyr.0)
0 1
+ P(X3,X4 >z and Y3, Y, > max(y1,v))] f(x,y) dz dy

Y1 1
=/O /{Pzi«(%y)+P5«(w7y1)}f(w7y) dz dy

1 rl
’ /yl /a:l {PbQT(x’yl) + Ptzr('ra Z/)}f(x,y) dz dy

Similarly, we have

P(XQ S T S X37X4 and C(Zl,Z27Z3,Z4))
Y1 1
=/ / {P}(x1,y) + Pl(x1,91)} f(z,y) dz dy
o Jo
1 X1
[ e + P} (o) do
y1 JO
P(X3,Xy <y < Xp and C(21, Z2, Z3, Z4))

Y1 1
- / / (P3(x1.9) + P3(n, 1)} () dz dy

1 1
+ / / (B3 (a1,01) + P21, )} (0,y) da dy,
Y1 Ty

and
P(X3, Xy < Xy <2y and C(21, Z2, Z3, Z4))

:/Om Awl{Pé(x,y)+Pt21(x,y1)}f(x’y) dr dy
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1 T
' /y /o {Po(e.y0) + Pi(a,y)Hf (2,y) dv dy.

Now, a straightforward but lengthy computation shows that
0?2 1 1
Zh , ht
8y18x1(3 1(.131 yl) + 9)
2

02 o

82 82
+ {rylaxl Plfr(xhyl)} Ptl(ﬂflyyl) + {Wpi(xl,yl)} Pbl(xl,y1)~

(12)

In terms of the distribution function, the quadrant probabilities are

iy

bi(T1,91) = F(z1,91),

(T, y1) = Fx(z1) — Fo1,y1) = 21 — F(21,91),

Pyr(z1,y1) = Fy (y1) — F(21,91) = y1 — F(21,1), and

Py (z1,y1) =1 = Fx(z1) — Fy (1) + F(z1,y1) =1 — 21 —y1 + F(z1,91).

)

T

. 2
USIHg that %F(‘Tay) - FY|1(y)a %F(Iay) = FX\y(‘r) and %F(:Ly) -
f(x,y), we obtain that

62
{M‘Pb%(xhyl)}]ptr(xhyl)

2
Pbl(xlayl)mpbl(mlvyl)

+ {%Pbl(whyl)} {aiylpbl(xlayl)}] (13)
= 2P, (x1,51) [Po(z1, 1) f(21,91) + Fyjay (1) Fxpy, (21)] - (14)

= 2P, (z1,91)

Similarly
02 9
{mptl(l‘hyl)}Pbr(mlayl)
= —2Py(x1,51) [Pulz1,y1) f (@1, 01) + (1 = Fy oy (1)) Fxpy, (21)] . (15)

82
{mpfr(fﬁhyl)}ﬂl(mhyl)

= —2Py(21, y1)[Por (21, y1) f (@1, 91) + Fyja, (Y1) (1 — Fxpy, (1)), (16)

and

32
{Mpt%-(xhyl)}ljbl(zlayl)
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= 2Py (w1, y1)[Prr (w1, y1) f (21, 91) + (1 = Fy e, (y1))(1 = Fxpy, (21))]. (17)
Combining (12)—(17), we find that

1 09?2
30p,00, @1y
= 4[Po (w1, y1) Prr(z1,91) — Pu(1,y1) Por (w1, y1)] f (21, Y1)
+ 2[F (21, 91) + Fy |z, (1) Fxpy, (71) = 21Fy (2, (Y1) — 1 Fx)y, (71)]
=2[F(z1,y1) — 21y1] [2f (21, 91) + 1] + 2[Fy o, (y1) — ya][Fx )y, (21) — 21],

which gives the claimed formula.

Appendix B: Proofs for Section 4
Proof of Lemma 4.1. First note that

ha((w1,91), (22, 92))

1
=1 Z Ela(Xr1,2,34)| X1 =21, Xs = 23] Ea(Yr(1,2,3,4) | Y1 =31, Y2 = y2]

TESY

1
= Z (E [a(X1, Xa, X5, X4) | Xn(1) = 21, Xr(2) = 22]

TESy

B [a(Y1,Y2,Y3,Ya) | Yoy = y1, Ya2) = 42) )

1 u
= Zggf(ml’l?)g)’(yl»?ﬁ)' (18)
'7T€S4

The first equality follows from the independence of X and Y and the second
equality follows from the fact that X;,..., Xy (and Y3,...,Y}) are i.i.d. random
variables.

Next, recall from (8) that

gx (21, 22) = P(x1, X3 < 2, Xy) + P(x1, X3 > 22, X4)
— P(l‘l,xg < X37X4) — P(.’L‘17$2 > X3,X4).

We claim that

gx(z1,z2)  if w(1),m(2) € {1,2} or w(1),n(2) € {3,4},
9% (x1,22) = —gx(x1,22) if }7;(1),77(2) € {1,3} or n(1),7(2) € {2,4},
0 otherwise.
(19)

Note that (19) implies that g% (z1,x2) is nonzero for 16 of the 24 permutations
m € Sy. For a set of 8 of these permutations, g% (z1,z2) = gx(z1,22), and
for the other 8, g% (z1,z2) = —gx(z1,x2). The analogue is true for g% (y1,y2).
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Taking products and summing over the permutations 7 as in (18) completes the
proof of the formula for ho((x1,y1), (x2,y2))-

It remains to show the claim in (19). Since X3 and X4 are i.i.d. random
variables, w(1), 7(2) € {1, 2} implies g% (21, z2) = gx (z1,z2) or gx(x2,21). But
gx is symmetric and thus 7(1),7(2) € {1,2} implies g% (z1,22) = gx (1, z2).
Analogously, it follows that g% (x1,z2) = gx(z1,22) if (1), 7(2) € {3,4} be-
cause

E[a(Xl,Xg,xl, (EQ)] = P(Xl,l'l < XQ,CL’Q) + P(Xl,.’tl > XQ, (EQ)
— P(Xl,XQ < $17$2) — P(Xl,XQ > 1‘1,582)
= gx (1, 72).
Now if (1) =1 and 7(2) = 3, then

9% (z1,22) = FEla(z1, Xo, 22, X4)]
= P(x1, 22 < X9, X4) + P(x1,29 > Xo, X4)
— P(x1, X5 < @2, X4) — P(x1, X2 > 22, X4)
= —gx(71,72).
Similar symmetry arguments thus yield that g% (z1,x2) = —gx (21, x2) if m(1),
m(2) € {1,3} or if w(1),7(2) € {2,4}.
In the remaining cases, we have 7(1),7(2) € {1,4} or m(1),n(2) € {2,3}. If
m(1) =1 and 7(2) = 4,
9% (w1, 32) = Ela(x1, X3, X3, 25)]
= P(z1, X3 < Xo,2z2) + P(x1, X3 > X5, 29)
— P(z1,Xo < X3,29) — P(21, X2 > X3,29)
= P(x1, X3 < Xo,22) + P(x1, X3 > Xo,9)
— P(x1,X3 < Xo,29) — P(x1, X3 > Xa,22)
=0.

Similarly, g% (x1,22) =0 if 7(1) =4 and 7(2) =1, or if 7(1),7(2) € {2,3}. O

Proof of Lemma 4.2. Let ¢; 1, ¥;2,... be the sequence of orthonormal eigen-
functions associated with the nonzero eigenvalues A; 1, A;2,... of Ay, for i =
1,2. Since X 1L Y, for each (ji,j2) € N2,

Elk((z1, 1), (X2,Y2))91,5, (X2) 2,5, (Y2)]
= Elg1 (21, X2)g2(y1, Y2) 1,5, (X2) 02,5, (Y2)]
= Elg1(z1, X2)p1,5, (X2)] Elg2(y1, Y2) 2,5, (Y2)]
= ALj 1L (1) A2, 02,55 (Y1)
Therefore, for each (j1,j2) € N3, A1, A2 j, is an eigenvalue of A, with the as-
sociated eigenfunction ¢y j, @2 j,. Further, {¢1 j, 92, : (j1,72) € N3} is an or-

thonormal system, since both {¢1.1,¢1,2,...} and {@2,1, p2.2,...} are orthonor-
mal systems, and X Il Y.



2308 P. Nandy et al.

Now suppose {71,72, ...} is a sequence of all nonzero eigenvalues of Ay with
the associated orthonormal sequence of eigenfunctions {1, 12,...}. Then

Dty (X0, V), (X, Y2)) 5 K{(X1,2). (X, Y2).

By independence,

Z Z M AS = Eloi1(X1, X2)?] Elga(Y1, Ya)?]

J1=1j2=1

=F
=F

(g1(X1, X2)g2(Y1,Y2))?]
k((X1,Y1), (X2, Y2))?]

3

M 3

1

<.
Il

Therefore, we conclude that, as a multi-set, {\1 j, A2 j, : (j1,j2) € N2} contains
all nonzero eigenvalues of Aj with the correct multiplicity. O

Proof of Lemma 4.3. Any collection of i.i.d. continuous random variables has
their rank vector following a uniform distribution. Since the function a from (2)
depends on its arguments only through their ranks, we have that, for x;, x5 €
(0,1),

gx(x1,22) = Ela(z1, 2, X3, X4)] = Ela(z1, 22, Y3, Ys)] = gv (21, z2).

Applying Lemma 4.1, we have that

ho((z1,22), (Y1, 92)) = g gx(z1,72) gx (Y1, Y2)

and the proof is complete once the following claim is established:
gx(z1,m2) = =3c(x1,22), 1,22 € (0,1). (20)

Letting 21y = 21 A 2o = min{zy, 2} and 25y = 21 V 22 = max{z,z2}, we
have
gx(Il,.TQ) = P(Il,Xg < $27X4) +P(I1,X3 > $2,X4)
— P(l‘l,l‘g < X3,X4) — P(.Z‘l,xg > X3,X4)
= P(l‘(l),Xg < :L'(Q),X4) — P(x(z) < X3,X4) — P(;L‘(l) > X37X4)
= P(l’(l),Xg < I(2)7X4) — (]. — 58(2))2 — :C%l).

Moreover,

P(l‘(l), X3 < LL‘(Q),X4) = P(x(l) < X4 and X3 < x(l))
+ P(X3 < Xy and z(1) < X3 < 2(9))
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(2)
:x(l)(l—x(l))+/ Pl < Xy | X3 =2)de
(1)
T(2)
zx(l)(l—x(l))+/ (1—2x)dx
(1)

1 1
=zl —2zm) + 2 (1 - gff(z)) —zq) (1 - 5%)) :

‘We obtain that

3 3 3 3
gx(z1,m0) = -1 — 535?1) — 595%2) + 3w =1~ 595% — 5:6% + 3z (2),
which is the claim from (20). O

Proof of Theorem 4.4. Let ¢ be the kernel function for the Cramér-von Mises
statistic, as defined in Lemma 4.3. The operator A, is known to have eigenval-
ues # with corresponding eigenfunctions v/2 cos(mjx) for j = 1,2,... [13,
Example 12.13]. Since ha((z1,¥1), (¥2,y2)) = 6¢(x1,22)c(y1,y2) by Lemma 4.3,
it follows from Lemma 4.2 that § ho has eigenvalues {%jm : (i,7) € N&} cor-
responding to orthonormal eigenfunctions {2 cos(mjz) cos(mjy) : (i,7) € N}
The eigenvalues of hy are a multiple of 6 larger, with the same orthonormal
eigenfunctions. We obtain from Theorem 2.3 that

Ld (N1 6 36 S~y L
nt* % (2> ;ZFW(X%U -b= FZZW(X%’” Y

i=1j=1

where {X%,ij 24,7 € Ny} is a collection of i.i.d. x? random variables. |
Proof of Theorem 4.5. Recall from Lemma 4.1 that we have the factorization

ha((21,1), (22, 92)) = = gx (1, 22) gv (41, v2).

3

As in the proof of Theorem 4.4, finding the eigenvalues of hs requires only finding
the eigenvalues of the operators A,, and A,, . To obtain positive eigenvalues
it will be useful to instead find the eigenvalues of A_,, and A_4, which are
simply the negation of the eigenvalues of Ay, and Ay, . For notational simplicity
let kx = —gx and ky = —gy. Obtaining the eigenvalues of A, and Ay, are
two analogous problems and we thus discuss only A, . We denote the support
of X by {u1,...,u,}.

Let F and p be the cumulative density function and probability mass function
corresponding to X respectively. Combining the first two probabilities in (8)
and using that X3 and X, are i.i.d. copies of X, the function kx(z1,z2) =
—FEla(x1, z2, X3, X4)] can be written as

kx (z1,72)
:P(xl /\iCQ,Xg<£L’1 \/.’EQ,X4)—P((E1\/£L'2 <X)2—P(.’E1/\£L'2 >X)2
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= {(F(xl Axg) — (a1 Ax))* + (1 — F(z1 Vv 962))2}

— I(zy # x2) [F(xl Az2)(1 — Fzy A xa)) + > p(ug)(1 — F(ug))|.

i1 NTo<up<xri1VIa

Finding the eigenvalues of Ay, requires finding A € R and a function ¢ such
that

Mp(@) = Elkx (2, X2)p(Xa)] = D pix (ug)o(uy)kx (x,uz), (21)
j=1

for x in the support of X. Since the support is finite, (21) is a system of r linear
equations in r unknowns ¢(uy),...,p(u,). We recognize that the eigenvalues
of Ay, are the eigenvalues of the r x r matrix RX whose (,7)-th entry is
Fx (wi,uj)px (ug).

Let K* be the symmetric 7 x r matrix with (i, j)-th entry kx (u;, u;), and let
diag(px) be the diagonal r x r matrix whose diagonal entries are px (u1),. ..,
px (uy). Then R¥ = KX diag(py ). Noting that RX has same eigenvalues as the
symmetric matrix RX = diag(px)'/2K¥ diag(px)'/?, we obtain that the eigen-
values of Ay, are the eigenvalues of R, which is the matrix given by (9). Since
the analogous fact holds for ky, an application of Lemma 4.2 and Theorem 2.3
completes the proof. O
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