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We establish uniform bounds on the low-order derivatives of Stein equation solutions
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1 Introduction

In 1972, Stein [20] introduced a powerful method for bounding the maximum expected

discrepancy, du (Q, P) £ sup,cy |Eq[h(X)] — Ep[h(2Z))]

, between a target distribution P

and an approximating distribution (). Stein’s method classically proceeds in three steps:

1.

First, identify a linear operator A that generates mean-zero functions under the tar-
get distribution. A common choice for a continuous target on R is the infinitesimal
generator of the overdamped Langevin diffusion! (also known as the Smoluchowski
dynamics) [17, Secs. 6.5 and 4.5] with stationary distribution P:

(Au)(z) = 3(Vu(z), Vlog p(z)) + 3(V, Vu(x)). (1.1)

Here, p represents the density of P with respect to Lebesgue measure.

. Next, for each h in a convergence-determining set 7, show that the Stein equation

h(z) — Ep[h(Z)] = (Aun)(z) (1.2)

admits a solution w; in a set U of functions with uniformly bounded low-order
derivatives. These uniform derivative bounds are commonly termed Stein factors.

. Finally, use whatever tools necessary to upper bound the Stein discrepancy?

sup Eq[(Au)(X)]| = sup IEq[(Au)(X)] — Ep[(Au)(2)]], (1.3)

which by construction upper bounds the reference metric dy (Q, P).

*Department of Statistics, Stanford University. E-mail: Imackey@stanford.edu
1The modifier “overdamped” is derived from the physical analogy of an oscillator damped by friction.
2Not to be confused with the “Stein discrepancy” of [14], which names an entirely different quantity.
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To date, this recipe has been successfully used with the Langevin operator (1.1)
to obtain explicit approximation error bounds for a wide variety of univariate targets
P [see, e.g., 7, 61.3 The same operator has been used to analyze multivariate Gaussian
approximation [2, 12, 18, 5, 15, 16], but few other multivariate distributions have
established Stein factors. To extend the reach of the multivariate literature, we derive
uniform Stein factor bounds for a broad class of strongly log-concave target distributions
in Theorem 2.1. The result covers common Bayesian target distributions, including
Bayesian logistic regression posteriors under Gaussian priors, and explicitly relates the
Stein discrepancy (1.3) and practical Monte Carlo diagnostics based thereupon [11] to
standard probability metrics, like the Wasserstein distance.

Notation and terminology We let C*(R?) denote the set of real-valued functions
on R? with k continuous derivatives. We further let |-/, denote the ¢> norm on R¢ and de-
fine the operator norms |[v||,, £ ||v||, for vectors v € R, op £ SUP, e R ||l =1 W2l

for matrices W € R, and ||, £ sup,cpa;v),—1 [|T[v]]|,, for tensors T € R¥***7. We
say a function f € C?(RY) is k-strongly concave for k > 0 if

v V2f(z)v < —k||v||§, forall z,v € RY,

and we term a function k-strongly log-concave if log f is k-strongly concave. We finally
let VOh £ h for all functions h and define the Lipschitz constants

||vk71h vk 1h H

My(h) £ sup

°? forall h € C*¥~1(R?) and integers k > 1.
z,yeER x#y ”x - y||2

2 Stein factors for strongly log-concave distributions

Consider a target distribution P on R? with strongly log-concave density p. The
following result bounds the derivatives of Stein equation solutions in terms of the
smoothness of log p and the underlying test function h. The proof, found in Section 3, is
probabilistic, in the spirit of the generator method of Barbour [1] and Gotze [12], and
features the synchronous coupling of multiple overdamped Langevin diffusions.

Theorem 2.1 (Stein factors for strongly log-concave distributions). Suppose that logp €
C*(R%) is k-strongly concave with Ms(logp) < Lz and M4(logp) < L4. For each z € RY,
let (Z, ;)i>0 represent the overdamped Langevin diffusion with infinitestimal generator
(1.1) and initial state Z, , = x. Then, for each Lipschitz h € C3(R?), the function

up(x) £ / Ep[h(Z)] — E[h(Z: )] dt
0
solves the the Stein equation (1.2) and satisfies

2 2L 1
My (up) < =My (h), Ma(up) < =2 My(h) + - Mo(h), and

k k2 k
6L3 Ly 3Ls 2
M3(U}L) S ( kS k2 )Ml (h) k2 Mg(h) + ﬁMg(h)

Theorem 2.1 implies that the Stein discrepancy (1.3) with set

maX<M1<> Ma (u) M; () ><1}
)=

2 ’2L3 1’ ,6L2 L+3L
% +k( 3 4 3+3k

= {u € C*(R%)
k3

bounds the smooth function distance d(Q, P) = sup,eq |Eq[h(X)] — Ep[h(Z)]| for
M E {h e C3(RY) | max(My(h), Ma(h), M3(h)) < 1}.

3In the univariate setting, the operator (1.1) is commonly called Stein’s density operator.
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Our next result shows that control over the smooth function distance also grants control
over the L;-Wasserstein distance (also known as the Kantorovich-Rubenstein or earth
mover’s distance), dy(Q, P) = sup,cy [Eq[h(X)] —Ep[h(Z2)]],
metric, dpy,(Q, P) = supcpy, [Eq[h(X)] — Ep[h(Z)]],
in distribution on R?. These metrics govern the test function classes

WE{h:RY— R|M(h)<1} and BLE=WnN{h: R = R|sup,cpa|h(z)] <1}

Lemma 2.2 (Smooth-Wasserstein inequality). If ;1 and v are probability measures on R¢
with finite means, and G € R is a standard normal random vector, then

(), ) < () < 3 daa,0), dsa )V GILE )

Proof. The first inequality follows directly from the inclusions BL C W and M C W.
To establish the second, we fix h € YW and ¢ > 0 and define the smoothed function

hi(x) = » h(z 4+ tz)¢(z)dz for each z € RY,

where ¢ is the density of a vector of d independent standard normal variables. We first
show that A, is a close approximation to 4 when ¢ is small. Specifically, if X € R¢ is an
integrable random vector, independent of G, then, by the Lipschitz assumption on A,

[B[A(X) = he(X)]] = [E[A(X) = h(X +tG)]| < E[|G]|,]-

We next show that the derivatives of h; are bounded. Fix any € R?. Since h is
Lipschitz, it admits a weak gradient, Vh, bounded uniformly by 1 in ||-||,. We alternate
differentiation and integration by parts to develop the representations

Vh(z) = " Vh(z +tz)p(z)dz = % /]Rd zh(z + t2)¢(2)dz,

V2hi(z) = % Vh(z +t2)2" ¢(2)dz = %2 (22" = Dh(z + t2)¢(2)dz, and
Rd RE

V3hi(z)[v] = %2 " Vhiz 4+ t2)v" (22" — I)é(2)dz

for each v € RY. The uniform bound on VA now yields M; (h;) < 1

1 1 /2 1 /2
My(hy) <= sup / [(z,v)|p(2)dz = \/> sup  [jv|ly =—1/—, and
t yeRrd:|jo]|,=1 R EV T R, =1 tvm

1
Ms(hy) < 7z sup / |UT(ZZ Nwle(z)dz
v,weR:|v][,=]|w||,=1
1 (22T —
< [T (227 = Dw[?6(2)d=
v,wER: HUHz llwll,=1 R4
1 2 2. V2
== sup \/(U,w>2 + lollzllwlly < —5-
t v,wG]R.d:HUHg:”wH2:1 t

In the final equality we have used the fact that (v, Z) and (w, Z) are jointly normal with

2

zero mean and covariance ¥ = [<HU|2> <||U’ ﬁg} , so that the product (v, Z){w, Z) has the
v, W wi|,

distribution of the off-diagonal element of the Wishart distribution [21] with scale ¥ and

1 degree of freedom.
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We can now develop a bound for dyy, using our smoothed functions. Let

b & max(l 1\/27 g) :max(l,t—‘/g)

represent the maximum derivative bound of h;, and select X ~ p and Z ~ v to satisfy
dw(p,v) = E[| X — Z||,]. if we let c = i/dM(u, y)ﬂ]E[HGHz]Q, we then have

dw (p, v )ﬂf;ﬁ}bggle (X)) = he (O] + By [0(Z) = ha(Z)]] + B[ (X)] = By [7e(2)]

< tlgg 2tE[”GH2] + bfd/\/( (Ma V) <2c+ max(dM (.u’a V)v C) < Bmax(dM (/1’7 V)? C)a

where we have chosen ¢t = i/ dam(p,v)V2/E[||G||,] to achieve the third inequality. O

Remark 2.3. While Lemma 2.2 targets Lipschitz test functions, comparable results can
be obtained for non-smooth functions, like the indicators of convex sets, by adapting the
smoothing technique of [3, Lem. 2.1].

2.1 Example application to Bayesian logistic regression

Before turning to the proof of Theorem 2.1, we illustrate a practical application to
measuring the quality of Monte Carlo or cubature sample points in Bayesian inference.
Consider the Bayesian logistic regression posterior density [see, e.g., 10]

p(8) o exp(—1813/(20%) [T P /(14 )

logistic regression likelihood

multivariate Gaussian prior

based on L observed datapoints (v;,y;) and a known prior hyperparameter 02 > 0. In
this standard model of binary classification, 3 € R? represents our inferential target, an
unknown parameter vector with a multivariate Gaussian prior; y; € {0,1} is the class
label of the I-th observed datapoint; and v; € R? is an associated vector of covariates.

Since the normalizing constant of p is unknown, it is common practice to approximate
expectations [ h(8)p(3)dS under p with sample estimates, % >, h(B;), based on sample
points 3; € R? drawn from a Markov chain or a cubature rule [10]. Theorem 2.1 furnishes
a way to uniformly bound the error of this approximation, |- LS~ — [h(B
for all sufficiently smooth functions h.

Concretely, we have, for all /5 unit vectors u;, us, us, uy € R,

L (B,v1)
e
UIV2 log p(B)uy = —1/0* — Z m(w,mf < —1/0%,
1=1
O (1o 2 Sl
: € € UlH2
v? log p(8)[u1, uz, us] = — (v, Um) < &=l 2 )
; (1 + e(ﬁﬂfl>)3 71__[1 6\[
L 4 4
4e2(B:v1) _ €3<’6’”l> — e(,@,tn U
R e S T T (e < 2 izl

=1 m=1

Hence, Theorem 2.1 applies with k = 1/02, L3 = Z’(}iﬂl”nz and Ly = — Tzl 1"”"2 . We may
now plug the associated Stein factors

6 4~ L 4 ot
(61762703) (20_2 g Zé\}“vl”z +J2 o (Zl 1”'“1” ) + o Zl=81‘|vl”2 + 221\%\|Ul”2 + 2(7 )

into the non-uniform graph Stein discrepancy of [11] to obtain a computable upper
bound on d(Q, P) or dw(Q, P) for any discrete probability measure @ = 2 3" | §g
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3 Proof of Theorem 2.1

Before tackling the main proof, we will establish a series of useful lemmas. We will
make regular use of the following well-known Lipschitz property:

My, (h) = sup ||[V*h(z)||,, forall heC*R?) and eachintegerk>1.  (3.1)
z€R4
3.1 Properties of overdamped Langevin diffusions

Our first lemma enumerates several well-known properties of the overdamped
Langevin diffusion that will prove useful in the proofs to follow.

Lemma 3.1 (Overdamped Langevin properties). If logp € C?(RY) is strongly concave,
then the overdamped Langevin diffusion (Z, ,):>o with infinitesimal generator (1.1) and
Zy,» = v is well-defined for all times t € [0, o), has stationary distribution P, and satisfies
strong continuity, that is, E[f(Z;.)] — f(z) ast — 0" for all Lipschitz f.

Proof. Consider the candidate Lyapunov function V(z) = [z||> + 1. The strong log-
concavity of p, the Cauchy-Schwarz inequality, and the arithmetic-geometric mean
inequality together imply that

(AV)(z) = (z,Vlogp(z)) + d = (z, Vlog p(x) — Vlogp(0)) + (x, Vlogp(0)) +d

1 1
< bl + el |V 10gpO), + d < (5 = k)l + 59 logp(O)13 + d < KV (0

for some constants k, ¥’ € R. Since logp is locally Lipschitz, [13, Thm. 3.5] implies that
the diffusion (Zt,x)tZO is well-defined, stochastically continuous, and Feller, and [19,
Thm. 2.1] guarantees that P is a stationary distribution. The argument of [13, p. 61]
now yields strong continuity. O

3.2 High-order weighted difference bounds

A second, technical lemma bounds the growth of weighted smooth function dif-
ferences in terms of the proximity of function arguments. The result will be used to
characterize the smoothness of Z; , as a function of the starting point z (Lemma 3.3)
and, ultimately, to establish the smoothness of u;, (Theorem 2.1).

Lemma 3.2 (High-order weighted difference bounds). Fix any weights A\, \’ > 0 and any
vectors x,y, z,w, 'y, 2, w' € R% Ifh € C?(RY), then

[A(h(z) = h(y)) — X' (h(z") = h(y")) = (VA(y), Az — y) = N (2’ = ¢))]

< §Mo() 2N |ly = o/ yll2" = o/ llo + Al = yl5 + N’ = /II3). (3.2)

Moreover, if h € C3(R%), then

IAR(z) = 1(y) = (h(z) = h(w))) = N (h(2") = k(') = (A(2") = h(w")))
—(Vh(2), Mz —y = (z —w)) = N(2' =y = (2 —w)))|

< My (W)lly" = 2'll,[IA(z = 2) = X' (2" =)l

+ Nz =2 ll2" =y = (& = w)lly + Allz = 2ll,[I(y — ) = (' = 2,

+ 3z —y = - w)lblle —y + 2 —wly + Nl2" =y = (" —w),lla" =y + 2" —w']],)]

2 2
+ Ms(h) [%Hy’ — &[N |z = [l ]12" = 2l + Allz = @lly + Nl = 27]]3)

(3.3)

2 2
+5(Allz =zl lly = 2ll; + NI = 2"l lly" - 2[I3)
3
+ 2w = 2ll3 + Ally = =3+ Nlw' = 2|l + Xly' = 2/[5)]-
ECP 21 (2016), paper 56. http://www.imstat.org/ecp/
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Proof. To establish the second-order difference bound (3.2), we first apply Taylor’s
theorem with mean-value remainder to h(z) — h(y) and h(z’) — h(y’) to obtain
A(h(x) = h(y)) = N'(h(z") = h(y')) = (VR(y), Mz —y) = N(&" — ¢))
= XN{(Vh(y) = Vh(y), 2" — ') + MV (z —y),z —y) = N (VZR({) (' —y'),2" —y'))/2
for some ¢,(’ € R?. Cauchy-Schwarz, the definition of the operator norm, and the
Lipschitz gradient relation (3.1) now yield the advertised conclusion (3.2).
To derive the third-order difference bound (3.3), we apply Taylor’s theorem with
mean-value remainder to h(w) — h(z), h(y) — h(zx), h(w') —h(z'), and h(y’) — h(z') to write
(A(h(z) = h(y) — (h(z) = h(w))) = X' (h(2") = h(y') — (h(z') = h(w')))
— (Vh(2), (w—y—(z w)) =N —y' = (&' —w')))| (3.4)
= [N(Vh(z) = Vh(Z), 2" =y = (z' —w')) + M h(z) = Vh(z), (y — =) — (y' — "))
+ (M(Vh(z) = Vh(z)) = N(Vh(Z') = Vh(z")),y —2')
+MV2h(2)(w = 2),w = 2)/2 = M(V2h(z)(y — 2),y — z)/2
— N(V2h()(w' = 2'),w' —2') )2+ N(V2h(2 )y — '),y —)/2
+ AVAA()[w — z,w — z,w — 2]/6 — AV )y — 2,y — 2,y — 2]/6
_ )\/VSh(CW)[w/ _ 217 w — Z/, w' — Zl]/6 + )\/v:}h(c/////)[y/ _ 1,‘/, y/ _ 17/, y/ _ Jfl}/6|
for some (", (", (", """ € RY. We will bound each line in this expression in turn. First
we see, by Cauchy-Schwarz and the Lipschitz property (3.1), that
X (Vh(z) = VA(z),2" =y = (' =) + \(Vh(2) = Vh(2), (y = 2) = (s = )|
< My(W)(Nz = 2y lla’ =y’ = (&' = w)llp + Az = 2lall(y = 2) = (¢ = "))
Next, we invoke our second-order difference bound (3.2) on the C?(R¢) function z
(Vh(x),y — '), apply the Cauchy-Schwarz inequality, and use the definition of the
operator norm to conclude that
[(A(VA(2) = Vh(z)) = X' (VR(z') = VR(2')),y' = 2")|
< Ma(h)lly" = 2'[l,[[IA(z — 2) = X' (2" = 2") |,
1 2
+ 5 Ma(R)lly" = 2", (2N |2 = 2"[[|2" = 2"l + Allz — zlly + Nz —a'3).

To bound the subsequent line, we note that Cauchy-Schwarz, the definition of the
operator norm, and the Lipschitz property (3.1) imply that

[(V2h(2)(w = 2),w = 2) = (V*h(z)(y — 2),y — x)]
= [(Vh(z)(w = 2 +y —2),2 —y = (2 = w)) + (V2h(2) = V2I(z))(y — 2),y — z)]
< Ma(h)a —y = (z = w)lllz —y + 2 = wlly + Ma(h) |z = all |y — |5
Similarly;,
(V2h(2)(w' = 2") " = 2') = (V2h(a")(y' — '),y — )]
<My(h)a’ =y — (= w)llplla’ =y + 2 = w'lly + Ms(R)]|2' = 2/ [l,]ly’ — 215
Finally, Cauchy-Schwarz and the definition of the operator norm give
IAV2R(C)[w — z,w — z,w — 2] — AVPh(C" )y — 2,y — 2,y — ]
— NV — 2w — 2w — 2+ NVBPR(" Y — 2y — 2y — 2]
< My(h)Mlw = 2[5 + Aly = ally + X[lw' = 2'll, + Ny’ = 2'l[5).
Bounding the third-order difference (3.4) in terms of these four estimates yields (3.3). O
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3.3 Synchronous coupling lemma

Our proof of Theorem 2.1 additionally rests upon a series of coupling inequalities
which serve to characterize the smoothness of Z; , as a function of . The couplings
espoused in the lemma to follow are termed synchronous, because the same Brownian
motion is used to drive each process.

Lemma 3.3 (Synchronous coupling inequalities). Suppose that logp € C*(R?) is k-
strongly concave with Ms(logp) < L3 and M4(logp) < Ly4. Fix a d-dimensional Wiener
process (W;);>0, any vectors z,z’,v,v" € R? with |v|, = |[v'||, = 1, and any weights
€,€,€¢’ > 0, and define the growth factors

fi(w,alse €, e) £ o —allly + (" + )2+ B+ /" + ¢/ + |w—a',/€')/3 and
fo(z, 2 e, ") & |z — 2|, +3(" +€)/2+ e(3+¢€/e" +¢€/€)/3. (3.5)

For each starting point of the form z + b'v' + bv with z € {z,2'}, b’ € {0,€,€"},
and b € {0, ¢}, consider an overdamped Langevin diffusion (Z; 4y +bv)t>0 Solving the
stochastic differential equation

1
dZt,z-Q—b’v’-i—bv = §v10gp(zt,z+b/v’+bv)dt +dW, with ZO,z-l—b’v’-l—bv =z4+ 0 + b'U7 (3.6)
and define the differenced processes
W é (Zt,x’+6”7j/ — Zt’x/)/éll - (Zt,ere’v’ — Zt,:z))/e/ and

A "
Ut = Zt,x’+e/’v/+e1; - Zt,m’+e”1)’ - (Zt,m/+ev - Zt,r’)/ee

/
- Zt,x+e/v’+ev - Zt,m+e’v’ - (Zt,x+ev - Zt,x)/e6 .

These coupled processes almost surely satisfy the synchronous coupling bounds,

2| Zy pter — Zially < e, 3.7)
L-

HRVilly < 2l = 2'lly + (" + €)/2), and (3.8)
312 L

ekt/QHUt”Q < T;fl (CC, mlv €, 6/, 6//) + 27?:102(96’ x/, €, 6/7 6//)7 (3.9)

the second-order differenced function bound,

(h2(Zt,m/+e”v’) - h2(Zt,m/))/€” - (hQ(Zt,m+e/1)/) - hQ(Zt,ac))/el (310)
L .
<) T2 4 M) = ol + (4 €72,

and the third-order differenced function bound,

(hB(Zt,x/+e”v’+ev) - h3(Zt,z/+e”v’) - (h3(Zt,z’+ev) - hS(Zt,x’)))/
- (hB(Zt,ere"U’Jrev) - hS(Zt,:z:+e’v’) - (hS(Zt,ere'u) - hS(Zt,x)))/(EEI) (311)
L? L:
< (Ml(hg)?)k;’e_kt/2 + Mg(hg)gkse_kt> filz, 2 e, € €")
L .
+(M1(h3)2]:ekt/2 + Mg(h3)63kt/2) folm 2’ e € €”)
for eacht >0, hy € C*(R%), and h3 € C3(RY).
Proof. By Lemma 3.1, each process (Z; .4pv/+bv)it>0 With z € {z,2'}, b/ € {0,€,€"}, and

b € {0, e} is well-defined for all times ¢ € [0, 00). The first-order bound (3.7) is well known,
and a concise proof can be found in [4].
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Second-order bounds To establish the second conclusion (3.8), we consider the It0
process of second-order differences

ds

v 1 /t Viogp(Zs g vernr) — V1ogp(Zs )  Vogp(Zs giern) — Viogp(Zs o)
= = _
0

2 e’ ¢

and apply Itd’s lemma to the mapping (¢, w) +— e**/2||w||,,. This yields
kt/2 0 ok ks 4
MVilly = e IIVo\\2+/O keP|[Villy + ™ - [IVsll, ds

t  _ks/2
€ 2
= CIA
Aﬂ%b 2

+(Vi,(V Ing(Zs,:v’+e”v’) - VIOgP(ZS,w’))/GH —(V 10gp(Zs>z+e’v’) - Vlogp(Zs’w))/e/»ds.

Fix a value s € [0,t]. For any hy € C?(R?), the Lemma 3.2 second-order difference
inequality (3.2), the first order coupling bound (3.7), Cauchy-Schwarz, and the Lipschitz
identity (3.1) together give the estimates

(h2(Zs,m'+e”v’) - h2(Zs,w’))/€H - (h2(Zs,a:+e’v') - h2(Zs,;E))/€/
1
S <vh2(Zs,a:’>7 ‘/5> + §M2(h2)(2”Zs,m’ - Zs,a: IQ”Zs,ere’v’ - Zs,x”g/e/
+ ||Zsyx/+6”v’ - ZS,:C’HE/EN + ||Z8,x+e’v’ - Zs,ﬂ:”é/e/)
< (Vha(Zsar), V) + Ma(ha)e ™ ([l — 2|, + (¢ + €)/2) (3.12)
< My (o) |Villy + Ma(ho)e ™ (llz = 2’|, + (¢ + €)/2). (3.13)

Applying the estimate (3.12) to the C?(R?) function hy(z) = (Vi, Vlog p(z)) with My (hy) =

Sup, cga || V3 logp(z)[Vs]Hop < Ls||Vs|l,, yields

<Vv57 (v Ing(ZS,:L”+6”'U’) - V1ng(Zsz’)) 6” - (v logp(Zs,ere’v’) -V logp(Zs,x))/€l>
< Vi, V2 1og p(Zs,0)Vs) + La|[Vs [y ([l = 2'[ly + (" + €)/2)
< — K[|VAl13 + Ls | Valloe ™ (ll2 = 2'lly + (7 + €)/2),

where, to achieve the second inequality, we used the k-strong log-concavity of p. Now
we may derive the second-order synchronous coupling bound (3.8), since

L3

t
L
e PWVally < ol =l + (€ + 6’)/2)/O e k2 ds < f(Hw =&y + (" +€)/2).

Applying the synchronous coupling bound (3.8) to the estimate (3.13) finally delivers the
second-order differenced function bound (3.10).

Third-order bounds To establish the third conclusion (3.9), we consider the It6 pro-
cess of third-order differences

EE//

_ \Y logp(Zs,x-&-e/v/—i-m)) - VIng(Zs,m+e’1)/) - (v logp(Zs,m—i-m)) -V IOgP(Ze,T))

!

Ut _ l/tvlogp(zs,w’+€"v’+ev) - Vlogp(Zs,z’-i-e”v’) - (V logp(Zs,;E’—i-ev) - VIOgP(Zs,z’))
2 0

ds

€€
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and invoke It6’s lemma once more for the mapping (¢, w) ~ €*/2|w|,. This produces

t
: L
HP 10 = 0ol + keIl + e 0 ds

t  ks/2
€ 2
= [ o (kI|US
/0 2HU8H2( Il

+ $<Us» VIOgP(ZS,m’+e//1z/+ev) -V logp(Zs,m/+e”v’) - (V logp(stxq_w) -V logp(stz/)»
- $<Us; vlogp(Zs,z+e’v’+ev) - v Ing(Zs,ere’v’) - (V logp(Zs,x+ev) - v logp(Zs,x)»)dS

Fix a value s € [0,t], and introduce the shorthand ¢; £ fi(z,2,¢,¢,¢") and ¢y =

fa(z, 2’ e, €, €"). For any hz € C3(R?), the Lemma 3.2 third-order difference inequality
(3.3), the coupling bounds (3.7) and (3.8), Cauchy-Schwarz, and the Lipschitz identity
(3.1) together imply the estimates

(h3(ZS7£E/+€”’U'+E’U) - hS(Zs,w’+e”v’) - (hB(Zs,a:’JreU) - h3<Zs,w’)))/(6€//)
- (h3(Zs,w+e’v’+e'u) - h3(Zs,x+e’v’) - (h3(ZS,w+ev) - h3(ZS,w)))/(€€/)

L
<(Vh3(Zs.ar4er0), Us) + Mz(hs)fe”“(Qllx —ally+ e =2’ + (¢ = " N]lp)

L
+ My(ha) e (¢ + €)/2+ €3+ ¢/ + e/ + |z = a'|,/¢'))

+ Mg(hg)e_%s/g(Hx '+ (€ =Ny + (€"+€)/2+e(B+¢€/e" +€/€)/3).
3L
<AVh3(Zgwr s ), Us) + J\@(h@T?’e—’“c1 + Ms(hg)e™3F/2¢y, (3.14)
3L
< My (h3)||Usll, + Mz(hg)T‘*e*’“c1 + Ms(hs)e™3F/2¢y, (3.15)

where we have applied the triangle inequality to achieve (3.14). Applying the bound
(3.14) to the thrice continuously differentiable function h3(z) = (Us, Vlogp(z)) with
Ms(hs) = sup,egal| V2 log p(2)[Us][|,, < La||Usll, and Mz (hs) < La||Us ||, gives
(hS(ZS,:c’+e"U’+e'U) - hS(Zs,m’+e"v’) - (hS(Zs,a:’+ev) - hB(Zs,w’)))/(EEH)
- (hS(Zs,w+e’v’+ev) - h3(Zs,w+e’v’) - (h3(Zs,w+ev) - hS(Zs,w)))/(eel)

3L32 .
< <U87 v? 1ng(Zs>w’+6”v’)US> + HUsuz(Tge_kscl + L4€_3k‘5/202)-
2 3L3 s —3ks/2
< —klIUs Iz +1Uslly e e + |UsllpLae ca.

In the final line, we used the k-strong log-concavity of p. Our efforts now yield (3.9) via
kt/2 "3L3 —ks/2 Ly s 3L3 Ly
e Ul < /0 %e c] + 76 cods < ﬁcl + %CQ.
The third-order differenced function bound (3.11) then follows by applying the third-order
synchronous coupling bound (3.9) to the estimate (3.15). O

3.4 Proof of Theorem 2.1

By Lemma 3.1, for each x € R?, the overdamped Langevin diffusion (Z; )¢>0 is
well-defined with stationary distribution P. Moreover, for each = € R¢, the diffusion
(Zi 4)1>0, by definition, satisfies

1
dZ; » = §V10gp(Zt7$)dt +dW, with Z,, =z,
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for (W,);>0 a d-dimensional Wiener process. In what follows, when considering the joint
distribution of a finite collection of overdamped Langevin diffusions, we will assume that
the diffusions are coupled in the manner of Lemma 3.3, so that each diffusion is driven
by a shared d-dimensional Wiener process (W,);>o.

Fix any # € R? and any h € C3(R%) with bounded first, second, and third derivatives.
We divide the remainder of our proof into five components, establishing that u;, exists,
up, is Lipschitz, uy, has a Lipschitz gradient, u; has a Lipschitz Hessian, and u; solves
the Stein equation (1.2).

Existence of u;, To see that the integral representation of u,(z) is well-defined, note
that

oo

/M‘EP[ (2)] - E[h (Zt,x)Hdt:/

0

[ B2~ Bz )]
< My (h / / \Zt y Zt,x”g] p(y)dy dt < My(h)Ep[||Z — x||,] /000 e k2 4t < .

The first relation uses the stationarity of P, the second uses the Lipschitz relation (3.1),
the third uses the first-order coupling inequality (3.7) of Lemma 3.3, and the last uses
the fact that strongly log-concave distributions have subexponential tails and therefore
finite moments of all orders [8, Lem. 1].

Lipschitz continuity of u;, We next show that u, is Lipschitz. Fix any vector v € R?,
and consider the difference

‘Uh(l’ +’U — Uh | = ‘/ Zt "c — h(Zt7£+v)] dt‘ S Ml(h)/ E[”Zt’r — Zt,,’t—‘rv”Q] dt
0
2
< lolla M) [ e at = 2ol 0100 (3.16)
0

The second relation is an application of the Lipschitz relation (3.1), and the third applies
the first-order coupling inequality (3.7) of Lemma 3.3.

Lipschitz continuity of Vu; To demonstrate that u is differentiable with Lipschitz
gradient, we first establish a weighted second-order difference inequality for uy,.

Lemma 3.4. For any vectors z,z’',v' € R? with |[v'||, = 1 and weights ¢/, ¢ > 0,

[(un (2’ 4 €"v") —up (")) /" — (un(z + €'v') = un(x)) /€|

< (o =o'l + ¢+ )/ (30055 + M) ) (317)

Proof. We apply the Lemma 3.3 second-order function coupling inequality (3.10) to
obtain

|(un (2" + €"0') —un(2"))/e" = (un(x + V') — un(x)) /€]

/Ooo E[h(Zt,x’JrE’v) — W Zt2 )]/6 - E[h (Zt,zvev) — h(Zt,z)]/E dt‘

<(Jo = 2|l + (¢ +6)/2) / My () E2 k02 4 ppy(h)eH dt.
The desired bound follows by integrating the final expression. O
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Now, fix any z,v € R? with ||v|, = 1. As a first application of the Lemma 3.4 second-
order difference inequality (3.17), we will demonstrate the existence of the directional
derivative

Vyun(x) 2 Tim up(x + ev) — uh(a:).
e—0 €

(3.18)
Indeed, Lemma 3.4 implies that, for any integers m,m’ > 0,

mCunar + /') = @) = sz + /) = &)
<( 0+ 5o ) (0022 + 22l ).

up(ztv/m)—

o0
Hence, the sequence ( T “’”(z)> is Cauchy, and the directional derivative
m=1

(3.18) exists.
To see that the directional derivative (3.18) is also Lipschitz, fix any v’ € R4, and
consider the bound

up(z+ev+0") —up(z+0")  up(z+ev) —up(z)

€ €

|Voup(z +v") — Vyup(z)] < lim

e—0

2L3 1 215 1
<t + (30025 + 36007 ) = 101, (M EE anmg )G9

where the second inequality follows from Lemma 3.4. Since each directional derivative
is Lipschitz continuous, we may conclude that u; is continuously differentiable with
Lipschitz continuous gradient Vu;. Our Lipschitz function deduction (3.16) and the
Lipschitz relation (3.1) additionally supply the uniform bound M (us) < 2M;(h).

Lipschitz continuity of V?u;, To demonstrate that Vu,, is differentiable with Lipschitz
gradient, we begin by establishing a weighted third-order difference inequality for uy,.

Lemma 3.5. Fix any vectors z,2’,v,v" € R? with ||v|, = ||v'|, = 1 and weights ¢, €, €” >
0, and define fi(x,2',¢,€',¢") and fo(x, 2’ ¢,¢',€") as in (3.5) . Then,
|(un (2" + €"0' + ev) — up(a’ + €"0') - ( n(@' + ev) —un(2)))/(ee”)
— (up(z + €'V + ev) —up(z + V') — (up(x + ev) — up(x)))/(e€’)| (3.20)
6L3 3Ls Ly 2
<(M1(h)k3 + MQ(h)k2>f1((E,fEl76, €, e+ (Ml(h)kQ + M3(h)3k fa(x, 2’ e, € €").

Proof. Introduce the shorthand c¢; £ fi(z,2,¢,¢,€”) and ¢y 2 fo(x, 2 ¢, €, €"). We apply
the Lemma 3.3 third-order function couphng 1nequa11ty (3.11) to the thrice continuously
differentiable function h to obtain

"1

[(up (2 + "V + ev) —up(az’ + €'v') — (up(a’ + ev) — up(a')))/(e€”)
— (up(z 4+ €V + ev) —up(z + V') — (up(x + ev) — up(x)))/(e€’)|

’ / Zt,x’+6”v’+ev) - h(Zt7w’+e”v’) - (h(Zt,m’Jrev) - h(Zt@’)))]/(GEH)
= E[(MZtgtev+ev) = P(Ztaven) — (M Ztgten) — h(Zt,r)))V(“/) dt‘

o 3L3 3L L
g/ (Ml(h)?’e—’ft/2 + Mg(h)kse_kt> c1+ (J\([l(h)ﬂ;*e—’“/2 + Mg(h)e_?’kt/Q) co dt.
0

12
Integrating this final expression yields the advertised bound. O
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Now, fix any z,v,v" € R? with |jv||, = [[v'|, = 1. As a first application of the
Lemma 3.5 third-order difference inequality (3.20), we will demonstrate the existence of
the second-order directional derivative

AN
o Voup(x + €v') — Vyup(x)

Vo Voun(e) £ i , (3.21)
e/ —0 €
i i Y& €V ev) —up(z + ev) — (un(@ + €V) —un(2))
e/—0e—0 ee!

Lemma 3.5 guarantees that, for any integers m, m’ > 0,
Im/(Vyup(z + 0" /m') — Vyup(x)) — m(Vyup(z 4+ v'/m) — Vyup(z))]
<lim |m/ (up (z + 0" /m’ + ve) — up(z 4+ 0" /m’) — (up(x + ve) — up(x))) /€
€e—
—m(up(z + 0 /m+ve) — up(z +v'/m) — (up(x + ve) — up())) /e

1 1 3L% 3L, 3Ls 1
_(m+m’>< 1(h)< 3 + 2k2) + 2(h)2k)2 +i\43(h)k>

oo

Hence, the sequence (

tive (3.21) exists.
To see that the directional derivative (3.21) is also Lipschitz, fix any v” € R?, and
consider the bound

|vv/vvuh (I + UH) - VUIVUU}L(I”

Voup(z+v' /m)—V,up () )

i/m is Cauchy, and the directional deriva-

m=1

< Voup(x + 0" + €v') = Vyup(x +0")  Vyup(x + €v') — Vyup(x)

im —

T =0 € €

< lim lim up(z + 0" 4+ €v' 4+ ev) —up(x + 0" + ev) — (up(z + 0" + V') —up(x +0"))
e/ —0e—0 €€’

~up(z+ €V +ev) —up(z + ev) — (up(z + €'v') —un(x)) ‘

ec’

6L3 L, 3Ls 2
<" |ly [ My(h) | =2 + =5 | + Ma(h) =% + M3 (h)—
<oy (3ah) (552 + 1) + a5+ M),
where the final inequality follows from Lemma 3.5. Since each second-order directional
derivative is Lipschitz continuous, we conclude that uj, € C%(R?) with Lipschitz continu-

ous Hessian V2uy,. Our Lipschitz gradient result (3.19) and the Lipschitz relation (3.1)
further furnish the uniform bound M, (up,) < M (h)25 + My (h)+.

Solving the Stein equation Finally, we show that u; solves the Stein equation (1.2).
Introduce the notation (P:h)(z) £ E[h(Z;,)]. Since (P;),s, is strongly continuous by
Lemma 3.1, its generator A, defined in (1.1), satisfies

t
h— P = A/ Ep[h(2)] — Pshds forall ¢>0
0
by [9, Prop. 1.5]. The left-hand side limits (pointwise) to h — Ep[h(Z)] as t — oo, as

ha) = B [h(2)] = (h(a) = (PR)@)| = | [ B(0(Z1,)) — B{1(Z1.0] o)

< My (h) /}Rd B[ Zy = Zizlly) py)dy < Mi(h)Ep[|Z — x| )/

for each = € R® and ¢t > 0. Here we have used the stationarity of P, the Lipschitz relation
(3.1), the first-order coupling inequality (3.7) of Lemma 3.3, and the integrability of Z [8,
Lem. 1] in turn. Meanwhile, the right-hand side limits to .Auy, since A is closed [9, Cor.
1.6]. Therefore, uj solves the Stein equation (1.2).
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