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Transition density of a hyperbolic Bessel process®
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Abstract

We investigate the transition density of a hyperbolic Bessel process for integer
dimensions and show a link between transition densities of a hyperbolic Brownian
motion and a Bessel process in the same dimension. Using the so-called Millson’s
formula for the densities of hyperbolic Brownian motion we also show a link between
transition density of n-dimensional hyperbolic Bessel process and 2-dimensional (if n
is even) or 3-dimensional (if n is odd) hyperbolic Brownian motion. This helps us to
get explicit formulas for the Bessel process transition density.
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1 Introduction

Hyperbolic Bessel process is one of many diffusion processes that are used to model
different physical and economic phenomena (e.g. Asian options pricing, see [11]). This
process has been recently investigated by Jakubowski and Wisniewolski in a paper [9],
earlier its properties were investigated by Gruet in [6], [7], [8] and by Borodin in [1].
These authors defined hyperbolic Bessel process for parameters v > —% as a solution of
a stochastic differential equation or a diffusion generated by a differential operator. They
also gave some formulas for the transition density. In particular, Gruet in ([6], Remarque
3 and [7], Theorem 6.1), using spectral theory for Jacobi semigroups developed by
Koornwinder [10], got the following formula for the transition density of a hyperbolic
Bessel process with parameter v > —%: fora, b>0

) (. B) = Ooex B w+1\° 2| t ) (g) ™) Tlip+v+1/2)
q; (a,b) ku/o p( << 5 > +p>2>¢p (a)oy (b)‘ )

where k, = 7="12-2"1/D(v+ 1) and ¢\ (1) = 2 (”*1/22‘”’, vHLZED. ) 4] — sinh® r).

This formula is very complicated, except only for v = 1/2, when hyperbolic Bessel
process is a radial part of a hyperbolic Brownian motion in three-dimensional space.
However, manageable formulas, at least for integer parameter v, would be very useful
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Transition density of a hyperbolic Bessel process

for investigation of stable processes (and more general: subordinated Brownian motions)
with values in hyperbolic spaces. Such investigations have just started, compare for
instance [13].

In this paper we obtain such manageable formulas for the transition densities of
hyperbolic Bessel processes of integer dimension, that is for the radial parts of hyperbolic
Brownian motions. Using this connection between hyperbolic Brownian motion and
hyperbolic Bessel process we describe the transition density of a Bessel process as an
integral of a Brownian density. Moreover, application of the so-called Millson formula for
hyperbolic Brownian density gives much simpler formulas for hyperbolic Bessel densities
than all formulas known so far. For instance, in the case of a Bessel process of odd
dimension, such transition density is a sum of elementary functions and error function
Erf.

A transition density of a stochastic process with values in a subset of R™ can be
taken with respect to the Lebesgue measure or, if this subset is a Riemannian manifold,
with respect to the volume measure on this manifold. Moreover, a transition density
of any linear diffusion process can be taken with respect to the Lebesgue measure or
with respect to the speed measure. In order to avoid misunderstanding, all densities we
consider in this paper, if taken with respect to the Lebesgue measure, will be denoted by
p (with sub- or superscripts), otherwise they will be denoted with bar: p.

2 Hyperbolic spaces and hyperbolic processes

There are several different models of n-dimensional hyperbolic space (see e.g. [14]).
For our considerations the unit ball model of a hyperbolic space will be convenient but
our results concerning hyperbolic Bessel process do not depend on the model.

2.1 Hyperbolic space

Let us define D™ as the unit ball in R”, that is D" = {# € R™ : |z| < 1}, where ||
denotes the Euclidean norm. This set, equipped with the Riemannian metric ds?> =

%, is a model of n-dimensional hyperbolic space (compare e.g. [3] or [14]). The

volume element in D" is given by dV,, = (1_“1% and the hyperbolic distance dp~(x,y)
between points x and y is given by

2|z — y?
(1 —[z[2)(1 = [yl)

Ifz=0=(0,...,0), formula (2.1) simplifies: for y € D" dp=(0,y) = In((1 + |y|)/(1 — |y])).
This implies that the hyperbolic spheres with center 0 are ordinary Euclidean spheres,
the same is true for all hyperbolic spheres (see e.g. [3], p. 156).

The Laplace-Beltrami operator in D™ is given by

ch(dpn(z,y)) =1+ (2.1)

(1—[z)? < 9? (1—a]?) ¢ 9
A I E— —_— — 2 _— _
b 4 ; o3 +(n-2) 2 ;xk oxy,

We will use the following (hyperbolic) spherical coordinates in D”. Let r = dp~ (6, x)
be the radial coordinate of a point z € D™ and let ¢1, ¢, ... ¢,,—1 be the angular coordi-
nates, where ¢,,_1 ranges over [0, 27) and ¢1, @2, . . . p—2 range over [0, w]. Observe that

if 7 = dpn (0, (R, 0, ...,0)) = log £ then R = tanh %, hence

1 = tanh (%) cos(¢1), (2.2)
xr = tanh (g) sin(¢q) .. .sin(Pr—1) cos(¢r), k=2,3,....,n—1,
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T, = tanh (g) Sin(¢1) . .. sin(Gn_s) Sin(pp_1).
The volume element in the spherical coordinates is given by the Jacobi determinant
dv,sPher) — sh " Lrgin™=2(¢py) sin™ 3 (¢o) . . . sin(pp_2) dr dpy des . .. dp_odp_1.

Observe that

27 27_(_7),/2

/O sin" " 2(¢p1 )depy /O sin" "3 (g) deps . . . /O Sin(¢pn_o) dpp_o ; d¢”_1:F(n 72) Qn1

is the area of the Euclidean unit sphere in R™. We also have (), 3 = RT;?Qn—l and
Qo = 2.

In polar coordinates the Laplace-Beltrami operator has the following form
0? 0 1
— —1)coth(r)=— + ——
or? + (n— 1) coth(r) or + sh 2r

where Ag is the Laplace operator on the unit sphere (see [3], p. 158).

Apn = Ag, (2.3)

2.2 Hyperbolic Brownian motion and its density

The hyperbolic Brownian motion in D™ is defined as a diffusion generated by %A]Dn.
Let us denote the hyperbolic Brownian motion in D" by X = (X;,X,,...,X,). Itis
well-known (see e.g. [3]) that the transition density pB*(¢; 2, y) of a hyperbolic Brownian
motion in a real n-dimensional hyperbolic space (with respect to the volume element dV/,
of this space) is a function of ¢ and the distance r between x and y, hence a formula for
PBL(t;r) does not depend on the model of a hyperbolic space.

The density p5(¢;r) can be expressed by the Gruet’s formula ([6])

By = TS L (] /°° ("~ 0)/2 sh (b) sin(rb/1)
L S ETE D) s (ch(b) + ch(r)m+n/z @

(2.4)

Being complicated, formula (2.4) is not very useful in applications. Fortunately, it is
possible to get simpler formulas for the density in dimensions 2 and 3 (see [5] and

references therein):
2
—t o'} —_s-
e s se 2t
SBr,. _
p2 (t’ 7“) -

3 ——s,
2(wt)z Jr +chs— chr

1 r t 72
—Br
tr)= —— B
ps'(67) = o shreXp< 2 2t>

Moreover, the following formula attributed to Millson (compare [5]): forn = 1,2, ...

t

—nt/2
e mt/2 9 _Br

P (tir) = (t;7), (2.5)

gives a tool to compute pET for all n > 3. Namely, iterating (2.5) one can get the following
formulas, proved by Grigor’yan and Noguci in [5] by a different method: if n = 2m + 1,

then 1) N
-nm 1 1 T2 2
—Br —
t: _ T 2.6

Py, () (2m)™ 2mt (shr 87“) «r (2-6)

and if n = 2m + 2, then

2
-nm™ 1 —(2m+1)2 1 o\™ [ sezt
P (1) = ( ), cem (> ——ds. (2.7)
(2m)™ 2(mt)2 shr or » +/chs— chr
Observe, that for odd dimensions the densities are elementary functions.
ECP 21 (2016), paper 50. http://www.imstat.org/ecp/
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2.3 Hyperbolic Bessel process of integer dimension

We are interested in hyperbolic Bessel processes of dimensions greater than one,
because one-dimensional hyperbolic Bessel process is simply a reflected one-dimensional
hyperbolic Brownian motion (compare [7]).

We use the following definition of the hyperbolic Bessel process Zt(") of dimension n:

Z" = dp (0, X,),

that is, Zt(”) is the hyperbolic distance of X; from its starting point 0= (0,0,...,0).

Zt(") is a one-dimensional diffusion (with values in [0, c0)) generated by %A](];)z =
%68722 + ”T_l coth r%, the radial part of %A]Dn. By the general theory of linear diffusions
(see e.g. [2]) we infer that its speed measure is equal to m,,(dz) = 2sh "1y dz, its scale
function is equal to s,(z) = [ sh'"udu and that 7™ has a density of the transition

probability (with respect to the speed measure) with the following property:
—Bess (4. ) _ =Bess /.
PGy @) = PR (2, y). (2.8)

Because for every n = 2,3, ... the hyperbolic Brownian motion with probability one does
not hit its starting point for ¢ > 0, the hyperbolic Bessel process does not hit zero
for n > 2. In the next section, using Millson formula for the transition density of the
hyperbolic Brownian motion, we will compute pB°(¢; a, b) for all a, b > 0. Using (2.8),
the above-mentioned symmetry of pE°$, we may and do assume that a < b.

3 Transition density of the hyperbolic Bessel process

All formulas for densities pB®(¢; a, b) of hyperbolic Bessel processes we obtain in

this section, are computed with respect to the Lebesgue measure db on the real line. In
order to obtain the symmetric form of the density of the hyperbolic Bessel process in
dimension n (that is, the density with respect to the speed measure) we have to divide by
2sh™!b the density computed with respect to the Lebesgue measure. Such normalized
density pPeS(¢; a,b) = pBesS(t,a,b)/(2sh™ (b)) has property (2.8) and fulfills equation

n

8]35855 _ 1 (82p2ess ap]r?;ess>

9% — 3\ o + (n — 1) coth(b) 30

Let S (6, r) denote a hyperbolic sphere in D™ with center 0 and hyperbolic radius r > 0.
We will use the following simple fact: hyperbolic Bessel process of dimension n moves
from point @ > 0 to b > 0 if and only if the hyperbolic Brownian motion in D" moves from
5(0,a) to S(0,b).

Let S(d,r) denote a sphere in D" with Euclidean center @ = (tanh(a/2),0,...,0) and
hyperbolic radius r for any a > 0 and r > 0. Fix b > a and observe that spheres S(0,b)
and S(@,r) intersect only if b — a < r < a + b. Then their intersection is a sphere in R"~!
or a single point:

2 2

tanh “7” + tanh 45+

- - tanh” £ + tanh “E" tanh 25"
S(d’,r)ﬂS(O,b):{xEID":d]Dn(O,x):b, zy = 2%b(r) = anr o T An an .

Now, for 0 < h < a + b —r, let us compute A, ,(r, h), the area of this part of the sphere
S(0,b), that is contained between spheres S(@,r) and S(a@,r + h). For this purpose we
will integrate the Jacobi determinant dV,\*”"*") over that part of S(0,b), where z; varies
from 2%°(r + h) to 2%°(r), thus ¢, varies from arccos 20+ ) g arceos | 2 ). we
tanh(i) tanh(g)

ECP 21 (2016), paper 50. http://www.imstat.org/ecp/
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have:

arCCOB( b(T+h)>
Aus(r) = Qash™ 1 [ N a2 6y,
x®0(r)
&I‘CCOb( tanh( b ) )

where €,,_5 is the area of the unit sphere in R*~!.
Thus dS, ,(r), the surface element (on S(0,b)) of intersection S(0,b) with S(d@,r), is
given by

dSep(r) = 3.1)
, 2@0 (rth)
o Ag(rh) nety [ 1 ( >) s no _
= }llli% Tdr— n_2Sh™ b }IL%E/ YA sin ¢1dpy | dr =
arccos 7‘:&“1](%)

a,b
= Q,_5sh™ 'hsin" 2 [ arccos (Tb) 8 arccos 337(7;)) dr =
anh (5) tanh (5)

ab -1 —shr
- QO hn—lb L —2 (T) dr =
n—28S sin <arccos (tanh (g) . < ( ) >> shashb T
S111 | arccos tan

n—3
Q,_osh™" 2bshr <1 _ (chachb— Chr)2>2d7~_

sha sh?ash?b
But
(1 _ (chachb— chr)Q) _ (ch(b+a)—chr)(chr — ch(b—a))
sh?ash?b sh?ash?b ’
hence
S, (1) = % [(ch(b+a) — chr)(chr — ch(b—a))]"% shrdr.

Now pB®5(t; a, b), the transition density from a to b of the hyperbolic Bessel process, is an
integral of the Brownian transition density pE*(¢; ) with respect to the measure dS, ;(r)
over the whole sphere S(0, b):

b+a
pgess(t, a,b) = / ﬁ,BLr(t,r)dSa7b(r).
b

—a
In this way we get our first result.
Theorem 3.1. Foranyn > 2,t > 0,a > 0 and b > a we have

Q — h b+a n—3
PEeSS(ta,b) = %_";b/ [(ch(b+a) — chr)(chr — ch(b—a))]" pPr(t,r) shrdr.
S a b—a
(3.2)

Theorem 1 describes a relation between transition densities p2®$(¢; a, b) and pBr(¢, 7).
Using Millson’s formula (2.5) and integrating by parts, it is possible to get a relation
between pB°sS(¢;a,b) and pB" ,(t,r): forn > 4

pBesS(t;a,b) = (3.3)
= Sucashb (bF0 (G (4 ) — chr)(chr — ch(b—a))]"T pB(t,r)shrdr =

a

_(n=2)t n_
= e 2 Saashb roh (b4 g) — chr)(chr — ch(b—a))]"T 2B, (¢ r)dr =

_(n—2)t n—3 r=b+a
= 57— %292 [[(ch(b+a) — chr)(chr — ch(b—a)] T P,(tr)] ~ +

r=b—a

_ (-2t s
e 2 Suashb (440 ((ch(h4a)— chr)(chr — ch(b—a))]" T PET,(t,r)dr.
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Clearly (ch(b+a)— chr)(chr— ch(b—a))isequalto O forbothr =b—aandr =b+a,
thus the formula above reduces to the second term only:

pReS(t;a,b) =
_(n=2)t

5 O,_sshb /b“ o
2m Sh"_Qa b—a or

[(ch(b+a) — chr)(chr — ch(b—a))]"F FE*o(t,r)dr.

After differentiation under the integral sign, we get

(n—2)t

pgess(t;a,b) _ (n—3)Q,,_2e 2 shb « (3‘4)

2wsh”—2q

X bbj; [(ch(b+a)— chr)(chr — ch(b— a))]% (chachb— chr)pB" ,(t,r) shrdr.

(n B)Qn 2

When we use equality = ),_4, we get the following theorem.

Theorem 3.2. For any n 2 4, t>0,a>0andb > a there holds

(n=2)t
pBess(t.a b) _ Qn_ge 2 shb « (3.5)

sh™—2q

X bbj; [(ch(b+a)— chr)(chr— ch(b—a))] 7 (chachb— chr)pBr ,(t,r)shrdr.
We could repeat this procedure until we get a formula with p5" or p§" under the

integral sign. Instead, we put (2.6) into (3.2) and get for odd dimensions n = 2m + 1
pBeSS(t a b) (=1)™Qn_zshb X (3.6)

(2m)m™+/2rtsh™—2a
m 7m,2t 7‘2
shr %) (6 2 _27) dr.

b+a n—3
x [," % shr{(ch(b+a)— chr)(chr — ch(b—a))] Z (
As we did it before, we may compute the integral in the above formula by parts:

b

(—1)an_2 shb
(2m)my/2rtsh™ 2a

Bess (t a b)

m—1 , ) r=b+a
X [[(ch(b—l—a)—chr)(chr— ch(b—a))] ® (8}1”6‘1) e";t—at] n

b+a -
- /H (;L) (shr[(ch(b+a)— chr)(chr — ch(b—a))] % )x

m—1 2y 2
X <s}11r88r) (e%_?) dr) .

Again, if n > 3 then the first expression is equal to 0 for bothr =b—aand r = b +aq,
hence

(_1)m+1Qn_1 shb
(2m)my/2xtsh™ 2a

x/bb+a (5) ([(ch(b+a) — chr)(chr — ch(ba))]n;g) x

a

X (Slllraar)m_l (e#_g) shrdr.

After (m — 1) such integrations by parts, we express p2®S(t;a,b) as an integral of

BeSS(t a, b) —

2 _ —t/2
(sﬁr%) (e r /(Qt)) = e’ °/(2%), and this function, multiplied by W' is the
ECP 21 (2016), paper 50. http://www.imstat.org/ecp/
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Brownian transition density p5' (¢; ). Every integration by parts changes the sign of the
expression, so that after (m — 1) such operations and after additional multiplication by
(—1), factor (—1)™ in (3.6) turns into (—1)™ =D+l — 1,

Evidently the same may be done in even dimensions n = 2m + 2, using formula (2.7).
This time, however, we transfer all m differentiations from the second factor to the first
one. In this way we get the following result, which may be seen as a Bessel counterpart
of Grigor’yan-Noguchi result ([5]):

Theorem 3.3. Foranyn >2,¢t>0,a>0andb > a: ifn =2m+1, thenm—1 = 253 and
n12t
B . _ Qpn_2e "2 shb
Pr®(t;a,0) = t(27)™/2ntsh™2a x (3.8)

X fye (Bak)" {shr((ch(b+a) — chr)(chr — ch(b— )] } e Far,

shr s.

and if n = 2m + 2, then

—(2m+1)2t
s

Bess (4. _ Q,_ge shb
pn (tv a7 b) - 3 _
(2m)m2(nt)2 sh™2a

(3.9)

_s2
b [(5‘; a:)" {shri(ch(b+a) — chr)(chr - ch(b—a)]T } [ mds} dr.

3.1 General form of the density for odd dimensions
We will now investigate the expression

(SU {shr((ch(b+a)— chr)(chr — ch(b—a))]" "'},

which appears in formula (3.8). Define the following function
fap(r)=(ch(b+a)— chr)(chr— ch(b—a)).

It is easy to see that the part of (f,;(r))™ ! which depends on r, consists only of
expressions of the form ch”r with multiplicative constants:

2m—2

(fap(r))™ tshr = shr Z Crch¥r,
k=0

where C} depends only on &, a and b.
Let A denote the following operator: A = (£ ). Applying (m — 1) times A to
(fan(r))™ Ltshr, where A%(r) = g(r), we get

m—1

A" ((fap(r)™ 'shr) = shr > DychPr, (3.10)
k=0

where Dy also depends only on k, a and b. Thus, in order to compute the transition
density of the hyperbolic Bessel process in odd dimensions, by (3.8) and (3.10) one has
only to compute the integrals of the form

b+a 9
/ rch” re= % dr.
b

—a

But

ECP 21 (2016), paper 50. http://www.imstat.org/ecp/
Page 7/10


http://dx.doi.org/10.1214/16-ECP8
http://www.imstat.org/ecp/

Transition density of a hyperbolic Bessel process

. 2
Now, let j be an integer and compute the integral fbbj: rel"e2t dr. By substitution

s—T\/QLt we get

bta—jt

e e dr = L VA (Vs ) b = (3.11)
bta— Jt bta— Jt ,
[2tfh M 2, se~%ds + v/2jt3 Sz, tﬂ e ds] =

i2 —(b—a—jt)2 —(b+a—jt)2 . i
= [t (e e ) + \/gjti (Erf <b+\;21t”) — Erf (71’_\;2%”))} )
where Erf(x) is the error function, Erf(z) = % Iy e=*"ds. Thus for odd n the density

pBeSS(¢;a,b) can be expressed as a sum of elementary functions and the error function.
Corollary 3.4. Letm € N andn = 2m + 1. Then fort > 0 and b > a > 0 the integral in

(3.8) is equal to
iy k2t —(b—a—kt)? —(bta—kt)2
{Ak“ [t (6 o —e >+ (3.12)

o o (55) o (35

k2¢ —(b—a+kt)? —(b+a+kt)?
+ Bre'z [t|e 2t —e 2% +

o o5 ()

where A, and By, are constants independent of a and b.

]

3.2 Examples

In principle, formula (3.8) allows us to express the transition density of the hyperbolic
Bessel process explicitly for odd dimensions. However, formulas get more and more
complicated in higher dimensions. For n = 3 formula (3.8) simplifies (compare e.g. [12],
[7] or [4]):

=t b+a =t
mtsha b—a TisSha

For n = 5 formula (3.8) gives

(M

PBOSS(1: 0. b) = Qze 2t shb /b+a Zl(ch(b+a)— chr)(chr— ch(b—a))|re = i
tam2\/2ntsh3a Jo_q shr ’
But

% [(ch(b+a) — chr)(chr — ch(b—a))] =2shr(chachb— chr)

and Q3 = 272, hence by Corollary 3.4
e 2tshb
tv2rtsh3a
€—2t—a—b€—(a+b)2/(2t) shb

4v/2rtsh3a

e 3t/2ghb b+a—t b—a—t b4+a+t b—a+t
—_—— {(————) - Erf(———) — Erf(———) + Erf(——) | .
4sh3a((\/27) ) ) (\/ﬂ)>

b+a 2
PSS (t;a,b) = / r(chachb— chr)e” Zdr =

2a 1)(€2b _ 1)(€2ab/t + 1)_|_

ECP 21 (2016), paper 50. http://www.imstat.org/ecp/
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If we divide this density by m(db) = 2sh *b, we get the density pE°s(t; a, b) with property
(2.8).

Observe, that both parts (elementary and ”Erf-part”) of pE®sS(t;a,b) are positive
functions for b > a > 0 and ¢ > 0. This is obvious for the elementary part. In order to
prove positivity of the "Erf-part” let us write it down in the integral form:

b+a—1 b—a—1t b—a+t bt+a+t
Erf(— ) — Erf(— ) + BErf(———) — Erf(— ——) =
M) g R ) )

9 (b—t+a)/V2t ) (b+t+a)/ V2t ,
— / e " dx — / e ¥ dx].
VT \Jo—t—a)/vai (b+t—a)/ V3T
Both integrals are over intervals of length 2a/+/2t. Because function ¢~ is even and
decreasing for x > 0, and [b—t —a| < b+t +afor 0 < a < bandt > 0, hence the

difference of the integrals is positive.
In a similar way, using (3.8), we compute

e—(u+b)2/(2t)6—9t/2(e2ab/t_1) sh3b

pgess(t;a,b) = N (3.13)
3e—4tshp b—a+2 b—a—2 atb—2 atb
At o2 (Bf(Sg) — BSR4 B2 — B(520) ) +
~2enachb (Brf(\45) — Brf(S357) + Buf(=5) - Brt(=34))

Despite the fact, that they are more complicated than in the case of odd dimension,
our formulas for even n, given by (3.9), can also be useful. For instance formula (3.9)
gives for n = 2 (that is, for m = 0) the following:

e~t/8shb

Bess (1. _
p2 (t7a7b) - (7Tt)3/2 X

/ B shr ¥ s
X S T.
b—a \\/(ch(b+a)— chr)(chr— ch(b—a))Jr +/chs— chr

For n = 4 we get

—9t/8 shb
Bess t; ,b — € x
Dy ( a ) (71't)3/2 Sh2a
y /b+a shr(chachb— chr) 0o go—s?/(21) A
b—a \\/(ch(b+a)— chr)(chr — ch(b—a))Jr +/chs—chr '

2
. (00 ge—®7/(20)
Function h('f") = fr \/ﬁ

formula for the density p5* and (2.5) imply that it is strictly positive and decreasing.
Using its approximation by elementary functions, one can obtain (at least numerically)

good approximations of graphs of p5ess or pBess,

ds is not elementary, nevertheless it is very regular: a
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