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Abstract

We develop ergodic theory of the inviscid Burgers equation with random kick forcing
in noncompact setting. The results are parallel to those in our recent work on the
Burgers equation with Poissonian forcing. However, the analysis based on the study of
one-sided minimizers of the relevant action is different. In contrast with previous work,
finite time coalescence of the minimizers does not hold, and hyperbolicity (exponential
convergence of minimizers in reverse time) is not known. In order to establish a One
Force — One Solution principle on each ergodic component, we use an extremely
soft method to prove a weakened hyperbolicity property and to construct Busemann
functions along appropriate subsequences.

Keywords: SPDE; Burgers equation; last passage percolation; invariant distributions; Busemann
functions; One Force - One Solution Principle.

AMS MSC 2010: 371L40; 37L55; 35R60; 37H99; 60K35; 60G55.

Submitted to EJP on July 7, 2015, final version accepted on May 12, 2016.

Supersedes arXiv:1406.5660.

1 Introduction

The Burgers equation was introduced by Burgers as a fluid dynamics model describing
the evolving velocity profile of a 1D continuum of particles in the absence of pressure.
Although it did not prove to be a good model for most interesting phenomena related
to turbulence, it has re-emerged in various contexts including interface growth, traffic
modeling, the large-scale structure of the Universe, etc., see [5] for a survey of the
mathematics, physics, and numerics concerning the Burgers turbulence.

The inviscid Burgers equation is

u?(t, )

Opu(t,x) + Oy ( 5

) =0, F(t,x). (1.1)
In fluid dynamics terms, u(¢, z) is the velocity of the particle located at point z € R at time
t € R, and f(t,x) = 0, F(t, x) is the external forcing term describing the acceleration of
the particle at time ¢ at point z.
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Burgers equation with random kick forcing

Even if the forcing is absent or smooth, solutions of this equation tend to develop
discontinuities (shocks) in finite time. These shocks correspond to collisions between
particles and provide archetypal examples of shock waves.

Although the classical solutions are well-defined only locally due to the inevitable sin-
gularity formation, one can work with generalized solutions. A natural global existence-
uniqueness class of solutions is formed by so called entropy solutions, or viscosity
solutions. They are globally well-defined and unique for a broad class of initial velocity
profiles and forcing terms. Moreover, they have a natural interpretation in terms of
physics and admit a variational characterization.

We are interested in the situation where the forcing is random, specifically, in the
ergodic properties responsible for the long-term statistics of solutions. It is natural
to expect the existence of invariant distributions balancing the influx of the energy
pumped in by the external forcing and the dissipation of the energy at the shocks.
This problem was considered first in compact settings, and a complete description of
invariant distributions on a circle or, in the multi-dimensional version of the problem, on
a torus, was obtained in [10], [20], [14]. The existence and uniqueness of an invariant
distribution for the Burgers dynamics with random boundary conditions were proved
in [2].

In these cases, the existence and uniqueness of an invariant distribution on the set
of velocity profiles with a given average followed from the One Force — One Solution
Principle (1F1S) that asserts that for any v € R and for almost every realization of the
forcing in the past, there is a unique velocity profile at the present that averages to v and
is compatible with the history of the forcing. For any v, the collection of those velocity
profiles indexed by all times ¢ € R forms a global solution that can be understood as a
random one-point pullback attractor. Moreover, the distribution of this global solution
at any fixed time is then a unique invariant distribution for the Markov semigroup
generated by the Burgers equation on velocity profiles averaging to v.

In turn, to establish 1F1S, it is natural to employ a variational characterization of
solutions called the Lax-Oleinik variational principle. To introduce it, we first represent
the velocity profile as u(t,z) = 0;U(t, ), where the potential U(¢, x) is a solution of the
Hamilton-Jacobi-Bellman (HJB) equation

(0:U(t,x))*

ﬁtU(t,x) + 9

= F(t,x). (1.2)
The viscosity solution of the Cauchy problem for this equation with initial data U(to,-) =
Uo(+) can be written as

t

Ult,e) = inf {Uo(V(fo))‘f‘; /tﬁQ(S)d«SJr /

~:[to,t] =R to to

F(s,v(s))ds} , (1.3)

where the infimum is taken over all absolutely continuous curves ~ satisfying ~(¢t) = x.
Then the solution « of the Burgers equation can be found either by u(¢,z) = 9,U(¢,z) or
by using the slope of v*, the path on which the minimum in (1.3) is attained: u(t,z) =
4*(¢t). The latter is related to the fact that in the HJB equation (1.2) the Hamiltonian
is quadratic in 0,U. The sum of the last two terms on the right-hand side of (1.3) is
often called the (Lagrangian) action of 4. The minimizing path v* can be identified with
the trajectory of the particle that arrives to point x at time ¢. For most points (¢, z) the
minimizer is unique. However, there are exceptional locations corresponding to shocks
where uniqueness does not hold.

This variational approach allows for an efficient analysis of the long term properties
of the system via studying the behavior of minimizers over long time intervals. The
Burgers equation preserves mean velocity and is invariant with respect to Galilean shear

EJP 21 (2016), paper 37. http://www.imstat.org/ejp/
Page 2/50


http://dx.doi.org/10.1214/16-EJP4413
http://www.imstat.org/ejp/

Burgers equation with random kick forcing

space-time transformations, so without loss of generality let us confine ourselves to zero
average velocity.

To establish 1F1S, one has to prove that minimizers over increasing time intervals
in the past converge to limiting trajectories, so called one-sided infinite minimizers.
These are paths with infinite history such that every finite restriction of such a path
minimizes Lagrangian action over paths with the same endpoints. The entire space-time
is foliated by these trajectories, and one can use their slopes to construct a global
solution and prove that any global solution has to agree with this field of one-sided
minimizers.

For this program to go through one needs an additional property of one-sided mini-
mizers called hyperbolicity. It means that those paths approach each other in the past
sufficiently fast. The reason to consider this property is that in order to use (1.3) in
the proof that the velocity profile obtained from slopes of the minimizers is, in fact, a
global solution, one has to keep track not only of the velocity, but also of the velocity
potential. To find the increment of the velocity potential, we can consider two minimizers
approaching each other in reverse time. Although the action corresponding to each of
them is infinite, one still can make sense of the difference in action between these paths
since there will be a diminishingly small contribution from times in a distant past. This
analysis leads to an analogy between the global solution of the HJB equation (1.2) and
Busemann functions in last passage percolation theory.

For 1D periodic (or circle) setting hyperbolicity was first established in [10] and
recently a simpler proof exploiting the rigidity of 1D geometry was constructed in [6].

The first attempts of extending this program to noncompact settings, i.e., evolution
of velocity profiles on the entire real line with no periodicity or other compactness
assumption were [15], [27], and [3]. In [3], the program was carried out including the
characterization of the global solution as a one-point random attractor and a description
of the domain of attraction. However, the random forcing still was mostly concentrated
in a compact set, so one can describe this kind of setting as quasi-compact.

In [4], the entire program was carried out for a fully noncompact space-time stationary
setting on the real line. The forcing in [4] was assumed to be concentrated in Poissonian
points in space-time. The similarity of this problem to last passage or first passage
percolation and to Hammersley’s process was exploited to adapt the methods of [21],
[17], [18], [19], [29], [8], [7] to this setting, although several technical difficulties had to
be overcome.

For every value v € R, the paper [4] constructs a unique family one-sided infinite
minimizers with asymptotic slope v. The following strengthening of the hyperbolicity
property was instrumental in constructing a global solution, proving its uniqueness and
attraction property: with probability 1, any two of these one-sided minimizers coalesce,
i.e., they meet at one of the Poissonian points and coincide from that point on. This
strengthening of the hyperbolicity property is certainly an artefact of the model where
the forcing is concentrated in a discrete set of space-time points.

The goal of this paper is to go through the same program in a noncompact setting
where the forcing is still space-time stationary, but it is applied at discrete times, so
that it is smooth in space and delta-type in time. From the fluid dynamics perspective it
means that in our model, at every time n € Z the velocity profile experiences a kick, i.e.,
the velocity of the particle at site « € R is altered by a random amount F,,(n, z), where
F,(n,z) is a space-time stationary process. Between these kicks the velocity profile
undergoes unforced Burgers evolution, i.e., each particle travels with a constant velocity
at least before it collides with other particles. For simplicity of the analysis we will
adopt a concrete “shot-noise” model for spatially smooth process F,,(n,-) such that these
kicks at different times are i.i.d. We note that kick forcing models have been studied for
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Burgers turbulence in compact setting in [20], [6] and for 2D Navier-Stokes system in
[22], [23], [24].

Although some steps in the program for the kicked forcing model are mere adapta-
tions of the methods of the previous paper [4], we have to tackle some new obstacles
here. For example, some arguments that explicitly used the discrete nature of the
Poisson point ensemble have to be enhanced or replaced with new ones.

One crucial difference between the old and new settings is that we can no longer
rely on coalescence of one-sided minimizers. It is clear that distinct minimizers do not
coalesce (all minimizers are solutions to the second-order Euler-Lagrange difference
equation, so if two minimizers coincide with each other at two consecutive times, they
are identical), but it is still not known if they are asymptotic to each other, i.e., if
hyperbolicity holds true. This poses a serious difficulty. However, in this paper, we are
able to replace hyperbolicity by a much weaker property. We prove that for any two
one-sided minimizers !, v? with the same asymptotic slope,

12
Jim fnf [m = Tml _ (1.4)

m——00 |m|_1

In other words, we prove that one-sided minimizers approach each other rather closely
along a sequence (m’) of pairing times. It turns out that this weak hyperbolicity is
sufficient to prove existence and uniqueness of a global solution of the Burgers equation
in our model, and to study its domain of attraction. Of course, some limit transitions
m — —oo are replaced by limits along the pairing sequence of times m/. In particular,
our definition of Busemann function is based on partial limits.

The new argument we use to prove (1.4) (we actually prove and use a slightly stronger
statement) is quite soft and can be applied to other last passage percolation type models
and random Lagrangian systems. However, we work only with the Burgers equation,
since for this model system we can also complete all other steps of the program.

Let us also mention important recent work on geodesics and Busemann functions for
discrete lattice models in [9], [12], [26], [13].

In the next two sections we explain the setting, main results, and the layout of the
rest of the paper.

Acknowledgements. 1 am grateful to Konstantin Khanin and Yakov Sinai who
introduced me to the ergodic theory of the stochastic Burgers equation around the year
of 2000. I am thankful to Eric Cator for educating me in last passage percolation. I
thank Kostya and Eric for discussions at very early stages of this work. I would also
like to thank the Banff International Research Station for Mathematical Innovation and
Discovery where these discussions took place in July of 2012. I gratefully acknowledge
partial support from NSF, grant DMS-1460595.

2 The setting

We will consider the dynamics under which at time n € Z the velocity profile receives
an instantaneous random kick and then for time 1 solves the unforced Burgers equation
before it receives the next kick, and so on. The forcing potential we want to consider
can be informally written as

Z F,(n,x)d(t —n)

nezZ

where §(+) is Dirac’s delta function and F,(n,-), n € Z is an i.i.d. sequence of stationary
processes indexed by x € R with finite range of dependence defined on a probability
space (2, F,P).
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For simplicity, we work with a more concrete model where the random potential
(Fu(n,2))(n,2)ezxr is given by a shot-noise random field

T = MNn,i
F,(n,x) ;fn,,qb( . ) , n€Z xR,

where for each n € Z, {n,,}ien is a Poisson point field on {n} x R driven by the
Lebesgue measure, ¢ : R — R is a measurable function with bounded support, and the
amplitudes (&, ;)ien and scaling factors (x,,;);cn are two bounded i.i.d. sequences, jointly
independent of each other and the point configuration {7, ;}. There is no canonical
enumeration of Poissonian points, so let us now give a more precise and enumeration-
independent definition of this model of point influences using the approach of marked
Poisson processes.

Let ¢ : R — R be a differentiable even function such that the set {x € R : ¢(x) # 0}
is non-empty and contained in (—R,, R,) for some constant R, > 0. Let {(7,7,{,~)} be a
Poisson process on Z x R x R x R with driving measure

p(dn x do x dv x du) = Pr(dn) x P,(dx) x P¢(dv) x P.(du), (2.1)

where P; is the counting measure on Z, P, is the Lebesgue measure on R, Pr and P,
are Borel probability measures on R concentrated, respectively, on [—R¢, R¢] and on
(0, R,;] for some positive constants R, R,. To simplify the reasoning, we will assume that
R, = R¢ = R, = 1, although extending all our results to the arbitrary values of these
constants is straightforward. Some arguments will be easier if we assume that

P:((0,Re]) >0, and Pe([—Re,0)) >0, (2.2)

although it is not necessary to make this assumption.

Let us recall the definition of a Poisson point field. It is convenient to assume
that the probability space () is the space of locally finite point configurations w on
Z x R x R x R = 7Z x R3. This space is equipped with o-algebra F, generated by maps
w +— w(B), for bounded Borel sets B C Z x R3, where w(B) denotes the number of
configuration points of w in B. Then the probability measure Py on Fj is defined via
the following two properties: (i) for any mutually disjoint bounded Borel sets By, ..., By,
w(By),...,w(By) are independent random variables; (ii) for a bounded Borel set B, w(B)
has Poisson distribution with parameter u(B), where p is defined in (2.1).

The space-time projections {(7,7)} of Poissonian {(7,7, ¢, <)} points form a Poisson
point field in Z x R driven by P;(dn) x P,(dx). We will often refer to these points as
space-time footprints of the original configuration points.

Now we can define the random kick forcing potential via

Funa)= Y ¢ <$_77>, (n,z) € Z x R. (2.3)

K
&, k:(n,m,€, k) Ew

This sum is well-defined and differentiable for all (n, 2) because nonzero contributions
come only from finitely many Poissonian points with spatial component 7 satisfying
|n — x| < 1. We will often omit the argument w of F(-) = F,(-) for brevity.

It is immediate to see that F(-) is a space-time stationary process, i.e., the finite-
dimensional distributions of (F(n,)) .)ezxr are the same as those of (F(n + k,x +
Y))(n,x)ezxr for any choice of (k,y) € Z x R. Moreover, (F,,(n,))necz, is anii.d. sequence
of stationary processes. Each of these stationary processes has radius of dependence
bounded by 2, i.e., o-algebras generated by (F(n,x)).<, and (F(n,z))z>,+2 are inde-
pendent for any choice of » € R, since the former depends on Poissonian points with
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spatial component 7 satisfying n < r + 1, the latter depends on Poissonian points with 7
satisfying n > r 4 1, and the probability to have n = r 4 1 is zero. Let us also note that all
moments of

Ei(n,z) = max{|F}(n,y)| : y € [z,z + 1]}, (2.4)

are finite and can be easily estimated by the corresponding moments of the Poisson
distribution. Moreover,

¢(\) = InEeMF(m®) € (0,00), A €R. (2.5)

It will be convenient in this paper to work on a modified probability space

F,
QZ{WEQ(): lim M

=0, nEZ}EfO

instead of Q2y. The reason is that Po(2) = 1 due to the stationarity and moment assump-
tions on F,,, and, as we will see later, on this set the Burgers dynamical system possesses
some nice properties. Moreover, () is invariant under (i) Galilean space-time shear trans-
formations L%? moving each Poissonian point (7,7, &, k) to (7, n+a+vT, &, k), and (ii) space-
time translations ™% moving each Poissonian point (7,7,&, k) to (1 —n,n — z, &, k). Here
neZ,xeR,vek.

We denote the restrictions of Fy and Py onto 2 by F and P. From now on for
convenience we remove from {2, the zero measure complement to 2 and work with the
probability space (€2, 7, P). Under this transition, all the distributional properties are
preserved.

Let us now define the Burgers dynamics associated with this random forcing potential
and the corresponding dynamics for HJB equation. The latter may be called Hamilton -
Jacobi - Bellman - Hopf - Lax — Oleinik (HJBHLO) dynamics.

The space of velocity potentials that we will consider will be H, the space of all locally
Lipschitz functions W : R — R satisfying

i inf V)

rz—+oo |x‘

> —00

For a function W € H, a forcing realization F,, determined by w € 2, times ng,n; € Z

satisfying ng < n1, any a sequence of points v = (Yng, - - -, Yn, ), We define the following
action:
AL (W,9) = W () + 507 (3) 4+ FL™ (3), 2.6)
where
1 ny—1
Sremi(y) = 3 Z (Yrs1 — )°
k=ng

is the kinetic action associated to v, and the potential action

’I’Llfl

FIomi(y) = > Fulk,m) (2.7)

k:no

is responsible for the interaction with the external forcing potential F,,. Sometimes, we
will identify the sequence of points v with the planar broken line consisting of segments
connecting (ng, Yn,) to (n1, Yn,), (P1,7n,) to (N2, 7n,), €tc. Very often we will omit the
argument w of A”™ (W,~), F>™ (v) and other random variables.

Let us now consider the following minimization problem:

Al (W, ) — inf, (2.8)

TYn, = T,
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where the infimum is taken over all sequences v : {ng,...,n1} — R. Let us denote the
infimum value in (2.8) by @70t W (x).

If ny = ng + 1, then one can use the optimization problem (2.8) to find the viscosity
solution of the unforced Burgers equation or the associated HJB equation with initial
condition W (-) + F,(no, "), see, e.g., [11, Section 3.4]. Namely, ®"0-m0 LW (z) is well-
defined and equal to the solution of the HJB at point (ng + 1, x); and 9, ®"0-"0 11V (z) is
the solution of the Burgers equation at point x. The latter can be also represented as
T — Yng, Where (Vng, Yno+1) = (Yne, ) is the optimal two-point path solving (2.8).

Note that in [11], the assumption of global Lipschitzness of the initial data is used.
Although that assumption does not hold for W (-) + F,(no, -), it can be easily replaced
by local Lipschitzness and at most linear growth to —oco. These properties hold for all
w € Q.

The general optimization problem (2.8) with an arbitrary gap between ng and n;
corresponds to iterative applications of this one-step procedure, so the result matches
the informal description of the dynamics given in the introduction: at time ny we start
with a velocity profile W, alter it by F(ny, -), then we solve the unforced Burgers-HJB
equation for time 1, and then, at time ny + 1 we alter the solution by F'(ng + 1,-) and
then solve unforced Burgers equation for time 1, etc.

The family of random nonlinear operators (™), <, is the main object in this
paper. Our main goal is to understand the asymptotics of ®7°"t as n; —nyg — oo. Let us
now formulate the most important preliminary facts about the operators ®];°"**. We do
not give proofs since they are just minor modifications of the textbook material in [11,
Section 3.4].

Lemma 2.1. For anyw € Q, W € H and ng,n; € Z with ny < ny, the following holds
true:

1. For any z € R there is a path v(z) that realizes the minimum in (2.8). In particular
the operator ®7'>"! is well-defined on H.

2. The function x — @™ W (x) is locally Lipschitz.

3. The set O of points x such that the variational problem (2.8) admits a unique
solution is open and dense in R. The complement to O is at most countable.

4. Ifxg € O, then @™ W (z) is differentiable at x( with respect to x and

B @MW ()], = Y (20) — Yny—1(wo)-

Ifv: [ng,n1] — R is the continuous curve linearly interpolating between points of
the sequence ~(x(), then the right-hand side of this identity can be interpreted as
4(n1), where the dot denotes (left) time derivative.

5. Ifzp € R\ O, then the right and left derivatives of ®!'>™ W (z) w.r.t. x are well-
defined at xy. They are equal to the slope of, respectively, the leftmost and rightmost
minimizers realizing ®'"" W (x).

6. Let y(z) denote a minimizer with endpoint (ny,z). Then for every pair of points
z,y € R satisfying x < y, and every n € {ng,...,n1}, vn(z) < vn(y). Moreover,
im0 Yn(2) = Lo00.

Optimal sequences (z) and their continuous interpolations can be viewed as particle
trajectories.

The following statement is the cocycle property for the operator family (®70-"1). It is
a direct consequence of Bellman'’s principle of dynamic programming.
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Lemma 2.2. If w € 4, then for any W € H, any ng,ni,ne satisfying ng < ny < ne,
72 oMWY is well-defined and equals ®7°"2W . For any x € R, if y is an optimal path
realizing ®">"2W (z), then the restrictions of v onto {ng,...,n1} and {nq,...,na} are
optimal paths realizing ®7°" W (v, ) and @712 (S0 W)(x).

Introducing ®” = ®%" we can rewrite the cocycle property as

P = @2 MW, nymp €N, weQ,

0m1w T w

where 6" = §™° denotes the time-shift on point configurations by n time units.
Let us denote

W(z)

H(v_,vy) = {W €eH: lim

r—+o0 x

vi}, v_,vy € R.

The following result shows that these spaces are invariant under HJ BHLO dynamics.
Along with Lemma 2.2 it allows to treat the dynamics as a random dynamical system
with perfect cocycle property (see, e.g., [1, Section 1.1]). We give a proof of this lemma
in Section 12.

Lemma 2.3. For any w € (2, for any ng,n, with ng < nq,
1. If W € H, then ®]>™W € H.
2. IfW € H(v_,vy) for some v_, vy, then @70 W € H(v_,vy).

In nonrandom setting the family of operators (®™°:"1) constructed via a variational
problem of type (2.8) is called a HJBHLO evolution semigroup, see [28, Definition 7.33],
but in our setting it would be more precise to call it a HJBHLO cocycle.

Potentials are naturally defined up to an additive constant. It is thus convenient
to work with H, the space of equivalence classes of potentials from H. Also, we can
introduce spaces ]I:I(v,, v4) as classes of potentials in H(v_,v;) coinciding up to an
additive constant. The cocycle ® can be projected on H in a natural way. We denote the
resulting cocycle on H by P.

Since a velocity field determines its potential uniquely up to an additive constant, we
can also introduce dynamics on velocity fields. We can introduce the Burgers dynamics
on the space H’ of functions w (actually, classes of equivalence of functions since we do
not distinguish two functions coinciding almost everywhere) such that for some function
W € H and almost every z, w(z) = W'(z) = 9,W(x). For all v_,v — + € R, we can
also introduce H'(v_,v; ), the space consisting of functions w such that the potential W
defined by W (z) = fox w(y)dy belongs to H(v_, v, ). One can interpret this space as the
space of velocity profile with well-defined one-sided averages v_ and v..

We will write we = U0ty if wy = WY, we = W), and Wy = &1V, for some
W1, Wy € H. Of course, the maps belonging to the Burgers cocycle (¥":"1) map H' into
itself and the spaces H'(v_, v;) are also invariant. However, these maps have additional
regularity that we are about to exploit.

It follows from Lemma 2.1 that for all w €  and every w € H’ there is a cadlag
version of ¥]°"™"w (i.e., it is right-continuous and has left limits at all points) such that
the function

M(z)=a—V"w(z), xR,

is strictly increasing and satisfies lim, , 1., M(z) = +oo. In particular, M has at most
countably many discontinuities, and so does ¥'>"1w. In the fluid dynamics interpretation,
the particle that arrives at = at time ny with velocity ¥7"1w(z), is located at M(x) at
time n; — 1. Monotonicity means that the paths of those particles do not cross before n;.
Each discontinuity of M corresponds to a pair of particles arriving at the same point
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at time n, with different velocities and creating a shock. Let us also note that one can
recover W0ty from M:

yromy(x) =x— M(z), x€R.

This description of solutions of the Burgers equation in terms of monotone maps
allows one to study the Burgers dynamics as evolution in spaces G or G(v_, v, ) consisting
of cadlag functions w € H’ (or, respectively, w € H'(v_,vy)) such that M,, :  — = — w(z)
is an increasing function satisfying lim,_,+ ., M (z) = +00. Of course, M,, retains all the
information about w since w(z) = = — M, (x).

There are some advantages of work with monotone functions. For example, we will
utilize the following mode of convergence: a sequence of G-functions (wy,),cn converges
to w € G iff limy,_,o00o My, () = My (x) for all z in C(w), the set of continuity points x
of w. This is equivalent to lim,_, ., wy,(z) = w(z) for all z € C(w). It is easy to define a
metric on G compatible with this mode of convergence. We discuss one such metric in
Section 11.

3 Main results

We say that u(n,z) = u,(n,x), (n,z) € Z x R is a global solution for the cocycle
U if there is a set ' € F with P(Q') = 1 such that for all w € €/, all m and n with
m < n, we have ", (m,-) = u,(n,-). We can also introduce the global solution as a
skew-invariant function: u,(x), z € R is called skew-invariant if there is a set )’ € F with
P(€) = 1 such that foranyn € Z, 0"Q' = ¥/, and foranyn € Nand w € @/, ¥ u,, = ugny,.
Here and further on 8™ = 60 is the time shift on Q (we recall that space-time shifts ™"
were introduced in the previous section).

If u,,(z) is a skew-invariant function, then u,,(n,x) = ugn, () is a global solution. One
can naturally view the potentials of u,(z) and u, (n,z) as a skew-invariant function and
global solution for the cocycle d.

To state our first result, a description of global solutions, we need more notation.
For a subset A of Z x R, we denote by F4 the o-sub-algebra of F generated by w|4, the
restriction of Poisson point configuration w to A x R x R, i.e., by random variables w(B)
where B runs through Borel subsets of A x R x R. In other words, F4 is generated by
Poissonian points with space-time footprint in A.

Theorem 3.1. For every v € R there is a unique (up to zero-measure modifications)
skew-invariant function u, : Q — H’ such that for almost every w € Q, u,,, € H'(v,v).
The potential U, ,, defined by U, .,(x) = jw Uy (y)dy is a unique skew-invariant potential
in ]f{(v, v). The skew-invariant functions U, ., and u,, ., are measurable w.r.t. F|_n)xr., i.€.,
they depend only on the history of the forcing. The spatial random process (u ,(2))zer
is stationary and ergodic with respect to space shifts.

Notice that this theorem can be interpreted as a 1F1S Principle: for any velocity
value v, the solution at time 0 with mean velocity v is uniquely determined by the history
of the forcing: u,, = Yo (w|(~)xrxRxR) for some deterministic functional x, of the
point configurations in the past, i.e., in (—IN) x R x R x R (we actually describe x, in the
proof, it is constructed via one-sided action minimizers). Since the forcing is stationary
in time, we obtain that u, ¢»,, is a stationary process in n, and the distribution of u,, .,
is an invariant distribution for the corresponding Markov semi-group, concentrated on
H' (v, ).

The next result shows that each of the global solutions constructed in Theorem 3.1
plays the role of a one-point pullback attractor. To describe the domains of attraction
we need to introduce several assumptions on initial potentials W € H. Namely, we
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will assume that there is v € R such that W and v satisfy one of the following sets of
conditions:

v =0,
W
iminf L&) > o, (3.1)
T—+400 x
lim sup (z) <0,
r—r—00
or
v >0,
lim V@) _ v, (3.2)
T——00 I
lim inf (2) > —v,
T— 00 x
or
v <0,
im V) _ (3.3)
r—r+o0 €T
w
lim sup (z) < —v.
T——00 X

Condition (3.1) means that there is no macroscopic flux of particles from infinity
toward the origin for the initial velocity profile W’. In particular, any W € H(0, 0) or any
W € H(v_,vy) with v_ < 0 and vy > 0 satisfies (3.1). It is natural to call the arising
phenomenon a rarefaction fan. We will see that in this case the long-term behavior is
described by the global solution uy with mean velocity v = 0.

Condition (3.2) means that the initial velocity profile W’ creates the influx of particles
from —oo with effective velocity v > 0, and the influence of the particles at +oc is not as
strong. In particular, any W € H(v,vy) with v > 0 and v; > —v (e.g., v4 = v) satisfies
(3.2). We will see that in this case the long-term behavior is described by the global
solution u,,.

Condition (3.3) describes a situation symmetric to (3.2), where in the long run the
system is dominated by the flux of particles from +oc.

The following precise statement supplements Theorem 3.1 and describes the basins
of attraction of the global solutions u, in terms of conditions (3.1)-(3.3).

Theorem 3.2. For every v € R, there is a set Q € F with P(Q) = 1 such that ifw € Q,

W € H, and one of conditions (3.1),(3.2),(3.3) holds, then w = W' belongs to the domain

of pullback attraction of u,, in the sense of space G: for anyn € R and any x € C(u,(n,-)),
mgrgw U w () = Uy (n, ).

The last statement of the theorem implies that for every v € R, the invariant measure
on H'(v,v) described after Theorem 3.1 is unique and for any initial condition w =
W' € H’ satisfying one of conditions (3.1),(3.2), and (3.3), the distribution of the random
velocity profile at time n weakly converges to the unique stationary distribution on
H'(v,v) as n — oo, in the topology of the space G. However, our approach does not
produce any convergence rate estimates.

The proofs of Theorems 3.1 and 3.2 are given in Sections 9 and 10, but most of the
preparatory work is carried out in Sections 4-8.
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The long-term behavior of the cocycles ® and ¥ defined through the optimization
problem (2.8) depends on the asymptotic behavior of the action minimizers over long
time intervals. The natural notion that plays a crucial role in this paper is the notion of
backward one-sided infinite minimizers or geodesics. A path v: {...,n — 1,n} — R with
~v(n) = x is called a backward one-sided minimizer if its restriction onto any time interval
{m,...,n} provides the minimum to the action A”""(W,-) defined in (2.6) among paths
connecting y(m) to x.

It can be shown (see Lemma 7.1) that any backward minimizer ~ has an asymptotic
slope v = lim,,,_ o (y(n)/n). On the other hand, for every space-time point (n,z) and
every v € R there is a backward minimizer with slope v and endpoint (n, z). The following
theorem describes the most important properties of backward minimizers associated
with the random potential F,.

Theorem 3.3. For every v € R there is a set of full measure ' such that for all w € €'
and all (n,x) € Z x R except countably many there is a unique backward minimizer with
asymptotic slope v. For w € €/, any two one-sided minimizers v',~v? with asymptotic
slope v, satisfy . ,

liming Dm =l _ (3.4)

m52%  [m[1

The proof of this core statement of this paper is spread over Sections 4 through 8.

Sections 4 through 7 are technical extensions of the corresponding results for the Poisso-
nian forcing from [4], although there are some new difficulties and some simplifications.
In Section 4, we apply the sub-additive ergodic theorem to derive the linear growth
of action. In Section 5, we prove quantitative estimates on deviations from the linear
growth. We use these results in Section 6 to analyze deviations of optimal paths from
straight lines. In Section 7, we prove the existence of infinite one-sided optimal paths
and their properties. In Section 8, we prove a weak hyperbolicity property that is actually
slightly stronger than (3.4). This is where new ideas are introduced and the exposition
differs significantly from [4], where every two minimizers are proved to coalesce in
finite time. It is this weak hyperbolicity that is used in Sections 9 and 10 to construct
global solutions and study their properties. In Section 11, we discuss the convergence in
space G. Section 12 contains some auxiliary lemmas.

4 Optimal action asymptotics and the shape function

Let us start with a note that the definition of the action has a slight time-reversal
asymmetry: in the potential action, one of the endpoints of {ng,...,n;} is included in
summation in (2.7), and the other is not, whereas sometimes it is useful or convenient to
work with the time-reversed version of the potential action and define it as

n1
FIom(y) = > Fulk,m). (4.1)
k=no+1
Several estimates in this and forthcoming sections hold true for both definitions of the
action, and to avoid separate discussion of both cases we will introduce an additional
parameter p € [0,1] and use the following generalized definition of the potential action:

nlfl
F3O™(y) = pFu(no,Yne) + Y Fulk,m) + (1= p)Fo(n1,7m,) (4.2)
k=no+1
nlfl
= Y (pFulk, ) + (1 = p)Fulk + 1, 7k11)).
k=ngo

If p =1 or 0, then we recover definition (2.7) or, respectively, (4.1).
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In this section we study the asymptotic behavior of the optimal action between
space-time points (n,z) and (m, y) denoted by

AV (x,y) = AL (2, y) = min  A”"™(0,7) (4.3)

VY =T, Ym =Y
= _min (")) + FET()).
YV In=T,Ym=Y

We will use the generalized action that involves generalized potential action F0>" ()
defined in (4.2) for an arbitrary value of parameter p € [0, 1].

Although to construct stationary solutions for the Burgers equation, we will need the
asymptotic behavior as n — —oo, it is more convenient and equally useful to work with
positive times and studying the limit m — —oo.

We begin with some simple observations on Galilean shear transformations of the
point field.

Lemma 4.1. Leta,v € R and let L = L*" be a transformation of space-time defined by
L(n,z) = (n,x + a+ vn).

1. Suppose that v is a path defined on a time interval {ny,...,n;} and let % be defined
by (n,¥n) = L(n,7y,). Then
(ny — ng)v?

St (y) = 8" (Y) + (Yny — Yno )V + 2

2. For any w € (), let us define Lw by pointwise application of L to the space-time
footprint of configuration points: (1,1,¢,k) € w iff (1,n+ a + v7,§, k) € Lw. Then
for any w € (), any time interval {ny,...,n1}, and and any points x,x1,To,Z1 € R
satisfying L(TL(),JU()) = (’I’Lmio) and L(Tlhl‘l) = (nl,fl),

(n1 — ng)v?

Az(i;n1 (37;07531) — _AZLN”A] (1'07.1‘1) + (5[,‘1 — 1‘0)’0 + 5

Also, minimizers realizing A°"!(xo, 1) are mapped onto minimizers realizing
A" (zo, 1) under L.

3. The measure P is invariant under L.

4. For any points x,x1,Zo,Z1 and any time interval {ng,...,n1},
no.n1 (= = \ BT gngng (nl - Tlo)’U2
A" (T, 71) = A" (w0, 1) + (71 — w0)v + o
where
o — (T1 — x1) — (Zo — 20)
nip —"No .
Proof: The first part of the Lemma is a simple computation:
1 nlfl 1 ’nl*l
Snom(y) = 9 Z (Y1 +o(n+1) — v, — Un)Q = ) Z (Yn+1 — V0 + U)Q
n=no n=no
1 ’I’Llfl nlfl 1 Tllfl
= 9 Z (Yn+1 — ’Yn)z +v Z (Yn+1 —Tn) + 9 Z 02
n=ngo n=ngo n=no

The second part follows from the first one. To prove the third part, it is sufficient to
notice that the measure p driving the Poisson process is invariant under L. The last
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part is a consequence of the previous two parts, once one finds an appropriate Galilean
transformation sending (ng, zo) to (no, o) and (ny,x1) to (n1,Z1). O

The next useful property is the sub-additivity of action along any direction: for any
velocity v € R, and any n, m > 0, we have

AP0, o+ m)) £ AP (0,0m) + AP (un, o+ )

This means that we can apply Kingman’s sub-additive ergodic theorem to the function
n +— A%"(0,vn) if we can show that —EA%™(0, vn) grows at most linearly in n. We claim
this linear bound in the following result:

Lemma 4.2. Let v € R. There exist constants C = C(v) > 0 and ng > 0 such that for all
n > ng
E|A%™(0,vn)| < Cn.

Proof: This statement and its proof are adapted from [4]. Lemma 4.1 implies that it is
enough to prove this for v = 0. So in this proof we work with A™ = A™(0,0).
Let (0, - --7n) be a path realizing A™. Let us denote

E('V) = Z kj? (4.4)

where k; = |[vj41] — [1;]] + 1, and set
E,, . = {Z(y) = m for some ~ realizing A"}.
Lemma 4.3. There are constants C; > 0 and R € IN such that if m > Rn, then
P(Epnm) < exp(—Cim?/n).

Proof: If a path v realizes E,, ,,,, then

n—1

1

A% 2 5;(’%‘_Q)i—FZ([%Lm,[vn})a (4.5)

where a; =0V a, and

n

Fi(io, ... vin) = Y _F5(j.ij), ido,...,in € Z.

=0

We recall that F*(j, k) was introduced in (2.4). Since A™ is optimal,
n—1
A" < AY™0,0,...,0) = pFu(0,0) + > Fu(4,0) + (1 = p)Fiu(n,0). (4.6)
j=1
Since a — (a — 2)3 is convex, we can use Jensen’s inequality to see that
1« 1 m
N (k-2 (7 - 2)
2 Z::O =3\

Combining this with (4.5) and (4.6), we obtain

2

N .

n—1

) 1 /m 2 "
PEL(0.0) + 3 Fu(3.0) + (1 = p)Fu(n.0) > gn (7 —2)" —F5(Bol.--. b))
j=1
EJP 21 (2016), paper 37. http://www.imstat.org/ejp/
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We conclude that on E,, ,,,

1 2
2 > (T - 2) , 4.7)
2 n +

where

F:nm—maX{F 105+ -s0n) Z|zj+1—ij|—|—l)§m}.
=0

So we need a tail estimate for F;j n.m- Since the distribution of F}(io,...,%,) does not
depend on the choice of (ig, ..., ) we obtain that for any r > 0,
P{F; o > 7} S NamP Y F5(0,5) > 7 0, (4.8)

where N, ,, is the size of the set {(ip,..., i) : Z” 1(|zj+1 —i;|+1) <m}, n <m. Let
us estimate N, ., first. The number of ways to represent m as a sum of n ordered
nonnegative terms is ("";!) < 2™+~ Since we also may choose the sign of i;,1 — i
we obtain an additional factor of 2", so we obtain a crude estimate

Npm < €™, m >n, (4.9)

for some p > 0. We also have,
ZFj(O,j) > b < e MEA T FI0.0) — o Arte(N(nt]) -y 5,

and, combining this with (4.8) and (4.9), we obtain

P{F* > my} < ePm—Amyte(M)(ntl) < em(p*/\y+2w(A)), m>n.
So choosing first any A > 0, then any y, > 0 such that

P = Ayo + 2¢(A) < —Ayo/2,

we obtain
P{F} o >my} <e 5™ y>yy, m>n, (4.10)

where K = A\/2. If R > 2 and m > Rn, then using (4.7), denoting

_1lnm 2 1(m—2n)> _ m(l—-2R"1)?
v =1 o2 =3

4m ’

n nm 4n

noticing that the right-hand side is bounded below by R(1 — 2R~1)? /4 which exceeds ¥,
for sufficiently large R, we obtain from (4.10):
m(1—2rR~1)2

4n

P(Em,n) S emey S eme

)

and the lemma follows with C; = K(1 —2R"1)%/4. O
Lemma 4.4. For any k > 1, there is ¢, > 0 such that for all n,m € IN with m > n,

k

EF*F < cpmF.

w,n,m
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Proof: Clearly,

*k _ *k *k
EESmm = BE nm M (Fs o <yomy T BES G m L Fs , >yom) -

We can bound the first term simply by (yom)*. For the second term we can use (4.10):

w

EFSE i dirs syomy < D ((Wo +i+ D)m)*P{ES, . € (yo +i)m, (yo + i + 1)m]}
1=0

o

s
Il
=

< (yO +i+ l)kmkP{F:,n,m > (yO + Z)m}

R

i=0
This series is uniformly convergent in m, so the proof is completed. O
We can now prove Lemma 4.2. From (4.5) and (4.6) we know that |A"| < Fyom
on Ey m. So, using Lemmas 4.3 and 4.4, and the fact that /], ,, is nondecreasing in m,
we obtain
E|A"=E Y |A"1g,,.+ Y ElA"1g,,
n<m<Rn m>Rn
S E Z F::,n,m]‘En,m + Z EFw*,n,m]‘En,m
n<m<Rn m>Rn
m>Rn
< Rn+/ca Z mexp(—Cyim?/(2n))
m>Rn
<Cn,
for C' big enough. O

In fact, we can use the last calculation to obtain the following generalization of
Lemma 4.2 for higher moments of A™:

Lemma 4.5. Let k € IN. Then there is a constant C(k) > 0 such that
E|A"|* < C(k)n*, neN.

Remark 4.6. In fact, the analysis of all the proofs in this section shows that all the
results above are valid if A" is replaced by

AN = : SO,n FO,n ,

min (S () + F2" (7))
where T',, is any set satisfying two conditions: (i) all elements of I',, are paths ~ :
{0,...,n} — R such that v = 0, 7, = 0; (ii) [, contains the path (0,0,...,0). We will
need this in the proof of Lemma 5.6.

Now we arrive to the main result of this section describing the shape function «a for
our model.

Lemma 4.7. For each v € R, the number a(v) € R defined by

EAO,n
a(v) = inf EA"(0,vn)

n n

) (4.11)
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satisfies
A% (0, vn)

n
and does not depend on the choice of constant p in definition (4.2). Moreover,

— a(v), as.andin L', n — oo, (4.12)

2
Mw:ammf%,veﬁ. (4.13)
Proof: The number «a(v) is finite due to Lemma 4.2. The sub-additive ergodic theorem
now implies (4.12). The independence on p follows from

lim 7Fw(n,vn) = lim L‘)(O’O)

n—00 n n—00 n

=0, a.s.andin L'

To prove (4.13) we notice that the Galilean shear map (n,x) — (n,x + vn) transforms
the paths connecting (0,0) to (n,0) into paths connecting (0,0) to (n,vn). Lemma 4.1
implies that under this map the optimal action over these paths is altered by a determin-
istic correction v?n/2, but the measure P is invariant under the lift of this transformation
onto (2, so the lemma follows. O

We know now from (4.12) that A%"(0,vn) ~ a(v)n as n — oo with probability 1.
However, this is not enough for our purposes since we need quantitative estimates on
deviations of A%"(0,vn) from a(v)n. This is the material of the next section.

5 Concentration inequality for optimal action

The goal of this section is to prove a concentration inequality for A™(vn) = A™(0,vn) =
A" (0,vn) = A%"(0,vn). The methods are similar to those of [4], except for some technical
moments. In particular, we use the Azuma-Hoeffding inequality instead of the Kesten
inequality. Throughout this section we work with the version of action defined in (4.2).

Theorem 5.1. There are positive constants cgy, c1, ce, c3,c4 such that for any v € R, all
n > co, and all u € (c3n'/? In%n, ¢4n3/21n n,
P{]A"(0,vn) — a(v)n| > u} < ¢1 exp {7CQL} .
nl/2lnn
Remark 5.2. In our setting one can also prove a similar bound for small values of n, but
we will mostly need the theorem as it is stated.

Due to the invariance under shear transformations (Lemmas 4.1 and 4.7), it is
sufficient to prove this theorem for v = 0. We will first derive a similar inequality
with a(0)n replaced by EA™, and then we will have to estimate the corresponding
approximation error.

Lemma 5.3. There are positive constants by, b1, bo, b3, by such that for all n > by and all
u € (b3n'/?Inn, byn/?1nn],

u
P{IA" — A" > u} < brexp { by}

We will need an estimate on probabilities of the following events:

By (u) = {Ogl]?écn |vx| > u for some ~ realizing A"} .

Lemma 5.4. There is a constant Cy > 0 such that if n € IN and v > Rn, then
P(B,(u)) < Cyexp(—Ciu?/n),

where constants C7 and R were introduced in Lemma 4.3.
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Proof: If maxo<g<n |7x| > u, then £(y) > u. Lemma 4.3 implies

P(Bn(u)) < Y exp(—Cym?*/n)

< exp(—Chru?/n) Z exp(—C1(m? —u?)/n)
< exp(—=Cru?/n) Z exp(—C1R(m — u))

< Oy exp(—Cru?/n),

where Cy = > _ e~ C1fim, O

Having Lemma 5.4 in mind, we define A™ to be the optimal action over all paths
connecting (0, 0) to (0,n) and staying within [—Rn, Rn].

Lemma 5.5. Let constants R, Cy,Cy be defined in Lemmas 4.3 and 5.4. For any n € N,
P{A™ # A"} < Cyexp(—R%*Cyn).
Proof: It is sufficient to notice that
P{A" # A"} < P(By(Rn))

and apply Lemma 5.4. O

Lemma 5.6. There is a constant D, such that for alln € N,
0 <EA™ —EA" < E(|A"| + |A"|)1p, (gn) < D1
Proof: The first inequality is obvious, since A" < A". We also have

EA" —EA™ < E(A" — A")1p, (k)
< E|A"|1p, (rn) + E|A" |15, (Ra)- (5.1)

Lemmas 4.5 and 5.4 give:

E[A"|15, (rn) < VEIA"[2\/P(B.(Rn))
< \/C(Q)n\/Cg exp(—C R?n).

Remark 4.6 shows that the same estimate applies to A™:

E|A"|15, (rn) < V/C(2)n\/Caexp(—C1R?n),

so the the right-hand side of (5.1) is uniformly bounded in n. O

As in [4], we could use Kesten’s concentration inequality to estimate the deviations
of A" from its mean. However, in our discrete time setting, we also can use a more basic
tool, the following Azuma-Hoeffding inequality [16]:

Lemma 5.7. Let (Fi)o<k<n be a filtration. Suppose (My)o<k<n is a martingale with
respect to (Fi)o<k<n such that for some constant ¢ > 0 the increments Ay, = My, — Mj,_1
satisfy
|Ak|<c, k=1,...,N.
Then
22
P{My — My >z} < - .
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To use this lemma in our framework, we must introduce an appropriate martingale.
For a given natural n > 2, we will use N = n — 1. To define a filtration (Fy)o<p<n—1, We
introduce Q; = {j} x [-Rn,Rn) and Q] = {j} x [-Rn—1,Rn+1), j=1,...,n - 1.

Using the notation introduced before the statement of Theorem 3.1, we set Fy =
{0,Q} and

Fi = ( ) k=1,...,n—1.
k=0 w’Ule QoF n
We introduce a martingale (M, Fi)o<k<n—1 DY
M, =E(A"|F), 0<k<n-1.
Note that My = EA™ and M,_1 = A,
Let us denote by P, the distribution of w’ o+ on the sample space (2, of finite point
k

. . —1 .
configurations in Q; x R x R. For w,o € [[;_; Q% we write

[w,olk = (W1, .., Wk, Ok41,---,O0N) € H Q.

Then, fork=1,...,n—1,
Ak(wh. .. ,wk) = Mk — Mk,1

n—1 n—1
Z/Afi),a]k 11 de(Uj)—/AﬁJ,a]k,l I1dPio))
=k

Jj=k+1
n—1
- / (Aﬁ)’g]k B Aﬁ%g]kfl) H de(Uj)'
j=k

For any set B € Z x R, we will denote
E%(B) = sup{|F,(n,z)|: (n,z) € B}. (5.2)
Lemma 5.8. Letk € {1,...,n — 1}. Then

|Aﬁu,o‘]k - Aﬁ;,a]k,l\ < FE o1, (Qu) + F, 0, (Qr)-
Proof: Changing wy to o we change the action of any path passing through @ by at
most F;, , (Qr) + I, ,, , (Qr), and the statement follows. O
The next step is to introduce a truncation of configuration w. For j € {1,...,n — 1}
andi € {—Rn—1,...,Rn}, we denote Q;; = {j} x [i,7 + 1). We define & by erasing all
configuration points of w in each block @;; x R x R with w(Qj; x R x R) > blnn. The
value b > 0 will be chosen later. The restrictions of @ to blocks @;; x R x R are mutually

independent. Lemma 5.8 applies to truncated configurations as well. Since for any
segment {k} X [a, ] and any point configuration w,

FX({k} x [a,b]) <w({k} x[a—1,b+1] x R x R),
Lemma 5.8 gives:

|An _A" |§6b1nn7 kzl,...7n_17

[@,5]k [@,0]k—1
where ¢ is the truncation of o. Therefore,

N

|AR (@1, ..., ar)| < /GblnanPj(aj) < 6blnn.
j=k

Now Lemma 5.7 directly implies the following estimate:
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Lemma 5.9. Forallx > 0,

P{IA"(@) — EAu(@)| > o} < 2exp <_72(nxljb21nzn) '

Let us now estimate the discrepancy between A™(@) and A" (w):
Lemma 5.10. Ifb > 2, then there is ng such that for any x > 0 and any n > ng,

P{|A"(@) — A™(w)| > 2} < 2¢7.

Proof: Let us define ¢;; = w(Q,; X R x R). Then
|A™(@) — A"(w)| < ijil{gjpblnny
jsi

By Markov’s inequality and mutual independence of §;,

_ 2R(n+1)(n—1)
PIY &iligsbmny > @ § < e ¥ [Eettiermm] 7
Jrt

where £ is a r.v. with the same distribution as any of ¢;;. The lemma will follow from

lim [Ee€1{§>blnt}:|2R(n+1)(n_1) _,
n— 00
which is implied by
2¢ 2
Eeflie>omn) < 1 4 Ee <14 Ee
= eblnn — b’
and b > 2. ]

We also need an estimate on the discrepancy between EA™(w) and EA™(w). It is a
direct consequence of Lemma 5.10:

Lemma 5.11. There is a constant D, such that for alln € N,
|EA™(@) — EA™(w)| < Ds.
Proof of Lemma 5.3: Lemmas 5.6 and 5.11 imply that for v > Dy + D

P{lA™(w) — EA™(w)| > u} <P{|A"(w) — A"(w)| > (u— D1 — Dy)/3}
+P{|A"(w) — A"(@)| > (u — D1 — D2)/3}

+ P{|A"(@) — EA™(@)| > (u — D1 — D5)/3}.
The lemma follows from the estimates of the three terms provided by Lemmas 5.5, 5.9,

and 5.10. O

The following lemma gives an estimate on how EA™ changes under argument doubling.
We will use this lemma estimate on EA™ — «(0)n and bridge the gap between Lemma 5.3
and Theorem 5.1.

Lemma 5.12. There is a number by > 0 such that for any n > nyg,
0 < 2EA™ — EA®™ < bon'/? In? n.

Proof: The first inequality follows from A%2"(0,0) < A%"(0,0) + A™?"(0,0). Let us prove
the second one.

EJP 21 (2016), paper 37. http://www.imstat.org/ejp/
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Let v be the (rightmost, for definiteness) minimizer from (0, 0) to (2n,0). Then

2n : 0,n : n,2n 2n
> ) ) .
AT= Ingllzr}znA (0,)+ Iz\IggzlanA (2,0)+4 Hmaxocican Iyl >2Rn}

Therefore, by Lemma 5.6,

EA*® >E min A"(0,z) +E min A™?"(z,0) — D;. (5.3)
|z|<2Rn |x|<2Rn
We will estimate the first term of the right-hand side. To that end we define I,, =
{—2Rn,...,2Rn — 2,2Rn — 1} and I,, = I,, U {2Rn}. Let now v be the minimizer from
(0,0) to (z,n), with = € [k, k + 1] for some k € I,,. Let us introduce v+ and v~ satisfying
'y;f =7, =1, forall j <nand yI=k+1,~, =k. Comparing vy to v, if y,_1 > k+1/2
and to v_ if yv,-1 < k + 1/2, we see that

~ 1/2)? . 1
S(),n(,yi) SSO’n 1(7)+( /2) :SO, 1(7)+§,

SO

A™(@) > min{ A" (k), A™(k + 1)} — 2F*(n, k) — %

But

EinaIXF:(n,k:) < 3Emax{w({n} X [k,k+1)):k=—-2Rn—1,...,k=2Rn+ 1},
e n

and so there is a constant ¢ > 0 such that

E min A"(0,2) > Emin A"(0,k) — c(Inn + 1).
|z|<2Rn kely,

Lemma 4.1 implies min, EA™(z) = EA™(0). Therefore, denoting

X = igaff{(EA”(k) — A" (K))+},

we obtain

E min A"(0,z) > min EA"(k) — EX,, — ¢(Inn+1)
|z|<2Rn kel,

>EA" —EX,, —c(lnn + 1), (5.4)
Similarly, we obtain for the second term in (5.3)

E‘ |H<1i2111% A™2(z,0) > EA™*™(0,0) — EY,, — c(Inn + 1), (5.5)

where

Y, = max{(EA™?*"(k,0) — A™*"(k,0)),}.
kel,

For a constant r to be determined later, we introduce the event

E={X,+Y, <r(n®n)yn}.

Then
X, +Y, <r(ln*n)vnlg + (X, + Y,)1ge.
Therefore,
E(X, +Y,) <r(ln*n)yn+ VEX2P(E°) + \/EY2P(E®). (5.6)
EJP 21 (2016), paper 37. http://www.imstat.org/ejp/
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Let us estimate the second term in (5.6). According to Lemma 4.1, the random
variables A" (k) — EA™(k), k € I,, have the same distribution, so replacing the maximum
in the definition of X2 with summation we obtain

EX? < (4Rn + 1)E(A™ —EA™)% < (4Rn +1)E(4A™)* < Cn?, (5.7)

for some C' > 0 and all n € IN, where we used Lemma 4.5 in the last inequality.
Also, Lemma 5.3 shows that

P(E)<Y P {A”(k) —EA™MK) > 2(1112 n)ﬁ}

keln
n,2n _ n,2n T2
> P{A (k.0) — EA™"(k,0) > Z(In n)ﬁ} (5.8)
keI'VL
1
<2(4Rn + 1)by exp (—bgr ;n) .

The same estimates apply to the third term in (5.6), and we can now finish the proof
by choosing r to be large enough and combining estimates (5.3)-(5.8). O

With this lemma at hand we can now use a discrete version of Lemma 4.2 from [19].
Its proof literally repeats the proof of the original lemma where the argument of a and g
was assumed to be continuous.

Lemma 5.13. Suppose the functions a : N — R and g : N — R, satisfy the following
conditions: a(n)/n — v € R and g(n)/n — 0 as n — oo, a(2n) > 2a(n) — g(n) and
¥ = limsup,,_, ., 9(2n)/g(n) < 2. Then, for any ¢ > 1/(2 — ), and for all large n,

a(n) <vn+ cg(n).

Taking a(n) = EA™, v = a(0), g(n) = byn'/?In®n, 1) = v/2, ¢ = 2, we conclude that for
b, = 2by and large n,
0 <EA"™ —a(0)n < b6n1/2 In%n,

and Theorem 5.1 follows from this estimate, Lemma 5.3, and the shear invariance
established in Lemma 4.1. O

6 Straightness estimates

As in [4],[8], and [7] we keep following the ideas from [19] and [29], adapting the
program to our specific situation. The step that we make in this section is to estimate
deviations of minimizers from straight lines.

We will need a curvature estimate for the shape function constructed in Section 4.
Recalling that the shape function o : R — R was introduced in Lemma 4.7, we define
ap = «(0) and extend « to a function on IN x R:

2

x 1 /2\2 x
a(n,x)-na(n)—n<a0+2(n> )—aon—|—2n, (n,z) € N x R.

We remark that, in contrast with the situation in [4], we do not know the sign of «y.
Lemma 4.7 implies that for all n € IN and x € R,

i A0 0m2)

im - a(n,x).

We need a convexity estimate of this function «. For (n,2) € N x R, L > 0, we define

C(n,z,L) := {(m,y) €EZxR: me{n+1,...,2n} and ‘yf%x‘ §L}.
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So C(n,x,L) is a parallelogram of width 2L with one pair of sides parallel to the z-
coordinate axis and the other one parallel to [(n, x), (2n, 2z)] (for any two points p, ¢ on
the plane R x R D Z x R, [p, ¢] denotes the straight line segment connecting these two
points):

dtc(n,x, L) := {(m,y)erIR: me{n+17...,2n}andy—@x::|:L}.
n
The union of 93 C(n,z, L) and d5C(n,z, L) is
0sC(n,x,L) = {(m,y)erR: me{n+1,...,2n} and ’y—ﬁx‘:L}.
n

The following lemma will play the role of Lemma 2.1 in [29].
Lemma 6.1. For all (n,z), (m,y) € N x R, such that m > n, we have

n m 2
—ny— = — " (y=T2) . 1
a(m—n,y —x)+ a(n,z) = a(m,y) + Sm(m —n) (y - x) (6.1)
Proof:
)2 2
alm—n,y—2z)+aln,z) = a()(m—n)—km-i—aon—&—;l
_ (y—z)* 2
= comt 2(m—n) 2n

R V)

- a(m,y)—% 20m—n) ' 2n

Identity (6.1) now follows from a straightforward comparison of the algebraic expressions
involved.

One may also argue that for fixed m, a(m —n,y — x) + a(n,x) — a(m, y) is a quadratic
function in y. The minimum of this function equals 0, and is attained at § such that (m, §)
is a multiple of (n, z), i.e., § = ma/n. The lemma follows by computing the coefficient in
front of 12. |

This deterministic convexity lemma, together with the concentration bound of Sec-
tion 5, will help us to show that minimizers cannot deviate from a straight line too
much.

We will need one more auxiliary estimate:

Lemma 6.2. Letci,co > 0,0 < ny <ng <ni+cy,

x| < eany. Then
a(ny,z) — a(ng, z) < |agler + cgcl.

Proof: A straightforward computation gives:

2 2
a(ny, ) — a(ng, ) = agny + 2 aong + L
’ ’ 2711 2712
2
I~ ng — Ny
< lapl|lnt — n —
< laolln —nz| + 5 P
and the lemma follows. O

For (n,z), (m,y) € Z x R satisfying n < m, we denote by ~v(™*):("%) the rightmost
point-to-point minimizer connecting (n, z) to (m,y) and by A((n,z), (m,y)) = A™™(x,y)
the associated optimal action. For (n,z), (m,y) € Z x R with n < m, we define the events

G (). (my)) = {30 € 0.1). 35 > y: 40D € a4 1]},
G~ ((n,z),(m,y)) = {3() €[0,1], g <y: ’y,(LO’ﬁ)’(m’g) € |z, z+ 1]} .
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These events say that there is a minimizer starting close to 0 at time 0, ending at time m
to the right (respectively, left) of y, and passing close to = at time n. To estimate the
probability of this event, we first have to control the action to and from points close
to (n,x).

Lemma 6.3. Suppose (n,z),(m,y) € Zx Randn <m. LetZ € [z,x+ 1], g € [y,y + 1].
Then

AV (E, ) > AV N (g y) — FY(n—1,2) — F*(n,x) — F*(m,y) — F*(m + 1,y) — 1.
If, additionally, n + 3 < m, then
A (E ) < AMTE TN g y) + FY(nyx) + FH(n+ 1o) + F*(m — 1,y) + F*(m,y) + 1.

Proof: We recall that we work with action defined by (4.2). The first inequality is a result
of a direct comparison of the action of v(*~1:#):(m+1.¥) to that of

z, k=n-1,
Vg = ,-Y]i"ax)v("hy)’ ke {Tl, L ’m}’
Y, k=m+ 1.

The second inequality is a result of a direct comparison of the action of

z, k =n,
Ve = ,Y](Cn—ﬁ-l,x),(m—Ly), ke {n+1,...,m* 1}7
9, k =m,
to the action of ~(™%):(m.9) _

Lemma 6.4. Fix ¢ € (0,1/4) and v > 0. There exist constants ¢y, ce, M > 0 such that for
all (n,z) withn > M and (m,y) € 95C(n,z,n'~%), with m > n, we have

P(GE((n,2), (m,y))) < c1exp (—Cin/z’%/ln n) .

Proof: Let us consider only the case of 95C(n,z,n'~°) and G*((n,z), (m,y)). The shear
invariance implies that it is sufficient to consider z = —1, so [z,z + 1] = [-1,0].
On G*((n,z), (m,y)), there are numbers 0 € [0,1], & € [-1,0] and § > y such that

AP0, 9) = AP0, 2) + A" (%, 5) (6.2)
Let i = [y]. Let us first consider the case where i > 4Rn. Then
i > Rm. (6.3)
m

By monotonicity of dependence of point-to-point minimizers on the endpoints, we have
A 009 1t means that on [0, m], v(%9):(mi) deviates from a straight line by ni/m.
Denoting the latter event by B(n,m, ), we can use Lemma 5.4 to write:

P(B(n,m,i)) < Cyexp(—Ci(ni/m)?/m) < Coexp(—C1i*n?/m?).

For B(n,m,4Rn+) = U,;>4p, B(n,m, i), we obtain

P (B(n,m,4Rn+)) < Cy Z exp(—Cyi*n?/m?).
i>4Rn
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Since the first term in this series is bounded by C5 exp(—2C; R?n), and the ratio of two
consecutive terms is bounded by exp(—Cj R), we conclude that

P (B(n,m,4Rn+)) < Csexp(—2C; R?n). (6.4)
Let us now consider the case where [j] =i € (n!~° — 1,4Rn). Lemma 6.3 implies that
A%™(0, ) < AV™710,4) + F*(0,0) + F*(0,1) + F*(m — 1,i) + F*(m, i) + 1,
A%™(0,%) > A7HH0,0)) — F*(=1,0) — F*(0,0) — F*(n,0) — F*(n+1,0) — 1
A™™(F,5) > AVTETL04) — F*(n —1,0) — F*(n,0) — F*(m,i) — F*(m + 1,i) — 1.
Along with (6.2), this implies
Ab™=L, ) — ATETL(0,0) — AmTE™TL(0,4) > —3 — X (n,m, i), (6.5)
where
X(n,m,i) =F*(0,0) + F*(0,1) + F*(m — 1,4) + F*(m, 1)
+ F*(-1,0) + F*(0,0) + F*(n,0) + F*(n + 1,0)
+ F*(n—1,0) + F*(n,0) + F*(m,3) + F*(m + 1,1).
Let us now approximate the left-hand side of (6.5) using the extension of shape function «

introduced in the beginning of this section. Lemma 6.2 implies that there is a constant L
such that under the constraints we have imposed on n, m, and +,

a(m—2,i) < a(m+2,i) + L (6.6)

and
a(n+2,0) > a(n,0) — L. (6.7)

Since m + 2 < 3nand m+ 2 —n < 2n, Lemma 6.1 implies that

-2

a(m—n+2,i) + a(n,0) > a(m+ 2, z)—l—% (6.8)

Combining (6.6),(6.7),(6.8) with (6.5), we obtain

(AY™=10,4) — a(m — 2,4)) — (A~5"F10,0) — an + 2,0))

— (AL 4) — a(m —n +2,1)) + X (n,m, 1)
,L'2 Z‘2
>_-3-2L4+ — > —
+ 12n = 15n
if n > M for sufficiently large M.
Let us define events

-2
Ey(n,m,i) = {Al’m‘l(o,i) —a(m —2,i) > 6’%} ,

2
(n,m,1) ATEH0,0) — a(n + 2, O)<—Z}

60n

nmz:

¥
(n,m,i :{A” Lm+10,4) — a(m —n+2,z)<—i2}
{x

Z
;f 7l m Z n
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We would like to show that for some constants ¢}, ¢,

P(E1(n,m,i)) + P(E2(n,m,i)) + P(E3(n,m,3)) + P(Es(n,m, 7))

9
< ¢} exp (—c’ Z) . (6.9)

2p3/21nn

Sufficient estimates for first two terms follow from Theorem 5.1, and for the last one
from (2.5). Let us estimate P(E5(n,m,)). By the shear invariance,

. _ Z’2
P(E3(n,m,1)) =P {Am "2 g (m—n+2) < _m}'

Since m — n + 2 may be small, Theorem 5.1 does not apply directly. However, to estimate
the right-hand side, we notice that A™"*+2 > A™ — A™~"+2™ and, therefore,

i? i?
P(E: ) <P<J|A™ — > P{lAM2 — —2)| >
(Eatnm. i) < P {147 o > o b 4P {1472 ot - 2] > 13-}

and the desired estimate follows from an application of Theorem 5.1 to both terms on
the right-hand side. So, (6.9) follows, and we obtain

Z (P(E1(n,m,q)) + P(E2(n,m,i)) + P(Es(n,m,i)) + P(E4(n,m,1)))
nl=8_-1<i<4Rn
2-25

o 2-25
, , n L4 —n /4
<o () X ew(-at g

i>nl=0/2
where the series factor in the right-hand side is uniformly bounded in n. This, along
with (6.4) implies the theorem. O

The above Lemma can be used to show that a minimal path starting close to the
origin and passing close to (n,z), with high probability will not exit the parallelogram
C(n,z,n'~%) through the lateral sides.

Lemma 6.5. Fix § € (0,1/4) and v > 0. There exist constants ¢, ¢y, M,k > 0 such that
for all (n,x) withn > M,
P(H(n,x)) < c1exp(—con®),

where H(n,z) = H'(n,z) U H™ (n,z) and
H*(n,z) = U G*((n, @), (m,y))-
(m,y)eaﬁ(,’(n,x,nlf‘s)

Proof: There are n admissible values of m, so we can apply Lemma 6.4 and choose any
k€ (0,1/2 —26). O

Let us now prove J-straightness of minimizers, as was introduced by Newman in [25].
For a path v and n € Z, we define

’YOUt(”) ={(m,¥m) : m >n}.

For v > 0 we define
Co(v) ={(n,z) e NxR: |z| < nv}.

For (n,z) € IN x R and n > 0 we define:

Co(n,z,n) ={(m,y) e Nx R : |y/m—z/n| <n}. (6.10)
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Lemma 6.6 (j-straightness). For 6 € (0,1/4) and v > 0 we have with probability
one that there exists M = M(w) > 0 (depending on v and §) and nonrandom @ > 0
(depending only on §), such that for all 0 € [0,1], for all (m,y) € N x R* and for all
(k, z) € v©0:0m9) N Co(v) with k > M, we have

7" (k) € Colk, 2, Qk™°),

for vy = ,Y(O,()),(m,y) .

This lemma states that if a minimizer starting near (0,0) passes through a remote
point (k, z), it has to stay in a narrow cone around the ray IN - (k, 2).
Proof: Using Lemma 6.5 and the Borel-Cantelli Lemma, we see that for any v’ > v, there
is a (random) M > 0 such that if j > M and (j,7) € Co(v’) then H¢(j,¢) holds.

We conclude that any minimizer v passing through {0} x[0, 1] and {j} x[i,i+1] C Co(v")
with 5 > M satisfies
ni

G <% ne{j+1,...,25} (6.11)
So for any such minimizer and point (k, z) satisfying the conditions of the lemma and M
chosen as above, we can choose numbers iy = [z], 41,2, ... such that for each [, vy, €
[il, i+ 1], and
m’l

<2k ne{2k+1,2'%k42,... 2" k).

'Vn—ﬂ

In particular, for all [
litg1r — 20y < (2'%)1 0 +1 < 2(2k)1 2.

Therefore, for all [,

-1 -1 -1
Jir — 2lig| <D 2 ij — 205 <> 2T I(2k) 0 < 20 270,
3=0 j=0 i=0
SO . .
;l—lk - %0 < kb (6.12)
for some constant c.
For n € [2'k,2*1], 1 > 1, (6.11) implies
o — D < (2lf)1=0 < gl Ol (6.13)
2k
Now we obtain the lemma by combining (6.12) and (6.13). d

As a side product of the proof of Lemma 6.6 we obtain the following statement:

Lemma 6.7. Ford € (0,1/4) and v > 0 there are nonrandom numbers M,Q,C;,Cy,k > 0
such that if

G, = {EI() €[0,1], (m,y) € Z xR, (k,2) € 7(0’6)’(m’y) N Co(v) :
k>n, v°"(k) ¢ Co(k,z,Qk:_‘s)},

then forn > M, ]
P(G,) < Cre~ ",

Proof: Arguing as in the proof of Lemma 6.6, we obtain that if G,, holds, then at least
one event H(j, 1) is violated for j > n, and the lemma follows now from Lemma 6.5. O
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7 Existence and uniqueness of semi-infinite minimizers

7.1 Existence

With §-straightness at hand, we can prove some important properties of minimizing
paths. A semi-infinite minimizer starting at (n,z) € ZxRisapathv:{n,n+1,...} > R
such that v,, = x and the restriction of v to any finite time interval is a point-to-point
minimizer. We call (n, z) the endpoint of ~.

Lemma 7.1. With probability one, all semi-infinite minimizers have an asymptotic slope
(velocity, direction): for every minimizer -y, there isv € R U {00} depending on v such
that
. In
lim — =v
n—oo N

Proof: Let us fix a sequence v, — oco. Using the translation invariance of the forcing
potential F', with probability one, for any (j,i) € Z? we can choose a corresponding
sequence of constants M, (j,i) > 0 such that the statement in Lemma 6.6 holds for the
entire sequence, for paths starting in {j} x [i,i + 1].
Let us take some one-sided minimizer ~. If v;/k — +0c0 or —oo, then the desired

statement is automatically true. In the opposite case we have

lim inf M < Q.

k—o0 k
This implies that there exist n > 1 and a sequence k,, — oo such that |y, |/kmn < v,. Let
us and choose (j,i) € Z? such that (k1,vk,) € j x [i,i + 1]. For m large enough, we will
have that k,,, > M, (j, i) and, therefore,

VOut(km) - (]72) + CO(k’m _]'a’Ykm - Z7Q|km _j|_6)7

for a constant @ > 0 and m large enough. Therefore, # = limsup,_,. Vx/k and v =
lim infy_, o v /k are well-defined and satisfy

-0 < Qlkwm — |7
Since the right-hand side converges to 0 as m — co, we obtain v = v. O

Lemma 7.2. Let v be a point-to-point minimizer between (n,x) and (m,y). Then for all
ke{n+1,...,m—1},
Ve+1 — V& = Ve — Ye—1 + f(k, k), (7.1)

or, equivalently,

Vi1 = 29k — V-1 + [ (K, 7%), (7.2)
where f(k,x) = 0, F(k,x) for all (k,x) € Z x R.
Proof: For all w € (Q, F,, is a sum of finitely many smooth functions on every interval

{k} x (x — 1,z + 1). Therefore, action is a smooth function of paths. The lemma follows
from equating the partial derivative of the action with respect to v; to 0. o

Equations 7.1 and (7.2) are discrete time versions of Euler-Lagrange equations. Their
meaning is that path + instantaneously changes its velocity by f(k,vx) = 0. F(k,vx) at
time k.

The following is the last technical lemma we need to prove existence of one-sided
minimizers.

Lemma 7.3. Let n; T co and w;, 2; satisfy |z;| < |z]| and |x; — z;| > 2Rn, for all i € IN.
Then with probability 1, there is N(w) such that if n; > N(w), then

|pyT(LQ,O)7(’fLi+1,wi) | < 2.
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Proof: This Lemma is a consequence of Lemma 5.4 and the Borel-Cantelli Lemma. 0O

The next lemma states existence of one-sided minimizers with a given asymptotic
slope and provides a way to construct them.

Lemma 7.4. With probability one, for every v € R and for every sequence (m;,y;) €
Z, x R with m; — oo and

and for every (n,xz) € Z x R, there exists a subsequence (ij) such that the minimizing
paths 'y("’””)’(miwyik) converge pointwise to a semi-infinite minimizer starting at (n, z) and
with asymptotic slope equal to v.

Proof: Without loss of generality, we can assume that (n,z) € {0} x [0, 1] since Z x R
can be represented as a countable union of shifts of this set. We fix 6 € (0,1/4) and a
sequence v; — oo, and then choose @ > 0 and M; = M;(w) — oo such that the statement
of Lemma 6.6 holds for every triplet (v;, M;, Q). From these triplets we choose a triplet
(vo, M, Q) such that vy > v +2QM~° + 2R.

Passing to a subsequence if needed, we can make sure that (m;) is an increasing
sequence satisfying m; > M for all ¢, and (m;,y;) € Co(1,v, Qm;‘s) for all j > i.

Consider the paths 47 = 4(9#):(m5,%)  We claim that there is t € IN and C' > 0 such
that infinitely many paths v/ satisfy

V1, 7] < C. (7.3)

To see that, let us analyse the restrictions on paths +; that we have.

The situation where 7 visits a point (p, z) € Co(vg) \ Co(1,v, 2Qm; °) satisfying p > M
is impossible since this path would violate the J-straightness condition: the relevant
cone through (p, z) will not overlap with Co(1, v, Qm; 5), and therefore it cannot contain
(my, ;).

Suppose now that 17/ does not visit Co(vg) \ Co(1,v,2Qm; %) but visits Co(v)®. Then
there are points (p, z1) ¢ Co(vg) and (p+1, z3) € Co(1,v,2Qm; °) such that %(,0"”)’(”“"22) =
z1. Let us consider the case z; > vgp (the case z; < —wvgp is treated similarly). Due to

s
monotonicity of dependence of minimizers on endpoints, 'y;(go’l)’(p FLOF2Rm ) S op.

Now Lemma 7.3 implies that this can happen only for finitely many values of p. So there
exists N such that no path 7 visits Co(vp)¢ after time N.

Combining the claims of last two paragraphs, we obtain that for each i > 1 and j > 1,
the path 47 lies in the cone Co(1,v, 2Qmi_‘5) for times larger than m; V N. In particular,
our claim about(7.3) holds true.

Using compactness of [-C, C], we can find a subsequence of minimizers 7; converging
to a limit at times ¢t and ¢ 4+ 1. Let us recall that minimizers solve the Euler-Lagrange
equation (7.2). The values of a solution of (7.2) at t and ¢ + 1 determine the entire
solution uniquely. Also, due to continuous dependence of solutions on the initial data,
the convergence of the solution at times ¢,¢ + 1 implies the pointwise convergence at
all times. Due to Lemma 12.1, the resulting limiting infinite trajectory is a one-sided
minimizer. Since all the pre-limiting finite minimizers lie within the cones Co(1, v, 2Qm; 5)
for sufficiently large times, so does the limiting one-sided minimizer. Therefore, its
asymptotic slope equals v. O

7.2 Uniqueness
Let us now prove uniqueness of one-sided minimizers with given asymptotic slope.

Lemma 7.5. Letw € Q and (n,x) € Z x R. If~' and +? are two distinct one-sided
minimizers with endpoint (n,z), then they do not intersect as curves in in R x R.
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Proof: This follows directly from Lemma 12.2. O

Lemma 7.6. Let (n,x) € RxZ and v € R. With probability 1, there is a unique one-sided
minimizer with slope v and endpoint (n, x).

Proof: We fix (n, z). First, we know that with probability 1, for each v € R, there is a one-
sided minimizer with asymptotic slope v. To each direction v € R we assign an interval
I, = (ay,b,), where a,, = infy; and b, = sup~; with infimum and supremum taken over
all one-sided minimizers v with slope v. If there is a unique one-sided minimizer with
slope v, we set I, = (). Lemma 7.5 implies that if v; < v,, then every minimizer ~!
with slope v; and every minimizer 72 with slope v, satisfy v} < ~2, for all times k > n.
In particular I,, N I,, = (. Since one can place at most countably many disjoint open
intervals in R, we have that there are at most countably many values of v such that I,, # 0,
i.e., a, # b,. However, P{I, # 0} = p does not depend on v due to shear invariance.
Therefore, we can take any probability density f on R and write

D= /]RP{IU # 0} f(v)dv = /]REI{L,#@}f(v)dv = E/Rl{lv;é@}f(v)dv —0,

since I, # () can be true at most for countably many v. So, for any v € R, P{I, # (0} =0,
and the lemma follows. O

Lemma 7.7. Under the conditions of the previous lemma, let v denote the (a.s.-unique)
minimizer with endpoint (n,x) and slope v. Then there is an event of probability 1 such
that on that event, for any sequence of points (m;,y;) € Z x R such that m; — oo and

y;/m; — v and all k > n, we have fy,(cn’m)’(m“yi) — Vi

Proof: Let us check that for any sequence (i') we can choose a subsequence (i”') such that
the corresponding minimizers ~("#):(m-¥i#) converge to v. In fact, Lemma 7.4 allows
to find a subsubsequence (i”) such that the corresponding minimizers ~("®):(m i)
converge pointwise to a limiting infinite one-sided minimizer. However, there is a unique

one-sided minimizer v, and the desired convergence follows. O

Lemma 7.8. Let (n,z) € Z x R and v € R. With probability 1, the following holds true:
there is a unique minimizer v with endpoint (n,z) € Z x R and slope v € R; ify # z,
then no minimizer 4 with endpoint (n,y) and slope v can intersect .

Proof: Without loss of generality let us assume that y > z. Minimizers v and 7 have
at most one intersection point (the argument for this claim is similar to the proof of
Lemma 12.2). Suppose they have exactly one intersection point. Then there is an integer
m > n such that 7 and v intersect strictly between times m — 1 and m + 1.

Let us consider the sequence of minimizers ¥ = ("#):(57)  Lemma 7.7 implies that
these minimizers converge pointwise to ~y. In particular, 5;-“ =, j€{m—1,mm+1}.
Therefore, for sufficiently large % the point-to-point minimizers 3* and 4 coincide at time
k and intersect between times m — 1 and m + 1. This is a contradiction with Lemma 12.2,
and the proof is completed. O

Lemma 7.9. Let v € R. With probability 1 the following holds true: for all (n,z) € Z xR
there is a one-sided minimizer with endpoint (n,x) and slope v; the minimizers are
unique for all (n,z) except countably many.

Proof: Let us fix v. Lemma 7.7 implies that with probability 1, unique minimizers v(n, q)
with slope v exist simultaneously for all points (n,q) € Z x Q. Let us take a point (n,z) €
Z x R with = ¢ Q. Due to Lemma 7.8, none of y(n, q) with (n,q) € Z x (Q N [[=], [z] + 1])
intersect each other. In particular, they all are squeezed between (n, [z]) and vy(n, [z]+1).
So we can take a sequence of rational points ¢; | x and use Lemma 12.1 to conclude that
the pointwise limit of v(n, ¢;) is a minimizer with endpoint (n, z). Since this minimizer
vt (n, x) lies between v(n, [z]) and ~(n, [z] 4+ 1), its asymptotic slope is also equal to v.
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We can also construct another minimizer v~ (n, z) for any point (n, ) taking left limits
g; T =. The set of all points (n,x) such that these two minimizers do not coincide is at
most countable set since each discrepancy defines an interval and these intervals are
disjoint. Lemma 7.8 implies that if the limits on the right and on the left coincide, then
the constructed minimizer is unique, so there is at most countable set of shock points
where the minimizer is not unique. o

A useful point of view at the field of minimizers is via families of monotone maps
associated with them. Namely, for each n € Z we can consider a monotone right-
continuous map defined by = + 7" ,(n,x). This map has at most countably many
discontinuities and, in terms of fluid dynamics, takes the particle that arrives to point
x at time n and outputs its position at time n — 1. Of course, one can also consider the
inverses of those maps. They are also monotone maps that have intervals of constancy
corresponding to particles absorbed into shocks. Compositions of maps from both
families correspond to particle dynamics over longer time intervals.

8 Weak hyperbolicity

Here we switch back to the point of view where the action is given by (2.6) and
one-sided minimizers are “backward” ones. For an endpoint (n,z) a one-sided minimizer
v is defined on {...,n — 1,n}. Let us recall that the guiding idea is to construct global
solutions of the Burgers equation using these minimizers collecting information about
the history of the forcing before time n.

In contrast with the existing work on the Burgers equation and last-passage type
percolation models, for our model, we are not able to prove hyperbolicity, i.e., the
asymptotic closeness of one-sided minimizers in reverse time. However, in this section
we prove a weakened hyperbolicity property that is still useful for our model and
hopefully will be useful for other related models. The most important new ideas of this
paper are introduced in this section and the following ones.

From the previous section we know that for a fixed v € R, with probability 1, to
each point (n,z) € Z x R, we can assign the rightmost minimizer v (n, z) and leftmost
minimizer v~ (n, 2) with slope v. Throughout this section we will be working with v =0
(although the results are valid for all v € R due to the Galilean invariance of the system),
so we suppress the dependence on v in the notation. For all but countably many (n, ),
7+(nv (ﬂ) =7 (n> ‘L)

Let us define for n € Z and x,y € R satisfying x < y,

2

Wk(nv &€, y) = Z(V};‘ll(n7 y) - ’Yk_fi(nﬂ l‘)), k S n.
=0

We also define Wi (n, z) = Wy (n,z,x) for (n,z) € Z x R. Let us state the main result of
this section.
Theorem 8.1. With probability 1, for alln € Z and x,y € R satisfying x < y,

liminf 7Wk(n’ z,9)

I e ®1

This theorem is a corollary of the following fact:
Lemma 8.2. With probability 1, for all (n,z) € Z x R,

s k(nax)
1 f ———= =0. 2
i nf 5 =0 ©2)

EJP 21 (2016), paper 37. http://www.imstat.org/ejp/
Page 30/50


http://dx.doi.org/10.1214/16-EJP4413
http://www.imstat.org/ejp/

Burgers equation with random kick forcing

Derivation of Theorem 8.1 from Lemma 8.2: Suppose that with positive probability there
are n, x,y such that (8.1) fails. Our goal is to prove that then with positive probability
there is (n’,z’) such that (8.2) fails for (n, ) replaced with (n’, 2’).

Due to space-time stationarity we obtain that there is r > 0 with the following
property: with positive probability there are z,y € [—r,r| such that « < y, (8.1) fails, and
the unique one-sided minimizers v* for (0, z) and +Y for (0,y) satisfy —r < %, <Y, <r.
We denote this event by A.

Let B be the following event: F,(0,w) = 0 for all w € [—r,r] and F,(0,—r — 1) V
F,(0,7+1) < =3(r + 1)2. Then P(B) > 0 due to (2.2) and the fact that Poisson random
variables are unbounded. Also, events A and B are independent since A depends only
on the realization of w for negative times. Therefore, P(AN B) > 0.

Let us prove that if A and B hold, then no minimizer with endpoint (1, z) for some
z € R can pass between z and y.

Suppose that the opposite holds, namely, there is z € R such that p = (1, 2)
satisfies z < p < y. Then ~(1, 2) has to pass between v* and ~¥, so, denoting ¢ =
~v-1(1,z), we obtain —r < ¢ < r. We claim that, contrary to our assumption, the
path (y-1(1, 2),70(1, 2),71(1, 2)) = ((—1,¢), (0,p), (1, 2)) is not a minimizing path between
(—1,q) and (1, z). Namely, we claim that one of the the paths v™ = ((—1,¢q), (0,7+1), (1, 2))
and v~ ((-1,q), (0,—r—1), (1, 2)) has smaller action on time interval {—1,0, 1} than (1, 2).
Suppose z > 0, then, noticing that the contribution of (-1, ¢) is common for all paths
under consideration and using the definition of B, we obtain

1

AT (1,2)) = A ) = (0 - 0 + 5 (=~ )+ Fu(0,9)

1 1
e Lo R0

and, similarly, for z <0,
AT (y(L2) AT () > 0.

In both cases we obtain a contradiction that proves our claim that on A N B no one-sided
minimizer with endpoint after time 0, can pass between +* and ~Y.

Due to stationarity, it is impossible for all minimizers with endpoint after time 0 to
pass on the left of x at time 0, or for all of these minimizers to pass on the right of y at
time 0. Therefore, due to the monotonicity of the minimizers with respect to the endpoint,
there is z € R such that for all 2’ < z, 19(1,2’) < xz and for all 2’ > z, y(1,2') > y. In
particular (1, z) is a shock point, i.e., there are two one-sided minimizers with endpoint
(1, 2), one passing on the right of (0,y) and another on the left of (0, ). Since (8.1) fails
and Wy (1, z) > W(0,z,y) for all kK < 0, we conclude that on the event A N B of positive
probability, there is a point (1, z) such that (8.2) fails with (n,z) replaced by (1, z). This
contradicts Lemma 8.2, and the proof is completed. |

For the proof of Lemma 8.2, we need some notation and auxiliary results.
For every shock (n,z) we define the area absorbed in this shock by

Aln,x) ={(m,y) : m <n, 7, (n,2) <y <y, (n,2)}

If (m,y) € A(n,z), we write (n,z) < (m,y) and say that (n, z) absorbs (m,y) or inherits
from (m,y). In that case (n,x) is called a successor of (m,y), and (m,y) is called a
predecessor of (n,z). We have chosen the notation to ensure that every shock counts as
its own predecessor.

Lemma 8.3. Every shock (n,x) has a unique successor at time n + 1, i.e., there is a
unique shock (n + 1, z) such that (n + 1,2) < (n,z).
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Proof: As in the derivation of Theorem 8.1 from Lemma 8.2, it is not possible for all
minimizers corresponding to points (n+1, 2’), 2 € R to pass on one side of (n, z). So there
is a point z such that for all 2’ < z, y,(n+1,2’) <z and forall 2’ > z, y,(n+ 1,7') > z.
Moreover, v,(n + 1,2’) cannot be continuous at z’ = z, since otherwise, due to the
Euler-Lagrange equation (7.2), v,—1(n + 1,2’) would also be continuous at 2’ = z, in
contradiction with the presence of shock at (n,x). So, (n + 1,2) is a shock point and
(n+1,2) < (n,x). O
Two shocks (n,x) and (n,y) are said to merge or coalesce if they have a common
successor at time n+1, i.e., there is z € R such that (n+1, z) < (n,z) and (n+1, z) < (n,y).

Lemma 8.4. Let N, M € N, § > 0. Then P(Bs) = 0, where

Bs — {h i . for all + 1 }
5 thereisrg > 0 orall r > 7o, Jmax  max (i,r) > (1 + )r

Proof: The lemma follows directly from the fact that

()= max  max 5 (r)-r rek

is a stationary process. O

Proof of Lemma 8.2: Suppose that with positive probability there is a point (n, z) such
that

> 0. (8.3)

Then there is a number ¢ > 0 such that with positive probability there is a point (n, z)

satisfying
q

n—k’
Our goal is to show that the systematic presence of such shocks all over the space-time
leads to a contradiction. The strategy is to show how to construct a family of shocks with
disjoint absorbed areas and such that the union of those areas is too large to fit into the
space-time.

For any set A C R we introduce its density

k <mn. (8.4)

Wi(n,z) >

o(A) = lim A0

r——4o00

€ [0, +o0],

if the limit is well-defined. Here bars mean the number of elements in the set.
Let A,,, n € IN be the (random) set of points (n, z) satisfying (8.4). By ergodic theorem,
there is a deterministic number a > 0 such that p(A,,) = a almost surely for all n € Z.
Since the shock areas (areas between leftmost and rightmost one-sided minimizers)
are disjoint for different points in A,,, we see that

2

Z(%J{Aﬂ'(”ﬂ") - ")/,;7171-(77/,0)) Z Z Wn—l(na I‘) Z Q|An N [O,TH
=0 x€A,N[0,7]

Since |4, N[0, 7]|/r — a, we conclude that

2 +

- An,r
hm 1nf 2170 ’Ynflfz( ) 2 qa.
r—00 r

Due to Lemma 8.4, this is impossible unless a < ¢! < oo.
For i € N, let B; consist of all shocks in A; that are successors of some shocks in
A;_1. Let C; consist of those shocks in A; that are not successors of any shocks in 4; ;.
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Let D, consist of those shocks in A;_; whose successors are not in A4;. Let E; consist of
all shocks (i, ) in A;_ such that there is y < x satisfying (i,y) € A;_; and both (¢, z) and
(i,y) have the same successor belonging to 4,. Let F; be the set of all shocks (i — 1, z) in
A;_1 such that no other point (i — 1,y) € A;_; has the same successor in A4; as (i — 1, z)
and satisfies y < x. We then have

p(A;i) = p(Bi) + p(Ci), (8.5)

and
p(Ai1) = p(Di) + p(E;) + p(F). (8.6)

To see this, first notice that all of the densities involved are well-defined deterministic
numbers due to ergodic theorem, since they are defined via skew-invariant (w.r.t. spatial
shifts) functionals of the ergodic environment. Then identities (8.5) and (8.6) follow from
the fact that Al = Bz U 01 and Ai—l = Dl @] El U Fz

We already know that p(A;) = p(A;_1). Also, p(B;) = p(F;), since the relation “<”
defines a one-to-one monotone map between B; and F; and it preserves the density due
to Lemma 8.4. So, (8.5) and (8.6) imply p(C;) = p(D;) + p(E;). Noticing that p(E;) > 0
does not depend on ¢ and denoting the common value by pr > 0, we obtain

p(Ci) — p(D;) = pr > 0. (8.7)

Let us recall that we are proving Lemma 8.2. We made an assumption that there are
shocks with absorbed areas that are not too thin, i.e., that satisfy (8.3). Identity (8.7)
computes the (positive) balance of densities of such shocks emerging and disappearing
at time 7. Our goal now is to exploit this identity to see that there is a systematic addition
of area due to newly emerging shocks satisfying (8.3).

Let n € N. Let A" = (J;_, A; and let B™ be the set of all shocks (i, z) such that
i €{1,...,n} and (i,z) is a successor of some shock from A". Since according to our
definition each shock is its own successor, we have A™ C B". We want to partition B"
into sequences of successive shocks and estimate the area absorbed by each of those
sequences at times —2, —1, —0. We must be careful to avoid overlaps of these areas.

We say that (i, z) € B™ is the main predecessor of (i + 1,z) € B™ if

1. (i+1,2) < (i,z);
2. there is no y < x such that (i + 1, 2) < (¢,y) and (¢,y) € A™;

3. if (4,2) € B™\ A" then (i) there is no y < x such that (i+1, 2) < (i,y) and (3,y) € B";
(ii) there is no y such that (i + 1,2) < (4,y) and (i,y) € A™.

In other words: if at time ¢ there are predecessors of (i + 1, z) among A", we choose
the leftmost of them; if not, we choose the leftmost predecessor among B". Clearly, if
(1 +1,z) € B™ has some predecessors in B" at time ¢, then exactly one of them is the
main one.

For any k,m € IN satisfying £ < m < n we define Q) ,, as the set of sequences
¢ :{k,...,m} — R satisfying the following conditions:

(i) (¢,¢;) is a shock for alli € {k,...,m};
(i) (k7Ck) € Ak,i
(iii) foralli e {1,...,k— 1} and all (i, z) € 4;, (k, (k) A (i,2);

(iv) for eachi € {k,...,m — 1}, (i,¢;) is the main predecessor of (i + 1, ;41);
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(v) if m < n, then (m,(,,) is not the main predecessor of its successor.

Sequences in Q = U1 <k<m<n @k,m viewed as sets of space-time points generate a
partition of B”, and each shock sequence in Q is uniquely defined by its birth place, i.e.,
its first entry. Since the birth places of two distinct sequences cannot be successors of
each other, the areas absorbed by them are mutually disjoint.

For k,m € IN such that £k < m < n, we define

Rin ={a:{k,...,m} - {0,1}: ar =1}
and a : Qk,m — Rk,m by
)L 6G) € Ag
o) {0, (i.G:) & Ar.

For1 <k <m <nanda € Ry,,, we introduce

Qi = {C € Qrym  alC) = a}
and note that all sets Qi,m with all possible values of k, m, and a are mutually disjoint,
and there are finitely many of them.

If1<k<m<mn, a€ Ry, andi € {1,...,n}, then we define Qf (i) to be the
section of Q) ,, at level 4, i.e., the set consisting of points = € R such that (i, z) belongs
to a path from Qj ().

Lemma 8.5. For alli,j € {k,...,m}, p(Q% (7)) = p(QF ,,,(5))-
Proof: This is a corollary of Lemma 8.4. O

If a € Ry, we write k(a) =k, m(a) =m. Fora € S,, = U1gkgmgn Ry.m, we introduce
a € {0,1}{0n} by

_ a;, k(a) <i<m(a),
a; =
0, otherwise.
and A(a) € {—1,0,1}{1"} by
Ak(a):c‘zk—d;@,l, k=1,...,n,

so A(a) is an alternating sequence of +1’'s and —1’s with possibly some 0’s between and
around them. We define also

1
v(a) = ZAk(a), a €S,
k=1
and )
w(a) = @)’ a € Sy

Clearly, w(a) > v(a) > 0 for all a € S,,, due to the alternating character of the sequence
A(a).
Let us define p(Qf ,,) = p(Qf (k) and p(a) = p(Q} (4 1n(a))- Then

n

> wl@pa) > Y vlap@) = 3N i@ =3 ST @)
k

a€Sy a€sS, a€Sy, k=1 =1
where fork=1,...,n
Cr, = Z P(a>7
a€Sy:Ak(a)=1
di, = Z pla).
a€Sn:Ak(a)=—1
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Since

Ci = U Q(a),m(a) (1),

a€Sp:A;(a)=1

D; = U Qii(a),m(a) (0 — 1),

a€Sy:Ai(a)=—1

we obtain from Lemma 8.5:

= > Q@)= D P Q) (@) = p(C),

a€Sy:A;i(a)=1 a€Sn:A;(a)=1
d; = Z P(Qk(a),m(a)) = P(Qa),m(a)(t — 1)) = p(Ds).
a€Sp:A;(a)=—1 a€Sn:A;(a)=—1
So, (8.8) and (8.7) imply
= p(C;) — p(D;) —~ 1
w(a)p(a) > _ > -. 8.9
g;n ()p(L; : pr;i (8.9)

By construction and by the definition of sets A,, to each a and each sequence
¢ € Q}(4).m(a) We can associate a triplet of intervals J;(¢) C {l} x R, I € {0, —1, -2} with
the following properties:

0

0
SO = quw(a), | 40 € Ak(a), Crga))- (8.10)

l=—2 =-2

In particular, intervals J;(¢') and J;(¢?) for any [ € {0,—1,—2} and any two distinct
sequences (!, ¢? do not overlap. Let us denote by

Ta(r) =) > > 1AL,

a€Sn YEQR 4y, m(a)iSh(a) EI0T] 1==2
the total trace at times —2,—1,0 of non-overlapping shocks with birth locations in
{1,...,n} x [0,7]. Due to (8.9) and (8.10),
Ta(r)

. . n
lim inf ——=
r—00 r

Y

Ly,

where
n 1
L, = qpE z; -
1=

Since lim,,_,~, L, = oo, we can choose n large enough to ensure L,, > 8. Then, for all
sufficiently large r, we are guaranteed to have T,,(r) > 7r. Therefore, for all sufficiently
large r we will have points in {1,...,n} x [0,r] with associated one-sided minimizers
containing points on the right of {—2,—1,0} x [0, 2r] (the total length of the segments
this set consists of is only 67). Applying Lemma 8.4, we see that this happens with
probability 0. Therefore, our assumption that with positive probability there exists a
point satisfying (8.3) was wrong, so the proof of the lemma is completed. O

9 Constructing stationary solutions

Let us begin with the following auxiliary result:

Lemma 9.1. Let K > 0. With probability 1 there is ng € IN such that for all n > ng, the
Lipschitz constant of F,,(n,z) with respect to « € [—Kn, Kn| is bounded by Inn.

EJP 21 (2016), paper 37. http://www.imstat.org/ejp/
Page 35/50


http://dx.doi.org/10.1214/16-EJP4413
http://www.imstat.org/ejp/

Burgers equation with random kick forcing

Proof: It is sufficient to prove that for sufficiently large n € IN and any r € IN with
|r] < Kn+ 1, the Lipschitz constant of F,(n,z) w.r.t. € [r,7 + 2] is bounded by Inn. So
let us take arbitrary n and r satisfying the conditions above. For any «,y € [r,r + 2], the
definition (2.3) and our assumptions on the functions involved in it, imply

|Fw(nax) - Fw(nay)| S Nw(n,r)L|z - y|7
where
Ny(n,r)=w({n} x[r—1,r+3] x R xR)

and L is the Lipschitz constant of ¢. So the Lipschitz constant of F,(n, z) w.r.t. z € [r,r+2]
is bounded by N, (n,r)L. Since for any A > 0 there is C(A) > 0 such that

Ee)\Nw("ﬂ“)L C()\)

P{N,(n,r)L >Inn} < Sn S

we can choose \ = 3 to see that

Z Z P{N,(n,r)L >Inn} < oo,

neEN r:|r|<Kn+1
so, the Borel-Cantelli Lemma implies that with probability 1 only finitely many events
{N,(n,r)L > Inn} happen, and the lemma follows. O

Let us recall that for a fixed v € R, with probability 1, to each point (n,z) € Z x R,
we can assign the rightmost minimizer " (n,z) and leftmost minimizer v~ (n, z) with
slope v. For all but countably many (n,z), 77 (n,z) = v~ (n,z). In this section, we will
denote v(n,z) = v*(n,z) for brevity. We also assume without loss of generality that
v = 0 and suppress the dependence on v unless specifically stated otherwise.

Lemma 9.2. Letn € Z and z,y € R with z < y. Let (k;);ewn satisfy k; — —oo and

Wy, _
kj(’nﬂxvy) < ’fl*kj,

jeN 9.1)
(the existence of such a pairing sequence follows from Theorem 8.1). Then the limit
B(n,z,y) = lim A;
‘]*)OO
is well-defined and finite, where

Aj =AM (y(n,y)) — AV (y(n,2)), e

Proof: It is sufficient to prove that A; is a Cauchy sequence. Let us estimate |A; — A,,|
for m > j. To simplify the notation, we denote

7 =7(n, @), 7 =7(n,y),
T4 :’y,im,l, Ya Z’Yz%mqa
T3 = vim,g, Y3 = ’Y}?mfza
T2 Z'Y;ija Y2 :713ja
Iliﬁj—p Y1 :’lej—l-

Since v is an optimal path between (k; — 1,v1) and (k,, — 1,y4), we have

Aki—Lkm—1(.2 (w3 — 211)2 Kjkm—2( 1
(7%) < Fulky = Lya) + 2 4 Abskn =2y
(y4 - I3)2

+ F,(km —2,23) + 5
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Combining this with

2
X9 — X . _
Bk — 1) + P k2

(x4 — x3)°

+Fw(km_27m3)+ 2

_ Akjfl,k,,nfl(,yl)’
we obtain
Aj - Arn S 6j7m7

where

5. @ —y)? (@ — @) L x3)? (24 —a3)?
L 2 2 2 2

+Fw(kj - lvyl) - Fw(kj - laxl)
xr1 + x4 +
=(z1— 1) (332 - 1y1> + (24 — ya) (333 - y4)

2 2
+ Fw(kj — l,yl) — Fw(kj — 1,1‘1).

Therefore, using (9.1), the fact that |v}| V |vZ| = o(n — k) as k — —oo, and Lemma 9.1, we
obtain that there is a function 5;(j) | 0 and a number J; such that if j > J; and m > j,
then Aj - A, < ﬂl(])

Interchanging the roles of 4! and v? we also obtain that there is a function 35(j) | 0
and a number J; such that if j > Jy and m > j, then —(A; — A,,) < Ba2(j).

Combining these last two statements we conclude that (A;) is a Cauchy sequence. O

The following lemma is an immediate extension of the previous ones. We can extend
definition of W to nonsimultaneous points (n1, 1), (n2,22) € Z x R:

Wil(n1, 1), (na,22)) = D (30, 00) V4 (na,2)

i=0
— Ye—i(n2,22) /\%;1-(711,3?1)), k <ni Ano.
Lemma 9.3. Let (n17$1)7 (7’L27l‘2) € 7 x R. Then

1. There is a sequence k; | —oo such that

1

Wi, < —
by (m,1), (12,22)) < ol

. jEN.

2. For every pairing sequence (k;) satisfying conditions of part 1, the following finite
limit exists:

B((n1,21), (n2,@2)) = lim (A% 75" (y(ng, 29)) — AM 75 (y(ny, 21))).

3. The limit in part 2 does not depend on the concrete choice of (k;).

Proof: The first part of the lemma follows since we can apply Theorem 8.1 to points
(n1 A N2, Ynyans (N1, 1)) @nd (nq A N2, Y, ans (N2, x2)) that share the time coordinate. The
second part holds since

AR (y(ny, 21)) = AR TEA (y(ng A, Yoy ang (71, 21)))
+ AT (y(ng, 21))
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and

ARITEm2 (y (g, m9)) = AR TE™MAR2 (v () A g, Yoy ans (N2, 22)))
+ Anl/\ng,nl (’Y(nQ, 172)),

so one can apply Lemma 9.2 to points (n1 Ang, Yn, an, (M1, 21)) and (n1 Ana, Yn, an, (N2, 22)).
The last part follows from the standard trick of interlacing the two sequences. O

The function B((n1,21), (n2,z2)) = B, ((n1, 1), (n2,x2)) may be called the Busemann
function in analogy to the Busemann functions used in [4] and previous work on last-
passage percolation, although we stress that in our setting we are currently able to
prove convergence only along appropriate subsequences k;. This function has several
standard properties. Some of them are summarized in the following lemma:

Lemma 9.4. Let B be defined as above.

1. The distribution of B is translation invariant: for any A € Z x R,
distr
B(-+A,-+A) "= B(-,).
2. B is antisymmetric:

B((n1,21), (n2, 22)) = —B((n2, 72), (n1,21)), (n1,71),(n2,72) € Z x R,
in particular B(n,z), (n,x)) = 0 for any (n,z) € Z x R.

3. B is additive: for any (ni,x1), (ne,z2), (ns,z3) € Z x R,
B((n1,21), (n3,x3)) = B((n1, 21), (n2, 22)) + B((n2, x2), (n3,3)).

4. For any (ni,x1), (n2,x2) € Z X R satisfying ny < na,

B((n1,z1), (n2, 22)) < A™"2 (21, 72). (9.2)

5. For any (n1,21), (n2,22) € Z x R, E[B(n1,21), (n2, 22)| < o0.

Proof: The first two parts are obvious. For the third part we need to ensure that the
convergence in the definition of B for all the values of arguments involved holds along
the same sequence k;. That is true, since all one-sided minimizers are ordered and the
gap between the two minimizers on the sides dominates the smaller gaps between the
middle one and the side ones.

Let us prove part 4. We denote v' = «(ny,71) and 42 = ~(ng2,22). Let us find a
pairing sequence (k;);en for v*,72. For any j let us create a path ~(j) that starts at
(kj —1,7¢,_,), makes a step to (k;,7;,), coincides with y! between k; and n;, and on
{n1,...,n2} coincides with the optimal path between (n1,x;) and (ng, x2). Then

Al =1 (32) < ghs=1ma ()

(v, = 7,-1)?

<F(kj — 1,7, 1) + + AR (1) 4 A2 (2, o)

(v, = M—1)% = (0, = Wy —1)?

2

<F(kj — 1;7131-71) - F(k; — 17’711@»71) +
A1) £ ATy )

Moving AFi-1:71(y1) to the left-hand side, taking limit j — oo, using the pairing property
of k;, the sublinear growth of |y!|, |y?|, and Lemma 9.1, we finish the proof of part 4.
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Let us prove the last part. Using additivity and translation invariance we see that it
is sufficient to consider points (0,0) and (n, z) with n < 0. Parts 2 and 4 of this lemma
along with Lemma 4.2 imply that

EB((0,0), (n,z)) > —EA™"(z,0) > —oo.

So it remains to prove an upper bound. Furthermore,

In| B
B((0,0), (n, z)) = ;B ((—(k - 1),xk|n|1> , (-kxmkl» ,

and all the terms on the right-hand side have the same distribution. Expectation of
each of them belongs to (—oo, 0] Therefore, EB((0,0)(n,x)) is finite if and only if
EB((0,0)(—1,z/|n|)) is finite. So it is sufficient to prove EB((0,0),(—1,z)) < oo for
all z € R. Furthermore, we have

B((070)7 (_270)) = B((O’ O)v (_Lx)) + B((—I,I), (_2’ O))7

where, due to the symmetry of the Poissonian process and the action, the distributions
of two terms on the right-hand side coincide. Therefore, EB((0,0), (—1,z)) < oo iff
EB((0,0),(—2,0)) < oo. Applying this once again, we see that it is sufficient to establish
EB((0,0),(—1,0)) < oco.

We denote 7° = ~(0,0) and 7! = ~(0, —1) for brevity.

Let L; > 0 (we will later impose some conditions on L;). H = {(n,z) € Z x R: |z| <
Li(—n —1)}. Since ~° has asymptotic slope 0, the time 7 defined by

T=min{n <0:70 ¢ H} — 1

is finite. We define z = 7%(7) Let (k;) be a pairing sequence for 1° and v'. For k; < 7,
we have

AR mLT (1) — AR TL0(40) < @y (10, 91) + A7 (2,0) — AT0(70),
where

(78 — Ym_1)?
2
(= m_1)?
2
=F(n— 1a%1L—1) - F(n— 1772—1)

0 1
Tn—1 1t Vn-1
+ (kg =) (Bt )

Qn(Voa’Yl) :F(’I’L - 1a’Y'rl7,71) +

—F(?’l— 1772—1) -

Since Qi (7°,7') — 0 as j — co, we obtain
B((0,0),(=1,0)) < A" (2,0) — AT°(1%) = A" 71(2,0) — A™%(2,0),

and it is sufficient to prove
EA™1(2,0) < 0o (9.3)

and
EA™Y(z,0) > —oo0. (9.4)

Let us estimate the tail of the distribution of 7. First, we choose L, > 0 so that
Ly — Ly > 2R, where R is chosen according to Lemma 4.3. If 7 =n, 7%, ; > 0, and 72 —
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72,1 < —(Ly — Lz)|n|, then the optimal path 4" connecting (n, Ly (|n| —2) — (L1 — Ls)|n|) =
(n, La|n| — 2Ly ) to (0,0) satisfies v,,,; > Li(|n| — 2), and thus, if |n| is sufficiently large,
say, greater than some n,, it deviates from the straight line connecting (n, La|n| — 2L;)
to (0,0) by at least Ly (|n| — 2) — (La|n| —2L1)(In| — 1)/|n| > Rn. Applying Lemma 5.4, we
obtain that

P{r = n, Y01 > 0,90 — 0, < —(L1 — Ly)|n|} < c1exp(—con), n>ng,
for some ¢y, cy > 0, and, similarly,
P{r = n,Yor1 < 0,90 — Yo, > (L — Ly)|n|} < crexp(—con), n > mny.
Combining these two inequalities we obtain
P{r=mn,70 ¢ I, U(—1,)} < 2ciexp(—con), n>ni, (9.5)

where I,, = [La|n| — 2Ly, Li(|n| — 1)].

Let us now take any n € —IN, any point y € I, U (—I,,) and suppose that 7 = n and
|79 — y| < 1. Since the asymptotic slope of 7° equals 0, for sufficiently large values of
|m| we will have [79,| < La|m|/2. Lemma 6.7 implies that probability of such an event
is bounded by C;e~“2I"I" for sufficiently large |n|, and since one can find 3(L; — L)|n|
points y such that the union of segments [y — 1,y + 1] covers the entire set ,, U (—1,),
we obtain that there is ny > 0 such that

P{r=n,75 € I, U(~I,)} <2(L1 — Ly)[n|Cre= """ |n| > ny. (9.6)
Combining (9.5) and (9.6), we obtain that there are constants C_'l, Cy > 0 such that
P{r=n} <Cie @I"" neN. (9.7)

Let us now prove (9.3). Notice that on {7 = n},

L 2
AT’_I(Z,O) S Fw(n,z) + ( ln) —|—An+1’_1(0,0), (98)
and )
A"5710,0) < Ey(n —1,0) + @ + AT71(2,0),
SO )
AT 7H(z,0) > —F,(n —1,0) — @ + A""1710,0). (9.9)

Combining (9.8) and (9.9), we obtain that on {7 = n},

A7 (2,0) < Fi({n} x [=Lan|, L1 |n[)) + |Fu(n = 1,0)| + (L1n)*
+AT1(0,0)] 4 471 (0,0),
where F} was defined in (5.2). The Cauchy-Schwarz inequality implies
EJA7 7 (2,0) 1 (r=ny <VP{r = n} (EFZ*({n} x [~ Lalnl, Lan])
+E|E,(n—1,0)| + (L1n)?
+E(A™T171(0,0))% 4+ E(A"11(0,0))2)).

The first term in the parentheses grows logarithmically in |n|, the second term does not
depend on n, and the remaining terms grow quadratically due to Lemma 4.5. Combining
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this with (9.7), we finish the proof of (9.3). Inequality (9.4) can be proved in exactly the
same way. O

Let us now define
Us(n,x) =U(n,z) = B((0,0), (n,z)), (n,z) €Z xR.

The main claim of this section is that thus defined U is skew invariant under of the
HJBHLO cocycle, and its space derivative is a global solution of the Burgers equation.
Let us recall that the HJBHLO evolution is given by

"W (y) = 1r61]fR{W(x) + A" (x,y)}, m<n, yeR, (9.10)

where A™"(z,y) has been defined in (4.3).

Theorem 9.5. The random function U is a global solution of the HJBHLO, i.e., for almost
allw € 9,
@ZI”ZUw(nl,) = Uw(ng,-), ny < no.

Proof: Let v be a minimizer with endpoint (ng, z). Then
U(?’lg, .13) :U(n17 ’Y’ru) + (U(?’lg, .13) - U(”h rYn1))
:U(n17 771/1) + A" (7"1 ’ :ZJ)

We need to show that the right-hand side is the infimum of U(nq,y) + A™"2(y, x) over
all y € R. Suppose that for some y € R,
Ulni,y) + A" (y,2) < U(na,yn,) + A" (9, , 7). (9.11)

Let us take any minimizer ¥ originating at (n1,y) and use Lemma 9.3 to find a pairing
sequence (k;) for (n1,y) and (n1, vy, ). Then (9.11) implies

lim (A%~ (5) — AMTEM (7)) = U(na,y) — U, v,

j—o0
<A () — AT (y, ).
Denoting the right-hand side by J, we conclude that for sufficiently large j,

A (5) 4 AT (y,2) < AB TR (y) £ ATy, ) — 62
< AkThn2(y) — §/2.
Let now 7/(j) be the path starting at (k; — 1,7,-1), making an immediate step to
(kj,x,), coinciding with ¥ between times k; and n;, and coinciding with the optimal path
connecting y to z between n; and n,. We have
ARTL2 (7 (7)) < ARTEM(7) 4 A2 (y, )

) = = 2
(%jq —Wk:j) - (’Yk]-q - %]»)

* 2

+ Fo(ky — Ly —1) — Fu(ky — 1, 9k;-1)-
Combining the last two inequalities, we obtain

AR/ () < ABIm () 4 r(j),

where
. d Ve;—1 T V=1 _ _
7’(])——5‘*‘ <J2]—7kj (Yrj—1 = Vry—1)
+ Fo(ky — 1y, —1) — Fu(kj — 1,3%,-1)-
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For sufficiently large j, r(j) < 0. This is implied by sublinear growth of i, 1, ¥k, -1, ¥k,
in k;, the rate of decay of |y, 1 — 7,1 guaranteed by Lemma 9.3, and Lemma 9.1.
So, Aki—Ln2(4/()) < A*i=1Lm2(y) which contradicts the fact that v is an optimal path
between points ((k; — 1), v, -1) and (n2, z). Therefore, our assumption on existence of y
satisfying (9.11) was wrong, and the proof is complete. O

To prove U(n,-) € H for all n € Z, we begin with the Lipschitz property.
Lemma 9.6. For alln € Z, U,(n, -) is locally Lipschitz.

Proof: Let us fix n € IN and any points 21,29 € R satisfying z1 < z9. Let v~ =y (n, z1)
and 7" =% (n, 23). Then v, < vk for all £ < n and there is a pairing sequence k; | —oo
such that

1
+ - + - :
|’Vk-j *'ij‘ + |’Yk-j—1 *'Yk-j—l‘ < ek jeN
Let us now take any points z,y € (21, 22) and denote v' = y(n, z), ¥ = v(n,y). These
mlnlmlzers pass between v~ and 7, and, in particular, the same sequence (k ) is pairing

for v! and ~?2,

1 :
e, = |+ = < = JEN
n— Rj

As in the proof of Lemma 9.3, we obtain

AR (y2) — AR (YY) (21 =7, 21) <vi1 - 5

r+y
+ (z —y) (75_1 5 >

+ Fw(k] - 177’%_‘[71) - Fw(k] - 177]1,_1'71)'

71;-71 + 711-1)

Taking j — oo, we obtain

Un(y) = Un(z) < (2 — y) (%11_1 - x;y) :

Since 7. _; € (v, _4,7,_,) irrespective of the choice of =,y € (21, z5), we conclude that
there is C;(z1, 22) such that

U(Tl,y)*U(TL,iE)Scl(zl,ZQ)l‘T*y‘, 1 <z <y<z2.
Similarly, for some Cs(z1, 22), we obtain
Un,z) —U(n,y) < Cy(z1,22)|z —y|, 21 <z <y< 29,

which completes the proof. g

Although we have always assumed that v = 0 in this section, all the definitions,
constructions and results hold true for other values v as well, due to the Galilean shear
invariance. Let us denote the corresponding Busemann function and global HJBHLO
solution by B, and U,,.

To prove that U,(n,-) € H(v,v) for all n, we will compute the expectation of its spatial
increments (we already know that it is well defined due to part 5 of Lemma 9.4), and
prove that u,(n,-) is ergodic with respect to the spatial variable.

Lemma 9.7. For any (n,z) € Z x R,

E(Uy(n,x + 1) = Uy(n,x)) = EBy((n,x), (n,z + 1)) =
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Proof: First, we consider the case v = 0. Due to the distributional invariance of the
potential process F' under reflections,

EBo((n,z), (n,x + 1)) = EBy((n,z + 1), (n,x)).

Combining this with the anti-symmetry of By, we obtain EBy((n,z + 1), (n,z)) = 0, as
required.
In the general case, we can apply the shear transformation L of Z x R x R x R defined
by
L: (m, y,q,r) = (mvy + (TL - m)wq,r).
Due to Lemma 4.1, the one-sided minimizers with slope v will be mapped onto one-sided
minimizers of slope 0 for the new potential F7 ). We already know that

EBU((n>$ + 1)7 (n7x))L(w) =0.
A direct computation based on Lemma 4.1 gives
Bo,n)((n, ), (n, 2 + 1)) = By w((n, ), (0,2 + 1)) — v,

and our statement follows since L preserves the driving measure p and hence the
distribution of the Poisson process and the potential F'. O

So far we have worked with solutions of the Hamilton-Jacobi equation. One can
obtain the corresponding solutions of the Burgers equation by

uv(na CC) = ’Yv,n(nwx) - 'Yv,n(n - 1,.%‘).

Then U,(n,z) — Uy(n,0) = [; uy(n,y)dy. We recall that ¥™"w denotes the solution at
time n of the Burgers equation with initial condition w imposed at time m.

Lemma 9.8. The function u, defined above is a global solution of the kicked Burgers
equation. If m < n, then

Uy, (M, 2) = up(n,+), m < n.

Proof: This statement is a direct consequence of Lemma 2.1, Theorem 9.5, and the
definition of the Burgers cocycle V. O

Lemma 9.9. For any v and any n, the process u,(n,-) is stationary and ergodic with
respect to spatial translations.

Proof: Denoting u,(n,0)(w) = £(w), we see that due to space-time invariance of the
procedure of constructing of one-sided minimizers, u,(n,z) = {(,w), where 7,, denotes
the space shift of the Poisson process by distance x. Since the measure P is invariant
and ergodic with respect to spatial translations, we conclude that so is u,(n, ). O

Theorem 9.10. Foranyv € R and anyn € N, we have U, .,(n,-) € H(v,v). The sequence
Uyw(n,-),n € IN is a stationary process with values in G(v,v).

Proof: The first claim is a direct consequence of Lemmas 9.7 and 9.9, and Birkhoff’s
ergodic theorem. The second claim follows from the first one and the space-time
invariance of the construction of minimizers. O

10 Stationary solutions: uniqueness and basins of attraction

In this section we prove Theorem 3.2 and the uniqueness part in Theorem 3.1. The
key step is the following observation.
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Lemma 10.1. Let n € Z and suppose that an initial condition W satisfies one of the
conditions (3.1),(3.2),(3.3). With probability one, the following holds true for every
y € R. Let y*(m) be a solution of the optimization problem (9.10) for each m < n. Then
lim m =.
m——0o0o m
Proof of Theorem 3.2: Since u, is a solution of the Burgers equation over any finite time
interval, u,(n,-) is continuous at y iff there is a unique one-sided minimizer ~y(n, y) with
endpoint (n,y). Moreover, in this case, u,(n,y) = Yn(n,y) — Yn-1(n, y).

So let us take such a point y. Lemma 10.1 and Lemma 7.7 guarantee then that
solutions y*(m) for optimization problem (9.10) and the corresponding optimal paths
y(my” (m)).(n.9) realizing A™"(y*(m), y) converge pointwise to the infinite one-sided mini-
mizer y(n, z). In particular,

U™ p(y) = %Lm»y*(m)),(n,y) _ 7£Tiy (m)),(n,y)
= Y (1Y) = Yno1(n,y) = up(n,y), m — —oo,

which completes the proof. g

Proof of Lemma 10.1: We will only prove the sufficiency of condition (3.1). The proof of
sufficiency of conditions (3.2) and (3.3) follows the same lines and we omit it.

Let us also restrict ourselves to n = 0 for simplicity. The proof does not change for
other values of n.

Since y* is increasing in y, it is sufficient to show that the conclusion of the lemma
holds with probability 1 for fixed y. The stationarity of the forcing potential implies that
we can assume y = 0.

We must show that for any ¢ > 0 it is extremely unlikely for a path v with vy = 0 and
|vm| > €|lm| to provide a solution to (9.10) if |m| is large. For definiteness, let us work
with paths satisfying 0% (m) = ~,,, > ¢|m)|.

For any § > 0 and for sufficiently large |m

’

W(0) + A™°(0,0) < (a(0) + 8)|m]|.
],

1
inf W(z) + A" 10elm| +14,0) < (a(0) + 0)|m| + = + F(m — 1,e|m| +i).
zE€[e|m|+i,e|m|+i+1] 2

If additionally x = 0*(m) > elm

, then fori =[x — ¢|m

Condition (3.1) at +oo implies that there is r; such that for m < —r; and all i € IN,

inf W(z) > —(|m| + )0,
zE€[e|m|+i,e|m|+i+1]

so there is ro > 0 such that if m < —ry and ¢ € N, then
1
A" E0(glm| +4,0) — F(m — 1,e|lm| + 1) < (a(0) + 26)|m| + & + 3

<pm(amyww+5“‘>.
Im|
Let us denote by B,,; the event defined by this inequality. Then B,,; C Cy,; U Dy,
where
Coi = {—F(m —1,elm| +1i) < =d(Jm| + 2)}
)

Dini = N”w@m+L®<W(M®+M+%m>}
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Due to the Borel-Cantelli lemma, to show that with probability 1, events B,,; can
happen only for finitely many values of m, it suffices to show that for some 8 > 0 and

c>0,
> Y P(Ci) < 0, (10.1)
m<—c 1
> > P(Dmi) < o0, (10.2)
m<—c i<B|m|
and

> > P(Dm) < o (10.3)

m<—c i>f8|m|

Inequality (10.1) does not depend on S and holds for any c¢ since
P(le) < 676(|m\+i)EeF(0,0).

elm|+i
|m]+1

Denoting a,,; = ( ) using shear and translation invariance, we obtain

[ m 25 |m|+1
P(Dms) = P{ A1 — a(0)(jm| +1) < |m|(a(0)+45+m— ] ami)

If § is sufficiently small, then, using Lemma 4.7, we can find r, such that for all m < —ry
and all i,

20 |m|+1 g2 i2
45+ 290 A _ D+ -
|m| (a(O) +46+ amz> < —(lm|+1) ( + 2z )

im| - |m| 2
S0

2 2
P(Dypi) < P4 AlMI+1 1) < — DS+ )8, 10.4
(D) <P a@)(ml+1) < =l + 1) (5 + 517 (104
Now (10.2) follows (with any ¢ > r, and with arbitrary choice of 3) from Theorem 5.1.
To prove (10.3) we need an auxiliary lemma. In its statement and proof we use the
notation introduced in Section 4.

Lemma 10.2. There are constants cy, ca, X9, Ng > 0 such that forn > Ny, x > X,
P{A" < —zn} < cpe” "™,

Now (10.3) is a consequence of this lemma and (10.4) if we choose ¢ > Ny and 3
satisfying
82 52
5+?—OK(O)>X0.
It remains to prove Lemma 10.2.
Proof of Lemma 10.2: Let us take c3 > 0 and write

P{A"™ < —zn} < P{X < czan, A" < —an} + P{Z > czzn}, (10.5)

where ¥ = X(v) has been defined in (4.4) for a path v realizing A™.

To estimate the first term on the right-hand side, we choose c3 > 0 and 2y > 0 so that
forall z > zp and all n € N, [esan]| > n and xn > yo[csan|, where yo was introduced
before inequality (4.10). We can now apply that inequality to conclude that for some
constants ¢4 > 0,

P{X < csan, A" < —zn} < P{E}

—cazn
w,n,[czzn] 2 ‘Tn} <e .
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The second term on the right-hand side of (10.5) can be estimated using Lemma 4.3. If
csx > R and n is sufficiently large, then

P{E > Cg.’I)TL} < Z P(En,?n)

m>csxn

< Z C} exp(—Cym?/n)

m>csxn

< C} exp(~Chan),

for some constants C7, C% > 0, which completes the proof. O

Proof of uniqueness in Theorem 3.1: Let w, = W/, be a global solution of the Burgers
equation such that for each n € Z, w(n,-) € H'(v,v) with probability 1. Then, for any
n < N, w(0,-) = ¥;™%0(—n,-). The cadlag version of w belongs to G(v,v). For any
z € R, the trajectory solving the Euler-Lagrange equation and terminating at = with
velocity w(x) is a minimizer on every finite interval. Therefore it is a one-sided minimizer
and must have an asymptotic slope ¢(z). Notice that ¢(x) is monotone in z, since on any
finite interval the minimizers cannot intersect. Due to spatial translation invariance,
0(x) is a stationary process in z, so 9(z) = ¢ has to be a constant. Hence, w, (0, -) almost
surely coincides with u3(0, -). Since the latter belongs to G(7,9) almost surely, we see
that © = v, so w, (0, -) almost surely coincides with w, (0, -), which completes the proof.O

11 Metric on G

Let us recall that G consists of all cadlag functions w : R — R such that M,, : R -+ R
defined by M,,(z) = ©—w(z) is a strictly increasing function satisfying lim,_, .o My (z) =
+oo. The goal of this section is to introduce a metric d on G such that lim,,_, d(w,,, w) =
0 is equivalent to lim,,_, w,(2) = w(x) for all x € C(w). First we note that for every w,
the inverse M, ! of M, defined by

M (y) = inf{z: M,(z) >y}, =€R,

w

is a continuous function retaining all the information about M,, and w. Let us define d as
the metric of locally uniform convergence on continuous functions on R:

= Z 27 Ndn(u,w), u,veEG,

where

dy(u,w) = sup |M;'(x) — My (z)| A1, u,veEG.

z€[—N,N]

Lemma 11.1. Let (w,)nen be a sequence in G and w € G. Then d(w,,w) — 0 asn — oo,
ifflimy, 00 wp(z) = w(z) for all x € C(w).
Proof: Suppose d(w,,w) — 0 as n — oo. We need to prove M, (z) — M,(z) for each
x € C(w) = C(M,). So let us take such an z and any ¢ > 0. We can find z~ < z and
% > x such that

My(x) —e < My(z7) < My(z) < My(2T) < My(z) + €.

Let us denote y~ = M, (z7), y = My(z), y* = M,(z"). Since d(wn, w) — 0, we see
that there is ng such that for n > ng, M, '(y~) < (¢~ +x)/2 and M (y") > (x 4+ 2T)/2.

Therefore, for n > ng, y~ < My, (z) < y*, s0 My(z) — e < M,, (x) < My(z) + ¢, and our
claim follows.
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Now let us assume that lim,, . w,(z) = w(z) for all x € C(w). We need to show
that for any N € N, dy(w,,w) — 0. First, we can find points z~, 2" € C(w) such that
M,(27) < =N and M, (z") > N. There is ng such that [-N, N| C (M, (27), M, (7))
for all n > nyg.

For any ¢ > 0 let us find a finite collection of points xg,x1, ..., %, € C(w) such that
27 =29 <11 < ... < Ty, =2V and zp — w1 < g/2forall k = 1,...,m. Let us
denote yr = My, (zx), k =0,1,...,m. Points yp = M, (zr), k =0,1,...,m form a strictly
increasing sequence. Let us denote

A= kzrlainm(yk —Yk—1) A (=N = y0) A (Ym — N) > 0.
Since z € C(w), we can find ny > ng such that for all n > ny and all & = 0,...,m,
| M, (21) =yl < A/2. So, ify € [yk—1,yx] N [-N, N], then M, ! (y) € [z(k-2)v0, (k+1)Am]
and M ' (y) € [xx_1,xx]. Hence, M (y) — M, (y)| < e. Since [-N, N| C Uy [yk—1, k],

w w

we obtain dy(w,,w) < e for n > n;. This is the desired uniform estimate. O

12 Awuxiliary lemmas

Proof of Lemma 2.3: The local Lipschitzness of ®7,°""* W is part 2 of Lemma 2.1, so let
us establish the behavior as © — oo. Let us begin with the second part of the Lemma.

Due to the cocycle property it is sufficient to consider the situation where n; = ng + 1.
Let us take W € H(v_, vy ). We have

Promot W (z) < W(z) + F,(no,z), € R.
Since lim, o0 (F, (n0, 2)/x) = 0 on 3, we see that

. promo Ly (
lim sup oo Wiz) <wy.
r—+o00 T

Let us prove that

o (I)’ﬂo,no+1W T
lim inf oo Wiz) > vy
T——+0o0 X

If this inequality is violated, then there is ¢ > 0 and two increasing sequences (zx)ken,
(yx)ken such that xz — +o0o and

1
V(yk)+§(xk—yk)2 < (vy —&)ak, keEN, (12.1)

where V(y) = W(y) + F(y), y € R. Inequality (12.1) implies that y; cannot be bounded,
so we obtain y; — +o00. Moreover, it follows from (12.1) and from lim,_, V(y)/y = v+
that for sufficiently large £,

vipi < (vs — /2,
so yr/x) cannot converge to 1. Therefore, there is a subsequence (k') and a constant
¢ > 0 such that |y — xp/| > c(yr + x5), SO

1

Viyw) = —5(ew = yi)? + (vg — &)y
2,2 2,2
S _% - ;k + (04 —&)zw
- 2

for sufficiently large &’ which contradicts the linear growth of V. A similar analysis
applies to the behavior at —oo, and the second part of the Lemma is proved completely.
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To prove the first part, assume that W € H, but @ZO’”OHW ¢ H due to the behavior,
say, at +oco. Then there are two increasing sequences (2x)xen, (Yx)ken such that xp —
400 and

V(ye) + 5@k — yi)?
Tk

— —00, k — . (12.2)

This means that V(yx)/xx — —oo. Since V(yx)/yx is bounded below for large k, we
conclude that zj/yr — 0. Now (12.2) implies that V(yx) < —y3/4 for large k, which
contradicts W € H. Similar reasoning applies to the behavior near —oc. O

Lemma 12.1. A pointwise limit of a sequence of point-to-point minimizers is a point-to-
point minimizer.

Proof: Suppose (Y¥)rew is a sequence of point-to-point minimizers on a time interval
{n1,...,n2}. Suppose that + is a path such that 7;? —y;ask —ooforje {ny,...,no}. If
~ is not a point-to-point minimizer, then there is a path g satisfying 6,, = Yn1, Bny = Vno»
Aminz(3) < A™om2(y). Let us introduce paths 8% = (£, Bn, 41, .., Bna—1,7E,). Since
Anunz (yk) 5 Aninz(4) and A2 (BR) — A™on2(3), we obtain A™mz(BF) < Aninz(yk)
for sufficiently large k£ which contradicts the minimizing property of +*. O

Lemma 12.2. Letw € Q and (n,x) € Z x R. Ify! and v? are two distinct point-to-point
minimizers on {n,...,n'} satisfying 7. = 42 = x, then, as curves in R x R, they do not
intersect on time interval (n,n’).

Proof of Lemma 12.2: If 4! and 72 have two consecutive points in common, they coincide
due to the Euler-Lagrange equation.
Suppose 7}, = 12 =y and v}, _; < 42,_; for some m € {n +1,...,n' —1}. By the
Euler-Lagrange equation, v;,,; > 72, ;. For § > 0, we define
;}'/1 = (%%114_17 e 7’77171—17:'-/ - 63 772n+1)7
~2 2 2
V= (I, 7n+17 oy Ym—10 Y + 63 7}n+1)'

Then

An,m+1(,~y1)+An,m+1(,~y2) _ (An,m+1(,yl)_~_An,m+1(72))

=F(m,y+96) + F(m,y — 6) — 2F(m,y)
+3 ((%H —y =0+ (Y1 — Y+ )+ (Y + 0 =7 )? + (Y =6 = vpr)?
— (i =9 = (s =9 = (=) — (v — %ln_l)z)

:F(m7 Yy + 5) + F(m7 y—= 5) - 2F(ma y) + 262 + 5(772n+1 - rlen—i-l + FY'rln—l - ’-Y72n—1)'

Since (72,11 — Va1 T Vo1 — V2—1) < 0 and the sum of the remaining terms is o(4),
& — 0, due to differentiability of F', we obtain that for sufficiently small §,

An,m-ﬁ-l(,?l)_,'_An,m—&-l(,?Q) <An’m+1(’yl)+An’m+1(’72)7

so either A1) < AnmH+Ll(42) or AW H1(52) < Am™+L(41) which contradicts the
minimizing property of 4!, v2.

It remains to exclude the case where 7}, < 72 and v}, > 72, for some m €
{n+1,...,n— 1}. In this case, we define

:Yl = (x7771l+1, s erln?’Yan-&-l)a
~2 2 2 1
Y= ($77n+1a"'37ma7m+1)'
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Then

An,m+1(,~yl)+An,m+1(,~y2) _ (An,m+1(71)+An,m+l(72))

1

=5 ((vﬁm — Y2+ (o1 = ¥2)? = (Vo1 — 1)* — (Vo1 — 731)2)
=% = W) (V1 = Yimg1) <O,

so, as above, at least one of the paths !, v2 is not optimal. This contradiction completes
the proof of the lemma. O
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